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Abstract — In this paper a second order all pass filter (APF) is 

designed and analyzed for its potential application for wideband 

chirp waveform generation. The group delay of a single stage 

APF varies with frequency within a narrow band and remains 

flat elsewhere. Furthermore, it has been found that the 

component values have a great role in the group delay response 

of the APF.  A two stage cascaded second order APF is adopted 

to enhance the group delay over a wider band. Genetic algorithm 

is used to optimize the design parameters of the individual APF 

stages to obtain a smooth and monotonically increasing group 

delay response while ensuring good input return loss 

characteristics. This design approach can be used for generating 

wideband chirp waveforms that have potential applications in 
radar, sonar and imaging, delivering improved range resolution. 

Keywords - All Pass Filters, Chirp, Delay Equalizers, Genetic 

Algorithm Optimization, Group Delay 

I.  INTRODUCTION 

Group delay engineering is the study of varying the group 

delay response of circuits and systems to obtain the desired 

phase response for the signal envelope [1]. Dispersive 

circuits/media forms the core of such systems where the group 

delay 𝑇𝑔𝑑  is a function of frequency, which results in temporal 

rearrangement of spectral components [2], thereby generating 

chirp waveforms [3]. These circuits find applications in spread 

spectrum communication, radar, sonar, imaging, etc. Chirp 

waveforms produce short „spikes‟ in the receiver for targets 

detected, while monotones produce only an overall „envelope‟ 

[4]. The „range resolution‟ (∆𝑅) for these cases are: 

∆𝑅𝑀𝑜𝑛𝑜𝑡𝑜𝑛𝑒 =
𝓋𝜏𝑜𝑢𝑡

2
                                        1  

∆𝑅𝐶𝑖𝑟𝑝 =
𝓋

2 × 𝐵𝑊
                                           2  

where 𝓋 is the velocity of the wave in the medium, 𝜏𝑜𝑢𝑡  is the 

duration of output waveform and 𝐵𝑊 is the signal bandwidth. 

Ideally longer pulses carry greater energy into the medium for 

better identification of the furthermost targets. But in case of 

monotonic ranging, ∆𝑅 is directly proportional to 𝜏𝑜𝑢𝑡 , i.e. a 

high 𝜏𝑜𝑢𝑡  implies a degraded ∆𝑅. This problem is solved with 

ranging using a wideband chirp waveform where the 𝐵𝑊 

determines ∆𝑅, and a proper choice of 𝐵𝑊 yields an improved 

∆𝑅. 

Non-minimum phase filters exhibiting an all-pass response 

are ideal dispersive structures [1,5] having a flat magnitude 

response with a smooth and monotonously changing group-

delay profile versus frequency. These are suitable to generate 

wideband chirp waveforms. In this paper we investigate the 

design approach for such a filter with wideband 

characteristics. 

II. ALL PASS FILTERS 

A. Design 

A typical second order lattice APF [6] with pole resonant 

frequency, 𝜔𝑟 , quality factor, 𝒬 and termination impedance, 𝑅 

is shown is figure 1. The design equations of the lumped 

elements are mentioned alongside. 

 
       Figure 1. Lumped-element Network of a second order All Pass Filter 

 

The phase shift in radian [6] is : 

𝛽 𝜔 = −2 tan−1  

𝜔𝜔𝑟
𝒬

𝜔𝑟
2 −𝜔2

                         (3) 

and the group delay [6] is : 

𝑇𝑔𝑑  𝜔 =
2𝒬𝜔𝑟 𝜔𝑟

2 +𝜔2 

𝒬2 𝜔𝑟
2 −𝜔2 2 +𝜔2𝜔𝑟

2
                    (4) 

The frequency of maximum delay ≲ 𝜔𝑟 , is expressed as [6] : 

𝜔 𝑇𝑔𝑑 ,𝑚𝑎𝑥  = 𝜔𝑟  4 −
1

𝒬2
− 1                     (5) 

For practical purposes, 𝜔𝑟 , 𝒬 and 𝑇𝑔𝑑 ,𝑚𝑎𝑥  are related [6] as :  

𝑇𝑔𝑑 ,𝑚𝑎𝑥 =
4𝒬

𝜔𝑟
                                   (6) 

It has three design parameters, viz. 𝜔𝑟 , 𝒬  and 𝑇𝑔𝑑 ,𝑚𝑎𝑥  of 

which any two may be independently chosen by the designer. 

