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Non-Bayesian Social Learning with Observation Reuse and
Soft Switching

MD. ZULFIQUAR ALI BHOTTO and WEE PENG TAY, Nanyang Technological University

We propose a non-Bayesian social learning update rule for agents in a network, which minimizes the sum of

the Kullback Leibler divergence between the true distribution generating the agents’ local observations and

the agents’ beliefs (parametrized by a hypothesis set), and a weighted varentropy related term. The varentropy

related term allows us to control the rate of convergence of our update rule, which also reuses some of the most

recent observations of each agent to speed up convergence. Under mild technical conditions, we show that the

belief of each agent concentrates on the optimal hypothesis set, and we derive a bound for the convergence

rate. Furthermore, in order to overcome the performance degradation due to misinforming agents, who use a

corrupted likelihood functions in their belief updates, we propose to use multiple social networks that update

their beliefs independently, and a convex combination mechanism among the beliefs of all the networks.

Simulations with applications to location identification and group recommendation demonstrate that our

proposed methods offer improvements over two other current state-of-the art non-Bayesian social learning

algorithms.
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1 INTRODUCTION
In social learning, a group of agents or sensors forms a network in which agents collaborate through

information exchange to detect or identify a common phenomenon of interest. Social learning

can be classified as either Bayesian or non-Bayesian. In Bayesian learning [1, 14, 17, 33, 35], each

agent uses a Bayesian rule to update its belief based on its local observation’s likelihood and

neighboring agents’ beliefs. This often leads to intractability in analyzing belief convergence, and

may be impractical in some applications as full knowledge of the network topology and other

agents’ observation distributions are required. In [29], Bayesian learning is interpreted as a proximal

stochastic gradient descent algorithm that uses a distributed, online variant of Nesterov’s dual

averaging method [24]. In non-Bayesian social learning [3, 15, 19, 23, 30, 36], each agent uses
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a typically simple combination protocol that does not require global topology information to

update its belief [11]. As a result, non-Bayesian social learning can often be implemented with low

complexity and its convergence analysis also becomes relatively simpler. The use of non-Bayesian

learning is also popular in a wide range of applications, including localization, detection, inference,

and clustering [5, 23].

1.1 Related Work
Many non-Bayesian social learning algorithms for undirected graphs have been developed in the

literature [15, 23, 36]. In [36], an algorithm for social learning via diffusion (SLD) is developed in

which each agent shares its intermediate belief with its neighbors. The SLD algorithm converges

almost surely [36]. In the social learning algorithm in [15], each agent shares its final beliefs which

for fixed topology graph converges almost surely. Asymptotic convergence rate and information

heterogeneity issues of the algorithm in [15] are addressed in [16]. Both the algorithms in [15, 36]

uses arithmetic mean as in [26]. The social learning algorithm in [23] is a recent one that offers

improved performance over the algorithms in [15, 36] and it also converges almost surely. We call

the social learning algorithm in [23] as the least Kullback-Leibler (LKL) divergence algorithm since

it minimizes the KL divergence [32] between two probability distributions. The LKL algorithm

uses geometric mean as was used in the estimation algorithm in [4]. Convergence speed is one of

the main advantageous features of the LKL algorithm in [23] besides its exact convergence rate

analysis. Fast convergence speed is always desired for real time adaptive signal processing and it

plays an important role in the development of adaptive filtering algorithms [10, 28].

Data reusing has been successfully used to improve convergence for adaptive filtering algorithms

in the literature [8, 25]. Using a similar approach, we attempt in this paper to further improve

the convergence speed of the LKL social learning algorithm [23]. In addition, we address in this

paper the performance degradation of the social learning algorithm when a network is infected by

misinforming agents, which are agents using corrupted likelihood functions to update their local

beliefs. Robust performance always plays a major role in real time adaptive signal processing as

evident in numerous literature of adaptive filtering algorithms [2, 7]. However, in non-Bayesian

social learning, combating the performance degradation of the LKL algorithm [23] due to misin-

forming agents is not yet addressed in the literature. Robustness with respect to connectivity failure

among nodes is also an important criterion for assessing non-Bayesian social learning algorithms.

Uncertainty about the connectivity in a social network is discussed in [12, 13]. In this paper, for

better comparison with the results in [23, 27], we test the robustness of our algorithms by adding

noise to the communication links.

1.2 Our Contributions
In this paper, we propose an Observation Reusing Varentropy constrained (ORV) social learning

algorithm that reuses theM most recent observations to update the local belief of each agent. In

addition, the ORV algorithm uses the varentropy to control the rate of convergence. Convergence

analysis shows that the proposed ORV algorithm converges to the optimal hypothesis set (cf. Defini-

tion 2) almost surely, and it achieves faster convergence on the order ofM2
over the LKL algorithm

[23]. Simulation results with applications to location identification and group recommendation

demonstrate the superior performance of the proposed ORV algorithm over the LKL algorithm

[23] and the SLD algorithm in [27, 36].

In addition, we propose a multiple-network ORV algorithm (MORV) that performs soft switching

between multiple networks in order to mitigate the effect of misinforming agents. Misinforming

agents result in the network belief to converge to a false hypothesis [23]. The MORV algorithm

ACM Transactions on Sensor Networks, Vol. 1, No. 1, Article 1. Publication date: January 2018.
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uses a convex combination of an m number of ORV algorithms deployed in m different networks.

The convex combination is based on the ORV algorithm with a centralized scheme that performs

soft switching among the social networks automatically from the infected social network to the

best performing non-infected social network. The proposed soft switching does not interfere with

the learning of each network and the soft switching is performed by a decision maker who is

honest. Some examples of scenarios where multiple social networks perform a shared common

job are political parties in a democratic system, social welfare groups, and multiple input and

multiple output communication systems in intelligent transportation systems. Simulation results

demonstrate that the proposed MORV approach is resilient to misinforming agents.

The rest of this paper is organized as follows. In Section 2, we discuss non-Bayesian social

learning. In Section 3, we present our ORV algorithm. Convergence analysis of the proposed ORV

algorithm is presented in Section 4. In Section 5, we propose the MORV algorithm. Simulation

results are presented in Section 6 by using both the simulated and empirical data. Finally we draw

conclusions in Section 7.

