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Abstract 

In Part II of this study, an automatic adaptive refinement procedure using the reproducing 

kernel particle method (RKPM) for the solution of 2D linear boundary value problems is 

suggested. Based in the theoretical development and the numerical experiments done in 

Part I of this study, the Zienkiewicz and Zhu (Z-Z) error estimation scheme is combined 

with a new stress recovery procedure for the a posteriori error estimation of the adaptive 

refinement procedure. By considering the a priori convergence rate of the RKPM and the 

estimated error norm, an adaptive refinement strategy for the determination of optimal 

point distribution is proposed. In the suggested adaptive refinement scheme, the local 

refinement indicators used are computed by considering the partition of unity property of 

the RKPM shape functions. In addition, a simple but effective variable support size 

definition scheme is suggested to ensure the robustness of the adaptive RKPM procedure. 

The performance of the suggested adaptive procedure is tested by using it to solve several 

benchmark problems. Numerical results indicated that the suggested refinement scheme 

can lead to the generation of nearly optimal meshes for both smooth and singular 

problems. The optimal convergence rate of the RKPM is restored and thus the effectivity 

indices of the Z-Z error estimator are converging to the ideal value of unity as the meshes 

are refined. 

 

KEYWORDS: Reproducing Kernel Particle Method; Stress Recovery Procedure; A 

posteriori error estimation; Adaptive refinement. 
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1. Introduction 

After nearly three decades’ research, the development of an automatic adaptive 

refinement procedure for the finite element (FE) methods can be considered as a mature 

area in computational mechanics. This fact is confirmed by the large number of 

references quoted in the bibliographies and special issues related to adaptive analysis and 

meshing [1-5] published recently. In fact, many effective adaptive refinement procedures 

had been implemented in many research programs [6] and even in commercial packages 

[7]. When comparing with the FE methods, the development of an automatic adaptive 

refinement procedure for the meshless methods is a relatively new research area and only 

received attentions in recent years. As a result, fewer papers related to this topic had been 

published to date [8-14]. One of the possible explanations for such observation is that 

many meshless methods like the reproducing kernel particle method (RKPM) [15, 16] 

and the element-free Galerkin method (EFGM) [17, 18] are relatively new numerical 

methods that only received major attention since the last decade. As a result, a reliable a 

posteriori error estimator for the meshless methods, which is an essential ingredient and 

pre-requisite for any adaptive refinement procedure, is only available in the past few 

years [19-25]. However, it should be pointed out that once a reliable a posteriori error 

estimator is available, development and implementation of an automatic adaptive 

refinement procedure for the meshless methods is an easier task when compared with the 

case of the FE method. The main reason is that when compared with the FE method, the 

meshless methods enjoy more flexibility in model generation and no complicated 

algorithm is needed for the generation of an adaptive finite point meshes even for 

surfaces [26] and 3D [27] problem domains. 

In this paper, an automatic adaptive refinement procedure for the RKPM is suggested. 

The developed refinement procedure will employ the new stress extraction scheme which 

is described in Part I of the present study [25] for the construction of an extracted 

(recovered) stress field. The extracted stress field will then be used with the Zienkiewicz 

and Zhu (Z-Z) error estimation approach [28] for the a posteriori error estimation of the 

RKPM solution. A new adaptive refinement strategy will be suggested to control the 

discretization error of the RKPM solution. New point spacing required to reduce the 

discretization error of the RKPM solution will be determined by making use of the a 

priori convergence rate and the quantitative error distribution information provided by 

the a posteriori error estimator. The refined point mesh is then generated by a simple 
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point mesh generation scheme [26]. The suggested automatic adaptive refinement 

procedure will be applied for the solutions of four classic benchmark problems with 

known exact solutions and its performance and effectiveness will be assessed by 

comparing the convergence rates obtained with the results of uniform refinement. 

Note that when compared with the adaptive refinement strategy developed in reference 

[24] for the EFGM, two new features are adopted in the current studies. They are (i) a 

new adaptive refinement strategy using the new concept of error norm contribution 

associated with nodes and the partition-of-unity property of the RKPM shape functions, 

and (ii) fully unstructured point meshes are generated when compared with the “semi-

unstructured” point meshes generated by the subdivision scheme used in reference [24]. 

 

2. A priori and a posteriori error estimations for the RKPM 

2.1 RKPM approximation, error measures and a priori error estimation  

In the RKPM, û , the approximated solution for the exact displacement u, can be written as 

 uNuû )) T==∑
=

NP

1i
ii y)(x,Ny)(x,  (1) 

where N is the matrix of the RKPM shape functions and u)  is the vector of nodal 

displacement values. NP is the number of nodes in the whole problem domain. iN  and 

iu)  are the RKPM shape function and the nodal value of node i respectively. Note that Ni 

is a compact function that is non-zero only over Ωi, the subdomain of influence associates 

with node i with characteristics (support) size hi. 

