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Summary 
A new approach to generate finite point meshes on 2D flat surface and any bi-variate 

parametric surfaces is suggested. It can be used to generate boundary-conforming 

anisotropic point meshes with node spacing compatible with the metric specifications 

defined in a background point mesh. In contrast to many automatic mesh generation 

schemes, the advancing front concept is abandoned in the present method. A few simple 

basic operations including boundary offsetting, node insertion and node deletion are used 

instead. The point mesh generation scheme is initialized by a boundary offsetting 

procedure. The point mesh quality is then improved by node insertion and deletion such 

that optimally spaced nodes will fill up the entire problem domain. In additional to the 

point mesh generation scheme, a new way to define the connectivity of a point mesh is also 

suggested. Furthermore, based on the connectivity information, a new scheme to perform 

smoothing for a point mesh is proposed to improve the node spacing quality of the mesh. 

Timing shows that due to the simple node insertion and deletion operations, the generation 

speed of the new scheme is nearly ten times faster than a similar advancing front mesh 

generator. 

Keywords: Grid generation; Meshless methods; Finite point mesh generation; Metric 

specification 
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1. Introduction 
In recent years, it has become clear that, in many applications involving problem domains 

with complicated geometry, model (mesh) generation is far more time-consuming and 

expensive than the finite element solution procedure. Therefore, there is an urgent need to 

explore new methods that require less time and computational cost in the preparation of 

input data. In this respect, considerable efforts have been devoted to the development of the 

so-called meshless/ element free/ finite point methods [1-13]. A number of different 

promising approaches have been reported and it is becoming more convincing that they are 

superior to the traditional finite element method in many application areas of computational 

mechanics. When comparing with the finite element method, the most remarkable 

difference and advantage of the meshless method is that it does not require any finite 

element mesh for the construction of the approximated solution [3]. When using the 

meshless method for solving problems, only a finite point mesh with good distribution of 

interpolation points that can capture the variation of the solution functions is required. As 

for any finite point mesh, it is completely not necessary to consider the connectivity and 

shape distortion factor of the elements in the mesh, the process of point generation is 

expected to be simpler when comparing with finite element mesh generation. Similar to the 

finite element method which needs a good finite element mesh for accurate approximation, 

any meshless formulation will require a good finite point mesh to achieve accurate results 

for the following reasons. 

(1) The discretization of the unknown function (and its derivatives) will be solely 

depended on the point distribution of the point mesh. 

(2) It is expected that meshless methods will be most frequently used for the solution of 

problems in which element generation is too difficult. For examples, problems 

involving complicated or rapidly changing domain geometry, highly anisotropic 

solution fields with strong boundary layers and rapidly changing boundary conditions 

[3,7,8,12]. In such situations, in order to capture the rapid variation of the solution 

fields, it is often required to use highly anisotropic point meshes with good 

distribution of point density. 

One simple way to obtain a suitable point mesh is to use an existing automatic finite 

element mesh generator [14-19] to first discretize the problem domain with a finite 
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elements and then delete all the elements from the resulting mesh. Obviously, this approach 

is far from ideal and is not feasible at all for problems in which reasonably good meshes are 

too difficult to generate. Very recently, Lohner and Onate [20] re-use the advancing front 

technique (AFT) [14,15,18,19], which has been widely used in finite element mesh 

generation, to develop an isotropic point mesh generation procedure. It is found that 

without the need to create an explicit mesh, the speed of the finite point mesh generator is 

nearly one order faster than traditional AFT mesh generators. 

The objective of this paper is to develop a new finite point generation procedure with can 

be used to generate high quality well-graded anisotropic point meshes for trimmed 2D flat 

and bi-variate parametric surfaces. The surface to be meshed may be seriously folded, 

contains crack lines and surface branching. The point density and stretching characteristics 

of the mesh will be controlled by the generalized metric specifications approach [14-17]. 

Unlike the approach used in Reference [20], as no explicit mesh is required, it is found that 

an active generation front is not necessary when creating a point mesh. In order to obtain a 

good distribution of points near the domain boundary, a boundary offsetting procedure will 

be used to initialize the point mesh generation scheme. Point insertion and deletion 

procedures are then employed to achieve the user prescribed grading requirements. Finally, 

a point mesh smoothing procedure will be employed to enhance the quality of the final 

mesh. In this paper, in addition to the point mesh generation procedure, a method to 

measure the quality of a point mesh will also be suggested. 

