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ON THE FOURIER SPECTRA OF NEW APN FUNCTIONS∗

YIN TAN† , LONGJIANG QU‡ , SAN LING§ , AND CHIK HOW TAN†

Abstract. Almost perfect nonlinear (APN) functions on F2n are functions achieving the lowest
possible differential uniformity. All APN functions discovered until now are either power or quadratic
ones, except for one sporadic multinomial nonquadratic example on F26 due to Edel and Pott. It is
well known that certain binary codes with good properties can be obtained from APN functions, and
determining their (Hamming) weight distribution is equivalent to determining the Fourier spectra
of the corresponding functions. The Fourier spectra of all known infinite families of quadratic APN
functions discovered through 2010 have been determined, and it was found that they are the same
as the ones of the Gold APN functions, i.e., a 5-valued set when n is even and a 3-valued set when
n is odd, while a sporadic example on F26 found by Dillon has a 7-valued Fourier spectrum. In
2011, two new generic constructions of APN functions were presented in [Y. Zhou and A. Pott, Adv.
Math., 234 (2013), pp. 43–60] and [C. Carlet, Des. Codes Cryptogr., 59 (2011), pp. 89–109]. In this
paper, we determine the Fourier spectra of the APN functions obtained from them and show that
their Fourier spectra are again the same as those of the Gold APN functions. Moreover, since the
APN functions in [C. Bracken, C. H. Tan, and Y. Tan, On a Class of Quadratic Polynomials with
No Zeros and Its Applications to APN Functions, preprint, arXiv:1110.3177v1, 2011], which are
demonstrated to exist when n ≡ 0 mod 4 and 3 � n, are covered by the construction in [C. Carlet,
Des. Codes Cryptogr., 59 (2011), pp. 89–109], a positive answer to the conjecture proposed in the
former paper on determining their Fourier spectrum is given in this paper.

Key words. APN function, quadratic functions, Fourier spectrum, nonlinearity, bent function,
weight distribution
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1. Introduction. Let F2n be a finite field with 2n elements and let F be a
function on F2n . We call F an almost perfect nonlinear (APN) function if the equa-
tion F (x + a) + F (x) = b has at most two solutions for all a, b ∈ F2n and a �= 0.
APN functions were first defined by Nyberg in [19] as they are optimally resistant to
the differential attack proposed in [1]. Moreover, in addition to the applications of
APN functions in cryptography, they have been found to be related to many topics
in, for example, finite geometry and coding theory, garnering much research inter-
est (see [11, 17] and the references therein). Since Nyberg’s characterization, many
CCZ-inequivalent (defined in section 2.1) APN functions have been discovered. Be-
fore 2006, all known APN functions were power mappings, except for a binomial
sporadic example on F26 , which is CCZ inequivalent to all known ones, found in [16].
Subsequently, many new APN polynomials were found. First, the aforementioned
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sporadic example was generalized into an infinite family in [10]. Many other infinite
families were then obtained in [3, 5, 6, 8, 9, 10]. We should mention that all the new
infinite families of APN functions found since 2005 are quadratic ones, while in 2008
a multinomial nonquadratic sporadic example was found in [17]. One may refer to [5]
for a complete list of all APN functions discovered through 2010. Recently, two new
constructions of quadratic APN functions were presented in [12, 20]. We list these
constructions below for the convenience of the reader.

It is well known that the finite field F2m may be identified with an m-dimensional
vector space (Fm

2 ,+) over F2 (see [18, Chapter 1]). We will switch between these two
points of view in the rest of the paper without explanation if the context is clear. As
a result, by the fact that F2m

2 = Fm
2 × Fm

2 as F2-vector spaces, we may regard the
finite field F22m as F2m × F2m , where “×” is the Cartesian product.

