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ON THE FOURIER SPECTRA OF NEW APN FUNCTIONS*

YIN TANT, LONGJIANG QU¥, SAN LINGS$, AND CHIK HOW TANT

Abstract. Almost perfect nonlinear (APN) functions on Fan are functions achieving the lowest
possible differential uniformity. All APN functions discovered until now are either power or quadratic
ones, except for one sporadic multinomial nonquadratic example on Fy6 due to Edel and Pott. It is
well known that certain binary codes with good properties can be obtained from APN functions, and
determining their (Hamming) weight distribution is equivalent to determining the Fourier spectra
of the corresponding functions. The Fourier spectra of all known infinite families of quadratic APN
functions discovered through 2010 have been determined, and it was found that they are the same
as the ones of the Gold APN functions, i.e., a 5-valued set when n is even and a 3-valued set when
n is odd, while a sporadic example on Fy6 found by Dillon has a 7-valued Fourier spectrum. In
2011, two new generic constructions of APN functions were presented in [Y. Zhou and A. Pott, Adv.
Math., 234 (2013), pp. 43-60] and [C. Carlet, Des. Codes Cryptogr., 59 (2011), pp. 89-109]. In this
paper, we determine the Fourier spectra of the APN functions obtained from them and show that
their Fourier spectra are again the same as those of the Gold APN functions. Moreover, since the
APN functions in [C. Bracken, C. H. Tan, and Y. Tan, On a Class of Quadratic Polynomials with
No Zeros and Its Applications to APN Functions, preprint, arXiv:1110.3177v1, 2011], which are
demonstrated to exist when n = 0 mod 4 and 3 1 n, are covered by the construction in [C. Carlet,
Des. Codes Cryptogr., 59 (2011), pp. 89-109], a positive answer to the conjecture proposed in the
former paper on determining their Fourier spectrum is given in this paper.

Key words. APN function, quadratic functions, Fourier spectrum, nonlinearity, bent function,
weight distribution
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1. Introduction. Let Fy» be a finite field with 2™ elements and let I be a
function on Fan. We call F' an almost perfect nonlinear (APN) function if the equa-
tion F(x + a) + F(x) = b has at most two solutions for all a,b € Fan and a # 0.
APN functions were first defined by Nyberg in [19] as they are optimally resistant to
the differential attack proposed in [1]. Moreover, in addition to the applications of
APN functions in cryptography, they have been found to be related to many topics
in, for example, finite geometry and coding theory, garnering much research inter-
est (see [11, 17] and the references therein). Since Nyberg’s characterization, many
CCZ-inequivalent (defined in section 2.1) APN functions have been discovered. Be-
fore 2006, all known APN functions were power mappings, except for a binomial
sporadic example on Fas, which is CCZ inequivalent to all known ones, found in [16].
Subsequently, many new APN polynomials were found. First, the aforementioned
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sporadic example was generalized into an infinite family in [10]. Many other infinite
families were then obtained in [3, 5, 6, 8, 9, 10]. We should mention that all the new
infinite families of APN functions found since 2005 are quadratic ones, while in 2008
a multinomial nonquadratic sporadic example was found in [17]. One may refer to [5]
for a complete list of all APN functions discovered through 2010. Recently, two new
constructions of quadratic APN functions were presented in [12, 20]. We list these
constructions below for the convenience of the reader.

It is well known that the finite field Fo» may be identified with an m-dimensional
vector space (FJ*, +) over Fy (see [18, Chapter 1]). We will switch between these two
points of view in the rest of the paper without explanation if the context is clear. As
a result, by the fact that F2™ = FJ* x F3' as Fa-vector spaces, we may regard the
finite field Fo2m as Fom X Fom, where “x” is the Cartesian product.

RESULT 1 (see [20]). Let n = 2m, where m > 2 is an even integer, and let k be
an integer such that ged(k,m) = 1. Define a function F on Fazm = Fom X Fam as
follows:

(1) Fz,y) = (2> + ay® 0% 2y), 2,y € Fom,

where the nonzero a € Fom is a noncube and i is even. Then F' is an APN function.
RESULT 2 (see [12]). Let n = 2m be any even integer, let i,j be integers such that

ged(m,i—j) =1, and let g1 # 0, ga # 0, g2,93 be elements of Fom. Set G(z,y) =

G122 T 4+ gox? y¥ +gs2?’ y¥ +g94y? T2 . Define a function F on Fozm = Fom xFam by

(2) F(a:,y) = (G(a:,y),xy), x,y € Fom.