With the approximation of u given by Eqn. 1, the pointwise σe  and normed e  measures 

of the error of the RKPM solution are given by 

 σσσ ˆe −=    and   ( ) ( )
2

1

d
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω= ∫
Ω

−
σσ eDee 1T  (2) 

In Eqn. 2, σ  and σ̂  are, respectively, the exact and the RKPM stress fields defined over 

the problem domain Ω. For the analysis of standard elliptic boundary value problems, the 

a priori error estimation for the convergence of the RKPM solution can be cast in the 

form 

 ) min(p,Ch λ≤e  (3) 
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where C is a constant independent of h and p, the typical spacing of node (support size) in 

the point mesh and the order of exactness of the RKPM shape function respectively. λ<1 

is the strength of singularity of the exact solution [29, 30].  

For 2D problems, the relationship between h and NDOF, the number of degrees of freedom 

of the point mesh, is given by 

 ( )-1/2
DOFNh ∝  (4) 

Hence, Eqn. 3 can be rewritten as 

 ( ) )/2 -min(p,
DOFNC' λ≤e  (5a) 

In Eqn. 5, C’ is another constant independent of NDOF and p. The main objective of an 

adaptive refinement procedure is to search for an optimal point distribution such that the 

effect of the singularity will be eliminated. If such optimal distribution is achieved, the 

convergence rate of the RKPM solution will be increased to [28, 29] 

 ( )-p/2
DOFNC'≤e  (5b) 

In general, the absolute value of the error norm e  will vary from problem to problem. 

Hence, during an adaptive refinement, it is more convenient to use the relative error of 

the RKPM solution, ηRKPM, defined as 

 
u
e

=ηRKPM    
2

1

d
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω= ∫
Ω

− σσ 1TDu  (6) 

In Eqn. 6, D is the material matrix and u  is the exact energy norm of the problem.  

 

2.2 Stress recovery and a posteriori error estimation 

In this study, the a posteriori estimated error norm of the RKPM solution e  is obtained 

by using the Z-Z approach [28] by replacing the exact stress field in Eqn. 2 with a 

recovered (extracted) stress field σ~  such that 

 ( ) ( ) ( ) ( )
2

1
2

1

d--d      ,-  
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω== ∫∫
Ω

−

Ω

− σσσσσσ σσσ ˆ~Dˆ~eDeeˆ~e 1T1T  (7) 
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The recovered stress field σ~  is generated by a two-step approach. Firstly, an extraction 

approach [24] is applied to recover the stress tensor at all the nodes of the point mesh in a 

way such that 

 ) r,y,(x) r,y,(x)y,(x iR,iiiR,iiiii ΦσΨσ += ˆ~  for i=1,...., NP (8) 

In Eqn. 8, ) y,(x iiiσ
~  is the extracted stress tensor at node i with coordinates )y,(x ii . 

) r,y,(x R,iiiΨ  and ) r,y,(x R,iiiΦ  are, respectively, a boundary extraction operator and a 

load term operator [25]. rR,i is the size of the recovery subdomain for node i which is a 

function of hi, the size of the domain of influence associates with node i. 

Secondly, the recovered stress field σ~  is constructed by re-using the shape functions of 

the RKPM such that 

 ∑
=

=
NP

1i
iiNy)(x, σσ ~~  (9) 

In case that if the exact solution of the stress field is known, it is possible to compute the 

error norm of the recovered stress e~ , the relative error of the recovered stress ηRv and 

the effectivity index of the a posteriori error estimator θ such that 

 σσσ
~e~ −=     ( ) ( )

2
1

d
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω= ∫
Ω

−
σσ e~De~e~ 1T  (10a) 

 
u
e~

=ηRv  (10b) 

 
e
e

=θ  (11) 

It can be shown that [31] that θ will asymptotically converge to unity provides that the 

convergence rate of the recovered stress field σ~  is higher than that of σ̂  as NDOF 

approaches infinity. That is, if 

   0lim
DOFN

=
∞→ e

e~
   ⇒    1lim

DON
=θ

∞→F

 (12) 

It should be noted that in Part I of this study [25], it was shown that the recovered stress 

field obtained by using Eqns. 8 and 9 is indeed converging at a rate higher than the 

RKPM stress field.  
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3. The adaptive refinement strategy used and point mesh generation 

3.1 Variable support size determination for an adaptive RKPM mesh 

In an adaptive refinement analysis, unlike the case of uniform refinement in which the 

spacings for all the nodes are roughly the same, the spacings of nodes in an adaptive point 

mesh could vary greatly in the problem domain. Hence, a constant support size for all the 

nodes in the mesh will not be able to reflect the local node spacing of an adaptive mesh. 