2 NON-BAYESIAN SOCIAL LEARNING
We consider a social network comprising of n agents in the set N ≜ {1, 2, . . ., n}. Each i ∈ N

observes random variables si,k ∈ Si as outcomes of a random process at time instants k = 1, 2, . . ..
We assume that the si,k , for all i ∈ N and k = 1, . . ., are independent and for each i ∈ N , Si is a

finite set with {si,k : k = 1, . . . ,K} identically distributed with an unknown probability distribution

fi (·).
Since the probability distributions of agents’ observations are unknown to the agents, following

[23], we assume that each agent i ∈ N has access to a set of likelihood functions {li (·|θ ) : θ ∈ Θ},
where Θ = {θ1,θ2, . . . ,θP } is a finite set, which we call the hypothesis set. The agents collaborate

with each other in order to find a subset of Θ that minimizes∑
i ∈N

D(fi | | li (·|θ )), (1)

figure1where D(· | | ·) is the KL divergence. Note that it is not required there exists a θ ∈ Θ for

which li (·|θ ) = fi (·). We assume that the network is a connected graph. We further assume that it

is not possible for a single agent to learn the solution to (1) individually.

Let µi,k (θ ) be the belief of agent i that hypothesis θ is a solution to (1) at time instant k . In the

SLD algorithm in [27, 36], agent i updates its belief in two steps: for each θ ∈ Θ,

ϕi,k+1(θ ) =
µi,k (θ )li (si,k+1 |θ )∑P

p=1
µi,k (θp )li (si,k+1 |θp )

,

µi,k+1(θ ) =
∑
j ∈Ni

Ai jϕ j,k+1(θ ), (2)

where ϕi,k+1(θ ) is the intermediate belief of agent i , Ni is the neighborhood of agent i (which
includes agent i itself), si,k+1 is the observed signal of agent i at time k + 1, and Ai j is called the

belief combiner. In [15], agent i updates its belief using the following two steps:

ϕi,k+1(θ ) =
µi,k (θ )li (si,k+1 |θ )∑P

p=1
µi,k (θp )li (si,k+1 |θp )

,

µi,k+1(θ ) = Aiiϕi,k+1(θ ) +
∑

j ∈Ni \{i }

Ai jµ j,k (θ ), (3)
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which is extended for time varying graphs in [19]. Both algorithms in (2) and (3) have been

theoretically proven to converge to the optimal hypothesis, i.e., µk→∞(θ ) → 1 when li (·|θ ) = fi (·)
almost surely [15, 36] for all i . However, it is demonstrated in [36] through simulation results that

the social learning algorithm in (2) performs better than the one in (3) in terms of convergence

speed for the Metropolis combination rule [20], given as

Ai j =


1

max(di ,dj )
, for j ∈ Ni\i,

1 −
∑

j ∈Ni \i

Ai j , for i = j, (4)

where di is the degree of node i .
Let ℓi (·) = (li (·|θ j ))

P
j=1

be the vector consisting of the likelihood functions of agent i . To minimize

(1) is equivalent to minimizing J (π ) =
∑

i ∈N Ji (π ), with respect to π ∈ P(Θ), where P(Θ) is the set
of all probability mass functions on Θ and

Ji (π ) = −
〈
Efi

[
log ℓi (si,k+1)

]
,π

〉
. (5)

Here, Efi denotes expectation over si,k+1 with respect to fi . Since fi is unknown, [23] proposes to
use a stochastic mirror-descent method [6] to minimize J (π ), with

∇Ji (π ) ≈ − log ℓi (si,k+1), (6)

where si,k+1 is now the observed outcome of agent i at time k + 1. This leads [23] to propose an

update rule for each agent i to be

µi,k+1 = arg min

π ∈P(Θ)

{
n∑
j=1

[Ak ]i jD(π | | µ j,k ) −
〈
log ℓi (si,k+1),π

〉}
, (7)

where Ak is a doubly stochastic matrix, and [Ak ]i j is its (i, j)-th element. Solving (7), we obtain

µi,k+1(θ ) =

∏n
j=1

µ j,k (θ )
[Ak ]i j li (si,k+1 |θ )∑P

p=1

∏n
j=1

µ j,k (θp )[Ak ]i j li (si,k+1 |θp )
. (8)

Note that all the aforementioned update rules are iterative in nature, and require that agents’

observations remain stationary over a period of time in order for the agents’ local beliefs to

converge. The rate of convergence is therefore critical for a social network as social phenomena

and observations may change in a short period of time. In the next section, we discuss the use

of varentropy and observation reuse to improve the speed of convergence of the social learning

algorithm (8).

3 VARENTROPY AND OBSERVATION REUSE
In this section, we propose the use of a varentropy related constraint and observation reuse to

achieve a faster convergence. Fix a θ ∈ Θ. For ϵ ∈ (0, 1), let β(n, ϵ) be the smallest Type II error in

the hypothesis test between f =
∏n

i=1
fi and

∏n
i=1

li (·|θ ) using the sensor observations (si,k )
n
i=1

,

subject to the Type I error being not more than ϵ . Then from Theorem 3.1 of [31], we have

log β(n, ϵ) = −
∑
i ∈N

D(fi | | li (·|θ )) −
√
nV (θ )Φ−1(ϵ) −

1

2

logn +O(1), (9)
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where Φ is the standard normal cumulative distribution function, and

V (θ ) =
1

n

∑
i ∈N

Efi

[����log

fi (si,k )

ℓi (li (si,k )|θ )
− D(fi | | li (·|θ ))

����2] (10)

≤
1

n

∑
i ∈N

Efi

[
log

2
fi (si,k )

ℓi (li (si,k )|θ )

]
. (11)

The term V (θ ) is known as the varentropy. From (9), we see that (1) is the Type II error decay rate

in the asymptotic regime n → ∞. By minimizing (1), we are seeking a θ ∈ Θ that is “closest” to

f =
∏n

i=1
fi in the hypothesis testing framework. However, in the finite population regime where

the number of agents n is small, V (θ ) has a significant impact on the Type II error. Therefore, to

better control the convergence of agent beliefs, we propose to include the upper bound (11) in our

optimization objective. After removing terms not dependent on θ , our objective is to minimize∑
i ∈N

