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Summary

Resource allocation problems appear everywhere in our daily lives. Ap-

plications like the power scheduling, traffic management, airport runway

time-slot arrangement, communication server allocation and cloud comput-

ing resource scheduling are all resource allocation problems. Resources in

these problems could be continuous, e.g., the gas, water and electrical power,

or discrete, e.g., the manpower and equipment. The objectives are to opti-

mize some performance indices, e.g., the Quality of Service (QoS) involved

in communication systems.

Several major technical obstacles need to be overcome when we try to

solve resource allocation problems efficiently. Firstly, the system dynamics

and constraints involved in resource allocation problems are complex, which

are hard to be modeled. Secondly, the numbers of decision variables and

constraints are huge, which may lead to extremely high computational com-

plexity. Thirdly, the nature of resources involved in these problems usually

makes the computational benefits from the convexity unachievable.

To overcome these difficulties, in this thesis I propose (1) a specific model

of resource allocation problems; (2) a distributed / hierarchical computation

structure to reduce the computational complexity; (3) some efficient algo-

rithms for solving large resource allocation problems in specific application

domains such as electrical power systems, urban traffic systems and air traf-

xvii



fic systems. Our simulation results indicate that the proposed distributed

or hierarchical computational architecture with heuristic algorithms is able

to achieve good performance whilst reducing the computation complexity.

This thesis is organized as follows. In Chapter 1, we first give a brief in-

troduction about resource allocation problems, including the concepts, con-

straint sets, decision variables and objectives. In Chapter 2, a review on

the methodologies for solving large resource allocation problems in air traf-

fic systems, urban traffic systems and electrical power systems is proposed.

Resource allocation issues on air traffic flow management, urban traffic sig-

nal control and power management in an electrical power system in a more

electric engine / aircraft architecture are studied in Chapter 3, 4 and 5, re-

spectively. Conclusions are drawn in Chapter 6, where some possible further

works are listed.
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Chapter 1

Introduction

1.1 Background

Resource allocation problems appear everywhere in our daily lives. Ap-

plications like the power scheduling, traffic management, airport runway

time-slot arrangement, communication server allocation and cloud comput-

ing resource scheduling are all resource allocation problems. Resources in

these problems could be continuous, e.g., the gas, water and electrical power,

or discrete, e.g., the manpower and equipment. The objectives are to opti-

mize some performance indices, e.g., the Quality of Service (QoS) involved

in communication systems.

Resource allocation is the assignment of available resources to various

users to achieve some performance indices while satisfying constraints and

requirements, which could be captured as an optimization problem. In this

thesis, we explore a general formulation of the resource allocation problems

and specific approaches for solving large-scale resource allocation problems

with a distributed or hierarchical structure aligned with heuristics in differ-

ent application domains.
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1.2 Motivation and Objectives

Two major issues required to be solved in resource allocation problems are

(1) How to model a resource allocation problem with complex dynamics and

(2) How to solve the model efficiently. Owing to complex dynamics, it is

hard to provide a model which is suitable for all kinds of resource alloca-

tions. However, a highly abstract model which consists of resource dynamics

could be proposed for some specific resource allocation problems. Owing to

a large number of continuous, integral and binary variables, a resource al-

location problem is usually associated with high computational complexity,

which leads to challenges in obtaining solutions efficiently. Some efficient

algorithms for solving large resource allocation problems are required.

In this thesis, we are focusing on three topics: firstly, to propose a specific

problem formulation which is able to describe a kind of resource allocation

problems with resource dynamics and resource assigning and releasing dy-

namics; secondly, to propose some efficient algorithms to cope with different

application scenarios for solving the proposed resource allocation problems,

which are based on distributed or hierarchical structures with heuristics;

thirdly, to investigate case studies involved in air traffic systems, urban traf-

fic systems and power management systems to show the effectiveness of our

proposed algorithms

1.3 Objectives and Constraints in Resource

Allocations

The resource allocation problem can be formulated as a standard optimiza-

tion problem, which include an objective function and relevant constraints.

2
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In this section, a generic problem formulation is proposed.

1.3.1 The Objective Functions

We use J(X(t), U(t)) to denote the generic objective function, where X(t)

are state variables and U(t) are decision variables. In this thesis we consider

the following optimization goal,

J(X(t), U(t)) (1.1)

Note that the objective (1.1) is a general non-linear function. However, to

make the problem formulation suitable for optimization solvers, some typical

functions are introduced to reduce the modelling complexity. Some widely

used objective functions include linear functions, e.g., the travelling distance,

the travelling time and the power consumption, and quadratic functions, e.g.,

the energy cost, the schedule deviation and the system efficiency.

1.3.2 The Constraint Set

The main constraints in this problem include resource dynamics, resource

assigning and releasing dynamics. As mentioned previously, we are using

an aggregated model to build this problem formulation, all the dynamics

mentioned in this section refer to the dynamics on aggregated model.

The resource allocation problem can be defined based on concepts in the

graph theory as shown in Fig. 1.1. Introducing a directed graph G = (V,E),

where V is the set of vertices and E is the set of edges. The vertex set V

denotes the sources, sinks or transferring points of resources in the network,

while the edge set E ⊆ V × V denote the set of all one-way connections

3



Chapter 1. Introduction

for the resource movements, i.e., each one-way link (v, v′) ∈ E represents a

resource movement direction from one vertex v to another vertex v′.

Figure 1.1: A Graphical Description of Resource Allocation Problem

1.3.2.1 Resource Dynamics

The resource dynamics are shown below.

Xi(t+ 1) = Xi(t) + Si(t)−Di(t) (1.2)

where i is the index of resource and Xi(t) denotes the available (or idling)

resources at time interval t. Si(t) denotes the released resources during time

interval t and Di(t) denotes the occupied resources during time interval t.

1.3.2.2 Resource Assigning and Releasing Dynamics

Assume there is a resource i and its assigning and releasing amounts during

the time interval t are Di(t) and Si(t), respectively. We introduce another

node j. If i will be assigned to j, we call that j is in the downstream set of

i, which is denoted as Di. On the other hand, if i will be released by j, we

say that j is in the upstream set of i, which is denoted as Ui. The assigning
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and releasing of the resources can be depicted as follows,

Si(t) =
∑
j∈Ui

Sji(t), (1.3-1)

Di(t) =
∑
j∈Di

Dij(t), (1.3-2)

where Sji(t) denotes the resources released to i from j during time interval

t, where j belongs to Ui, which is the upstream set of i. In contrast, Dij(t)

denotes the resource assigned from i to j during time interval t, where j be-

longs to Di, which is the downstream set of i. Sji(t) and Dij(t) are functions

of decision variables and state variables.

Sji(t) = f(X(t), X(t− 1), · · · , X(t− n), U(t), U(t− 1), · · · , U(t−m)),

(1.4-1)

Dij(t) = f(X(t), X(t− 1), · · · , X(t− n), U(t), U(t− 1), · · · , U(t−m)),

(1.4-2)

where X(t), X(t− 1), · · · , X(t− n) denote the state variables for the last n

steps and U(t), U(t − 1), · · · , U(t −m) denote the decision variables in the

last m steps. That is, the dynamics are non-linear functions related to the

state variables and decision variables in previous few steps.

As a summary, the generic problem formulation for resource allocation

is shown as follows. R and Z are used to denote the real number set and the

integer set, respectively.

Problem 1 A Generic Formulation for Resource Allocations

Objective function

5
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minimize J(X(t), U(t)) (1.5-1)

State Variables X(t) ∈ R or X(t) ∈ Z

Control Variables U(t) ∈ R or U(t) ∈ Z

Resource dynamics

Xi(t+ 1) = Xi(t) + Si(t)−Di(t) (1.5-2)

Resource Assigning and Releasing Dynamics Constraints

Si(t) =
∑
j∈Ui

Sji(t) (1.5-3)

Di(t) =
∑
j∈Di

Dij(t) (1.5-4)

Sji(t) = f(X(t), X(t− 1), · · · , X(t− n), U(t), U(t− 1), · · · , U(t−m))

(1.5-5)

Dij(t) = f(X(t), X(t− 1), · · · , X(t− n), U(t), U(t− 1), · · · , U(t−m))

(1.5-6)

Upper and Lower Bounds

U ≤ U(t) ≤ U (1.5-7)

1.4 Organization of This Thesis

The remainder of this thesis is organized as follows. In Chapter 2, a litera-

ture review on the methodologies for solving resource allocation problems is

proposed. In Chapter 3, a case study on the resource allocation problems in

air traffic flow management is proposed and solved with a distributed struc-

ture and a hierarchical heuristic approach. In Chapter 4, a case study on

resource allocation in urban traffic signal control problem is investigated and

a distributed structure is proposed. In Chapter 5, a case study on resource
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allocation in more electric aircraft electrical power systems is proposed and

a multiple objective optimization approach is proposed. Conclusions and

future works are listed in the last chapter. The details are listed below.

• In Chapter 2, the literature review on modeling and solving the re-

source allocation problems are proposed. Methodologies for three ap-

plications involved in air traffic systems, urban traffic systems and

electrical power systems are analyzed in details.

• In Chapter 3, a resource allocation problem involved in air traffic flow

management is formulated, aiming to maximize the utilization of air-

port and enroute capacities to ensure safety and efficiency of air trans-

portation. We first propose a novel discrete-time flow dynamic model

for an air traffic network, consisting of airports, waypoints and air

links, upon which we formulate an air flow routing and scheduling

problem as an integer linear programming problem. Considering the

NP-hard nature of the problem, we present a novel hierarchical flow

routing and scheduling approach, where the hierarchical architecture

is derived naturally from the network containment relationship, and

computation is carried out in a bottom-up manner, which relies on

an incremental strategy. Upon resulting flow routes and schedules, a

heuristic algorithm is carried out to determine flight plans for individ-

ual aircraft.

• In Chapter 4, a resource allocation problem in urban traffic signal

control is discussed. We focus on one heterogeneous traffic network,

which consists of signalized junctions and non-signalized ones, where

in the latter case vehicles are assumed to follow the First-In-First-Out
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(FIFO) principle. We propose a novel model describing the dynamic

behaviors of such a system and validate it via simulations in VISSIM.

Upon such a new model, a signal control problem for a heterogeneous

traffic network is formulated as a mixed integer linear programming

(MILP) problem, which is solved by a novel Lagrangian multiplier

based hierarchical distributed approach.

• In Chapter 5, a resource allocation problem in the electric power sys-

tem (EPS) of more electric aircraft (MEA) is discussed. The design

of the power management system for this type of applications and

the integration of the proposed power management system with more

electric aircraft simulation platform are shown. A comparison on the

system performance between the droop controller and power manage-

ment system is provided at the end of this chapter.

• In Chapter 6, conclusions are drawn and some possible future works

are listed.

1.5 A Summary of the Contributions of This

Work

This thesis covers three resource allocation problems involved in air traffic

systems, urban traffic systems and electrical power systems respectively.

Efficient solutions of these specific applications are developed.

In air traffic systems, an air traffic flow management (ATFM) formulation

is proposed with a novel flow dynamics model and more types of constraints;

a Lagrangian Relaxation based distributed optimization approach is pro-

posed to solve a QP-relaxed ATFM problem; a heuristic forward-backward
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propagation algorithm is designed to obtain an integer solution; a hierar-

chical heuristic algorithm is presented for solving a multiple-FIR ATFM

problem to reduce the computational burden; and a structure is proposed

to handle heterogeneous aircraft types.

In urban traffic systems, a novel macroscopic model is proposed to depict

one type of the heterogeneous traffic system, which involves both signalized

intersections and non-signalized intersections; with the proposed heteroge-

neous traffic system model, a traffic light control scheme for the heteroge-

neous traffic network is proposed as a mixed integer programming problem;

to reduce the computational complexity, a Lagrangian multiplier based ap-

proach is proposed to solve it in a distributed manner; a heuristic algorithm

to partition the system is also proposed.

In the electrical power system of MEE/MEA, a power management so-

lution PMS for EPS in MEE/MEA architecture to optimize the EPS level

efficiency, which will minimize the thermal generation in electrical system

and mechanical system (Gas turbine and gear). A general MOOP problem

for PMS in MEE/MEA is formulated on this purpose and a modified NSGA-

II algorithm is proposed to calculate the Pareto optimum of the EPS level

efficiency. A stability tool based on small signal stability theory is proposed

to update the constraints in PMS by predicting the power limits of gener-

ators. Typical fault modes are defined based on conceptual failure mode

effect analysis and a CBC strategy with fault tolerant network configuration

is proposed to allow the PMS operating for achieving the optimum efficiency.
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Chapter 2

Literature Review

Several different kinds of strategies can be adopted in solving resource al-

location problems and they can be mainly categorized into two classes, i.e.,

the centralized strategies and the distributed strategies [82]. For the cen-

tralized strategies, all the system information for decision making will be

sent to the control centre and the control commands will be delivered to

each component from that control center. For the distributed strategies,

the control system will have several separated decision-making centres and

different centres will send control commands to their parts correspondingly.

