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Abstract 

A new algorithm to generate 3-dimentional (3D) mesh for thin-walled structures is proposed. 

In the proposed algorithm, the mesh generation procedure is divided into two distinct phases. 

In the first phase, a surface mesh generator is employed to generate a surface mesh for the 

mid-surface of the thin-walled structure. The surface mesh generator used will control the 

element size properties of the final mesh along the surface direction. In the second phase, 

specially designed algorithms are used to convert the surface mesh to a 3D solid mesh by 

extrusion in the surface normal direction of the surface. The extrusion procedure will control 

the refinement levels of the final mesh along the surface normal direction. If the input surface 

mesh is a pure quadrilateral mesh and refinement level in the surface normal direction is 

uniform along the whole surface, all hex-meshes will be produced. Otherwise, the final 3D 

meshes generated will eventually consist of four types of solid elements, namely, tetrahedron, 

prism, pyramid and hexahedron. The presented algorithm is highly flexible in the sense that, 

in the first phase, any existing surface mesh generator can be employed while in the second 

phase, the extrusion procedure can accept either a triangular or a quadrilateral or even a mixed 

mesh as input and there is virtually no constraint on the grading of the input mesh. In 

addition, the extrusion procedure development is able to handle structural joints formed by the 

intersections of different surfaces. Numerical experiments indicate that the present algorithm 

is applicable to most practical situations and well shaped elements are generated. 
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1. Introduction 

In recent years, automatic mesh generation is one of the focus areas in the research of 

computational mechanics and computational geometry. This fact is reflected by the number of 

special issues and bibliography published in international journals in the last decade [1-8]. 

Since mesh generation could be defined as the process of breaking up a physical domain into 

small subdomains (elements) in order to facilitate numerical solution, a natural way to classify 

different mesh generation schemes is according to the dimensions of the domain to be 

discretized. By using such classification, nearly all mesh generation schemes available can be 

classified into the following three groups. 

(1) 2D mesh generation schemes 

 Generation of meshes on planar surfaces could be considered as a well matured area in 

the research of automatic mesh generation. Efficient algorithms are now available for the 

generation of anisotropic [9,10] and full quadrilateral meshes [11]. 

(2) Surface mesh generation schemes 

 Recently, topics in surface mesh generation that are under intensive research focus 

included anisotropic meshes generation with gradation and geometric error control [12-

14], the generation of anisotropic surface quadrilateral meshes [11,15,16] and mesh 

generation algorithms for non-analytical surface patches [17-19]. 

(3) 3D mesh generation schemes 

 Research in 3D mesh generation algorithm is one of the oldest research topics in 

automatic mesh generation. Within the area of 3D mesh generation, one of the topics 

which is subjected to most intensive research effort is complete unstructured hexahedral 

solid mesh generation [20, 21]. 

Analysis of thin-walled structures (TWS) is frequently encountered in many fields of 

engineering applications. In most engineering disciplines, a structure is considered as a TWS 

if its first two characteristic dimensions, (length/width) are much larger (e.g. one order of 

magnitude) than its third characteristic dimension (thickness). However, it should be noted 

that, among different disciplines, different values of the length to thickness ratio could be 

used. For example, in structural and offshore engineering, the value of such ratio could be as 

small as 10 while in the application of plastic injection molding modelling, the ratio adopted 

is usually bigger (e.g. 50). Traditionally, in structural engineering, plate and shell elements are 

used for analyzing of TWSs and the finite element (FE) meshes needed are often generated by 

an automatic surface mesh generator. Even through many efficient shells elements are 

available, due to the zero normal stress assumption, they are unable to predict the normal 
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stress variation along the intersection of two shell structures. Thus, the use of shell elements 

will not be adequate during the fatigue analyses of thin-walled structures joints. Examples of 

such type of structures included all kinds of tubular structures which are commonly used in 

the construction offshore platforms [22, 23]. Even in principle, accurate stress concentration 

factor (SCF) predictions and fatigue analyses can be obtained by using 3D FE method, the use 

of full 3D FE models for the study of TWSs is so far uncommon. The two main difficulties 

faced by many engineers who tried to use 3D FE models for the study of TWS joints are  

(1) Most of the conventional 3D mesh generation schemes available to date are primary not 

designed for the discretization of TWS in which the aspect ratio of the problem domain in 

the thickness direction is at least one order less than that of the other dimensions. 

(2) Even a conventional 3D mesh generator is able to discretize the TWS into a solid 3D 

mesh, since the aspect ratio of elements are similar in all directions, it will result in 

impractical number of degrees of freedoms. 

Hence, in order to carry out an accurate SCF or fatigue analysis for TWS joints, a number of 

researchers have resolved to some tailor-made mesh generation procedures [24, 25]. In 

practice, in order to optimize the cost effectiveness of the FE analysis, it is desired that refined 

elements with suitable size grading (in both surface and thickness directions) should be 

employed near the intersection while single layer of relatively large elements (in the surface 

direction) should be used at region far away from the intersection. Furthermore, for regions 

near the junction where the aspect ratio of the elements in all directions are similar, 

conventional displacement type finite elements could be used while specially formulated 

hybrid elements [26-28] with high shape aspect ratio tolerance should be employed at where 

the elements are elongated in the surface direction. In fact, due to such special element 

grading and element size aspect ratio requirement, the discretization of TWSs into 3D meshes 

appears to be a relatively new and unexplored topic in the research of automatic mesh 

generation. The main objective of this study is to suggest a new procedure for the generation 

of 3D solid mesh for TWSs. In particular, the current algorithm is mainly designed for the 

mesh generation of TWSs encountered in structural and offshore engineering. It is expected 

that it will most often be applied to structures with length to thickness ratio within the range 

of [10, 100]. However, it should be mentioned that the proposed algorithm will also be 

applicable to the cases when the ratio is outside such range. Furthermore, the FE mesh 

generated could be used in both structural/stress analyses as well as other applications such as 

thermal and molding analyses. The proposed procedure will break down the whole mesh 

generation procedure into two phases, namely, mesh generation for the mid-surface of the 
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TWS and solid element formation by extrusion. In this paper, attention will be focused on the 

development of the special algorithms used in the extrusion phase. 

In the next section, a description of the underlying principles employed for solid mesh 

formation for a single shell surface will be given. It will then be followed by the descriptions 

of special algorithms used for the treatment of surface intersections. Methods to maintain the 

corrected connectivity among different layers of elements during volume mesh refinement 

will then be given in Section 4. In Section 5, new mesh quality measures and mesh quality 

enhancement procedures proposed for the current application will be introduced. Finally, 

several mesh generation examples will be provided to demonstrate the performance, 

effectiveness and reliability of the suggested scheme. 

 

2. Basic generation principles and extrusion for single surface 

2.1 Basic generation principles and surface mesh generation 

The main idea of the proposed mesh generation procedure is to divide the 3D solid element 

generation procedure into two main phases (Fig. 1). In the first phase, a surface mesh 

generator will be employed to discretize the surface model of the TWS into surface mesh. In 

the second phase, a specially designed algorithm will first convert the surface mesh to a 

volume mesh for the definition of the volume of the TWS. This volume mesh will then be 

further refined to a solid mesh for 3D FE modelling. In the final 3D FE mesh, element size 

grading along the surface direction will be determined during the surface mesh generation 

phase while mesh refinement along the thickness direction will be carried out in the extrusion 

phase. By separating the whole mesh generation progress into two main phases, both the 

generation speed and flexibility of generator are increased. Furthermore, the complexity of the 

whole mesh generation algorithm is reduced and it is possible to use any existing surface 

generator (e.g. the anisotropic quadrilateral mesh generated described in reference [14]) in the 

first phase to achieve the desired element size grading requirement. In addition, the two-phase 

approach also allows one to design the 3D solid mesh algorithm in such a way that it will 

require a minimum amount of information from the surface geometrical model of the TWS. In 

fact, once the surface mesh corresponding to the mid-surface of the TWS is available, the 

proposed conversion procedure can generate a 3D solid mesh without referring to the 

underlying geometrical model of the TWS.  