(
−Efi [log li (·|θ )] + βEfi

[
log

2 li (·|θ )
] )
, (12)

where β is a positive weight. Minimizing the cost function (12) is equivalent to minimizing the sum

over all i ∈ N of the following local cost functions:

Ji (π ) = −
〈
Efi

[
log ℓi (si,k+1)

]
,π

〉
+ β

〈
Efi

[
log

2 ℓi (si,k+1)
]
,π

〉
. (13)

As in (6), we use the stochastic mirror descent method by using the gradient of (13) to construct

the cost function

µi,k+1 = arg min

π

{
n∑
j=1

[Ak ]i jD(π | | µ j,k ) +M ⟨∇Ji (π ),π ⟩

}
, (14)

where we approximate

∇Ji (π ) ≈ −
1

M

M∑
m=1

log ℓi (si,k+m−2) +
β

M

M∑
m=1

log
2 ℓi (si,k+m−2). (15)

The proposed ORV algorithm is obtained by solving the above cost function as

χi,k+1(θ ) = exp

(
−β

M∑
m=1

log
2(li (si,k+2−M |θ ))

)
,

ωi,k+1(θ ) =
M∏

m=1

li (si,k+2−m |θ ),

µi,k+1(θ ) =

∏n
j=1

µ
[Ak ]i j
j,k (θ )ωi,k+1(θ )χi,k+1(θ )∑P

p=1

∏n
j=1

µ
[Ak ]i j
j,k (θp )ωi,k+1(θp )χi,k+1(θp )

, (16)

for all agents i and θ = θ1, θ2, . . . , θP . Our simulation results in Section 6 demonstrate that the

ORV social learning algorithm in (16) converges faster than the LKL algorithm in (8). This is because

(i) we explicitly include the rate of convergence in the form of the varentropy into our optimization,

and (ii) we use M sample to obtain a better approximation of the cost function gradient in (15).

However, a larger M results in less adaptability of the algorithm to changes in the underlying

distribution f =
∏n

i=1
fi . For the choice of β = 0 andM = 1, the ORV algorithm becomes the LKL

algorithm in (8). On the other hand, for the choice of β = 0 andM > 1, the ORV algorithm becomes

the ORLKL algorithm in [9].

ACM Transactions on Sensor Networks, Vol. 1, No. 1, Article 1. Publication date: January 2018.
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4 CONVERGENCE ANALYSIS FOR ORV
In this section, we present the convergence analyses results of the proposed ORV algorithm in (16).

We redefine some of the definitions given in [23], namely group confidence CM (θ ) and the optimal

hypothesis set Θ∗
, which are required for the convergence analysis. The group confidence of the

agents in the network is defined as follows.

Definition 1. The group confidence of the agents in the network is given by CM (θ ) = −M∑n
i=1

(D(fi (·) | | li (·|θ )) + βEfi
[
log

2(li (·|θ ))
]
) for all θ ∈ Θ.

The optimal hypothesis set denoted by Θ∗
is defined as follows.

Definition 2. The optimal hypothesis set is defined as Θ∗ = arg max

θ ∈Θ
CM (θ ) and the confidence of

the optimal hypothesis set is given as C∗
M i.e., C∗

M = CM (θ ∗) for any θ ∗ ∈ Θ∗.

In addition, we recall the assumptions made in [23] for the convergence analysis of the update

formula in (8):

Assumption 1. The hypothesis set Θ∗ is a strict subset of Θ. In other words, the set of optimal
hypotheses is strictly smaller than the set of hypotheses.

Assumption 2. For each agent, there is a non-empty subset Θ∗
i of the optimal hypothesis set Θ∗ on

which the prior belief is strictly positive and Θ̂∗ = ∩n
i=1

Θ∗
i is nonempty.

Assumption 3. The support of the true distribution of the observations lies in the support of the
likelihood functions for all θ , i.e., if fi (si ) > 0, then we have an α ∈ (0, 1) such that li (si |θ ) > α for all
θ ∈ Θ.

Under the above assumptions we have the following theorem about the convergence of the

update formula in (16)

Proposition 1. For the proposed update formula in (16) under assumptions 1-3, the belief of each
agent concentrates almost surely on the optimal hypothesis set Θ∗ asymptotically as k → ∞.

Proof. The proof is a straightforward extension of the proof given in [23] for the LKL algo-

rithm upon using the definition of group confidence. We have given the proof in Appendix A for

convenience. □

We also obtain the following theorem about the convergence rate of the formula in (16).

Proposition 2. For each agent i , the update formula in (16) under Assumptions 1-3 achieves

P

(
µi,k (θv ) ≥ exp

(
−
k

2

γM,2 + γi,1

))
≤ ρ

in iteration

k ≥

⌈
8(log(αs ))

2
log(1/ρ)

M2γ 2

1,2

+ 1

⌉
,

where

γi,1 ≜ max

θv<Θ∗
max

θw ∈Θ̂∗

√
2

1 − λ

n∑
i=1

|Ci,M (θv ) − Ci,M (θw )| + Ci,M (θv ) − Ci,M (θw ),

with λ ∈ (0, 1), log(αs ) = log(α)(β log(α) − 1),

γM,2 ≜
1

n
min

θv<Θ∗

(
C∗
M − CM (θv )

)
,

and γ1,2 =
1

MγM,2.

ACM Transactions on Sensor Networks, Vol. 1, No. 1, Article 1. Publication date: January 2018.



Non-Bayesian Social Learning with Observation Reuse and Soft Switching 1:7

Proof. The proof is a straightforward extension of the convergence rate proof of the LKL

algorithm given in [23] using the definition of group confidence. Hence we omit the proof here. □

Proposition 2 shows that the ORV algorithm with β = 0 would achieve an order of M2
faster

convergence over the LKL algorithm as reported in [9]. The numerator of the convergence rate

of the ORV algorithm has an extra term (β log(α) − 1)2 as compared to the numerator of the

convergence rate of the LKL algorithm in [23]. The denominator term of the ORV algorithm, i.e.,

γ1,2 has an extra positive term corresponding to the varentropy related term in the group confidence

CM as compared to the denominator term of the LKL algorithm. Some remarks about the effect of

parameter β in (16) and some considerations about its choice.