Result 1 (see [20]). Let n = 2m, where m ≥ 2 is an even integer, and let k be
an integer such that gcd(k,m) = 1. Define a function F on F22m = F2m × F2m as
follows:

(1) F (x, y) = (x2k+1 + αy(2
k+1)2i , xy), x, y ∈ F2m ,

where the nonzero α ∈ F2m is a noncube and i is even. Then F is an APN function.
Result 2 (see [12]). Let n = 2m be any even integer, let i, j be integers such that

gcd(m, i − j) = 1, and let g1 �= 0, g4 �= 0, g2, g3 be elements of F2m . Set G(x, y) =

g1x
2i+2j +g2x

2iy2
j

+g3x
2jy2

i

+g4y
2i+2j . Define a function F on F22m = F2m×F2m by

(2) F (x, y) = (G(x, y), xy), x, y ∈ F2m .

Then F is an APN function if and only if the polynomial G(x, 1) = g1x
2i+2j +g2x

2i +

g3x
2j + g4 has no root in F2m .
It has been shown through computer verification that Result 1 may produce new

APN functions. Furthermore, Result 2 is shown to cover several known infinite APN
families by choosing appropriate i, j, gk there; see [12, pp. 103–105].

Clearly, APN functions achieve the lowest possible differential uniformity for func-
tions over F2n . Moreover, for cryptographic purposes, the functions are also required
to have high nonlinearity (defined in section 2.1). Highly nonlinear functions are also
interesting from the point of view of coding theory. To each such function, one may
associate a linear error-correcting code (see section 2.2), whose (Hamming) weight dis-
tribution may be obtained directly from the Fourier spectrum (including multiplicity)
of the function. Moreover, by the MacWilliams identities, if the Fourier spectrum has
at most five values, we may then determine the multiplicity of each value. This will
be explained in more detail in section 2.2. The Fourier spectra of all infinite families
of APN functions listed in [5] have been determined (see [4, 7] and the references
therein).

In particular, for quadratic APN functions on F2n , it is known that as long as n is
odd, their Fourier spectrum is {0,±2(n+1)/2}, and such functions are also called almost
bent (AB) functions (see [17]). However, when n is even, quadratic APN functions
may have different Fourier spectra. Precisely, it was found that all known infinite
quadratic families have a 5-valued Fourier spectrum {0,±2n/2,±2(n+2)/2} when n is
even, except for one sporadic example:

x3 + β11x5 + β13x9 + x17 + β11x33 + x48
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over F26 with a 7-valued Fourier spectrum found by Dillon [14], where β is a primitive
element. It would be interesting to generalize this sporadic example into an infinite
family.

In this paper, we show that the Fourier spectra of the APN functions obtained
in Results 1 and 2 are also the 5-valued set mentioned above (Theorem 2), and hence
we may determine the weight distribution of the codes associated with these APN
functions. Moreover, since Result 2 covers several known APN families, some remarks
on Theorem 2 are given as follows. The multinomial APN function in [3, Theorem 1]
is a special case of Result 2, and its Fourier spectrum was also determined in [2]; the
hexanomial APN function in [8] is another special case of Result 2, and the existence
of such APN functions relies on a quadratic polynomial with no zeros in F22m . It
is shown in [6] that when m is odd, this hexanomial function is CCZ-equivalent to
the multinomial one in [3]; and when m is even and 3 � m, the required quadratic
polynomials were constructed and hence the existence of the hexanomial APN function
was guaranteed. It is conjectured that the Fourier spectra of these hexanomial APN
functions are also the 5-valued set in [6, Conjecture 2]. We give a positive answer to
this conjecture in Theorem 2.

It is shown in [11] that the Boolean function Tr(vF (x)) is bent (defined in sec-
tion 2.1) for at least 2

3 (2
2m − 1) values of v for any quadratic APN function F on

F22m . We show that in Theorem 3, for the APN functions F in Results 1 and 2, the
function Tr(vF (x)) is bent for all v ∈ F2m , v �= 0.

The rest of the paper is organized as follows. In section 2, we give the necessary
definitions and results. In section 3, we determine the Fourier spectra of the APN
functions obtained in Results 1 and 2. Some concluding remarks are given in section 4.

