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SUMMARY

A collocation method has been recently developed as a powerful alternative to Galerkin’s method in
the context of isogeometric analysis, characterized by significantly reduced computational cost, but still
guaranteeing higher order convergence rates. In this work, we propose a novel adaptive isogeometric analysis
meshfree collocation (IGAM-C) for the two-dimensional elasticity and frictional contact problems. The
concept of the IGAM-C method is based upon the correspondence between the isogeometric collocation
and reproducing kernel meshfree approach, which facilitates the robust mesh adaptivity in isogeometric
collocation. The proposed method reconciles collocation at the Greville points via the discretization of the
strong form of the equilibrium equations. The adaptive refinement in collocation is guided by the gradient-
based error estimator. Moreover, the resolution of the nonlinear equations governing the contact problem
is derived from a strong form to avoid the disadvantages of numerical integration. Numerical examples are
presented to demonstrate the effectiveness, robustness and straightforward implementation of the present
method for adaptive analysis. Copyright ©) 2019 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Meshfree methods are viewed as next-generation computational techniques for problems involving
large deformation, fracture and fragmentation and contact problems [1, 2, 3, 4, 5, 6]. Since the
meshfree methods do not rely on a fixed topological connectivity between nodes, they are expected
to be more adaptive and robust in resolving the problems where the classic grid-based methods are
not suitable. Compared to the finite element method (FEM), meshfree methods are able to save
computational time by avoiding re-meshing after each crack extension. Nevertheless, the meshfree
method usually has less computational efficiency than the FEM, as higher computational cost is
required for meshfree interpolation and numerical integration.
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The isogeometric analysis (IGA) was first proposed by Hughes et al. [7] as a powerful and reliable
tool for computation and simulation of engineering problems. By adopting the non-uniform rational
B-splines (NURBS) which are widely used in computer-aided designs as basis functions, IGA is
not only applicable to engineering analyses but also capable of delivering accuracies superior to the
standard FEM in many applications including contact mechanics. Recent attempts to solve contact
problems within the IGA framework [8, 9, 10, 11, 12, 13] demonstrated significant advantages
of IGA over conventional FEM, especially for the contact problems involving large deformations
and large sliding. The exact geometry of contact surfaces can be smoothly represented by IGA to
eliminate the geometry discontinuities caused by facet-based discretization. Besides, NURBS based
IGA elements are less sensitive to the intense element distortions induced by the large deformation
[14]. However, it is difficult to locally refine the NURBS patch due to its tensor product nature,
which leads to an excessive overhead of control points with increasing refinement. With the goal
of overcoming the limitations of NURBS for IGA, adaptive IGA has been studied with T-splines
[15, 16], PHT-splines [17, 18, 19], hierarchical B-splines [20, 21], LR-splines [22] and hierarchical
refinement [23, 24]. However, constraint equations are required in tandem with these methods,
increasing the complexity and effort in their implementation.

Within the isogeometric collocation (IGA-C) context, several strategies have been studied to
reduce the computational cost for Galerkin methods by using higher-order isogeometric basis
functions [25, 26, 27, 28]. On one hand, exploiting the properties of the NURBS shape functions
allows for integration rules with fewer integration points, e.g. 4 integration points instead of 9 for
a two-dimensional (2D) element with a polynomial order of 3 [29]. A much higher increase in
computational efficiency has been achieved through the collocation method. The strong form of
the problem is enforced across a set of discrete collocation points that are equal to the number of
control points. Although the number of computations per collocation point may be different from
that per Gauss point, the collocation method saves a significant computational cost for higher-order
shape functions [30]. Isogeometric collocation methods also eliminate the need for ad hoc hourglass
stabilization techniques. Moreover, they show great promise for the development of accurate higher-
order time integration schemes due to the convergence of high modes in the eigenspectrum. The
discontinuous contact problem is generally very challenging for Galerkin methods [31, 32, 33, 34],
whereas it can be effectively tackled by collocation methods. Recently, the enhanced collocation
method proposed by Lorenzis et al. [35] which restores robustness and accuracy for general
Neumann boundary conditions by emulating the integral Galerkin formulation on the domain
boundaries. Kruse et al. [36] extended this work to large deformation frictional contact problems
by using the two-half-pass formulation [37, 38] which seems to be the most natural algorithm in the
collocation framework.