Remark 1. First consider the case β = 1 in χi,k+1(θ ) given with (16). As can be seen, scalar χi,k+1(θ )
puts nonnegative exponential weights on ωi,k+1(θ ) to update the prior belief in (16). Since we would
get χi,k+1(θv ) → 0 for all θv < Θ∗ and χi,k+1(θw ) → 1 for all θw ∈ Θ̂∗, scalar χi,k+1(θ ) gives the
prior belief µ ·,k (θv ) in (16) an extra push towards a zero value while letting ωi,k+1(θw ) to determine
the belief µi,k+1(θw ) alone. As a result, the ORV algorithm would converge at a faster rate as compared
to the ORLKL algorithm.

Remark 2. Now consider the case where 0 < β ≪ 1 in χi,k+1(θ ) given with (16). In this case
parameter β would cause χi,k+1(θ ) → 1 for all θ ∈ Θ and hence, it would not interfere the information
ωi,k+1(θ ) that updates the prior belief in (16). Consequently, ωi,k+1(θ ) would update the prior belief
µ ·,k (θ ) in (16) towards the optimal belief. As a result, the ORV algorithm would converge at a similar
rate as compared to the ORLKL algorithm.

Remark 3. Consider the case where 1 ≪ β < ∞. In this case, χi,k+1(θ ) → 0 for all θ ∈ Θ, which
results in χi,k+1(θ )ωi,k+1(θ ) → 0 in (16) for all θ . As a result, there will be no update or positive prior
belief in (16). In such cases, the ORV algorithm will not converge due to the information loss caused by
a very large β .

For the case where 0 < β ≪ 1, the upper bound of the varentropy related term (i.e., the second

term) in the definition of group confidence (cf. Definition 1) can be neglected. In this case, the

order of magnitude of k becomes the same as given in [9]. For the case when 1 ≪ β < ∞, the

KL divergence term in the definition of group confidence (cf. Definition 1) can be neglected. The

order of magnitude of k can be obtained from Proposition 2 with log(αs ) ≈ β log
2(α). However,

convergence in this case does not imply that we obtain the true hypothesis since the KL divergence

term in Definition 1 becomes relatively negligible. For the values of β at which the KL divergence

term in Definition 1 remains dominant, the convergence rate as given in Proposition 2 implies the

convergence rate towards the true hypothesis.

In the next section, we discuss the proposed soft switching method that performs a soft switching

from the infected network to the non-infected network and thereby avoids the effect of misinforming

agents. An agent is defined as a misinforming agent when it modifies or corrupts its own observation

intentionally in a manner such that a certain false hypothesis θ can appear to be the optimal

hypothesis in the network. A misinforming agent is implemented by substituting its likelihood

function li (·|θ ) corresponding to the ground truth by the likelihood function li (·|θ ) corresponding
to a false θ .

5 SOCIAL LEARNINGWITH SOFT SWITCHING
In this section, we consider the case where some agents in the network are misinforming agents. A

misinforming agent i is an agent that uses a corrupted likelihood function
˜li (·|·) in place of li (·|·)

to update its local belief. The likelihood function
˜li (·|·) is such that there exists some θ ∈ Θ with

ACM Transactions on Sensor Networks, Vol. 1, No. 1, Article 1. Publication date: January 2018.
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˜li (·|θ ) , li (·|θ ). We propose to use a convex combination of m social networks Nρ ≜ {1, . . . , nρ }
for ρ = 1, . . . , m. We assume an honest decision maker who knows the true likelihood functions

of some selected agents from the m networks, with at least one agent from each network. We also

assume that the optimal hypothesis set (cf. Definition 2) has only one element.

In order for the honest decision maker’s belief to converge to the optimal hypothesis, we assume

that all networks can be infected by misinforming agents but at any time instant, we have at least

one non-infected network. This assumption though restrictive, is plausible in the case where we

have access to many different social networks formed by distinct interest groups. The diversity of

the different available networks makes it unlikely that all networks are misinformed at the same

time. Our proposed convex combination parameter acts as a soft switch that attempts to select the

belief of the current best non-infected network. In the case where all networks are infected, our

method attempts to find a network whose belief is closest to the optimal hypothesis in terms of the

KL divergence, as demonstrated in the simulation results in Section 6.1.

At time instant k + 1, the following information is supplied to the decision maker:

• All the selected agents supply their observations to the decision maker.

• One agent r̆ρ in each network ρ ∈ {1, . . . ,m} sends its belief updated according to (16) to

the decision maker.

For each ρ ∈ {1, . . . ,m}, the decision maker then finds

˘θρ,k+1 = arg max

θ ∈Θ
µr̆ρ ,k+1(θ ).

The decision maker now considers only the reduced hypothesis set Θ̆k+1 ≜ { ˘θ1,k+1, . . . , ˘θm,k+1}

(note that the elements in this set may not be distinct).

The decision maker aims to find the hypothesis
˘θ ∈ Θ̆k+1 that is more likely to be true given

the collected observations from all the selected agents. To do this, it iteratively updates a decision

vector δk+1 at time instant k + 1 by solving the minimization problem:

δk+1 = arg min

π ∈P(Θ̆k+1
)

{
D(π | | δk ) −

nh∑
i=1

M∑
m=1

Eπ
[
log( ˘ℓi (si,k+2−m)

]
+ β

nh∑
i=1

M∑
m=1

Eπ
[
log

2( ˘ℓi (si,k+2−m))
] }
,

(17)

where
˘ℓi (·) = (li (·|θ ))θ ∈Θ̆k+1

, and nh is the total number of selected agents from all networks. Similar

to (16), the solution of the problem in (17) can be obtained as

χk+1(
˘θρ,k+1) = exp

(
−β

nh∑
i=1

M∑
m=1

log
2(li (si,k+2−m | ˘θρ,k+1))