As we see in figure 2, by fixing 𝑓𝑟  at 1.3445GHz and varying 



𝒬, we get correspondingly different 𝑇𝑔𝑑 ,𝑚𝑎𝑥 ; and vice-versa, 

by varying 𝑇𝑔𝑑 ,𝑚𝑎𝑥  we get correspondingly different 𝒬. 

 
Figure 2. Comparison of group delay curves for different 𝒬 and 𝑇𝑔𝑑 ,𝑚𝑎𝑥    

 

Note that fixing the 𝜔𝑟  and 𝑇𝑔𝑑 ,𝑚𝑎𝑥  determines the 𝒬 

uniquely as shown in figure 3, where the plot in black has a 

𝑓𝑟 = 1.3445GHz  and 𝑇𝑔𝑑 ,𝑚𝑎𝑥 = 6.6311ns  determining 𝒬 =

14. However we may adopt a graphical approach wherein the 

group delay curve is made to pass through  𝓂 ∙ 𝜔𝑟  ,𝓃 ∙

𝑇𝑔𝑑 ,𝑚𝑎𝑥   where 0 <  𝓂,𝓃 < 1 ; as exemplified in figure 3, 

by the plots in green, red and blue. Enforcing such a condition 

on the APF design affects its quality factor, 𝒬, derived as : 

𝒬 =  
 𝓂2 + 1 − 2𝓂2𝓃

2𝓃 ∙  𝓂 − 1 2
                              7  

 
Figure 3. Graphical approach to engineer group delay curve affecting 𝒬 

 

For a near-perfect match and respectable return loss 

characteristics, 𝓂 and 𝑛 must be chosen such that 𝒬 obtained 

is not less than 8   𝒬 ≮ 8 . For 𝒬 < 8 , the APF's circuit 

element attain practically unrealizable values, as is evident 

from the design equations. 

B. Sensitivity Analysis of Various Lumped Elements 

Co-solving the element design equations with equations 3, 4 

and 5  yields 𝜔𝑟 , 𝒬 , 𝛽 𝜔  and 𝑇𝑔𝑑  as functions of the  

individual lumped elements, as : 

 

𝜔𝑟 =  
2

𝐿𝑎𝐶𝑎
                                      (8) 

 

𝒬 =  
2𝐿𝑏𝐶𝑏

2𝐿𝑏𝐶𝑏 − 𝐿𝑎𝐶𝑎
                             9  

 

𝛽 𝜔 = −2 tan−1  
𝜔  𝐿𝑎𝐶𝑎 ∙  2𝐿𝑏𝐶𝑏 − 𝐿𝑎𝐶𝑎 

 2−𝜔2𝐿𝑎𝐶𝑎  𝐿𝑏𝐶𝑏
      (10) 

 

𝑇𝑔𝑑  𝜔 =
2 ∙  

4𝐿𝑏𝐶𝑏
 𝐿𝑎𝐶𝑎 ∙  2𝐿𝑏𝐶𝑏 − 𝐿𝑎𝐶𝑎 

∙  𝜔2 +
2

𝐿𝑎𝐶𝑎
 

 
2𝐿𝑏𝐶𝑏

2𝐿𝑏𝐶𝑏 − 𝐿𝑎𝐶𝑎
 ∙  𝜔2 −

2
𝐿𝑎𝐶𝑎

 
2

+
2𝜔2

𝐿𝑎𝐶𝑎

 (11) 

 

Equation  8− 11  gives us a direct insight on the effect of 

each element on the APF's 𝑓𝑟  and its performance; and is used 

for sensitivity analysis of individual element. 

In the present work, the group delay, 𝑇𝑔𝑑of the second order 

APF network is of interest. Each circuit element is tested for 

their individual sensitivities towards 𝑇𝑔𝑑 . It is computed at a 

constant 𝑓𝑟  by examining the differential change in 𝑇𝑔𝑑  

(equation 11 ) due to a differential change in the lumped 

element value (figure 1) while keeping all others constant. The 

significance of this is 𝑇𝑔𝑑  prediction in case of deviation of 

elements from ideal values during circuit realization. 

In a set of MATLAB experiments, we take a sample case, 

where, 𝑓𝑟 = 1.3445GHz  and 𝒬 = 12.2549. The 𝑇𝑔𝑑  is 

observed as a 3D sensitivity plot, as shown in figures 4 to 7.  

All the four cases are studied within a frequency range of 

± 50MHz i.e. approximately ± 3.73% around 𝑓𝑟 . Thereafter, 

the sensitivity of each element about their ideal values 

(denoted by 𝜌) are tabulated in Table 1. 