In this paper, a novel adaptive isogeometric analysis meshfree collocation method IGAM-C)
for 2D elasticity and frictional contact problems is investigated. The reproducing kernel meshfree
is blended with isogeometric collocation, which provides the flexibility of meshfree adaptive
refinement for isogeometric collocation. The formulation procedure is also simple and straight
forward, as integration is not required in the formulation procedure. Moreover, the adaptivity scheme
adopted in this work uses the gradient based error estimator which is robust and efficient. The
purpose of this paper is two-fold. Firstly, the IGAM-C scheme for the numerical solution of linear
steady state elasticity equations is developed with respect to their strong forms. The features of the
IGAM-C method can facilitate an easier implementation of adaptive analysis. The computational
efficiency of adaptive refinement and a high convergence rate can be achieved. Secondly, the present
method is applied to 2D frictional contact problems with large deformation. The penalty method is
regularized for the frictional contact constraints. The simulation results are in good agreement with
the analytical solutions.

The paper is structured as follows. A brief introduction of meshfree and isogeometric
approximants is given in Section 2. Section 3 presents the isogeometric and meshfree coupling
approach within the framework of reproducing conditions. Section 4 elaborates the foundations
of the linear elasticity collocation. Section 5 describes the formulation of the frictional contact
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problem. Section 6 describes the gradient-based error estimation strategy. Section 7 explores various
numerical examples. We finally close our paper with concluding remarks.

2. ISOGEOMETRIC ANALYSIS AND MESHFREE APPROXIMANTS

2.1. Isogeometric analysis

The B-spline basis functions V; ,(£) of order ¢ = 0 (piece-wise constant) are defined recursively on
the corresponding knot vector as follows:

_J1Tif g <E<é

Nig(€) _{ 0 otherwi:(la ’ 1)
Nog (€ = =5 N+ =218 ) (g . @

§1+q 51 §1+q+1 §1+1

The NURBS surface is given by
- Ni (§,m) w;

S(&,n) = R; (§,nP;; Ri= == ; 3
&) ; (&) ST N () 3)

where P, are the control points in a bidirectional control net, N;(£,n) are the B-spline basis
functions and w; are the weights.

2.2. Moving least-squares interpolation

Based on the moving least-squares (MLS) based meshfree methods [39, 40], the unknown function
u is approximated by

u" () =p" (&al(g), €))

where pT (¢) = {p1 (&) ,p2 (€), ..., pm (€)} is a complete monomial basis; m denotes the number
of terms in the basis; ¢ are the parametric coordinates, and a () is a vector of unknown coefficients.
A complete polynomial basis of order ¢ is defined as follows:

pT (&) ={1.&n. 0} quadratic basis m =6 . 5)

The unknown coefficients a (£) can be determined by minimizing the weighted Lo norm with a
weighted function as follows

J(@) =Y w(E—&) [p" (€)a(©) —ul, ©)

where nm is the number of nodes within the domain of node ¢ in which the weight function
w (£ = &;) cannot equal to zero, and u; denotes the nodal parameter of u at £ = &;.