)
,

ωk+1(
˘θρ,k+1) =

nh∏
i=1

M∏
m=1

li (si,k+2−m | ˘θρ,k+1),

δk+1(
˘θρ,k+1) =

δk ( ˘θρ,k )ωk+1(
˘θρ,k+1)χk+1(

˘θρ,k+1)∑m
p=1

δk ( ˘θp,k )ωk+1(
˘θp,k+1)χk+1(

˘θp,k+1)
, (18)

for each
˘θρ,k+1 ∈ Θ̆k+1. Let Rk+1 = arg maxρ δk+1(

˘θp,k+1). The decision maker then chooses its

belief to be µf ,k+1 = µr̆ρ∗,k+1, where ρ
∗ = arg maxρ ∈Rk+1

∥µr̆ρ ,k+1∥∞. We call the above procedure

the MORV algorithm.
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6 SIMULATION RESULTS
In this section, we compare the performance of proposed ORV algorithm in (16) with the SLD

algorithm in (2) [27, 36], LKL algorithm in (8) [23], and the ORLKL algorithm in [9] (cf. discussion

before Section 4) in location identification and group recommendation applications.

6.1 Location Identification Application
In the location identification problem, a group of n agents randomly distributed in an area attempts

to locate the position of a source in a two dimensional grid through mutual cooperation. Each

agent i has a sensor that receives a signal si,k from the source location at coordinates θs . The source

signal si,k is assumed to have a normal distribution, i.e., si,k ∼ N(di (θs ),
√

0.1di (θs )) where di (θs )
is the distance between agent i and the source θs . The hypothesis set Θ in this application becomes

the set of grid points. The likelihood functions li (·|θ ) are also based on the sensor model with

li (·|θ ) ∼ N(di (θ ),
√
di (θ )) where di (θ ) is the distance between agent i and the hypothesis θ . The

location identification problem was also addressed in the Bayesian framework using a particle filter

with inertial sensors in [34]. However, in our current simulation, we do not assume that inertial

sensors are available.

We suppose that there are three networks,N1,N2, andN3 as illustrated by using the yellow, blue,

and green colors, respectively in Fig. 1. There are P = 441 uniformly distributed grid points. The

number of agents in each network in Fig. 1 is n = 35 and their positions are distributed randomly

with a uniform distribution in each experiment. The graph connecting the agents in each network

was also generated randomly in each experiment. The source location θ (tr )p is chosen randomly at

each trial to be one of the grid points. We compute the average KL divergence at time step k as

υk =
1

Tr

Tr∑
tr=1

1

n

n∑
i=1

D(p(tr )δ | | µ(tr )i,k ), (19)

where p(tr )δ is the probability distribution with mass one at θ (tr )p , and µ(tr )i,k is agent i’s belief at time

step k for trial number tr . We also compute the average belief as

ξk =
1

Tr

Tr∑
tr=1

1

n

n∑
i=1

µ(tr )i,k (θp ) (20)

to compare the performance of the social learning algorithms. The belief vector in each trial was

initialized with uniform distribution in all algorithms for all agents in all trials. We average over

Tr = 500 trials. In the ideal case where agents identify the true source location, we have υk → 0

and ξk → 1 as k → ∞.

In Experiment 1, we examine the effect of parameter β on the performance of the proposed

ORV algorithm in (16) for the network N1 in Fig. 1 for a fixed value of M = 1, while letting

β = 0.25, 0.5, 1, 3, and 70. In addition we compare the performance of the ORV algorithm with

the LKL and SLD algorithms. The observation signals were contaminated with a white Gaussian

noise signal with standard deviation 0.01. We assume in this case there is no measurement noise in

the communication links among agents and also there are no misinforming agents. The average

KL divergence υk and average belief ξk obtained by using the ORV, LKL, and SLD algorithms are

plotted in dB scale in Fig. 2a and Fig. 2b, respectively. It can be observed that the proposed ORV

algorithm converges faster than both the SLD and LKL algorithms for values of β that are not

unreasonably large. For large values of β , e.g., β = 70, the ORV algorithm fails to converge, which

verifies Remark 3.
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(c) Network N3.

Fig. 1. Sensor Networks.

In Experiment 2, we examine the effect of parameterM on the performance of the ORV algorithm

for a fixed value of β = 1, while M = 1, 2, 3. We use M = 3 for the ORLKL algorithm. The

average KL divergence υk and average belief ξk obtained by using the ORV, LKL, ORLKL, and SLD

algorithms are plotted in dB scale in Fig. 3a and Fig. 3b, respectively. We see that the proposed ORV

algorithm converges faster than SLD, LKL and ORLKL for its all choices ofM . It is also seen that

the convergence speed of the ORV algorithm increases asM increases for a fixed value of β .
In Experiment 3, we examine the performance of the ORV algorithm for a fixed M = 1 and

different values of β in the presence of communication noise among agents. We used a white

Gaussian noise signal with standard deviation 10
−2

to contaminate the beliefs in the communication

links. As can be seen in Figs. 4a-4b, the proposed ORV algorithm converges faster than both the

SLD and LKL algorithms for its all choices of β . In addition the convergence speed of the ORV

algorithm increases as β increases from 0 to 3 for a fixed value ofM . However, it can be seen from
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Fig. 2. Experiment 1. Varying β withM = 1.
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M in the ORV algorithm.

Fig. 3. Experiment 2. VaryingM while β = 1.

Fig. 4a that the ORV algorithm shows an increase in the steady state error when β becomes large

i.e., β = 3.

In Experiment 4, we examine the performance of the ORV algorithm for different values ofM in

the presence of communication noise among agents. We used a white Gaussian noise signal with

standard deviation 10
−2

to contaminate the beliefs in the communication links. As can be seen from

Figs. 5a-5b, the proposed ORV algorithm converges faster than the SLD and LKL algorithms for its

all choices ofM . The ORV algorithm withM = 2, 3 converges faster than the ORLKL algorithm

withM = 3. The ORV algorithm withM = 1 converges at a similar rate as compared to the ORLKL

algorithm with M = 3 due to the use of a smaller β = 0.25. Upon setting β ≥ 0.3 we found that

ORV algorithm withM = 1 converges faster than the ORLKL algorithm. The convergence speed of

the ORV algorithm increases asM increases for a fixed value of β .
We used MATLAB R2015b on a computer with the following specifications: Intel(R) Xeon(R)

CPU E5-1603 2.80 GHz processor, 8.00 GB RAM, and 64 bit Windows OS. The average CPU time
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Fig. 4. Experiment 3. Varying β withM = 1 in presence of communication noise.
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Fig. 5. Experiment 4. VaryingM while β = 1 in presence of communication noise.

