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Plasmonic gratings that support both localized and propagating plasmons have wide applications in solar
cells and optical biosensing. In this paper, we report on a most unusual grating designed to capture light
efficiently into surface plasmons and concentrate their energy at hot spots where the field is resonantly
enhanced. The dispersion of the surface plasmons shows degeneracy points at k ¼ 0, where, despite a
strongly modulated grating, hidden symmetries forbid hybridization of plasmons traveling in opposite
directions.

DOI: 10.1103/PhysRevX.5.031029 Subject Areas: Condensed Matter Physics,
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I. INTRODUCTION

Gratings diffract incident light, changing the photons’
momentum parallel to the surface and creating several
reflected rays. Here, we consider a class of gratings in
which the period is much less than the wavelength of light.
Although these gratings give rise to diffracted waves, they
are all evanescent and stay close to the surface. Also, our
gratings are assumed to be made of a metal with a plasmonic
response, which we take to have the generic form

ϵm ¼ 1 − ω2
p=½ωðωþ iγÞ�; ð1Þ

with ωp ¼ 8 eV and γ ¼ 0.032 eV.
Plasmonic gratings, in particular, have received

increased attention in recent years, both in the context of
plasmonic photovoltaics and in biosensing applications.
The gratings’ ability to diffract light and couple a plane
wave into higher-order modes and their ability to confine
light on a scale smaller than the wavelength is attractive.
It has been exploited to enhance the photocurrent in and
the absorptive properties of plasmonic solar cells [1,2].
The same properties are of interest in biosensing applica-
tions, where the strong-field confinement and enhancement
aid detection of changes in the refractive index of the
grating’s environment. Several experimental and theoretical
studies, which try to optimize the gratings’ design to
enhance sensing, exist [3–5]. Here, we propose a different
method to study gratings based on transformation optics.

Transformation optics is a new technique that allows us
to take a pattern of electric and magnetic fields and distort
them as we please, returning through a simple formula the
values of permittivity and permeability required if the
distorted fields are to satisfy Maxwell’s equations [6–10].
It has been applied to reshaping negatively refracting

lenses and to designing cloaks of invisibility [11,12]. A
particularly simple example is a two-dimensional con-
formal transformation that leaves the values of ϵ and μ
unchanged in the two-dimensional plane [13]. Here, we
start from a planar waveguide and apply a periodic
conformal transformation to generate a grating structure.
If we assume that the period of the grating is very short
relative to the free-space wavelength and that the electric
fields lie normal to the lines of the grating, then the fields
are dominated by electrostatics.
This gives rise to very strong Fano-like plasmonic

resonances in the response [14–17]. At Fano resonances,
light is trapped and scattering reduced, allowing us to
concentrate the optical energy into a periodic array of hot
spots as if the resonant energy propagating along the
surface has to squeeze itself into narrow gaps engineered
into the grating, so greatly increasing the energy density.
Because the grating has a very short period, these hot spots
have a high density and therefore constitute an efficient
means of enhancing nonlinear phenomena.

II. GENERATING A PERIODIC GRATING
FROM A SIMPLE SLAB

Transformation optics derives its power from its ability
to establish relationships between seemingly unrelated
structures. This ability is best harnessed if it establishes
relationships between complicated and simpler, i.e., more
symmetric, structures. In this case, the symmetry of the
simple structure and its relation to the more complicated
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one can be exploited to solve or simplify a physical
problem, which one seeks to solve. References [18–24]
provide successful examples, in which transformation optics
has been used to solve various problems in plasmonics.
In this section, we show how we can relate a metallic

periodic grating (in two dimensions) to a simple metal slab.
We start from a simple infinite slab at position x ¼ x0 and
with thickness d. The permittivity of the slab is given by εm.
For simplicity, we assume that the permittivity of the
surrounding medium is the same on both sides, denoted
by εd, but this is not a necessary restriction. In the
following, we will refer to this system as virtual space
or slab frame.
The conformal transformation

w ¼ γ log

�
1

ez − iw0

þ iy0

�
; ð2Þ

with z ¼ xþ iy and w ¼ uþ iv, maps the infinite slab to a
periodic grating, as depicted in Fig. 1. γ determines the
overall dimension of the structure, while w0 determines the
modulation depth; y0 is given by y0 ¼ ½w0=ðe2ðx0þdÞ − w2

0Þ�,
and both y0 and w0 are real and positive.
It is important to note that the in-plane components of

the permittivity and permeability are conserved under
conformal maps [13]. Thus, the periodic grating possesses
exactly the same in-plane material properties as the slab.