A number of centralized and distributed algorithms have been developed

in recent researches to solve the resource allocation problems in real-world

scenarios such as power allocation and distribution [4, 7, 47, 68], electrical

power management [37, 53, 76, 90], traffic light control [32, 70], supply chain

management [52, 91], network resource distribution [96] and logistics [83].

In this chapter, methodologies for solving resource allocation problems in

air traffic systems, urban traffic systems and electrical power systems are

summarized.
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2.1 Resource Allocations in Air Traffic Sys-

tems

With the increasing world-wide trading and traveling, air traffic becomes

an important component in the transportation system. The efficiency of

the air traffic system is a major concern since air traffic delays have been

costing billions of dollars to airlines each year [10]. Two critical issues are

involved in a modern air traffic system, i.e., air traffic control (ATC) and

air traffic flow management (ATFM). ATC works at a tactical level as a

control strategy to provide information to pilots and ground controller and

keep safe separations for aircraft, while ATFM works at a strategic level

to distribute air traffic flows and improve utilization of en-route air traffic

network capacities. In this work, we focus on formulating and solving an

ATFM problem to improve the efficiency of an air traffic system by reducing

schedule deviations involved in departure and arrival processes.

In terms of modeling, there have been several major types proposed in the

literature, as shown in [85]. Lagrangian models [18] [21] are used to describe

flight trajectories of individual aircraft. However, such models are usually

computationally intractable for a large network. Aggregated traffic mod-

els and Eulerian models [12] [13] are used to describe average behaviours

of a group of aircraft, as described by the concept of flows. An aggrega-

tion approach typically provides a lower order and fixed-resolution model

of the airspace, while the Eulerian approach provides a flexible resolution

model [86]. In addition, the aggregated approach is only able to control the

number of aircraft for each air traffic control center but not the aircraft in

each link. Thus, it is not suitable for the en-route air traffic flow manage-
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ment problem. A multicommodity Eulerian-Lagrangian large-capacity cell

transmission model for en-route air traffic is proposed in [88], which adopts

the basic idea of cell transmission models described in [27] [28] within a stan-

dard multi-commodity flow model equipped with origin-destination (O-D)

pairs to avoid difficulties in describing flow merging and diverging. Some

stochastic models can be found in [5]. With regard to the decomposition

methodologies, Dantzig-Wolfe Decomposition [30] is applied in the traffic

flow scheduling on the Bertsimas and Stock-Patterson (BSP) model [18] [73]

as well as on the cell transmission model [89].

Figure 2.1: Air Traffic Systems

ATFM is a planning problem aiming to arrange air traffic flows in a

proper manner and is typically formulated as a mathematical programming

problem and solved with some conventional optimization solvers [18] [6]

[20] [17]. Recent research works on the ATFM problem include, firstly,

to optimize the utilization of airport capacity for the ground-holding prob-

lem [44] [45]; secondly, to alleviate the airborne delays [69]; thirdly, to min-

imize the ground-holding waiting time and airborne delays in a single op-
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timization problem [17] [19]. Some work based on en-route air traffic net-

work is presented in [55,97,99,100]. The Eulerian and Lagrangian model for

ATFM based on an en-route air traffic network are proposed in [97] and [55],

respectively, and a distributed solution for the Eulerian model is proposed

in [99] [100].

2.2 Resource Allocations in Urban Traffic Sys-

tems

Traffic congestions in urban area occur frequently, which affect daily life and

pose all kinds of problems and challenges. Alleviation of traffic congestions

not only improves travel safety and efficiencies but also reduces environmen-

tal pollution. The urban traffic system consists of intersections and links,

which include controllers, flow dynamics and volume dynamics. The traffic

system modelling and the traffic signal design are the two important phases

in solving the urban traffic congestion problem.

From a system modelling point of view, an urban traffic system is a

heterogeneous system consisting of multiple kinds of intersections, dynamics

and participants. In general, the intersections in the urban traffic system

could be classified into two main groups, i.e., the signalized intersections and

the non-signalized intersections. A signalized intersection is equipped with

a set of traffic signals while a non-signalized or uncontrolled intersection is

one in which the entrance into the intersection from any of the approaches

is not controlled by a regulatory sign or a traffic signal. Although it seems

that putting traffic signals at all intersections in the urban area would lead

to a very orderly fashion, the costs of building and maintaining signalized
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intersections are much higher than the costs of non-signalized intersections.

Moreover, it may be unnecessary to signalize all the intersections because of

the low traffic flow for some minor intersections. Thus in real-world practice,

both signalized and non-signalized intersections are adopted in the urban

traffic system, which lead to the heterogeneous features of the link volume

dynamics and the traffic flow dynamics. A detailed survey on monitoring

an intersection based on the behaviors of the participants is shown in [84].

It provides a microscopic view of the traffic dynamics at the intersection.

For a macroscopic view of the traffic system, some descriptions about the

non-signalized intersections or uncontrolled intersections can be found in the

literature [23,26,39,74,78,92–94].

From a traffic signal control point of view, there are four different traf-

fic signal control strategies, namely, fixed time strategies versus traffic re-

sponsive strategies, and isolated strategies versus coordinated strategies.

Notable strategies proposed in the last few decades include, SIGSET [9],

SIGCAP [8], TRANSYT [74] [54], SCOOT [50] [75], OPAC [43] and PRO-

DYN [49]. From a system modelling point of view, Lighthill and Whitham in

1955 and Richards in 1956 provided a good foundation in macroscopic traf-

fic system modelling, the LWR model [56] [72]. A breakthrough came when

Daganzo developed a finite difference solution scheme for the LWR model

by adopting a simplified Fundamental Diagram [27] [29], which he called

the cell-transmission model (CTM). In [60] and [61], the author transforms

CTM into a MILP problem. However, the transformation is not equivalent

rigorously. Moreover, the formulation does not include any analysis about

the relationship among the speed, previous signal status and velocity. An-

other weak point is that in this model the cycle time is fixed and the signal
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scheduling strategy is based on the fixed-time cycle. Lin and Wang [57]

define different cell models in the traffic network and different constraint

sets are proposed for each type of cells. In literature [98], an urban road

traffic light control problem is formulated as a scheduling problem, aiming

to reduce the total waiting time over a given finite horizon. One of the

key contributions in the model is to describe each outgoing flow rate as a

nonlinear mixed logical switching function over the source link volume, the

destination link volume and capacity, and the drivers potential psychologi-

cal response to the past traffic light signals. The outgoing flow rate model

makes the proposed approach applicable to both under-saturated and over-

saturated situations. The traditional concepts of cycles, splits, and offsets

are not adopted in this framework, making the proposed approach fall in

the class of model-based optimization methods, where each traffic light is

assigned with a green light period in a real-time manner by the network

controller. Previously the traffic light control (TLC) problem is solved by

using a fixed time strategy with individual or coordinated intersections to

adjust the green signal ratio in the traffic system. It can be formulated as an

optimization problem and solved by standard optimization methodologies or

computational intelligence techniques [103].

2.3 Resource Allocations in Electrical Power

Systems

Electrical power system (EPS) development for aircraft applications have

been conducted in the research and mechanical components such as hydraulic

and pneumatic components are considered to be replaced by electrical driven
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components such as electric driven actuators, nano-electric devices, etc. in

the MEE/MEA architecture [14] [63] [79]. This revolution of employing

more electrical driven technology leads to MEA. One challenge in MEA

system is to develop more efficient and reliable electrical power distribution

networks [3] [25] [77].

Various PMS research has been conducted using different methods such

as [80] [82], which are dominantly based on the load shedding feature that

detects overloading. This type of load shedding method usually disconnects

and connects relevant load(s) according to their priority and power supply

capacity. In most of the cases, the design of the power generation capacity

on the MEE are usually higher rating than the required power demand from

the MEA load, which allows certain buffer to supply the peak power of the

load (including E-fuel, E-oil and E-pump). However, when the MEE/MEA

experiences any failure in the EPS under the peak power demand the PMS

has to shed certain load in order to maintain the system stability region.

In the case of considering the failure mode, the proposed algorithm method

presented in the literature have some weaknesses e.g., non-optimality of de-

cisions, and instability during disconnecting and reconnecting of the loads.

Some of the recent research works in this field have focused on providing

more accurate, reliable and optimal electric power management formula-

tions [62] [81]. While other research works conducted on power allocation

algorithm design are shown in [11] [99]. However, these works only consider

the output power range as the single objectives function and none of them

take EPS level efficiency into consideration, which is always a multiple objec-

tive optimization problem and cannot be approximated as a single objective

optimization problem due to multiple equipment, which will be described in
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later sections in detail. Moreover, the current literatures lack of discussions

on the fault mitigation to achieve reliable MEE/MEA system through net-

work configuration. In most of the applications, the droop controller is the

user-preferred method in the control of generator connected to gas turbine

shaft in MEE/MEA applications [40].

Multi-objective optimization algorithms are used in many real-world

problems including problems in the fields of engineering, mining and fi-

nance. In multi-objective programming, there are multiple conflicting ob-

jectives whereby improving one objective will reduce the value of others,

leading to a trade-off between solutions. The target of multi-objective pro-

gramming is to assist a decision maker (DM) to choose a preferred solution

amongst all the trade-offs. The NSGA-II [34] [33] algorithm is a widely

used algorithm in solving multiple objective optimization problems and re-

searchers have proposed some modified NSGA-II algorithms to be adopted

in power systems [24], though no implementation has been reported in EPS

of MEE/MEA.

To establish PMS in MEE/MEA, it is also crucial to understand the

power generation limit that each generator can deliver and remain stable.

Stability analyses of both an AC power distribution system and a DC power

distribution system are well established in the literature [35,59,65,79]. Lya-

punov based stability analysis methods are widely used. [40] provides a sta-

bility analysis on a droop controlled EPS in MEA and [95] provides a stabil-

ity analysis in a MEA framework. In summary, there is no existing solution

available for fault-tolerant power management system in MEE/MEA in cur-

rent industrial applications [25]. Majority of system uses droop control in

transient and steady-state condition.
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2.4 Summary

In this chapter, a brief literature review on existing solutions for resource

allocation problems in air traffic systems, urban traffic systems and electrical

power systems is proposed. Advantages and drawbacks on these approaches

are concluded. In our work, we focus on developing an optimization-based

strategy for solving resource allocation problems, which is component-responsive

based on a distributed / hierarchical computational structure. We test our

proposed methodology with various applications in air traffic flow manage-

ment, urban traffic signal control and electric power allocations in MEE/MEA.

The detailed developments are shown in the following chapters.
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Chapter 3

Resource Allocation Problems

in Air Transportation Systems

In this chapter, we investigate resource allocation problem in air transporta-

tion systems. The air traffic flow management (ATFM) is an important

component in air traffic control, which aims to distribute air traffic flows

and improve utilization of en-route air traffic network capacities. We first

provide an overview of the ATFM researches. Then, we propose a novel

discrete-time flow dynamic model for an air traffic network, consisting of

airports, waypoints and air links, upon which we formulate an air flow

routing and scheduling problem as an integer linear programming problem.

Considering the NP-hard nature of the problem, we present a distributed

approach with convexification and a hierarchical heuristic approach for solv-

ing this resource allocation problem. The effectiveness of the proposed ap-

proaches are illustrated by simulation case studies, which take air traffic

data from four Association of Southeast Asian Nations (ASEAN) Flight In-

formation Regions (FIRs). The results of this chapter have been published

in [97] [99], [100], [101] and [102].
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This chapter has five main contributions. (1) Compared with existing Eu-

lerian model for ATFM, an ATFM formulation is proposed with a novel flow

dynamics model and more types of constraints; (2) A Lagrangian relaxation

based distributed optimization approach is proposed to solve a QP-relaxed

ATFM problem; (3) A heuristic forward-backward propagation algorithm

is designed to obtain an integer solution; (4) A hierarchical heuristic algo-

rithm is presented for solving a multiple-FIR ATFM problem to reduce the

computational burden; (5) A structure is proposed to handle heterogeneous

aircraft types.

3.1 Solving ATFM Problem with Forward-

background Propagation

In this work, we adopt a Eulerian-Lagrangian model similar to [88], but

with a richer set of constraint types than other existing flow models such

as those in [88] [58] [19]. For example, we consider a variety of aircraft

types such as small, medium and large passenger/cargo aircraft and un-

manned aerial vehicles (UAVs) that are expected to be more popular in the

near future, and take the aircraft speed lower and upper limits into account

when applying air route capacity constraints on air route volume dynam-

ics. We formulate our ATFM problem as an integer quadratic programming

(IQP) problem due to the integral values of the decision variables of air

route flow rates within each discrete time interval, and aim to minimize the

total airport departure and arrival schedule deviations in an air traffic net-

work. To overcome the exponential complexity in IQP, we first relax it into

a standard quadratic programming (QP) problem, which can be solved by
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using some optimization solvers such as the optimization toolbox in MAT-

LAB or CPLEX [51]. Although an QP problem can be solved efficiently

compared with other optimization formulations, for a large-scale system we

may still face a challenge of high computational complexity owing to an ex-

tremely large number of decision variables and constraints, even though it

is polynomial-time [66]. To reduce the computational complexity, we pro-

pose a distributed scheduling strategy based on Lagrangian relaxation [16]

and the subgradient method [22] [104] [67], aiming for a good trade-off be-

tween the quality of scheduling and the computational complexity. After

solving the relaxed QP problem, we then propose a novel heuristic forward-

backward propagation algorithm to achieve integral solutions. Compared

with existing flow-based ATFM approaches, in this development, (1) an IQP

ATFM formulation with an Eulerian-Lagragian flow model and more types

of constraints, (2) a Lagrangian Relaxation based distributed optimization

approach to solve a QP-relaxed ATFM problem, and (3) a heuristic forward-

backward propagation algorithm to obtain an integral solution.