In the next section, a brief review on the geometrical model used for surface patch 

descriptions and the metric specifications will be given. It will then be followed by the 

descriptions of the point mesh generation and the point mesh enhancement procedures. The 

point mesh quality measurement scheme will also be introduced in that section. Finally, 

several generation examples will be provided to demonstrate the effectiveness of the new 

point mesh generation scheme. 
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2. Geometrical model and metric specification 
Geometrical Model 

As similar to the previous work for surface mesh generation [15], the domain to be meshed 

will be represented as a union of bi-variate surface patches and NURBS surfaces will be 

used to defined the support surface mappings (Fig. 1). 

 v)(u,z)y,(x, r=T  (1) 

Trimming curves, repeated lines, crack lines and surface branching are allowed to present 

and they will all be defined as NURBS curves in the parametric spaces of the support 

surfaces [15]. Furthermore, when singular point is present (e.g. the pole of a hemisphere), a 

secondary mapping will be employed to transform the domain of the parametric space from 

a unit square to an isosceles triangle (Fig. 2). By using the secondary mapping, boundary 

segment generation will not be required along the degenerated line (line AB in Fig. 2) of 

the parametric space. This geometrical model using the combination of NURBS curves and 

surfaces is highly flexible and can model most commonly encountered geometrical features 

in engineering applications. 

 

Metric Specifications 

In this study, the metric specifications approach [16,17] will be used to control the node 

density of the point mesh. In the 3D space, the metric tensor can be conveniently expressed 

as a symmetric positive definite matrix, M3D, such that Det(M3D)>0 and the eignpairs of 

M3D, (ei,λi), i=1,2,3, will define the principal stretching directions and node spacing of the 

point mesh. By using M3D, the length scale transformation between the 3D space and the 

normalize space is given by 

 dxMdxdd 3D
TT =ξξ  (2) 

where in Eqn. 2, dξ and dx are the elementary vector in the normalize space and the 3D 

space respectively. 

For surface and 2D point mesh generation, by using Eqn. 1, the surface metric tensor, M, 

corresponding to M3D can be defined as 
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The 2×2 matrix M will combine the effects of the user specifications of node density and 
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Metric interpolation from background point mesh 

In order to generate a well-graded anisotropic point mesh, the metric tensor will vary over 

the problem domain. A background point mesh will be used to define the metric tensor 

implicitly at its nodal points in the parametric space. As a point mesh contains no element, 

the metric tensor at a given point of the current mesh cannot be obtained by the usual 

method of element interpolation [14-19]. In the current complementation, a simple 

approach based on the nearest point criterion is used to retrieve the metric tensor from the 

background mesh. The metric tensor, Mp, for a given point p in the current mesh is 

obtained from the background point mesh by using the condition 

 Mp=
ipM  (6a) 

where 
ipM  is the metric tensor associated with the background point pi such that pi is the 

nearest point to p. That is 



 6

 jNNB1,ji ,min, pppp
=

=  (6b) 

In Eqn. 6b, pj and NNB are the jth node and the number of nodes in the background point 

mesh respectively. Note that in Eqn. 6b, instead of the metric distance measure, 

),,( jppM~l , the usual Euclidean distance measure j,pp  is used. In practice, the point pi 

can be efficiently located by using an appropriate searching algorithm such as the 

alternating digital tree technique [21], the quadtree approach [22] or the bin sort algorithm 

[23] and the operation complexity of the searching operation will not exceed O(NNB1/2) in 

general. 

Obviously, Eqn. 6 is equivalent to interpolating the metric tensor from the Voronoi diagram 

of the background point mesh and the interpolation is discontinuous along the inter-cellular 

boundary. It should be noted that it is possible to obtain a continuous piecewise linear 

interpolation by using the corresponding Delaunay triangulation of the background mesh. 

However, the continuous approach is not adopted here since it is more complicated and 

time consuming while it is found that the simpler discontinuous approach is already good 

enough to converge rapidly in most practical applications. In addition, in finite point 

applications, the formation of the background Delaunay triangulation itself could be a 

difficult task to complete [3]. 

 

3. Metric finite point mesh generation 
Overview 

The finite point mesh generation scheme developed will follow a highly hierarchical 

generation sequence consists of the following three stages. 