The coordinate system of the periodic grating is henceforth
referred to as physical space or grating frame.
To clarify the effect of the transformation in Eq. (2), we

present the analytical structure of it as a contour plot in
Fig. 2. Starting from a regular Cartesian mesh, we can
imagine the effect of any coordinate transformation as a
pulling and stretching of the lines of constant x and y to
distort the original mesh. This is exactly what is shown in
Fig. 2: A regular Cartesian mesh is transformed to the
irregular “grid” given in the figure. There are a number of
points to note here. First, the contour lines cross at right
angles, confirming that the transformation is conformal
[25]. Second, the points where the contour lines “bunch up”
correspond to points at infinity in the waveguide frame,
which map into a periodic array of singularities, which are
the branch points of the transformation. Associated with the
branch points are the branch cuts running from the branch
points to infinity (dashed lines). Last, if we follow a single
contour line from the bottom to the top, we see that in
between the branch points, this leads to a “wavy” contour
line that repeats itself with period 2πγ. The modulation of
this line gets stronger and stronger the closer to the branch
points it is until, just at the branch point, it becomes
infinitely modulated. Once we move past the branch points,
something interesting happens. The contours, previously
running continuously from bottom to top, split and form
closed loops around the branch points. If we start in the slab

FIG. 1. Schematic of the transformations taking an infinitely long slab to a periodic grating. Each step gives the conformal
transformation relating two neighboring structures. We use a complex number notation for the transformations, e.g., w0 ¼ u0 þ iv0,
z ¼ xþ iy, etc. An exponential map transforms a slab to an annulus, and an annulus is transformed to a nonconcentric annulus via a
Möbius transformation [25]. Finally, a shifted logarithm takes a nonconcentric annulus to a grating with one flat and one modulated side.
Note that γ determines the periodicity and the overall dimension of the grating, while w0 determines the modulation depth.
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frame with a strip of metal bounded by lines of constant x
(see Fig. 1), this simple, translationally invariant planar
structure is mapped into a periodically distorted grating.
In the present paper, we restrict ourselves to the region
between the branch points; the wavy contour lines essen-
tially determine the surface of our grating, which we can
modulate as strongly as we wish, by choosing the param-
eters of the transformation. However, outside this region,
the closed loops around the branch points can be used to
model periodically spaced nanoparticles.
The transformation really is very rich, not only allowing

us to study periodically modulated gratings, but also nano-
particles on a substrate (see the Supplemental Material [26],
Fig. S1), gratings with two modulated surfaces (by changing
the position of a slab interface), half-planes with a corrugated
interface (from a half-plane instead of a slab), and a chain
of nanoparticles as in Refs. [27,28] (also from a half-plane).
It relates a whole class of periodic gratings, which can be
reverse-transformed into a simple slab. In the limit that
electrostatics dominates the fields, the slab is translationally
invariant and knows nothing of the grating’s structure.
However, magnetic effects do reflect the periodicity: The
permeability that is assumed to be unity in the grating frame
transforms in the slab frame to a periodic μ⊥. This residual
magnetic component of the plasmons does sense the
periodicity, but only weakly.

III. ONE PLASMON RESONANCE CONDITION,
A WHOLE CLASS OF GRATINGS

One of the most fundamental characteristics of any
plasmonic structure is its spectrum. In electrostatics, the

spectral properties of a plasmonic structure are solely
determined by its geometry and usually classified in terms
of symmetries of said structure. Recently, it was shown that
transformation optics can be used to reveal “hidden”
symmetries not obvious at first sight [18]. This is because
conformal transformations, apart from the in-plane permit-
tivity and permeability, also conserve the electrostatic
potential [29]. This well-known but nontrivial property
of conformal transformations means that we can treat the
slab system and grating frame as equivalent in the electro-
static limit, such that finding the plasmon modes and
resonance condition in one frame automatically yields
the ones in the other frame. The plasmon resonance
condition of a translationally invariant slab of thickness
d is well known and given in Ref. [30]:

edjkyj ¼ �
�
ε − 1

εþ 1

�
ð3Þ

with ky ∈ R0. By our argument above, this is also the
plasmon resonance condition of a periodic grating gen-
erated from a slab of thickness d. (Formally, the plasmon
resonance condition is obtained from the divergences of the
expansion coefficients of the plasmon eigenmodes; see
Supplemental Eq. S35.) Fixing the position and dimension
of the slab, we can generate a whole class of gratings with
different modulation depths and periods by tuning the two
free parameters in Eq. (2): w0 and γ. Each and every grating
within that class derives its spectrum from the underlying
slab structure, and we thus deem it appropriate to speak of
a symmetry class. We must add two qualifications to this
statement.
The first is to emphasize that it is true only in the

electrostatic limit. Only the x; y components of ε and μ are
invariant. This is not true of the perpendicular components,
and even though our fields are predominantly electrostatic
and contained in the x; y plane, they will have small
magnetic fields in the out-of-plane direction, which will
interact with the transformation-induced periodic variation
of μ⊥, which in the x; y frame will spoil the perfect
translational invariance enjoyed by the electrostatic fields.
The second and larger effect has to do with the boundary

conditions that we must impose in the x; y frame. If we
consider a normally incident electromagnetic wave, wave
vectors at the zone center are excited, which have the same
periodicity as the grating in the u; v frame. Thus, periodic
solutions calculated in the x; y are also periodic in the u; v
frame and give rise to no discontinuities at the branch cuts
marked in Fig. 2. However, excitations corresponding to a
finite Bloch wave vector may satisfy all conditions in the
x; y frame but now have an unphysical discontinuity of the
phase across the branch cuts. Therefore, our statement of
the equivalence of the slab structure to the grating only
holds strictly at the zone center and approximately only in
the vicinity of the zone center. However, illuminating the

0

0

4

4−4−8

−4

FIG. 2. Contour plot of the conformal transformation in Eq. (2).
The solid lines show how the Cartesian coordinate grid in the
x; y frame is distorted under the transformation in the u; v frame.
The dashed lines show the branch cuts of the transformation
running from the branch points to infinity. The parameters were
γ ¼ 1, y0 ¼ 0.033, and w0 ¼ 0.6.
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grating with external radiation can couple only to states
near the zone center, for we have assumed that the period of
the grating is very small and hence k0 ≪ π=a. This means
that an external source of light excites only those modes
that we can calculate accurately.
Figure 3 provides a test of this assertion. We compare the

analytically derived band structure with the band structure
for two different gratings obtained from full electrodynamic
simulations (COMSOL). Both gratings are derived from the
same slab. Note that Fig. 3 shows the dispersion relation in
the first Brillouin zone. That means points at ky ¼ k0y þ
2π � n=a on the dispersion curve ωðkyÞ are folded back into
the range 0 to π=a, i.e., the points ky ¼ 2π=a; 4π=a, etc.,
are folded back onto the ky ¼ 0 axis. For instance, the point
at ω ¼ 3.5 eV corresponds to the point ωðky ¼ 2π=aÞ on
the dispersion line and similarly for higher-order modes.
When ky ¼ 0, we find near-perfect agreement between

the analytical solution and the simulation. However, for
larger values of ky, the agreement gradually worsens, as
the numerically obtained band structure features a large
band gap at the zone edge. The physical reason for the
band gap is Bragg scattering, as discussed in Ref. [31].
The disagreement is most prominent for the lowest energy
mode, but is less severe for modes at higher energy. This
is as predicted above due to problems with discontinuities
across the branch cuts. However, again as predicted,
solutions at the zone center are valid in both frames and
the band gaps almost vanish for a planar structure as
found in the x; y frame (see Supplementary Fig. S2 for a
magnified version of Fig. 3). Hence, the absence of gaps
at the zone center is subject only to the qualification
regarding magnetic effects, which give rise to small

