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ABSTRACT

Space charge limited (SCL) transport in solids involves high charge injections in which

the amount of the charges injected into the solids is much larger than the thermal or

intrinsic concentration of the solids. A two-dimensional (2D) analytical model of the

space charge limited current (SCL) injection in a trap-free and a trap-limited solid

will be developed. For a trap-limited solid, traps with exponentially distributed in

energy is emphasized and studied. By considering the electrons are injected from

an infinitely long emission strip of width W , the one-dimensional (1D) SCL current

density is enhanced by a factor of 1+F×(4/π)/(W/L), where F = 1/(l+2) measures

the mean position of the injected electrons in a solid of length L, and l is the ratio

of the distribution of the traps to the free carriers. The analytical formula is verified

by using a 2D device simulator (Medici).

The thesis will also study a two-dimensional model of the space charge limited

(SCL) current injection in a solid with a Schottky barrier at the injection interface.

The injection of electrons is limited to the contact from thermionic emission and

electron tunneling through the surface states. If thermionic emission through the

barrier height dominates, SCL current is not reached and thus no enhancement in

current is observed. But, if electron tunneling prevails over thermionic emission,

SCL current is reached and the enhancement in current due to finite cathode size
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ABSTRACT

is observed. The enhancement factor: 1+F × G, with F = 1/3 (for a trap-free

SCL injection in a solid) and G = (4/π)/(W/L) for an infinitely long emission strip

of width W is again verified by using the device simulator including the effects of

Schottky contact (positive barrier height for electrons).

In the thesis, a model of the SCL current injection inside a gap with a

combination of both solid and vacuum between the cathode and anode will be

developed. Both cases are presented whereby the electrons are passing through a

vacuum gap and then solid, and vice versa. For a pure vacuum gap, the current

density J will converge to Child-Langmuir (CL) law. For a solid diode, it will converge

to Mott-Gurney (MG) law. In between, the scaling of n for current density J to the

applied voltage VG (J ∼ VG
n) is between n = 3/2 for CL law and n = 2 for MG law.

Other parameters, such as electron mobility and gap spacing will also be studied.

Lastly, shot noise reduction in a solid associated with high charge current

injection or SCL transport will be studied. A one-dimensional (1D) model of shot

noise reduction of space charge limited (SCL) electron injection through a Schottky

contact for a GaN diode is presented. The shot noise reduction due to both Coulomb

repulsion and quantum partitioning is determined consistently where the former is

due to the space charge electrostatic field created by the injected electrons, and the

latter is due to the electron tunneling through the self-consistent potential profile

near to the contact. The shot noise reduction is calculated in the form of Fano factor

over a wide range of applied voltage for various values of Schottky barrier height,

temperature, and length of the diode. At high voltage and high current regime, the

shot noise suppression increases with large applied voltage, small diode length, low

temperature, and small barrier height. The model also indicates that the distributed

traps in a solid nearly have no effect to the shot noise reduction as compared to a

trap-free solid.
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CHAPTER 1

INTRODUCTION

1.1 Background

Charge transport in solid materials in general is characterized by the classification

of its solid properties (insulators, semiconductors, and conductors) and by the

source of charge injection such as: field injection (electric or magnetic field), light

illumination, thermal excitation, etc. To begin with, the difference between insulators,

semiconductors, and conductors was only known from their electrical conduction

ability with conductors possessing the largest conduction and then followed by

semiconductors, with insulators known of having very little or no ability to conduct

electricity. Only after the emergence of the theory of quantum mechanics, Felix Blöch

in 1928 provided a sound theoretical framework to understand the difference between

these three classes of solids with his Blöch theorem. It provides the basis for the

theory of the energy-band diagram in solids (see Fig. 1.1).

Every atom in a solid contains electrons that have their own atomic orbital which

form discrete energy levels. The separation between each energy level is reduced as

more atoms in a solid are brought together. With a large number of atoms that form

1
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1.1 Background

a solid, the separation becomes very small and forms a continuous band of energy.

The lower energy band forms the valence band, which is occupied by the valence

electrons and the upper band forms the conduction band which is unoccupied. When

the valence electrons are excited to the conduction band, they will conduct current.

The difference between conductors, semiconductors, and insulators lies within the

”forbidden gap”, or bandgap, between these two bands. In metals (conductors), the

conduction band overlaps the valence band. The conduction band is partly filled and

thus only a small excitation is required to trigger the electrical conduction. When

a bandgap exists, more energy is needed to excite electrons to the conduction band.

Since semiconductors have a much smaller bandgap than insulators, the former have

a better conductivity.

Figure 1.1: Band energy representation of metals, semiconductors, and insulators. In

metals, there is an overlap between the conduction band and the valence band. In

semiconductors, there is a small bandgap between the conduction and the valence bands.

In insulators, there is a big bandgap separating the conduction and the valence bands.

In a quantum mechanical framework, the electrons in a metal can be described

by a ”nearly” free electron gas model of which the valence electrons of the constituent

2
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1.1 Background

atoms become conduction electrons and move freely through the volume of the metal.

The weak perturbation of the electron movements comes from the periodic potential

of ion cores. In contrary to metals, the Bragg reflection of electron waves in crystals

creates the energy gap in semiconductors and insulators.

The development of the quantum theory in solids through the Blöch theorem

opens up the possibilities of understanding the high charge current injection in solids

which is not accessible before. Mott and Gurney in 1940 [1] made a pioneering work

in high current injection in solids. In their work, they observed that it was possible

to obtain injection of electrons from an Ohmic contact to an insulator, in a manner

closely analogous to their injection from a thermionic cathode into vacuum which

initially studied by Child and Langmuir [2, 3]. This high charge current injection is

generally termed as Space Charge Limited (SCL) transport. The SCL current flow is

limited to the maximum number of electrons injected from cathode to anode through

the vacuum or solid gap until the electrons start to be reflected back to the cathode.

Although substantially similar in the underlying physics of the charge transport,

the collisions and defects or imperfections in a solid create a somewhat different

theoretical model than the regular SCL transport in vacuum or known as Child-

Langmuir (CL) law. Immediately after the development of high charge current

injection theory, also known as MG law in solids by Mott and Gurney, much research

has been done by utilizing the MG law in various applications. The pioneering work

of Mott and Gurney opens up the possibilities of many important applications in

solid devices whereby SCL transport is the underlying mechanism in the principal

of charge transport. The study of photoconductive materials was one of the first

application that used the MG law extensively. Weimer and Cope studied amorphous

selenium [4, 5, 6] and Forgue studied antimony trysulfide [7] to name just a few

materials used for such purpose. By measuring the current-voltage relationship in the

absence of illumination, the noise level is measured and observed for the corresponding

3
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1.2 Objectives and Contributions

materials. The study of SCL photoconductive current has been done also under

optical measurement by Rose and Lampert [8]. It was extended further by Goodman

and Rose [9] to study the SCL photoconductive current in insulators with Schottky

contact. The MG law was also used to study the traps in solid crystals by Smith and

Rose using cadmium sulfide [10, 11, 12, 13], in semiconductors by Shockley and Prim

[14] and Dacey [15], and in insulators by Lampert [16]. Measurement of SCL I-V

characteristic of the materials is a relatively simple process and it has the ability of

detecting traps at a very low concentration level. The occurrence of SCL current has

also been observed in organic materials such as anthracene and p-terphenyl by Mark

and Helfrich [17] with traps having exponentially distributed energy levels. Study of

SCL current to investigate shot noise has also been done theoretically [18, 19, 20, 21]

and experimentally [22, 23]. A more detailed description on the recent applications

of SCL transport in solids will be reviewed in the next chapter.

1.2 Objectives and Contributions

The objectives and major contributions of this research are as follows:

Firstly, there are extensive and great amount of ongoing developments on using

novel 2D structures in various applications such as: polymer Schottky diodes, organic

semiconductors, OLED (organic light-emitting diodes), nanocrystals and nanowires.

It has been reported that these materials are operating in SCL trap-free and SCL

trap-filled regime [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]. These novel

devices typically have a very small contact size in which the width and length are

comparable. The traditional 1D SCL current model in solids only accounts for 1D

limit whereby the width is much longer than the length of the SCL transport direction.

The understanding of the size effect especially when the width of the contact or

cathode (electron injection) becomes comparable to the length of the dielectric in the

4
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1.2 Objectives and Contributions

SCL transport in solids has been lacking. In this report, the study of size effect and

how it will affect the current enhancement will be shown. The effect of various types

of charge traps are also considered. The 2D model of MG law has been published in

paper #1 in the author’s publications list.

Secondly, in SCL transport, the current flow is determined by the bulk properties

of the solid dielectric. However, this is only true if the contact effect is neglected,

meaning that the solid dielectric and the cathode are able to form a good Ohmic

contact which can provide unlimited supply of electrons. However, a good Ohmic

contact is not always possible due to the difficulties in experimental preparations

or the intrinsic properties of the solid. In this case, the injection of electrons from

cathode to the solid dielectric depends on the property of the contact between the

cathode and the dielectric. Whether, it is an Ohmic or a Schottky contact, it will affect

the amount of electrons to be injected and thus affect the formation of SCL current.

Detailed studies on the interplay between the effects of contact and size to the injection

mechanism will be discussed. For simplicity, only unipolar or electron injection is

considered. Therefore, there is no recombination in the bulk of the dielectric. The

results of this topic have been published in paper #2 in the author publications list.

In a recent Scanning Tunneling Microscope (STM) experiment, it has been

reported that the current-voltage characteristic of the sample is at the SCL regime

[38] and the I−V curve neither follows pure MG law nor pure CL law. A theoretical

model will be developed for such a system with both vacuum and solid dielectric in the

gap. With different parameters such as: mobility and length of device, the amount

of SCL current in between the CL law (in vacuum) and MG law (in solid) will be

shown. Our proposed new model has been published as paper #3 in the author’s

publications list.

Finally, the shot noise reduction for SCL transport in a solid will be investigated.

While classical Coulomb correlation has been well-known to suppress the shot noise

5
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1.3 Organization of the Report

in SCL transport in solids, it is important to know the comparable amount of the

suppression due to quantum partitioning as a result of a finite contact barrier. With

the presence of a Schottky contact that typically exists in real devices, it will be

interesting to quantify the shot noise suppression. A detailed study over a wide range

of Schottky barrier height, temperature, length of the device, applied voltage, and

also in the presence of traps in a solid will be shown. This final topic of the thesis

has been published as paper #4 in the author’s publications list.

1.3 Organization of the Report

In Chap. 2, a short review of the theory of SCL transport in vacuum and in solids is

given. The typical models of SCL transport in solids at different kinds of charge traps

are presented. Some of the applications of using SCL current-voltage data to extract

information of the traps will also be presented. In Chap. 3, the transition from

SCL transport in vacuum (CL law) to SCL transport in solids (MG law) together

with its enhancement due to 2D effect will be studied. In Chap. 4, the effect of

non-injection contact and the interplay with the addition of surface states to the SCL

current in solids will be explained. In Chap. 5, a new theoretical SCL current model

will be developed by taking into the account of both free space and solid in the gap.

The model will be able to predict the current-voltage relationship in the gap with

a mixture of both CL law (in free space) and MG law (in solid). It is also able to

explain an experimental finding [38]. In Chap. 6, the simulation study of SCL current

with shot noise in solids will be shown. The effect of different degree of reduction of

shot noise arises from various effects such as: traps, barrier height, temperature, and

length of the semiconductor diode will be shown and explained. The conclusion of

the thesis and the direction of future work and recommendations will be discussed in

Chap. 7. In addition, we have added the details of the 2D boundary conditions we

6
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1.3 Organization of the Report

used in Chap. 3 and Chap. 4 in Appendix A. Appendix B and C shows the details

of the numerical codes we used in solving the equations in Chap. 4 and Chap. 4.

For easy reference, we have put all the symbols and the definitions that we have used

throughout this thesis in the list of symbols in Appendix D.

7
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CHAPTER 2

LITERATURE REVIEW

In 1911, C. D. Child published a paper on the discharge mechanism in a vacuum tube

from a hot cathode (CaO) [2]. In his experiment, he created a setup that consists

of a vacuum tube with iron anode and hot platinum covered with CaO as cathode.

He made the observations that once the potential difference between the electrodes is

increased beyond a threshold point, the current becomes very much greater and the

discharge becomes luminous seen as streams of cathode rays. The phenomena can be

explained by assuming that as soon as the electric field is high enough to ionize the

gas and create the positive ions, the positive ions bombard the surface of the cathode

and produce impact ionization. Hot cathode enhances such ionization due to their

high temperature, they are already in unstable equilibrium by sending out electrons

even when not being bombarded. The higher the number of positive ions formed in

the gas, the higher the number of positive ions that are bombarding the cathode. As

a result, the corresponding number of electrons increase even further. Therefore, this

positive feedback process creates the required amount of space charge resulting in a

sudden increase of current.

8
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Figure 2.1: Schematic simple set up of SCL transport in (a) vacuum and (b) solid with

length L between a cathode and an anode biased at a potential bias VG

In 1913, Irving Langmuir, independently, also published a paper studied in

details on the effect of space charge in vacuum by thermionic current [3]. Both

Child and Langmuir basically studied the very same space charge effect in vacuum

and obtained the same formula and thus the formula for SCL electron current density

in vacuum is called the Child-Langmuir (CL) law, which is in the form of:

JCL =
4ε0

9

√
2e

me

V
3/2
G

L2
. (2.1)

Here, L is the vacuum gap spacing between cathode and anode, VG is the applied

bias or the gap voltage, ε0 is the free space permittivity, e and me are the electronic

charge and free electron mass, respectively (see Fig. 2.1a).

The study of SCL current injection in vacuum has inspired the study of SCL

current in solids, which were pioneered by Mott and Gurney in 1940. For SCL

transport in solids, the gap with length L between the cathode and anode consists

of a solid dielectric material instead of vacuum or free space (see Fig. 2.1b). The

voltage drop in the medium is contributed by the electrons that are injected from the

cathode. If the number of electrons injected are significantly larger than the intrinsic

9
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or thermal concentration of the medium, we will have the SCL conduction in solids.

Mott and Gurney derived a formula also known as Mott-Gurney (MG) law for the

SCL conduction in solids, given by [1, 39]:

JMG =
9

8
µnεrε0

VG
2

L3
. (2.2)

Here, εr is the relative or dielectric permittivity , and µn is the drift electron mobility.

Both CL law and MG law in vacuum and in solid are derived from the Poisson

equation and current continuity condition. The difference for the derivation comes

from the physics governing the velocity of electrons inside the medium.

The CL law has VG to the 3/2 power and L to the -2 power (JCL ∼ VG
3/2/L2)

while the MG law has a power of two to VG and a power of minus three to L (JMG

∼ VG
2/L3) . The difference arises from the frequent collisions of the electrons in the

conduction band with thermal vibrations (phonons) and with the impurities or other

structural imperfections in a solid. In vacuum, the velocity of electrons is derived

from the Newton’s law of motion with the force coming from electrical force. The

velocity of electrons is a function of the electrical potential due to energy conservation,

1
2
mev

2 = eψn, with ψn is the electron potential applied to the system. In solids, the

velocity of electrons is limited to the mean free path or the average traveling distance

between the abovementioned collisions, and is a function of electric field along the

solid dielectric controlled by the electron mobility v = -µnξ.

Another important consequence of collisions in a solid dielectric is the unavoid-

able presence of traps. The traps exist in a solid, especially, in semiconductor and

insulator, which will reduce the current flow since those traps will capture and thereby

immobilize most of the injected carriers.

In the following sections, SCL transport mechanism in solid is described in the

following cases: (a) a trap-free solid, (b) a solid with single energy level of shallow

traps, (c) a solid with single energy level of deep traps, and (d) a solid with multiple
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2.1 MG law for SCL Transport in a Trap-free Solid

energy levels of traps distributed exponentially. Furthermore, the extraction of traps

information from the measurement of steady state and transient SCL current in solid

will also be shown.

2.1 MG law for SCL Transport in a Trap-free Solid

Mott-Gurney (MG) law is derived originally to account for SCL transport in a

dielectric such as ionic crystals. It is necessary to understand why SCL transport is not

possible in metals (conductors) by simply using the concept of dielectric relaxation.

From basic electromagnetic theory, it is well known that a conducting material cannot

support any free charge that is not compensated by an equal and opposite charge.

Therefore, if some free charges are injected into the material, they must be neutralized

by mobile carriers either from the material boundary or from a charge reservoir. This

process known as the dielectric relaxation and it occurs within a finite amount of

time τr, known as the dielectric relaxation time. From electromagnetic theory, it can

be derived that the dielectric relaxation time is τr = εrε0/σ where σ is the electrical

conductivity of a material. Since metals usually have high electrical conductivity,

they have a small value of τr while the values are much larger in semiconductors and

insulators.

Another important quantity besides the dielectric relaxation time is the transit

time Tr, which is the amount of time needed by the injected charges to be transported

across the dielectric of length L. The value is simply the distance for the charges to

travel across a solid divided by the velocity of the charges, Tr = L/v. By neglecting

the diffusion current contribution to the total current, v is the drift velocity, v = µξ

where ξ is the average electric field, ξ = VG/L. Hence, the value of transit time Tr

inversely proportional to the applied voltage VG.