(1) Control point formation 

(2) Boundary segments generation along sub-surface trimming curves 

(3) Point mesh generation and mesh quality enhancement 

Similar to the previous work for automatic finite element mesh generation [14,15], in order 

to ensure the compatibility between meshes of different sub-surfaces, nodes and boundary 

segments generated in any one stage will not be modified in all subsequent stages. In 

addition, all generation steps will be carried out in the parametric spaces of the support 

surfaces and the 3D coordinates of the nodes generated will be computed by using Eqn. 1. 
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This mapping approach can ensure that all the points generated will strictly locate on the 

target surface patches. 

 

Control point and boundary segment generation 

Control points are the end-points of the trimming curves which directly define the problem 

domain to be meshed. Control points are the only set of nodes with both positions and 

numbering that are unchanged with respect to any target mesh density and number of 

refinement. Their positions are trivially obtained from the geometrical model of the 

problem domain. Following the hierarchical mesh generation principle, the node numbers 

of all the control points will be smaller than the node numbers for all boundary and interior 

points. 

After all the controls points are defined, boundary segments with lengths compatible with 

the user specifications will be generated. In this stage, in addition to the metric 

specifications from the background point mesh, both the geometrical and the topological 

information of the surface patches are used to form a topologically correct and well-defined 

discretization of all boundary trimming curves. Furthermore, in order to facilitate the 

boundary segment generation procedure, all the boundary trimming curves will be 

classified either as free curves or as dependent curves according to their relationships with 

other boundary curves. More details for the boundary curve classification and the 

discretization procedure can be founded in Reference [15] and will not be repeated here.  

When crack lines and surface branching are present in the problem domain, it is necessary 

first to slightly modify the positions of the boundary nodes (Fig. 3). This is to ensure that 

during subsequent interior node formation steps, the mesh generator will able to distinguish 

two overlapping boundary segments and every addition point created will locate inside the 

problem domain. Details of the perturbation procedure can again be found in Reference 

[15]. 

 

Parametric space interior nodes generation 

In this study, unlike many advancing front generation schemes, an active generation front 

will not be maintained during the point mesh generation. The advancing front approach is 

abandoned for the reason that it can neither speed up the point generation procedure nor it 
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can significantly improve the quality of the point mesh. Since during point mesh generation 

no element will be formed, the generation front will only consist of unlinked discrete points 

rather than continuous loops of front segments. Hence, unlike in the element formation step 

of an automatic finite element generation scheme, it cannot be used as a convenient tool to 

test whether a newly created point is inside the problem domain or not. Furthermore, since 

no fixed connectivity relationship will be defined among the generated nodes, it will also be 

difficult to use the point generation front to optimize the quality of the newly generated 

node during each generation step. 

Instead of using the advancing front concept for node creation, the point mesh generation 

procedure proposed in this paper employs three simple basic operations, namely, metric 

boundary node offsetting, node insertion and node deletion, for point creation. More details 

for these three procedures are given in the following sections. 

 

Metric boundary node offsetting 

The point mesh generation procedure will be started by performing metric boundary node 

offsetting. The main objective of this step is to fill up the problem domain with an initial 

cloud of points which is boundary sensitive and with node spacing compatible with the 

metric specifications. This will help to reduce the number of iterations needed for the 

subsequent node insertion and deletion procedures. The procedure used is somewhat similar 

to the normal offsetting procedures used by Johnston and Sullivan [24] and Zhu et al [25] 

but in a more generalized form using metric measure to determine the directions of offset 

lines and the distance between successive offsetting nodes. 

In the metric boundary node offsetting procedure, offset lines will be generated from all the 

boundary nodes enclosing the problem domain. For a typical boundary node A with 

neighbouring node B and C and surface metric MA (Fig. 4), the internal angle 

AC)AB,,( AA M~~
θ=θ , can be computed by using Eqn. 5. Depends of the value of Aθ

~ , 

offset lines will be generated from point A according to Table 1 and Fig. 5. 
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2
Aθ
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5a 

240° < Aθ
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A +
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Table 1. Offset lines and offset directions from point A 
 

The direction of the offset line, n̂ , can be easily computed by using the vector rotation 

scheme described in Reference [14]. Let 
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direction of the offset line with an offset angle ϕ from AB is given by 

 ABABAA )d,c,b,(a,)(     n̂Gn̂MRMn
n
nn̂ ϕ=ϕ==

− 2
1

2
1

 (7) 

In Eqn. 7, the rotation matrix R(ϕ) and the square root matrices 2
1

AM  and 2
1-

AM  are given by 

 







ϕϕ
ϕϕ

=ϕ
cossin
sin-cos

)(R  (8a) 