2. Preliminaries.

2.1. Differential and Fourier spectra. For a function F : F2n → F2n and any
a, b ∈ F2n , a �= 0, define

δF (a, b) = |{x ∈ F2n | F (x+ a) + F (x) = b}|.
The multiset {δF (a, b) : a, b ∈ F2n , a �= 0} is called the differential spectrum of F .
The value

ΔF := max
a,b∈F2n ,a �=0

δF (a, b)

is called the differential uniformity of F . We also call F a differentially ΔF -uniform
function. In particular, we call those functions with ΔF = 2 almost perfect nonlinear
(APN) functions.

Another important method for characterizing the nonlinearity of F is as follows.
For the above function F , the Fourier (Walsh) transform FW : F∗

2n × F2n → C of F
is defined as

FW(a, b) :=
∑

x∈F2n

(−1)Tr(aF (x)+bx), a ∈ F∗
2n , b ∈ F2n ,

where Tr(x) =
∑n−1

i=0 x2i denotes the absolute trace function and F∗
2n = F2n \{0}. The

set W(F ) := {FW(a, b) | a ∈ F∗
2n , b ∈ F2n} is called the Fourier (Walsh) spectrum of

F . The nonlinearity of F is defined as

NL(F ) := 2n−1 − 1

2
max

x∈W(F )
|x|.
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It is known that if n is odd, the nonlinearity NL(F ) is upper-bounded by 2n−1−2
n−1
2 ;

and when n is even, it is conjectured that NL(F ) is upper-bounded by 2n−1 − 2
n
2 .

For a Boolean function f = Tr(F (x)) : F2n → F2, its Fourier spectrum is defined to
be W(f) = {fW(b) := FW(1, b) | b ∈ F2n}, and f is said to be a bent function if
fW(b) ∈ {±2n/2} for all b ∈ F2n . Clearly, bent functions exist only when n is even.

For a function F (x) =
∑2n−1

i=0 aix
i, ai ∈ F2n , its algebraic degree, denoted by

degF , is defined to be the maximal 2-weight of the exponent i such that ai �= 0,
where the 2-weight of an integer i is the number of ones in the binary representation
of i. We call F a quadratic function if degF = 2 and an affine function if degF ≤ 1.

Two functions F and G on F2n are called extended affine (EA) equivalent if
there exist affine permutations L,L′ : F2n → F2n and an affine function A such that
G = L′ ◦ F ◦ L + A. They are called Carlet–Charpin–Zinoviev (CCZ) equivalent if
their graphs {(x, y) ∈ F2n × F2n | y = F (x)} and {(x, y) ∈ F2n × F2n | y = G(x)}
are affine equivalent, that is, if there exists an affine automorphism L = (L1, L2) of
F2n × F2n such that L2(x, y) = G(L1(x, y)), where y = F (x). It is well known that
EA equivalence implies CCZ equivalence, but not vice versa. Moreover, both EA and
CCZ equivalence preserve the differential and Fourier spectra, and EA equivalence
preserves the algebraic degree.

2.2. Linear codes associated with APN functions. A relationship between
APN functions and coding theory has been given in several papers; see, for instance,
[4, 17]. We briefly recall it here to make the exposition self-contained.

Regarding the finite field F2n as a vector space of dimension n over F2, and then
fixing a basis of F2n , we may express each element x ∈ F2n as a vector of length n.
Let F be a function on F2n , and define a matrix CF ∈ F2n×2n

2 as follows:

CF =

[ · · · x · · ·
· · · F (x) · · ·

]
,

where the columns of CF are ordered with respect to some ordering of the elements
of F2n . Then the rows of CF generate a binary linear code CF . Clearly, all codewords
of CF are of the form

v(fa, fb) := (fa(x) + (fb ◦ F )(x))x∈F2n
, a, b ∈ F2n ,

where fa, fb : F2n → F2 are linear functions defined by fa(x) = Tr(ax) and fb(x) =
Tr(bx). It is not difficult to show that

FW(b, a) = 2n − 2wH(v(fa, fb)),

where wH(v(fa, fb)) is the Hamming weight of the vector v(fa, fb). Therefore, to
determine the Fourier spectrum (including multiplicity) of the function F is equivalent
to determining the weight distribution of the codewords in CF .