The weight function w (£ — &;) in Eq. (6) influences the smoothness property of MLS shape
functions. The quartic splines weight function is given as follows:

a2 3 a4 e _
w(&—&)—{l A TR S VAN

r
max

where d’ . is the support radius of the node &;, d. denotes the average nodal spacing, and A

represents the dimensionless size of the support domain.
By setting the derivatives of J with respect to a(£) to be zero, it is solved as follows:

A§a(§)=B()u, ®)
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where matrices A (£) and B (&) are defined by

nm

A© = @(E-&)pE)p" (&) and )
B(f) = [w (g_gl)p(gl) w(§_§2)p(§2) w(g_gnm)p(gnm)] . (10)

By substituting a (£) into Eq. (4), the meshfree approximation of the displacement can be
expressed as follows:

ul (€) = Z ei (ui (&) = ¢ (&), (11)

where the shape function ¢; (£) is defined by

J

@i (€) = ij © AT ©BE),,=p" (& (AT'B),. (12)

For reproducing the polynomial of complete order, the consistency condition for the meshfree
approximation is given as follows:

Zsoi ©p &) =p(©). (13)

3. REPRODUCING KERNEL MESHFREE FORMULATION OF ISOGEOMETRIC BASIS
FUNCTIONS

3.1. Reproducing conditions for B-spline basis functions

The one-dimensional (1D) consistency condition for B-spline basis functions is defined as

S ar©p(d) =p© . (14)
i=1
2 P T
(1) _ (1] (2] . [p] : : :
where p (&) =41, &, (& , (& is the 1D reproducing point vector and the
reproducing points 51[” (l=1,2, -+, p) are computed as

M _ I _
& = Cp I'(p—1)! (15
The 2D consistency condition is obtained as follows:
nb
Soar©p () =p© (16)
I=1

where the reproducing point vector is expressed as

) 2 2 P q
pT (5!) - {1551[1]577»?]5 (51[2]> agl[l]ngl]a (771[2]> 3" (5]{?]) T (nqu]> } 5 (17)

i +&
51[1] _ St 5 Sir2 ,and 51[2] =V&i+18i+2 - (18)
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The reproducing kernel formulation is defined as

o) =p" () e @p©a(¢-¢"), (19)

where the moment matrix is calculated as

c© =S () o () w(c- <) . 20)
=1

The linear reproducing points 51[1] are treated as meshfree nodes. The B-spline basis functions can
be represented by Eq. (19) when the support size equals (p + 1)/2.
The IGAM-C basis functions can be obtained by considering weights w as follows:

¢ (§) wi
Z?:l ¢ (&) w;

The derivatives of the basis functions are shown in Appendix A.

P (§) = 2

3.2. Meshfree local refinement procedure

Consider knot vectors, =Z; = {0,0,0, 1,2, 3,3,3}, is defined to obtain the initial meshfree nodes

in directions ¢ that is calculated as £ = {0, 3,2, 2,3}, The initial isogeometric basis function
and the reproducing kernel meshfree basis functions are shown in Fig. 1. After the subdivision at
= %, the meshfree nodes of the new knot vectors =; = {O, 0,0,1, %, 2,3, 3, 3} are calculated as
¢W=1{0,1,2 2, 5 3} Fig. 2aillustrates the basis functions after the first step of mesh refinement.
It is found that two new meshfree nodes, (2, %), have replaced the original node (2). Fig. 2b
shows the second level of mesh refinement at £ = 7/4. The meshfree nodes of the new knot
vectors £ = {0,0,0,1,2,%7,2,3,3,3} are calculated as £ = {0, 3,2, 13,15 2 3} The 2D basis
functions at the initial and second level mesh refinement are shown in Fig. 3 and Fig. 4, respectively.
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Figure 2. The basis functions in 1D: (a) first level refinement at £ = %, and (b) second level refinement at
£=1
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Figure 3. The basis functions at initial refinement mesh in 2D.

4. LINEAR ELASTOSTATICS

Let us assume a solid mechanics problem with linear elastic constitutive law and small
displacements in the domain 2 bounded by I' (I' = I'” UT'V), as shown in Fig. 5. The equilibrium

equation is given by

V.o+b=0 inQ, 22)

where o is the Cauchy stress tensor (o = 0;;€; ® e;) and b a body force. The traction boundary
condition is imposed as follows:

c-n=t in'? | (23)

where n is the outward unit normal to the boundary of the domain, and t is the prescribed traction.
The displacement boundary condition is given by
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Figure 4. The basis functions at second level refinement (§ = n = 7/4).
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Figure 5. The collocation points in the reference configuration.