 

 b-acd

dcb
bda

2dca
1

dab-
b-dc

2dcad
1

   

A

A

=









+

+

++
=









+

+

++
=

−

2
1

2
1

M

M

 (8b) 

After some straightforward matrix operations, the matrix )d,c,b,(a, ϕG  can be expressed as 
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From the boundary node A, interior nodes will be generated along the offset lines one by 

one such that the distances between successive points will equal to unity with respect to the 

surface metric tensor. Let pL be the position of the last generated point on an offset line 

with direction n̂  and 
LpM be the surface metric tensor at p (Fig. 7). The offset distance, α, 

can then be obtained from the conditions that 

 n̂pp α+= LN  (9a) 

 n̂Mn̂n̂Mn̂ppM~
ppp LLL

)()(),,(1 NL
TT α=αα== l  (9b) 

Hence,  

 
n̂Mn̂ pL

1
T

=α  (9c) 

By first setting pA=pL and using Eqn. 9, offset points will be generated one by one from all 

the offset lines radiating from point A. An offset point pN will be accepted as a new interior 

point if and only if the following two conditions are satisfied. 

(1) The line segment pLpN does not intersect with any domain boundary segment. 

(2) The shortest distance between pN and the boundary segments, ),,( Nd N
QpM~

pl , is 

greater than or equal to 0.5 (Fig. 8). 

Condition (1) will ensure that all the offsetting nodes is inside the problem domain while 

condition (2) will prevent the formation of an interior node which is too close to the domain 

boundary. Offsetting nodes satisfying conditions (1) and (2) will be generated along the 

offset lines until the last segment pLpN intersects with the domain boundary (or when the 

point pN is lying exactly on a boundary segment). Since the main function of boundary 

node offsetting is to fill up the problem domain with nodes with spacing compatible with 

the background metric, no distance checking between two nodes generated from two 

different offset lines will be performed. By using an appropriate data structures [21-23] to 

store the boundary segments information, both the intersection and the shortest distance 

problems encountered (conditions 1 and 2) can be solved within O(NB1/2) operations where 

NB is the number of boundary segments. Hence, the overall complexity of the offsetting 

procedure will not exceed the bound 
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 O(NNO×NB1/2) = O(NN×NB1/2) (10) 

In Eqn. 10, NNO is the total number of nodes generated in the offsetting procedure and will 

of the same order as NN, the total number of nodes in the final mesh. In actual time 

measurement, it is found that the speed of the boundary offsetting procedure is very fast 

and only contributes a small portion to the total generation time needed. 

 

Node Deletion 

As no distance checking is carried out among nodes from different offset lines, closely 

spaced nodes may be present after the initial offsetting. Hence, a node elimination 

procedure will be used to remove all those nodes that are lying within a short distance from 

their neighbourhoods. All the nodes in the mesh (including all boundary nodes) will be 

considered one by one. Suppose that p is the current node under consideration, then based 

on the surface metric at p, pM , a searching ellipse E with centre at p will be formed (Fig. 

9). All the interior nodes that are inside E will be examined. An interior node q that is 

inside E will be deleted if the following conditions are satisfied. 

(1) The distance between p and q, ),,( qpM~
pl , is less than 0.5. 

(2) If the point p is an interior node, the line segment pq does not intersect with any other 

boundary segment (Fig. 9a). In case that p is a boundary node, the line segment pq 

intersects with the domain boundary at the point p only (Fig. 9b). 

Similar to the boundary offsetting procedure, special data structures for all the interior 

nodes can be set up to speed up the searching of all the potential points inside the ellipse E. 

Usually, the operation complexity for locating all the nodes close to a given point p will 

equal to O(NN1/2). Thus, the overall complexity for the whole deletion procedure will not 

exceed 

 O(NN×NN1/2)=O(NN3/2) (11) 

Another remark is that only one pass of the deletion procedure will be sufficient to remove 

all the closely spaced nodes in the mesh and no iteration is required. Hence, the node 

deletion procedure will again only contribute a small portion to the total generation time 

needed. 
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Node Insertion 

In some situations, the boundary offsetting procedure may not be able to completely fill up 

the whole problem domain with optimally spaced points. The main function of the node 

insertion procedure is to improve the node density of the point mesh by inserting points at 

where the point density is lower than the user specifications. All the interior nodes of the 

point mesh will be considered one by one during node insertion. Similar to the boundary 

offsetting and the node deletion procedure, the node insertion procedure for a typical 

interior node p will only involve a few steps as follow. 