Table 1. Average CPU time per agent, millisecond

Exp. SLD LKL ORV, β = 0.25 ORV, β = 0.5 ORV, β = 1 ORV, β = 3

1 0.144 0.304 0.196 0.188 0.180 0.176

Exp. SLD LKL ORLKL ORV,M = 1 ORV,M = 2 ORV,M = 3

2 0.143 0.267 0.198 0.178 0.178 0.183

Exp. SLD LKL ORV, β = 0.25 ORV, β = 0.5 ORV, β = 1 ORV, β = 3

3 0.143 0.585 0.571 0.569 0.570 0.571

Exp. SLD LKL ORLKL ORV,M = 1 ORV,M = 2 ORV,M = 3

4 0.144 0.567 0.546 0.577 0.579 0.585

per time sample and per agent for all the algorithms used are given in Table 1. It can be observed

that the average CPU time per sample index required by the ORV algorithm is similar to those
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required by the other algorithms. The SLD algorithm uses the arithmetic mean to fuse an agent’s

neighboring beliefs, which requires less computation. Hence, its average CPU time used is the

lowest.

In Experiment 5, we evaluate the performance of the proposed switching MORV procedure.

As a comparison, we also run the SLD and LKL algorithms on the whole network formed by the

multiple social networks connected together via the decision maker. We call these the MSLD and

MLKL procedure for convenience. In addition, we also use the centralized fusion (CF) method

as a comparison benchmark. In our CF method, the decision maker uses all the hypothesis in

Θ to identify the true location by using its collected observations of all the honest agents. We

consider three cases in this experiment. In case (a), one network (N3) is infected by 15 randomly

selected agents as misinforming agents in that network. In case (b), two networks (N2 and N3) are

infected by 15 randomly selected misinforming agents in each network. In case (c), all networks

are infected with 15 randomly selected misinforming agents in each network. Network structures

are generated independently in all cases as was done in Experiments 1–4. The network structure

used for networks 2 and 3 in case (a) are illustrated in Fig. 1. Note that the CF method will always

converge to the true hypothesis even if all networks are infected with misinforming agents as it

uses only honest agents, whereas none of the other methods will converge to the true hypothesis

in case (c). However, the convergence rate of CF in cases (a) and (b) is expected to be slower.

In all cases, the misinforming agents used likelihood functions corresponding to a source at

coordinate location [0, 0] to replace the likelihood function of the true hypothesis. For the update

formula in (18) we used nh = 5 agents where the decision maker selects at least one agent from

each of the three networks. In Fig. 6, we truncated the average KL divergence to 7 dB when it

goes above 7 dB for better clarity in the plots. The average KL divergence υk obtained by using the

ORV, MSLD, MLKL, CF method, and the MORV algorithm in cases (a), (b), and (c) are illustrated in

Figs. 6a-6c, respectively.

It can be seen from Figs. 6a-6b that MORV, MLKL, and MSLD all successfully converges to the

true hypothesis. Note that the υk plot corresponding to the MORV, MSLD, and MLKL algorithms

is the belief of one selected agent r̆ρ as discussed in Section 5, and this selected agent changes

from trial to trial if there are multiple noninfected networks. We see that the decision maker in

MORV follows the best performing noninfected networks in Fig. 6a. The CF method offers similar

performance as compared to the MSLD and MLKL algorithms, but since its belief is based only on

the consensus of nh = 5 agents its convergence rate is less than MORV. From Fig. 6c, it can be seen

that the CF method has a better performance than the MORV, MSLD, and MLKL algorithms. This is

because since all the networks are infected, the decision maker does not have the true hypothesis in

its reduced hypothesis set. As a result, the MORV, MSLD, and MLKL algorithms did not converge.

We note that although MORV requires running ORV on multiple networks, and incurs additional

computation cost (cf. Table 2) in the soft switching process at the decision maker, it is able to obtain

Table 2. Average CPU time, millisecond

Case (a) Case (b) Case (c)

MSLD 12.1961 11.9881 12.291

MLKL 22.4735 22.3043 22.6041

MORV 13.7999 13.6549 13.8042

a more accurate belief than running social learning algorithms independently in each network.
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Fig. 6. Experiment 5. Average KL divergence in dB withM = 1 and β = 1 for the ORV algorithms.

Thus, if multiple networks are available, MORV is a better approach than performing independent

learning on each network. The same conclusion holds true for the MLKL and MSLD algorithms.

In Experiment 6, we investigate the performance of the MORV algorithm in the presence of

communication noise among agents. We used white Gaussian noise with standard deviations 0.01,

0.005, and 0.001 for the networks N1, N2, and N3, respectively in order to contaminate the agent

beliefs in the communication links. We considered the first two cases in this experiment. As can

be seen in Figs. 7a-7b, the MORV algorithm successfully avoids the infected network beliefs. The

MORV algorithm follows the best performing the ORV algorithm and achieves a faster convergence

and lower average KL divergence than CF, MSLD and MLKL.

For theMORV algorithm, during the transient phase where the infected and noninfected networks

have not yet converged close to their own optimal beliefs, the set Θ̆k+1 in (18) can vary significantly

with k . This causes the δk+1 sequence in (18) to fluctuate, and can lead to multiple switchings. To

avoid this, one can apply the MORV algorithm only after a delay to allow the individual networks

time to converge.
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Fig. 7. Experiment 6. Average KL divergence in dB withM = 2 and β = 0.25 for the ORV algorithms.

6.2 Group Recommendation Application

 

Fig. 8. Friendship network.

In this application, a friendship network ofn friends receives observation signals sk ∈ {1, 2, 3, 4, 5}

which are ratings about pubs/restaurents from the source circle (i.e., another group of q users). The

job of the friendship network is to give recommendation to the source group about a pubs/restaurent

that fits the observations at best. In social learning context, the set of pubs/restaurant becomes the

hypothesis set Θ with P elements, n becomes the number of agents in the social network. Upon

receiving the source signal samples (ratings), the social network with n agents would find the

pubs/restaurent that fits all the different preferences of the q users forming a friend circle at best

i.e., they all can meet in a single pub/restaurent.