u=1u inTN . (24)

The constitutive law for a linear isotropic elastic material is given by

o =2ue+ Mr(e)l (25)

1
€= (Vu+vu’) | (26)

where e is Cauchy’s strain tensor, tr(e) is the trace of the strain tensor and 1 is a second-order
identity tensor (1 = §;j€; ® e;). The Lame constants are

vE E
A= 1_.2 M~ G= 2010 (for plane stress) (27)
vE E .
A= A+v)(1—20)" p=G= 010 (for plane strain) , (28)

where E is Young’s modulus, G is the shear modulus, and ;. is Poisson’s ratio.
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Within the isogeometric framework, we find an approximation u” to the unknown exact solution
field u of the elastostatic problem in the form

uh = Z <I)1-u1- (29)
i=1

where ®; are the IGAM-C basis functions, u; are the unknown displacement control variables.
The stiffness matrix, displacement and force vectors are given by

K' u’ fi
K? u? | = | fP , (30)
KV u? £
where _ .
K'=L(®;(&))u; £'=-b(&) V(&) e
K =B (¢;(&)u; P =t(&) V(&) er” . G
KV =BY(®;(&)u; fN=u(&) V(&) er?
The operator matrices in the two-dimensional elasticity can be written as
92 92 82
co | A2 o g A+ 1) 5agy (32)
A1) 5% A +20) 25 + s
BN _ { ()\+2u);1m3% +u;1y8% )‘”ra% +8uny8% , ] (33)
Ay 57 + e g ()\+2u)nya—y + g 5o
10
BP — [ Lo ] . (34)

5. LARGE DEFORMATION CONTACT PROBLEM

In this section, the basics of frictional contact between two deformable bodies in a geometrically
non-linear framework are presented. This includes normal and tangential contact traction, the
differentiation between sticking and sliding, and the linearization of the contact traction.

5.1. Statement of the contact algorithms

Consider two elastic bodies that come into contact at some points of time during their deformation
(see in Fig. 6). The two bodies will be distinguished in the sense that one surface will be denoted
as the mortar surface (master) 3™ and the other as the non-mortar surface (slave) B° . The relation
between the initial configuration X, the displacements u® and the current configuration x’ is given
by

x* = u” + X, (35)

where a denotes the slave and master bodies, respectively.

In order to take interactions between the master body ¢ (5) and the slave body ¢ (B*) into
account, the location and the size of the contact boundary have to be known. The distance between
a fixed point x* on the contact boundary Ty of the slave surface and an arbitrary point x™ = x™ (&)
on the contact boundary of the master surface I is introduced by the function

d= min [|x*—x"(§] (36)

xmCIm

On the master surface, the convective coordinates £ are mapped onto the parametric coordinates
of the surface and define the covariant vectors 71 = x“g. Using the metric my; := 71 - 71 with
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w D

Figure 6. Geometrical magnitudes for the contact formulation.

inverse component m'!, the contravariant vector 7! := m!!7?! is induced. The curvature follows
ki1 = x“gg -n, where n = n™ is the normal unit vector.
The residual of the closest point projection is given by

f =710 x*=x" (9], (37)

and this closest point vanishes at the projection point &, i.e., f (5_) =0.
The iterative process starting from a guess é requires the tangent

Ki1 = fe=x5 (§) - [x* —=x" (§)] —ma1 (§) - (38)

The closest projection point and the related variables are usually defined in the literature with the
notation (e), such as x™ = x™ (5_) In the following, we will denote a quantity’s evaluation at the
minimum distance point by a bar over its notation.