(1) The principal directions (e1,e2) and lengths (h1,h2) at the point p are computed from the 

metric tensor Mp. 

(2) Four potential new stencil points, qi, i=1,2,3,4 are introduced by using (e1,e2) and 

(h1,h2). The coordinates of these four stencil points are given by (Fig. 10) 

 q1 = p - h2e2,   q2 = p + h1e1,   q3 = p + h2e2,   q4 = p - h1e1 (12) 

(3) Retrieve the metric tensor, 
iqM , for the four stencil points qi from the background 

point mesh. The searching ellipse Ei centered at qi will be constructed based on the 

principal directions and lengths of 
iqM  (Fig. 10).  

(4) All the existing points inside Ei are collected into a point set denoted as Si. 

(5) If Si≠∅, find the node mi in Si which is closest to qi. The shortest length corresponding 

to qi, il
~ , are then defined as 

 ),,( iii i
mqM~~

qll =  (13) 

 If Si=∅, set 1.0i =l~ . 

(5) The potential point qi will be accepted as a new point if the following conditions are 

satisfied. 

(i) The line segment qip does not intersect with any boundary segment. I.e. the point 

qi is inside the problem domain. 

(ii) The shortest length associated with qi, il
~ , is greater than 0.5 so that the newly 

inserted node will not be too close to an existing node in the mesh. 
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Unlike node deletion, usually a few cycles of node insertion are needed to ensure that a 

sufficient number of optimally placed points will be generated over the whole problem 

domain. In the first iteration, all the existing interior nodes will be considered for node 

insertion while in subsequent cycles only those nodes that are created during the previous 

cycle will be considered. Usually, after a few iterations, the number of nodes inserted will 

be reduced to a small proportion of the number of existing nodes. In the current 

implementation, the node insertion procedure will be stopped whenever the number of new 

nodes added is less than 1% of the number of existing nodes in the mesh. The operation 

complexity of the node insertion procedure will equal to  

 O(NI×NN1/2) (14) 

where NI is the number of node inserted. After some computational experiments, it is found 

that NI is proportional to NN. Hence the order of operation complexity of the node 

insertion procedure will again equal to O(NN3/2). 

 

4. Point mesh quality measurement and enhancement 
After the point mesh generation steps are completed, the domain will be covered by points 

with node spacing compatible with the user specifications. Just similar to the automatic 

mesh generation, it is found that the grading of the final the mesh can be improved by 

applying a Laplacian smoothing [26] procedure to the point mesh. However, for a point 

mesh, no fix connectivity relationship exists among the interior nodes. Hence, before the 

point smoothing procedure is carried out, it is first necessary to define the nodal 

connectivity of a point mesh. In this study, the distance with respect to the metric space is 

used as the criterion for defining the connectivity relationship of a point mesh. Based the 

metric distance measure between two points in the parametric space (Eqn. 4), the r-

connectivity or the r-neighbourhoods of a given node will be defined and used in the point 

mesh smoothing procedure. 

 

r-connectivity (neighbourhoods) for an interior point p 

For a given interior point p in a point mesh, let Mp be the metric tensor at p with principal 

directions (e1,e2) and principal lengths (h1,h2). For any real number r > 0, it is always 
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possible to construct an ellipse, Er, centered at p with major and minor axes in the e1 and e2 

directions and with lengths equal to rh1 and rh2 respectively (Fig. 11). The r-neighbourhood 

number, NCr, for the node p is then defined as the number of nodes (excluding p) that are 

lying inside or on Er. The real number r is called the connectivity factor of the mesh. 

Furthermore, the r-connectivity of the mesh is defined as the collection of all the r-

neighbourhood numbers information for all the interior nodes. Obviously, for all the nodes 

in any point mesh, the following conditions will always be true. 

 NC0=0, NCd=1 and NC∞=NN (15) 

In Eqn. 15, d is the distance between the point and its nearest neighbourhood and NN is the 

total number of nodes in the mesh. For a uniform mesh, one will have NCd=4 for all the 

nodes in the mesh. For a graded point mesh, one can expect that the r-neighbourhood 

number for some nodes will deviate from the ideal value of 4 and the average 

neighbourhood value of the mesh, rNC , defined as 

 ∑
=

=
NNI

1i

i
rr NC

NNI
1NC  (16) 

can be higher or less than 4. In Eqn. 16, NNI and i
rNC  are the number of interior nodes and 

the r-neighbourhood number for the ith interior node respectively. 