We consider a friendship network shown in Fig. 8 which is taken from [18] with n = 10 agents.

We considered all the P = 16 restaurants in [18] as a set of hypothesis. The likelihood functions

li (s |θ )were computed by using the voter-id probability distribution computation algorithm reported

in [18]. In this algorithm, we used the rating data given in [18] for the 10 agents over 16 restaurants.

We tested the system by using q = 10 source samples from 10 friends taken from the dataset

given in [18] where the ratings ranges from 3 to 4. We used these ratings periodically to excite the

system. Since we have li (1|θ14) = li (2|θ14) = li (5|θ14) = 0 for all i , we computed the average KL
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divergence υk by considering θp = θ14 in pδ (θ ). We do the same while plotting the average belief

ξk . The average KL divergence υk obtained by using the SLD, LKL, ORLKL, and ORV algorithms as

illustrated in Fig. 9a. Likewise, the average belief ξk plots by using the SLD, LKL, ORLKL, and ORV

algorithms are illustrated in Fig. 9b.

 

 

 

 

 

 

 ORV, 𝛽 = 0.25 

ORV, 𝛽 = 0.5 

SLD 

LKL ORV, 𝛽 = 1 

ORLKL 

  20            40             60            80           100 

𝑘 

0 

-50 

-100 

-150 

υ k
, d

B
 

(a) Average KL-Divergence in dB for M = 1 and
different choices of β in the ORV algorithm.

 

ORV, 𝛽 = 0.25 
ORV, 𝛽 = 0.5 

ORV, 𝛽 = 1 

ORLKL 

LKL 

SLD 

20             40            60            80            100 

𝑘 

1 

0.8 

0.6 

0.2 

0 
𝜉 𝑘

 

0.4 

(b) Average belief forM = 1 and different choices of
β in the ORV algorithm.

Fig. 9. Experiment 7. Comparison of ORV with SLD, LKL, and ORLKL.

As can be seen in Figs. 9a-9b, all algorithms recommend the correct restaurant while the ORV

algorithm converges faster than the other algorithms for all choices of β for a fixed M . The

convergence rate of the ORV algorithm increases for an increased value of the parameter β . Since
we excited the system with the same input sequences in each 10 iterations the convergence had

occurred in steps where in each step the most recent old belief acted like a new initial belief.

We again consider the same friendship network shown in Fig. 8 with n = 10 agents in order to

examine the MORV algorithm. We computed the average KL divergence υk by using θp = θ14 in

pδ (θ ). We do the same while plotting the average belief ξk . We then updated the voter-id probability
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Fig. 10. Experiment 8. Performance of MORV.
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distribution at a different time instant with simulated ratings where one agent turns into is a

misinforming agent. The information of the misinforming agent causes its updated likelihood

function li (·|θ14) to be the same as original likelihood function li (·|θ1). For the MORV algorithm,

we used 1 trusted agents from the original network (original voter-id probability distribution) and

1 from the updated network (updated voter-id probability distribution) for the decision maker. The

average KL divergence plots for the ORV algorithm in the original network is denoted as ORV,

1 and the updated network as ORV, 2. The average KL divergence plots obtained by using the

SLD, LKL, ORV, and MORV algorithms are illustrated in Fig. 10a. The average belief plots obtained

by using the SLD, LKL, ORV, and MORV algorithms are illustrated in Fig. 10b. As can be seen in

Figs. 10a-10b, the MORV algorithm follows the non-infected network and hence was able to avoid

the recommendation of the misinforming agent infected network.

7 CONCLUSION
We have developed a social learning algorithm based on observation reuse and varentropy to

achieve faster convergence than social learning based only on KL divergence. We showed that

our algorithm converges to the optimal hypothesis set almost surely and provided a bound for its

convergence rate. Simulations demonstrated that our algorithm has better convergence performance

than two other existing social learning approaches. We also developed a soft switching algorithm

that allows a decision maker to learn from several social networks, some of which are infected

with misinforming agents. Simulations suggest that our approach is effective at overcoming the

performance degradation suffered by methods that learn only from a single network. In our soft

switching approach, we require selected agents to send their observations to a decision maker. For

future work, it would be of interest to consider incorporating privacy mechanisms in this process

so that data privacy of the selected agents are protected, but still enabling the decision maker to

perform effective soft switching amongst the multiple social networks.

A PROOF OF PROPOSITION 1
The steps of this proof are similar to the steps of the proof of Theorem 1 given in [23]. We reproduce

the proof after adapting to the structure of our ORV algorithm. Let θv ∈ Θ be a hypothesis for

which θv < Θ
∗
and θw ∈ Θ be a hypothesis for which θw ∈ Θ̂∗

. Using hypotheses θv and θw we

define HM (θv ,θw ) whose i-th coordinate is given by

Hi,M (θv ,θw ) =M
(
D(fi (·) | | li (·|θv )) − D(fi (·) | | li (·|θw )) − βEfi

[
log

2(li (·|θw ))
]

+ βEfi
[
log

2(li (·|θv ))
] )
, (21)

vector Lθv ,θw
k whose i-the coordinate is given by [23]

L
θv ,θw
i,k = log

li (si,k |θv )

li (si,k |θw )
+ β log

2(li (si,k |θw )) − β log
2(li (si,k |θv )), (22)

and

ψi,k+1(θv ,θw ) = log

µi,k+1(θv )

µi,k+1(θw )
(23)
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for i = 1, 2, . . . ,n. Using (16) in (23), we get after some manipulation

ψi,k+1(θv ,θw ) =
n∑
j=1

[Ak ]i jψj,k (θv ,θw ) +
M∑

m=1

log

li (si,k+2−m |θv )

li (si,k+2−m |θw )
− β log

2(li (si,k+2−m |θv ))

+ β log
2(li (si,k+2−m |θw ))

for i = 1, 2, . . . ,n. Stacking upψi,k for all agent i , we get a vector

ψk+1(θv ,θw ) = Akψk (θv ,θw ) +
M∑

m=1

Lθv ,θw
k+2−m (24)