The outward unit normal on the master surface at the master point is given by
x5 — XM am x es

~m

(39

Tl —xm] T Jam x el

where €3 is the unit vector orthogonal to the plane, and the tangent vector a™ = x'}

5.2. Contact variables and constraints

In this formulation a penalty function is introduced to enforce the contact constraints

| —engpn™ for g, <0
bn = { 0 for g, >0 40

where ¢,, is the penalty parameter and the normal gap between the two bodies is defined as
gn = (x* =x"") - n" (41)
where x°, x" are the coordinates of the collocation points in contact and the corresponding
projection points on the other surface respectively; n” is the surface normal at the contact
collocation point.
The contact traction is composed of normal and tangential components
1
p=-—p.n" +p, 7" (42)

where 7" are the covariant tangential vectors (71" = x¢).
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For frictional contact, the tangential component is dependent on whether sticking or sliding
occurs. The status of the contact, stick or slip, is determined by a trial function given by

e = |[p™|| + ppn 3)
with

pi = py " (44)

The sticking constraint can be regularized by a penalty approach as follows:

p% _ p%mal _ pilﬁ()ld +& (gm _ §Old) . (45)

Consequently, the tangential components in sticking or sliding are

1

pt — pl[rial (46)

p%mal if (I)Lrial S 0
—HUPn HpﬂtTlH otherwise

where for the sliding condition validity of the Coulomb’s law has been assumed.

L p%mal 47
pt - /’Lpn HpglalH ) ( )

where p is the coefficient of friction. More details about the linearization and the consequent
expression of the consistent tangent stiffness matrix are deferred to the Appendix B.

6. ADAPTIVE SCHEME

The IGAM-C possesses attractive features to facilitate an easier implementation for an adaptive
scheme. Without the constraint of the nodal connectivity, additional nodes can be easily inserted
into the meshes for local refinement, and the cumbersome remeshing process is also avoided.

6.1. Error estimator

In order to determine and refine the elements associated with large errors, the gradient-based error
estimation strategy [41] is applied. To calculate the gradient of strain energy density, the following
steps are implemented.

The strain energy density of an element e is calculated as

1 1
D3E = 50% = 5uTBTCBu, (48)

where o and e are the stress and strain vectors respectively. The averaged gradient of strain energy
density for an element e is calculated as

Nil Ne |D$E7D$E|
T J
SED __ =1 jg=1+1
G2 = A . (49)
where N, is the number of nodes within an element k£ and /;; is the distance between nodes ¢ and
J- The strain energy densities at nodes ¢ and j are denoted by D7* and D§*, respectively.
The averaged mesh intensity of an element e is obtained by

SED
TMI . Ge
e M
De

(50)
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A mesh density DM that represents the number of nodes within a unit area is calculated as

DM =

€

5 (51

==

where A, is the area of an element e.

6.2. Refinement and stopping criteria

To mark elements that need to be refined, the threshold Ry, is used. For elements with a higher
averaged mesh intensity than the threshold, mesh refinement should be implemented within this
element. Otherwise, the element remains constant. The refinement criteria can be expressed as

if Téwl > Rthra refine (Rmin S Rthra S Rmax) .

Here, different thresholds R;j,.. may be chosen in different problems for obtaining both accurate
and efficient solutions. The flow chart of the adaptive analysis is summarized in Fig. 7

( Inputs from IGA: knot vector and weights )

Calculation of meshfree nodes and basis
functions

v

Assembly of K and F

v

Calculation of U

Implementation of error estimator and
mesh refinement

v

J<N

Yes

refine

Nol

k < Load.

step.
No l

End

Jj=j+1

Yes

k=k+1

Figure 7. The flow chart for isogeomtric meshfree collocation with adaptive refinement.

7. NUMERICAL EXAMPLES

In this section, we present the performance of the proposed method through benchmark examples,
considering both elasticity and large deformation contact problems. An intensive numerical study is
carried out to verify the proposed method. The IGAM-C and IGA-C discretizations with the same
global number of degree of freedom (DOF) and a quadratic polynomial (p = 2) are employed for
comparison purposes. The numerical effectiveness of the present method heavily relies on the robust
computation of the strain energy in terms of the accuracy and computational cost.

This article is protected by copyright. All rights reserved.