3.1.1 An ATFM Problem Formulation

3.1.1.1 Introduction of an en-route air traffic network

We focus on an en-route part of an air traffic network, which consists of (de-

scending and ascending part of) airports and pre-defined air routes within

concerned sectors. Currently, there are two different types of flight naviga-

tion systems: Required Navigation Performance (RNP) and Area Navigation

(or Random Navigation (RNAV)). Although the latter is cheaper and pos-

sibly more flexible for airlines, it imposes a major safety concern, especially

over spaces which lack of sufficient ground radar coverage. So one opinion
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is that the RNP may eventually become the dominant one for the avia-

tion industry. Motivated by this opinion, we consider an air traffic network

consists of pre-defined routes. Each air route consists of a sequence of way-

points (or control points), and any two consecutive waypoints are connected

by one link, which is one segment of an air route. A waypoint is a reference

point in physical space used for the purpose of radar guided navigation,

i.e., the aircraft may communicate with the sector control centre when it

goes through the waypoint to notice the sector controllers about its loca-

tion. There are many different types of waypoints in the real world based

on different usages from International Civil Aviation Organization (ICAO)

standards, e.g., VHF Omnidirectional Range / Distance Measuring Eequip-

ment (VOR/DME) and Non-directional Beacon (NDB). Nevertheless, in this

work all waypoints are considered with the same type because the actual op-

erations in each waypoint are not the concern of this work. Each airport is

simplified as a set of one departure link, one arrival link, and a holding link.

We do not consider any ground operations in this work, but simply assume

that the departure and arrival handling capacities in each concerned airport

is known in advance.

An an illustration, an en-route air traffic network is depicted as a directed

graph shown in Figure 3.1. It consists of a main grid of air routes and a set of

airport related departure, arrival and holding links. Each node in the graph

is one waypoint. The interesting point is that there is no direct connection

between the departure point and the arrival point in each airport because we

have mentioned above that we do not consider airport ground operations,

thus, each departure point is treated as one source of the air traffic network,

which supplies aircraft, whereas each arrival point is treated as a sink of
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the network, which receives aircraft. The holding link is self-looped at the

arrival point, denoting relevant holding patterns in that airport. Although

Figure 3.1: Simplified system model

in the picture there is at most one directed link between any two nodes (i.e.,

waypoints), it is possible to use two links with opposite directions to denote

one air route allowing by-directional flights but with safe vertical separations.

Since ATFM is about air traffic planning other than air traffic control, our

network model skips certain details such as different flight levels in each air

route, which nevertheless will be explicitly modelled in our another research

work on real-time flight plan generation for individual aircraft.

It is interesting to note that an air traffic management system is usually

distributed by nature, where multiple Area Control Centers (ACCs) running

in parallel to control individual aircraft in their own responsible airspace

(usually defined as FIRs), whereas communicating with other neighboring

ACCs to relay important messages. Each FIR controlled by a Center may

be further administratively subdivided into areas comprising two to nine

sectors, which may have their own respective air traffic controllers, who
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work in parallel and generate the scheduling and en-routing information for

aircraft by collecting the information from aircraft and ground stations as

well as communicating with air traffic controllers in other sectors. This

natural distributed infrastructure will later facilitate our distributed flight

routing and scheduling strategy to lower the computational burden for real-

time operations.

3.1.2 Air Route Segmentation

Aircraft in the same sector must be well separated from each other to ensure

safety. Each aircraft must keep a safe distance from other aircraft ahead,

above, under or aside. In this work we assume that the layout of the air traffic

network has well taken care of the vertical and side-by-side separations. So

we only focus on the head-and-tail separation within each link. The current

practice usually enforces a separation of 5-50 nautical miles depending on

the actual flying space, e.g., over land with well radar coverage or over

sea with little radar coverage. This separation will result in specific link

capacities. In this work we mainly focus on how to handle a large number

of aircraft within the network, thus, we adopt 5 nautical miles uniformly

in our setup, although in principle the proposed framework can handle any

specific separation distances, as long as they are known in advance.

We adopt a discrete-time cell transmission link dynamic model in this

framework. Within a pre-chosen sampling period T , the distance LC that an

aircraft is able to cover is determined by the minimum acceptable cruising

speed (denoted as S) and the maximum cruising speed (denoted as S), i.e.,

S∆T ≤ LC ≤ S∆T. (3.1)
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In this work we choose LC as the distance that an aircraft can cover within T

with an economic cruising speed, and call LC one link segment. For different

types of aircraft with possibly different cruising speeds, their segment lengths

are different. In this case we choose LC for a specific link to be the largest

segment length among all under consideration, and partition the link into

a set of whole segments with possibly one fractional segment, which covers

two consecutive links, as shown in Fig 3.2, where the link A− J consists of

Figure 3.2: Fractional Segments in air-routes

three segments and a fractional segment, whereas the link B − J has four

segments and a fractional segment.

Since we use a cell transmission model, it is not possible for us to track

every single aircraft in the flow. So the choice of T needs to ensure that

all aircraft that fly into a segment during the period t will fly out of the

segment during the period t+1. This assumption of “aircraft hopping among

segments” essentially rules out the possibility of dealing with multiple types

of aircraft with large speed differences, e.g., a Boeing 777 whose cruising

speed can be more than 550 nautical miles per hour and a UAV whose

speed may be below 200 nautical miles per hour. Fortunately, in practice

aircraft with significantly different speeds fly at different altitudes. Thus,

they can be considered separately. In other words, in this work we deal with

aircraft with similar speed limits. For a whole segment, all the airplanes
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enter this segment at time t will move out at time t + 1. However, for a

fractional segment, the airplanes entering it at time t may not be able to

stay in this segment until time t+ 1 but hop from this segment to the next

connected segment in the same period.

To estimate the flow entering and exiting a fractional segment, the air-

craft are required to be uniformly distributed in each segment. This as-

sumption is roughly true when the length of segment is short enough. In

our model, the segment length is related to the sampling time, thus by ad-

justing the sampling time we can achieve this assumption via a suitable air

traffic control strategy, which is nevertheless outside the scope of this work.

With this assumption of uniform distribution, the exiting flows from one

whole segment i to another whole segment j via a fractional segment k can

be calculated as follows.

fij =
LC − Lk
LC

fik. (3.2)

Notice that this equation holds if the uniform distributions of aircraft in

segments are guaranteed. We also assume that after segmentation, no two

fractional segments are neighbors.

The fractional segment model is introduced to obtain reasonable parti-

tions in each air link. However, it may lead to a high concentration of aircraft

at the entrance of the downstream segment next to these fractional segments,

e.g., the air route J − C shown in Fig 3.2, even though the total number

of aircraft in the downstream segment still satisfies the segment capacity,

i.e., the merging of aircraft temporarily create nonuniform distribution in

the downstream segment. To ensure that this temporary concentration of

aircraft will not cause any problem for the air traffic control part, which is
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based on the output of flow management, we impose a constraint that the

density at the entrance of the downstream segment should not surpass the

maximum density of the downstream segment. More explicitly, assume the

capacity of segment i is Ci, the length of this segment is Li. Then the max-

imal number of flights that could possibly enter this segment during time

interval t is Ci and the maximal flight density ρi to pass the entrance of this

segment is defined as follows,

ρi =
Ci
Li
. (3.3)

To ensure the density at the entrance of the downstream segment should

not surpass its maximal density, the incoming flights from the upstream

segments should satisfy the constraints below,

∑
j∈Ui,F

fji
LC − Lji

≤ Ci
Li
, (3.4)

where Ui,F is the set of all upstream whole segments connecting to segment i

via some fractional segments, and Lji is the length of the fractional segment

connecting the whole segment j and the whole segment i.

Comparing with the air traffic system model description proposed in [19],

our model description has some advantages which make this model more

realistic for an en-route air traffic system. Firstly, our model takes the

minimum flight speed into consideration which is not considered in [19].

The minimal speed is an important character to ensure the flight safety.

Secondly, we consider RNP navigation, which allows all concerned aircraft to

fly through a fixed en-route network. In contrast, [19] considers sectors and

only the entrance and exit of the sectors are fixed, i.e., RNAV navigation is
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adopted, allowing aircraft to fly arbitrarily in each sector, instead of following

a fixed en-routed network. Thirdly, the flow merging shown in Fig. 3.2 is

treated more realistically in our work.

3.1.2.1 Statement of air traffic flow routing and scheduling prob-

lem

(1) Notations Before we describe our air flow routing and scheduling prob-

lem, some necessary notations are listed below.

• N,R+ – The sets of natural numbers and nonnegative real numbers,

respectively.

• G = (V,E) – The directed graph is to describe the air traffic network,

where vertices and edges denote waypoints (together with all segmen-

tation points) and air links respectively. From now on, we will use link

and segment interchangeably.

• A – The set of all concerned airports, where each airport a ∈ A consists

of five waypoints as shown in Fig 3.3,

Figure 3.3: The airport model
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– vad ∈ V – the first descending fix,

– vah ∈ V – the aggregated entrance of holding pattern,

– vaa ∈ V – the first approaching fix,

– val ∈ V – the last departure fix,

– vac ∈ V – the last climbing fix.

There is a self-loop at vhh denoting aircraft circulating in the hold-

ing pattern, which creates arrival delays. No link connects vaa and

val because we do not consider ground operations between aircraft ar-

rival and departure, and treat vaa as a sink of the network and val as

a source of the network. For notational simplicity, we use fa,Pin (φ, t)

to denote the incoming (or arrival) flow of aircraft type φ with the

origin-destination (OD) pair P via the link (vah, v
a
a), and fa,Pout (φ, t) for

the outgoing (or departure) flow of aircraft type φ with the OD pair

P via the link (val , v
a
c ) at interval t. For each airport, the scheduled

arrival rate ra,P (φ, t) of aircraft type φ with the OD pair P via the link

(vah, v
a
a) and the departure rate sa,P (φ, t) of aircraft type φ with the OD

pair P via the link (val , v
a
c ) are assumed known, which are essentially

the airport arrival and departure handling capacity at t.

• i := (v, v′) ∈ E ⊆ V ×V – denotes the directed air link departing from

waypoint v to waypoint v′. Some parameters for each air link include

the length, the capacity and the connections among each other.

– Li – The length of link i.

– Ci(t) – The capacity of link i at t.

– Ui – Upstream links connected with i = (v, v′) at v.
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– Di – Downstream links connected with i = (v, v′) at v′.

• φ ∈ F – The set of aircraft types.

• S(φ) – The lower speed limit of type φ aircraft.

• S(φ) – The upper speed limit of type φ aircraft.

• ∆ – The sampling interval.

• Hp ⊆ N – The set of labels of all discrete intervals. By default, Hp :=

{1, 2, · · · , |Hp|}.

• C := A × A – The set of OD pairs. For each P = (a, a′) ∈ C, let

P [1] = a and P [2] = a′.

• NP
i (φ, t) – The link volume or the number of aircraft with type φ in

link i with OD pair P at time interval t.

• fPij (φ, t) – The flow rate of aircraft with type φ in link i towards link

j with OD pair P at time interval t.

(2) Constraints We consider the following constraints: the network dynam-

ics constraints, the link capacity constraints, the flow rate limits constraints,

which are described below.

C1-Network dynamics constraints: The network dynamics describes

the relationship between the air traffic flow rates and the air link volumes.

For all t ∈ Hp, i ∈ E, φ ∈ F , and P ∈ C,

NP
i (φ, t+ 1) = NP

i (φ, t) +
[
fPi,in(φ, t)− fPi,out(φ, t)

]
∆, (3.5)

where fPin(φ, t) and fPout(φ, t) denote respectively the total incoming and out-

going flow rates of type φ aircraft in air link i with OD pair P at time
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interval t. More explicitly,

fPi,in(φ, t) =
∑

j∈Ui∪Ui,F

fPji (φ, t), (3.6-1)

fPi,out(φ, t) =
∑

k∈Di∪Di,F

fPik(φ, t), (3.6-2)

where the set Di,F denotes all downstream whole segments connecting with

segment i via some fractional segments.