Using the initial valueψ0(θv ,θw ) we can express (24) as

ψk+1(θv ,θw ) = Ak :0ψ0(θv ,θw ) +
k∑
t=1

Ak :tLθv ,θw
M,t +Lθv ,θw

M,k+1
(25)

where

Ak :t = AkAk−1 · · ·At and Lθv ,θw
M,k+1

=

M∑
m=1

Lθv ,θw
k+2−m . (26)

By adding and then subtracting

∑k
t=1

1

n 1n1
′
nHM (θv ,θw ) in (25), we get

ψk+1(θv ,θw ) =Ak :0ψ0(θv ,θw ) +
k∑
t=1

(
Ak :tLθv ,θw

M,t +
1

n
1n1′nHM (θv ,θw )

)
+Lθv ,θw

M,k+1

−
k

n

n∑
i=1

Hi,M (θv ,θw )1n (27)

Using the definition of group confidence

CM (θ ) = −M
n∑
i=1

(
D(fi (·) | | li (·|θ )) + βEfi

[
log

2(li (·|θ ))
] )

we get from (21)

n∑
i=1

Hi,M (θv ,θw ) = CM (θw ) − CM (θv ) = C∗
M − CM (θv )

and as a result (27) can be expressed as

ψk+1(θv ,θw ) =Ak :0ψ0(θv ,θw ) +
k∑
t=1

(
Ak :tLθv ,θw

M,t +
1

n
1n1′nHM (θv ,θw )

)
+Lθv ,θw

M,k+1

−
k

n
(C∗

M − CM (θv ))1n (28)

Dividing both sides of (28) by k and taking the limit as k → ∞ almost surely, we have

lim

k→∞

1

k
ψk+1(θv ,θw ) = lim

k→∞

1

k
Ak :0ψ0(θv ,θw ) + lim

k→∞

1

k

k∑
t=1

(
Ak :tLθv ,θw

M,t +
1

n
1n1′nHM (θv ,θw )

)
+ lim

k→∞

1

k
Lθv ,θw

M,k+1
−

1

n
(C∗

M − CM (θv ))1n (29)
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The first term on the right hand side of (29) goes to zero deterministically and the third term also

goes to zero since each term in Lθv ,θw
M,k+1

in (26) is bounded [23]. Eq. (29) therefore simplifies to

lim

k→∞

1

k
ψk+1(θv ,θw ) = lim

k→∞

1

k

k∑
t=1

(
Ak :tLθv ,θw

M,t +
1

n
1n1′nHM (θv ,θw )

)
−

1

n
(C∗

M − CM (θv ))1n

= lim

k→∞

1

k

(
k∑
t=1

(
Ak :t −

1

n
1n1′n

)
Lθv ,θw

M,t +
1

n
1n1′n

(
Lθv ,θw

M,t +HM (θv ,θw )
))

−
1

n
(C∗

M − CM (θv ))1n (30)

Using the relation [21–23] ����[Ak :t ]i j −
1

n

���� ≤ √
2λk−t (31)

where λ ∈ (0, 1) [23] the first term on the right hand side of (30) goes to zero almost surely.

Therefore, Eq. (30) becomes

lim

k→∞

1

k
ψk+1(θv ,θw ) = lim

k→∞

1

k

k∑
t=1

1

n
1n1′n

(
Lθv ,θw

M,t +HM (θv ,θw )
)
−

1

n
(C∗

M − CM (θv ))1n

= lim

k→∞

1

k

k∑
t=1

1

n
1n1′n

(
M∑

m=1

Lθv ,θw
t+1−m +HM (θv ,θw )

)
−

1

n
(C∗

M − CM (θv ))1n

= lim

k→∞

1

k

k∑
t=1

1

n
1n1′n

M∑
m=1

(
Lθv ,θw

t+1−m +H (θv ,θw )
)
−

1

n
(C∗

M − CM (θv ))1n

= lim

k→∞

1

k

M∑
m=1

k∑
t=1

1

n
1n1′n

(
Lθv ,θw

t+1−m +H (θv ,θw )
)
−

1

n
(C∗

M − CM (θv ))1n (32)

Taking expectation of the both side of the i-th coordinate of L
θv ,θw
t+1−m as defined in (22) for anym,

we get

E
[
L
θv ,θw
t+1−m

]
=

K∑
k=1

fi (si,k ) log

fi (si,k )

li (si,k |θw )
−

K∑
k=1

fi (si,k ) log

fi (si,k )

li (si,k |θv )
+ β

K∑
k=1

fi (si,k ) log
2(si,k |θw )

− β
K∑
k=1

fi (si,k ) log
2(si,k |θv ) = −Hi (θv ,θw ) (33)

Repeating (33) for all i , we get

E
[
Lθv ,θw

t+1−m

]
= −H (θv ,θw ) (34)

for anym. Recall Kolmogorov’s strong law of large numbers that states for a sequence of independent

random variables {Xt } with variances such that

∑∞
t=1

Var(Xt )/t
2 < ∞, we obtain

1

k

k∑
t=1

Xt −
1

k

k∑
t=1

E[Xt ] → 0
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almost surely. Using Xt =
1

n 1
′
nL

θv ,θw
t+1−m which is a sequence of independent random variables for all

t with supt ≥0
Var(Xt ) < ∞ in the above relation and then applying (34), we get

1

k

k∑
t=1

1

n
1
′
nL

θv ,θw
t+1−m → −

1

k

k∑
t=1

1

n
1
′
nH (θv ,θw ). (35)

We can now use (35) in (32) and obtain

lim

k→∞

1

k
ψk+1(θv ,θw ) = −

1

n
(C∗

M − CM (θv ))1n

As can be seen, taking the limit at infinity, we would get

lim

k→∞
ψk+1(θv ,θw ) = −∞ (36)

almost surely. Using the relation µi,k (θv ) ≤ exp(ψi,k (θv ,θw )) for all i , we get µi,k (θv ) → 0. Hence

the update rule in (16) would concentrate on the optimal set Θ∗
asymptotically as k → ∞.
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