Then F is an APN function if and only if the polynomial G(x,1) = g1a> 2 4+ g +
ngQJ + g4 has no root in Fom.

It has been shown through computer verification that Result 1 may produce new
APN functions. Furthermore, Result 2 is shown to cover several known infinite APN
families by choosing appropriate i, j, g, there; see [12, pp. 103-105].

Clearly, APN functions achieve the lowest possible differential uniformity for func-
tions over Fon. Moreover, for cryptographic purposes, the functions are also required
to have high nonlinearity (defined in section 2.1). Highly nonlinear functions are also
interesting from the point of view of coding theory. To each such function, one may
associate a linear error-correcting code (see section 2.2), whose (Hamming) weight dis-
tribution may be obtained directly from the Fourier spectrum (including multiplicity)
of the function. Moreover, by the MacWilliams identities, if the Fourier spectrum has
at most five values, we may then determine the multiplicity of each value. This will
be explained in more detail in section 2.2. The Fourier spectra of all infinite families
of APN functions listed in [5] have been determined (see [4, 7] and the references
therein).

In particular, for quadratic APN functions on Fan, it is known that as long as n is
odd, their Fourier spectrum is {0, :|:2(”+1)/2}7 and such functions are also called almost
bent (AB) functions (see [17]). However, when n is even, quadratic APN functions
may have different Fourier spectra. Precisely, it was found that all known infinite
quadratic families have a 5-valued Fourier spectrum {0, £27/2, £2("+2)/2} when n is
even, except for one sporadic example:

$3 —l—ﬁlle +ﬁ13x9+x17+511x33 +$48
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over o with a 7-valued Fourier spectrum found by Dillon [14], where $ is a primitive
element. It would be interesting to generalize this sporadic example into an infinite
family.

In this paper, we show that the Fourier spectra of the APN functions obtained
in Results 1 and 2 are also the 5-valued set mentioned above (Theorem 2), and hence
we may determine the weight distribution of the codes associated with these APN
functions. Moreover, since Result 2 covers several known APN families, some remarks
on Theorem 2 are given as follows. The multinomial APN function in [3, Theorem 1]
is a special case of Result 2, and its Fourier spectrum was also determined in [2]; the
hexanomial APN function in [8] is another special case of Result 2, and the existence
of such APN functions relies on a quadratic polynomial with no zeros in Fozm. It
is shown in [6] that when m is odd, this hexanomial function is CCZ-equivalent to
the multinomial one in [3]; and when m is even and 3 ¥ m, the required quadratic
polynomials were constructed and hence the existence of the hexanomial APN function
was guaranteed. It is conjectured that the Fourier spectra of these hexanomial APN
functions are also the 5-valued set in [6, Conjecture 2]. We give a positive answer to
this conjecture in Theorem 2.

It is shown in [11] that the Boolean function Tr(vF(x)) is bent (defined in sec-
tion 2.1) for at least 2(22™ — 1) values of v for any quadratic APN function F on
Fo2m. We show that in Theorem 3, for the APN functions F' in Results 1 and 2, the
function Tr(vF(x)) is bent for all v € Fam,v # 0.

The rest of the paper is organized as follows. In section 2, we give the necessary
definitions and results. In section 3, we determine the Fourier spectra of the APN
functions obtained in Results 1 and 2. Some concluding remarks are given in section 4.

2. Preliminaries.

2.1. Differential and Fourier spectra. For a function F' : Fon — Fon and any
a,b € Fan,a # 0, define

0r(a,b) = |{x € Fan | F(z + a) + F(z) = b}|.