12

7.1. Convergence studies

In the convergence studies, the error is studied as a function of the number of collocation points.
The error in the displacement is calculated by

v — Yexactl .,

llerr[| , = : (52)

HuexaCtHL2

1/2
lully, = ( / uTudﬂ> : (53)
Q

The error in the strain energy is computed by

with

Jerr] = 18~ Vol (54)
l[Wexact||
with
1/2
[allg = </ (€ — €exact) C (€ — Eexact) dQ) . (55)
Q

7.2. Linear elastostatics problems

7.2.1. A hollow cylinder As shown in Fig. 8a, we consider a hollow cylinder with an internal radius
a of 1m and an external radius b of 4m being subjected to an internal pressure p = 3 x 10*kN/m?2.
Plane stress conditions are assumed with Young’s modulus E = 3 x 107kN/m? and Poisson ratio
v = 0.25. Symmetry conditions are imposed on the left and bottom edges while the outer boundary
is traction free. The exact solution for the stress components [42] is given by

a’p b2 a’p b2
UT(T):bQ_QQ <1_T_2> ; UH(T):bQ_QQ <1+T_2> ; UTHZO; (56)
whereas the radial and the tangential exact displacements are given by
a’pr b?
ur(r)_m{l—v—l-ﬁ(l—l-v)} ;o up=0. (57)

Starting from an initial parametrization of degree 2 with 72 DOFs (Fig. 8b), we obtained an
adaptive mesh after 5 refinement steps as shown in Fig. 8c. Beside that, the uniform mesh of the
IGA-C method is shown in Fig. 8d. The error in strain energy error norms is shown in Fig. 9. It
is evident that the present method with uniform mesh achieves the same convergence rate as that
obtained by the IGA-C method. Moreover, the present method with adaptive refinement achieves
more accurate and efficient solutions than the IGA-C method. The number of DOFs required in the
present method with the adaptivity is 4588, which is less than the 8712 required in the basic IGA-C
method. The contour plot of displacement is also shown in Fig. 10.

7.2.2. Elastic plate with circular hole Consider the problem of an infinite plate with a circular hole

of radius R loaded at infinity by a traction 7, in the = direction, as shown in Fig. 11a. The analytical
solution of this problem is given by

T 2 T 2 4
opr(1,0) = > <1 - R—) <1 - 4]:—2 + 3]:—4> cos 26

r2
ogo(r,0) = 1; <1+—>— <1+3 >C0329 (58)
R
”,

T 2
oro(r,0) = > <1 + 2R - 3— > sin 26
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() (d

Figure 8. A hollow cylinder subjected to inner pressure and domain discretization: (a) geometrical modeling,
(b) initial mesh, (c) adaptive mesh after 5 refinement steps, and (d) uniform mesh.

and (r,6) is a polar co-ordinate system with the origin at the center of the hole.

Due to symmetry, only the upper right quadrant of the plate is modelled. A plane stress state
is assumed with dimensionless elastic modulus £ = 1 x 10° and Poisson’s ratio v = 0.3, T}, is
assumed to be 1. Symmetry conditions are imposed on the right and bottom edges, while the inner
boundary at R = 1 is traction free.

Fig. 11b,c,d show an initial mesh (with DOFs being 120), adaptive mesh refinement and uniform
mesh respectively. The contour plot of stress components are shown in Fig. 12. Fig. 13 illustrates
the convergence rate in terms of the error in energy norm. It is obvious that the present method
offers the same convergence rate as that obtained by the basic isogeometric collocation in terms
of uniform mesh. With respect to the DOFs used to achieve a certain accuracy, the present method
is, as expected, superior to adaptive refinement with fewer DOFs. The number of DOFs needed
by the present method with the adaptivity is 4432, which is less than the 17160 needed by
the IGA-C method. Fig. 14 shows the efficiency of computation in terms of the error estimator
versus computational cost. It can be seen that the present method is the most efficient while the
isogeometric collocation is the least.
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Figure 9. Convergence plot in the energy norm.
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Figure 10. Contour plot in the displacement.