11
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2.1 MG law for SCL Transport in a Trap-free Solid

The ability of solid materials to achieve SCL transport depends on the relative

values between τr and Tr. When VG is small, the transit time Tr is large. If τr < Tr,

the dielectric has fast enough time to balance the amount of injected charges before

they travel across the dielectric length L. Hence, there will be no accumulation of

space charge. At this low level of injection, the injected electrons are much lower than

the thermal or intrinsic electron concentration of a solid dielectric (ninj ¿ ni), the

current transport follows Ohm’s law. However, as the amount of injected charges is

increased (equivalent as increasing VG), the value of Tr starts to decrease. At τr > Tr,

there will be accumulation of space charge. At such high injection level, the amount of

injected electrons is much larger than the intrinsic concentration of the solid dielectric

(ninj À ni), the transport mechanism follows the MG law. Hence, this is the reason

to have SCL current flow at relatively high voltage bias. The typical example of low

level injection and high level injection are shown in Fig. 2.2.

Figure 2.2: The injected electrons ninj in the case of (a) low injection level with the injected

electrons ninj ¿ ni and (b) high level of injection with the injected electrons ninj À ni

The transition voltage from Ohm’s law to MG law can be calculated by

considering the amount of charge injected is equal to the intrinsic or thermal

concentration. With the total number of charge per unit area Q = eniL where

ni is thermal or intrinsic electron concentration, and also from Gauss law, Q =

12
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2.2 SCL Transport with Shallow Traps

εrε0ξ ≈ εrε0VΩ−MG/L where E is the applied electric field. Hence, the transition

voltage from Ohm’s law to MG law is VΩ−MG = eniL
2/εrε0. Below the transition

voltage, with the amount of injected electrons is much smaller than the intrinsic

concentration ni, the current transport follows Ohm’s law. Above the transition

voltage, with the injected electrons are much higher than the intrinsic concentration

ni, the current transport follows MG law.

In summary, the derivation of MG law is based on the following assumptions: (a)

diffusion current component is neglected (drift current dominates the total current),

(b) the contact responsible for the charge injection is an Ohmic contact, (c) the

amount of injected charge is much larger than the intrinsic concentration of the

dielectric, and (d) there are no traps at the interface with the contact and in the

bulk of dielectric. The first assumption is valid since the drift component dominates

over the diffusion component when the applied bias VG À kbT/e (thermal voltage) or

L À the diffusion length. The second assumption guarantees the contact can supply

unlimited amount of charge into the dielectric and there is no voltage drop across

the contact. The third assumption is explained by the illustration of transit time Tr

and dielectric relaxation time τr. The fourth assumption will be studied in the next

section for a review of the trap-limited MG law.

2.2 SCL Transport with Shallow Traps

The study of SCL transport in solids was extended by Rose in 1951 and 1955 [10, 11]

by incorporating the effect of traps into dielectrics. Mott and Gurney provided the

foundation for the theory of SCL current in solids but in actual materials, traps such

as localized electronic states associated with impurities and structural imperfections

are inevitably present. The amount of injected SCL current is lowered by the traps

since the traps will capture and immobilize the injected carriers. In this section,

13
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2.2 SCL Transport with Shallow Traps

SCL transport with shallow traps is elaborated. For the sake of argument and easy

illustration, the transport carrier is assumed to be electrons.

Traps at energy Et are shallow when the energy level of the traps Et lies below

bottom of the conduction band EC and above the quasi Fermi level EF , that is:

Et−EF

kbT
> 1. Figure 2.3 shows an example of shallow traps at thermal equilibrium.

At thermal equilibrium, the solid is in steady state and there is no external field

applied to the material. Therefore, the Fermi level is called the equilibrium Fermi

level, EF0. At this condition, there is no current flowing to the solid and the Fermi

level is flat. When some external bias is applied to the solid, the Fermi level is not flat

and it is called as the quasi Fermi level, EF . The quasi Fermi level is always above

the equilibrium Fermi level, EF0, since with more electrons flowing to the solid, the

Fermi level will increase. In this example, the thermal equilibrium condition is used

to give clearer and simpler picture to understand the concept.

Figure 2.3: Energy bands at thermal equilibrium with shallow traps. The traps at energy

level Et are mostly empty of electrons

The derivation for the SCL transport follows the same procedure as the trap-

free SCL model with one exception, the amount of free electrons that contributes to

the total current is now reduced since some of them are trapped at shallow traps at
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2.2 SCL Transport with Shallow Traps

energy level, Et. From the Fermi-Dirac distribution, the free electron concentration

is expressed by:

nf = NCexp[(EF − EC)/kbT ], (2.3)

where nf is the free electron concentration and NC is the effective density of states

at conduction band EC . While the filled electron trap concentration at energy Et is

expressed by:

nt = Nt0exp[(EF − Et)/kbT ], (2.4)

where nt is the filled electron traps concentration at energy Et and Nt0 is total

concentration of traps. The amount of SCL current density in solid in the presence

of single energy level of traps Et is given by:

Jshallow =
9

8

( θ

θ + 1

)
µnεrε0

VG
2

L3
. (2.5)

Here, θ = nf/nt measures the proportion of free electrons to the filled electron traps.

Note that θ is a constant value, independent of injection level since the value depends

only on the ratio of NC/Nt0 along with the difference between EC and Et. The value

of the coefficient, θ
θ+1

, in Eq. 2.5 can be simplified further depending on the relative

amount of traps inside the solid materials. If there are large number of traps then

the coefficient is approximately theta ( θ
θ+1

≈ θ) since theta is much smaller than one

(θ << 1). However, if there are negligible amount of traps, then the coefficient is

approximately one ( θ
θ+1

≈ 1) since theta is much bigger than one (θ >> 1). The

formula in Eq. 2.5 will recover to the trap-free MG law (see Eq. 2.2). The transition

voltage from Ohm’s law to SCL-MG with shallow traps is also scaled up with the same

factor, namely, VΩ−shallow = eniL
2/εrε0

(
θ

θ+1

)
. Thus, the SCL current is significantly

reduced when there are large number of traps (θ << 1) and the transition voltage

to reach SCL transport with shallow traps is increased. If there are several sets of

shallow trap levels in the solid materials, the set with the smallest θ will dominate

the current flow and this minimum value of θ will be the one to be used in Eq. 2.5.
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2.3 SCL Transport with Deep Traps

In the next section, we will discuss on the effect of a single energy level with deep

traps to the SCL current.

2.3 SCL Transport with Deep Traps

In the case of electron traps, traps are defined as deep traps when Et lies below EF

and EC , that is: EF−Et

kbT
> 1. Figure 2.4 shows an example of deep traps at thermal

equilibrium.

Figure 2.4: Energy bands at thermal equilibrium with deep traps. The traps at energy level

Et are mostly filled of holes.

Using the Fermi-Dirac expression, the concentration of traps unoccupied by

electron or hole occupancy of traps in thermal equilibrium, can be expressed as follows:

pt0 = Nt0exp[(Et − EF0)/kbT ]. (2.6)

where pt0 is the occupied hole (unoccupied electron) trap concentration at energy Et

in thermal equilibrium. In the case of a solid with deep traps, electrons injected into

a solid will fill these unoccupied electron traps. The transition voltage from Ohm’s

law to MG law with deep traps occurs at VTFL = VΩ−deep = ept0L
2/εrε0. The example
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2.3 SCL Transport with Deep Traps

of current vs voltage relationship in the presence of deep traps at SCL injection in a

solid is shown in Fig. 2.5.

Figure 2.5: The plot of current-voltage relationship J vs VG in a solid dielectric with deep

traps in a log-log scale. The filling of deep traps happens at VTFL to 2VTFL indicated with

a steep increase in current. Below VTFL, current conduction follows Ohm’s law. Above

2VTFL, current conduction follows MG law trap-free

At low level injection, with the amount of electrons injected is still much

lower compared to the intrinsic concentration, the current-voltage relationship follows

Ohm’s law since there are inadequate free electrons to fill the deep traps at energy

level Et. When the injected electrons become comparable with thermal or intrinsic

concentration ni, the injected electrons are filling up the deep traps at the transition

voltage VΩ−deep. That is why the transition voltage is also called the trap-filled limit

voltage or VTFL. At this point, there is no accumulation of space charge and there is a

sudden steep increase in current until all the deep traps are filled at approximately two

times the value of trap-filled limit voltage (2VTFL). This phenomenon is important

since it is normally misinterpreted experimentally as breakdown phenomenon due to

a steep rise in the current at trap-filled limit voltage. Beyond 2VTFL, the current
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2.4 SCL Transport with Distributed Energy Levels of Traps

follows the MG law trap-free again since all the deep traps have been filled and the

free electrons go into the conduction band and contribute to current due to the regular

accumulation of space charge.

2.4 SCL Transport with Distributed Energy Lev-

els of Traps

For single-crystal materials with high chemical and structural purity, single energy

level of traps Et is a good approximation to analyze and study the SCL injection as

in many cases of semiconductors, which have a crystalline or at least a polycrystalline

structure. However, it is common in vitreous or amorphous materials such as

insulators, to possess either no or short range order of periodicity. In these materials,

because of the large degree of structural disorder, there will be a lot of trap sites with

different energy levels. To represent these sets of traps, traps with an exponential

energy distribution provide good insight. It is initially studied by Rose [10, 11] and

then Mark and Helfrich in 1962 [17] who derived the SCL current formula analytically

with traps exponentially distributed in energy.

For an exponential distribution in energy level of traps, the density of traps per

unit energy range E can be expressed as follows;

Nt(E) = (Nt0/kbTt)exp[(E − EC)/kbTt], (2.7)

where Nt(E) is the concentration of electron traps per unit energy range, Nt0 is the

total electron traps density, Tt is the characteristic temperature to characterize the

trap distribution (the shape of the trap profile as a function of energy). The total

number of filled electron traps nt are calculated by integrating Nt(E) with respect

to dE from E = −∞ to E = EF . If the quasi Fermi level EF is far enough from

the equilibrium Fermi level EF0 , the range of integration can be approximated from
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2.4 SCL Transport with Distributed Energy Levels of Traps

E = EF0 to E = EF and thus the total number of electron traps nt can be calculated

to be:

nt =

∫ EF

−∞
Nt(E)dE ≈

∫ EF

EF0

Nt(E)dE,

nt = Nt0

{
exp[(EF − EC)/kbTt]−

( ni

Nc

)T/Tt
}

,

By assuming that Tt > T and nt > nf (equivalent to the case in which there are large

number of traps to influence the behavior of SCL current), the second term in the nt

expression
[(

ni

Nc

)T/Tt
]

is negligible so the total number of traps can be simplified to

be nt = Nt0exp[(EF − EC)/kbTt]. Using nf = NCexp[(EF − EC)/kbT ], the relation

between free and trapped electron concentration can be found, given by:

nf =
NC

Nt0
l
nt

l, (2.8)

where l = Tt/T . By following the same procedure to derive MG law in a trap-free

solid by solving Poisson and drift current density equation, with the exception of

putting in the expression for nf as in Eq. 2.8, the analytical form of the SCL current

can be shown to be:

JTL = Ncµne
1−l

[ εrε0l

Nt0(l + 1)

]l(2l + 1

l + 1

)(l+1)VG
(l+1)

L(2l+1)
. (2.9)

The transition voltage from Ohm’s law to trap-limited or VΩ−TL and transition

voltage from trap-limited to MG law or VTL−MG can be calculated again based on the

charge consideration setting nt equal to ni for VΩ−TL and nf equal to nt for VTL−MG.

The expressions for the two transition voltages are given below:

VΩ−TL =
eniL

2

ε0εr

( l + 1

2l + 1

)[(l+1)/l] l + 1

l
Γ, (2.10)

VTL−MG =
eniL

2

ε0εr

Γl
[9

8

( l + 1

l

)l( l + 1

2l + 1

)l+1][1/(l−1)]

, (2.11)

where Γ=Nt0

ni

(
ni

Nc

)1/l

.

The characteristic or the shape of the traps distribution depends on the value

of Tt. If Tt < T , the empty traps at the top of the distribution, near the conduction
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2.5 Applications of SCL Current in Solids

band, always dominate those near the quasi Fermi level and the trap distribution

varies rapidly with energy. Therefore, the analysis reduces to the shallow traps case.

If Tt is large enough and EF −EF0 > kbTt, the traps has a slow varying distribution.

In this case, the trap distribution can be approximated with an uniform distribution,

Nt(E) = (Nt0/kbTt)exp[(EF0 − EC)/kbTt] = constant. The total number of electron

traps nt can be calculated to be:

nt = (Nt0/kbTt)exp[(EF0 − EC)/kbTt](EF − EF0). (2.12)

Using nf = niexp[(EF − EF0)/kbT ], and by following the same procedure as in the

traps exponentially distributed in energy, the SCL current formula can be found and

is expressed as below:

JUN = 2eniµ
VG

L
exp

[ 2ε0εrVG

(Nt0/kbTt)exp[(EF0 − EC)/kbTt]kbTeL2

]
. (2.13)

2.5 Applications of SCL Current in Solids

The study of SCL transport or high current injection in solids is useful to study

traps in insulator. Many information about the nature of the traps such as the traps

concentration, traps energy level inside the bandgap, etc can be deduced relatively

simply and with great accuracy from the steady state and transient SCL current

measurement. What we mean by great accuracy here is that the information of the

traps can be extracted by using more than one independent methods that ensures

the credibility and consistency of the result. One example of using experimental SCL

measurement to find the information of traps is shown in Fig. 2.6.

The log-log plot of J vs VG in Fig. 2.6 shows the current-voltage characteristic of

a typical SCL measurement for an insulator (very low ni) with a single set of shallow

electron traps. At low injection level (low voltage bias VG), the current conduction

follows Ohm’s law. With increasing applied bias VG beyond the transition voltage,
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2.5 Applications of SCL Current in Solids

VΩ−shallow, the current conduction goes into SCL-MG with shallow electron traps.

As VG is further increased, the electrons fill up all the shallow traps. The current

jumps up and goes into SCL-MG trap-free regime. The value of trap-filled limit

voltage VTFL gives directly the concentrations of the shallow electron traps Nt0. The

quantity of the displacement, D, in the current density vs voltage curve (see Fig. 2.6)

between SCL-MG trap-free and SCL-MG with shallow traps regime gives the value

of θ (EC − Et). Assuming all the material-dependent parameters of an insulator are

known, such as L, εr, NC , the energetic location of the shallow traps (Et - EC) relative

to the conduction band EC can be found since θ = nf/nt = NC

Nt0
exp[−(EC−Et)]. The

value of θ can also be found from the transition voltage from Ohm’s law to SCL-

MG with shallow traps regime VΩ−shallow although it is less practical than using the

parameter D, as shown in Fig. 2.6.

Figure 2.6: Example of the SCL current measurement to extract traps information for J vs

VG in log-log scale with a single set of shallow traps

Another example of determination of Et in a case of shallow traps by conducting

an experiment to measure the current-voltage characteristic of a solid can be done by

21

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2.5 Applications of SCL Current in Solids

using a slightly different technique. In this method, the value of θ can be found first

from the plotting of J vs VG in log-log scale. In doing so, the plotting of ln θ vs 1/T

will be a straight line with a slope of (Et - EC)/kb and the intercept at 1/T = 0 is

ln (NC/Nt0). Hence, the values of NC and Et can be found afterwards. This method

has been frequently used than method in the first example due to its flexibility. The

method is able to find the value of the effective density of states in the conduction

band NC (for electron transport) or the value of the effective density of states in the

valence band NV (for hole transport) if the values are not known beforehand. The

value of the total traps concentration Nt0 can still be found directly from the trap-

filled limit voltage (VTFL). Thus, this method has been widely used to extract the

traps information from the experimental J vs V G curve for electron and hole SCL

transport in many solid materials such as: CdS [40, 41], ZnTe [42], Se [43], I [44], etc.

In the case of traps with an exponential distribution in energy, the characteristic

temperature Tt can be found from the plot of J vs VG in log-log scale. If the

mobility µn and NC (for electron transport) or NV (for hole transport) are known,

the traps concentration Nt0 can be found. This method has been used to determine

the effective density of states of holes in the valence band NV of anthracene which

fits the description of traps exponentially distributed in energy [45, 46, 47].

The transient measurement of SCL current is also able to provide information

of the free-carrier capture cross section for a trap and the thermal-release frequency

for a trapped carrier [44, 13, 48, 17, 49, 50, 51, 52, 53, 54, 55, 56]. One example of

the transient SCL current measurement to extract the traps information can be seen

from Fig. 2.7 which has been studied by Many and Rakavi [44].

The figure shows different shape of transient current I(t) over time in the

normalized units after the application of a step function of voltage. The upper curve

shows the typical transient current curve in the case of a trap-free insulator and the

lower curve shows the transient current curve for an insulator with traps. At time
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2.5 Applications of SCL Current in Solids

t = 0, there is an initial current since the electrons are injected into the insulator.

The current increases until the leading front of the voltage step function reaching

the anode. The peak of the current shows the maximum space charge injected into

the insulators. From the peak current at time t = t1 or t2, the transit time, Tr of

the insulators can be found which directly gives the mobility value of the insulator.

Furthermore, the decaying part of the current near t = t3 gives the trapping time

information.

Figure 2.7: Example of the current vs time (I(t) vs t) plot in the normalized units. The

upper curve shows the example of typical transient current response over time in an insulator

without traps and the lower curve shows the transient current for an insulator with traps.

The peak of transient current response is at t = t1 for trap-free case and it is at t = t2 in

insulator with traps

When the insulator is trap-free, there is no decaying part and the value of the

transient current is constant over time since the electrons from the current do not

interact with any traps (see upper curve). The initial current keeps increasing until

it reaches its peak value at t = t1. Between t = 0 to t = t1, more space charges

are flowing into the insulator due to the leading front of the step function voltage
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2.5 Applications of SCL Current in Solids

bias being applied to the insulator. After t = t1, the current starts to decay since

more spaces charges flowing out than flowing into the insulator. Since the insulator is

trap-free, there will be no trapping, thus the current reaches a constant steady state

value.