C2-Link capacity constraint: Due to the head-and-tail separation re-

quirement imposed on all aircraft in the network, each link (or segment) has

its own capacity. In general, different links may have different separation

requirements, captured by a variable msep(t), which also suggests that the

separation distance is time variant, due to possibly the time variant weather

conditions. For example, msep(t)=5 NM is common in en-route airspace,

while msep(t)=3 NM is common in terminal airspace at lower altitudes. This

time variant separation distance function is assumed known in advance in

this work for a routing and scheduling purpose, from which the link capacity

can be defined as follows:

Ci(t) =
Li

msep(t)
(3.7)

where Ci(t) is the capacity of link i at t and Li is the length of the link i.

The total number of all types of aircraft in link i should not be greater than

the link capacity at any time interval t, i.e.,

(∀t ∈ Hp)
∑
P∈C

∑
φ∈F

NP
i (φ, t) ≤ Ci(t). (3.8)

C3-Flow rate limits constraints: With the constraints of the cruising
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speeds for different types of aircraft, the outgoing link flow rate should also

be bounded by the product of the link density and the speed limits, i.e., for

all t ∈ Hp, i, j ∈ E, φ ∈ F , P ∈ C,

NP
i (φ, t)

Li
S(φ) ≤

∑
j∈Di

fPij (φ, t) ≤
NP
i (φ, t)

Li
S(φ), (3.9)

where
NP

i (φ,t)

Li
denotes the link density for aircraft of type φ and OD pair P

with a uniformly distribution.

C4-Flight density limits constraints for fractional segments: As

mentioned in the network segmentation, the density of the merging air flows

from the fractional segments should be no bigger than the entrance density

of the downstream link. Given a link i ∈ E, let Ui,F ⊆ Ui be the set of all

upstream links, whose lengths are fractional with respect to a given whole

segment length LC . Then we have the following:

∑
j∈Ui,F

∑
φ∈F ,P∈C

fPji (φ, t)

LC − Lji
≤ Ci
Li
. (3.10)

(3) Objective function Our objective is to minimize the total deviation

from the original arrival and departure schedules as well as the chances of

landing in airports different from the originally planned ones. Based on

the aforementioned functions, the objective function can be formulated as

follows,

min
∑

t∈Hp,φ∈F ,P∈C

{∑
a∈A

[
fa,Pin (φ, t)− ra,P (φ, t)

]2
+
∑
a∈A

[
fa,Pout (φ, t)− sa,P (φ, t)

]2
+

∑
a∈A:P [2] 6=a

fa,Pin (φ, t)
} (3.11)
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where in the third term M is a very large positive constant, denoting the

extremely high penalty on landing aircraft to an airport different from their

originally planned destinations. The first term in the cost function denotes

the total deviation from the original arrival schedules, and the second term

for the total deviation from the original departure schedules.

Now we summarize what we have developed so far and state the Air

Traffic Flow Routing and Scheduling Problem (ATFRSP) below:

Problem 2 Air Traffic Flow Routing and Scheduling Problem (ATFRSP)

min
∑

t∈Hp,φ∈F ,P∈C

{∑
a∈A

[
fa,Pin (φ, t)− ra,P (φ, t)

]2
+
∑
a∈A

[
fa,Pout (φ, t)− sa,P (φ, t)

]2
+

∑
a∈A:P [2] 6=a

fa,Pin (φ, t)
}

(3.12-1)

subject to

NP
i (φ, t+ 1) = NP

i (φ, t) +
[
fPi,in(φ, t)− fPi,out(φ, t)

]
∆ (3.12-2)

fPi,in(φ, t) =
∑

j∈Ui∪Ui,F

fPji (φ, t), (3.12-3)

fPi,out(φ, t) =
∑

k∈Di∪Di,F

fPik(φ, t), (3.12-4)

(∀j ∈ Ui,F ) fPji (φ, t) =
LC − Lk
LC

fPjk(φ, t) (3.12-5)

where k is the fractional segment connecting j and i

(∀p ∈ Di,F ) fPip(φ, t) =
LC − Lq
LC

fPiq (φ, t) (3.12-6)

where q is the fractional segment connecting i and p∑
j∈Ui,F

∑
φ∈F ,P∈C

fPji (φ, t)

LC − Lji
≤ Ci(t)

Li
(3.12-7)

∑
P∈P

∑
φ∈F

NP
i (φ, t) ≤ Ci(t) (3.12-8)
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NP
i (φ, t)

Li
S(φ) ≤

∑
j∈Di

fPij (φ, t) ≤
NP
i (φ, t)

Li
S(φ) (3.12-9)

NP
i (φ, t), fPij (φ, t) ∈ N (3.12-10)

The ATFRSP is an IQP problem. Owing to the complexity involved in

solving this IQP problem, we will first relax it into a QP problem, which

will be solved by a distributed algorithm based on Lagrangian relaxation,

and then use a heuristic algorithm to obtain a final integral solution.

3.1.3 Distributed Air Flow Routing and Scheduling

We first relax all integral decision variables in the ATFRSP into reals. This

convert the ATFRSP into a standard QP problem. We partition the whole

air traffic network into sub-networks. Each airport or waypoint only be-

longs to one sub-network, and so does each air links, except for a few inside

the network which are shared by two sub-networks. Formally speaking, we

consider the network as a directed graph G = (V,E), where the vertex set

is V contains one special node called ext denoting the external of the en-

tire network, and the edge set is E ⊆ V × V − {(ext, ext)} denoting the

set of all directed air links, i.e., each air link (v, v′) ∈ E represents an air

traffic flow either from one waypoint v to another waypoint v′, or from the

external source v = ext to a waypoint v′ (which represents an incoming

boundary link), or from waypoint v to the external source v′ = ext (which

represents an outgoing boundary link). For example, if we focus on the

network of the ASEAN region, then all other regions outside the ASEAN

region are aggregated into the node ext. Let S be a partition of v − {ext},

i.e., each waypoint belongs to one sub-network, and let L(S) denote all air

links belonging to S. We now make the following modification to the net-
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work graph G: for each link (v, v′) ∈ E with v ∈ S ∈ S, v′ ∈ S ′ ∈ S and

S 6= S ′, we add a node bv,v′ to V , which represents a boundary of S and

S ′, and replace (v, v′) ∈ E by two new edges (v, bv,v′) and (bv,v′ , v
′), which

denotes two disjoint air segments, whose union is the original link (v, v′),

and (v, bv,v′) is placed in S and (bv,v′ , v
′) belongs to S ′. After the modifica-

tion, let B be the collection of all such boundary nodes, and E ′ be the new

edge set. Then the new network graph is G′ = (V ′ = V ∪ B,E ′), where

E ′ ⊆ (V ∪B)× (V ∪B)− ({(ext, ext)}∪B×B). For any two different sub-

networks, they can only share some boundary points in B and, of course,

the external node ext.

Suppose the whole network is partitioned into nk sub-networks denoted

as {Sk ∈ S|k = 1, · · · , nk}. The boundary constraints are the consistent

constraints for the air traffic flow on the boundary air-routes, i.e., at any

time interval t ∈ Hp, the incoming flow should be equal to the outgoing

flow on the boundary air links, f inbv,v′ ,v′ = f outv,bv,v′
, where (v, bv,v′) ∈ L(S) and

(bv,v′ , v
′) ∈ L(S ′) denote the boundary air segments in two adjacent sub-

networks. Based on the previous terminologies, the proposed ATFRSP can

be written in the formulation as follows,

min
∑
S∈S

J(S) (3.13-1)

subject to Φ(S) (3.13-2)

∀((v, bv,v′), (bv,v′ , v′) ∈ E′)f inbv,v′ ,v′ = foutv,bv,v′
(3.13-3)

where Φ(S) is the set of constraints associated with sub-network S, and

37



Chapter 3. Resource Allocation Problems in Air Transportation Systems

the sector objective function J(S) is defined as follows,

J(S) = min
∑

t∈Hp,φ∈F ,P∈C

{ ∑
a∈A(S)

[
fa,Pin (φ, t)− ra,P (φ, t)

]2
+

∑
a∈A(S)

[
fa,Pout (φ, t)− sa,P (φ, t)

]2
+

∑
a∈A(S):P [2] 6=a

fa,Pin (φ, t)
} (3.14)

and Φ(S) denotes the constraint set mentioned in the last section. By

adopting Lagrangian relaxation, we can remove the boundary constraints in

formulation (3.13) and obtain the following Lagrangian dual problem.

max
{λbv,v′≥0|bv,v′∈B}

min
∑
S∈S

J(S) + λbv,v′ (f
out
(v,bv,v′ )

− f in(bv,v′ ,v′)) (3.15-1)

subject to Φ(S),∀S ∈ S (3.15-2)

Let λ be the vector consisting of all {λbv,v′ |bv,v′ ∈ B} and define H(λ, S) as

follows:

min J(S)−
∑

bv,v′∈B:v′∈S

λbv,v′f
in
(bv,v′ ,v

′) +
∑

bṽ,ṽ′∈B:ṽ∈S

λbṽ,ṽ′f
out
(ṽ,bṽ,ṽ′ ) (3.16-1)

subject to Φ(S) (3.16-2)

Then the Lagrangian dual problem (3.16-1)-(3.16-2) can be rewritten in the

following separable form,

max
λ≥0

∑
S∈S

H(λ, S) (3.17)

Problem (3.17) can be solved by a standard iterative subgradient method.

Because the QP-relaxed ATFRSP is convex, The solution converges in poly-

nomial time. In addition, the duality gap is zero because the slater condition

holds. Thus, all boundary equalities will hold.
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3.1.4 Forward-Backward Propagation for Integral So-

lutions of ATFRSP

After solving the QP-relaxed version of the ATFRSP, we need to compute

an integral solution, i.e., all decision variables of the link volumes and link

flow rates must be integers. It is well known that finding a globally optimal

integral solution is NP-hard. Thus, we aim to use a heuristic approach called

forward-backward propagation algorithm to generate an integral solution.

Suppose the QP solution of ATFRSP is xo, which consists of two parts: the

link volumes {ÑP
i (φ, t) ∈ R+|i ∈ E ∧P ∈ C ∧φ ∈ F} and the link flow rates

{f̃Pij (φ, t) ∈ R+|i ∈ E ∧ j ∈ Di ∪Di,F ∧ P ∈ C ∧ φ ∈ F}, where R+ denotes

positive reals. The forward-backward propagation algorithm is shown as

follows,

Procedure 1: Forward-Backward Propagation

1. Input the real number solution xo obtained from QP.

2. Round up each f̃Pij (φ, t) to obtain a set of integral values:

f̂Pij (φ, t) = floor(f̃Pij (φ, t)) (3.18)

where f̂Pij (φ, t) denotes the integral flow rate value, and floor() is the

floor function, which rounds a real argument to its maximum integral

lower bound. Notice that the solution generated by the relaxed QP

problem will be a real number bounded by real numbers, as indicated

in constraints (3.12-2) - (3.12-7) under QP-relaxation. Thus, after

applying the floor() function the resulting flow rates will not violate

the boundary constraints.
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3. Start with t = 0. We know that the air link volumes are zero under

the initial status, i.e.,

(∀i ∈ E, φ ∈ F , P ∈ P)NP
i (φ, 0) = 0. (3.19)

Thus we can use NP
i (φ, 0), f̂Pi,in(φ, 0) and f̂Pi,out(φ, 0) to obtain the air

link volumes at t = 1, i.e.,

(∀t ∈ Hp, i ∈ E, φ ∈ F , P ∈ P)

NP
i (φ, 1) = NP

i (φ, 0) +
[
f̂Pi,in(φ, 0)− f̂Pi,out(φ, 0)

]
∆.

(3.20)

As NP
i (φ, 0) = 0, f̂Pi,in(φ, 0) and f̂Pi,out(φ, 0) come from the integral flow

rates f̂Pij (φ, t), all the values in the right hand formula are integers.

Thus the obtained left hand side value is an integer. After obtained

all integral link volumes at t = 0, we move to t = 1 and so on.

4. For each time t ∈ Hp, we try to get the air link volumes at time t+ 1

with the following equation,

(∀t ∈ Hp, i ∈ E, φ ∈ F , P ∈ P)

NP
i (φ, t+ 1) = NP

i (φ, t) +
[
f̂Pi,in(φ, t)− f̂Pi,out(φ, t)

]
∆

(3.21)

Denote the right hand formula as RHV (t+ 1), i.e.,

RHV (t+ 1) = NP
i (φ, t) +

[
f̂Pi,in(φ, t)− f̂Pi,out(φ, t)

]
∆ (3.22)

If RHV (t + 1) > Ci(t + 1) or RHV (t + 1) < 0, we start forward

propagation or backward propagation accordingly.

• If RHV (t + 1) > Ci(t + 1), which means there are too many

aircraft entering this link during time t, we shall reduce the in-
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coming flow rate f̂Pi,in(φ, t). As a sequence, we will reduce the

outgoing flow rate from the upstream links, which may possibly

make the volume assignments of upstream links be out of their

capacities. Thus, the backward propagation may continue for

many iterations. Because this process only reduce the flow rates,

and all flow rates are finite, the termination of this process is

guaranteed. But to speed up the termination, we can deliber-

ately backward propagate towards the original airport, which is

equivalent to enforce ground delays in the airport.