 

The α quality for an interior node and the overall rα  quality for a point mesh 

With the r-connectivity defined in the last section, it is then possible to define the grading 

quality of a point mesh. For a given interior node p with r-neighbourhood number NCr. The 

)(r,pα  quality of the point p can be defined as 

 

ε=α

>













=α ∏

=

)(r,    otherwise

0NC if)
),,(

1),,,(min()(r, r

NC
1

NC

1i i
i

rr

p

qpM~qpM~p
p

p l
l  (17a) 

In Eqn. 17a, qi is the ith neighbourhood of p and ε is a small positive constant taken as 0.01 

in the current implementation. Note that the term 
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),,(

1),,,(min(
i

i qpM~qpM~

p
p l

l  (17b) 

is a measure which reflects the amount of distance deviation between the two points p and 

qi. If point qi is located at an ideal distance from p, the expression in Eqn. 17b will attend a 

maximum value of unity and its value will be reduced as the distance deviation between p 

and qi increases. )(r,pα  is thus the geometrical mean of all the distance measures of the all 

the neighbourhoods of p. Obviously, )(r,pα  will attend a maximum value of one when all 

the neighbourhoods of p are lying exactly on the ellipse corresponding to Mp. 

Once the )(r,pα  values of all the interior points are known, the overall rα  quality of a 

point mesh is defined as the geometrical mean of all the )(r,pα  values. That is 

 
NNI

1
NNI

1i
ir )(r, 









α=α ∏

=

p  (18) 

In general, only using the rα  and the rNC  values may not be sufficient to assess the 

grading quality of a point mesh accurately. The reason is that a mesh with a high rα  value 

may not have a good NCr distribution. Hence, a more complete way to assess the quality of 

the point mesh is to consider both the rα  and rNC  values together with the )(r,pα  and the 

NCr distributions of the nodes in the mesh. 

Another remark about point mesh quality measurement is that in order to reflect the point 

density distribution of a point mesh correctly, the value of the measurement factor r should 

be carefully selected. In fact, r is the most important parameter that will affect the mesh 

quality measurement results. It is found in this study that in order to measure the quality of 

a point mesh accurately, the value of r should within the range [1.10,1.25]. 

 

Point mesh smoothing 

The main objective of point mesh smoothing is to increase the grading quality of a point 

mesh. The operation is somehow similar to the edge length smoothing procedure used in 

the metric finite element mesh generator described in Reference [14]. The basic idea is to 

adjust the positions of nodes in such a way that the distance between two connected nodes 
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will be as close to unity as possible. In order to carry out the point mesh smoothing 

procedure, a suitable value of r will be selected and the r-connectivity information of the 

mesh will be created. All the interior nodes will be considered one by one for smoothing. 

Again, let p be a typical node under consideration with r-neighbourhood number NCr. 

Furthermore, let qi, i=1,....,NCr be the nodes connected to p (Fig. 12). For the node qi the 

new ideal position of p, denoted as ip′ , such that the length 1),,( i =qpM~
pl  can be 

obtained by 

 )-(
),,(

1
i

i
i pq

qpM~qp
pl

+=′  (19) 

Eqn. 19 can be used to compute a set of possible new positions of p with respect to its 

neighbourhoods. The final new position of p is then defined as the centroid of all ip′ . This 

new position will be accepted if and only if the new position of the node remains inside the 

problem domain and the )(r,pα  value of p is increased after the reposition. In practice, a 

value of r=1.25 is used in the point smoothing procedure and usually three to five cycles of 

point smoothing will be sufficient to achieve the convergence and improve the overall 

quality of the mesh. 

After some simple deductions, it can be proved that the operation complexity of the 

smoothing procedure (included both setting up the r-connectivity and the smoothing 

operation) is of the order of O(NN3/2). However, when comparing with node insertion and 

deletion, more computationally intensive distance measurements are necessary in the 

smoothing procedure. Consequently, it is found that the point smoothing procedure is the 

most time consuming procedure in the whole finite point mesh generation program. 