The multiset {6 (a,b) : a,b € Fan,a # 0} is called the differential spectrum of F.
The value
Ap = 1) b
E a7berﬁi>fa¢0 F(a’ )
is called the differential uniformity of F. We also call F' a differentially Ag-uniform
function. In particular, we call those functions with Ap = 2 almost perfect nonlinear
(APN) functions.
Another important method for characterizing the nonlinearity of F' is as follows.
For the above function F, the Fourier (Walsh) transform FYV : F5, x Fgn — C of F
is defined as

F™(a,b) := Y (—=1)T@F@) g e By b € Fon,

z€Fon

where Tr(x) = 7.1:_1 22" denotes the absolute trace function and F%, = Fa.\{0}. The
i=0 2

set W(F) := {FW(a,b) | a € F3.,b € Fan} is called the Fourier (Walsh) spectrum of
F. The nonlinearity of F is defined as
1

NL(F) =21 2 :
(F) P
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It is known that if n is odd, the nonlinearity NL(F') is upper-bounded by 2"~ — 2%1;
and when n is even, it is conjectured that NL(F) is upper-bounded by 2"~1 — 2%,
For a Boolean function f = Tr(F(z)) : Fan — Fa, its Fourier spectrum is defined to
be W(f) = {f™(b) := FW(1,b) | b € Fan}, and f is said to be a bent function if
Y (b) € {£27/2} for all b € Fan. Clearly, bent functions exist only when n is even.
For a function F(z) = Zial a;xt, a; € Fan, its algebraic degree, denoted by
deg F', is defined to be the maximal 2-weight of the exponent ¢ such that a; # 0,
where the 2-weight of an integer ¢ is the number of ones in the binary representation
of i. We call F' a quadratic function if deg F' = 2 and an affine function if deg F' < 1.
Two functions F' and G on Fon are called extended affine (EA) equivalent if
there exist affine permutations L, L’ : Fon — Fan» and an affine function A such that
G =L oFoL+ A. They are called Carlet-Charpin—Zinoviev (CCZ) equivalent if
their graphs {(z,y) € Fan x Fon | y = F(z)} and {(z,y) € Fan x Fan | y = G(2)}
are affine equivalent, that is, if there exists an affine automorphism L = (L;, L) of
Fan x Fan such that Lo(z,y) = G(Li(x,y)), where y = F(z). It is well known that
EA equivalence implies CCZ equivalence, but not vice versa. Moreover, both EA and
CCZ equivalence preserve the differential and Fourier spectra, and EA equivalence
preserves the algebraic degree.

2.2. Linear codes associated with APN functions. A relationship between
APN functions and coding theory has been given in several papers; see, for instance,
[4, 17]. We briefly recall it here to make the exposition self-contained.

Regarding the finite field Fan as a vector space of dimension n over Fo, and then
fixing a basis of Fan, we may express each element x € Faon as a vector of length n.
Let F be a function on Fo», and define a matrix Cr € ]Fg"“n as follows:

x PR
Cp = F(z) - |’
where the columns of Cr are ordered with respect to some ordering of the elements
of Fan. Then the rows of Cr generate a binary linear code Cg. Clearly, all codewords

of Cr are of the form

v(fas fo) i= (fa(2) + (fo 0 F)(2)) gy, » @0 € Fan,

where fo, fp : Fon — Fy are linear functions defined by f,(z) = Tr(ax) and fp(z) =
Tr(bz). It is not difficult to show that

FY(b,a) = 2" — 2w (v(fa, f5)),

where wg (v(fa, fv)) is the Hamming weight of the vector v(fq, f»). Therefore, to
determine the Fourier spectrum (including multiplicity) of the function F' is equivalent
to determining the weight distribution of the codewords in Cp.

Now suppose F is an APN function; then the dual code Cx has minimum dis-
tance 5. Let a,, denote the number of times the weight w occurs in Cr, and let b;
denote the number of codewords of weight j in C#. If there are at most five nonzero
Hamming weights in Cp, then the MacWilliams (or Pless) identities yield five inde-
pendent equations, by = 1, by = --- = by = 0, for the unknowns a,,, which can be
solved uniquely. Thus the weight distribution of Cr is determined once the Fourier
spectrum of F' has at most five values. Moreover, the weight w in Cp corresponds to
the value 2" — 2w in the Fourier spectrum of F'.