• If RHV (t) < 0, which means there are too many aircraft leaving

this link during time t, we shall reduce the outgoing flow rate

f̂Pi,out(φ, t). With a similar argument, we know that this process

is guaranteed to terminate. �

The key step that determines the termination speed and the quality of

Procedure 1 is to select a proper upstream or downstream link to reduce

the concerned flow rate. Due to the heuristic nature, we propose a simple

procedure to undertake this selection task.

Procedure 2: Selecting links for flow rate reduction

1. Initialization: given the air traffic network G = (V,E), which is a

directed graph, for each airport a ∈ A we partition links into different

tiers, according to their distances towards either a or a′, where the

distance of each link is defined by the length of the shortest path from

a to the link for the backward propagation purpose, or from the link to

a for the forward propagation purpose.. Let ξb(i, a) and ξf (i, a) denote

the tier numbers of link i associated with a in backward propagation

and forward propagation respectively.
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2. When backward propagation is required for link i at t with P ∈ C and

φ ∈ F , we pick j ∈ Ui ∪ Ui,F with Cj(t + 1) − NP
j (φ, t + 1) > 0 and

P [1] = a such that

ξb(j, a) = min
q∈Ui∪Ui,F :NP

q (φ,t+1)<Cq(t+1)∧P [1]=a
ξb(q, a).

When multiple choices for j are available, pick one with the highest

available capacity, i.e., Cj(t+1)−NP
j (φ, t+1) > 0. If the gap RHV (t+

1)− Ci(t+ 1) is too big for link j to absorb, i.e.,

RHV (t+ 1)− Ci(t+ 1) > Cj(t+ 1)−NP
j (φ, t+ 1),

choose the second one, whose tier number is the minimum among all

remaining links, and continue this step until the gap is completely

absorbed. This step essentially tries to bring the reduction to the

original airport, because there are too many aircraft in the system and

ground delay can be applied there.

3. When forward propagation is required for link i at t with P ∈ C and

φ ∈ F , we pick j ∈ Di ∪Di,F with NP
j (φ, t+ 1) > 0 and P [2] = a such

that

ξf (j, a) = min
q∈Di∪Di,F :NP

q (φ,t+1)>0∧P [2]=a
ξf (q, a).

When multiple choices for j are available, pick one with the highest

volume value. If the gap −RHV (t+ 1) is too big for link j to absorb,

i.e.,

−RHV (t+ 1) > NP
j (φ, t+ 1),

choose the second one, whose tier number is the minimum among all
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remaining links, and continue this step until the gap is completely

absorbed. This step essentially tries to bring the reduction to the

destination airport, because there are too few aircraft in the system.

We combine Procedure 1 and Procedure 2 into one heuristic forward-

backward propagation strategy to obtain an integral solution of ATFRSP,

which is shown in Algorithm 1.

Clearly, Algorithm 1 terminates finitely due to the termination of Pro-

cedure 1 and Procedure 2. The Step (2) can be done in O(|A| · |E|2), where

| · | denotes the size of a set, because for each a ∈ A the shortest path

problem within a directed graph can be solved in O(|E|2), where we treat

each link of G as a node and nodes of G as links. For each t ∈ Hp, φ ∈ F ,

P ∈ C, and a link i ∈ E, backward propagation associated with solving

inconsistency for one link in the worst case may need to traverse all links co-

reachable from the original airport P [1]. Thus, the complexity is O(Kb|E|),

where Kb is the maximum adjacent upstream links for each link. For any

directed graph without self-loops, Kb ≤ |V | − 1, where the equality holds

when the graph is complete. Thus, the worst case complexity for backward

propagation is O(|V | · |E|). A similar argument is applicable to each for-

ward propagation, whose complexity is O(Kf |E|), where Kf ≤ |V |−1 is the

maximum adjacent downstream links for each link in a directed graph with-

out self-loops. Again, the worst-case complexity for forward propagation is

O(|V | · |E|). So for the iteration stage, the total worst-case time complexity

is O(|F| · |C| · |Hp| · |V | · |E|), which is clearly polynomial. Shortly, in the

experimental part we will see that the actual complexity for real applications

is much lower than the worst-case complexity.
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Algorithm 1 Forward - Backward Propagation

1. Input: Let the link volumes

{ÑP
i (φ, t) ∈ R+|i ∈ E ∧ P ∈ C ∧ φ ∈ F}

and the link flow rates

{f̃Pij (φ, t) ∈ R+|i ∈ E ∧ j ∈ Di ∪Di,F ∧ P ∈ C ∧ φ ∈ F}

be the solution from the QP-relaxed problem.

2. Initialization: For each air port a, set the backward and forward tier
numbers ξb(i, a) and ξf (i, a) for each link i respectively.

3. Iteration: For each time interval t = 1, 2, · · · , |Hp|

(a) Round up all flow rates f̃Pij (φ, t) by the floor function, i.e.,

f̂Pij (φ, t) = floor(f̃Pij (φ, t))

(b) For each link i ∈ E, update air link volumes as follows,

NP
i (φ, t+ 1) = NP

i (φ, t) +
[
f̂Pi,in(φ, t)− f̂Pi,out(φ, t)

]
∆

(c) Check the feasibility of the obtained volumes. If

(∀i ∈ E)NP
i (φ, t+ 1) ∈ [0, Ci(t+ 1)],

go to Step (3.f); elseif

(∃i ∈ E)NP
i (φ, t+ 1) > Ci(t+ 1),

go to Step (3.d); otherwise, go to Step (3.e).

(d) Pick j ∈ Ui ∪ Ui,F based on procedure 2 and reduce fPji (φ, t) to

lower the incoming flow rate f̂Pi,in(φ, t). Continue the selection
until the gap is absorbed for link i. Go to Step (3.b)

(e) Pick j ∈ Di ∪ Di,F based on procedure 2 and reduce fPij (φ, t) to

lower the outgoing flow rate f̂Pi,out(φ, t). Continue the selection
until the gap is absorbed for link i. Go to Step (3.b)

(f) If all the air link volumes at time t+ 1 are feasible, set t := t+ 1
and go to Step (3).

4. Output: The integral values of link volumes and flow rates.
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3.1.5 Experimental Results

This section is organized as follows. We first show the results of air flow

routing and scheduling based on the centralized optimization approach, then

present the results based on our distributed optimization approach together

with the heuristic propagation algorithm.

3.1.5.1 Setup of the air traffic network

The layout of the air traffic network in our case study is shown in Fig 3.4.

The numbers of decision variables for different scale systems are shown in

Table 3.1. For a 8-to-8 air traffic system with the prediction horizon |Hp| = 4,

it includes 16 airports, 80 waypoints and 176 air-routes. A total of 307904

decision variables exist in this system, which is hard to be treated as a

centralized system.

Figure 3.4: A 8-8 air traffic system

3.1.5.2 Experimental results of centralized ATFRSP

The optimization problem is solved by CPLEX based on MATLAB on a

PC with an Intel Core(TM) i7-4770 @3.40GHz CPU and RAM 8GB. The
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Table 3.1: Number of decision variables

System Scale Decision
Variables
(|Hp| = 4)

Decision
Variables
(|Hp| = 12)

Decision
Variables
(|Hp| = 24)

2to2 1616 4848 9696
4to4 21728 65184 130368
8to8 307904 923712 1847424
12to12 1485216 4455648 8911296

sampling time is chosen as 5 minutes and the prediction horizon is chosen as

|Hp| = 12, 16, 24, 48, · · · , 288, respectively. The prediction horizon |Hp| = 72

refers to 6 hours, which is sufficiently long for air traffic in the ASEAN

region. The maximum prediction horizon |Hp| = 288 refers to 24 hours. We

choose several different air traffic grid scales, nh = nv = 2, 4 or 8, where

nh and nv denotes respectively the numbers of individual cells horizontally

and vertically, where each cell consists of 4-5 waypoints and 0-2 airports

depending on whether it is an internal cell or a boundary cell. After applying

the centralized IQP solver CPLEX, the experimental results are shown in

Table 3.2.

From Table 3.2, the centralized approach solving by IQP solver is ap-

plicable when the system scale is small and the prediction horizon is short.

However, the computational time increases significantly with the increas-

ing of system scale. The processing time for solving a 8-by-8 system with

prediction horizon equals to 1 hour cost 2351.5s, which is far away beyond

the real-time requirement. Solving the relaxed QP problem requires much

less processing time when the system is large comparing to solving the IQP

problem. However, when solving the large scale air traffic system with long

prediction horizon, the centralized approach will consume a large amount of

memory which is beyond the capability of normal computer.

46



3.1. Solving ATFM Problem with Forward-background Propagation

Table 3.2: Experimental Results with Centralized Approach

nh = nv |Hp|
IQP Solver
Processing Time

Relaxed QP
Processing Time

2 12 0.02s * 0.02s *
2 18 0.02s * 0.02s *
2 24 0.02s * 0.02s *
2 36 0.03s * 0.02s *
2 48 0.03s * 0.03s *
2 60 0.05s * 0.05s *
2 72 0.13s 0.05s *
2 144 0.16s 0.09s
2 288 0.55s 0.17s
4 12 0.03s * 0.02s *
4 18 0.05s * 0.02s *
4 24 0.06s * 0.02s *
4 36 0.22s 0.05s *
4 48 0.23s 0.05s *
4 60 0.28s 0.16s
4 72 1.44s 0.34s
4 144 1.84s 0.64s
4 288 3.06s 1.36s
8 12 2351.5s 0.17s
8 18 ** 0.26s
8 24 - -
8 36 - -

1. * The computational time may not be accurate for these small scale problem because of the
minimal clock cycle of the operating system.

2. - The centralized problem cannot be complied by the complier because of the huge memory
consumption.

3. ** The computational time is more than 2 hours.
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3.1.5.3 Experimental results of distributed ATFRSP

We revisit the same case study by applying our proposed distributed air

traffic flow routing and scheduling strategy together with the heuristic prop-

agation algorithm (Algorithm 1) with the same PC configuration mentioned

before. The results are shown in Table 3.3. All air traffic networks in this

test are divided into four small scale sub-networks, e.g., a 4-by-4 air traffic

network will be divided into four 2-by-2 sub-networks.

Table 3.3: Experimental Results with Distributed Approach

nh = nv |Hp| Relaxed QP Processing Time

8 12 0.20s
8 18 0.45s
8 24 3.64s
8 36 13.20s
8 48 16.43s
8 60 133.26s

From the result shown in Table 3.3, the distributed approach can solve

larger scale problem with longer prediction horizons. The processing time

for solving a 8-by-8 system with |Hp| = 60 is around 2 minutes, which is

shorter than the sampling time 5 minutes and can be regarded as a real-

time process. The results for some larger scale air traffic networks with

longer prediction horizons, e.g., a 8-by-8 network with |Hp| = 60, show that

the processing time for this distributed solution is related to the processing

time for solving the local optimization problem associated with each sub-

network. Thus, how to obtain a relatively short processing time for each

sub-network will be the next step of this study. Some evolution algorithms

may be adopted here to overcome this computational issue for large scale

problems.

A quality comparison of the distributed approach with the centralized
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IQP approach is shown in Table 3.4. Both results for air traffic system with

almost no congestion and with heavy congestion are shown. From Table 3.4,

when the congestion in the air traffic system is not so significant, then almost

no deviation in departure or arrival process and the results from centralized

IQP solver and distributed solver are similar. In the second table, we in-

crease the number of flights to be around 1.5 times of the system capacity

thus about 1/3 flights will be delayed. The results show that the difference

between these two methods are acceptable since the largest difference is less

than 10%.

Table 3.4: The Quality Comparison between the Distributed Approach and
Centralized IQP Approach

1.Almost no congestion in air traffic system

nh = nv |Hp|

Total sched-
uled departure
and arrival
flights

Centralized
IQP Approach
Flight Devia-
tion

Distributed
Approach
Flight
Deviation

4 12 624 10 12
4 18 962 10 12
4 24 1200 10 14
4 36 1776 10 18
4 48 2352 10 18
4 60 2928 10 18

2.Heavy congestion in air traffic system

nh =
nv

|Hp|

Total sched-
uled departure
and arrival
flights

Centralized
IQP Approach
Flight Devia-
tion

Distributed
Approach
Flight
Deviation

%

4 12 936 286 296 3.5%
4 18 1368 432 440 1.9%
4 24 1800 553 600 7.8%
4 36 2664 882 902 1.1%
4 48 3528 1183 1214 2.6%
4 60 4392 1468 1532 4.4%

49



Chapter 3. Resource Allocation Problems in Air Transportation Systems

We also provide some experimental results for the forward-backward

propagation algorithm to illustrate its usefulness. The numbers of tiers

in some networks with different scales are shown in Table 3.5. These num-
Table 3.5: Number of Tiers in systems with different scales

nh = nv 4 8 12 16
Number of Tiers 5 7 9 11

bers indicate the maximal depths of forward propagations and backward

propagations.