Now suppose F is an APN function; then the dual code C⊥
F has minimum dis-

tance 5. Let aw denote the number of times the weight w occurs in CF , and let bj
denote the number of codewords of weight j in C⊥

F . If there are at most five nonzero
Hamming weights in CF , then the MacWilliams (or Pless) identities yield five inde-
pendent equations, b0 = 1, b1 = · · · = b4 = 0, for the unknowns aw, which can be
solved uniquely. Thus the weight distribution of CF is determined once the Fourier
spectrum of F has at most five values. Moreover, the weight w in CF corresponds to
the value 2n − 2w in the Fourier spectrum of F .

More results about the codes and APN functions, including the characterization
of the CCZ equivalence between two APN functions, may be found in [4, 17].
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2.3. An important lemma. We conclude this section with an important lemma
which will be used in the next section to determine the nonlinearity of the quadratic
APN functions. We should mention that this lemma is applicable not only to the APN
functions in Results 1 and 2, but also to other previously known infinite families.

Let L(x) be a linearized polynomial over F2n ; let K be the kernel of L, the
linear map given by L(x); and let s be an integer with gcd(s, n) = 1. A polynomial

C(x) =
∑

0≤i<j≤n−1 cijx
2i+2j ∈ F2n [x] is called a crucial s-polynomial of L(x) if it

satisfies the following two properties:
1. C(x) + C(x)2

s ≡ xL(x) + (xL(x))2
t

mod x2n − x, where s and t are some
positive integers such that gcd(s, n) = 1;

2. for u ∈ K, C(u) = 0 if and only if u = 0.
The following result gives an upper bound for the dimension of the kernel K

of the linear map given by a linearized polynomial under the existence of a crucial
s-polynomial C(x).

Lemma 1. Let L(x) be a linearized polynomial over F2n . If there exists a crucial
s-polynomial C(x) of L(x), then the dimension of the kernel of L is at most 2.

Proof. Denote by K the kernel of L. Take an arbitrary element u ∈ K \ {0}. By
property 1 above, C(u) = C(u)2

s

, and therefore C(u) lies in the prime subfield F2

since gcd(s, n) = 1. Then, by property 2 of C(x), we have C(u) = 1.
Assume, to the contrary, that dim(K) ≥ 3. Fix an element v ∈ K, v �= 0. As

C(u) = 1 holds for any nonzero element u in K, we have C(u) = C(v) = C(u+v) = 1
for every u ∈ K \ {0, v}. Therefore

1 = C(u) + C(v) + C(u + v) =
∑
i<j

cij(v
2iu2j + u2iv2

j

) =

n−1∑
i=0

Fiu
2i ,

where Fi =
∑n−1

j=0,j �=i cijv
2j ∈ F2n (note that Fi depends on v but not on u ∈ K \

{0, v}). Thus any element u ∈ K \ {0, v} is a root of the polynomial a(x) := l(x) + 1,

where we set l(x) :=
∑n−1

i=0 Fix
2i . Note that l(x) is a linearized polynomial.

Since the dimension of K is at least 3, there exist distinct elements v, u, w ∈ K
such that u,w, u + w ∈ K \ {0, v}. As discussed above, u,w, u + w are all roots of
the polynomial a(x) defined above, so we have 1 = l(u), 1 = l(w), and 1 = l(u+ w).
However, as l(X) is a linearized polynomial, these equations imply that

1 = l(u+ w) = l(u) + l(w) = 1 + 1 = 0,

which is obviously a contradiction.