More results about the codes and APN functions, including the characterization
of the CCZ equivalence between two APN functions, may be found in [4, 17].
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2.3. An important lemma. We conclude this section with an important lemma
which will be used in the next section to determine the nonlinearity of the quadratic
APN functions. We should mention that this lemma is applicable not only to the APN
functions in Results 1 and 2, but also to other previously known infinite families.

Let L(z) be a linearized polynomial over Fon; let K be the kernel of L, the
linear map given by L(z); and let s be an integer with ged(s,n) = 1. A polynomial
Cz) = Yo<icjcn—1 cija® 2 € Fon[z] is called a crucial s-polynomial of L(z) if it
satisfies the following two properties:

1. C(z) + C(2)¥ = aL(z) + (zL(2))?" mod 22" — x, where s and ¢ are some
positive integers such that ged(s,n) = 1;
2. for uw € K, C(u) =0 if and only if u = 0.

The following result gives an upper bound for the dimension of the kernel K
of the linear map given by a linearized polynomial under the existence of a crucial
s-polynomial C(x).

LEMMA 1. Let L(zx) be a linearized polynomial over Fon. If there exists a crucial
s-polynomial C(z) of L(x), then the dimension of the kernel of L is at most 2.

Proof. Denote by K the kernel of L. Take an arbitrary element u € K \ {0}. By
property 1 above, C(u) = C(u)?", and therefore C(u) lies in the prime subfield Fy
since ged(s,n) = 1. Then, by property 2 of C(z), we have C(u) = 1.

Assume, to the contrary, that dim(K) > 3. Fix an element v € K, v # 0. As
C(u) = 1 holds for any nonzero element u in K, we have C(u) = C(v) = C(u+v) =1
for every u € K \ {0,v}. Therefore

1=Cu)+Cw)+Cu+v)= ZC”’ULUQ +u2'? ZFZUQL,

1<j

where F; = Z? 01 ki cmvy € Fon (note that F; depends on v but not on u € K \
{0,v}). Thus any clement u € K\ {0,v} is a root of the polynomial a(x) :=I(x)+ 1

where we set I(z) :== > ' ;2. Note that [(z) is a linearized polynomial.

Since the dimension of K is at least 3, there exist distinct elements v, u,w € K
such that u,w,u +w € K\ {0,v}. As discussed above, u,w,u + w are all roots of
the polynomial a(x) defined above, so we have 1 = I(u), 1 = l(w), and 1 = I(u + w).
However, as [(X) is a linearized polynomial, these equations imply that

1=llu+w)=1u)+l(w)=1+1=0,
which is obviously a contradiction. O

3. The Fourier spectra of the Zhou—Pott and the Carlet APN functions.
In this section, we determine the Fourier spectra of the APN functions F' defined in
Results 1 and 2.

We first sketch the idea of the proof as follows. Assume that F'(x) is an arbitrary
quadratic function over Fan, where n is even. Then for any a € F3, and b € Fan, we
have

FW(a,b)* = Z(_1)T‘r<aF<m>+aF<y>+bm+by>

_ Z Tr(aF (u)4bu) Z F(r—i—u)—i—F(r)—i—F(u)))

Since F'(x) is a quadratic function, there exists a unique linearized polynomial
Lo(z) over Fon such that Tr(a(F(z+u)+ F(x) + F(u))) = Tr(L,(u)z) holds for any

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/16/14 to 155.69.4.4. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal §/ojsa.php

796 YIN TAN, LONGJIANG QU, SAN LING, AND CHIK HOW TAN

u,x € Fan, 80

FW(a,b)? = 3 (~1) bl () 37 (g TrLa(u)
—9n Z (_:l)Tlr(l)quaF(u))7
ue K

where K is the kernel of the linear map L, given by L,(z). If the kernel size is at
most 23, then clearly

0< Z(_l)Tr(bu—i-aF(u)) < 23.
ueK

Since Y (a,b) is an integer and n is even, this sum can be only 0, 1,4, and therefore
the Fourier spectrum of F is {0,42"/2 42"/2+1} Thus it suffices to demonstrate
that |K| < 8. In light of Lemma 1, if, for each linearized polynomial L,(z), we can
find a crucial s-polynomial C,(x), then we can demonstrate that the kernel K of L,
has dimension at most 2, which then guarantees that |K| < 8. Lemma 1, together
with the aforementioned discussion, leads to the following theorem.