If there are traps in the insulator, the decaying part over time can be measured

and it gives the trapping time value for the insulator (see bottom curve). The peak

current happens at slightly longer time than the time for the trap-free case (t = t2)

since in the trapping case, more charges are trapped near the injecting electrode, thus

more time is needed to reach the peak value. After the current reaches its peak value,

it starts to decay. The trapping time can be calculated from the decaying amount

after the current reached its peak from the release rate of the traps.

Nowadays, in many novel devices, the current transport mechanism is governed

by SCL transport. Due to the small intrinsic concentrations ni and small size of the

device, the current transport has been reported to be operating in the SCL transport

regime. Some of the examples will be discussed to show the J vs VG curves for SCL-

MG transport in a solid with trap-free, shallow traps, and also traps exponentially

distributed in energy. In a polymer Schottky diode structure, many studies have

reported SCL conduction in the device [24, 25, 26, 27, 28, 29]. The typical structure

consists of a conjugated polymer sandwiched in between two electrodes. One of the

contacts is typically an Ohmic contact and the other contact is a Schottky or rectifying

contact. Gold (Au) is usually used to form Ohmic contact with the conjugated

polymer and aluminium (Al) as a rectifying contact with the polymer. Much of the

studies have been focusing on the effect of adding dopants to the polymer such as

oxygen and how it affects the rectifying properties of the structure [29, 57]. Other

studies have been focusing on the electric field dependence mobility (ln µ ∝
√

ξ) and

temperature dependence mobility of such structure (ln µ ∝ 1/T ) [28]. Some of the
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2.5 Applications of SCL Current in Solids

examples of the current-voltage characteristics of polymer Schottky diodes showing

SCL transport are shown in Fig. 2.8.

Figure 2.8: Examples of SCL current transport of the current-voltage characteristics in

typical polymer Schottky diodes structure in the case of (a) Al/P3MT/Au [24], (b)

Al/AlPcCl/Au [29], (c) Al/P3HT/ITO : PEDOT [26], and (d) Al/P3HT/ITO [27]

Figure 2.8 shows the forward current curve versus the applied bias in some of

the polymer Schottky diodes reported and studied [24, 26, 27, 29]. In Fig. 2.8a, the

structure consists of an electrodeposited film of P3MT or poly(3-methylthiophene)

sandwiched between aluminium and gold. In the small applied bias region, the current

J follows Ohm’s law since it is proportional to V . But with higher bias, the current
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2.5 Applications of SCL Current in Solids

J goes into SCL-MG conduction with traps exponentially distributed in energy since

it is proportional to V 4 with l = 3 [24].

Figure 2.8b shows the polymer AlPcCl or aluminium phthalocyanine chloride

is sandwiched between gold and aluminium created using vacuum deposition onto

the glass substrate. In the low voltage region (region I), the current J follows

Ohm’s law and in the high voltage region (region II), the current J follows SCL-

MG conduction with exponentially distributed traps with a slope of 3.48 (J ∼ V 3.48)

and 3.24 (J ∼ V 3.24) for oxygen doped and as-deposited samples, respectively. The

paper also reported the improvement in current by adding oxygen dopant into AlPcCl

[29].

In Fig. 2.8c, the P3HT or poly(3-hexylthiophene) is sandwiched between indium

tin oxide/polystyrene sulfonate doped polyethylene dioxy-thiophene (ITO/PEDOT)

and aluminium electrodes. The carrier for the transport in P3HT is holes. In region

A (V < 0.3V), the currents follow Ohm’s law since not enough holes injected to the

polymer, in region B (0.3V < V < 0.7V), the currents are in the SCL-MG conduction

with traps exponentially distributed in energy. In region C (V > 0.7V), at high

temperature T , the holes have filled all the traps and thus the currents go to the

SCL-MG conduction trap-free with slope equals to 2 (J ∼ V 2). At lower T , the

slopes of the current versus voltage curves are still higher than 2 since the hole traps

are not fully filled yet. The fraction of free space charge (the space charge in the

conduction band) decreases exponentially with lower temperature T [13]. Since JTL

∼ V l+1 and l = Tt/T (see Eq. 2.9), lower T gives larger value of l and thus steeper

slope in the curve. The temperature dependent mobility can also be seen in the

figure since at higher temperature, the values of current are also higher due to higher

mobility with high T . Similar result with Fig. 2.8c can be seen in Fig. 2.8d with a

slight difference of using only ITO as the Ohmic contact [26, 27].
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2.5 Applications of SCL Current in Solids

Figure 2.9: Current-voltage characteristics for planar sandwich configuration of (a)

Au/pentacene/ITO, (b) Au/tetracene/Al, and (c) Au/pentacene/Al

Figure 2.9 shows another example of organic semiconductor of tetracene (C18H12)

and pentacene (C22H14) sandwiched between aluminium Al as the rectifying contact

and gold Au or indium tin oxide ITO as the Ohmic contact. In the case of

Au/pentacene/ITO (see Fig. 2.9a), the current shows Ohmic conduction for all

voltage range. For Au/tetracene/Al configuration (see Fig. 2.9b) beyond 0.7V, the

SCL conduction is reached for SCL-MG regime with traps exponentially distributed

in energy with l = 5.1, all the traps are filled beyond 2V, and thus the current shows

SCL-MG trap-free with slope equals to 2. In the Au/pentacene/Al configuration (see

Fig. 2.9c), the transition from Ohmic to SCL conduction also occurs at V around 0.7

V. Above the transition voltage, the current shows two different slopes of l = 9.1 and

l = 6.2 before all the traps are filled at about 4V. The trap- filling region with two

different slopes is suggested to be due to two different energy levels of deep traps in

the pentacene [31].

More examples of SCL conduction are shown in Fig. 2.10 [33] and Fig. 2.11 [37].

Figure 2.10 shows the current-voltage characteristic in log-log scale for CdS nanowire
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2.5 Applications of SCL Current in Solids

measured in air ambient under various laser illumination intensity. The number of

free electrons in CdS nanowire are affected by the laser illumination. As the laser

intensity increases, the number of free electrons increase. However, the adsorption

of oxygen from air to the nanowire depletes or reduces the number of free electrons.

Thus, it is harder to reach SCL conduction and the transition voltage to reach SCL

shifts to higher applied bias VD even though the laser intensity is increased[33].

Figure 2.10: Current ID vs voltage VD of CdS nanowire in log-log scale measured under

different level of laser illuminations

Figure 2.11 shows the forward current characteristic of arrays of β − FeSi2

nanocrystals grown in p-type Si substrate. Chromium Cr and gold Au were

evaporated to form the Schottky junctions to the nanocrystals. The figure shows

one deep energy level of traps in two arrays of β − FeSi2 nanocrystals and two

deep energy levels of traps in ten arrays of β − FeSi2 nanocrystals. The current

conduction goes from Ohmic conduction to SCL-MG conduction with deep traps.

Other studies on SCL current transport in solids include the occurrence of SCL
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2.5 Applications of SCL Current in Solids

Figure 2.11: The log-log plots of current vs voltage characteristic of two (square symbols

with line) or ten (triangle symbols with line) embedded arrays of β − FeSi2 nanocrystals

photocurrent in a semiconductor at high light intensities [9] and work on shot noise

[18, 19, 20, 21, 22, 23].
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CHAPTER 3

TWO-DIMENSIONAL MODEL FOR SPACE

CHARGE LIMITED (SCL) CURRENT IN SOLIDS

3.1 Introduction

The theory of high charge current injection (SCL transport) was originally developed

in vacuum tubes, known as the Child-Langmuir (CL) law [2, 3]. Since then, the theory

of classical 1D CL law has been extended to include multi-dimensional classical models

[58, 59, 60], quantum models [61, 62], and short-pulse models [63, 64]. For an extensive

review of the multi-dimensional models of CL law, please look at the thesis done by

Koh Wee Shing [65]. In comparison with the advancement in the theory of CL law, the

developments of the classical 1D MG law had been focused on the influence of trapped

charges, temperature dependence, transient behaviour, bipolar and transition from

MG law to CL law [66, 10, 11, 16, 17, 44, 67, 68, 69, 70, 71]. Recently, there is renewed

interest in the studies and applications of MG law in various materials, such as SCL

current fluctuations in organic semiconductors [31], SCL photocurrent in polymers

and fullerenes [34], polymer SCL transistor [72], and SCL current in nanowires [33].
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3.2 Transition from CL to MG law

In such studies, the length of the solids can be comparable or larger than its cross-

section that 1D MG law may not correctly predict the amount of the SCL current in

these 2D novel devices. The classical 1D MG law is relatively unexplored in multi-

dimensional models. Thus, in this chapter, we will develop a 2D analytical MG law in

a solid [73]. The new model will be useful to understand the study of SCL transport

in solids where the size of injecting electrode affects SCL current formation.

3.2 Transition from CL to MG law

The study of transition from CL to MG law has been done by Shur [68, 69, 70, 71].

The papers were intended to study the effect of collision on ballistic and near ballistic

electron transport in GaAs at low temperature for the application of low power high-

speed logic devices. The transition study he has done in his papers will be used to

provide the framework for deriving the 2D MG law in this chapter. Three different

equations were used to show the transition of CL and MG law by controlling the

degree of collision using a collision parameter β. The three equations are the drift

current density equation, Poisson equation, and the balance of momentum of electron

equation derived from Newton’s law of motion:

jn = −en(x)v(x) (3.1)

d2ψn(x)

dx2
=

e(n(x)− no)

εrε0

, (3.2)

me
∗dv(x)

dt
= −eξ(x)−me

∗v(x)

τm

(3.3)

where jn is the drift electron current density, n(x) is the electron concentration along

the length of the solid dielectric from x=0 to x=L, ψn(x) is the potential profile

across the solid length, v(x) is the electron drift velocity, no is the doping density

or the intrinsic or thermal concentration ni if the solid material is undoped, εr

is relative (dielectric) permittivity and ε0 is vacuum permittivity, me
∗ is effective
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3.2 Transition from CL to MG law

electron mass, τm is the momentum relaxation time, and ξ(x) is the electric field

profile along the solid length L. The effect of collision is included in the formulation

in the last equation (Eq. 3.3) through the ”τm” term. Diffusion current is neglected

since it is assumed that the applied voltage is much larger than thermal voltage. The

effective electron mass and momentum relaxation time are assumed to be constant and

independent of energy. This assumption is not accurate at the high field region where

the optical phonon scattering process is affected by it. The momentum relaxation

time decreases sharply and thus the simplified model overestimates the electron drift

velocity. However, we would like to use this simplified model to provide the qualitative

picture of the electron transport in the ballistic or collision-dominated region because

it is important to understand the physics and characteristics of the transition process

from ballistic to collision-dominated region.

In the ballistic or CL dominated region, there is no collision. Therefore, τm

approaches infinity and the second term in right hand side of Eq. 3.3 vanished.

Eq. 3.3 can then be solved with v(x) =
√

2eψn(x)/me
∗ is the speed of electrons in

vacuum. The derivation of the three equations results in the Child-Langmuir law.

While in the collision-dominated regime, the left hand side of Eq. 3.3 vanished since

dv(x)
dt

= 0 (steady state condition). When Eq. 3.3 is then solved, the velocity of

electrons becomes the drift velocity, v(x) = −µnξ(x) with µn = eτm/me
∗.

By substituting Eq. 3.1 and 3.3 to 3.2, the equations can also be written in a

single closed form equation:

εrε0me
∗v(x)

2e

d2v2(x)

dx2
+

εrε0me
∗

2eτm

dv2(x)

dx
+ enov(x)− j = 0, (3.4)

which can be written in the normalized form of:

d2u(w)

dw2
+

β√
u(w)

du(w)

dw
+ 1− 1√

u(w)
= 0. (3.5)

Here, u(w) is the dimensionless squared velocity = (en0v(x))2/j2, w = x/x0 is

the dimensionless distance, x0 = j/(
√

2en0ωp) is the characteristic length, ωp =
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3.3 The Analytical 2D CL law and MG law

√
(e2n0)/(ε0εrme

∗) is the plasma frequency, β = (
√

2ωpτm)−1 is the dimensionless

collision frequency. The parameter, β, controls the degree of collision in the model

with β ¿ 1 showing ballistic transport (CL law) and β À 1 showing collision-

dominated transport (MG law). In the space charge limit or high charge current

injection, injected electrons n(x) are much higher than the intrinsic or doping

density no. This equivalently in normalized form can be written as u(w) ¿ 1 or

1 − 1√
u(w)

≈ − 1√
u(w)

. Therefore, to show the transition at SCL current regime

between the 1D CL and MG law, Eq. 3.5 becomes

d2u(w)

dw2
+

β√
u(w)

du(w)

dw
− 1√

u(w)
= 0. (3.6)

In the collision-dominated case, the ”d2u(w)
dw2 ” term in Eq. 3.6 is negligible. Thus,

the equation is solved to u(w) = w/β. By substituting back the values from the

normalized parameters, it will recover to MG law (Eq. 2.2). While in the ballistic

or no collision case, the ” β√
u(w)

du(w)
dw

” term in Eq. 3.6 is negligible, and the equation

becomes u(w) = 3
2
w

4/3
, which after back substitution, it will recover to the 1D CL

law (Eq. 2.1).

3.3 The Analytical 2D CL law and MG law

As previously mentioned, the above transition model is used to develop the 2D

analytical model of SCL transport in solids. Similar to the 2D CL law [58, 74, 59, 60],

the enhancement of the 1D MG law for uniform charge injection into a solid is

expressed as (in terms of the 1D model)

JMG[2D]

JMG[1D]
= 1 + F ×G. (3.7)

The parameter F =
∫ L
0 (x/L)n(x)dx∫ L

0 n(x)dx
measures the normalized mean position of the

injected electrons in a solid of length L, and n(x) is the electron density in a solid,
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3.3 The Analytical 2D CL law and MG law

which is calculated by the 1D MG model (with and without traps). Here, G is a

correction parameter, which depends on the geometrical properties of the emission

area (between the cathode and the trap-filled solid). The values of G have been

derived in the study of 2D CL law for many different shapes of cathode such as:

planar, circular, and elliptical shape [58, 74, 59, 60]. For simplicity, the electrons are

injected from a planar shape cathode with a cross-sectional area of finite width, W ,

and infinitely long thickness, d, which corresponds to G = (4/π)/(W/L) for W/L > 1

[60]. The full derivation of Eq. 3.7 can be found in Appendix A.

3.3.1 2D Trap-free MG law

By using the boundary conditions of u = 0 (v = 0) and du
dw

= 0 ( dv
dx

= 0) at w=0

(cathode) for the space charge current injection, the differential equation shown in

Eq. 3.6 is solved numerically for n(x) in order to calculate the parameter F which in

the normalized form can be shown to be:

F =

∫ L

0
(x/L)n(x)dx∫ L

0
n(x)dx

,

since w=x/xo and wL=L/xo,

F =

∫ wLxo

0
(wxo/L)n(x)d(wxo)∫ wLxo

0
n(x)d(wxo)

,

and also u(w)=(en0v(x))2/(en(x)v(x))2=(n0/n(x))2,

F =

∫ wLxo

0
wn0

L
u(w)−1/2d(wxo)∫ wLxo

0
n0u(w)−1/2d(wxo)

,

F =

∫ wL

0
(w/wL)u(w)−1/2dw∫ wL

0
u(w)−1/2dw

.

The parameter F can be calculated at any given values of β and wL = L/xo

(< 1). The condition of wL < 1 is imposed to ensure high current injection for

which the amount of injected charges is higher than the intrinsic charge. At the

anode (w = wL), the relation of the applied voltage VG with other parameters is
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3.3 The Analytical 2D CL law and MG law

VG =
2VPT [uL+2β

∫ wL
0 u1/2dw]

w2
L

, where VPT = (enoL
2)/(2ε0εr) is the punch-through voltage

that the space charge has extended through a solid, and uL is the solution of u(w) at

w = wL which is obtained from solving Eq.(3.6). To see the transition from Ohm’s

law to MG law it is common to use either VPT or transition voltage VΩ−MG = VPT /2.

Figure 3.1 shows the calculated factor, F , as a function of the normalized collision

frequency, β, at different solid length, wL = 0.1 to 10−4 (left to right). It is clear that

there is a smooth transition from F = 1/3 at large β value (trap-free MG law or

collision-dominated SCL current) to F = 1/4 at small β (CL law or ballistic SCL

current). The transition region lies within the range of β = 0.1 to 100, and the exact

value of F will depend on β and wL. The limit of F = 1/3 can also be checked by

directly evaluating the integral form of F =
∫ L
0 (x/L)n(x)dx∫ L

0 n(x)dx
where in the MG law limit,

the dependence of n(x) is n(x) ∝ x−1/2 [39].

10-5 10-3 10-1 101 103
0.24

0.26

0.28

0.30

0.32

0.34

MG Law

 wL = 10-4

 wL = 10-3

 wL = 10 -2

 wL = 10-1

F

CL Law

Figure 3.1: Dependence of the normalized mean position, F , of the electron density as a

function of collision parameter, β, for various wL = 0.1 to 10−4 (left to right) for a trap-free

solid
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3.3 The Analytical 2D CL law and MG law

3.3.2 2D Trap-filled MG law

For trap-filled SCL transport in solids, the value of F for shallow traps is equal to

the trap-free limit (F = 1/3). This is because the traps lowered the SCL current only

by a constant fraction of
(

θ
θ+1

)
(see Eq. 2.5). As described in section 2.4, the n(x)

dependence to x can be found to be n(x) ∝ x−l/(l+1) with l = Tt/T (≥ 1) is the ratio of

distribution of traps to the free carriers (see Eq. 2.9). For a given l, the factor F can

be calculated to be F = 1/(l+2) by evaluating the integral form of F =
∫ L
0 (x/L)n(x)dx∫ L

0 n(x)dx
.