band gaps of the order of millivolts to tens of millivolts:
a value which could be resolved in high-precision optical
measurements in the absence of radiation damping but
is hard to access in other experimental setups such as
electron energy loss spectroscopy (despite recent
progress in the field). This absent gap implies that we
have found a “degeneracy point” at which two bands
cross at k ¼ 0 but do not hybridize: The phase velocity
goes to 0 for higher modes, but the group velocity
remains finite. Strictly speaking, this holds only if the
small magnetic repulsion between the bands can be
ignored. As the magnetic repulsion leads to a small band
gap, the dispersion relation becomes parabolic at ky ¼ 0
but is linear for small ky [32].
The near-zero band gap for both gratings really is due to

the hidden symmetry of the underlying slab structure. The
results for small ky strengthen our belief that, in the
electrostatic limit, a whole symmetry class of gratings
can be generated from a single slab, thereby inheriting all
the spectral properties that the symmetry of the slab
imposes. This is the central result of this paper.
It is appropriate here to discuss the similarities and

differences of our Dirac-like degeneracy points with actual
“Dirac” points. The obvious similarity is the absence of
an appreciable band gap at k ¼ 0, leading to a finite group
velocity near the zone center. The emergence of Dirac
points in graphene [33], photonic crystals [34], and their
plasmonic analogue systems [35] is a direct consequence of
a special symmetry of the underlying lattice (e.g., honey-
comb lattice), leading to a conical dispersion relation
around the Dirac point. We do not have a conical dispersion
here, and the physical interpretation of the lack of band gap

sp

FIG. 3. Dispersion relation of two gratings in the first Brillouin zone. The magenta triangles and green open circles are COMSOL
simulations for a grating with γ ¼ 10−8; w0 ¼ 2.5 and γ ¼ 10−8; w0 ¼ 1.5, respectively. a ¼ 2πγ in both cases, we start with a slab at
position x0 ¼ 1 and with thickness d ¼ 0.5. The solid lines are analytical calculations. The dashed line corresponds to the light line.
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is a rather different one, too: There is no lattice, due to the
translational invariance of the slab.

IV. CALCULATING THE OPTICAL RESPONSE
OF THE GRATING UNDER PLANE-WAVE

ILLUMINATION

To illustrate the usefulness of the transformation optics
approach in practical situations, we will calculate the
optical response of two gratings belonging to the symmetry
class, as discussed above. Specifically, we investigate
transmission and reflection properties of the two gratings
under plane-wave illumination with normal incidence. The
two gratings are infinite along the vertical (v−) direction
and modulated on their right side. Their profiles are
identical to the ones in Fig. 3. Here, we give the main
results of the calculation; detailed derivations and defini-
tions can be found in the Supplemental Material [26].
We consider the case of a plane-wave incident from the

right and given by

Hsou ¼ −ωεε0
k

Esoue−ikuẑ ð4Þ

≈ −
ωεε0
k

Esouð1 − ikuÞẑ; ð5Þ

where the approximation holds in the vicinity of the grating
as long as the maximum thickness of the grating is much
smaller than the wavelength of the incident radiation.
Similarly to the electrostatic potential, the z component
of theH field is conserved under conformal transformation,
as can be easily shown from the transformation formulas
in Refs. [10,12]. Exploiting this property and the Fourier
expansion of the coordinate transformation given in
Eqs. S2 and S3 of the Supplemental Material [26], we
can show that the incident potential in the slab frame is
given by (Eq. S13)

ϕsou ¼ Esou

2
4X∞

g¼−∞
g≠0

isgnðgÞðdþg ejgjx − d−g e−jgjxÞeigy þ y

3
5 ð6Þ

for logðw0Þ < x < logðw0 þ 1=y0Þ. Inspection of the
source potential in the slab frame shows that a plane wave
in the grating frame, which only contains the zeroth-order
Fourier mode, is transformed to a “wave” containing all
higher-order modes in the slab frame. Vice versa, we might
expect that each Fourier mode in the slab frame can couple
to the zeroth-order mode in the grating frame under
the reverse transformation. This coupling is crucial
for the determination of the grating’s radiative reaction.
With the source potential known, we can write down the
total potential in the regions of interest:

ϕ ¼

8>><
>>:

ϕL ¼ ϕsou þ ϕnear
L þ ϕrad

L logðw0Þ < x < x0

ϕI ¼
P∞

g¼−∞ ðc−g eigye−jgjx þ cþg eigyejgjxÞ þ Ev
0y x0 < x < x0 þ d

ϕR ¼ ϕnear
R þ ϕrad

R x0 þ d < x < logðw0 þ 1=y0Þ:
ð7Þ

The near-field part of the potential ϕnear
R=L describes the

grating’s ability to couple a plane wave into higher-order
Fourier modes. It consists of evanescent waves (eigye�jgjx),
which carry no energy to infinity. The radiative part ϕrad

R=L

incorporates information about the radiative reaction of
the grating and is not present in a purely electrostatic
calculation. The functional form of ϕrad

R=L can be obtained
from the following simple argument. In the grating frame,
the incident wave is normally incident and polarized along
the v axis. Since the grating is infinite along v, the plane
wave leads to a potential drop or increase along that axis
and the free electrons of the metal will be set in motion to
produce a finite current. As this current can flow and
oscillate on a scale larger than the wavelength of the
incident radiation, it will itself lead to a scattered wave.
The form of this scattered wave can be approximately
taken as a plane wave at the frequency of the incident
radiation. This approximation is reasonable as long as the
grating is very “thin” because then only the currents along

the direction where the grating is infinite contribute to the
radiation and the grating can be taken as a thin current
sheet. So the reflected and transmitted waves take the
form [36]

Href ¼ ωεε0
k

Erefeikuẑ; ð8Þ

Htra ¼ −
ωεε0
k

Etrae−ikuẑ; ð9Þ

where Eref and Etra have to be determined from the
boundary conditions and are related to the total current
along the v direction in the grating. This means ϕrad

R=L take
exactly the same form as the source potential in Eq. (6).
Applying the usual boundary conditions, i.e., demanding

continuity of the normal component of the electric dis-
placement field and the tangential component of the electric
field at the interface, leads to a set of 4Gþ 2 equations (G
is the highest Fourier mode). However, there are 4Gþ 3
unknowns (see the Supplemental Material, Eqs. S25–S30),
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one too many. This comes about because a purely electro-
static treatment does not contain any information on the
radiative reaction, i.e., on Eref and Etra. To determine Eref

and Etra unambiguously, we need to introduce an additional
“radiation” boundary condition. We obtain the form of the
zeroth-order reflected and transmitted fields by approxi-
mating the grating as a current sheet. Maxwell’s equations
demand that the tangential component of the H field is
discontinuous across a 2D current sheet, with the disconti-
nuity given by the surface current [37]. This will be our
additional boundary condition with the surface current
given by the total current in the grating along the vertical
direction. The total current in the grating can be calculated
(see Supplemental Eq. S48) as J ¼ γ22πiωðε − 1Þε0
ðEref þ EsouÞN, with

N ¼
X∞
g¼−∞
g≠0

�
2jgj2

�
hþg cþ2;−g
2jgj ðe2jgjðx0þdÞ − e2jgjx0Þ ð10Þ

−
h−g c−2;−g
2jgj ðe−2jgjðx0þdÞ − e−2jgjx0Þ

��
− d: ð11Þ

Note that each of the higher-order Fourier modes contrib-
utes to the current in the grating. This proves our earlier
statement that the higher-order Fourier modes in the slab
frame can couple to the zeroth-order mode in the grating
frame and vice versa. Combining the expression for the
current with the boundary conditions allows us to unam-
biguously determine all scattering coefficients. This in turn
allows us to write down expressions for the reflection and
transmission coefficients:

r ¼ ikðεm − 1ÞγN
2 − ikðεm − 1ÞγN ; ð12Þ

t ¼ 2

2 − ikðεm − 1ÞγN : ð13Þ

The form of reflection and transmission coefficients is
analogous to that of a 2D conductive sheet with surface
conductivity σeff ¼ −ikðεm − 1ÞγN=Z0, where Z0 is the
impedance of free space. This indicates that the grating can
be modeled as a 2D current sheet with an effective surface
conductivity [38].