Note that as the main target area of the proposed mesh generator is for the discretization of 

structures encountered in structural and offshore engineering. Hence, the term TWS in here 

refers to thin-walled structures, rather than thin-walled solids which are commonly used in 
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mechanical engineering. When modelling this kind of structures in structural and offshore 

engineering, very often the mid-surface model of the structure exists before the solid model is 

created: Global analysis is carried out using shell elements based on estimated thickness of 

the structure. A 3D model is then created (e.g. using the algorithm presented in this paper) for 

detailed analysis at critical locations (e.g. structural joints). Note that such approach is rather 

different from the procedure used in mechanical design in which the 3D model is created first 

(using CAD/CAM software) and the mid-surface model is obtained by extraction algorithms 

(e.g. medial axis transform). Hence, it should be stressed that the problem of how to extract a 

surface model from a 3D solid model is not the main focus of the present work. However, it 

should be mentioned in here that, once the mid-surface model is available, the presented 

algorithm could able to discretize a thin-walled solid to a 3D FE mesh as well. 

 

2.2 Extrusion for single surface 

In the current generation scheme, solid mesh will be generated by the process of extrusion 

along the surface normal direction of the input surface (Fig. 2). It is assumed that both the 

surface normal vector and the thickness of the TWS will vary along the surface. After the 

extrusion, each mid-surface element will be converted to a volume element. Triangular 

elements are converted to prism volume elements and quadrilateral elements are converted to 

hexahedral volume elements (Fig. 3). Fig. 3 also illustrates that after extrusion, the original 

mid-surface element becomes a middle facet and locates inside the volume element. By 

contrast, the top and bottom surfaces of the volume element are defined as the top facet and 

the bottom facet respectively. In addition, normal sides, which defined the extrusion 

directions at the corner nodes, are generated during the extrusion process. Note that the 

extrusion process used here is somehow similar to the offsetting technique used by Lohner et. 

al. [29] and Marcum [30] for boundary layer mesh formation in CFD studies. However, the 

methods used in references [29] and [30] are developed for volume meshing of the fluid 

domain enclosing the solid boundary while in here the extrusion technique developed is for 

the meshing of solid domain of the TWS. Furthermore, a similar approach for generation 

boundary layer mesh for solid domain was purposed by Athanasiadis and Deconinck [31] 

However, in reference [31], the algorithm developed is mainly for the generation of boundary 

mesh with uniform layers of elements and no detailed discussion for the treatment of surface 

intersections were given. Recently, another remarkable approach for generating 3D solid 

meshes for thin-walled solids was purposed by Quadros and K. Shimada [32]. The algorithm 

purposed in reference [32] uses a special algorithm to extract the chordal surface from the 3D 
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solid model. An all quad-element mesh generator is then applied to discretize the surface 

model before the final all-hex mesh with uniform layers of elements along the surface 

direction is generated by simple extrusion process. 

In the current implementation, the extrusion algorithm is designed in such a way that it will 

make use of the following input data: 

(1) A surface mesh of the mid-surface of the TWS. 

(2) The thickness, h, and the surface normal vectors, b, of the TWS at the nodal points of the 

surface mesh. 

(3) The number of layers of elements, EL, required to be generated in the thickness direction 

of the elements of the surface mesh. 

It should be mentioned that the nodal surface vector is only an optional input for the 

conversion process as it is possible to compute them based on the coordinates of the nodal 

points and the connectivity of the surface mesh. For a given surface node A, the optimal unit 

normal vector, bA, at that node is calculated by first retrieving the normal vectors of its 

adjacent elements (Fig. 4). The normal vector bA can then be obtained by applying the least-

squares fitting (LSF) method. During the fitting process, the error function contribution due to 

the ith adjacent elements [30] used is defined as 

 ei=1-b⋅ni (1) 

where T]n,n,[n z
i

y
i

x
ii =n  is the surface normal vector of the ith adjacent element. By using 
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After the bA is computed it will be normalized and volume elements will be created by 

extrusions along the +bA
 and –bA directions for a distance equal to hA/2 where hA is the 

thickness of the TWS at node A. It should be remarked that Eqn. 2 will only has unique 

solution provides that there exists at least three distinct normal vectors ni. In such cases that 

only one (Fig. 5a) or two (Fig. 5b) distinct normal vectors exist, the only normal vector n1 or 

the average of the two distinct normal vectors (n1+ n2)/2 will be used as the optimal unit 

vector bi respectively. 

Note that for the computation of the normal vectors, LSF is used rather than the weighted 

least-squares fitting (WLSF) (e.g. used the areas of adjacent elements as weights) or the 
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simple averaging (SA) method because it is well-known that for a given surface model, the 

WLSF and SA procedures could produce variations in normals due to purely topology 

(connectivity of elements surrounding a node) or local face areas difference. A simple LSF 

approach eliminates such variations. 

 

3. Treatment for surface intersections and corner points 

In order to generate volume meshes for practical engineering applications, it is essential that 

the surface extrusion procedure should be extended to cover surface intersections. In this 

study, special algorithms are developed for the treatments of the following surface 

intersection situations: 

(i) Simple surface intersections in which only two surfaces are involved (Fig. 6a), 

(ii) multi-surface intersections in which more than two surfaces are involved (Fig. 6b), and 

(iii) corner point intersections in which a corner point is created (Fig. 6c). 

 

3.1 Simple surface intersections 

For the treatment of simple surface intersection involving two surfaces, surface I and surface 

II, (Fig. 7) the final solid mesh will be formed in two steps. In the first step, the simple 

extrusion algorithm will be applied to the two intersecting surfaces independently. In the 

second step, modification algorithms are employed to treat those overlapping elements 

formed near the junction of the TWS. 

In order to explain the algorithm used, two definitions will be given first. The intersection 

curve of the two mid-surfaces is defined as the 2D-cross curve while the curve surface formed 

by the intersection of the two face walls of the two volume meshes is referred as the 3D-cross 

face (Fig. 7). In addition, the angle between the two intersection surfaces is denoted as ϕ (Fig. 

8). In general, the value of ϕ varies along the 2D-cross curve and it will only be constant 

when the two surfaces are both planar. The values of ϕ at all the nodes lying on the 2D-cross 

curve could be computed straightforwardly using the surface mesh information. For each node 

on the 2D-cross curve, the angle between the two normal vectors respect to each surface is 

defined as σ (Fig. 8) such that 

 ϕ=π-σ (3) 

Let θ1 and θ2 be the angles between the 3D-cross face and surfaces I and II respectively (Fig. 

9). In addition, the thickness of the surfaces at the nodes lying on the 2D-cross curve will be 
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retrieved. As shown in Fig. 9, if the thicknesses of the two surfaces at the nodes under 

consideration are equal to hI and hII respectively, then θI and θII can be computed as: 

II

II

I

I
III 2sinθ

h
2sin

h   ,θθ =
θ

ϕ=+  and )
hcosh

sinh(tanθ   ),
hcosh

sinh(tanθ
III

II1-
II

III

I1-
I +ϕ

ϕ
=

+ϕ
ϕ

=  (4) 

By using Eqn. 4, the normal sides for all the nodes lying on the 2D-cross curve can be 

modified such that they will be conformal with the 3D-cross face of the intersection. 