 

 
Figure 4. Sensitivity Plot of 𝐿𝑎  



 

 
Figure 5. Sensitivity Plot of 𝐶𝑎  

 

 
Figure 6. Sensitivity Plot of 𝐿𝑏  

 

 
Figure 7. Sensitivity Plot of 𝐶𝑏  

 
TABLE 1. ELEMENT, IDEAL VALUE AND SENSITIVITY IN THE 

SINGLE STAGE APF PROTOTPE (FIGURE 1) 

Element Ideal Value Sensitivity, 𝝆 

𝐿𝑎  0.965 nH ∓447 ns nH  

𝐶𝑎  29.013 pF ∓15 ns pF  

𝐿𝑏  36.266 nH ∓12 ns nH  

𝐶𝑏  0.383 pF ∓1153 ns pF  

 

We identify that 𝜌𝐿𝑏 < 𝜌𝐶𝑎 < 𝜌𝐿𝑎 < 𝜌𝐶𝑏 . Special care must 

be taken during fabrication of highly sensitive elements, such 

as 𝐿𝑎  and 𝐶𝑏 . If the distributed element values exceeds 

acceptable limits, it would be good to replace them with more 

accurate lumped elements. Surface mount multilayer ceramic 

chip capacitors are known to be reliable, with manufactured 

accuracies as high as 99% [7]. Surface mount thin film chip 

inductors are also quite reliable, with manufactured accuracies 

as high as 97% [8]. However, in case of unrealizable or 

extremely sensitive element values, suitable transformations 

can be performed in order to obtain a realizable APF network, 

with negligible compromise on the system response [9].  

III. CASCADED ALL PASS FILTER NETWORKS 

The single stage APF discussed in the previous section 

provides only a limited bandwidth and is often insufficient to 

generate waveforms of desired bandwidth. In order to enhance 

bandwidth, it is possible to design multi-stage all pass filters, 

each designed with specific resonant frequency and delay 

response. In cascaded APFs, the magnitude response remains 

nearly the same, while the time delay gets added algebraically. 

However, the return loss of the combination differs from the 

individual APF networks.   

The bandwidth does not improve if one were to design these 

stages at the same resonant frequency.  Therefore, in a set of 

MATLAB simulations, the 𝑇𝑔𝑑 ,𝑛𝑒𝑡  and net return loss of a two 

stage cascaded second order APF were studied for three cases, 

as shown in figure 8 and 9. The 𝑓𝑟  of the 1st  stage was kept 

constant at 𝑓𝑟𝟏 = 1.3 GHz . The  𝑇𝑔𝑑 ,𝑚𝑎𝑥  of the 1st  and 2nd  

stage were fixed at 𝑇𝑔𝑑 ,𝑚𝑎𝑥 𝟏 = 3.5 ns  and 𝑇𝑔𝑑 ,𝑚𝑎𝑥 𝟐 = 3 ns 

respectively. For the 2nd  stage, 𝑓𝑟𝟐 was varied as 𝑓𝑟𝟐 =
1.1 GHz  (green plot); 𝑓𝑟𝟐 = 1.15 GHz  (blue plot) and 𝑓𝑟𝟐 =
1.2 GHz (red plot) as shown in the group delay response in 

figure 8. The corresponding net return loss characteristics is 

shown in figure 9, maintaining the plot color convention. Note 

that it is important to maintain a respectable net return loss to 

ensure maximum power transmission. Practically, a maximum 

tolerable net return loss limit could be −10dB. 

 

 
Figure 8. Comparison of group delay for different cascaded APFs 

 

Moreover, the design parameters of these independent APF 

stages must be such chosen that we get a smooth and 

monotonic 𝑇𝑔𝑑 ,𝑛𝑒𝑡  curve over the entire frequency range.   



This would ensure that different frequency components are 

delayed differently, thereby giving a spread of various 

frequency components in time domain, to generate the 

wideband chirped waveform. However for this, the 

intermediate dips as shown in the green and blue plots in 

figure 8 must be avoided. 

Therefore, to optimize the two stage cascaded second order 

APF performance over a wideband, we adopt Genetic 

Algorithm (GA) [10] to optimize the design parameters of the 

individual APF stages. The criterion of optimization is that the 

maximum tolerable net return loss is −10dB over the entire 

frequency range, and the group delay response is 

monotonically increasing, exhibiting wideband characteristics. 

The GA optimization is run by iteratively varying 𝑓𝑟  and 

𝑇𝑔𝑑 ,𝑚𝑎𝑥  of the individual sections within the ranges tabulated 

in Table 2. After a number of generations (iterations), their 

population swarm converges appreciably and we obtain their 

optimum values as tabulated in Table 2. 
 