The enhancement of the 2D MG law for a trap-filled solid will depend on the value

of l, which characterizes the energy distribution of traps. The larger the value of l,

the smaller the value of F . Thus, in insulators and many organic materials which has

been shown to exhibit the trap-filled MG law in solid characteristics, the 2D current

enhancement is lower as compared to a trap-free solid. While for l = 1, the shallow

trap limit of F = 1/3 is recovered, which is also identical for a trap-free solid.

3.3.3 Numerical Simulation Using Medici

To verify the analytical 2D trap-free MG law with F = 1/3, a 2D device simulator

called Medici [75] is used to create a structure of N+− i−N+ of silicon (Si) of width

W , and length L with heavily doped cathode and anode, in order to have Ohmic

contacts. The intrinsic region between them has an intrinsic uniform electron density

of about 1.5 × 1010 cm−3 and a uniform fixed mobility (µn) determined through the

relationship of µn = eτm/me
∗ at β = 1000. The beta value of 1000 is used to ensure

the transport is at the collision-dominated regime or MG law (see Fig. 3.1). The other

parameters used in the simulation are me
∗/me= 0.31, and εr = 11.8. The current

density vs voltage (J vs VG) characteristic obtained from Medici is plotted in Fig.

3.2 at a fixed W/L = 4 for L = 100 µm and L = 200 µm, which shows the transition
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3.3 The Analytical 2D CL law and MG law

from Ohm’s law (J ∼ VG) to MG law (J ∼ VG
2) around the punch-through voltage

VPT of about 0.18 V and 0.4 V respectively.
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Figure 3.2: SCL current density J obtained from Medici simulator as a function of applied

voltage VG at fixed W/L = 4 for (a)L = 100 µm and (b) L = 200 µm (without traps). The

red dashed line shows the transition from the Ohmic region (J ∝ VG) to the trap-free MG

law (J ∝ VG
2) around the punch-through voltage VPT

For various values of wL = 10−4 to 0.1, the corresponding applied voltage VG to

each wL as indicated in Fig. 3.2 were found using back substitution. To determine

the 2D MG law as function of W/L, Medici is used to obtain the the current density

by varying W at fixed L = 100 µm and L = 200 µm. The comparison between

the simulation results (symbols) and the analytical 2D trap-free MG law of F = 1/3

(solid lines) are plotted in Fig. 3.3 as a function of W/L = 0.5 to 4. The analytical
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3.3 The Analytical 2D CL law and MG law

results agree very well with the simulation. For comparison, the analytical 2D CL

law (ballistic transport) of F = 1/4 is also plotted (dashed lines). Note the Medici

simulator can not be used to verify the transition region (1/4 < F < 1/3) between

the MG law and the CL law, as drift-diffusion transport has been assumed in the

Medici simulator.
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Figure 3.3: The comparison of simulation results (symbols) with the 2D trap-free MG law

(solid) and the 2D CL law (dashed) as a function of W/L = 0.5 to 4 for L = 100 µm and

L = 200 µm. The corresponding VG at various wL = 10−4, 10−3, 10−2, and 10−1 used for

comparison with the analytical 2D scaling are indicated in Fig. 3.2

To verify the enhancement factor of F = 1/(l + 2) for the 2D trap-limited

MG law, the same simulator is used at L = 10 µm for two different sets of trap

distribution: l = 2 and l = 3, with Nt0 = (1 or 5) ×1017 cm−3. The distribution of

traps used in the simulation are created by discretizing the band energy based on the

exponential function Nt(E) = (Nt0/kbTt)exp[(E − EC)/kbTt]. Due to the limitation

of the simulator, only 50 energy step sizes can be used.
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3.3 The Analytical 2D CL law and MG law

Figure 3.4: SCL current density J obtained from Medici simulator as a function of applied

voltage VG at W/L = 4 and L = 10 µm for a trap-filled solid of traps exponentially

distributed in energy for (a) l = 2 and Nt0 = 1017 cm−3 (red square); (b) l = 2 and

Nt0 = 5× 1017 cm−3 (red circle), and (c) l = 3 and Nt0 = 1017 cm−3 (blue triangle)
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3.3 The Analytical 2D CL law and MG law

In Fig. 3.4, the current densities show transition from Ohm’s law to a trap-

limited region at VΩ−trap and from the trap-limited region to MG law trap-free at

Vtrap−MG. For the case of l = 2 and Nt0 = 1017 cm−3, the trap-limited region is

confined between a voltage range of VΩ−trap ≈ 0.85 V to Vtrap−MG ≈ 29 V, as indicated

in the figure (see Fig. 3.4a). Similar transition had also been observed in other cases,

but at different voltage ranges. For l = 2 and Nt0 = 5 × 1017 cm−3 case, the range

is from VΩ−trap ≈ 1.25 V to Vtrap−MG ≈ 750 V (see Fig. 3.4b). For l = 3 and Nt0 =

1017 cm−3 case, the value of each voltage will be VΩ−trap ≈ 8 V and Vtrap−MG ≈ 480

V (see Fig. 3.4c).

Figure 3.5: The normalized 2D trap-limited current density as a function of W/L = 0.5

to 4 at L = 10 µm for three simulated cases in their respective trap-limited regions: l =

2 with Nt0 = 1017 cm−3 at 10 V (red square); l = 2 with Nt0 = 5 × 1017 cm−3 at 200 V

(red circle), and l = 3 with Nt0 = 1017 cm−3 at 300 V (blue triangle). The lines are the

analytical solutions at l = 2 and 3 (solid) and l = 1 (dashed)

In comparison with the analytical formula of F = 1/(l + 2), the normalized 2D

trap-limited MG law in terms of its 1D limit [see Eq. 2.9] is plotted as a function

of W/L = 0.5 to 4 in Fig. 3.5. The comparison shows good agreement between the
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3.4 Summary

simulations results (symbols) and the analytical equations (solid lines) at l = 2 and 3.

Note the simulation results are obtained from a particular voltage in the trap-limited

region. These comparison shows that the simple 2D scaling laws derived in this paper

remains valid even for a trap-limited solid. The enhancement is directly related to

the trap distribution characterized by the value of l, and thus confirms the analytical

scaling of F = 1/(l + 2). For completeness, the formula of shallow trap limit at l =

1 is also plotted in dashed line.

3.4 Summary

In conclusion, a simple analytical 2D MG law is presented for SCL electron flow

in a trap-filled solid [73] (with a simple 2D shape), which is confirmed by a 2D

device simulator. The effects of traps are included by assuming traps exponentially

distributed in energy states. Smooth transition from the 2D MG law and the 2D

CL law is also demonstrated at the trap-free limit. This result may be useful in

predicting the amount of maximum SCL current density in novel 2D structures such

as: nanotubes, organic semiconductors, and nanowires that have been reported to

operate at SCL regime.
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CHAPTER 4

CONTACT AND SIZE EFFECT OF 2D SPACE

CHARGE LIMITED (SCL) CURRENT IN SOLIDS

4.1 Introduction

The studies of SCL transport in solids have been focused mainly based on one-

dimensional consideration and the effect of trap charges. The size effect in which

cathode size becomes comparable to the gap spacing has been recently studied [73]

(see Chap. 3). By adopting the approach in deriving the cathode size W in the

vacuum gap, it can be shown that the solution for the enhancement in a solid dielectric

in between the gap and F is derived analytically to be 1/3. However, all of the earlier

and published works have not mentioned the contact effect, which will limit the

electron injection to the solids. It is important to understand this effect since in real

devices, especially in the organic molecules; surface states, impurity, defect states,

etc associated with the interface of the contact with a finite barrier will limit the

current injection in the devices. In this chapter, the effect of injection by contact in

association with SCL transport in solids combined with the size effect is studied [76].
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4.2 Theory

4.2 Theory

The space charge limited current model in the solid dielectric is revised by

implementing the contact effect between the cathode and the dielectric. The structure

consists of a solid dielectric of length L (x=0 to x=L) with its intrinsic (thermal)

concentration of ni sandwiched between the two electrodes, cathode and anode. The

structure has a width of W in the y-direction and is considered infinitely long in the

z-direction. The details of the model and its boundary conditions can be found in

Appendix A. Our derivation assumes: one carrier transport (electrons) from cathode,

a perfect dielectric with no defects in the bulk and no recombination in the bulk.

For a non-injecting contact, we assume the contact between cathode and dielectric

behaves like a Schottky contact [77]. The current transport mechanism depends not

only on the applied voltage VG but also on how well the electrons can be injected

through the contact. For electron transport with a Schottky contact, there will be a

finite barrier height of eφb = eφm− eχ (in eV), where eφm is the work function of the

cathode and eχ is the electron affinity of a dielectric material. The function of the

barrier height is to limit or restrict the flow of electron transport to a solid. If the

electrons have a higher energy than the barrier, it will be able to move through by

thermionic emission.

To solve the model numerically, three basic equations that govern electron

concentration, electrostatic potential, and current density are used. Firstly, the

electron concentration is related to its electrostatic potential and quasi Fermi potential

exponentially by:

n(x) = niexp
[ψn(x)− φn(x)

kbT/e

]
, (4.1)

where n(x) is the free electron concentration, ni is the intrinsic (thermal) electron

concentration, ψn(x) is the electrostatic potential, φn(x) is the quasi Fermi electron

potential, kb is the Boltzmann’s constant, T is the electron temperature, and e is
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the electronic charge. The equation is valid only for a non-degenerate semiconductor

and thus it is appropriate in our model since the dielectric is undoped. Secondly, the

electrostatic potential is described by Poisson equation:

d2ψn(x)

dx2
=

e
(
n(x)− ni

)

εrε0

, (4.2)

where εr is the relative (dielectric) permittivity and ε0 is the vacuum permittivity.

Both equations (Eqs. 4.1 and 4.2) are inter-related and they are to be solved self-

consistently. To solve for the current density, the steady state current continuity

equation is needed:

djn

dx
= eG(x), (4.3)

where G(x) is the net generation rate of electrons in cm−3, jn = −en(x)µn
dψn(x)

dx
+

eDn
dn(x)

dx
= −en(x)µn

dφn(x)
dx

is the drift-diffusion electron current density , Dn is the

electron diffusion coefficient in cm2/s, µn is the electron mobility in cm2/V.s.

To represent the property of a non-injecting contact, two parameters are used:

the barrier height eφb and surface recombination current jn(x = 0) ≡ jsn =

evsn(ns − neq) with vsn = A∗T 2

eNC
is the surface recombination velocity, A∗ is the

effective Richardson constant, NC is the effective density of states of electrons in

conduction band, ns (n at x=0) is the actual surface electron concentration and

neq is the equilibrium electron concentration (φn = 0). This surface recombination

current acts as a current boundary condition at the contact between the cathode

and the solid dielectric [78, 79]. Here, jsn also represents surface states available

at the contact interface with the dielectric. As it will be elaborated later in this

chapter, tunneling through the surface states plays an important role to reach space

charge limited current in the presence of a non-injecting contact. Below we give

a brief description of the underlying physics that we used to represent the contact

properties. More details on these can be found in Chap. 5 of S. M. Sze book [78].
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The barrier height affects the contact by limiting the availability of the amount

of injected electrons by thermionic emission. The difference in work function in the

metal-semiconductor interface controls the amount of injected electrons. Meanwhile,

due to the discontinuity of the lattice structure at the interface, there will be a lot

of generation-recombination centers at that region. These localized energy states

are usually known as the surface states. With the surface states effect neglected

(no surface states are available), the injected electrons will have infinite surface

recombination. The velocity of electrons injected from the cathode is limited to

the maximum velocity electrons can achieve, that is, the average thermal velocity

vth =
√

3kbT/me
∗, me

∗ is the effective electron mass. In this case, vsn ≈ vth and jsn

= 0 since ns = neq. If surface states are present at the contact, the injected electrons

will have finite recombination. And thus, jsn 6= 0 since ns 6= neq.

The boundary conditions at the cathode (x=0) and anode (x=L) are used to

solve the three equations shown above (Eqs. 4.1, 4.2, and 4.3): ψn(x=0) = ψ0 − φb,

ψ0 = Eg

2e
+ kbT

2e
lnNC

NV
is the built-in potential with Eg is the bandgap of a dielectric, NV

is the effective density of states of holes in the valence band; ψn(x=L) = VG+(ψ0-
Eg

2e
),

with VG is the applied bias; φn(x=0) = 0 for infinite surface recombination; φn(x=0)

= ψn(x=0) - kbT
e

lnns

ni
for finite surface recombination; φn(x=L) = VG. At x=0, the

potential value comes from the difference between the built-in potential, ψ0, and the

barrier height potential φb (in V). The electrons in the conduction band energy need

to overcome the built-in potential to move into the metal. The details of the physics

involved in deriving these boundary conditions can be found in Chapter 1 and 5 of

S. M. Sze book [78].
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4.3 Results and Discussion

The current density J is solved at each applied bias VG by implementing SOR

(Successive-Over-Relaxation) with iterative method. The values of the matrices ψn

and φn are guessed initially (and thus, the matrix n using Eq. 4.1). Then, the values

of ψn are updated and solved iteratively using Poisson equation (Eq. 4.2). Using

the updated values of ψn, the values of φn (and thus, jn) are solved iteratively using

current continuity equation (Eq. 4.3). The process is repeated until the values of ψn

and φn satisfy both the Poisson and the current continuity equations. The details of

the numerical calculation in the matrices form can be found in Appendix B and C.

For infinite surface recombination, the boundary conditions for ψn and φn are applied

directly since the values are known exactly at x=0 and x=L. There is no tunneling

since φn(x=0) = 0 signifies neutral condition and jn is constant from x=0 to L. The

generation term in Eq. 4.3 is zero [G(x) = 0] as stated in the above assumptions

(no bulk recombination and 1D carrier). When the surface states effect included,

the value of φn(x=0) is not known directly [φn(x=0) 6= 0]. The value is found by

matching jsn with jn at x=0. In this case, there will be a tunneling component in the

total current density since tunneling occurs through surface states. The calculation

of the tunneling current component is included in Eq. 4.3 in the generation term as

a local tunneling generation rate (|G(x)| > 0).

The tunneling component is calculated using the Wentzel, Kramers, and

Brillouin (WKB) method [80]. The integrals over distance and energy in the tunneling

coefficient are transformed into a double integral over distance alone. Details of the

method and calculation of tunneling current can be found in a paper by Ieong [81].

To show the results of the calculation, a numerical code was created in Matlab to

solve for the current density in which the result will be compared with a 2D device
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simulator Medici. In our numerical code, the abovementioned three equations are

transformed using normalization parameters:

n(x̄) = exp
[
ay(x̄)

]
, (4.4)

δ̄n
δx̄

=
eL

j0

G(x̄), (4.5)

δ2ψ(x̄)

δx̄2
= n(x̄)− 1, (4.6)

where j̄n = −n(x̄) δψ(x̄)
δx̄

+ 1
a

δn(x̄)
δx̄

= −n(x̄) δφn(x̄)
δx̄

, ψ(x̄) = ψ(x)
V0

, φn(x̄) = φn(x)
V0

, n(x̄) =

n(x)
ni

, j̄n = jn

j0
, x̄ = x

L
with V0 = eL2ni

εrε0
is the crossover (transition) voltage from

Ohmic region to SCL-MG region, j0 = eniµn
V0

L
is the crossover current density, a =

eV0

kbT
, y(x̄) = ψ(x̄) − φn(x̄). The electrostatic potential and electron quasi Fermi

potential are scaled to crossover voltage V0, the electron concentration is scaled to

the intrinsic electron concentration (ni), and the current density is scaled to crossover

current density (j0). The dimensionality and scaling constants are needed to prevent

numerical overflow and or underflow. For infinite surface recombination, since G(x̄) =

0, we may substitute Eq. 4.4 and 4.5 to Eq. 4.6 to get a 2nd order ordinary differential

equation in terms of a dummy variable y(x̄):

δ2y(x̄)

δx̄2
+ a.j̄n.exp

[− ay(x̄)
]δy(x̄)

δx̄
− exp

[
ay(x̄)

]
+ 1 = 0. (4.7)

The boundary conditions for Eq. 4.7 are: y(x=0) = ψ(x̄ = 0) since φn(x̄ = 0) = 0

and y(x=L) = kbT
2eV0

lnNC

NV
. Equation 4.7 can be solved readily by implementing the

method together with the boundary conditions. However, when the surface states are

incorporated into the system, |G(x̄)| > 0 and Eq. 4.4 and 4.5 cannot be substituted

directly. Therefore, when |G(x̄)| > 0, there is no closed form and instead the solution

has to be solved numerically.

To compare with our numerical calculation, a 2D device simulator Medici is used

to simulate the real device characteristics. In the device simulation, an intrinsic silicon
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is used as the dielectric (εr = 11.8 and Eg = 1.08 eV) with L = 10 µm. The applied

bias VG is from 0 - 10 kV. The results for current density vs voltage, J (A/cm2) vs

VG (V), from Medici and the numerical computation are in great agreement as shown

below in Fig. 4.1 with constant mobility of µn = 10 cm2/V.s and barrier height of

eφb = 0 (Ohmic), 0.13, 0.33, 0.53, 0.73, 0.93, 1.08 eV. The range of barrier heights

under investigation that we calculated here is until 1.08 eV since the bandgap of Si is

1.08 eV. Here, the width W = 40 µm (W/L = 4) is used to ensure the result is based

on the one-dimensional (1D) model.

Current transport to reach the space charge limited (SCL) condition in a trap-

free solid is governed by MG (Mott-Gurney) law (see Eq. 2.2)[1, 39]. The current J is

proportional to VG
2, the voltage scaling (n) in Fig. 4.1 indicates the proportionality

of J ∼ VG
n. The transition voltage from Ohm’s law to MG law, VΩ−MG = eniL

2/εrε0

[39]. The transition voltage in Fig. 4.1 is approximately 2.2 mV (not shown in figure).