 

3.1.1 Re-definition of surface normal vectors for simple surface intersection 

When the angle φ is small and the thickness of the surfaces I and II are larger than the element 

size near the intersection, some normal sides of the volume elements near the intersection may 

cut into the 3D-cross face (Fig. 7). In general, when projecting the 3D-cross face onto the 

intersecting surfaces, a shadow area is generated (Fig. 10). Note that both intersection 

surfaces have their own shadow areas. If there are surface nodes located inside these shadow 

areas, it can be affirmed that the normal sides passing through these nodes will intersect with 

the 3D-cross face and their directions must be re-defined. Furthermore, it is found that if the 

normal side of a given node is re-defined, it is often required to modify the normal sides 

associate with all the nodes adjacent to it. As a result, all the surface nodes that are located 

inside the shadow area and their adjacent nodes will be collected into a set denoted as J. All 

the nodes belong to J will be checked and their original optimal surface normal vectors (Eqn. 

2) may be re-defined. Nodes belong J will be grouped in layers according to their connectivity 

with the 2D-cross curve (Fig. 11). By starting from the first node in the first layer, nodes are 

checked layer by layer until no normal side is modified in the current layer. 

For the given node B⊂J to be checked, a connection vector will be drawn from node B to a 

point A such that BA is perpendicular to the 2D-cross curve at A (Figs. 12 and 13a). Since the 

2D-cross curve is discretized into line segments, the following three situations may occur. 

Situation 1: ∠BN1N3
o90>  and ∠BN1N2

o90<  (Fig 12a) 

In this case, the perpendicular point A is located on the segment N1N2. 

Situation 2: ∠BN1N3
o90<  and ∠BN1N2

o90< (Fig. 12b) 

In this case, two perpendicular points A and C can be found on the segments N1N2 and N1N3 

respectively and any one of them could be used. In the current implementation, point A will 

be selected if the numbering of N2 is less than that of N3 and vice versa. 
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Situation 3: ∠BN1N3
o90>  and ∠BN1N2

o90> (Fig. 12c) 

In this case, no perpendicular point can be found and the nearest point to B, N1 will be 

selected. 

After the location of point A is defined, the surface normal vector at A, Ab  will be calculated. 

Assume that the optimal surface normal vector at node N1 and N2 are 
1Nb and 

2Nb  

respectively. For situations I and II, Ab  can be obtained by linear interpolation as 

 
21

12N21N
A NN

ANAN bb
b

+
=  (5) 

while Ab  will be taken as 
1Nb  for situation III.  

After Ab  is determined, the re-defined normal direction for node B will be re-calculated 

according the algorithm given in Box 1 using point B in Fig. 13 as an example. 

(i) A connection vector BA will be drawn from node B to point A  

(ii) The original normal direction, bB, and thickness, hB, at node B and the original normal 

side at B, VB will be retrieved. 

(iii) The angle between the line AB and VB will be computed. If this angle is less than π/2, 

then the normal VB will be kept unchanged and goto (vii). Otherwise, the angle between 

bA and bB is computed and denoted as δ. 

(iv) The location of point M, the midpoint of BA, will be found.  

(v) From M a line HI will be drawn along the bA direction such that δ= /coshIH B . 

(vi) The line IB is then connected and extended to point J (Fig. 13b). The line JI will then be 

re-defined as the new normal side for node B by setting and VB←JI. The new optimal 

normal direction will be re-defined as bB← JIJI . 

(vii) Quit with the new normal side VB and new optimal normal direction bB. 

Box 1: Re-definition of normal side and surface normal direction at node B. 

As shown in Fig. 13b, the new normal sides for all other nodes belong to J will be obtained in 

a similar way. Note that when the node under consideration is close to the 2D-cross curve, the 

angle between the connecting line and the final normal side will be an obtuse angle (e.g. 

nodes B and C in Fig. 13b). When the node is far from the 2D-cross curve, the value of this 

angle will decrease. Once this angle becomes an acute angle, the original normal side of the 

node will not be changed (e.g. node D in Fig.13b). 
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3.1.2 Adjustment of normal sides near surface intersections 

It is found that even though the normal sides near the 2D-cross curve are modified according 

to the method described in the last section, invalid volume elements may still be formed after 

the extrusion process. Such situation is more common when the surface mesh is highly 

anisotropic and contains a large number of highly stretched elements near the surface 

intersection. A typical case of an invalid volume element is shown in Fig. 14 in which the 

mid-surface element ABC is extruded along directions AA’, BB’ and CC’ at nodes A, B and 

C respectively. It can be seen that due to the rapid change in the surface normal directions, the 

normal vectors for the middle facet ABC (N) and upper facet A’B’C’ (N’) are opposite to 

each another such that N⋅N’<0 and resulted in an invalid volume element. 

In order to avoid the formation of invalid volume elements, an additional step is implemented 

to further adjust the normal sides of nodes belong to the set J. A normal side that requires 

further adjustment is called an invalid normal side. For a given normal side VB (which may 

already be re-defined according to the procedure described in Section 3.1.1) associates with a 

node B⊂J, its validity will be checked by the procedure shown in Box 2. 

(i) Retrieve all the volume elements adjacent to the node B. 

(ii) For a given element retrieved, if all its normal sides have been checked according to the 

procedure described in Box 1, the validity of the element will be checked by computing 

the dot product N⋅N’ where N and N’ are the normal vectors corresponding to the middle 

and top facets of the volume element respectively (Fig. 14). A volume element is invalid 

if N⋅N’≤0. 

(iii) If there exists at least one invalid element adjacent to node B, VB is considered as invalid 

and it will be further adjusted, otherwise, VB is valid and no adjustment is required. 

Box 2: Checking the validity of a given normal side VB. 

Assume that now the normal side VB is invalid. The new direction of the adjusted normal 

sides will be established by perturbing it about its original direction as shown in Fig. 15. In 

Fig. 15, BA is the connecting vector to the 2D-cross curve (Box 1) such that it is 

perpendicular to the 2D-cross curve at A (Fig. 12). The new direction of the normal side will 

be determined by perturbing the vector VB on the plane defined by the points A, B and 

B’(Fig. 15). Two series of perturbed vectors j
Bi

V  will be generated such that 

 ( )BA
ND

i(-1))
ND

i-(1 j
B

j
Bi

+= VV     for j=1,2 and i=1,....,ND (6) 
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In Eqn. 6, ND is the maximum number of divisions used for the generation of perturbed 

vectors. From Eqn. 6, it can be seen that for the first series, 1
Bi

V , the normal side direction is 

shifted away from the surface intersection and the value of the angle ∠ABB’ is increased and 

vice verse for the second series 2
Bi

V . For any normal vector j
Bi

V , the corresponding normal 

side for the upper half of the volume element, j'
iBB , will be generated in such a way that 

when it is projected back to the original optimal normal direction bB (defined in Eqn. 2), its 

length will be equal to half of the thickness at the node B. In practice, in order to minimize the 

change in the normal side direction during the adjustment, the series 1
Bi

V  will be employed to 

generate the new normal side first. The generation sequence of the perturbed vectors for node 

B is shown in Box 3. 

(i) Loop over the index j=1 from 1 to 2 

(ii) Loop over the index i from 1 to ND 

(iii) Determine the vector j
Bi

V  using Eqn. 7 and the corresponding new normal side. 

(iv) Test whether the new normal side generated is a valid normal size or not. If it is 

a valid normal side, quit with the valid normal side. 