3. The Fourier spectra of the Zhou–Pott and the Carlet APN functions.
In this section, we determine the Fourier spectra of the APN functions F defined in
Results 1 and 2.

We first sketch the idea of the proof as follows. Assume that F (x) is an arbitrary
quadratic function over F2n , where n is even. Then for any a ∈ F∗

2n and b ∈ F2n , we
have

FW(a, b)2 =
∑
x,y

(−1)Tr(aF (x)+aF (y)+bx+by)

=
∑
u

(−1)Tr(aF (u)+bu)
∑
x

(−1)Tr(a(F (x+u)+F (x)+F (u))).

Since F (x) is a quadratic function, there exists a unique linearized polynomial
La(x) over F2n such that Tr(a(F (x+ u) + F (x) + F (u))) = Tr(La(u)x) holds for any
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u, x ∈ F2n , so

FW(a, b)2 =
∑
u

(−1)Tr(bu+aF (u))
∑
x

(−1)Tr(La(u)x)

= 2n
∑
u∈K

(−1)Tr(bu+aF (u)),

where K is the kernel of the linear map La given by La(x). If the kernel size is at
most 23, then clearly

0 ≤
∑
u∈K

(−1)Tr(bu+aF (u)) ≤ 23.

Since FW(a, b) is an integer and n is even, this sum can be only 0, 1, 4, and therefore
the Fourier spectrum of F is {0,±2n/2,±2n/2+1}. Thus it suffices to demonstrate
that |K| ≤ 8. In light of Lemma 1, if, for each linearized polynomial La(x), we can
find a crucial s-polynomial Ca(x), then we can demonstrate that the kernel K of La

has dimension at most 2, which then guarantees that |K| ≤ 8. Lemma 1, together
with the aforementioned discussion, leads to the following theorem.

Theorem 1. Let n = 2m be two positive integers and let F be a quadratic
function over F2n . For any a ∈ F∗

2n , let La(x) be the linearized polynomial over F2n

such that Tr(a(F (x + u) + F (x) + F (u))) = Tr(La(u)x) holds for any u, x ∈ F2n . If,
for any a ∈ F∗

2n , there exists a crucial s-polynomial Ca(x) of La(x), then the Fourier
spectrum of F is {0,±2m,±2m+1}.

In the following, we apply Theorem 1 to determine the Fourier spectrum of the
quadratic APN functions in Results 1 and 2.

Theorem 2. The Fourier spectrum of the APN functions defined in Results 1
and 2 is {0,±2m,±2m+1}.

Proof. We divide the proof into two parts according to which class the function
F is in.

1. Zhou–Pott APN functions : First, we compute the explicit forms of F (x) and
La(x). Let β be a primitive element of F22m , and then clearly each element z in F22m

can be uniquely written as z = x+yβ for some x, y ∈ F2m . Now, from z2
m

= x+yβ2m ,
we obtain

x =
β2mz + βz2

m

β + β2m
, y =

z + z2
m

β + β2m
.

Let z′ = z/(β + β2m). We may rewrite x, y as

(3) x = β2mz′ + βz′2
m

, y = z′ + z′2
m

.

Substituting x, y above into the function F defined in (1) and abusing notation, we
may rewrite F as a function F : F22m → F22m given by

(4) F (x) = (β2mx+ βx2m)2
k+1 + α(x2m + x)(2

k+1)2i + (x2m + x)(β2mx+ βx2m)β.
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Now, for any a ∈ F∗
2n and any u ∈ F2n , we have

Tr
(
a(F (x+ u) + F (x) + F (u))

)

= Tr
(
a
[
β2m+k+2m(ux2k + u2kx) + β2m+k+1(u2mx2k + u2kx2m)

+ β2k+2m(ux2m+k

+ u2m+k

x) + β2k+1(u2mx2m+k

+ u2m+k

x2m)

+α(u2m+i

x2m+k+i

+ u2m+k+i

x2m+i

) + α(u2ix2m+k+i

+ u2m+k+i

x2i)