THEOREM 1. Let n = 2m be two positive integers and let F' be a quadratic
function over Fon. For any a € Fs., let Lo(x) be the linearized polynomial over Fon
such that Tr(a(F(z +u) + F(z) + F(u))) = Tr(Lg(u)x) holds for any u,x € Fon. If,
for any a € T3, there exists a crucial s-polynomial Co(z) of Lo (z), then the Fourier
spectrum of F is {0, 4£2™, £2m+1},

In the following, we apply Theorem 1 to determine the Fourier spectrum of the
quadratic APN functions in Results 1 and 2.

THEOREM 2. The Fourier spectrum of the APN functions defined in Results 1
and 2 is {0, 2™ £2m 1}

Proof. We divide the proof into two parts according to which class the function
F is in.

1. Zhou—Pott APN functions: First, we compute the explicit forms of F'(z) and
L.(z). Let 8 be a primitive element of Fa2m, and then clearly each element z in Fozm
can be uniquely written as z = z+yf for some z,y € Fym. Now, from 22" = z4+yS%",
we obtain

B 62"z + B2 B z+ 22"
- /8+ﬁ2m ) y_/8+ﬁ2m

Let 2’ = z/(8 + %"). We may rewrite z,y as
(3) T = Bszl +ﬁz/2m, Y= Z/ +Zl2m.

Substituting z,y above into the function F defined in (1) and abusing notation, we
may rewrite F' as a function F' : Foem — Fo2m given by

4) F(z) = (8" 2+ B2 ) 4 a@® +2)@ 0% 4 22" 4 2)(8 z + Ba>)B.
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Now, for any a € F%. and any u € Fan, we have
Tr(a(F(z +u) + F(z) + F(u)))
=Tr (a [52m+k+2m (uz?® +u2'z) + B2 L (W2 2 a2 22"

+/B2k+2m (ux2m+k + u2m+kx) + /B2k+1(u2mx2m+k + u2m+kx2m)

m-41i m—+k+1i m—+k+1i m—+41i i m—+k+1i m—+k+1i i
2 332 + u2 2132 ) 2° .2 + u2 332 )

+a(u +a(u* x

m—41 k+i k+1 m—4i i k+1 k+1 i
+a? 2T+ 2 ) a2

+B(6%" + B)(uz®" +u mx)D
= Tr(La(u)x),
where

Lo(u) = (auﬁznwk“m)rk + aquﬁQMMJer
+ (auzmﬁzm“ﬂu)rk + (auz’“ﬁzm*kﬂ)zm + (auﬁzhrzm)
+ au2m+kﬁ2’“+2m + (auzmﬁ2’“+1)2m—’c + (au2m+’“52k+1)2m + (au?
+ (au + (auzia)yn_k_i + (au2m+k+ia)2_i + (au
+ (au2k+ia)2 + (au2ia)2_k_i + (au2k+ia)2_i + (auB(B*" +B))*"
+au®" BB + B).

21’7}7}6

m-i 2m—k—i

a)

m+tk+i m—i i ki
2 a)2 2 2

o)

m—i

Let B = a+ a®". Then B € Fom. After simplifying L, (u) we may rewrite it in the
form

(5) Lo(uw) = Ay 4+ Agu® + 4302+ Ap® " + A",

A3 _ /82m+2—kB2—k + a2—k—iB2—k—i7 A4 _ ﬁ2m+2m—kB2—k + 052—k—iB2—k
As = (aB+a® B27)(B* + ).

—1
)

Note that we have used the fact & = a2 here as a € Fom. It should be remarked
that Ay = A2" ", Ay = A2 " A2" = A;.

In the following, we demonstrate that |K| < 8, where K is the kernel of L.

First, if B = 0, then @ € F4.., and As = a(8%>" + 3)? # 0 since 8 ¢ Fom. Thus
La(u) = Asu®" = 0 if and only if u = 0.