If support sizes for all the nodes are set equal to the smallest node spacing in the mesh, it 

is possible that the problem domain may not be covered completely. Furthermore, the 

shape functions for some nodes located at where the node spacing is large may fail to be 

constructed. However, setting the support size based on the maximum node spacing will 

increase the computational cost and reduce the accuracy of the RKPM solution [32]. As a 

result, during the adaptive refinement analysis, a variable support size scheme to define 

the domains of influence for nodes should be adopted. In the current implementation, the 

support size for nodes in the mesh will be determined by imposing the follow two 

essential conditions: 

(1) Minimum support size condition 

 For all the nodes in the problem domain, their domains of influence must contain at 

least six nodes (Fig. 1). 

(2) Minimum cover condition 

 The union of the domains of influence of all the nodes in the mesh must completely 

cover the whole problem domain. 

The minimum support size condition is a necessary (but not a sufficient) condition for the 

generation of RKPM shape function when linear RKPM (i.e. p=1 in Eqn. 5) is used in the 

analysis. If the RKPM shape function is required to reproduce exactly a linear function, 

the correction function [15, 16] must be at least of second (quadratic) order. Hence, in 2D 

analysis, the support domain for any node must at least contain six nodes (Fig. 1). 

The minimum cover condition simply means that the problem domain must be 

completely covered by the union of the domains of influence of all the nodes. It is a 

necessary condition for the RKPM shape functions to fulfil the partition of unity 

condition. That is 

 U
NP

1i
iiN

=

Ω=Ω  (13) 

where iΩ  is the domain of influence associates with node i.  
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Note that the minimum size condition can only define the lower bound of the support size 

of nodes in the mesh. Fulfilment of this condition obviously does not imply that the 

minimum cover condition is satisfied automatically. In addition, it should be mentioned 

that the minimum support size condition is not sufficient to ensure the existence and 

uniqueness of the RKPM shape functions and some geometric conditions about the 

distribution of nodes (e.g. a sufficient number of node in the domain of influence must 

not be collinear) are needed. In general, it is always preferable to perform some stability 

checks during the computation of the RKPM shape functions [16] and use the minimum 

support size whenever is possible as it will reduce the computational cost and increase the 

accuracy of the RKPM solution. In this study, the support sizes of the nodes in the point 

mesh will be determined by the following steps. 

(i) Scan over all the nodes within the point mesh, compute hi, the minimum support 

sizes for node i, i=1,..., NP such that they will satisfy the minimum support size 

condition. In addition, dmin, the minimum distance between any two nodes of the 

mesh will be computed. 

(ii) A virtual grid which contains square cells with size equal to dmin will be generated to 

cover the entire problem domain. For a typical grid cell i, the centre of the cell is 

denoted as Oi. 

(iii) Scan over all the cells that overlap with the problem domain. For a typical cell i (Fig. 

2), locate the six nearest nodes that are visible to Oi. The distances between these six 

nodes with Oi, dk, k=1,...,6 are computed. 

(iv) Check whether the original minimum support sizes of these six nodes satisfy the 

condition 

 1,.....,6kfor    d1/2dh minkk =+≥  (14) 

 For the kth node, the minimum support size hk will be kept if Eqn. 14 is satisfied. 

Otherwise, the value of hk will be increased to minkk d1/2dh +← . 

The above procedure will ensure that (i) any point of the problem domain will be inside 

the domain of influence associates to at least one node of the mesh and (ii) the RKPM 

shape function can be constructed at any point inside the problem domain. Note that the 

second condition is essential not only for the RKPM analysis but also for the evaluations 

of the recovered stress field (Eqn. 9) and the estimated error norms (Eqns. 7 and 10) 

when the RKPM shape functions are required to be evaluated at the integration points of 
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the problem domain. Details of the proof for these two conditions could be found in the 

Appendix. 