We test the forward-backward propagation algorithm with different levels

of “congestions” in an air traffic network with nh = nv = 4 and Hp = 5,

where the concept of “congestion” is measured by the percentage of vacancies

in the air links. If the vacancy is over 50% of a link capacity, it means the

traffic load is light and no congestion in this link. However, if the vacancy

is less than 20% of the link capacity, we consider it as being congested. The

different air traffic scenarios are obtained by changing the departure rates of

aircraft in the airports. Three different scenarios are considered in this work.

In scenario 1, the departure rates are low and no congestion exists in this

air traffic network. In scenario 2, the volumes of about 50% links will reach

80% of their link capacities. In scenario 3, the volumes of almost all links in

the network will reach about 80% of their link capacities. When violations

of link volumes happen in the air traffic system, the heuristic algorithm

will do the forward backward propagation to eliminate the violations. Once

it happens in the simulation, the value of a counter in our algorithm will

be increased to record this event. If the forward backward propagation

processes reach the airport, the value of another counter will be increased

to record the event. Thus, by comparing the value of these counters to the

total number of operations in this algorithm, we could obtain the number of
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these propagations. The test results are shown in Table 3.6.

Table 3.6: Test results of the forward-backward algorithm under different
traffic scenarios

Scenario
Number of
backward

propagations

Maximal
depth of
backward

Number of backward
propagations reached

airports
1 0 0 0
2 17 1 0
3 28 2 10

Scenario
Number of

forward
propagations

Maximal
depth of
forward

Number of forward
propagations reached

airports
1 0 0 0
2 4 1 0
3 43 2 5

From Table 3.6 we can see that if no traffic congestions exist in the

network (as shown in Scenario 1), there is no need to do any forward or

backward operations in the traffic grid when undertaking the heuristic al-

gorithm to find an integral solution of the ATFRSP, because the dynamic

equation (3.21) can always be satisfied and no capacity constraints are vi-

olated. In Scenario 2, as some traffic congestion exists, less than 10% of

the dynamic equations need to undertake forward or backward propagation

to obtain values within relevant capacity constraints. As the number of

backward and forward propagations reaching airports equals 0, these propa-

gations will not significantly affect the quality of the final integral solution.

In Scenario 3, around 25% of links need to do forward or backward propa-

gations and about 20% of these propagations will reach the airports, which

will cause some extra time delays in the final results.

The processing time for the forward backward propagation algorithm for

these three scenarios are similar. Each of them takes from 0.13s to 1.43s

to be solved. As a conclusion, the time for solving the forward-backward
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Table 3.7: Experimental Results with Distributed Approach

nh = nv |Hp|
Relaxed QP
Processing
Time

Propagation
Processing
Time

Total

8 12 0.20s 0.13s 0.33s
8 18 0.45s 0.16s 0.61s
8 24 3.64s 0.17s 3.81s
8 36 13.20s 0.85s 14.05s
8 48 16.43s 1.02s 17.45s
8 60 133.26s 1.43s 134.69s

propagation is significantly less than the time for solving the QP-relaxed

problem, which certainly takes much less time than solving the centralized

IQP problem. Thus, the total time consumption to obtain an integral solu-

tion via our distributed approach, which combines the Lagrangian relaxation

and the heuristic propagation algorithm (Algorithm 1), is viable for solving

a large-scale air traffic flow routing and scheduling problem.

3.2 Solving ATFM Problem with A Hierar-

chical Heuristic Algorithm

In this section, we adopt a novel flow dynamics model for an en-route air

traffic network. This model requires fewer decision variables and is more

effective than the segment-based model. We consider a variety of aircraft

types such as small, medium and large passenger/cargo aircraft and un-

manned aerial vehicles (UAVs) that are expected to be more popular in the

near future, and take the aircraft speed lower and upper limits into account

when applying air route capacity constraints on air route volume dynamics.

Based on the fact that most flights will not travel among different flight in-

formation regions, a hierarchical heuristic approach is provided to solve the
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ATFM problem for a multiple-Flight Information Region (FIR) air traffic

system. The proposed methodology consists of two steps, i.e., the primary

step for solving ATFM with a hierarchical architecture while the secondary

step for solving flight plan generation problem based on ATFM results.

3.2.1 A Revised Air traffic flow dynamics model

One of the major motivations of developing this model is to reduce the

computational complexity. For example, this model is insensitive to the

length of each air route (or link), in contrast to a cell transmission model

used in [100] (where each air route needs to be partitioned into relatively

small segments, whose number depends on the length of the air route), but

rather sensitive to the difference between the minimum and maximum link

traversing times, which happens not to be big. Thus, the new model will

lead to a much smaller number of decision variables than the number of

variables in the cell transmission model used in [100]. To achieve this, the

validity of the model relies on a FIFO assumption, which, from a practical

application point of view, is approximately true. Moreover, if the FIFO

condition is violated and we know two aircraft have switched positions, the

fact that we have reduced computational cost allows us to quickly re-solve

the new problem.

The maximum and minimum traversing times, denoted as T (i, φ) and

T (i, φ), respectively, required by a type-φ aircraft to cover an air link i is

determined by the minimum and maximum cruising speeds, denoted as S(φ)

and S(φ)), respectively, i.e.,

T (i, φ) =
Li

S(φ)
≤ t ≤ Li

S(φ)
= T (i, φ), (3.23)
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where t is the actual traversing time for the aircraft. To ensure that con-

straint 3.23 holds, we make the following assumption.

Assumption 1: dT (i, φ)e ≤ bT (i, φ)c, where d·e and b·c denote the

ceiling and floor functions, respectively. �

This assumption is rather mild and can be satisfied by reducing the

discrete sampling time interval, or equivalently, increasing the sampling rate.

For example, suppose the length of link i is 50 NM and the speed limits for

aircraft type φ is [450NM/h, 500NM/h]. If the sampling time is chosen as

1 hour, then

dT (i, φ)e = d 50

500
e = 1,

bT (i, φ)c = b 50

450
c = 0,

Assumption 1 is violated. However, if the sampling time is chosen as 6

minutes, then

dT (i, φ)e = d 50

500
∗ 60

6
e = 1,

bT (i, φ)c = b 50

450
∗ 60

6
c = 1.

Thus, Assumption 1 can always hold at a cost of introducing more decision

variables, owing to a high sampling rate.

The outgoing flow at time k from link i satisfies:

0 ≤
∑
j∈Di

∑
P∈C

fPij (φ, t) ≤
∑
j∈Di

∑
P∈C

∑
dT (i,φ)e≤t≤bT (i,φ)c

fPij (φ, k − t). (3.24)

The upper bound of the outgoing flow is formed by considering all possible

flows arriving at the end of link i at time k, i.e., all aircraft entering during

dT (i, φ)e ≤ t ≤ bT (i, φ)c are able to leave link i at time k by adjusting

their speeds within the lower and upper speed limits. The lower bound of

the outgoing flow is the number of aircraft that must leave this air route at
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the end of time k. The following constraints provide more details on flow

dynamics.

Let the mapping δ(k, β, i, φ) ∈ [0, 1] denote the portion of the air traffic

flow consisting of aircraft type φ entering link i at time β and leaving the

link at time k. Considering the minimum and maximum traveling times,

the exiting time k should be within the interval [β+dT (i, φ)e, β+bT (i, φ)c],

i.e.,

β + dT (i, φ)e ≤ k ≤ β + bT (i, φ)c, (3.25)

or

dT (i, φ)e ≤ k − β ≤ bT (i, φ)c, (3.26)

Thus the value domain of the mapping δ(k, β, i, φ) ∈ [0, 1] is as follows,

δ(k, β, i, φ) ∈ [0, 1], if β + dT (i, φ)e ≤ k ≤ β + bT (i, φ)c

δ(k, β, i, φ) = 0, otherwise

(3.27)

Then the exiting flow of type φ aircraft from link i at time k, denoted as

fi,out(φ, k), can be described as follows:

fi,out(φ, k) =
∑

β:dT (i,φ)e≤k−β≤bT (i,φ)c

δ(k, β, i, φ)fi,in(φ, β), (3.28)

where fi,in(φ, β) denotes all type-φ aircraft entering link i at time β. The

mapping δ satisfies the following constraints.

Condition 1 (Weak FIFO condition)

(1-a) If a group of aircraft enters link i at time β, and one portion of

the flow exits at time k and another portion exits at k′, where β + T (i, φ) ≤
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Figure 3.5: Descriptions for Condition 1

k, k′ ≤ β + T (i, φ), then

β < k < k′ ⇒
∑
β≤t≤k

δ(t, β, i, φ) ≤
∑

β≤t′≤k′
δ(t′, β, i, φ), (3.29)

namely the number of aircraft leaving link i from the same group is monoton-

ically nondecreasing with respect to time. Since the portion of the air traffic

flow δ(k, β, i, φ) ∈ [0, 1] has a non-negative value, the summation function of

δ(k, β, i, φ) is a monotonically nondecreasing function with respect to time t,

i.e., if β < k < k′, then

∑
β≤t≤k

δ(t, β, i, φ) ≤
∑

β≤t≤k′
δ(t, β, i, φ), (3.30)

Thus this condition is redundant and could be removed.

(1-b) For two groups of aircraft entering link i at time β and β′, respec-

tively, if portions of these two flows exit at the same time k, then

β < β′ < k ⇒
∑
β≤t≤k

δ(t, β, i, φ) ≥
∑

β′≤t′≤k

δ(t′, β′, i, φ), (3.31)

namely at any time t a higher percentage of aircraft leave link i from an

earlier-entering group than a later-entering one. Conditions (1-a) and (1-

b) are direct consequences of the FIFO condition. Nevertheless, they are

not sufficient to ensure the FIFO condition in each air link, as the FIFO
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condition essentially says that no overtaking can take place among aircraft

from different groups within a link. In reality, aircraft overtaking within one

air link is quite rare, namely the FIFO condition holds most of the time.

Thus, Condition 1 is normally valid. In case a user would like to explicitly

model the condition of non-overtaking among different groups, the following

strong FIFO condition can be used.

Condition 2 (Strong FIFO condition)

[β < β′] ∧ [δ(k, β′, i, φ) > 0]⇒
∑
k′:k′≤k

δ(k′, β, i, φ) = 1, (3.32)

namely, if aircraft from a group entering at β′ starts to leave link i, then all

aircraft in all earlier-entering groups must have already left link i.

Condition 3 (All exiting condition)

(∀β ∈ Hp)
∑
k

δ(k, β, i, φ) = 1, (3.33)

namely, any aircraft entering a link will exit it eventually.

Proposition 1 Condition 2 and 3 imply Condition 1. �

Proof : For β < β′, we consider two cases. For case 1,
∑

β′≤t≤k δ(t, β
′, i, φ) =

0, then clearly Condition (1-b) holds.

For case 2,
∑

β′≤t≤k δ(t, β
′, i, φ) > 0, then it exists at least one δ(t, β′, i, φ)

greater than 0, we denote the non-zero δ(t, β′, i, φ) with the largest time

interval t as δ(t̂, β′, i, φ). With Condition 2 we know,

[β < β′] ∧ [δ(t̂, β′, i, φ) > 0]⇒
∑
t≤t̂

δ(t, β, i, φ) = 1. (3.34)
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With Condition 3 we know the maximum summation for δ(t, β, i, φ) is 1.

Thus the following inequality holds,

∑
β′≤t′≤t̂

δ(t′, β′, i, φ) ≤ 1, (3.35)

which shows Condition (1-b) holds. Thus Proposition 1 holds. �

By Prop. 1 we know that, up to different applications, either Condition

1 or Condition 2 can be applied, but not both.

3.2.2 A Revised Statement of ATFRSP

3.2.2.1 Constraints

We consider the following constraints: the network dynamics constraints, the

link capacity constraints, the air traffic flow limits constraints, as described

below.

C1-Network dynamics constraints: The network dynamics describe the

relationship between the air traffic flows and the air link volumes. For all

t ∈ Hp, i ∈ E, φ ∈ F , and P ∈ C,

NP
i (φ, t+ 1) = NP

i (φ, t) +
[
fPi,in(φ, t)− fPi,out(φ, t)

]
, (3.36)

where fPin(φ, t) and fPout(φ, t) denote respectively the total incoming and out-

going air traffic flows of type φ aircraft in air link i with O-D pair P at time

t. More explicitly,

fPi,in(φ, t) =
∑
j∈Ui

fPji (φ, t), (3.37-1)

fPi,out(φ, t) =
∑
k∈Di

fPik(φ, t). (3.37-2)
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C2-Link capacity constraints: Due to the head-and-tail separation re-

quirement imposed on all aircraft in the network, each link (or segment) has

its own capacity. In general, different links may have different separation

requirements, captured by a variable msep(t), which also suggests that the

separation distance is time-varying, due to possibly the time-varying weather

conditions. This time variant separation distance function is assumed known

in advance in this work for a routing and scheduling purpose, from which

the link capacity can be defined as follows:

Ci(t) =
Li

msep(t)
, (3.38)

where Ci(t) is the capacity of link i at t and Li is the length of the link i.