(v) End for loop i 

(vi) End for loop j 

Box 3: Adjustment of invalid normal side VB 

The above adjustment procedure will be applied to all normal sides belong to J in a layer by 

layer manner similar to the case of normal side re-definition. Numerical tests show that by 

setting ND=20 in Eqn. 6, the adjustment procedure would normally remove all invalid normal 

sides even when the thickness of the surfaces is much larger than the element size along an 

acute intersection for a highly anisotropic mesh. In case that there are still invalid normal side 

after the first pass of the adjustment procedure, it will be repeated until all the invalid normal 

sides are corrected. Numerical experiences done show that it is rarely required more than one 

iteration to remove all invalid normal sides even for the most adverse case tested. 

A simple example to demonstrate the actions for the normal side re-definition and adjustment 

process is given in Fig. 16. In this example, the structure modeled consists of two planar 

surfaces intersecting at 30° and the thicknesses of shells equal to the average element size 

near the intersection. As a result, 9 normal sides near the 2D-cross face are modified. 
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3.2 Multi-cross intersections 

During the treatment of multi-cross intersection such as the one shown in Fig. 6b, each 3D-

cross face and the volume elements generated for the two surfaces will be divided into two 

separate parts by its mid-surface and considered separately (Fig. 17). As a result, on each 

surface, two layers of volume elements will be formed. 

In order to use Eqns. 3 and 4 to calculate the normal sides on the 2D-cross curve, normal 

vectors of the intersection surfaces will be reversed. For example, for a joint formed by the 

intersection of three surfaces I, II and III as shown in Fig. 18, only one unique 2D-cross curve 

is formed. However, during the treatment of this multi-cross intersection, three separated 2D-

cross curves (and hence, 3D-cross faces) and six volume meshes will be created. After the 

surface normal vectors are defined, volume meshes can be generated by applying the 

procedure described in Section 3.1 on appropriate pairs of normal vectors in turns. The 

different surfaces and normal vectors used for the formation of 3D-cross curves and volume 

meshes for the multi-cross intersection shown in Fig. 18 are listed in Table 1. In general, for a 

surface intersection involves NS surfaces, NS 3D-corss faces and 2×NS surface normal 

vectors and volume meshes will be created. 

2D-cross curves/ 
3D-cross face 

Surfaces used Surface normal 
vectors used 

volume mesh formed

1 I, II bI, -bII I1, II2 
2 II, III bII, -bIII II1, III2 
3 II, I bIII, -bI III1, I2 

Table 1: Normal vectors of surfaces for different 2D-cross curve 
 

3.3 Corner point intersections 

For a multi-cross intersection involving a corner point which is formed by the intersection of 

three 2D-cross curves (Fig. 6c). The normal side for the node at the corner point is defined as 

the intersection line of three 3D-cross faces and its direction is determined by the surface 

normal vectors and the thickness of the three intersection surfaces.  

As shown in Fig. 19, the surface node corresponding to the corner point is denoted as O and 

OO’ is the normal side to be determined. Let points A, B and C are located on the bottom 

facets of the volume meshes corresponding to surfaces I, II and III respectively. The lines 

O’A, O’B and O’C are constructed so that they are perpendicular to surfaces I, II and III 

respectively. If the thicknesses of the TWS at point O for the three surfaces are equal to hI, hII 

and hIII respectively, then the coordinates of point O’, (xO’, yO’, zO’), can be calculated by 

solving the following equations: 
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III

II

I

hC)OO'cos(OO'

hB)OO'cos(OO'

hA)OO'cos(OO'

=∠

=∠

=∠

 (7) 

Eqn. 7 can be rewritten as 

 
IIIzIII,OO'y,IIIOO'xIII,OO'

IIzII,OO'yI,IOO'xII,OO'

IzI,OO'yI,OO'xI,OO'

hb)z-(zb)y-(yb)x-(x

hb)z-(zb)y-(yb)x-(x

hb)z-(zb)y-(yb)x-(x

=⋅+⋅+⋅

=⋅+⋅+⋅

=⋅+⋅+⋅

 (8) 

where (xO, yO, zO) are the coordinates of point O while bη=(bη,x, bη,y, bη,z) for η=I, II and III is 

the surface normal vector for surface η at the point O. 

Similar to the case for multi-cross intersection without corner point, when the angles between 

intersection surfaces near the corner point are small or when the thickness of the TWS is large 

when comparing with the mid-surface element size, normal sides near the corner point will be 

re-defined and adjusted to avoid the formations of invalid elements and normal sides. For a 

multi-cross intersection with corner node, normal sides of surface nodes near the corner point 

will be affected by two pairs of intersecting surfaces. Hence, the final direction of the normal 

side will be determined by combining the two modified normal vectors obtained by 

consideration of the two pairs of surface intersections. For example, in Fig. 19, node D is a 

surface node close to the corner point O and its original normal surface vector (obtained by 

using Eqn. 2) is denoted as bo. The final normal vector for node D, bD will be obtained by 

combining bI,II, the modified normal obtained by considering the intersection between 

surfaces I and II and bI,III, the modified normal obtained by considering the intersection 

between surfaces I and III. Note that the vectors bI,II and bI,III are obtained by apply the 

algorithms described in Section 3.1 on bo separately (Fig. 20) and bD can be expressed as 

 bD = (bI,II - bo ) + (bI,III - bo ) + bo (9) 

 

4. Volume mesh refinement 

After the extrusion procedure, the surface mesh is converted to a volume mesh which consists 

of one layer (for single surface) or two layers (for multi-surface) of volume elements. Note 

that the middle facet of a volume element (Fig. 3) does not divide the volume element into 

two layers: It is only referred as the mid-surface definition of the underlying TWS. In 

practice, the volume mesh will be refined along the thickness direction to ensure the accuracy 

of the FE model. 
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4.1 Refinement parameters used 

The volume mesh refinement process is controlled by the input data EL which define the 

number of layers of elements required in the thickness direction for all the elements of the 

surface mesh. In case that EL is constant for all elements, the division process is trivial and 

involving uniform division of the volume elements into EL solid elements as shown in Fig. 

21. However, in order to optimize the cost effectiveness of the FE analysis, values of EL may 

vary along the input surface mesh and it is often required to divide the volume mesh into 

different numbers of layers of elements at different locations of the structure. Thus, a 

refinement scheme to maintain the compatibility of the edge and faces connectivity for the 

final solid mesh is needed. Towards this end, it is found that the complexity of refinement 

scheme increases as the differences in the EL values among adjacent volume elements 

(elements share a common side or face) increase. Hence, for practical consideration, it is 

restricted that the maximum difference in the EL values among adjacent elements cannot be 

greater than two. As mentioned in Section 2.2, EL is treated as one of the input data, it is 

possible that the input EL values may not satisfy the imposed restriction. Hence, an advancing 

front correction procedure is employed to rectify the input EL values (Fig. 22). Note that the 

correction procedure will first modify the EL values for those elements adjacent to elements 

with the highest EL value. After the EL values are rectified, the number of layers of divisions 

needed at the normal sides of the volume mesh, NL, will be computed as the maximum EL 

values adjacent to the normal side. For the normal side A shown in Fig. 23, NLA, the number 

of layers of elements needed at A, is defined as 

 NLA=max(ELi, i=1,…,6) (10) 

4.2 Refinement procedures along the thickness direction 

After the values of NL are defined, refinement will be carried out in the thickness direction to 

generate 3D solid elements. The refinement scheme used in this study consists of two distinct 

steps, namely, (i) the connection of dividing nodes for adjacent normal sides and (ii) the 

formation of 3D solid elements.  