 

3.2 Adaptive refinement strategy for the RKPM 

3.2.1 Acceptable RKPM solution 

In any adaptive refinement procedure, the ultimate objective is to achieve an RKPM 

solution with relative error, ηRKPM, less than a user prescribed target value, ηtar 

 ηRKPM ≤ ηtar (15) 

Since during the adaptive refinement analysis, the exact energy norm of the problem 

(Eqn. 6) is not known in advance, it is approximated by û , the energy norm of the 

RKPM solution (c.f. Eqn. 6) 

 
2

1

d
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω=≈ ∫
Ω

− σσ ˆDˆûu 1T  (16) 

The estimated relative error of the RKPM solution η  can be computed as  

 
û
e

=η≈ηRKPM  (17) 

The adaptive refinement RKPM procedure will be terminated if the following accuracy 

condition is reached (c.f. Eqn. 15) 

 η  ≤ ηtar   or   ûe tarη≤  (18) 

 

3.2.2 Global and local refinement indicators and new node spacing calculation 

From the experience obtained from adaptive FE analyses [28,31,33-37] and EFGM 

analyses [8,9,14,23,24], an adaptive refinement procedure will be optimal only when both 

the global and local errors of the solution are controlled properly and distributed equally 

among all the degrees of freedom of the numerical model. Since the recovered stress field 

could be evaluated at any point inside Ω, the notion of estimated error density, de  can be 

introduced as 

 ( ) ( ) ( ) ( )σσσσσσ ˆ~Dˆ~eDe --e 22
d

1T1T −− γ=γ=  (19) 

where γ is a compensation factor >1 employed to improve the adaptive efficiency and 

accuracy of the error indicators. A value of γ=1.2 is used in this study. 
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Using Eqn. 19, the global error in energy norm for the whole problem domain can be re-

defined as (c.f. Eqn. 7) 

 
2

1

dde
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ωγ= ∫
Ω

e  (20) 

Hence, using Eqn. 18, a global refinement indicator, ξg, can be defined as 

 
û

e

tar
g η
=ξ  (21) 

Obviously, a value of ξg≤1 implies that the global target accuracy criterion is satisfied 

while ξg>1 indicates further refinement is needed. Note that the global error indicator can 

only indicate whether further refinement is needed or not. It does not indicate where and 

how to refine the point mesh. Thus, in order to construct an optimal point mesh that will 

able to reduce the effect of singularity, a local error refinement indicator is required. 

Ideally, in an optimal mesh [38], the error contribution should be equally distributed 

among all the degrees of freedom of the model. In case of finite element analysis, it 

implies that the error norm should be equally distributed among all the elements of the 

mesh. In the meshless methods, since the domains of influence of nodes in the point mesh 

will overlap each another, the notion of error norm contribution from individual node of 

the mesh should be different from that of adaptive FE analysis. Recall that the RKPM 

shape functions and the domains of influence of nodes will satisfy the partition of unity 

condition (Eqn. 13), the global error norm of the RKPM solution (Eqn. 2) can be re-

written in the form 

 ( ) ( ) ( ) ( )( )
2

1
NP

1i
i

2
1

dNd
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω= ∫∑∫
Ω =

−

Ω

−
σσσσ eDeeDee 1T1T  (22a) 

By changing the order of integration of Eqn. 22a, one has 

 ( ) ( )( ) ( )
2

1
NP

1i

2
i

2
1

NP

1i
i

i

dN
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
Ω= ∑∑ ∫

== Ω

− eeDee σσ
1T  (22b) 

where ie  is the local error norm contribution associates with node i such that 
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 ( ) ( ) NP1,....,i    ,dN
2

1

ii =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ω= ∫
Ω

−

i

eDee σσ
1T  (23) 

The equal error norm contribution condition implies that in an optimal point mesh, for 

any two nodes i and j in the problem domain, the following conditions should be valid 

 NP 1,....,  j i,for    ji == ee  (24a) 

In Eqn. 24a, ie  and je  are, respectively, the error norm contributions associate with 

the nodes i and j. In case that the above equal distribution of error norm condition is 

achieved, one can write 

 ( ) ( ) NP1,....,ifor    
NP

      NP i
2

i

NP

1i

2
i

2 ==⇒==∑
=

e
eeee  (24b) 

During the adaptive refinement process, the estimated error norm contribution associates 

with node i of the point mesh can be defined in a similar manner (c.f. Eqn. 23) 

 ( ) ( )
2

1

di

2
1

ii deNdN
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ωγ=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Ωγ= ∫∫
ΩΩ

−

ii

e~De~e σσ
1T  (25a) 

It is hoped that during the adaptive refinement, an equilibration of local estimated error 

norm contribution can be achieved. That is (c.f. Eqn. 24) 

 NP 1,....,  j i,for     
NP

   and   iji ===
e

eee  (25b) 

With the above results, the local error indicator for node i, iξ , can be defined as 

 ( )NP
i

i e

e
=ξ  (26a) 

Using Eqn. 18, Eqn. 26a can be more conveniently written in the form 

 
û
e

e
e

tar

i

allow

i
i

NP
η

==ξ  (26b) 

where in Eqn. 26b, the term allowe  is the allowable error norm contribution and is given 

by 
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NP

tar
allow

û
e

η
=  (26c) 

Obviously, a value of iξ >1 means that the point mesh requires local refinement at node i. 