Without the surface states effect (Fig. 4.1a), the current density consists of drift

and diffusion components only. The ability to reach the SCL conduction depends

on the barrier height that limits the electron injection. At zero barrier height, drift

component dominates thus the J value follows MG law from VG > VΩ−MG. However,

as barrier height is increased, the thermionic emission of electrons dominates the

mechanism. The availability of electrons and the diffusion current become prominent.

Thus, at larger barrier height, the exponent n goes to 1 (Ohmic transport) at large

VG. At small VG the exponent drops from 2 to below 1. The value of n < 1 should

indicate the diffusion dominated transport.

In Fig. 4.1b, even with the barrier height is increased, the exponent value, n, is

able to reach n = 2 at large VG signifying SCL condition (VG > 1 kV). At small VG (VG

< 40 V) regardless of the barrier height, the current density values in Fig. 4.1a and b

are similar since the tunneling component arises from the tunneling of surface states

is not significant. However, as VG value arises, the J value differs quite distinctly
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Figure 4.1: J vs VG for L = 10 µm and µn = 10 cm2/V.s, eφb = 0, 0.13, 0.33, 0.53, 0.73,

0.93, and 1.08 eV for each symbol from top to bottom with: (a) without surface states effect

[φn(x=0) = 0], and (b) with surface states [φn(x=0) 6= 0]. Dashed lines represent numerical

simulation result and open symbols represent Medici simulation result. Black solid lines

represent exponent n from J ∼ VG
n with n = 2 represents SCL-MG and n = 1 represents

Ohm’s law
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in which when the barrier height is increased, the current mechanism goes to Ohmic

conduction in Fig. 4.1(a) but it reaches space charge limited (SCL-MG) conduction

in Fig. 4.1b. The big difference is caused by electron tunneling through surface

states. The surface states are introduced to the system by the surface recombination

velocity vsn applied to the contact and hence the surface recombination current jsn.

In our model, the electron tunneling through surface states is calculated from the

local tunneling generation rate [81].

In Fig. 4.1a, the surface states effect is neglected. There is no tunneling of

electrons through surface states so at x=0 the charge is neutral. This condition

implied that the quasi Fermi potential for electrons at x=0 is 0 [φn(x=0) = 0]. The

injection of electrons is solely limited to the barrier height eφb between cathode and

dielectric through thermionic emission, while in Fig. 4.1b, the effects of surface

states are included, vsn = A∗T 2

eNC
. Tunneling through surface states exists, quasi Fermi

potential for electrons at x=0 is not zero (the value is obtained from matching jsn).

Near the interface, the current is not constant. The tunneling current (or jtun) is

added as a local generation term into the steady state current continuity equations.

The tunneling causes more electrons to be injected at larger voltage so that the space

charge limited (SCL) current can be reached. The injection of electrons is limited to

the amount of electron tunneling through surface states as well as thermionic emission

through the barrier height. The tunneling current dominates at larger VG in Fig. 4.1b,

and thus SCL current is reached.

The potential profiles across a silicon diode along its length L = 10 µm, µn = 10

cm2/V.s at VG = 10 kV with eφb = 0.13 eV and 1.08 eV (with and without tunneling

through the surface states) are shown in Fig. 4.2. In the Ohmic conduction, the

potential profile is linearly proportional to the distance x along a solid length [ψn(x)

∝ x] while in the SCL conduction, the potential profile dependence to x is ψn(x) ∝
x3/2 [39]. As can be seen in Fig. 4.2a, at small barrier height eφb = 0.13 eV, the
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potential profiles are almost identical and roughly proportional to x3/2. The result

shows that the SCL conduction can still be reached with or without tunneling if the

barrier height is still small. However, for a large barrier height, eφb = 1.08 eV, the

potential profiles are different (see Fig. 4.2b). In the case of no tunneling (black line),

the potential profile follows Ohmic conduction [ψn(x) ∝ x] showing it is not able to

reach the SCL conduction and when there is tunneling through the surface states (red

line), the potential profile is still able to reach SCL conduction [ψn(x) ∝ x3/2].

Figure 4.2: ψn(x) vs x for L = 10 µm, µn = 10 cm2/V.s, VG = 10 kV with: (a) eφb =

0.13 eV, and (b) eφb = 1.08 eV. The black line shows the potential profile when there is no

tunneling through surface states and the red line shows the potential profile when there is

tunneling through surface states
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The effect of varying intrinsic concentration and mobility are shown in Fig. 4.3a

and 4.3b respectively, at eφb = 0.33 eV, NC = 5×1018 cm−3 with surface states effect

included. In Fig. 4.3a, the intrinsic concentration is varied from 1010 − 1016 cm−3 at

µn = 10−3 cm2/V.s. In Fig. 4.3b, mobility is varied from 10−4 − 10 cm2/V.s at ni =

1015 cm−3. The range of parametric study in this chapter is well within the various

intrinsic parameter values for some well-known organic materials such as: P3HT

(Poly3-hexylthiophene), PT (Polythiophenes), AlPcCl (Aluminium phthalocyanine

chloride), etc [29, 57, 82, 83, 84, 85, 86, 87]. For example, in P3HT, µn ≈ 10−3 −
10−4 cm2/V.s, ni ≈ 6×1015 cm−3, and NC ≈ 1018 − 1019 cm−3[82, 83, 84]. As shown

in Fig. 4.3a and 4.3b, the results are consistent with data in Fig. 4.1b. With electron

tunneling is included through surface states effect, current density is able to reach

space charge condition at larger VG (n = 2).

In Fig. 4.3a, at large VG, the J values converge and follow MG law (n = 2). While

at small VG, the J values are different for different ni values since the transition voltage

VΩ−MG is proportional to ni. At smaller mobility, the SCL current is reached at lower

VG since tunneling start to dominate at smaller VG (drift current component is smaller

when mobility is smaller). The result suggests that effect of intrinsic concentration

ni is as predicted from the theory of SCL current in solid, and the effect of mobility

to the SCL formation comes from the relative value of the drift component to the

tunneling. As long as tunneling dominates the current flow, SCL formation will occur.

This finding suggests that the result is still applicable in polymer and many organic

materials, even though it is well-known that the mobility is field and temperature

dependent [25, 28], but the range of mobility in these materials is notably very small

(less than 10−3 cm2/V.s).

All of the above Medici results are simulated using cathode width W = 40 µm.

These results are considered as 1D (the current density is independent of cathode

width) since W À L (W = 4L). In the previous chapter and recent publications
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Figure 4.3: (a) J vs VG for L = 10 µm, eφb = 0.33 eV, µn = 10−3 cm2/V.s, and NC =

5×1018 cm−3. Each symbol from top to bottom represents ni from 1016, 1014, 1012 to 1010

cm−3. (b) J vs VG for L = 10 µm, eφb = 0.33 eV, ni = 1015 cm−3, and NC = 5×1018 cm−3.

Each symbol from top to bottom represents µn from 102, 1, 10−2 to 10−4 cm2/V.s. Dashed

lines represent numerical simulation result and open symbols represent Medici simulation

result. Black solid lines represent exponent n from J ∼ VG
n with n = 2 represents SCL-MG
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[58, 59, 60, 73], the theory of enhancement in current has been shown based on simple

analytical derivation with JMG[2D]
JMG[1D]

= 1+G×F , with F =
∫ L

0
(x/L)n(x)dx/

∫ L

0
n(x)dx.

The theoretical value of F for a trap-free solid dielectric is 1/3 [73]. The parameter F

measures the normalized mean position of the injected electrons in a solid of length L,

and n(x) is the electron density in a solid, which is calculated by the 1D MG model.

Here, G is a geometrical parameter, which depends on the geometrical properties

of the emission area (between the cathode and a trap-free solid). For simplicity, the

electrons are injected from a planar shape cathode with a cross-sectional area of finite

width, W , and infinitely long thickness, d, which corresponds to G = (4/π)/(W/L)

for W/L > 1 [60]. The values of F are calculated using the above formula for F for

J vs VG that are shown in Fig. 4.1. The results are shown in Fig. 4.4.

The results of F reinforce the findings in Fig. 4.1. In Fig. 4.4a, with the

tunneling neglected, F = 1/3 only at eφb = 0 eV (no barrier height) thus SCL

conduction is reached. However, as eφb increases, F values goes up from 1/2 to 1 (at

larger VG). Note that, even at eφb = 0.33 eV, the F does not converge to 1/3 (no

SCL formation). These two values of F = 1/2 and 1 indicate Ohmic conduction with

n(x) is constant and n(x) ≈ ni at small eφb thus F ≈ 1/2. Even though n(x) is also

constant but n(x) ¿ ni as eφb getting larger, thus F ≈ 1 [n(x=L)] dominates both

the numerator and denominator in F formula). When surface states incorporated

into the calculation (see Fig. 4.4b), F is approximately 1/3 or approaching 1/3 at

different barrier heights eφb indicates SCL conduction or on the verge of reaching it.

This F = 1/3 is similar to the F = 1/4 for SCL current in free space [58, 59, 60].

To show the enhancement of the current in SCL region, the J vs VG characteris-

tics are simulated in Medici by using W = 20, 10, and 5 µm, L = 10 µm and µn = 10

cm2/V.s. The results are shown in terms of JMG[2D]
JMG[1D]

in Fig. 4.5 at VG = 10 kV. The

value is calculated using JMG[2D]
JMG[1D]

= 1+F ×G where JMG[2D] is the Medici simulation

results using W = 20, 10, and 5 µm, with JMG[1D] is the Medici result at W = 40
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Figure 4.4: F vs VG for L = 10 µm and µn = 10 cm2/V.s, at eφb from 0 eV to 1.08 eV: (a)

without surface states, and (b) with surface states. Black dashed lines represent theoretical

value for Ohm’s law (F = 1 and 1/2) and MG law (F = 1/3)
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Figure 4.5: JMG[2D]
JMG[1D] vs W/L for L = 10 µm and µn = 10 cm2/V.s at VG = 10 kV, eφb from

0 eV to 1.08 eV: (a) without surface states, and (b) with surface states. Black dashed lines

represent theoretical value for Ohm’s law (F = 1 and 1/2) and MG law (F = 1/3)

µm. Without tunneling (Fig. 4.5a), the current enhancement quickly drops to almost

1 for eφb ≥ 0.33 eV and does not follow the theoretical enhancement for SCL-MG.

This result reinforces the findings from Fig. 4.4a in which the SCL conduction is

not able to be reached and the current conduction is Ohmic, hence, there is almost

no enhancement (JMG[2D]
JMG[1D]

≈ 1). However, in Fig. 4.5b, with tunneling, at larger

eφb, it still agrees quite well with the theoretical current enhancement in SCL-MG

which means it is able to reach SCL region. The reduction in the enhancement of the

current density is because for larger barrier height eφb showing lesser degree of SCL

formation.
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4.4 Summary

In conclusion, a simple quantitative 2D MG law for SCL electron flow in a trap-free

solid (with a simple 2D shape) by incorporating the contact effect. The model has

been confirmed by a 2D device simulator Medici. If the energy of electrons is higher

than the barrier height, it will be able to move through by the thermionic emission.

However, the electrons can also tunnel through the interface by tunneling. Tunneling

which is incorporated through surface states plays an important role together with

the barrier height in order to reach SCL current region. Tunneling is directly affected

by intrinsic material properties such as effective Richardson constant A∗ and effective

tunneling mass. If tunneling current dominates over drift-diffusion current then SCL

region can be reached even for a contact with a finite barrier. This finding is different

from the conventional understanding that SCL current or MG law can only be reached

with an Ohmic contact. Tunneling through surface states facilitates SCL current

formation since it gives rise to more electrons can be injected to the dielectric.

This result may be useful in deciding the amount of maximum SCL current

density in novel 2D structures such as: polymer, organic materials, and nanowires

that have been reported to be operating at SCL regime [25, 28, 31, 32, 33, 72].

The extension for future study is to include traps in bulk dielectric (such as traps

exponentially distributed in energy) and understand the interplay of traps in bulk

and interface and also the effect of field and temperature dependent mobility as it is

prominent in organic materials and nanowires [88, 89, 90, 91].
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CHAPTER 5

SPACE CHARGE LIMITED (SCL) CURRENT IN A

GAP OF COMBINED VACUUM AND SOLID

5.1 Introduction

Charge current injection in a solid dielectric can be classified into low and high

charge injection. In the low charge injection regime, the amount of injected charge

is considerably lower than the intrinsic concentration of the solid and the current-

voltage (I-V) characteristic follows Ohm’s law. On the other hand, at high charge

injection regime, the I-V characteristic is influenced by the self-electric field created,

and it will become space charge limited (SCL) current. For a one dimensional (1D)

trap-free solid, SCL electron current density is described by the classical MG law (see

Eq. 2.2) [1, 39].

There is renewed interest in SCL conduction found in many novel devices, such

as: GaN nanorods [92], organic devices [31, 93], polymer transistors [72], nanowires

[33], magnetoresistances [94, 95] and nanocrystallites embedded silicon Schottky
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junctions [37]. Analytical 2D MG law was also developed recently for Ohmic contact

[73] as discussed in Chap. 3 and Schottky contact [96] as discussed in Chap. 4.

On the other hand, for a vacuum (or free space) gap, the equivalent SCL electron

current density is known as Child-Langmuir (CL) law (see Eq. 2.1) [2, 3]. The

studies of CL law has been an area of active research in the development of non-

neutral plasma physics, high current diodes, high power microwave sources, vacuum

microelectronics and sheath physics. Recent developments include analytical multi-

dimensional models, contact properties, quantum tunneling and ultrafast time scale

[58, 59, 60, 61, 97, 98].

While the transition between the MG and CL law can be formulated by

controlling the effect of collision in the model [73] (see Chap. 3), there is no model

yet to address the SCL electron transport in a system consisting of both solid and

free space. In this case, the exponent (n) of the voltage dependence J ∼ VG
n will

be neither n = 2 nor n = 3/2 as predicted by MG law and CL law, respectively. A

recent experimental result has reported n = 1.65 for SCL conduction measured by a

set up in using STM with a gap consisted of vacuum and the tested solid dielectric

[38]. Thus it is of interest to develop a 1D model to determine the new scaling of n

in such a hybrid system with both free space and solid. The value of the exponential

dependence of the applied voltage VG to the current density J (n), will be calculated

as a function of mobility, gap length, and the relative length scales of solid and

free space. The value of dielectric constant is fixed at εr = 11.7, unless mentioned

otherwise. In the model presented in this chapter, there will be two different cases

shown, respectively, showing the SCL electron injection to free space region first

before entering the dielectric region, and vice versa.
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5.2 Model Formulation for Vacuum and Solid Gap

For the first case, a hybrid system consisting of free space region and dielectric will be

shown, which is respectively located in the region of x=0 to x=x1, and x=x1 to x=L.

The electrons are injected from the grounded cathode at x=0 to the anode at x=L

with an applied voltage of VG. In the free space region (x=0 to x=x1), the standard

derivation of CL law in solving the Poisson equation, drift current density equation

and energy balance condition will be used:

d2ψn(x)

dx2
=

en(x)

ε0

, (5.1)

where ψn(x) is electrostatic potential and n(x) is electron concentration. And for the

drift current density equation:

J = −en(x)v(x), (5.2)

where J is the electron drift current density and v(x) is the drift velocity in vacuum.

The energy balance equation is needed to find the drift velocity v(x) as a function of

electrostatic potential ψ(x):

1

2
mev

2(x) = eψn(x), (5.3)

where me is the electron mass in vacuum. Eq. (5.3) gives the relation between the

drift velocity to electrostatic potential, v(x) = (2eψn(x)/me)
0.5. The one-dimensional

(1D) CL law can be found by solving the three equations above, which gives:

J =
4ε0

9

√
2e

me

ψx1

3/2

x1
2

. (5.4)

Here, ψx1 is the electrostatic potential at the interface (x=x1), and it can be later

obtained by matching the electric field at the interface given by

ξ(x1) =

√
−2J

ε0

√
2me

e
ψx1 . (5.5)

60

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.2 Model Formulation for Vacuum and Solid Gap

In the region of dielectric (x=x1 to x=L), the Poisson equation and the drift

current density equation in the solid dielectric J = en(x)µnξ(x) are solved, where µn

is electron mobility in the dielectric. The equations are

d2ψn(x)

dx2
=

en(x)

εrε0

,

dξ(x)

dx
=
−en(x)

εrε0

,

J = −en(x)v(x) and v(x) = −µnξ(x),

By combining the equations, we have

dξ(x)

dx
=

−J

µnξ(x)εrε0

,

∫ ξ(x)

ξ(x1)

ξ(x)dξ(x) =
−J

µnεrε0

∫ x

x1

dx,

ξ2(x)− ξ2(x1) =
−2J

µnεrε0

(x− x1),

ξ(x) =

√
−2J

µnεrε0

(x− x1) + ξ2(x1),

∫ VG

ψx1

dψn(x) = −
∫ x

x1

[√
−2J

µnεrε0

(x− x1) + ξ2(x1)

]
dx,

In doing so, the relationship between ξ(x1) and ψx1 are obtained, given by

VG − ψx1 = −µnεrε0

3J

[( −2J

µnεrε0

(L− x1) + ξ2(x1)

)3/2

− ξ3(x1)

]
. (5.6)

Thus for a given L, x1 and µn, Eqs. (5.4) to (5.6) may be solved numerically to obtain

the SCL current density J as a function of VG. In our model, we have fixed εr = 11.7

and vary µn for various values of L, VG, and x1.