From now on, we assume that B # 0. Let

mtk m  om | ok k m  om+k | om
C(U):A1U2 +1+A% u2 +2 —|—A2U2 +1 +A§ u2 +2 )

Now we claim that C(x) is a crucial s-polynomial of L,(z), where s = n — k satisfies
ged(n, s) = 1 since n = 2m, ged(k,m) = 1, and m is even. First, for any u € K, it is
easy to verify that

m

0= uLq(u) + u®" Lo(uw)?" = Clu) + C(u)* .
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Next, we need to prove that C(u) = 0 if and only if u = 0.
Let C(u) = 0. Then we have
0= C(u) _ B(ﬂ2m+2ku2m+k“ + 52m+’“+1u2’"+2k) + az—iBz—i(u2m+’“+1 + u2’"+2’“)
+B(62m+k+2muzk+1 + 62k+1u2m+’“+2m) + a2_iB2_i(u2k+1 + u2m+k+2m)
_ B(ﬁu2m +62mu)2k+1 + O[2—1’32—1’@2’" +u)2k+1.
If u?” 4 u # 0, then
m m 2k 41
a2—i _ 3172—1‘ ﬁu2 —l—ﬂz U
uQm + u b

which contradicts the assumption that « is a noncube, 7 is even, and k is odd. Hence
u?" 4+ u =0, and then we have fu®" + 2" u = u(8 + ") = 0. From 3 ¢ Fom, we
have u = 0. Therefore, C(u) = 1 holds for any 0 # u € K.

Thus C(z) is a crucial (n — k)-polynomial of L,(x). Then, by Lemma 1, we
conclude that dim(K) < 2. The proof for the first part is now complete.

2. Carlet APN function: Similar to the computations at the beginning of the first
part, substituting x,y into (3) in the function F' defined in (2) and abusing notation,
we may rewrite F' as a function F : Fo2m — Fo2m given by

F(z)=g (¥ z+ szm)zi“j +g2(8¥ x + Bme)zi (x + a:2m)2j
(6) +93(B2mx + ﬁx2m)2] ({E + x2m)2l + g4(x + l‘2m)2l+2j
+ Bz + 22" (B w4 B2 ) + p¥ 2?4+ B 2
Expanding the function F', we may rewrite it in the form
Fz) = a2 4 1a® 2" figa® P27 412 L 4 g (a),

where

2m+z 27n+j

m-+i m—+j
=1 + 287" + 938 + ga,
mai mai i
lo= g8 4 o 4 938 + ga,
s=13", =1,

s=BB+p"), lo(x)=p"1a?+ %

Now we compute Ly(x). For any a € F3,. and any u € Fan, we have

2m+1

Tr (a(F(x +u) + F( )+ F(u)))
=Tr (a(ly( u? 2 4 u? 2? ) + lo(u?” T 4 u2lx2m+1) + 13(u2m+1x2] + u2]x2m+l)
2 g2 + l5 (ume + u?” a:)))

4u +u
=T (A ™ 4+ A A T 4 A e

/\

m+j m+i
2 2132 )

+i—

where
B=a+ a2m,_ A
Ay =(Bl)*7, Ay = (BI3")*,
Az = (Bly)?* ", Ay = (Bly)* ",

As = (al5)*" + als.
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Thus

gm+i—j gm—itj

(7) Lao(u) = Aju® ™ + Asu + Asu? T+ Agu + Asu®”

Similar to the proof of the first part, it suffices to demonstrate |K| < 8, where K
is the kernel of L.

If B=0,then A = Ay = A3 = Ay = 0 and A5 = a(B + B>")? # 0. Tt follows
from (7) that L,(u) =0 if and only if v = 0, and we are done.

In the following, we assume B # 0 and split the proof into two cases according to
whether ged(n,? — j) = 1 or ged(n,i — j) = 2. For each case, we construct a crucial

polynomial of L,(z). Note that by simple calculations I3 + Iz = (g1ﬁ2m+i +93)(B +
£%")?". This implies that I, 15 cannot be zero at the same time as glﬁ2m+l + g3 #0.
Case 1: ged(m,i — j) = ged(2m,i — j) = 1. Letting s = ¢ — j, then ged(n,s) =
ged(n,n — s) = 1, and we may rewrite (7) in the form
(8) Lo(u) = Aju® + Agu®™ " Agu® T 4 A+ Agu®”
Define

mti—j moom | oi—j i—j m om4i—j_ om
(9) C(U):A2U2 +1 +A§ u2 +2 —|—A1u2 +1 +A% u2 +2 )

We claim that C(z) is a crucial (n — s)-polynomial of L,(x). First, it can be verified
that

(10) uLq(u) + 12" Lo(u)?" = C(u) + C(u)? .