V. REFLECTION AND TRANSMISSION
PROPERTIES

In this section, we compare our analytical results based
on Eqs. (12) and (13) to full electrodynamic simulations
using COMSOL. Figure 4 shows the reflectance and
transmittance for the two gratings under plane-wave
incidence. Here, we compare our analytical results with
COMSOL simulations where the plane wave is incident
from the right, i.e., on the modulated side of the grating. We
can report an almost perfect agreement between analytics
and simulations for the weakly modulated grating. There
are only slight discrepancies in the height of the peaks in
the transmittance spectrum. Note that the transmittance is
close to unity around 3 eV, a feature shared by the more
strongly modulated grating. Another feature shared by the
two gratings is the position of the resonance peaks and
the excellent agreement between analytics and simulations.
In light of our earlier discussion of the band structure (see
Fig. 3), this should not come as a surprise; however, it

FIG. 4. Reflectance (top) and transmittance (bottom) for the weakly (left) and strongly (right) modulated gratings (shown in
Fig. 3. Blue lines correspond to analytical calculations, whereas the red lines with circles are COMSOL simulations. In COMSOL,
the wave is incident on the modulated side of the grating. The insets show the electric energy density in and close to the grating at
the first transmission peak and dip (same color scale). For both analytics and simulations, the permittivity of the grating is εm ¼
1 − ω2

p=½ωðωþ iγÞ� with ωp ¼ 8 eV and γ ¼ 0.032 eV. The surrounding medium has εd ¼ 1.
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consolidates our earlier statement that in the quasistatic
limit, the spectral properties of our special class of gratings
are solely determined by the underlying slab structure.
Another common feature between the weakly and

strongly modulated gratings that deserves mention is their
ability to couple to the zeroth-order mode. As we can see in
both spectra, there is a peak at zero frequency correspond-
ing to the g ¼ 0 mode. This mode has not been observed in
previous studies applying transformation optics to plas-
monics such as Refs. [18,20,21]. The difference between
the systems studied in, e.g., Refs. [18,20,21], and the
grating is that the grating supports a continuous current on a
scale larger than the wavelength. This leads to the coupling
to the zeroth-order mode.
A closer look at the reflection spectra in Fig. 4 shows that

the resonances have an asymmetric line shape akin to a
Fano resonance [14–17] for the weakly modulated grating.
Again, this can be understood via a conformal map.
Figure 1 shows a relation between the grating and an
asymmetric annulus; this structure has been shown to
support Fano resonances, and a detailed study can be
found in Ref. [21]. In agreement with the study in Ref. [21],
the insets in Fig. 4 show that the electric energy is much
more concentrated near the grating at the transmission dip
than at the transmission peak. We attribute the considerably
more symmetric line shapes for the strongly modulated
grating to the stronger radiative damping.
Figure 4 also points toward the limitations of our

approach. While the agreement between numerical simu-
lations and analytics is near perfect for the weakly
modulated grating, there are discrepancies for the higher-
order modes (around 5.7 eV) of the strongly modulated
grating. These discrepancies are likely to become worse
for even stronger modulations. The fault lies with our
assumption that the grating can be approximated as a
current sheet radiating symmetrically on both sides.
For strongly modulated gratings, this is not the case. We
only mention here that this is due to the asymmetry of the
grating, which means it acquires a bianisotropic character
[39]; we leave a fuller discussion of this for a future study.

VI. FIELD DISTRIBUTION

Of particular interest for applications such as Surface-
enhanced Raman spectroscopy (SERS) [40–42] is the
electric field distribution and the field enhancement com-
pared to the incident field. Figure 5 shows the imaginary
part of the electrostatic potential for the plasmon resonance
at approximately 4.5 eV. The results indicate that both the
strongly and weakly modulated gratings, the mode is
strongly concentrated in the proximity of the thinnest point
of the grating. This is easily understood from the trans-
formation used to generate the gratings. The slab from
which we derive the gratings possesses a mirror plane along
its vertical axis; thus, any plasmon mode excited in the slab
will either be symmetric or antisymmetric across that axis.