5.2.1 Results and Discussion for Vacuum and Solid Gap

In Fig. 5.1a - 5.1d, the resulting SCL current density J vs VG for various values x1/L

(= 10−5, 0.1, 0.5, and 1) are shown at different L (= 10 and 1 µm), and µn (= 10

and 10−4 cm2/V.s).
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5.2 Model Formulation for Vacuum and Solid Gap

Figure 5.1: J vs VG plotted in log-log scale in the case of x=0 (cathode) to x=x1 consists

of vacuum and between x=x1 to x=L (anode) consists of solid dielectric shown at four

different x1=10−5L (near cathode), 0.1L, 0.5L, and L (near anode) with, (a) L=10 µm and

µn=10 cm2/V.s, (b) L=1 µm and µn=10 cm2/V.s, (c) L=10 µm and µn=10−4 cm2/V.s,

(d) L=1 µm and µn=10−4 cm2/V.s. The arrow indicates the values of x1 in an increasing

order. Black dashed line in (b) near x1=10−5L shows JMG∼VG
2. In (a), (c), and (d) the

value of J vs VG at x1=10−5L coincides with JMG∼VG
2. While at x1=L, all the J vs VG

fully recovers to JCL∼VG
3/2
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5.3 Model Formulation for Solid and Vacuum Gap

The new scaling between n = 2 and 3/2 can be obtained by fitting the numerical

results using J ∼ VG
n for arbitrary values of x1. At small x1 = 10−5L, the current

density J follows MG law (J ∼ VG
2) with n = 2 as there is nearly no vacuum region

in the gap. At x1 = L, it also recovers to the CL law (J ∼ VG
3/2) with n = 3/2 as

it is a entirely vacuum gap. The magnitude of J is dependent on the mobility used

in the model. For high mobility case (µn=10 cm2/V.s), the results show higher MG

law as compared to CL law as shown in Fig. 5.1a and 5.1b. On the other hand, CL

law is higher than MG law for low mobility case µn=10−4 cm2/V.s (see Fig. 5.1c and

5.1d).

In order to clearly show the transition between the MG law and CL law, the n

scaling of J vs VG
n is shown in Fig. 5.2 as a function of x1. The results indicate

the fast and slow decreasing rate from n = 2 to n = 3/2 (as a function of x1) for

high mobility and low mobility case, respectively. These findings show the important

effect of mobility in deciding the current density (J) dependence to applied bias (VG).

When the mobility is high (red circle and black square data points), the value of MG

law is much higher than the CL law, the transition of n = 2 to n = 3/2 will occur

very fast at small x1. If the mobility value is low (blue diamond and purple star data

points), MG law is much smaller than the CL law, the transition from n=2 to n=3/2

occurs at large x1. The effect of gap length L is observable although not as strong

as the mobility. In the larger gap length (L = 10 µm) the decreasing rate of the

exponential factor from 2 to 3/2 is slower than the smaller gap length (L = 1 µm).

5.3 Model Formulation for Solid and Vacuum Gap

For the second model to be shown below, the location of the free space and dielectric

is reversed, such that the electrons will be injected into the dielectric (x=0 to x=x1)

first before entering the free space region (x=x1 to x=L). In this case, the SCL
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5.3 Model Formulation for Solid and Vacuum Gap

Figure 5.2: The exponential factor n of J∼VG
n vs x1 in the case of x=0 (cathode) to x=x1

consists of vacuum and between x=x1 to x=L (anode) consists of solid dielectric with,

L=10 µm and µn=10 cm2/V.s is represented by black square symbols and line, L=1 µm

and µn=10 cm2/V.s is represented by red circle symbols and line, L=10 µm and µn=10−4

cm2/V.s is represented by purple star symbols and line, L=1 µm and µn=10−4 cm2/V.s is

represented by blue diamond symbols and line
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5.3 Model Formulation for Solid and Vacuum Gap

current density in dielectric region (according to the MG law) is

J =
9

8
µnε0εr

ψx1

2

x1
3

. (5.7)

The electric field at the interface is

ξ(x1) =

√
−2J

µnεrε0

x1. (5.8)

In the free space charge region (x=x1 to x=L), the standard derivation of the CL law

is used to obtain the electric field:

d2ψn(x)

dx2
=

en(x)

ε0

,

Combining the equations, we have the following derivation

J = −en(x)v(x) and v(x) =
√

2eψn(x)/me,

d2ψn(x)

dx
=
−J

ε0

√
2eψn(x)/me,

∫
2dψn(x)

dx

d2ψn(x)

dx2
=

∫ −2J

ε0

√
me/2eψn(x)

dψn(x)

dx
,

ξ2(x)− ξ2(x1) =
−2J

ε0

√
2me

e

(
ψn(x)− ψx1

)
,

ξ(x) =
−dψn(x)

dx
= −

[
−2J

ε0

√
2me

e

(
ψ(x)− ψx1

)
+ ξ2(x1)

]1/2

. (5.9)

Finally, Eqs (5.7) to (5.9) can be solved numerically with the boundary conditions of

ψ(x) = ψx1 at x=x1 and ψ(x) = VG at x=L. In doing so, the SCL current density J

as a function of VG can be obtained numerically for a given L, x1 and µn.

5.3.1 Results and Discussion for Solid and Vacuum Gap

The results of J vs VG as a function of x1 are shown in Fig. 5.3a - 5.3d with the same

parameters as shown in Fig. 5.1a - 5.1d. In this case, we have n = 3/2 (pure CL law)

at small x1 = 10−5L and n = 2 (pure MG law) at large x1 = L. If the mobility is
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5.3 Model Formulation for Solid and Vacuum Gap

Figure 5.3: J vs VG plotted in log-log scale in the case of x=0 (cathode) to x=x1 consists

of solid dielectric and between x=x1 to x=L (anode) consists of vacuum shown at four

different x1=10−5L (near cathode), 0.1L, 0.5L, and L(near anode) with, (a) L=10 µm and

µn=10 cm2/V.s, (b) L=1 µm and µn=10 cm2/V.s, (c) L=10 µm and µn=10−4 cm2/V.s,

(d) L=1 µm and µn=10−4 cm2/V.s. The arrow indicates the values of x1 in an increasing

order. Black dashed lines in (c) and (d) near x1=10−5L show JMG∼VG
2. In (a) and (b)

the value of J vs VG at x1=10−5L coincides with JMG∼VG
2. While at x1=L, all the J vs

VG fully recovers to JMG∼VG
2
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5.3 Model Formulation for Solid and Vacuum Gap

high (µn=10 cm2/V.s), MG law is higher than the CL law as shown in Fig. 5.3b and

5.3d. For low mobility case (µn=10−4 cm2/V.s), the results show higher CL law (see

Fig. 5.3a and 5.3c.

The exponent n in J vs VG
n dependence is shown as a function of x1 in Fig. 5.4.

In this second case, the transition is from n = 3/2 at small x1 ≈ 0 (nearly a vacuum

gap) to n = 2 at large x1 = L (a dielectric diode). The dependence of n on the

range of x1 will be sensitive to the mobility and L. At low mobility case (µn=10−4

cm2/V.s), it behaves almost like a pure solid dielectric diode with n = 2 except in the

range of very small x1 ≈ 0. At high mobility case (µn=10 cm2/V.s), the transition

from n = 3/2 to 2 is moderate, and the effects of both solid dielectric and the vacuum

gap are equivalent. The effect of the gap length L is more significant at high mobility

as compared to low mobility.

It is also important to note the results presented in Figs. 5.2 and 5.4 on its

dependence of parameters (x1, µn and L) are not symmetrical to each other. The n

calculated from each model, solely depends on the matching of the electric field profile

at the interface. While εr = 11.7 with µn=10−4 − 10 cm2/V.s have been chosen to

present the model, the results presented in the above figure is valid for any fixed value

of εr × ε0 × µn.

In a recent paper [38], an experimental study was performed to understand

the physical mechanism of the incorporation of nitrogen in high-κ dielectric hafnium

oxide (HfO2). It was reported that SCL conduction was measured by using scanning

tunneling microscopy (STM), which showed a current vs voltage (I-V) of I ∼ V n with

n = 1.65 in the range of I = 0.4 nA at V = 4 V to I = 1.8 nA at V = 10 V (see

Fig. 7 in Ref. [38]). The deviation of the reported n = 1.65 from n = 2 (MG law) is

due to a finite vacuum space (0.5 nm) between the STM tip and the dielectric layers

consisted of HfO2 (5.1 nm) and SiOx (1.6 nm) after the nitrogen annealing. The SCL

electron current is injected into the dielectric layers and then collected by the STM
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5.3 Model Formulation for Solid and Vacuum Gap

Figure 5.4: The exponential factor n of J∼VG
n vs x1 in the case of x=0 (cathode) to

x=x1 consists of solid dielectric and between x=x1 to x=L (anode) consists vacuum with,

L=10 µm and µn=10 cm2/V.s is represented by black square symbols and line, L=1 µm

and µn=10 cm2/V.s is represented by red circle symbols and line, L=10 µm and µn=10−4

cm2/V.s is represented by purple star symbols and line, L=1 µm and µn=10−4 cm2/V.s is

represented by blue diamond symbols and line
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5.4 Summary

tip with a circular area of 10 nm in radius. Using the experimental parameters of x1

= 5.1 + 1.6 = 6.7 nm, and L = x1 + 0.5 nm = 7.2 nm, n = 1.65 can be shown at

a value of εr × µn ≈ 3× 10−4 (with µn in cm2/V.s, which corresponds to µn ≈ 10−5

cm2/V.s at εr = 25). The variation of calculated n as a function of εr × ε0 × µn is

shown in Fig. 5.5.

Figure 5.5: n vs εr ×µn (in cm2/V.s) plotted in linear-log scale for the case of the STM tip

experiment with L = 7.2 nm and x1 = 6.7 nm

5.4 Summary

In conclusion, the study of SCL electron current density in a system with a

combination of both free space and solid dielectric have been shown. The exponential

factor n of J vs VG
n of SCL conduction between n = 3/2 (pure free space - CL law)
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to n = 2 (pure solid - MG law) is determined as a function of εr × ε0 × µn and

relative length scale of both free space and dielectric. The model has been checked

by recovering n = 3/2 and 2 at both limits. The differences between the transport

of SCL electrons through the vacuum first and then the solid dielectric or vice versa

have been studied.

In the case whereby the electrons are injected through vacuum first and then

solid, the speed of electron traveling in vacuum (ballistic transport) is much larger

than the speed of electron traveling in the solid. When the electrons travel from

vacuum to solid, the speed of electrons will be reduced due to the collisions in the

solid. At high mobility, the transport is CL dominated since the speed of electron is

reduced by a lesser amount since there will be less collisions while at low mobility, the

speed of electron is reduced by a greater amount since there will be more collisions in

the solid. This can be seen from Fig. 5.2 where at high mobility, µn = 10 cm2/V.s, the

exponential factor n drops very fast to n = 1.5 (J ∝ JCL) at small x1 (CL dominated)

while at low mobility, µn = 10−4 cm2/V.s, the dropping rate is much slower. The

effect of gap length L is less subtle than the mobility µn although it does show the

same physical conclusion with smaller L gives faster dropping rate of n to n = 1.5 or

CL law since with smaller L the electrons will travel at shorter time in the solid (less

space charge effects contributed by the solid to the whole system).

The same physical picture can also be derived for the second case whereby the

electrons are injected through the solid and then the free space. At low mobility,

the transport is MG dominated since the speed of electrons is greatly reduced when

traveling in the solid. The exponential factor n rises very fast to n = 2 at small x1

(MG dominated) while at high mobility, the transition to MG law occurs much slower

(see Fig. 5.4). In addition, at smaller L, the transition to MG law is slower since

the electrons spent lesser time in the solid. The model is also used to explain the

reported n = 1.65 in a recent experiment [38].
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CHAPTER 6

SHOT NOISE REDUCTION IN SPACE CHARGE

LIMITED (SCL) ELECTRON INJECTION THROUGH

A SCHOTTKY CONTACT FOR A GaN DIODE

6.1 Introduction

Noise inevitably exists in any signal due to the nature of electrons carrying the signal

and thus carries information to understand the charge transport of electrons. One

type of electrical noise that has been used extensively to study the electron transport is

shot noise. Shot noise is the fluctuation in the electrical signal due to the discreteness

of electron charges. It was firstly studied by Schottky for the electron thermionic

emission in a vacuum tube [99], and the spectral density of the shot noise is S = 2eI,

where I is the mean value of the transmitted current and e is the electronic charge.

The spectral density of shot noise is calculated by taking the Fourier transform of the

temporal distribution of the mean current. This is usually known as the uncorrelated

(or full) shot noise if the electrons are emitted randomly and independently and thus

described by a random Poisson process. The deviation from the uncorrelated shot
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6.1 Introduction

noise is normally given by the Fano factor γ = S/2eI, where γ < 1 indicates the

suppression of shot noise due to the correlations among the electrons such as the

Coulomb correlation (classically), and or the effect of quantum partitioning due to

Pauli exclusion principle (quantum mechanically) [100, 101]. The study of quantum

shot noise is also important to understand the particle-wave duality of electrons in

many mesoscopic systems [102].

It was firstly shown by North [103] that shot noise can be suppressed by the

Coulomb repulsion of the CL law in a vacuum tube. The early work of shot

noise in SCL current in solids is started by Shulman [18] that proves the ohmic

nature of contacts of Ga and In to CdS. He found that the noise power spectrum

of the photoconductive current measurement represents that of a pure shot noise

characteristic. Since then, theoretical works by Sergiescu [20] and van der Ziel [21]

shown that shot noise exists in a dielectric diode. Other works of SCL current in

relation with shot noise suppression in solids experimentally and theoretically were

also reported and studied [19, 22, 23]. More recently, the shot noise reduction at SCL

conduction in solids has been found in many different systems such as: tunnelling

transport in asymmetric double-barrier junctions where a 1/2 noise-suppression factor

has been found [104, 105], diffusive conductors [106, 107, 108, 109] and ballistic

conductors [106, 110, 111, 112]. A universal shot noise suppression factor of γ

= 1/3 was found in the SCL conduction in the three-dimensional (3D) system of

nondegenerate diffusive conductor by including only the elastic scattering [107, 108],

and the model was later revised to include the diffusive current and other types of

scattering [109, 113, 114].

On the other hand, in the absence of scattering, the shot noise is pretty much

determined by the injecting contact by the potential barrier at the interface. In this

case, the correlation comes from the quantum partitioning effect between the incoming

charge and the transmitted charge through the potential barrier, and its effect on shot
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noise reduction has been shown in many mesoscopic systems [101]. Such effect of the

quantum partitioning on shot noise reduction has also been suggested for electron

field emission at metal-vacuum interface with a simplified potential profile [115], and

it has been extended to include more realistic potential profiles [116, 117], and space

charge effect in a quantum model [118].

The theme of this chapter is to calculate the shot noise reduction of SCL charge

injection through a metal-semiconductor interface (or Schottky contact) of a diode,

including the correlations due to the space charge effect of MG law and quantum

partitioning of the electron tunneling through the Schottky barrier. Such a system is

relevant to SCL charge injection required in various nanoelectronics or organic based

devices, which always have a non-Ohmic contact at the interface.

Thus in this context, several interesting questions arise: (a) Is the correlation

due to quantum partitioning important in the high voltage regime where space charge

effect is dominant due to the classical Coulomb correlation ? (b) At the same applied

electric field, how important is the quantum shot noise for different voltages and diode

spacing ? (c) What is the dependence of shot noise on temperature, applied voltage,

length of the diode and Schottky barrier height ? (d) How is the presence of traps in

varying the shot noise suppression ?

Before showing the exact calculations in answering the above questions (see

figures below), some qualitative picture will be presented here. First, at low applied

field where the electron transport is based on Ohm’s law, there should be no

correlations, resulting in zero shot noise suppression (γ = 1). At high field where the

space charge effect becomes important, the classical Coulomb correlation will provide

a smoothing effect that suppresses the shot noise. In this regime, the combined effects

of Schottky barrier and space charge electrostatic field will serve as a potential barrier

for electrons to be injected from metal into the solid through tunneling process, which

provides the quantum partitioning correlation that will further suppress the full shot
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noise (γ < 1). The degree of suppression will depend on temperature, applied voltage,

length of the diode and Schottky barrier height. With a larger Schottky barrier, the

tunneling probability is lower resulting in less shot noise suppression as compared to

zero-Schottky barrier case (see Fig. 6.2). At fixed applied field with smaller diode

length scale, there will be more shot noise suppression due to the relative significance

of electron tunneling at the interface (see Fig. 6.3). At fixed diode length, shot noise

suppression increases with higher voltages due to the relative importance of Coulomb

correlation due to space charge effect (see Fig. 6.5). The shot noise study in this

chapter will also be useful to provide extra information on the carrier dynamics,

which is similar to the recent 1/f noise measurement of SCL current fluctuations in

organic semiconductors [31]. The effect of traps exponentially distributed in energy

in a solid on the shot noise will also be studied.

6.2 Model

For simplicity, we will consider for a model with a trap-free solid (or dielectric)

of length L (extended from x=0 to x=L) that is sandwiched between two metallic

electrodes with an applied voltage VG at x=L. We assume a one-dimensional (1D)

geometry that has only spatial dependence on x, where the contact at x=0 and x=L

is, respectively, a Schottky contact with Schottky barrier height of eφb and an Ohmic

contact. The model only focuses on the injection of electrons through the Schottky

contact, and the hole injection is ignored completely. After tunneling through the

contact, the transport of electrons is described by the drift-diffusion equation on the

assumption that L is much larger than the inelastic scattering mean free path λ,

which is determined by the mobility of the electrons.