 

5. Point meshes generation examples 
In this section, several mesh generation examples will be presented to test and demonstrate 

the performance of the point mesh generator. The point density of these examples will be 

controlled by some fictitious 3D metric tensors. Both 2D flat surfaces and 3D bi-variate 

NURBS patches will be used in the examples. Isotropic and anisotropic point meshes will 

be generated by specifying the 3D metric tensors implicitly over the nodal points of some 

initial meshes. The corresponding surface metric tensors are then computed by using Eqn. 
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3. Surfaces with different complexities (simply and multi-connected, with one or more than 

one sub-surfaces and the presence of crack and repeated lines) were used. However, since 

the exact detail definitions of the surfaces and the 3D metric tensors are too lengthy and 

tedious to write down explicitly, their definitions will not be given here. Instead, it is more 

convenient to examine the performance of the point mesh generation scheme by studying 

the quality of the point meshes generated. All the important characteristics and features of 

the surfaces and the metric tensors used are summarized in Table 1. 

The initial point meshes used are shown in Figs. 13a to 19a. Note that all the initial meshes 

are very coarse and consist of boundary nodes only. In each example, four refinements 

were carried out to generate the final meshes shown in Figs. 13b to 19b. In all the 

examples, the connectivity factor r used in point mesh smoothing was set as 1.25. A 

summary of the characteristics for the final meshes is listed in Table 2. Note that when 

carrying out the mesh quality measurement, a more stringent value of r=1.1 was used. From 

Table 2, it can be concluded that the quality of all the meshes generated is good and the 

geometrical mean 11.α  values of the final meshes are all higher than 0.8. Furthermore, more 

than 90% of all the nodes in the final meshes have 1.1α  values within the range [0.75-1.0]. 

Table 2 also shows that the connectivity of the final mesh is acceptable in the sense that 

more than 80% of the nodes in the mesh are connected to 2 to 6 nodes. 

 
Example Description NINT No. of 

sub-surface
Metric 
tensor 

Singular 
point 

Internal 
openings 

Crack 
line 

Branching/ 
Repeated line

1 (Fig. 13) Jet flighter 20 1 A No Yes No No 
2 (Fig. 14) Logo 36 1 I No Yes No No 
3 (Fig. 15) Hemisphere 7 1 I Yes No No Yes 
4 (Fig. 16) Corner 12 4 I Yes Yes No No 
5 (Fig. 17) Octant 11 1 A Yes Yes Yes No 
6 (Fig. 18) Beam 42 3 A No Yes No Yes 
7 (Fig. 19) Engine 18 8 I Yes No No Yes 

Table 1. Characteristics of surfaces and metric tensors 
(A=anisotropic, I=isotropic, NINT= No. of nodes in the initial mesh) 
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Example NN 11.α  11NC .  1.0][0.75-1.1,α (%) 6]-[21.1,NC (%)

1 (Fig. 13b) 8496 0.84 4.8 99.4 88.3 
2 (Fig. 14b) 3269 0.82 5.2 96.0 81.2 
3 (Fig. 15b) 15489 0.87 4.6 98.0 87.1 
4 (Fig. 16b) 10992 0.87 4.6 98.7 90.0 
5 (Fig. 17b) 3375 0.84 4.6 95.9 84.9 
6 (Fig. 18b) 17321 0.83 4.7 94.6 87.0 
7 (Fig. 19b) 13519 0.84 4.6 97.7 90.3 

Table 2. Characteristics of the final point meshes generated 
 

Legend for Table 2 
NN = Number of nodes in the mesh 

11.α  = Geometrical mean α1.1 value of all interior points 

11NC .  = Mean NC1.1 value of all interior points 
1.0][0.75-1.1,α  = Percentage of nodes with α1.1 value inside the range [0.75-1.0] 

6]-[21.1,NC  = Percentage of node with NC1.1 value inside the range [2-6] 
 

For the convergence rate of the point mesh generation process, the convergence history for 

Example 3 (Fig. 15) is shown in Fig. 20. From Fig. 20, it can be seen that both the 1.1α  and 

the NC1.1 distributions of the mesh in fact converged to their final forms after two to three 

iterations. This indicates that the background interpolation scheme based on the distance 

measure described in section 2 can effectively allow the mesh generation scheme to capture 

the variation of the surface metric tensor. Fig. 20 also shows that in the final mesh, most of 

the nodes in the mesh have high 1.1α  values close to the ideal value of unity. 