7.2.3. Hertzian contact The Hertz’s problems are a typical benchmark in linear elasticity contact
mechanics. In this work, we consider the problem of the contact of an infinite cylinder of radius
R =1 with a rigid plane (see Fig. 15a). The material of the cylinder is linear elastic with Young’s
modulus £ = 1.33 and Poisson’s ratio v = 0.333. The penalty parameters are ¢,, = 10, ¢, = 10°
and the coefficient of friction is ;x = 0.3. The cylinder is loaded by a vertical force p = 0.005 applied
as a uniformly distributed load on the upper surface. The analytical solution for this problem can be
found in [43, 44].

As can be seen from Fig. 15b,c,d which show the uniform mesh, non-uniform mesh and adaptive
mesh refinement respectively. Fig. 16 shows the contour plot of the stress o,. Fig. 17 shows a
comparison of the normal and tangential components of the contact traction, both normalized with
respect to the normal contact traction at the midpoint of the contact area. It can be seen that, the
contact traction predicted by the proposed contact formulation in isogeometric collocation agrees
well with that given by the analytical solution. As shown in Fig. 18, the present method achieves
a higher convergence rate than the IGA-C method with both uniform and non-uniform meshes.
Moreover, the number of DOFs required in the present method is 5384, which is less than the 12000
and 38720 required in the IGA-C method with uniform and non-uniform meshes, respectively.
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Figure 16. Distribution of the stress oy, and close-up of the contact region.
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7.3. Hertz contact problem with friction between deformable bodies

The schematic of this problem is shown in Fig. 19, where the values of the geometrical variables
are R = 1,0 = 0.5, h = 0.3. The materials of both bodies are linearly elastic with Young’s modulus
E =1 and Poisson’s ratio v = 0.3. The penalty parameters are ¢y = 10% and 7 = 10%, and the
coefficient of friction is ;= 0.2. The model is loaded with a vertical downward displacement
© =0.002 and a horizontal displacement @ = 0.00075. The analytical solution for infinitesimal
deformations can be found in [44].

Fig. 20 shows the final distribution of the stress o, whereas Fig. 21 compares numerical and
analytical results in terms of normalized components of the contact traction versus normalized
coordinates along the contact area. Once again excellent agreement is obtained.
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Figure 19. (a) Schematic of the cylinder on plane Hertzian contact problem, and (b) adaptive mesh after 3
refinement steps.

Figure 20. Contour plot of oy, and close-up of the contact region.
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7.4. Sliding friction between deformable bodies

A half-cylindrical body is pressed onto an elastic slab and then moved in the tangential direction.
The lower surface of the cylinder is treated as a slave. Neo-Hookean hyper-elastic material behaviour
is assumed for both bodies, with material parameters £ = 1 and v = 0.3 for the slab, and £ = 1000
and v = 0.3 for the cylinder. The penalty parameters are ¢, = ¢, = 100 and the coefficient of friction
is ;o = 0.5. The geometric model of the problem is illustrated in Fig. 22.

A uniform downward displacement U, = -0.1 is applied to the upper face of the cylinder in
10 increments and then held constant while a horizontal displacement U, = 2.0 is applied in 100
increments. Fig. 23 shows the contour plots for the stress field o, in the deformed configuration
for different load increments.

Ux
Ul ~

0.5

Figure 22. Geometrical configuration for sliding friction between deformable bodies.
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(a) ()

Figure 23. (a) Adaptive mesh after 3 refinement steps and (b) the stress field contour plots for oy at different
time steps t = 10, 50, 100, respectively.
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8. CONCLUSIONS

We have introduced an adaptivity in isogeometric meshfree collocation method for elasticity and
friction contact problems. The present method was developed based upon a connection between
the. MLS-based meshfree shape functions and IGA basis functions to achieve the geometry
exactness and the adaptive local refinement flexibility. Moreover, the resolution of the nonlinear
contact governing equation is derived from a strong form to avoid the disadvantages of numerical
integration. Numerical examples have shown that the present method has not only obtained stable
and accurate results but has also been successfully implemented for the adaptive analysis. The
convergence studies have also proven that the present method offers spatial convergence as high as
that of the Galerkin finite element. Based on results obtained in this investigation, we have observed
that:

e The present method has successfully demonstrated its advantages in the adaptive analysis. The
gradient based error estimation strategy has also proved its robustness for the improvement of
computational efficiency.