The following arguments show that C'(u) = 0 if and only if u = 0. Assuming that
C(u) = 0 and substituting A;, Ay into (9), we have

—j m—j m4i—j —i om_yoi—j —j ei—j m—j om+4i—j_ om
B (137 g gy )

Raising the above equation to the 27th power and substituting for I1, >, by using
B # 0, we get
m m 2i+2j ma 29 m m 2!
g1 (B* u+ pu*") T e (u+ u? ) (Bu" + B*" u)
(11) +93 (u+u2m)2 (Bu*" +62mu)2
+ 94 (u+u? )2 = e ut pu ") = 0.

If u & Fym, then dividing both sides of (11) by (u + u2" )22 yields

2m 2’!77,
a <m,1) _o

u 4+ u2™"

This contradicts the assumption that G(x, 1) has no root in Fom. Therefore, we have
u € Fam, s0 u+u?" = 0. From (11), we see that

i Lo N 20420
(12) g (B 7)) =0,

which is possible if and only if u = 0.
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Thus C(z) is a crucial (n — s)-polynomial of L,(z). Hence, by Lemma 1, we have
dim(K) < 2.

Case 2: ged(m,i —j) =1 and ged(2m, i — j) = 2. First, note that ged(2m,m +
i —j) =1 in this case. Letting s’ = m + i — j, we may write L,(u) in the form

27n+s/

(13) Lo(u) = Ahu® + Abu + Abu? " 4+ AT AL

where
Al =Ay, A=Ay, Ay =A,, Aj=A3 Al =As.
Let
(14) C'(u) = A’2u2m+5l+1 + A’22m u2m+28, + A’1u25l+1 + A’12mu2m+5/+2m.

Similarly, one can prove that C’(x) is a crucial (n — s’)-polynomial of L,(x). Then
dim(K) < 2 is also true in this case. We leave the details to the interested reader.

The proof is now complete. O

We may obtain bent functions of the form Tr(aF'(x)) from the proof of the above
theorem, where a € Fy2m and F' is the Zhou—Pott APN function or the Carlet APN
function.

THEOREM 3. Let the APN function F' in Result 1 (resp., Result 2) be represented
by (4) (resp., (6)). Then, for any a € F5., the Boolean function f,(x) = Tr(aF(z))
1s bent.

Proof. We prove only the first case and leave the second one to the interested
reader. Let F' be the APN function defined in Result 1. Given a nonzero element
a € F.., to prove that f, is a bent function, we need to show that, for each b € Fo2m,
V() := FW(a,b) € {£2™}. From the proof of Theorem 2, we have

(15) fYB)? = P (a,b)? =2m 3 (—1) 0w,
ueK

where K is the kernel of L, in (5). Since a € Fom, we have B = a +a?" = 0. It then
follows from the expression of L,(u) that L,(u) = Asu?" = 0 if and only if u = 0,
which implies K = {0}. Therefore, by (15), we have f)V(b)? = 2" = 22™. The proof
is now complete. O

4. Conclusions. We have determined the Fourier spectra of the APN functions
obtained in [20, 12] and shown that they are the same as those of the Gold APN
functions. This shows that we cannot expect to find an APN function with a different
Fourier spectrum from these two new constructions. Moreover, since the construction
in [12] covers several known infinite APN families, the results in this paper give a
unified treatment of determining their Fourier spectra, showing in particular that the
Fourier spectra of these APN functions are the same as the ones of the Gold APN
functions. This gives a positive answer to a conjecture in [6]. With the results in this
paper, the Fourier spectra of all known infinite families of APN functions are now
determined.
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whose comments led to significant improvements in both the technical quality and
the exposition of this paper. In particular, they are greatly indebted to one reviewer
for suggesting Lemma 1, thereby resulting in a shorter proof of Theorem 2.
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