4.2.1 Connection of dividing nodes for adjacent normal sides 

For a given normal side VA, after the number of divisions needed, NLA is computed, NLA+1 

dividing nodes will be created (Fig. 21). However, since NL may vary from one normal side 

to the other, a connection scheme is needed to ensure the compatibility of the edges 

constructed when adjacent normal sides (normal sides that share a common vertical face) are 

connected. The connection edges generated will also divide the vertical faces of the volume 
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elements in the thickness direction. Consider two adjacent normal sides VA and VB with NL 

values equal to NLA and NLB respectively such that NLA≥NLB. The scheme employed to 

connect VA with VB will depend on the parities (odd and even) of NLA and NLB and their 

difference, NLA-NLB. Due to the constraint imposed on the values of EL in Section 4.1, it can 

be deduced that NLA-NLB≤2 and therefore, only five distinct cases are possible. 

(1) NLA=NLB 

 In this case, dividing nodes on VA and VB are connected in a simple one-to-one 

correspondence manner as shown in Fig. 24a with NLA=3. 

(2) NLA>NLB and both NLA and NLB are odd numbers 

 In this case, it can be deduced that NLA-NLB=2 and connection will start from the lowest 

dividing node of VB to the second lowest dividing node of VA. Connection then continues 

from the second lowest dividing node of VB to the third lowest dividing nodes of VA and 

so on. Construction will be ended when the uppermost dividing nodes of VB is connected 

as shown in Fig. 24b where NLA=5. 

(3) NLA>NLB and NLA is an even number while NLB is an odd number 

 In this case, it can be deduced that NLA-NLB=1 and connection will start from the second 

lowest dividing node of VB to the second lowest dividing node of VA. Connection then 

continues from the third lowest dividing node of VB to the third lowest dividing nodes of 

VA and so on. Construction will be ended when the uppermost dividing nodes of VB is 

connected as shown in Fig. 24c where NLA=5. 

(4) NLA>NLB and NLA is an odd number while NLB is an even number 

 In this case, once again, one has NLA-NLB=1 and connection is done by reversing the 

connection sequence for the case (3) as shown in Fig. 24d where NLA=4. 

(5) NLA>NLB and both NLA and NLB are even numbers 

 In this case, one has NLA-NLB=2 and exactly the same connection sequence for the case 

(2) will be used as shown in Fig. 24e where NLA=6. 

4.2.2 Formation of 3D solid elements 

After all the dividing nodes for adjacent normal sides are constructed and vertical faces of the 

volume elements are divided, 3D elements will be formed by dividing the volume elements in 

the thickness direction. Depends on the shape (prism or hexahedron) of the volume elements, 

two different 3D element formation schemes are developed. 

3D element formation scheme for prism volume elements 

For prism volume elements which are generated by extrusion of triangular mid-surface 

elements, the 3D solid element formation scheme used is relatively simple. 3D solid elements 
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will be defined naturally by collecting edges and faces generated during the dividing nodes 

connection step and no further splitting of the volume elements is needed. An example to 

demonstrate the procedure used for an assembly of prism volume elements is given in Fig. 25. 

As shown in Fig. 25, three different types of 3D solid elements, namely, (1) 4-node 

tetrahedron, (2) 5-node pyramid [33] and (3) 6-node prism are generated. 

3D element formation scheme for hexahedral volume elements 

For a hexahedron volume element extruded from a quadrilateral mid-surface element, the 

element formation process will be more complicated and in some cases it is necessary to split 

a hexahedral volume element into two prism elements in order to maintain the compatibility 

of the resulted 3D mesh. Consider a hexahedral volume element E shown in Fig. 26 such that 

the number of divisions at its four normal sides, Vη, η=A, B, C and D are equal to NLη, η=A, 

B, C and D respectively. From the constraint imposed on the values of EL and the definition 

of NL, it can be deduced that not all NLη are different. That is, if one defines NLDE as the 

number of normal sides that have different NL values, then NLDE will satisfy the condition 

 1≤ NLDE ≤3 (11) 

In addition, if one defines NLmax=max(NLA, NLB, NLC, NLD) and NMSE as the numbers of 

normal sides with NL values equal to NLmax, then the range of NMSE will satisfy the 

following conditions: 

 
2NMS1      3NLD
 3NMS1      2NLD

4NMS      1NLD

EE

EE

EE

≤≤⇒=
≤≤⇒=

=⇒=

 (12) 

Furthermore, without loss in generality, one can always assume that NLA=NLmax. In case that 

when NMSE>1, the normal side VA can always be selected in such a way that its node number 

is the smallest among all the nodes with NL=NLmax. By using the definitions of NLDE and 

NMSE and Eqns. 11 and 12, the element formation scheme for the hexahedral volume element 

E can be summarized as follow. 

(1) NLDE=1 and NMSE=4 

 In this case, dividing nodes on all normal sides will be connected in a simple one-to-one 

correspondence manner. 

(2) NLDE=2 and NMSE=2 

 In this case, no splitting is needed and 3D solid elements can be formed directly by 

collecting edges and faces generated during the dividing nodes connection step. 
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(3) NLDE=2, NMSE=1 or 3 and NLDE=3, NMSE=1 or 2. 

 In these cases, it is necessary to split the hexahedral volume element into two prism 

volume elements along the diagonal faces formed by VA and its opposite normal side VC 

(Fig. 27). After the two prism volume elements are formed, dividing nodes on VA and VC 

are then connected along the diagonal faces. Finally, 3D solid elements will be formed by 

collecting edges and faces generated during the dividing nodes connection step. 

In order to demonstrate the refinement procedure used, four set of examples showing how the 

elements are formed are given in Figs. 28 to 31 for cases when NLDE>1 and splitting is 

needed. From Figs. 28 to 31, it can be seen that whenever hexahedral volume elements are 

involved, in additional to the tetrahedron, prism and pyramid elements, 8-node hexahedral 

elements will also be generated.  

 

5. Mesh quality measurement and enhancement 

Since in the current generation procedures, volume elements will be formed before they are 

further converted to solid elements, the mesh quality enhancement process will be applied in 

two separate steps. The first step, normal sides smoothing will be applied to the volume mesh 

while in the second steps, dividing nodes smoothing will be applied to the 3D solid mesh 

generated. 

 

5.1 Volume mesh quality measurement and normal sides smoothing 

Since volume elements are formed by extruding mid-surface elements along the optimal 

normal direction (Fig. 3), when measuring the shape quality of a volume element one should 

therefore consider both the facet shape qualities of its three (top, middle, bottom) facets and 

the normal direction qualities of the normal sides of the element. 

5.1.1 Facet shape quality measurement 

For a given volume element, the parameter φ∈[0,1] to measure its facet shape quality is 

defined as 

 ( ) 31
bmt qqq /⋅⋅=φ  (13) 

where qt, qm and qb are the shape quality measures for the top, middle and bottom facets of the 

volume element respectively. In here, the measures qt, qm and qb are taken as the α and β 

qualities measures [34] for triangular and quadrilateral facets respectively. For a given normal 

side V, the parameter Φ∈[0,1] defined as 
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will be used to measure the average facet shape quality of all the volume elements connected 

to it. In Eqn. 14, NB is the number of elements adjacent to the normal side and φi is the facet 

shape quality of the ith volume element. 