The total number of all types of aircraft in link i should not be greater than

the link capacity at any time interval t, i.e.,

(∀t ∈ Hp)
∑
P∈C

∑
φ∈F

NP
i (φ, t) ≤ Ci(t), (3.39)

C3-Flow dynamics constraints:

As mentioned in the previous section, by Condition 1 (or Condition 2 )

and Condition 3, the flow dynamics constraints are provided by Eqn. (3.28),

(3.29)-(3.31) (or (3.32)) and (3.33).

C4-Flow rate limit constraints: From constraint (3.24) the exit flow rate

in each link is constrained by the minimum and maximum possible flows

arriving at the end of the link during each time interval, which is related to

the cruising speed limits and the length of the link.

C5-Flight density limit constraints: The density of the merging air

flows from the upstream links should be no larger than the entrance density
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of the downstream link. Given a link i ∈ E, we have the following:

∑
j∈Ui

∑
φ∈F ,P∈C

fPji (φ, t)

Lj
≤ Ci(t)

Li
. (3.40)

3.2.2.2 Objective function

Our objective is to minimize the total deviation from the original arrival and

departure schedules as well as the chances of landing in airports different

from the originally planned ones. Based on the aforementioned functions,

the objective function can be formulated below:

min
∑

t∈Hp,φ∈F ,P∈C

{∑
a∈A

[
fa,Pin (φ, t)− ra,P (φ, t)

]2
+
∑
a∈A

[
fa,Pout (φ, t)− sa,P (φ, t)

]2
+

∑
a∈A:P [2]6=a

Mfa,Pin (φ, t)
}
,

(3.41)

where in the third term M is a very large positive constant, denoting the

extremely high penalty on landing aircraft to an airport different from their

originally planned destinations. The first term in the cost function denotes

the total deviation from the original arrival schedules, and the second term

for the total deviation from the original departure schedules. For each air-

port, the scheduled arrival rate ra,P (φ, t) of aircraft type φ with the OD pair

P via the link (vah, v
a
a) and the departure rate sa,P (φ, t) of aircraft type φ

with the OD pair P via the link (val , v
a
c ) are assumed known.

We now summarize what we have developed so far and state the revised

Air Traffic Flow Routing and Scheduling Problem (ATFRSP) below:
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Problem 3 A Revised Air Traffic Flow Routing and Scheduling Problem

min
∑

t∈Hp,φ∈F ,P∈C

{∑
a∈A

[
fa,Pin (φ, t)− ra,P (φ, t)

]2
+
∑
a∈A

[
fa,Pout (φ, t)− sa,P (φ, t)

]2
+

∑
a∈A:P [2] 6=a

Mfa,Pin (φ, t)
}

(3.42-1)

subject to

Ni(φ, t+ 1) = Ni(φ, t) +
[
fi,in(φ, t)− fi,out(φ, t)

]
, (3.42-2)

fi,in(φ, t) =
∑
P∈C

∑
j∈Ui

fPji (φ, t), (3.42-3)

fi,out(φ, t) =
∑
P∈C

∑
k∈Di

fPik(φ, t), (3.42-4)

fi,out(φ, k) =
∑

β:tlb≤k−β≤tub

δ(k, β, i, φ)fi,in(φ, β), (3.42-5)

∑
k

δ(k, β, i, φ) = 1, (3.42-6)

[β < β′] ∧ [δ(k, β′, i, φ) > 0]⇒
∑
k′:k′≤k

δ(k′, β, i, φ) = 1, (3.42-7)

∑
j∈Ui

∑
φ∈F ,P∈C

fPji (φ, t)

Lj
≤ Ci(t)

Li
, (3.42-8)

∑
j∈Di

∑
P∈C

fPij (φ, t) ≥ 0 (3.42-9)

∑
j∈Di

∑
P∈C

fPij (φ, t) ≤
∑
j∈Di

∑
P∈C

∑
tlb≤t≤tub

fPij (φ, k − t) (3.42-10)

∑
P∈C

∑
φ∈F

NP
i (φ, t) ≤ Ci(t) (3.42-11)

tlb = dT (i, φ)e (3.42-12)

tub = bT (i, φ)c (3.42-13)

NP
i (φ, t), fPij (φ, t) ∈ N. (3.42-14)
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Problem 3 is a non-linear programming problem as the constraints on

the flow dynamics are described by mixed logic linear constraints, which

can be converted into mixed integer linear constraints via transformation

techniques specified in [15]. Thus, Problem 3 can be equivalently converted

into a mixed integer quadratic programming problem, which is NP-hard to

solve [16]. Note that formulation (3.42) is a general formulation for ATFRSP.

Uncertainties could be added to this formulation, .e.g, by changing the link

capacities Ci(t) or the lower and upper bounds for traveling time, i.e., tlb

and tub, owing to uncertain weather conditions.

3.2.3 A Hierarchical Heuristic Approach for ATFRSP

3.2.3.1 A Hierarchical Structure for ATFRSP

Owing to the NP-hardness of Problem 3, in this section we present a hierar-

chical heuristic algorithm in order to seek an approximate solution for this

problem efficiently. Recall that an air traffic network can be modeled by a di-

rected graphG = (V,E). Given two graphsG1 = (V1, E1) andG2 = (V2, E2),

we say G1 is a subgraph of G2, denoted as G1 ⊆ G2, if V1 ⊆ V2 and E1 ⊆ E2.

The union of G1 and G2 is defined as G1 ∪ G2 = (V1 ∪ V2, E1 ∪ E2). Each

subgraph of G can be considered as one region. Considering that each FIR

is a specified region of airspace in which a flight information service and an

alerting service (ALRS) are provided, and it is the largest regular division

of airspace in use in the world today, we consider each FIR as our “atomic”

region and develop a hierarchical architecture based on the collection of

all given FIRs, which is denoted as S. Nevertheless, the theory itself can

certainly handle regions which are either bigger or smaller than FIRs. We
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assume that the network G is partitioned into FIRs. A directed graph is

connected with respect to an O-D pair P = (v1, v2) ∈ C if there exists at

least one directed path in the graph from v1 to v2. Given a set S we use

|S| to denote its cardinality. For each O-D pair P ∈ C, let SP ⊆ S be a

minimal set of FIRs such that ∪S∈SPS is connected with respect to P and

for any other S ′P ⊆ S with ∪S′∈S′PS
′ is connected with respect to P , we have

|SP | ≤ |S ′P |.

Given the set Ω(C) := {SP |P ∈ C}, a hierarchical structure with respect

to Ω(C) is a directed graph H(C) := (VH, EH), where VH = Ω(C), i.e., the

set of minimal sets of FIRs related to OD pairs, and EH ⊆ VH × VH such

that for all (W,W ′) ∈ VH × VH, (W,W ′) ∈ EH if and only if the following

two conditions hold:

• W ′ ⊆ W , [Set Containment]

• (∀W ′′ ∈ VH) (W ′′,W ′) ∈ EH ⇒ W ′′ * W ,

namely if (W,W ′) ∈ EH then there cannot exist another set W ′′ ∈ VH

such that W ′ ⊆ W ′′ ⊆ W .

For each (W,W ′) ∈ EH, W is called a parent node of W ′, and W ′ is the

child node of W . Note that the definition of the minimal set SP for each

P ∈ C involves a heuristic choice, which restricts a possible route for P to

the corresponding FIRs in SP . In reality, there usually exists more than

one such choice. Nevertheless, such a heuristic choice for each OD pair P

can significantly reduce the search space for on-line air flow routing and

scheduling, which will be described shortly. Owing to the set containment

relation specified above, the nodes of H(C) can be organized in layers, where

all sets in each layer are incomparable with respect to that set containment

relation, and for each node W in one layer, whose upper layer is not empty,
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there must exist one node W ′ in the upper layer such that (W ′,W ) ∈ EH. In

other words, edges are defined only among nodes sitting in different layers.

Owing to this graphical nature, we call H(C) a hierarchical structure. For

each subset Ṽ ⊆ VH, let ⊆∗
Ṽ

be the finite transitive extension of the set

containment relation over Ṽ , where for all W,W ′ ∈ VH, W ⊆∗
Ṽ
W ′ if there

exist a finite sequence of nodes W1,W2, · · · ,Wn ∈ Ṽ such that W ⊆ W1,

Wi ⊆ Wi+1 for i ∈ {1, · · · , n − 1}, and Wn ⊆ W ′. Let R : Ṽ → 2Ṽ be

a map, where for all W ∈ Ṽ , R(W ) := {W ′ ∈ Ṽ |W ⊆∗
Ṽ
W ′}. We now

define a binary relation 'Ṽ⊆ Ṽ × Ṽ such that W ' W ′ if and only if

there exist a sequence W1, · · · ,Wn ∈ Ṽ such that R(W ) ∩ R(W1) 6= ∅,

R(Wi) ∩R(Wi+1) 6= ∅ for i ∈ {i, · · · , n− 1}, and R(Wn) ∩R(W ′) 6= ∅.

Proposition 2 'Ṽ is an equivalence relation. �

For each W ∈ Ṽ let [W ]Ṽ := {W ′ ∈ Ṽ |W 'Ṽ W ′}. Let L(H) ⊆ 2VH be

the collection of all layers of H(C). For each layer V ∈ L(H), let P(V) :=

{[W ]V |W ∈ V} be the partition of the layer V based on the equivalence

relation '.

As an example, assume that S = {S1, S2, S3, S4}, Ω(C) = {W1 = {S1, S2,

S3, S4}, W2 = {S1, S2},W3 = {S3, S4},W4 = {S1},W5 = {S3}}. The hier-

archical structure H(C) is depicted as shown in Fig. 3.6. Clearly, we have

(W2,W4), (W3,W5), (W1,W2), (W1,W3) ∈ EH. But (W1,W4) /∈ EH because

there exists W2 ∈ VH such that W4 ⊆ W2 ⊆ W1. The layered structure is

clearly seen in the picture, where in each layer, each coset of the equivalence

relation ' is a singleton, i.e., no two nodes in each layer are related to each

other.

With such a hierarchical structure, we propose the following air flow

routing and scheduling strategy. The calculation will proceed in a bottom-
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Figure 3.6: An example of the hierarchical structure

up manner. Starting from the bottom layer, for each layer V ∈ L(H),

for each W ∈ V , we heuristically assign a sequential order on nodes in

[W ]. In our approach, the nodes in [W ] with smaller index of the layer

get higher priority in calculation and the nodes in [W ] with the same index

of the layer are sequenced by their calculation complexity from higher to

lower, where the calculation complexity is determined by the total number

of decision variables and constraints. Without loss of generality, assume that

[W ] = {W1,W2, · · · ,Wi = W,Wi+1, · · · ,Wn} for some n ∈ N. In addition,

assume that Q(W ) is the collection of children nodes of W . Computation on

node W will be triggered only after all calculations from its children nodes

and nodes preceding it in [W ] are finished. In other words, the earliest

starting time for processing W is determined by the longest calculations

time on its children nodes and the sum of the total computation times for

those nodes preceding W in [W ]. The nodes will send their flow management

results to W , which are reflected in the updated link capacities in W . More

explicitly, suppose link j is an air link in W , the capacity of link j at time

interval t in the layer V is determined as follows,

C̃j(t) = Cj(t)−
∑

p∈Q(W )∪{W1,··· ,Wi−1}

Np(t). (3.43)
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Recalling the proposed ATFRSP formulation, C2-Link capacity constraints

and C5-Flight density limit constraints are related to the link capacities,

which are required to be updated first before subsequent flow routing and

scheduling computation on nodes in W can be carried out.

With this hierarchical structure, we use a heuristic approach to solve the

proposed (ATFRSP) problem and generate the flight plans. Firstly, the sub-

problems in lower levels are solved in parallel. Secondly, the air traffic flow

management in the lower levels will be fixed and the related link capacities

will be updated and sent to the higher level. Then the computations will be

taken at higher levels and finally reached the root node.

The aforementioned hierarchical flow routing and scheduling approach is

summarized in Algorithm 2 below:

Algorithm 2 A hierarchical heuristic algorithm for ATFRSP

Step 1: Initialization

1. Input: the network G = (V,E) and all O-D pairs C;

2. Construct the hierarchical structure H(C). Assume that the list of
layers is {V1, · · · ,Vn}, where V1 is the bottom layer and Vn is the top
one.

Step 2: Bottom-up iteration over layers: i = 1, · · · , n

1. For each cluster κ ∈ P(Vi), and for each node W ∈ κ, check whether all
its children nodes and preceding nodes in κ have done the computation.
If not yet, wait. Otherwise, update the link capacities with (3.43),
and solve the (ATFRSP) problem in (3.42) for W , and send updating
information to other suffixing nodes in κ;

2. If i = n, the calculation is terminated; otherwise, each node in Vi sends
its updating information to its parent node in Vi+1, set i := i+1. Jump
to Step 2.1. �

In this bottom-up hierarchical approach, computation among nodes in

each layer, which are not related to each other with respect to that equiv-
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alence relation ', can be carried out in parallel, which can significantly

speed up the overall computation. Nevertheless, for some sub-problems the

computational burdens are still heavy. This can be alleviated by adopting

some distributed computational approaches such as the Lagrangian multi-

plier method proposed in our previous work [100], which also utilizes meta-

heuristics or incremental optimization methods to speed up computation in

the relevant nodes of each layer in the hierarchy.