It should be stressed that from Eqn. 23, ie , the error norm contribution for node i is not 

equal to the error norm defined over Ωi, the domain of influence associates with node i. 

That is 

 ( ) ( )
1/2

i

i

i
d

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
Ω=≠ ∫

Ω

−
Ω σσ eDeee 1T  (27a) 

In fact, since the domains of influence of nodes of the point mesh will overlap each 

another, the following inequality will be held (c.f. Eqn. 24b) 

 ( )∑
=

Ω
≤

NP

1i

22

i
ee  (27b) 

However, the a priori convergence rate of Eqn. 3 is also applicable to ie . That is 

 ( ) i
ii hC β≤e  (28) 

where hi is the local node spacing (support size, Section 3.1) defined for node i. βi is the 

local convergence rate for node i and is given by 

 
⎩
⎨
⎧

λ=Ωλ
Ω

=β
strength point withsingular  a contains  if ,

pointsingular  no contains  if p,

i

i
i  (29) 

 

With the definitions of the global (ξg) and the local (ξi) error indicators, the new node 

spacing of the point mesh can be computed by the following steps. 

(i) Retrieve the existing node spacing information, old
ih  from the existing mesh. 

(ii) Compute the global error indicator, ξg and the local error indicators ξi, i=1,..., NP. 

(iii) Check for convergence condition 

 The adaptive refinement procedure will be stopped if it is found that the condition 

ξg≤1 is true. Otherwise, the new node spacing will be computed by using step (iv). 

(iv) Define the new node spacing, new
ih . 

By using Eqn. 28, if new
ih  is the required new node spacing for node i, one has 
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 ( ) ( )    hC     and   hC ii new
iallow

old
ii

ββ
≈≈ ee  (30a) 

Hence, by using Eqn. 26b, the relationship between old
ih  and new

ih  can be expressed 

as 

    
h
h i

new
i

old
i

allow

i
i

β

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
==ξ

e
e

 (30b) 

Therefore, the new node spacing for node i, new
ih  can be computed as 

 
( )

   
h

h 1
i

old
inew

i
i/β−ξ

=  (30c) 

 

3.3 New point mesh generation and determination of hi 

The new point mesh spacing information given by Eqn. 30c will be defined at the nodal 

point of the current mesh. It can be directly converted to a set of metric specification [39] 

for the generation of the new adaptive finite point mesh. In this study, the surface point 

mesh generator used is the one developed by Lee [26] that employs on the boundary 

offsetting technique to generate nodal points and the metric specification to control the 

node spacing of the mesh. After the new point mesh is generated, the support sizes for the 

nodal points of the mesh will be determined by using the procedure described in Section 

3.1 so that the minimum support size and minimum cover conditions will be satisfied.  

 

4. Numerical Examples 

4.1 Scope of study 

In this section, the four benchmark problems with known exact solutions which are used 

in Part I of the present study [25] will be re-used to investigate the performance of the 

proposed adaptive RKPM refinement procedure. Detailed descriptions of the benchmark 

problems can be found in reference [25]. A summary of the key properties of these 

problems is listed in Table 1. 

In order to validate the effectiveness of the adaptive refinement procedure, both uniform 

and adaptive refinement will be carried out. The point meshes employed during the 

uniform refinements are the same as those used in Part I of the current study. In all 

examples, a coarse uniform mesh will be used as the initial mesh for the adaptive 

analysis. The target relative errors (ηtar, Eqn. 15) for the four benchmark problems are 
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listed in Table 1. The adaptive procedure will be continued until Eqn. 15 is satisfied or 

when three refinements (four analyses) are carried out. For all the uniform and adaptive 

analyses done, the following results will be computed: 

(1) The exact relative error of the RKPM solution, ηRKPM (Eqn. 6). 

(2) The relative error of the recovered solution, ηRv (Eqn. 10b). 

(3) The estimated relative error, η  (Eqn. 17) computed with and without using the 

compensation factor γ (Eqns. 19 and 20). 

(4) The convergence rate of the RKPM solution, RRKPM, defined as 

 
)NNlog(
)log(

R
i DOF,1i DOF,

1i RKPM,i RKPM,
RKPM

+

+ηη
=  (31) 

 where ηRKPM, i and NDOF, i are the relative error and the number of degrees of freedom 

of the ith refinement analysis respectively. 

(5) The convergence rate of the recovered stress, RRv, defined as 

 
)NNlog(

)log(
R

i DOF,1i DOF,

1i Rv,i Rv,
Rv

+

+ηη
=  (32) 

with ηRv,i is the relative error for the recovered solution obtained from the ith 

refinement analysis. 