Following the Landauer-Büttiker framework, the Fano factor of the shot noise

reduction in SCL charge injection through a Schottky barrier may be expressed as
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[115, 116, 117]

γ = 1−
∫∞
−∞ C2

T (Ex)g[−βxEx]dEx∫∞
−∞ CT (Ex)h[−βxEx]dEx

, (6.1)

where βx = 1/kbT , kb is the Boltzmann’s constant, T is the temperature, Ex is

the conduction band energy in the solid with respect to the Fermi level EF , CT

is the transmission coefficient through an energy barrier, h(z) is defined as h(z) =

ln
[
1+exp(z)

]
and g(z) is defined as g(z) = h(z) - dh(z)/dz. Note both g(z) and h(z)

are strictly positive functions. The transmission coefficient CT (Ex) is calculated by

using the WKB approximation [119]:

CT (Ex) = exp
[
− 2

~

∫ x2

x1

√
2me

∗(ψC(x)e− Exdx
]
. (6.2)

where ~ is the reduced Plank’s constant, me
∗ is the effective electron mass, ψC(x) is

the conduction band potential (to be calculated), e is the electronic charge, x1 and

x2 are the roots of eψC(x)− Ex = 0.

To obtain the potential profile ψC(x), the Poisson equation is solved

d2ψC(x)

dx2
=

e(n(x)− ni)

εrε0

, (6.3)

where ni is the intrinsic electron concentration. The electron density n(x) at the

conduction band related to the conduction band potential, ψC(x), and it is given by:

n(x) = NCexp
[ψC(x)− φn(x)

kbT/e

]
, (6.4)

where NC is the effective density of states of electrons at the conduction band and

φn(x) is the quasi Fermi electron potential. The φn(x) term is solved by using the

steady state current continuity equation

djn
dx

= eG(x), (6.5)

and

jn = −en(x)µn
dψC(x)

dx
+ eDn

dn(x)

dx
= −enµn

dφn(x)

dx
. (6.6)
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Here, jn is the drift-diffusion electron current density, Dn is the electron diffusion

coefficient and µn is the electron mobility, G(x) is the net generation rate of electrons

due to the external charge injection at the contact through the process of electron

tunneling and thermionic emission (or over barrier injection).

The Schottky contact in the model (at x=0) is characterized by a barrier height of

eφb = eφm - eχ (in eV), and the surface recombination current jsn = evsn(ns − neq),

where φm is the work function of electrode, χ is the electron affinity of the solid,

vsn= A∗T 2/(eNC) is the surface recombination velocity, A∗ is the effective Richardson

constant, ns is the surface electron density at x= 0, and neq is the equilibrium electron

density at φn = 0 [78, 120].

The boundary conditions for solving Eqs. (6.4)-(6.6) numerically are ψC(x=0) =

-φb, ψC(x=L) = VG - Eg/2e, φn(x=0) = ψC(x=0) + (Eg/2e)+ (kbT/2e)ln(NC/NV )-

(kbT/e)ln(ns/ni), and where (Eg/2e)+ (kbT/2e)ln(NC/NV ) is the built-in potential,

φn(x=L) = VG. Here, Eg is the bandgap, NV is the effective density of states of holes

in the valence band, VG is the applied voltage. The details of the numerical calculation

can be found in Chap. 4 where the study of MG law with finite Schottky contact has

been discussed in great details. To include the effect of electron temperature T , the

values of NC and Eg are calculated as a function of T [78] with NC(T ) = N300
C

[
T

300

]3/2

and Eg(T ) = E300
g + A

[
3002

300+B
− T 2

T+B

]
where N300

C is the effective density of states of

electrons in the conduction band at T = 300 K, E300
g is the bandgap at T = 300 K,

A and B are the parameter constants depending of the solid materials.

The study in this chapter will focus on gallium nitride (GaN) as it has a relative

higher breakdown electric field, and it was recently reported to be operated in the

SCL current regime [92]. The parameters used in the calculation for GaN are [121] L

= 10, 1 , and 0.1 µm, εr = 9, µn = 900 cm2/(V.s), eφb = 0 to 0.5 eV, and T = 100,

300, and 500K. At this setting, the electron mean free path for the inelastic scattering

is about 24 nm for GaN, which is much smaller than the length of the solid L ≥ 100
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nm. Note that the maximum applied electric field used in the simulation is less than

the breakdown field of GaN which is about 3.3 MV/cm.

It is important to note that the derivation of Eq. (6.1) is based on the assumption

of using a fixed effective mass in the integration of the transverse momentum.

In spite of this assumption, the model is however evaluated by comparing the

calculated current-voltage (J vs VG) characteristic with an industry-standard TCAD

tool (Medici device simulator) [75] as shown in Fig. 6.1. The comparison shows good

agreement, which implies that the calculation of both the transmission coefficient and

the Fano factor is reliable on the basis of device simulation.

6.3 Results and Discussion

In Fig. 6.1, the current density J as a function of VG for GaN is plotted in a log-log plot

at eφb = (a) 0.2 eV and (b) 0.5 eV for T= 100, 300, 500 K and L = 10 µm At low VG,

the transport obeys Ohm’s Law (J ∼ VG) since the injected electron density is much

lower than the intrinsic electron concentration ni of GaN. In this regime, electron

tunneling is negligible at low VG, and J will only depend on the amount of available

electrons injected at the surface [n(x=0)] described in Eq. (6.4). The transition

voltage from Ohm’s law to MG law is at about 2 V. Above the transition voltage, the

current density will become the SCL conduction following MG law (J ∼ VG
2). For a

given value of eφb, SCL conduction can only be reached if the electron tunneling is

included self-consistently [96]. Please note the results shown in Fig. 6.1 have been

verified (in symbols) by using a 2D device simulator [75], for which the width of the

system is simulated at W = 40 µm (>> L), so that the 1D model is valid.

In Fig. 6.2, the results of the shot noise reduction of Fano factor γ (using Eq.

6.1) are shown at zero barrier eφb = 0 eV (solid lines) and eφb = 0.2 eV (symbols)

as a function of VG for T= 100, 300, 500 K and L = 10 µm. At low VG (below the
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6.3 Results and Discussion

Figure 6.1: The calculated electron current density J as a function of VG in log-log scale

for a GaN diode of L=10 µm and µn = 900 cm2/V.s at (a) eφb = 0.2 eV and (b) eφb =

0.5 eV for different T = 500K, 300K, 100K as indicated by the arrow from top to bottom

and are shown in different color lines, respectively, by red (square), blue (circle) and green

(triangle)
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transition voltage of 2 V) , the γ values are ≈ 1 independent of eφb. At this low

current regime, the current density follows Ohm’s Law and the electron tunneling is

negligible. Thus, the Fano factor γ ≈ 1 as there are no correlation effects due to the

Coulomb repulsion or quantum partitioning to reduce the shot noise.

Figure 6.2: The calculated Fano factor γ as a function of VG for GaN in linear-log scale at

L = 10 µm and µn = 900 cm2/V.s for eφb = 0 eV ( in solid lines) and 0.2 eV ( in symbols)

for different T = 500, 300, and 100K as indicated by the arrow from top to bottom. The

respective labeling are (T , color line, symbols) = (500 K, red line, square), (300 K, blue

line, circle) and (100 K, green line, triangle)

At high voltage regimes, the tunneling probability is lower for eφb = 0.2 eV, and

thus less shot noise suppression as compared to zero-Schottky barrier case (eφb =

0 eV). At this high current regime, the tunneling of electrons through the potential

barrier resulting from the Schottky barrier and electrostatic space-charge field will
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provide the correlations due to both the Coulomb repulsion and quantum partitioning,

which will reduce the Fano factor γ to be less than 1. The Coulomb repulsion has

the effect of reducing γ slightly at lower T and the tunneling will further suppress

shot noise at large VG. In terms of temperature, the electron tunneling dominates

the current conduction at low temperature, and thus more shot noise suppression at

low temperature. For example, at VG = 3 kV (or 3 MV/cm), and eφb = 0 eV, the γ

values are: 0.819, 0.834, and 0.901, respectively at T = 100, 300 and 500 K. At eφb

= 0.2 eV, the γ values are: 0.991 to 0.999 in the range of T = 100 to 500 K at the

same 3 MV/cm.

It is clear the probability of tunneling does not depend only on the applied field

but also on the length of the GaN diode (L). In Fig. 6.3, the dependence of shot noise

reduction is shown as a function of barrier height (0 to 0.5 eV) at room temperature T

= 300 K and fixed applied electric field of 3 MV/cm with different combination of VG

= (3, 0.3, 0.03) kV and L = (10, 1, 0.1) µm. For smaller L, shot noise suppression is

more (smaller γ) as the electron tunneling is more likely. For example, γ is decreased

to about 0.71 and 0.93, respectively at eφb = 0 eV and 0.2 eV for the L = 100 nm

case as compared to L = 10 µm case.

To see whether shot noise suppression is caused by the tunneling effect or the

classical Coulomb repulsion, we show the conduction band energy profile, EC(x) at

the proximity of the contact (x = 0 to 10 nm) in Fig. 6.4. The conduction band profile

is shown at the barrier height, eφb = 0.1 eV at room temperature, T = 300K, and

the same fixed applied electric field [VG = (3, 0.3, 0.03) kV and L = (10, 1, 0.1) µm].

As can be seen from Fig. 6.4, As the length L decreases, , the conduction band drops

faster. The tunneling probabiliy for the electrons to tunnel through will be larger

since the transmission coefficient which is calculated from the WKB method is larger

(see Eq. 6.2). The conduction band profile clearly shows that the tunneling is greater

at smaller length L. Thus, we believe the larger shot noise suppression at smaller
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length L can be attributed to the larger tunneling and therefore the correlation due

to quantum tunneling partition should be the dominant effect in comparison with the

correlation from classical Coulomb repulsion.

Figure 6.3: The calculated Fano factor γ as a function of eφb = 0.to 0.5 eV for GaN at T

= 300 K and fixed average applied field VG/L = 3 MV/cm for different combinations of VG

= 3, 0.3, 0.03 kV and L = 10, 1, 0.1 µm. The magenta star symbols are the calculations at

trap-limited SCL conduction case at L = 10 µm and VG = 3 kV

In addition, the effect of traps on the shot noise reduction for a trap-filled GaN

at the SCL conduction regime is also studied. In doing so, the traps are assumed to be

exponentially distributed in energy by the equation: nt=Nt0exp[(ψC−φn)/(l ·kbT/e)],

where Nt0 is the trap density, and l=Tt/T with Tt is the characteristic distribution
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Figure 6.4: The calculated conduction band energy profile, EC(x) as a function of the

distance from the cathode interface of x = 0 to 10 nm x = 0 to 10 nm for GaN at T = 300

K and fixed average applied field VG/L = 3 MV/cm for different combinations of VG = 3,

0.3, 0.03 kV and L = 10, 1, 0.1 µm
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of the traps. At l = 1 (Tt = T ), the traps are independent of energy and it is

equivalent to the trap-free case but with a reduced current density J (by a numerical

constant as compared to the trap-free MG law). By using the device simulator [75],

the conduction band potential profile ψC(x) is extracted from the simulation including

the effect of traps and it is used to calculate the Fano factor numerically by using Eq.

(6.1). The calculated results using the parameters of (l = 2, Nt0 = 5 × 1017 cm−3,

VG = 3 kV and L = 10 µm) is plotted (see symbols) in Fig. 6.3 for comparison. The

calculations show that shot noise reduction has little effect (within 2 percent) in the

trap-limited SCL conduction (symbols) as compared to trap-free case (red solid line).

The reason for this is because at high injection or SCL injection regime, the traps are

completely or almost fully occupied by electrons therefore the traps have no or little

effect to the shot noise suppresion.

For completeness, the dependence of shot noise suppression (T = 300 K) is shown

in Fig. 6.5 as a function of barrier height (0 to 0.5 eV) at L = (a) 10 µm and (b)

100 nm for various VG. The results prove that shot noise suppression increases with

higher voltages at fixed L, due to the relative importance of Coulomb correlations

because of stronger space charge effect at high voltages.

6.4 Summary

In conclusion, shot noise reduction (or Fano factor) of SCL electron injection through

a Schottky contact in a GaN diode is calculated, including the correlation effects of

Couloumb repulsion and quantum partitioning due to electron tunneling through the

self-consistent determined potential barrier near to the Schottky contact. The effects

of the shot noise reduction on temperature, Schottky barrier height, applied voltage,

length of the diode are investigated. It is found that shot noise suppression cannot be

ignored for smaller barrier height (< 0.2 eV) at the interface at high voltage regimes
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6.4 Summary

Figure 6.5: The calculated Fano factor γ as a function of eφb for GaN at T = 300K and

fixed L = (a) 10 µm for VG = 100, 1kV, and 3 kV and (b) 100 nm for VG = 1, 10V, and 30

V
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especially for smaller diode length scale. At low voltage and low current regime, the

electron transport obeys Ohm’s law and there is no suppression of shot noise. At high

voltage, and high current regime, the electron transport is space charge limited by

the MG law and the shot noise suppression increases with large applied voltage, small

diode length, low temperature, and small barrier height. The model also indicates

that the distributed traps in the solid nearly has no effect to the shot noise reduction

as compared to trap-free solid. Finally, the values of mobility have been varied also,

and it is found that the findings of the shot noise suppression remain valid as long as

the electron transport is at space charge limited conduction (SCL) regime.
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CHAPTER 7

CONCLUSION AND FUTURE

RECOMMENDATIONS

7.1 Conclusion

This thesis focuses on the development of 1D and 2D dimensional theory of space

charge limited (SCL) transport in solids. The original theory of SCL current in

solids, known as MG (Mott-Gurney) Law, is based on the assumptions that the SCL

current injection in solids neglects the effect of contact formation (Ohmic contact) and

it is a 1D model. However, in real device applications, usually the contact formation

and the size of the charge injecting electrode are important. It is common to have a

contact with a small barrier height eφb and the size of solid dielectric along the other

directions maybe comparable to the SCL transport direction (L) and thus a 2D or

3D model is required. The SCL theory developed and shown in this dissertation uses

a standardized diode structure with a solid dielectric sandwiched in between cathode,

which is grounded, and anode, which is biased, with an applied voltage VG. Only

electron transport (unipolar injection) is considered and thus the contact formation
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is either Schottky (when contact formation is under study) or Ohmic (when contact

effect is neglected) at the cathode.

In Chap. 3, a smooth transition from SCL current in vacuums to SCL current

in solids is demonstrated. The model uses the energy balance momentum equation

for electrons with the collision parameter β to control whether it is a SCL current

in vacuums (CL law) or SCL current in solids (MG law). At high injection region

with no collision, the conduction will become CL law or ballistic SCL current. While

at collision-dominated region, it will become MG law or collision-dominated SCL

current. The analytical 2D model for SCL current in solids is developed. The

enhancement in current due to size effect (the width of the injecting contact W is

comparable to the gap length L) can be shown in a simple analytical form in terms of

1D current. The current enhancement depends on the shape of the emitting electrode

and the electron concentration profile along a solid length L.

The results are verified with a 2D device simulator Medici in a simple 2D planar

shape where the width of the injecting electrode is comparable to the length of a solid.

This result may be helpful in predicting the maximum amount of SCL current density

in novel 2D structures such as: nanotubes, organic semiconductors, and nanowires

that have been reported to be operating at SCL regime.

In Chap. 4, the study of SCL current in solids focuses on the effect of finite barrier

height in the contact formation for the electron injection in the solid dielectric and

the imperfections in the lattice structure between the electrode and a solid interface.

The imperfection creates defects or localized energy states at the interface in the form

of surface states. The electrons can be injected to the solid by thermionic emission

at finite barrier height and they can also tunnel to the solid through the surface

states. The contact effects are included in our model by including the barrier height

in the Poisson boundary conditions and the tunneling through the surface states

in the steady state current continuity equation. The calculation of the tunneling
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current through the surface states are calculated using WKB method. In addition,

the proposed 2D MG law has also been verified with a 2D device simulator Medici

and confirmed that with the availability of surface states and low barrier height eφb,

the current conduction can still reach SCL transport due to the tunneling through

surface states, for a given barrier height.

In Chap. 5, the theoretical study of SCL electron transport for a hybrid structure

of a combined vacuum and solid in between cathode and anode is studied. This

setup is investigated due to the resemblance to the STM experiment which has been

reported of a possible SCL transport conduction due to both vacuum and solid (and

vice versa) inside the gap [38]. The theoretical model is developed by assuming a

controlled parameter x1 to measure the relative length of vacuum and solid. The

current density can be found by matching the electric field at the interface. The

results show our models recovers at both limits in a pure free space (vacuum) [CL

law] and in a pure solid [MG law]. Our model has also discussed the effect of gap

spacing, electron mobility and dielectric constant of a solid. In addition, the model

has also been used to explain a recent STM experiment [38].

In Chap. 6, the shot noise reduction of SCL current in solid in particular for a

GaN diode is studied. Using the developed model in the previous chapter (Chap. 4),

the shot noise reduction or Fano factor for SCL electron injection through a Schottky

contact in a GaN diode is calculated. The results are calculated and simulated in

Medici by varying many parameters, such as: temperature, barrier height, applied

voltage, length of the diode structure. At high voltage and high current regime (SCL

transport regime), the shot noise suppression increases with large applied voltage,

small diode length, low temperature, and small barrier height. The results also show

that at SCL trap-limited region, the shot noise reduction is not sensitive to the trap

distribution inside the solid. In addition, the variation of electron mobility shows
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little effect to the shot noise reduction or Fano factor values as long as the current

conduction is still at the SCL transport regime.

7.2 Recommendations for Further Research

Some possible extensions from the topics of this thesis are given as follows :

• Extend the theory to further account the SCL transport in solid in the bipolar

case including the hole transport together with electron transport. In the

bipolar case, recombination of electrons and holes in the bulk of the dielectric

will influence the SCL formation. The study may also cover various types of

charge trap distributions, contact effect, and size effect, as studied in this thesis.