+α(u2m+i

x2k+i

+ u2k+i

x2m+i

) + α(u2ix2k+i

+ u2k+i

x2i)

+ β(β2m + β)(ux2m + u2mx)
])

= Tr
(
La(u)x

)
,

where

La(u) = (auβ2m+k+2m)2
−k

+ au2kβ2m+k+2m

+(au2mβ2m+k+1)2
−k

+ (au2kβ2m+k+1)2
m

+ (auβ2k+2m)2
m−k

+ au2m+k

β2k+2m + (au2mβ2k+1)2
m−k

+ (au2m+k

β2k+1)2
m

+ (au2m+i

α)2
m−k−i

+(au2m+k+i

α)2
m−i

+ (au2iα)2
m−k−i

+ (au2m+k+i

α)2
−i

+ (au2m+i

α)2
−k−i

+(au2k+i

α)2
m−i

+ (au2iα)2
−k−i

+ (au2k+i

α)2
−i

+ (auβ(β2m + β))2
m

+ au2mβ(β2m + β).

Let B = a + a2
m

. Then B ∈ F2m . After simplifying La(u) we may rewrite it in the
form

La(u) = A1u
2m+k

+A2u
2k +A3u

2m−k

+A4u
2−k

+A5u
2m ,(5)

where

A1 = β2m+2kB + α2−i

B2−i

, A2 = β2m+k+2mB + α2−i

B2−i

,

A3 = β2m+2−k

B2−k

+ α2−k−i

B2−k−i

, A4 = β2m+2m−k

B2−k

+ α2−k−i

B2−k−i

,
A5 = (aβ + a2

m

β2m)(β2m + β).

Note that we have used the fact α = α2m here as α ∈ F2m . It should be remarked
that A3 = A2m−k

1 , A4 = A2−k

2 , A2m

5 = A5.
In the following, we demonstrate that |K| ≤ 8, where K is the kernel of La.
First, if B = 0, then a ∈ F∗

2m , and A5 = a(β2m + β)2 �= 0 since β /∈ F2m . Thus
La(u) = A5u

2m = 0 if and only if u = 0.
From now on, we assume that B �= 0. Let

C(u) = A1u
2m+k+1 +A2m

1 u2m+2k +A2u
2k+1 +A2m

2 u2m+k+2m .

Now we claim that C(x) is a crucial s-polynomial of La(x), where s = n− k satisfies
gcd(n, s) = 1 since n = 2m, gcd(k,m) = 1, and m is even. First, for any u ∈ K, it is
easy to verify that

0 = uLa(u) + u2mLa(u)
2m = C(u) + C(u)2

−k

.
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Next, we need to prove that C(u) = 0 if and only if u = 0.
Let C(u) = 0. Then we have

0 = C(u) = B(β2m+2ku2m+k+1 + β2m+k+1u2m+2k) + α2−i

B2−i

(u2m+k+1 + u2m+2k)

+B(β2m+k+2mu2k+1 + β2k+1u2m+k+2m) + α2−i

B2−i

(u2k+1 + u2m+k+2m)

= B(βu2m + β2mu)2
k+1 + α2−i

B2−i

(u2m + u)2
k+1.

If u2m + u �= 0, then

α2−i

= B1−2−i

(
βu2m + β2mu

u2m + u

)2k+1

,

which contradicts the assumption that α is a noncube, i is even, and k is odd. Hence
u2m + u = 0, and then we have βu2m + β2mu = u(β + β2m) = 0. From β /∈ F2m , we
have u = 0. Therefore, C(u) = 1 holds for any 0 �= u ∈ K.

Thus C(x) is a crucial (n − k)-polynomial of La(x). Then, by Lemma 1, we
conclude that dim(K) ≤ 2. The proof for the first part is now complete.