Since the slab is invariant along the vertical direction and
from Eq. (6), we know that each mode will also be periodic
along the vertical direction and the energy spread out
evenly. Figure 2 then explains why the electric fields are
concentrated around the thinnest points of the grating. Near
those points, the contour lines lie very dense in Fig. 2,
indicating that space is strongly compressed in those
regions. Thus, we should expect a very high energy density
there. Likewise, near the thicker regions of the grating,
space has been stretched and the energy spread out over a
larger region. The stronger the modulation of the grating,
the stronger this effect will be, as can be seen in Figs. 5
and 6. Our gratings thus provide an efficient way to funnel
energy into a periodic array of hot spots. Just how strong
these hot spots are can be seen in Fig. 6. Please note that in
Fig. 6, we use experimental values of silver for the
permittivity of the grating to obtain more realistic estimates
of the field enhancement: ReðεmÞ¼−3.96, ImðεmÞ ¼−0.16 at ω ≈ 3.18 eV [43]. We can see that for both the
weakly and strongly modulated gratings, the electric field
strength is enhanced manifold (×20–30) compared to the
incident field. However, it is not quite as spectacular as for,
e.g., two kissing cylinders [20]. A recent study [44], in
which a grating with a period of 330 nm has been designed
for SERS sensing, also showed a higher field enhancement
(approximately 200). Yet, the gratings in this paper have

FIG. 5. Mode profile of the plasmon resonance at approx-
imately 4.5 eV. We show the imaginary part of the electrostatic
potential for the weakly modulated grating (top) and for the
strongly modulated one (bottom). The color scales and the
incident field are the same in both cases. The distributions have
been obtained from the transformation optics approach using
magnetic sources as described in the Supplemental Material [26].
We used the Drude model given in Eq. (1) for the permittivity.
ReðεmÞ ¼ −2.16 and ImðεmÞ ¼ 0.022 at ω ≈ 4.5 eV.
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one big advantage over the two examples given above: a
very high density of hot spots. We discuss a strongly
subwavelength grating with period of approximately 63 nm
leading to a great many hot spots on a very small area,
giving a much higher chance that a target molecule will be
located close to a hot spot. There is also a lot of room for
improvement in the field enhancement. Our structure is
derived from a nonconcentric annulus without singularity.
The absence of a singularity reduces the field enhancement
observed for these structures, compared to singular cres-
cents [30]. However, our transformation optics approach is
easily adapted to transform singular crescents into periodic
gratings, in which case we would expect similar field
enhancements as in Ref. [30].

VII. CONCLUSION

In this paper, we gave another instance where trans-
formation optics was able to reveal a hidden symmetry in
plasmonic systems. Specifically, we showed how a con-
formal map can be used to generate periodic gratings from a
simple slab. The invariance of the electrostatic potential
under conformal maps implied that the periodic grating
would inherit the spectral properties of the underlying slab
structure. By tuning a free parameter of the transformation,
we were thus able to generate a whole symmetry class of
gratings, inheriting their spectral properties from the same

slab, thus leading to degeneracy points at k ¼ 0. It is our
belief that other plasmonic and dielectric gratings can be
designed using our approach, insofar that they can be
derived from a translationally invariant slab.
We further studied the optical response of these gratings

under plane-wave illumination and compared with numerical
simulations. We found that the weakly modulated grating
supported Fano resonances. The agreement between analyt-
ics and numerics was excellent, and we showed that the
gratings could be modeled as thin current sheets with
effective surface conductivities. The “current sheet” model
does, however, have its limitations, as it can only radiate
symmetrically to both sides. For strongly modulated gra-
tings, this becomes an issue for higher-order modes, as the
strong asymmetry leads to an asymmetric radiation and the
grating obtains a bianisotropic character. The detailed
theoretical and experimental study of this bianisotropic
effect will form the starting point for future investigations.
Furthermore, we discussed the electric field distributions

and enhancements in the grating. While the field enhance-
ments were lower than in previous studies in the literature,
we believe that the gratings studied here could still provide
a viable SERS sensing platform due to the high density of
hot spots. Additionally, the simplicity of our analytical
approach allows to easily optimize the grating’s parameter
if an optimization criterion is defined for an application
at hand.
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