5.1.2 Normal direction quality measurement 

For a given normal side V with normalized normal direction b that connects to NB mid-

surface elements, the parameter Ψ∈[0,1] defined as 

 ∑
=

⋅=Ψ
NB

1i
i )(

NB
1 nb  (15) 

will be used to measure the quality of the normal direction. In Eqn. 15, ni is the normalized 

surface normal vector of the ith adjacent mid-surface element (Fig. 4). Ψ will attain its 

maximum value of unity when the normal direction b coincides with all the normal surface 

vectors of the adjacent mid-surface elements. 

5.1.3 Overall shape quality measure and normal side smoothing 

With the definitions of Φ and Ψ, the overall shape quality measure,Θ, for a normal side is 

defined as 

 Θ = Φλ⋅Ψ(1-λ) (16) 

and is used during the normal side smoothing. In Eqn. 16, λ is a real number such that 0≤λ≤1. 

If λ is close to unity, during the smoothing process, normal side direction will be mainly 

adjusted based on the facet shape quality of the volume elements. However, if λ=0, 

smoothing will be entirely controlled by the normal direction quality. For the optimal value of 

λ, it is found that the shape qualities of the top and bottom facets are quite sensitive to the 

change in the directions of the normal sides and a higher value of λ will result in a more 

effective improvement of the shape quality of the volume mesh. In fact, it is found that a 

value of λ>0.5 will often lead to better volume meshes. Further numerical tests show that a 

value of λ=0.8 seems to be appropriate for must practical cases and thus is adopted in the 

current study. 

For a given normal side corresponding to a node A with normal side direction b, the unit 

vector, bA obtained by solving Eqn. 2 (or provided by the user) will be considered as the 
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optimal normal direction. During the normal side smoothing procedure, a series of vectors 

defined as (c.f. Eqn. 6) 

 Ai ND
i-)

ND
i-(1 bbb =    for i=1,....,ND (17) 

will be generated in the order from i=1 to ND (Fig. 32). The vector bi will be accepted if it 

leads to an increase in the overall shape quality measure Θ. Similar to the case of normal side 

adjustment (Section 3.1.2), it is found that a value of ND=20 will lead to improvement in 

most practical cases. In order to obtain the best smoothing effects, the normal side smoothing 

will start from the normal sides connected to surface intersections and three cycles of 

smoothing will be carried out. 

 

5.2 Dividing node smoothing 

After 3D solid elements are formed, dividing node smoothing will be applied to adjust the 

positions of interior dividing nodes. Note that in order to maintain the consistency between 

the final mesh and the original geometry of the TWS, coordinates of dividing nodes which are 

lying on the top and bottom boundaries will not be altered. Definitions of the shape quality 

measures used for 3D solid elements will be introduced first before the description of the 

dividing node smoothing procedure. 

5.2.1 Face shape quality measurement for 3D solid elements 

Similar to the facet shape quality measure for volume elements, the face shape quality 

measure for a solid element, φ~ , can be defined as (c.f. Eqn. 13) 

 bt qq ~~~
⋅=φ  (18) 

where tq~  and bq~  are the shape (α and β) qualities of the top and bottom faces of the 3D 

element respectively (Fig. 33). For a node connects to NB elements, the parameter Φ~ ∈[0,1] 

defined as (c.f. Eqn. 14) 
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⎝
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φ=Φ ∏

=

~~
 (19) 

is employed to measure the average face shape quality for all the elements surrounding it. 

5.2.2 Face normal vector quality measurement 

Consider an interior dividing node Q for an assembly of 3D solid elements shown in Fig. 34, 

the face normal vector quality measure, Ψ~ , is computed by using the following steps.  
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(i) Identify the dividing nodes that are lying on the same normal side and one level below 

and above Q, denoted them as L and U respectively. (Fig. 34a) 

(ii) Identify all the 3D elements that contain both the nodes Q and L (shaded elements in Fig. 

34b) and collect them in a set denoted as E. 

(iii) Retrieve the upper faces of elements in E and collect them in a set denoted as F. Denote 

the number of faces in F as NF. The set F for Q is shown in Fig. 34c, with NF=6. 

(iv) Compute the unit normal vector of the faces retrieved and denoted them as fi for 

i=1,...,NF. 

(v) Compute the face normal vector quality measure, Ψ~ ∈[0,1] as (c.f. Eqn. 15) 

 ∑
=

⋅+⋅
⋅

=Ψ
NF

1i
ii )(

NF2
1 ffu~ l  with QU

QU
=u    and   LQ

LQ
=l  (20) 

Similar to Ψ, Ψ~  will attain unity when the normal vectors of all the faces adjacent to Q 

coincides with both u and l. 

5.2.3 Overall shape quality measure and dividing node smoothing 

With the definitions of Φ~  and Ψ~ , the overall shape quality measure,Θ~ , for dividing node 

smoothing is defined as (c.f. Eqn. 16) 

 λ)(1−λ Ψ⋅Φ=Θ ~~~  (21) 

Similar to the case of normal side smoothing, a value of λ=0.8 is used in Eqn. 21. For a given 

dividing node Q, dividing node smoothing is started by identifying the face set F (Section 

5.2.2, step (iii)) associates with it. New position of Q will be determined by applying the 

standard Laplaican smoothing method to the neighbourhood nodes in the set F. The new 

position of a dividing node will be accepted only when the overall quality Θ~  after smoothing 

is greater than that before the movement. Again, three cycles of smoothing are applied. 

 

6. Mesh generation examples 

In this section, nine examples will be presented to demonstrate the performance of the solid 

mesh generation scheme developed. Examples 1 to 3 are employed to demonstrate the main 

actions of the algorithms presented in Sections 3 to 5. The structures involved are constructed 

by intersections of planar surfaces. However, the thickness of the surfaces used is large when 

comparing with the element size used. In Examples 4 to 9, the structures used consist of 
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intersections of curved surfaces. In addition, they are more realistic TWSs in the sense that the 

thickness of the shell wall is small when comparing with the other dimensions of the 

structures. 

 

6.1 Examples 1 to 3 

In Example 1, the model used is constructed by intersecting two thick planar surfaces. The 

input surface mesh and the final solid mesh generated are shown in Figs. 35a to 35c 

respectively. The average Θ and Θ~  values after volume mesh and solid mesh smoothings are 

equal to 0.53 and 0.68 respectively. Note that, in this example, the input surface model is 

highly anisotropic with small surface intersection angle and large thickness of the surfaces 

(when compared the element size). In such an extreme case, in order to obtain a valid solid 

mesh, it is necessary to adjust the normal side directions of the input surface mesh (as shown 

in Fig. 35b) in order to avoid the formation of invalid elements. As a result, the direction of 

the input adapted trend line is modified locally near the intersection. Note that such situations 

do not normal occur in the usual applications of the purposed mesh generator and the main 

purpose of showing this example is to demonstrate the robustness of the algorithm. 

In Example 2, a multi-cross structure is used and the input surface mesh and output solid 

mesh are shown in Figs. 36a and 36b respectively. Again, it can be seen that normal sides are 

adjusted near the multi-cross intersection. For this example, the average Θ and Θ~  values after 

volume mesh and solid mesh smoothings are found to be 0.86 and 0.87 respectively. 

In Example 3, a structure consists of a corner point formed by three planar surfaces is shown 

in Fig. 37. A zoom-in view for the solid mesh produced near the corner point is shown in Fig. 

37c. For this example, the average Θ and Θ~  values after volume mesh and solid mesh 

smoothings are 0.86 and 0.98 respectively. Note that the values of Θ and Θ~  for Examples 2 

and 3 are higher than that for Example 1. The reason is that in Example 1, the input surface 

mesh used is an anisotropic mesh with lower Φ and Φ~  qualities while uniform meshes are 

used in Examples 2 and 3. 