 
Figure 9. Comparison of net return loss for different cascaded APFs 

 
TABLE 2. PARAMETER, RANGE AND OPTIMUM VALUES USING 

GENETIC ALGORITHM OPTIMIZATION 

Parameter Range Optimum Value 

𝑓𝑟𝟏 1 GHz to 1.2 GHz 1.085 GHz 

𝑇𝑔𝑑 ,𝑚𝑎𝑥 𝟏 3 ns to 5 ns 3.5660 ns 

𝑓𝑟𝟐 1.1 GHz to 1.3 GHz 1.2100 GHz 

𝑇𝑔𝑑 ,𝑚𝑎𝑥 𝟐 5 ns to 7 ns 5.7600 ns 

 

The two stage cascaded second order APF is constructed 

with the optimized values tabulated in Table 2 and its group 

delay response is plotted within our interested frequency 

range, 𝑓 ∈  0.9 , 1.2  GHz in figure 10, which shows its 

wideband monotonic behavior. Moreover, the net return loss 

in this range is better than −10dB   for all frequencies, as 

plotted in figure 11. This significantly satisfies both the 

optimization criterions of GA and we are able to design an 

overall system (characterized by figure 10 and 11) capable of 

generating a wideband chirp waveform. 

 
Figure 10. Realized group delay responses of optimized cascaded 2 stage 

APF network 

 

 
      Figure 11. Realized Net Return Loss of optimized cascaded 2 stage 

APF network 

IV. RESULTS FOR WAVEFORM GENERATION 

The circuit for wideband chirped waveform generation 

using a two stage cascaded APF can be characterized by 

passing summed signals of different frequencies through it. 

The individual signals undergo different temporal shifting 

depending on the net delay at the frequency. Consider for  

example a case as shown through figure 12 to 14, where the 

input signal (red plot) is of 6 ns window duration, constructed 

by summing two signals of frequency: 0.9 GHz and 1.2 GHz. 

A two stage cascaded second order APF modeled using the 

optimized values from Table 2, gives an output as shown by 

the blue plot in figure 12. However, we estimate the expected 

output signal by artificially shifting the individual input 

signals by an amount of phase found from the phase of the net 

𝑆21  curve. We find from the phase of the net 𝑆21  curve that the 

0.9 GHz signal undergoes a phase shift of −64.5557°while the 

1.2 GHz signal undergoes a phase shift of −425.277° . This 

  + 1.23ns 

delay                     

  + 4.23ns 

delay                     



expected output is shown by the green plot in figure 12. 

 
Figure 12. Comparison of input, obtained and expected output signals 

 

The results are satisfactory in the entire window duration, 

except at the ends where there is a non-overlap of the obtained 

and expected output. This arises due to slight impedance 

mismatch as indicated by the net return loss curve in figure 11. 

The frequency spectrum of the input, obtained output and 

expected output signals are generally similar, with slight 

variations near the constituent signal frequencies, i.e. 0.9 GHz 

and 1.2 GHz . A detailed comparison of the frequency 

spectrums of these three signals near 0.9 GHz and 1.2 GHz 

demonstrates these slight variations, as shown in figure 13 and 

14 respectively (maintaining the plot color convention). 

 

              Figure 13. Comparison of frequency spectrum near 0.9 GHz 

 

              Figure 14. Comparison of frequency spectrum near 1.2 GHz 

 

 

 

These results indicate that the two constituent frequency 

components are delayed differently by the circuit, which 

results in a change in the time-domain waveform. 

Therefore, it is postulated that if one could pass through this 

filter, multiple frequency components, all starting at the same 

time instant, a chirped waveform would result. 

 

V. SUMMARY 

In this paper we have laid out an approach to design a two 

stage cascaded second order APF, capable of generating 

wideband chirp waveforms. Genetic Algorithm based 

optimization can easily extend the design to multiple stages of 

the filter to get wider bandwidth. The group delay response of 

single stage APF is appreciable only for a very narrow range 

of frequency.  It is also quantitatively shown that the response 

is varyingly sensitive to individual element values. 

Furthermore, temporal shifting of different frequency 

components is also demonstrated as they pass through the 

filter. The approach demonstrated here is generally scalable as 

the design parameters of the individual all pass filter stages 

can be chosen according to the requirement.  This circuit can 

therefore be used to generate wideband chirped waveforms for 

radar, sonar and imaging applications, delivering improved 

range resolution. 
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