(6) The effectivity index of the a posteriori error estimator, θ (Eqn. 11) computed with 

and without using the compensation factor γ (Eqns. 19 and 20). 

 

In all the analyses, linear RKPM (p=1, Eqn. 5) will be applied for the solution of the 

problem. Hence, it is expected that the optimal convergence rate (with respect to NDOF) of 

the RKPM solution should equal to p/2=0.5. During the RKPM analysis, the penalty 

parameter α (Eqn. 8 of reference [25]) used will be set equal to α=5×106E where E is the 

Young’s modulus of the problem. For the stress recovery procedure, based on the 

numerical results obtained in Part I of the present study, the radius of subdomain for 

stress extraction rR (Eqn. 46 of reference [25]) is set equal to 2h where h is the support 

size of the node under consideration. 
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4.2 Numerical results 

4.2.1 Example 1: Timoshenko beam (convex domain, smooth solution) 

For this example, all the results obtained are summarized in Table 2 while the adaptive 

point meshes generated are shown in Fig. 3. The rates of convergence for both uniform 

and adaptive refinements are plotted in Fig. 4. From Table 2 and Fig. 4, it can be seen 

that the optimal convergence rate was achieved by both uniform and adaptive refinements 

with adaptive refinement slightly outperformed the uniform refinement. In fact, it can be 

seen from Fig. 3 that even the exact solution for this problem is smooth, spacings of 

nodes were reduced near the support end of the beam in which high stress gradients are 

located. Regarding the effectivity indices obtained, from Table 2, it can be seen that 

regardless whether the compensation factor γ were used or not, their values were 

converging to unity as the meshes were refined. This implies that both the use of the 

compensation factor and the adaptive strategy contributed to the improvements of the 

effectivity indices. Furthermore, the recovered stress fields are more accurate and 

converged at a higher rate than the RKPM solution. 

 

4.2.2 Example 2: infinite plate with a hole (concave domain, smooth solution) 

For this example, the results obtained for adaptive refinement are shown in Table 3. The 

adaptive meshes generated and the convergence rates are shown in Figs. 5 and 6 

respectively. From the numerical results obtained, it can also be concluded that adaptive 

refinement again slightly outperformed the uniform refinement and this can be explained 

by the fact that denser nodes were generated near the opening of the plate where the 

stress gradients are high. Note that the adaptive point meshes generated are not 

symmetric with respect to the line ϑ=π/4 since the exact solution of stress (and hence the 

boundary tractions) is not symmetric (Eqn. 48 of reference 25). The recovered stress field 

are more accurate and were converging at a higher rate than the RKPM solution. Similar 

to the first example, due to the use of the compensation factor and the adaptive strategy, 

the effectivity indices were converging to the ideal value of unity. 

 

4.2.3 Example 3: Region near the tip of a crack (convex domain, singular solution) 

For this problem, the results obtained are listed in Table 4 and the adaptive meshes 

generated are shown in Fig. 7. The convergence history of the adaptive refinement is 

plotted in Fig. 8. From Table 4 and Fig. 8, it can be seen that significant improvement in 
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the rate of convergence was obtained (0.25 for uniform refinement, ≈0.40 for adaptive 

refinement). During adaptive refinement, rapid reduction of node spacing was carried out 

near the singular point and the effect of singularity was significantly reduced. Even 

though in this problem a singular point exists inside the problem domain, both the 

accuracy and convergence rates of the recovered solutions are higher than the RKPM 

solutions. As a result, convergence of the effectivity indices, again, with and without 

using the compensation factor can be observed. Note that the relatively poor value of the 

effectivity index for the first refinement mesh may be due to the coarse initial mesh used 

(NDOF=30). From this example, it can be concluded that the adaptive refinement scheme 

suggested and the point mesh generation procedure successfully led to the generation of 

nearly optimal point meshes. 

 

4.2.4 Example 4: L-shape domain (concave domain, singular solution) 

In the last example, the results obtained from adaptive refinement are listed in Table 5 

while the adaptive point meshes and the convergence history are shown in Fig. 9 and Fig. 

10 respectively. Similar to Example 3, significant improvement in the convergence rate 

was obtained during adaptive refinement (from 0.27 for uniform refinement to 0.4 for 

adaptive refinement). Extensive reduction in node spacing can be observed near the re-

entrance corner and both the accuracy and the convergence rates of the recovered 

solutions are higher than the RKPM solution. Similar to the case of Example 2, due to the 

asymmetric property of the exact stress field (Eqn. 50 of reference 25), the adaptive point 

meshes generated are not symmetric with respect to the x axis. Regarding the 

performance of the a posteriori error estimator, it can be concluded that regardless 

whether the compensation factor was used or not, asymptotic convergence trend of the 

effectivity indices can be observed. Again, the relatively poor results for the initial and 

first refinement meshes were due to the coarse initial mesh (NDOF=66) used. In this 

example, the adaptive refinement scheme and the point mesh generator again largely 

reduced most of the effects of the singular point. 