It should be remarked that for Examples 2 and 3, due to the normal side adjustment 

procedures (Sections 3.1.1, 3.1.2 and 3.3) for the treatment of surface intersections and corner 

points, the grading of the elements near the surface intersection and corner points are 

modified. In general, due to the use of such adjustment algorithms, the sizes of elements along 

the surface junctions and corner points are often reduced. Despite this would modify the mesh 
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density locally, it is a desirable outcome as in most cases of structural analyses, denser 

elements are required along such structural junctions. 

 

6.2 Examples 4 to 9 

In Examples 4 and 5, the structure under consideration is a nozzle [11] constructed by 

intersection of three shell walls. The anisotropic triangular surface mesh used in Example 4 is 

shown in Fig 38a while the output solid mesh with uniform number of layers of elements is 

shown in Figs. 38b and 38d for the front and back views respectively. Zoom-in views for Fig. 

38b and 38d are shown in Fig. 38c and 38e respectively. From these figures, it can be seen 

that the characteristics of the input surface mesh are preserved during the 3D solid element 

formation step. For Example 5, a uniform quadrilateral mesh (Fig. 39a) is used as the input 

surface mesh. However, in this example, both the wall thickness and the specified number of 

layer of elements in the thickness direction vary along the structures. Two different views for 

the solid mesh generated and their zoom-in views are shown in Figs. 39b and 39d and Figs. 

39c and 39e respectively. In this case, since the number of layers of element varies along the 

mesh, during the volume mesh refinement step, some hexahedral volume elements are divided 

into prism volume elements. 

In Examples 6 and 7, the structures modelled are formed by intersecting curve surfaces with 

planar surfaces. In Example 6, a cylinder is intersected with a plane (Figs. 40a and 40c) and 

the solid mesh generated is shown in Figs. 40b and 40d. In this example, smaller size 

elements and more element layers are used near the intersection as shown in the section view 

(Fig. 40e) and zoom-in view (Fig. 40f) of the solid mesh. In Example 7, a multi-cross 

structure is formed by the intersections of two planar surfaces with a curve surface (Fig. 41a). 

The 3D mesh generated and its section view are shown in Figs. 41b and 41c respectively. In 

addition, two zoom-in views for the section view are given Fig. 41d and 41e. Again, in this 

example, smaller elements and more elements layers are specified near the intersections. 

In Example 8, the model employed is formed by the intersection of two equal radius tubes and 

is a typical tubular structure (X-joint) used in the construction of offshore platforms. The 

input graded surface mesh used and the solid mesh generated are shown in Figs. 42a and 42b 

respectively. Section and zoom-in views near the joint are given in Fig. 42c to 42f. It can be 

seen that in order to obtain an accurate solution near the joint, the mesh is refined towards the 

intersection in both the surface and thickness directions. 

In the last example, the structure under consideration is formed by the intersection of a large 

structural steel spherical head with four smaller braces as shown in Fig. 43a. In this example, 
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the input mesh is a structured quadrilateral mesh obtained by the mapping technique. The 

solid mesh generated (Figs. 43b and 43c) has four layers of elements along the brace-head 

intersections while only two layers of elements are used in the rest of the structure. Section 

and zoom-in views of the 3D solid mesh generated are shown in Fig. 43d and 43e 

respectively. 

 

7. Conclusions and future extensions 

In this paper, an algorithm to generation 3D solid meshes for thin-walled structures is 

presented. Full 3D solid mesh is generated by first employing a surface mesh generator to 

discretize the mid-surface of the structure into surface mesh. After the surface mesh is 

generated, it is then fed to a mesh converter in which solid elements are formed by extruding 

and refining the surface mesh along the thickness directions. The presented mesh extrusion 

procedure is highly flexible in the sense that virtually any surface generator could be used in 

the first step and the mesh converter can accept triangular, quadrilateral or mixed meshes as 

input. Special algorithms are developed to handle surface intersection involving two or 

multiple surfaces and intersections contain corner points. It is found that the algorithms 

developed can produce valid and well shaped 3D solid elements near surface intersections 

even when the input surface mesh is highly anisotropic and the thickness of the surface at the 

intersection are larger than the element size there. A set of new mesh quality measurement 

parameters is also purposed to measure the element shape quality of 3D meshes for thin-

walled structures. Furthermore, mesh enhancement procedures are also suggested to improve 

the shape quality of the mesh generated. 

Regarding the speed of the mesh generation process, all the presented results are obtained 

within one minute by using a low-ended PC equipped with a 2.0GHz Intel P4 CPU and 512 

Mb RAM. Hence, the mesh generation scheme could be fast enough to handle most practical 

cases on a common PC computing environment. 

A potential area of extension for the present study is to develop algorithms to handle and 

generate meshes for detailed geometrical features such as surface cracks, fillets and welding 

profiles that are frequently encountered in thin-walled structures. Since in most practical 

cases, these detailed geometrical features are formed only after the thin-walled structures are 

constructed (e.g. welding profiles and surface cracks are formed only after the individual 

members are welded and the structure is loaded), algorithms designed to handle such features 

should be designed in an ad hoc manner and allow the desired features to be inserted to any 

location of an existing FE mesh. 
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Figure 1. Main steps of 3D solid mesh generation for thin-walled structures. 
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Figure 2. Volume mesh formation by extrusion of surface mesh. 
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Figure 3. Extrusion of surface elements to volume elements. 
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Figure 4.Normal vector at a node. 
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Figure 5. Degenerated cases for the fitting procedure: 
(a) only one distinct normal n1 exist; (b) two distinct 

normal vectors n1 and n2 exist. 
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Figure 6. Three types of structures with surface intersections: (a) a simple surface; 

(b) a multi-surface; and (c) a multi-surface with corner point. 
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Figure 7. Overlapping elements, 2D-cross curve and 3D-

cross face. 
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Figure 9. Definitions of φ, θI and θII. 
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Figure 8. Intersection angles between 

two intersecting surfaces. 
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Figure 10. The situation when φ is small. 
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Figure 11. Surface node layers near the 2D-cross curve. 
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Figure 12. Location of perpendicular point A on the 2D-cross curve:  

(a) ∠BN1N3
o90>  and ∠BN1N2

o90< ; (b) ∠BN1N3
o90<  and ∠BN1N2

o90< ; 
(b) and (c) ∠BN1N3

o90>  and ∠BN1N2
o90> . 
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Figure 13. Re-definition of normal sides for nodes: (a) plan view; (b) section view. 
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Figure 14. Upper half of an invalid volume element formed after extrusion. 
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Figure 15. Adjustment of normal side VB. 
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Figure 16. Treatment of volume meshes for two intersecting surface meshes. 

 

 
Figure 17. Division of a 3D-cross face and volume mesh to two separate parts. 
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Figure 18. Multi-surface and the normal directions. 
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Figure 19. Calculation the normal side through the corner point. 
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Figure 20. Determine the final normal side for node A near a corner point. 
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Figure 21. Division of a volume element, EL=NL=3. 