2. Carlet APN function: Similar to the computations at the beginning of the first
part, substituting x, y into (3) in the function F defined in (2) and abusing notation,
we may rewrite F as a function F : F22m → F22m given by

F (x) = g1(β
2mx+ βx2m)2

i+2j + g2(β
2mx+ βx2m)2

i

(x+ x2m)2
j

+ g3(β
2mx+ βx2m)2

j

(x + x2m)2
i

+ g4(x+ x2m)2
i+2j(6)

+ β(x+ x2m)(β2mx+ βx2m ) + β2m+1x2 + β2x2m+1

.

Expanding the function F , we may rewrite it in the form

F (x) = l1x
2i+2j + l2x

2i+2m+j

+ l3x
2j+2m+i

+ l4x
2m+i+2m+j

+ l5x
2m+1 + l0(x),

where

l1 = g1β
2m+i+2m+j

+ g2β
2m+i

+ g3β
2m+j

+ g4,

l2 = g1β
2m+i+2j + g2β

2m+i

+ g3β
2j + g4,

l3 = l2
m

2 , l4 = l2
m

1 ,

l5 = β(β + β2m), l0(x) = β2m+1x2 + β2x2m+1

.

Now we compute La(x). For any a ∈ F∗
2n and any u ∈ F2n , we have

Tr (a(F (x+ u) + F (x) + F (u)))

= Tr
(
a(l1(u

2jx2i + u2ix2j ) + l2(u
2m+j

x2i + u2ix2m+j

) + l3(u
2m+i

x2j + u2jx2m+i

)

+ l4(u
2m+i

x2m+j

+ u2m+j

x2m+i

) + l5(ux
2m + u2mx))

)
= Tr

(
(A1u

2i−j

+A2u
2m+i−j

+A3u
2j−i

+A4u
2m−i+j

+A5u
2m)x

)
,

where

B = a+ a2
m

,

A1 = (Bl1)
2−j

, A2 = (Bl2
m

2 )2
−j

,

A3 = (Bl1)
2−i

, A4 = (Bl2)
2−i

,
A5 = (al5)

2m + al5.
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Thus

La(u) = A1u
2i−j

+A2u
2m+i−j

+A3u
2j−i

+A4u
2m−i+j

+A5u
2m .(7)

Similar to the proof of the first part, it suffices to demonstrate |K| ≤ 8, where K
is the kernel of La.

If B = 0, then A1 = A2 = A3 = A4 = 0 and A5 = a(β + β2m)2 �= 0. It follows
from (7) that La(u) = 0 if and only if u = 0, and we are done.

In the following, we assume B �= 0 and split the proof into two cases according to
whether gcd(n, i − j) = 1 or gcd(n, i − j) = 2. For each case, we construct a crucial

polynomial of La(x). Note that by simple calculations l1 + l2 = (g1β
2m+i

+ g3)(β +

β2m)2
j

. This implies that l1, l2 cannot be zero at the same time as g1β
2m+i

+ g3 �= 0.
Case 1: gcd(m, i − j) = gcd(2m, i − j) = 1. Letting s = i − j, then gcd(n, s) =

gcd(n, n− s) = 1, and we may rewrite (7) in the form

(8) La(u) = A1u
2s +A2u

2m+s

+A3u
2−s

+A4u
2m−s

+A5u
2m .

Define

(9) C(u) = A2u
2m+i−j+1 +A2m

2 u2m+2i−j

+A1u
2i−j+1 +A2m

1 u2m+i−j+2m .

We claim that C(x) is a crucial (n− s)-polynomial of La(x). First, it can be verified
that

(10) uLa(u) + u2mLa(u)
2m = C(u) + C(u)2

j−i

.

The following arguments show that C(u) = 0 if and only if u = 0. Assuming that
C(u) = 0 and substituting A1, A2 into (9), we have

B2−j
(
l2

m−j+1
2 u2m+i−j

+ l2
−j

2 u2m+2i−j

+ l2
−j

1 u2i−j+1 + l2
m−j

1 u2m+i−j+2m
)
= 0.