For the speed of the finite point mesh generation procedure, detail timing confirms that the 

order of complexity of the procedure is proportional to O(NN3/2). Since no element will be 

formed and fewer computational intensive steps are required, for a mesh with similar 

number of nodes, the surface point mesh generator will incur much less computational 

effort when comparing with metric finite element mesh generation. For the current 

implementation, it is found that when running on a low-end PC computer equipped with a 

266MHz Pentium II CPU and 64MB of RAM, the generator can generate 15000 points (the 

background mesh used contains 11000 points) in about 13 seconds and is about ten times 

faster than surface finite element mesh generation [15]. 
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6. Conclusions and future investigations 
In this paper, a new metric finite point generator has been developed for the finite point 

mesh generation on 2D flat surfaces and bi-variate parametric surfaces. The point density of 

the mesh is controlled by the metric measurement approach so that anisotropic point 

meshes can be generated. A metric boundary offsetting procedure is used to initialize the 

point mesh generation procedure and to fills up the problem domain with points compatible 

with the user specifications. Node insertion and deletion procedures are then employed to 

improve the point density of the mesh. A new method based on the concept of metric 

distance measurement is suggested to establish the connectivity relationships of the interior 

nodes of the mesh. Based on the connectivity information, two parameters, namely, the 

point quality value, αr, and the node connectivity number, NCr, are defined to measure the 

quality of a point mesh. Finally, a new point mesh smoothing procedure is proposed to 

enhance the quality of the point mesh. From the numerical examples given in the last 

section, it is demonstrated that the proposed mesh generator can generate well-graded point 

meshes with node density distribution compatible with the input metric specifications. It is 

also found that since relatively few computational intensive steps are involved in the 

current point mesh generation scheme, the point mesh generation speed is about ten times 

faster than metric finite element mesh generation. The same set of examples also indicated 

that the convergence rate of the suggested scheme is satisfactory. Hence, in theory, with a 

reliable error estimation procedure and a suitable refinement scheme, the present point 

mesh generation scheme can be used for the development of an automatic adaptive 

meshless refinement procedure. 

As all the generation principles used in the mesh generator can be readily extended to 3D 

situation, one immediate extension of the present research is to develop a similar point 

mesh generator for 3D anisotropic point mesh generation. Regarding this, a metric surface 

mesh generator (e.g. the one described in Reference [15]) is required to first generate a 

surface mesh completely enclosing the 3D problem domain. The finite point generation 

scheme will then be used to fill up the computational domain with a point mesh. 

Another potential future research area is to explore the possibility of using this finite point 

generation scheme as the first step for automatic finite element mesh generation. Since the 

spacing characteristics of the point mesh generated by the present scheme are already 
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compatible with the user specification, it can be used as a good starting point for the 

formation of finite element mesh and to increase the speed of the element mesh generation 

procedure. 
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Fig. 1 Support surface mapping and trimming curves enclosing the problem domain 
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Fig. 2 Secondary mapping for singular point 
 
 

Segments
seperated

(b) After perturbation

overlapping
segments

(a) Before perturbation  
 

Fig. 3 Perturbation of overlapping boundary segments 
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Fig. 4 Typical boundary node A 
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Fig. 5 Boundary offsetting 
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Fig. 6 Direction of offset line with an angle ϕ from segment AB 
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Fig. 7 Generation of offset point pN 
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Fig. 8 Shortest distance between pN and the domain boundary 
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Fig. 9 Node deletion, node q will be deleted while node q' will be kept 
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Fig. 10 Stencil point surrounding point p and the searching ellipse E1 
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Fig. 11 r-connectivity for an interior point p 
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Fig. 12 Point smoothing for point p, NCr=4 
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(a) Initial Mesh 
 
 

 
 

(b) Final Mesh 
 

Fig. 13 Example 1, Jet flighter 
 



 

 
 

 
 

(b) Initial Mesh 
 
 

 
 

(b) Final Mesh 
 

Fig. 14 Example 2, Logo 
 



 

 
(a) Initial Mesh 

 

 
(b) Final Mesh 

Fig. 15 Example 3, Hemisphere 



 

 
 

 
(a) Initial Mesh 

 

 
(b) Final Mesh 

 
Fig. 16 Example 4, Corner 



 

 

 
 

 
 

(a) Initial Mesh 

 
 

 
 

(b) Final Mesh 
 

Fig. 17 Example 5, Octant 
 



 

 

 

 
 

(a) Initial Mesh 
 

 
 

(b) Final Mesh 
 

Fig. 18 Example 6, Beam 



 

 

 
(a) Initial Mesh  

(b) Final Mesh 
 

Fig. 19 Example 7, Engine 



 

 

 

Convergence History for Example 3 (Quality)
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(a) Convergence history for Example 3, 1.1α  
 
 

Convergence History for Example 3 (Connectivity)
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(b) Convergence history for Example 3, NC1.1 
 

Fig. 20 Convergence history for Example 3 
 