e The total number of unknowns in the present method equals those in the direct isogeometric
collocation method, so the present method does not increase the computational cost
significantly. The computational efficiency of adaptive refinement is higher than that of
standard uniform refinement in terms of CPU time.

e The integrals were evaluated directly in the parametric space following the framework of IGA.
Therefore, the implementation of the proposed method is simplified, and the computational
effort is reduced.

e The comparison of the obtained results with an analytical solution for the Hertzian contact
problem showed a good agreement and demonstrated the feasibility of the present method for
treating the contact incompatible points. A high convergence rate was also achieved by the
present method when compared with isogeometric collocations in uniform and non-uniform
refinement.

o A large deformation and large sliding frictional ironing example has led to remarkably smooth
global traction histories in both the normal and tangential directions.
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APPENDIX A: DERIVATIVES OF SHAPE FUNCTIONS

The first derivatives of shape function can be obtained from Eq. (19)

6.0 (6) =p" (&) [Cat ©pOW (¢ =€) +C O pa (W (¢ - )
+CT O PO Wa (6 ¢)]
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The second derivatives of shape function are given
b0 (&) =p" (&) [Cob @@ W (e —€) + Ll ©ps©W (¢ - &)
+CHOPOWs (¢ - &) +C3 O pal©OW (¢ -
+C OPas OW (&) +C O pa O W, (6-¢)
+CHEOPOWa (§-&") + 0 ©Ops O Wa (6 - &)
+ OO PO Was (€ - &)

where C3! = -C~'C,C~',and C_} = —~C~! (Cyagcfl +C.CH' + 07507;1).

APPENDIX B: LINEARIZATION OF THE CONTACT VARIABLES
The linearization of the normal gap is as follows ([45, 46, 36])

Agn = (Ax* — AX™) - n™

The linearization of the contact traction from Eq. (42)

Ap = —Ap,n™ — p, An™ + Ap}T[" + pi AT{"

The variation of the normal An™ is given by

_ 1
An™ = — (A)‘cf’g -n" + kﬁA{m) ‘rllm — (Ax £ -n" + kﬁA{m) "
11
in which
Ag‘m = [(AXS —AX"™) - " + go,n™ - A)‘cf’g] 59)

m
All

m m m
AT =mi] — gnki]

Substituting the expression of A&™ into An™

An™ = — {m AX§ -n" + an k“ [(AXS — AX™) - " + g,n™ - A)‘(”g] } "
11 ’
— A11+k119n . k1T s _ M) . ~m m
= R AR + y Vi (Ax® — AX™) - 7] }"'1
—{Cin™ - AR 4 Cy (AX® — AX™) - 7"} 7"
where
C = Afl + kiign | Oy = k11
Afymiy Afymiy
Linearization of the traction in sticking from Eq. (45)
- €
App = Apy"™ = e AE™ = 0 [(Ax® — AX™) - 7" + gun™ - AXY]
11
Linearization in case of sliding
lmal A 1trial . pmal
Apl = —pApy T — pipp T ppt M (60)
e e Ip]|*
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where

1al Apmal

A HpglalH = HpmalH

Apmal Aplmal T17n +p%mal . A_rlfn

AT = AXT + XF AL (61)

Substituting Equation (59) into Equation (61), it follows

AT = AXT + A’ff [(Ax® — AX™) - 7™ + g,n™ - AX]
11

Equation Equation (60) can be rewritten as

L ) P plmal A | ptrial|
AP% = ”pmal” p%mal Apn + o - Ap%mal ni't Hpmal”| t |
with
A Hp;rlalH H mal” (Aplmal T17n +pitrial . A_rlfn)
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