 

Regarding the computational complexity of the adaptive refinement procedure, Table 6 

shows the ratios of CPU time used by all major processes (RKPM analysis, error 

estimation and adaptive refinement) of the adaptive refinement procedure. From Table 6, 

it can be seen that the computational costs for error estimation and adaptive refinement 
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are modest when compared with the RKPM analysis cost. This can be explained by the 

fact that while the computational complexity of the RKPM analysis is in general 

proportional to (NDOF)1.5, the computational complexities for both error estimation and 

adaptive refinement are only proportional to NDOF. 

 

5. Conclusions 

In this study, a simple and automatic adaptive refinement procedure for the reproducing 

kernel particle method (RKPM) is suggested. In this procedure, the Zienkiewicz and Zhu 

(Z-Z) error estimator is combined with a new stress recovered scheme for the a posteriori 

error estimation of the RKPM solution. A new adaptive refinement strategy based on the 

partition of unity property of the RKPM shape functions for the definition of the local 

refinement indicators is suggested. The local refinement indicators are then used for the 

definition of new node spacings during the adaptive point mesh generation. In addition, a 

simple but effective variable support size definition scheme has also been suggested for 

adaptive meshes to ensure that the RKPM shape functions can be constructed in any point 

inside the problem domain. 

Numerical studies were carried out on four benchmark problems and it was found that by 

using the proposed adaptive refinement procedure, the user prescribed target accuracy 

can be reached in a few refinement steps. For problems with smooth exact solutions, even 

though no significant improvement in the convergence rate was obtained, the adaptive 

scheme could lead to solutions with higher accuracy. For problems with singular 

solutions, it was found that the proposed refinement process could lead to the generation 

of nearly optimal point meshes. As a result, when compared with uniform refinement, the 

effect of singularity was largely reduced and nearly optimal convergence rates were 

achieved. The numerical tests also re-confirmed that the recovered stress fields generated 

by the recovery procedure suggested in Part I of the current study [25] converged at a 

higher rate than the RKPM solutions. 
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Appendix: Determination of support size for nodes in the point mesh 

In this appendix, it will be proved that the procedure described in Section 3.1 will  

(1) ensure that any point inside the problem domain Ω is within the domain of influence 

of at least one node of the mesh, and 

(2) the RKPM shape function can be constructed at any point within Ω. 

In order to complete the proof, first assume that there exists a point p inside Ω such that it 

is not covered by the domain of influence of any node in the mesh (Fig. A1). Since the 

virtual grid cells are constructed in such a way that their sizes are all equal to dmin, it can 

be concluded that the greatest distance between p and the centre of any grid cell should 

be at most equal to mind21/  (Fig. A1). Now assume that the cell under consideration is 

labelled as cell i and the node k is one of the six nearest nodes around Oi, the centre of 

cell i. By using the same notations in Section 3.1, the distance between Oi and node k is 

denoted as dk. From Fig. A1, lk, the distance between p and node k must satisfy the 

inequality 

 lk ≤ mind21/ +dk (A1) 

However, according to Section 3.1 and from Eqn. 14, the size of the domain of influence 

of node k must satisfy the condition 

 kminkk d1/2dh l≥+≥  (A2) 

Hence, this will result in contradiction and point p must within the domain of influence of 

node k. 

To prove that the RKPM shape function can be constructed at any point p within Ω, it is 

necessary to show that p will be covered by the domains of influence corresponding to at 

least six distinct nodes in the point mesh. This condition can be proved by recalling that 

during the construction of hk, Eqn. 14 will be enforced for the six nearest nodes around 

Oi. Thus, during the error estimation process, it is always possible to construct the RKPM 

shape functions at any integration point within the problem domain. 

However, it should be mentioned that just the minimum support size condition is not 

sufficient to exclude all the degenerated geometric arrangements of nodes (e.g. all the 

nodes are collinear). Hence, in actual implementation, the minimum support size will be 

used whenever is possible and some stability checks are preformed during the 

computation of the RKPM shape functions [16]. 
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Fig. 1: The minimum size of domains of influence of nodes: hi satisfies the minimum size 

condition while hj does not 
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Fig. 2: Determination of support sizes 
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(a) Initial Mesh, 15 nodes 

 
(b) Mesh 1, 84 nodes 

 
(c) Mesh 2, 217 nodes 

 
(d) Final mesh, 456 nodes 

Fig. 3: Adaptive meshes generated form Example 1, Timoshenko beam 
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Fig. 4: Rate of convergence for Example 1 
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Fig. 6: Rate of convergence for Example 2 
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(a) Initial mesh, 27 nodes (b) Mesh 1, 49 nodes 