Raising the above equation to the 2jth power and substituting for l1, l2, by using
B �= 0, we get

(11)

g1
(
β2mu+ βu2m

)2i+2j

+ g2
(
u+ u2m

)2j (
βu2m + β2mu

)2i
+ g3

(
u+ u2m

)2i (
βu2m + β2mu

)2j
+ g4

(
u+ u2m

)2i+2j

= G(β2mu+ βu2m , u+ u2m) = 0.

If u �∈ F2m , then dividing both sides of (11) by (u+ u2m)2
i+2j yields

G

(
β2mu+ βu2m

u+ u2m
, 1

)
= 0.

This contradicts the assumption that G(x, 1) has no root in F2m . Therefore, we have
u ∈ F2m , so u+ u2m = 0. From (11), we see that

(12) g1u
2i+2j

(
β + β2m

)2i+2j

= 0,

which is possible if and only if u = 0.
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Thus C(x) is a crucial (n− s)-polynomial of La(x). Hence, by Lemma 1, we have
dim(K) ≤ 2.

Case 2: gcd(m, i − j) = 1 and gcd(2m, i − j) = 2. First, note that gcd(2m,m+
i− j) = 1 in this case. Letting s′ = m+ i− j, we may write La(u) in the form

(13) La(u) = A′
1u

2s
′
+A′

2u
2m+s′

+A′
3u

2−s′
+ A′

4u
2m−s′

+A′
5u

2m ,

where

A′
1 = A2, A′

2 = A1, A′
3 = A4, A′

4 = A3, A′
5 = A5.

Let

(14) C′(u) = A′
2u

2m+s′+1 +A′2m
2 u2m+2s

′
+A′

1u
2s

′
+1 +A′2m

1 u2m+s′+2m .

Similarly, one can prove that C′(x) is a crucial (n − s′)-polynomial of La(x). Then
dim(K) ≤ 2 is also true in this case. We leave the details to the interested reader.

The proof is now complete.
We may obtain bent functions of the form Tr(aF (x)) from the proof of the above

theorem, where a ∈ F22m and F is the Zhou–Pott APN function or the Carlet APN
function.

Theorem 3. Let the APN function F in Result 1 (resp., Result 2) be represented
by (4) (resp., (6)). Then, for any a ∈ F∗

2m , the Boolean function fa(x) = Tr(aF (x))
is bent.

Proof. We prove only the first case and leave the second one to the interested
reader. Let F be the APN function defined in Result 1. Given a nonzero element
a ∈ F∗

2m , to prove that fa is a bent function, we need to show that, for each b ∈ F22m ,
fW
a (b) := FW(a, b) ∈ {±2m}. From the proof of Theorem 2, we have

fW
a (b)2 = FW(a, b)2 = 2n

∑
u∈K

(−1)Tr(bu)+fa(u),(15)

where K is the kernel of La in (5). Since a ∈ F2m , we have B = a+ a2
m

= 0. It then
follows from the expression of La(u) that La(u) = A5u

2m = 0 if and only if u = 0,
which implies K = {0}. Therefore, by (15), we have fW

a (b)2 = 2n = 22m. The proof
is now complete.

4. Conclusions. We have determined the Fourier spectra of the APN functions
obtained in [20, 12] and shown that they are the same as those of the Gold APN
functions. This shows that we cannot expect to find an APN function with a different
Fourier spectrum from these two new constructions. Moreover, since the construction
in [12] covers several known infinite APN families, the results in this paper give a
unified treatment of determining their Fourier spectra, showing in particular that the
Fourier spectra of these APN functions are the same as the ones of the Gold APN
functions. This gives a positive answer to a conjecture in [6]. With the results in this
paper, the Fourier spectra of all known infinite families of APN functions are now
determined.

Acknowledgments. The authors would like to thank the anonymous reviewers,
whose comments led to significant improvements in both the technical quality and
the exposition of this paper. In particular, they are greatly indebted to one reviewer
for suggesting Lemma 1, thereby resulting in a shorter proof of Theorem 2.
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