33 

 
 

9

9

7

77

772

7

4

7

7

7

7

7

7

7

7 1 8

76

287

3

67 7

14

8

5 1 1

1 4 1

11

8

7 7

7

77

9

15

1 2

17 2

1

1

11

1

1

12

2

2 7

1 21 4 7

31 1 2

3 3
1

1

44 4 4

2 1

1

11 1

1 1

5 5
5

1

1 1  

9   
9   

7   

7   7   
7   7   6   

7   

6

7   
7   

7   

7

7   
7   

7

7 6 8

76

68   
7   

6

67   7

16   

8   

5   6   6

6 6 6

66

8

7 7
7

77

9

66

6
6

6   
7   6   

6   
1   

1   
1   

1   

6   

6   6   

2   
2   7

1 21   6   
7   

3   1   1   
2   

3   
3   

1   
1   

4   
4   4   4   

2   1   

1

11   1

1
1

5 5
5

1

1 1

9   
9   

7   

7   7   
7   7   6   

7   

6   

7   
7   

7   

7   

7   
7   

7   

7   
6   8   

7   6   

6   8   
7   

6   

6   7   7   

5   
6   

8   

5   6   6   
6   

6   6   

6   
6   

8   

7   7   
7   

7
7   

9

6   
6   

6   6   

6   
7   6   

6   

5   
5   

5   

1   

6   

6   6   

2   
2   7   

5 5   
5   6   

7   

5   5   5   
5   

3   
3   

1   

5   

4   
4   4   4   

5   5   

1   

5   
5   5   

1   1

5   
5   

5   

1   

1   
1   

 

9

9

7

77

776

7

6

7

7

7

7

7

7

7

7 6 8

76

6
87

6

67 7

56

8

5 6 6

6 6 6

6
6

8

7 7
7

77

9

66

6 6

67 6

6

5

55

4

6

66

4

4 7

5 55 6 7

55 5 5
3 3

1

5

44 4 4
5

5

1

5
5 5

4 4

5
5

5

4

1 1  

9   
9   

7   

7   7   
7   7   6   

7   

6

7   
7   

7   

7

7   
7   

7

7 6 8

76

68   
7   

6

6
7   7

56   

8   

5   6   6

6 6 6

6
6

8

7 7

7

77

9

66

6 6

6   
7   6   

6   

5   
5   

5   

4   

6   

6   6   

4   
4   7

5 55   6   
7   

5   5   5   
5   

3   
3   

3   
5   

4   
4   4   4   

5   5   

3

5
5   5

4 4

5
5
5

4

3 3

(a) (b) (c) 

(d) (e) (f) 

 

9   
9   

7   

7   7   
7   7   2   

7   

4   

7   
7   

7   

7   

7   
7   

7   

7   
1   8   

7   6   

2   8   
7   

3   

6   7   7   

1   
4   

8   

5   1   1   
1   

4   1   

1   
1   

8   

7   7
7

7   
7

9   

15   

1   2   

1   
7   2   

1   
1   

1   
1   

1   

1   

1   2   

2   
2   7   

1   2   
1   4   

7   

3   1   1   
2   

3   
3   

1   
1   

4   
4   4   4   

2   1   

1   

1   
1   1   

1 1   

5   
5   

5   
1

1   
1   

Figure 22. Rectification of input EL values: (a) input EL values; (b) modification starts at elements 
with highest EL values; (c) after first layer is modified; (d) after two layers are modified; 

(e) after three layers are modified; and (f) final EL values. 
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Fig. 23. Definition of NL. 
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Figure 24. Connection of adjacent normal sides: (a) case of NLA=NLB=3; 

(b) case of NLA=5=NLB+2;(c) case of NLA=5=NLB+1; (d) case of NLA=4=NLB+1; and 
 (e) case of NLA=6=NLB+2. 
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Figure 25. Formation of 3D solid elements from an assembly of prism volume elements: (a) an 

assembly of prism volume elements and NL at normal sides; (b) connections of normal sides; and (c) 
formation of 3D solid elements. 
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Figure 26: A hexahedral volume element E such that NLmax=3, NLDE=3 and NMSE=1. 
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+

VC 

VA  
Figure 27. Splitting of a hexahedral volume elements into two prism volume elements. 

 
 

(a) (b) (c)  
 

Figure 28. Examples (set 1) for refinement of hexahedral volume element when NLDE=2: 
(a) NMSE=1(2-1-1-1); (b) NMSE=2 (2-2-1-1); and (c) NMSE=3 (2-2-1-2). 
(Numbers inside brackets are values of NLA-NLB-NLC-NLD respectively) 

 
 

(a) (b) (c)  
 

Figure 29: Examples (set 2) for refinement of hexahedral volume element when NLDE=2: 
(a) NMSE=1 (3-1-1-1); (b) NMSE=2 (3-3-1-1); and (c) NMSE=3 (3-3-3-1) 
(Numbers inside brackets are values of NLA-NLB-NLC-NLD respectively) 
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(a) (b) (c)  
 

Figure 30: Examples (set 3) for refinement of hexahedral volume element when NLDE=2: 
(a) NMSE=1 (3-3-3-2); (b) NMSE=2 (3-3-2-2); and (c) NMSE=3 (3-3-2-3). 
(Numbers inside brackets are values of NLA-NLB-NLC-NLD respectively) 

 
 

 

(a) (b) (c)  
 

Figure 31: Examples (set 3) for refinement of hexahedral volume element when NLDE=3: 
(a) NMSE=1 (3-2-1-1); (b) NMSE=1 (3-2-2-1); and (c) NMSE=2 (3-3-2-1). 
(Numbers inside brackets are values of NLA-NLB-NLC-NLD respectively) 
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Figure 32. Normal side smoothing. 
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Figure 33. Face shape quality measure for 3D solid elements: 
(a) tetrahedron; (b) pyramid; (c) prism; and (d) hexahedral. 
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Figure 34. Face normal vector quality measure for interior node Q: (a) an assembly of 3D solid 
elements; (b) elements connectivity and (c) faces associated with interior node Q. 
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(a) 

 
 

(b)

 
(c) 

Figure 35. Example 1: (a) surface mesh; (b) solid mesh, front view; (c) solid mesh, back view. 
 
 

 
(a) 

 
 

 
(b)

 
Figure 36. Example 2: (a) surface mesh; (b) solid mesh. 
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Figure 37. Example 3: (a) surface mesh; (b) solid mesh, front view; (c) solid mesh, back view; and 

(d) zoom in view near corner point.  
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(a)

 
(b) 

 
(d) solid mesh, back face 

 

 
(c) 

 

 
(e) zoom in view for back face 

 
Figure 38. Example 4: (a) surface mesh; (b) solid mesh, front face; (c) zoom in view for front face; 

(d) solid mesh, back face; and (e) zoom in view for back face. 
 



41 

 
(a)

 
(b) 

 
(d) 

 
(c) 

 
(e) 

 
Figure 39. Example 5: (a) surface mesh; (b) solid mesh, front face; (c) zoom in view for front face; 

(d) solid mesh, back face; and (e) zoom in view for back face. 
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Figure 40. Example 6: (a) surface mesh, front view; (b) solid mesh, front view;  

(c) surface mesh, bottom view; (d) solid mesh, bottom view; (e) solid mesh, section view;  
and (f) zoom in view for section view.



43 

 
(a) 

 
(b)

 
(c)

 

 
(d) zoom in view A 

 

 
(e) zoom in view B

Figure 41. Example 7: (a) surface mesh; (b) solid mesh; (c) solid mesh, section view; 
(d) zoom in view A; and (e) zoom in view B. 
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Figure 42. Example 8: (a) surface mesh; (b) solid mesh; (c) section view 1; (d) zoom in view for 

section view 1; (e) section view 2; and (f) zoom in view for section view 2. 
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(a) surface mesh 

 
(b) solid mesh, top view 

 

 
(d) solid mesh, section view 

 
(c) solid mesh, bottom view 

 

 
(e) zoom in view for section view 

Figure 43. Example 9: (a) surface mesh; (b) solid mesh, top view; (c) solid mesh, bottom view;  
(d) solid mesh, section view; and (e) zoom in view for section view. 
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