• In the area of organic materials and semiconductors, the mobility is known to

be dependent on field and temperature. Also, hopping mechanism of charge

transport together with the Gaussian density of states is typically found in the

organic materials. The study of SCL formation in organic materials may be

extended based on these factors and to compare the theory developed for SCL

transport in the regular inorganic materials.

• Extend the dependence of other 3D geometrical shape of the cathode upon the

availability of 3-D device simulator. Formulation of the scaling for a very small

size of W/L << 1 is also much desired as the current model is only valid for

W/L ≥ 1.

• The typical SCL transport in solid under study is a diode set-up with a dielectric

between the electrodes (cathode and anode). It is of interest to study different

structure such as: field effect transistor structure including a third electrode,

the gate electrode. The purpose of such a study is to see the possibility of

understanding the formation of SCL current in the transistor structure and how
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does it relate to the current behavior in the defective environment or ”leaky”

gate oxide materials leading to the gate oxide breakdown.
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APPENDIX A

DERIVATION FOR 2D MG LAW FOR A PLANAR

WIDTH 2D SHAPE

The derivation of the classical MG law is based on a one-dimensional (1D) model.

The current density formula JMG only takes into account the direction along the

electron transport inside a dielectric with diode structure from x=0 to x=L. All the

other directions of the solid dielectric are considered to be infinitely long hence it does

not effect the calculation. For the 2D model discussed in this thesis, the derivation

is based on using the Gauss’ law to calculate the electric field at the center of the

injecting contact, which is analytically in the form of: form of:

JMG[2D]

JMG[1D]
= 1 + F ×G. (A.1)

In our model (see Fig. A.1), we have the dielectric length L between the cathode

and anode along the x-direction, the width W is along y-direction and the thickness d

is infinitely long along the z-direction. The differential element of electric field profile

dξ can be shown to be: ∮
ξ.dA =

Q

ε0

,
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Figure A.1: The geometrical representation of the solid dielectric with length L and width

W . The thickness of the solid dielectric d in the z-direction is assumed to be infinitely long
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where ξ is the electric field vector and dA is the differential element of the area

vector. The differential element of the electric field at the center [(x,y) = (0,0)] can

now be written as:

dξ(0, 0) =
ρ(x, y)dxdy

2πε0

√
x2 + y2

,

where ρ is the charge density and the electric field to be calculated is the electric field

along the x-direction, that is:

dξx = dξ
x√

x2 + y2
,

hence, the surface integral form above can be written as:

∫
dξx =

1

2πε0

∫ L

0

ρ(x, y)xdx

∫ +W/2

−W/2

dy

x2 + y2
,

The electron density ρ (x,y) ' ρ (x) if W À L and also the integral in y-direction is

symmetrical from -W/2 to 0 and from 0 to +W/2, so the simplification now shows

as: ∫
dξx =

1

2πε0

∫ L

0

ρ(x)xdx

∫ +W/2

0

2dy

x2 + y2
,

∫
dξx =

1

πε0

∫ L

0

ρ(x)tan−1 W

2x
dx,

with tan−1(p) = π/2 - 1/p for p À 1, the form can be simplified again to be:

∫
dξx =

1

πε0

∫ L

0

ρ(x)
(π

2
− 2x

W

)
dx,

ξx =
1

2ε0

∫ L

0

ρ(x)
(
1− 4x

πW

)
dx.

The space charge condition is reached when the total self electric field equals to

applied bias VG/L, thus the 2D and 1D SCL MG current density can be found by

comparing the electric field ξx at SCL condition, that is, by rewriting the electric field

expression as:

ξx =
J

2ε0

∫ L

0

1

v(x)

(
1− 4x

πW

)
dx,
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since,

J = ρ(x)v(x) = constant,

and then, the JMG in 2D and 1D can be written as:

JMG[2D]

2ε0

∫ L

0

1

v(x)

(
1− 4x

πW

)
dx = VG/L,

JMG[1D]

2ε0

∫ L

0

1

v(x)
dx = VG/L,

The last two expressions can be compared with each other:

JMG[2D]

JMG[1D]
=

∫ L

0
1

v(x)
dx

∫ L

0
1

v(x)

(
1− 4x

πW

)
dx

,

JMG[2D]

JMG[1D]
= 1 + F ×G.

Here, F =
∫ L
0 (x/L)n(x)dx∫ L

0 n(x)dx
measures the normalized mean position of the injected

electrons in a solid of length L and G = (4/π)/(W/L) for W/L > 1 is the correction

factor for the geometrical shape in 2D for planar width. The expressions for G for

other 2D shapes and 3D shapes have been derived elsewhere and can be found in

[59, 60].
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APPENDIX B

SOLVING EQUILIBRIUM 1D POISSON EQUATION

IN MATRIX FORM

Since it is not always possible to find the analytical form of a given equation, numerical

simulation codes can be formulated to solve many calculations in trying to find the

solution of complex mathematical problems. For example in this appendix, the

numerical method in solving the 1D Poisson equation in this thesis will be shown

below.

The equilibrium Poisson equation in 1D will be solved along the x-direction. It

is only solved for one carrier (electrons) only and the potential profile is solved along

x=0 to x=L. And also, since it is at equilibrium, the quasi fermi level is always zero.

The discretized form of Poisson equation in 1D can be written using central difference

method as:

ψj−1 − 2ψj + ψj+1

(4x)2
=

eni

εrε0

[
exp

( ψj

kbT/e

)− 1
]
.

The value of j = 1, . . . , N -1 with N is the total number of equations that

depends on the number of discretizations used in the system. To solve the potential

ψj at each xj, the boundary conditions at ψ(x=0) and ψ(x=L) are needed, assuming
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they are ψ0 and ψL, respectively. In matrix form, the discretized 1D Poisson equation

can be written in the form of:

Aψ = F .

with

A =
1

(4x)2




−2 1 0 . . . 0

1 −2 1 . . .
...

0
. . . . . . . . . 0

0 . . . 0 1 −2




ψ =




ψ1

ψ2

...

ψN−1




F =




eni

εrε0

[
exp

(
ψ1

kbT/e

)− 1
]
− ψ0

(4x)2

eni

εrε0

[
exp

(
ψ2

kbT/e

)− 1
]

...

eni

εrε0

[
exp

(ψN−1

kbT/e

)− 1
]
− ψL

(4x)2




The potential profile ψ1, . . ., ψN−1 can then be found by iteration. The initial values

for each ψj are guessed first and then the iteration is done until the error of the

iteration is below an acceptable value that has been set (usually the error value for

the potential matrix ψ is set to be few percent below the thermal voltage Vth). Some

of the methods that have been used for the iteration purpose are:

1. Jacobi method

ψ(k) = D−1(L + U)ψ(k−1) + D−1F .

with A = D - L - U , D is the diagonal parts of matrix A, L is the strictly lower

triangular parts of matrix A, U is the strictly upper triangular parts of matrix A,
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and k is the number of iterations.

2. Gauss-Seidel method

ψ(k) = (D − L)−1(Uψ(k−1) + F ).

3. Successive Over Relaxation (SOR) method

ψ(k) = (D − ωL)−1[ωU + (1 − ω)D]ψ(k−1) + ω(D − ωL)−1F .

with ω is the extrapolation factor (0 < ω < 2). With the value of ω = 1, the SOR

method recovers to Gauss-Seidel method. In our code, we use Gauss-Seidel method

to compute the simulation data.
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APPENDIX C

SOLVING 1D POISSON EQUATION COUPLED

WITH CURRENT CONTINUITY EQUATION

In chap. 4, the Poisson equation is solved together with the current continuity

equation. The numerical code is solved in matrix form. The difference with the

equilibrium Poisson equation solved before in Appendix B is the quasi fermi level φn

is not zero along the x-direction since the potential bias VG is now applied at the anode

side of the diode structure. The codes mainly divided into two different categories,

with the first case is for the code when there is no tunneling through surface states

exist in the solid (the cathode to the solid dielectric has an ohmic contact with infinite

surface recombination) and the other case accounts for the tunneling through surface

states at the contact between cathode and the solid.

As mentioned in chap. 4, for the no tunneling code, the parameters ψ,φn,n,

jn are normalized to ψ̄ = ψ/V0, φ̄n = φn/V0, n̄ = n/ni, j̄n = jn/j0 with V0 is

the crossover (transition) voltage from ohmic to SCL-MG = eL2ni

εrε0
, j0 is the crossover

current density = eniµn
V0

L
, and ni is the intrinsic electron concentration. Thus, for

the Poisson equation, in normalized form, it can be written as:
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d2ψ̄

dx̄2
= n̄− 1.

In the matrix form (as shown in Appendix B), the normalized Poisson equation can

be written as:

Aψ̄ = F .

with

A =




−2 1 0 . . . 0

1 −2 1 . . .
...

0
. . . . . . . . . 0

0 . . . 0 1 −2




ψ̄ =




ψ̄1

ψ̄2

...

ψ̄N−1




F =




(n̄1 − 1)dx̄2 − ψ̄0

(n̄2 − 1)dx̄2

...

(n̄N−1 − 1)dx̄2 − ψ̄L




where ψ̄0 and ψ̄L are the boundary conditions for the potential value at x=0 and

x=L.

The matrix equation above needs to be solved in coupled with the current

continuity equation since the value of φ̄n is not zero with n̄ = exp
[
a(ψ̄ - φ̄n)

]
where

a = eV0/kbT . Since there is no tunneling through surface states, the recombination

rate Ḡ = 0. And then, expression for j̄n will be:

j̄n =
1

a
exp(aψ̄)

d

dx̄2

[
exp(−aφ̄n)

]
.
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In matrix form, the expression above can be written as:

AS̄ = F .

with

A =




−C2 − 2C1 − C0 C2 + C1 0 . . . 0

C2 + C1 −C3 − 2C2 − C1 C2 + C3 . . .
...

0
. . . . . . . . . 0

0 . . . 0 CN−2 + CN−1 −CN − 2CN−2 − CN−2




S̄ =




exp(−aφ̄n1)

exp(−aφ̄n2)

...

exp(−aφ̄nN−1)




F =




−S0(C1 + C0)

0

...

0

−SN(CN + CN−1)




where C = exp(aψ̄) and S̄ = exp(-aφ̄n) and it is usually called as the Slotboom

variable matrix. The values for S0 and SN−1 are from the quasi fermi level at x=0

(φ̄0) and x=L (φ̄L), respectively. The initial values of matrix ψ̄ and φ̄n are guessed

and then solved by iteration using any of the three methods of solving matrix equation

described in Appendix B, and then the processes are repeated until convergence is

achieved.

For the case of tunneling from cathode contact through the surface states, slightly

more complicated numerical code is needed to compute the potential and quasi fermi

level profile along the x-direction. Firstly, since the local generation rate is not equal
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to zero due to the net local tunneling generation rate, the matrix form for the current

continuity equation will be different from the no tunneling case. And also, the code

needs to implement different differential element (dx) along the x-direction with more

refinement near the cathode contact (near x=0) is necessary to correctly calculate the

tunneling. A very small dx is needed and usually it is calculated up to about 5 - 10

nm from the contact. For the matrix form of Poisson equation, the modification of

the code only involves in incorporating different dx into the matrix expression.

For the matrix form of current continuity equation, the difference in the

expression shows up in F matrix. The matrix form of the current continuity equation

can be shown to be:

AS̄ = F .

with A and S̄ are the same as the no tunneling case while

F =




−S0(C1 + C0)dxTun −R1

−R2

...

−RxTun

0

...

0

−SN(CN + CN−1)dxNoTun




where dxTun is the dx used to account the tunneling and usually is chosen to be

very refined, dxNoTun is the dx used to account for the part along x-direction where

tunneling is negligible, and xTun is the tunneling distance used in the code with the

value is usually within 5 - 10 nm. The values of R1, . . . , RxTun
are computed from the

tunneling components through the surface states. By using the double integration

method over the distance [81] and WKB method for the tunneling coefficient, the
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form of R can be shown as:

R =
−eV0A

∗T
kbj0

Γ(x̄)ln
[1 + exp

[
a(ψ̄C(x̄)− φ̄n(x̄))

]

1 + exp
[
aψ̄C(x̄)

]
]dψ̄(x̄)

dxTun

,

Γ(x̄) = exp
[−2

~
√

2e.mo.mTun

x̄∑
x̄=0

√
V0

(
ψ̄C(x̄)− ψ̄C(x̄′)

)
Ldx′

]
.

where A∗ is the effective Richardson constant, Γ(x̄) is the tunneling coefficient,

ψ̄C(x̄) = ψ̄(x̄) -
[ EG

2e
+

kbT

2e
ln

NC
NV

V0

]
is the normalized conduction band potential, ~ is

the reduced Planck’s constant, mo is the free electron mass, mTun is the effective

electron tunneling mass, x̄′ is the small refined value that is chosen to be very close to

x̄. The solving process is straightforward and similar to the no tunneling case. The

potential profile and quasi fermi level profile are guessed initially and iterations are

done until convergence is reached.
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APPENDIX D

LIST OF SYMBOLS

Table D.1: List of Symbols

Symbol Definition

JCL the Space Charge Limited (SCL) current density in a vacuum/free

space

ε0 the free space permittivity = 8.85 × 10−14 F/cm

e the electronic charge = 1.602 × 10−19 C

me the free electron mass = 9.109 × 10−31 kg

VG the voltage bias applied between the cathode and anode

L the gap spacing between the cathode and anode

JMG the Space Charge Limited (SCL) current density in a solid dielectric

µn the drift electron mobility

εr the relative or dielectric permittivity

v the electron velocity

ψn the electron potential

Continued on Next Page. . .
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Table D.1 – Continued

ξ the average electric field of electrons

τr the dielectric relaxation time

σ the electrical conductivity of a material

Tr the transit time

ninj the injected electron concentration into a solid material

ni the thermal or intrinsic electron concentration of a solid material

Q the total number of charge per unit area

µ the drift mobility, the notation is used when talking about drift

mobility in general (it can be either electron or hole mobility)

VΩ−MG the transition voltage from Ohm’s law to SCL MG law

kb the Boltzmann’s constant = 1.38 × 10−23 J/K

T the electron temperature

Et the traps energy level

EC the minimum of conduction band energy

EF0 the equilibrium Fermi energy level

EF the quasi Fermi energy level

nf the free electron concentration

nt the filled electron trap concentration

NC the effective density of states in the conduction band

Nt0 the total concentration of traps

Jshallow the Space Charge Limited (SCL) current density in a solid with

shallow traps

VΩ−shallow the transition voltage from Ohmic region to the SCL MG with

shallow traps

pt the unoccupied electron (occupied hole) trap concentration

Continued on Next Page. . .
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Table D.1 – Continued

VTFL the trap-filled limit voltage

VΩ−deep the transition voltage from Ohmic region to the filling of deep traps

Nt(E) the concentration of electron traps per unit energy range

Tt the characteristic temperature that characterizes the Gaussian

distribution in the traps with an exponential distribution in energy

JTL the Space Charge Limited (SCL) current density in a solid with traps

exponentially distributed in energy

VΩ−TL the transition voltage from Ohmic region to the traps exponentially

distributed in energy

VTL−MG the transition voltage from the traps exponentially distributed in

energy to the SCL MG region

JUN the Space Charge Limited (SCL) current density in a solid with traps

with a uniform distribution in energy

jn the drift electron current density

n(x) the electron concentration along the length of the solid dielectric

from x=0 to x=L

ψn(x) the potential profile across the solid length

v(x) the electron drift velocity across the solid length

no the doping density

me
∗ effective electron mass

τm the momentum relaxation time

ξ(x) the electric field profile along the solid length L

u(w) the dimensionless squared velocity

w the dimensionless distance

x0 the characteristic length

Continued on Next Page. . .
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Table D.1 – Continued

ωp the plasma frequency

β the dimensionless collision frequency. It is an important parameter

that controls the degree of collision

JMG[2D] the SCL MG current density where the width, W , is comparable to

the length, L, in a solid

JMG[1D] the SCL MG current density where the width, W , is much larger

than the length, L, in a solid

F the normalized mean position of the injected electrons in a solid of

length L

G a correction parameter depends on the geometry of the cathode

W the width of the cathode as the source of electron injection to a solid

d the thickness of the cathode as the source of electron injection to a

solid

VPT the punch-through voltage that the space charge has extended

through a solid

eφb the Schottky barrier height at the interface between the cathode and

a solid

eφm the work function of the cathode

eχ the electron affinity of a dielectric material

ψn the electrostatic potential

φn the quasi Fermi electron potential

G(x) the net generation rate of electrons in a solid across the length L

jn the total electron current density (drift-diffusion electron current

density)

Dn the electron diffusion coefficient

Continued on Next Page. . .
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Table D.1 – Continued

jsn the surface recombination current density

vsn the surface recombination velocity

A∗ the effective Richardson constant

ns the actual surface electron concentration

neq the equilibrium electron concentration

vth the average thermal velocity

ψ0 the built-in potential

Eg the bandgap of a dielectric

V0 the crossover (transition) voltage from Ohmic to SCL-MG region, it

is equal to VΩ−MG

j0 the crossover current density

x1 the parameter to control the relative length of vacuum and solid in

a combined gap

ψx1 the electrostatic potential at the interface (x=x1)

ξx1 the electric field at the interface (x=x1)

S the power spectral density of the shot noise

γ the Fano factor of shot noise reduction

CT the tunneling or transmission coefficient through an energy barrier

ψC(x) the conduction band potential

N300
C the effective density of states of electrons in the conduction band at

T = 300 K

E300
g the bandgap at T = 300 K
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