(c) Mesh 2, 112 nodes (d) Final mesh, 241 nodes 
 

Fig. 5: Adaptive meshes generated form Example 2, Infinite plate with a hole 
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(a) Initial mesh, 15 nodes 

 
(b) Mesh 1, 149 nodes 

 
(c) Mesh 2, 469 nodes 

 
(d) Final mesh, 1150 nodes 

 
Fig. 7: Adaptive meshes generated form Example 3, Region near the tip of a crack 
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Fig. 8: Rate of convergence for Example 3 
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Fig. 10: Rate of convergence for Example 4 
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(a) Initial mesh, 33 nodes 
 

(b) Mesh 1, 121 nodes 
 

 
(c) Mesh 2, 379 nodes (d) Final mesh, 1055 nodes 

 
Fig. 9: Adaptive meshes generated form Example 4, L-shape domain 
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Example 

no. 
Descriptions Domain 

geometry 
Reference

figures 
Presence of 
singularity  

λ ηtar (%) 

1 Timoshenko beam Convex *Fig. 6 No --- 2.5 

2 Infinite plate with a hole Concave *Fig. 8 No --- 2.5 

3 Region near the tip of a crack Convex *Fig. 10 Yes 0.5 5 

4 L-shape domain Concave *Fig. 12 Yes 0.544 5 

* Figure numbers of reference [25] in which the definition of the problems are given 
Table 1: Summary of the four benchmark problems used 

 
Mesh Initial mesh Mesh 1 Mesh 2 Final mesh 

NDOF  30 168 434 912 

RKPMη  (%) 21.54 6.45 3.41 2.1 

Rvη  (%) 11.67 2.61 1.16 0.62 
η (%) 16.37 (13.65) 5.55 (4.63) 3.31 (2.76) 2.18 (1.82) 

RRKPM  0.70 0.67 0.65 

RRv  0.87 0.85 0.84 

θ 0.76 (0.63) 0.86 (0.72) 0.97 (0.81) 1.04 (0.87) 
Table 2: Results for Example 1 

(For η  and θ, values in brackets are obtained without using the compensation factor γ) 
 
 

Mesh Initial mesh Mesh 1 Mesh 2 Final mesh 

NDOF  54 98 224 482 

RKPMη  (%) 9.41 6.24 3.59 2.22 

Rvη  (%) 4.97 2.94 1.44 0.76 

η (%) 7.25 (6.04) 5.05 (4.20) 3.27 (2.73) 2.15 (1.79) 

RRKPM  0.69 0.67 0.63 

RRv  0.88 0.86 0.83 

θ 0.77 (0.64) 0.81 (0.67) 0.91 (0.76) 0.97 (0.81) 
Table 3: Results for Example 2 

(For η  and θ, values in brackets are obtained without using the compensation factor γ) 
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Mesh Initial mesh Mesh 1 Mesh 2 Final mesh 

NDOF  30 298 938 2300 

RKPMη  (%) 29.7 12.13 7.76 5.52 

Rvη  (%) 17.97 6.70 4.14 2.89 

η (%) 16.33 (13.60) 8.85 (7.38) 6.05 (5.04) 4.75 (3.96) 

RRKPM  0.39 0.39 0.38 

RRv  0.43 0.42 0.40 

θ 0.55 (0.49) 0.73 (0.61) 0.78 (0.65) 0.86 (0.72) 
Table 4: Results for Example 3 

(For η  and θ, values in brackets are obtained without using the compensation factor γ) 
 
 

Mesh Initial mesh Mesh 1 Mesh 2 Final mesh 

NDOF  66 242 758 2110 

RKPMη  (%) 23.5 13.79 8.73 5.86 

Rvη  (%) 14.12 7.97 4.88 3.17 

η (%) 12.93 (10.78) 9.93 (8.28) 6.90 (5.75) 4.92 (4.10) 

RRKPM  0.41 0.40 0.39 

RRv  0.44 0.43 0.42 

θ 0.55 (0.46) 0.72 (0.60) 0.79 (0.66) 0.84 (0.70) 
Table 5: Results for Example 4 

(For η  and θ, values in brackets are obtained without using the compensation factor γ) 
 
 

Major process Ratios of CPU time used 
RKPM Analysis 90% 
Error estimation 

(include stress recovery) 9% 

Adaptive refinement  
(including point mesh generation) <1% 

Table 6: Ratios of CPU time used in different major processes for adaptive refinement  
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Fig. A1: Coverage of a point p inside Ω 
 