3.2.4 An Incremental Approach for Flight Plan Gen-

eration

In last few sections, we propose the problem formulation for ATFM and solve

it via a hierarchical heuristic algorithm. Till now, what we have achieved is

the flow information. To obtain the flight plan (or the trajectory) for each

individual aircraft, we adopt an incremental strategy and dispatch the flight

in a sequence based on the flow information. We have the flow routing and

scheduling results obtained from Algorithm 2. With the consideration of

the travel distance for each aircraft, an optimization problem can be built

to describe this procedure.

F̃ =



1 2 · · · k

link 1 f̃11 f̃12 · · · f̃1k

link 2 f̃21 f̃22 · · · f̃2k

...
...

...
. . .

...

link m f̃m1 f̃m2 · · · f̃mk


, (3.44)

where 1, 2, · · · , k are the time slots, and link l is the air route l. f̃lk is the flow

assignment of flights in link l at time slot k, which is the result obtained from

67



Chapter 3. Resource Allocation Problems in Air Transportation Systems

Algorithm 1. Suppose each aircraft Fi corresponds to a space-time matrix

to denote its location at associated time, and the total number of flights is

denoted as n.

Fi =



1 2 · · · k

link 1 δ11 δ12 · · · δ1k

link 2 δ21 δ22 · · · δ2k

...
...

...
. . .

...

link m δm1 δm2 · · · δmk


, (3.45)

where δlk is a binary variable. If the flight is at link l during time slot k, then

δlk = 1, otherwise, δlk = 0. Our goal is to determine these binary numbers,

δlk, for all aircraft Fi to generate the flight trajectory.

Some conditions are required to be added to this Fi matrix. Firstly, the

summation of each column vector in Fi should be no more than 1, which

means at most one link could be selected at each time interval.

(∀j ∈ [1, k])
m∑
l=1

δlj ≤ 1 (3.46)

Secondly, all the columns with non-zero summation should be adjacent

with each other. For example, if δl1k1 = 1 and δl2k2 = 1, then the columns in

between must have 1 occurring in each column, i.e.,
∑l=m

l=1

∑t=k2
t=k1

δlt = k2 −

k1 + 1. Thirdly, each two adjacent column with non-zero summation should

satisfy the link connection constraints which are shown in the following part.

The flight trajectories are required to be connected subgraphs regarding

the whole air traffic network. The link connection constraints are shown

as follows. Based on the Laplacian matrix of the air traffic network, we

generate a set of mapping from the air link set E to the binary set {0, 1},
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which is denoted as Ml, l ∈ E.

Ml : {l′|l′ ∈ E} → {0, 1} (3.47)

If link l′ is in the downstream link set of link l, Ml(l
′) = 1, otherwise

Ml(l
′) = 0. With this mapping, the link connection constraints can be

described as follows, ∀j + 1,

[δlj = 1] ∧ [δl′(j+1) = 1]⇒Ml(l
′) = 1, (3.48)

where δlj means the link l is selected for the trajectory at time interval j

and δl′(j+1) means the link l′ is selected at time interval j+1. This condition

implies that for any two adjacent time intervals, the selected link for the

later time interval must be in the downstream set of the link for the former

time interval.

In the dispatching process, we must guarantee flow assignment con-

straints and traveling distance constraints which are related to the fuel con-

sumption constraints in the real-world applications. We denote the upper

bound of traveling distance for each flight Fi as T̃i. Denote the length for

each air link in a vector with the order from link 1 to link m , i.e, L, then

the traveling distances of flights can be described as:

f :=



||FT
1L||1

||FT
2L||1
...

||FT
nL||1


≤



T̃1

T̃2

...

T̃n


:= T̃L (3.49)

Then our optimization problem can be captured by:
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Problem 4 An Optimal Flight Plan Generation Problem

minimize D =
n∑
i=1

trace(FT
i Fi) (3.50-1)

subject to

(1) Flow constraint:

n∑
i=1

Fi � F̃ (3.50-2)

(2) Link connection constraint:

[δlj = 1] ∧ [δl′(j+1) = 1]⇒Ml(l
′) = 1 (3.50-3)

(3) Link selection constraint:

(∀j ∈ [1, k])
m∑
l=1

δlj ≤ 1 (3.50-4)

[δl1k1 = 1] ∧ [δl2k2 = 1]⇒
l=m∑
l=1

t=k2∑
t=k1

δlt = k2 − k1 + 1 (3.50-5)

(4) Traveling distance constraint:

f ≤ T̃L (3.50-6)

In this problem formulation, the objective function (3.50-1) is designed

to minimize the number of occupied links for each aircraft while the flow

constraint (3.50-2), which is referring to the obtained air traffic flow infor-

mation, is to ensure the generated flight plans could meet the flow informa-

tion. The link connection constraint (3.50-3), the link selection constraint

(3.50-4) (3.50-5)and the traveling distance constraint (3.50-6) are to guar-

antee the physical feasibility of the generated flight plans. To this end, we

apply a heuristic flight plan generation strategy, shown below in Algorithm
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3. In Algorithm 3, we adopt the flow assignment information generated by

Algorithm 3 Obtaining individual flight plans

1. Input: the network G and a list of aircraft with their O-D pairs, and
expected departure-arrival times. For each link and airport, obtain the
outgoing flow rate in each time interval from Algorithm 2.

2. At each airport, for each OD pair, create a FIFO queue of aircraft
according to their expected departure time.

3. Iteration:

(a) Pick one airport and one OD pair, whose queue is not empty,
release the first aircraft in the queue and determine its route and
schedule based on the remaining link capacities and outgoing flow
rates associated with that OD pair by the First-Come-First-Serve
principle.

(b) Update the corresponding link capacities and outgoing flow rates
associated with the OD pair by reducing one, if the concerned
aircraft goes through those links at relevant time intervals.

(c) Continue Step (3.a) until all queues are empty.

4. Output the resulting aircraft routes and schedules. �

the hierarchical heuristic algorithm and then generate the flight trajectory

information based on an incremental approach. We release the flight one by

one based on the time sequence, i.e., First-Come-First-Serve principle, and

reduce the corresponding flow value on the air-routes passing by this flight

with consideration of the capacity constraints and flow assignments. The

feasibility of the solutions obtained by incremental strategies are guaranteed

since we could always use ground holding approaches to delay the flights.

3.2.5 Comments on the heuristic approach for AT-

FRSP problem

Some comments about the hierarchical heuristic algorithm are listed here.
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1. “Zoom In”/“Zoom Out” technology. When solving the ATFRSP with

a small scale system, it looks like we zoom in to the map and solve a

small scale system with a large number of flights, and when solving the

ATFRSP with a large scale system, it looks like we zoom out of the

map and solve a large scale system with a small number of flights. This

“Zoom In”/“Zoom Out” technology provides the flexibility to multiple

scale systems with proper computational complexity.

2. The Priority list for solving ATFRSP. In this architecture, we first

solve the ATFRSP with the smallest scale air traffic system, then fix

the solution and solve a larger scale system, which means we give

the ATFRSP with the smallest scale system the highest priority. In

practice, this sequence means that we give the highest priority to the

local flights.

3. User-defined priority. In real applications, the user may not want to

arrange the flights with this priority list. For example, the air traffic

controller would like to give the highest priority to the international

flights to reduce the impact on other adjacent air traffic systems. In

this case, we solve the ATFRSP problem in a bottom-up manner. Ac-

tually, the proposed hierarchical heuristic algorithm provides the flex-

ibility of the priority assignment to the users thus it could be adopted

under different ATC requirements.

4. The temporal and spatial partition. In the proposed algorithm, we di-

vide the air traffic system based on spatial decomposition. However,

some temporal partitions could further reduce the computational com-

plexity. For example, in a single receding horizon, it may not require
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to calculate all the flights in this region, because only a subset of the

total flights exist in this time horizon.

3.2.5.1 Air Traffic Flow Management System Design

As a summary, the whole methodology for solving this ATFM problem is

shown in Fig. 3.7. The input data for solving this ATFM problem include

Figure 3.7: The whole procedure for the proposed algorithm for solving
(ATFRSP)

the flight information which is obtained from the air traffic planner and

the air traffic operating information which is obtained from the air traffic

operators. The flight information includes the O-D pair information, the

estimated time of departure (ETD), the estimated time of arrival (ETA)

and the aircraft type information, while the air traffic operating information

includes the estimated capacities for airport and air links. All these data are

collected and sent to the ATFM system to generate the flow assignment as

well as the flight trajectory information. The ATFM problem is solved with

the proposed hierarchical heuristic algorithm (Algorithm 2) with considera-

tion of the uncertainties in the airports’ and air links’ capacities. The flight

trajectory information will be generated from the ATFM results based on
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the incremental approach which is shown in Algorithm 3. The final outputs

from this system include the ATFM information which could be used to an-

alyze the effectiveness of the system utilization and flight plans or trajectory

information for air traffic control service.

3.2.6 Simulation Results

In the first case study, we test the proposed hierarchical heuristic algorithm

for solving ATFRSP with an air traffic grid to show the computational ef-

ficiency. In the second and third case studies, we utilize the ASEAN air

traffic network to generate our air traffic scheduling results and adopt them

on a commercial simulation platform to show the computational efficiency

and the performance enhancement.

3.2.6.1 Case Study 1: Air Traffic Grid

A total of 16 airports and 80 waypoints are included in this case study.

We define 48 regional OD pairs and 12 global OD pairs for this system.

The problem is solved by Gurobi in MATLAB (R2015a) and the results are

shown below.

A comparison on the processing time for solving the MIQP problem with

or without the proposed hierarchical heuristic approach with different pre-

diction horizons is shown in Table 3.8. We run the simulation for 20 times

and calculate the average processing time for each case. From Table 3.8,

when the length of prediction horizon is short enough, the average process-

ing times for solving the (ATFRSP) with or without hierarchical heuristic

approach are similar, i.e., as the cases with Hp = 9 to Hp = 11. When the

length of prediction horizon increases, the average processing time for the
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Table 3.8: A Comparison on Processing Time for Solving MIQP
With/Without Hierarchical Heuristic Approach

Length of
Prediction
Horizon

Average Processing Time
Without Hierarchical
Heuristic Approach

Average Processing Time
With Hierarical Heuristic
Approach

Hp = 9 0.63s 0.74s
Hp = 10 0.85s 0.82s
Hp = 11 5.60s 1.68s
Hp = 12 22.8s 2.11s
Hp = 13 473s 5.26s

procedure without hierarchical heuristic approach will increase significantly.

However, the average processing time for the hierarchical heuristic approach

still remains in a reasonable range. In other words, if the partitions are se-

lected properly, the computational complexity will be kept in an acceptable

range and the ATFRSP can be solved to suit real-time applications.

3.2.6.2 Case Study II: A simplified ASEAN air traffic System

In this case study, we test the proposed hierarchical heuristic algorithm for

solving the ATFRSP problem in an air traffic network within the ASEAN

region which includes four FIRs, i.e., Bangkok FIR (BKK), Kuala Lumpur

FIR (KL), Kota Kinabalu FIR (KK) and Singapore FIR (SIN), as shown in

Fig. 3.8.

Figure 3.8: A Partition of the ASEAN air traffic System with four FIRs
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The real-world flight information shows that a great number of flights

only travel within a single FIR and only about one third of flights will travel

among multiple FIRs. For example, there are a total number of 206 OD pairs

in these four FIRs in ASEAN region. However, 78 OD pairs only travel in

BKK FIR, 27 OD pairs only travel in KL FIR and 28 flight plans only travel

in KK FIR. Only 73 OD pairs cover these four FIRs. Among those 73 OD

pairs, we find that 32 OD pairs cover two FIRs, 40 OD pairs cover three

FIRs and only one flight plan covers four FIRs. The hierarchical structure

for this system is shown in Fig. 3.9. Four levels with nine nodes are involved

in this system.

We test a total of 1164 flights departing and arriving in this four FIRs

in one-day time period. A total of 45 airports, 147 waypoints and 484 air-

routes are involved in this air traffic system. The sampling time is set to

be 6 minutes and a total of 240 time intervals are involved. The processing

time with the flight plans involved for each part is shown in Table 3.9. The

bottlenecks in the calculation are marked and shown in Fig. 3.9.

Table 3.9: Processing Time for the Hierarchical Heuristic Algorithm for
solving ATFRSP in ASEAN Region

FIRs Number of Flight Plans Processing Time
BKK, KL, SIN, KK 1 0.06s

BKK, KL, SIN 14 22.10s
KL, SIN, KK 26 44.96s

BKK, KL 19 92.71s
KL, SIN 7 1.25s
SIN, KK 6 0.32s

BKK 78 385.23s
KL 27 63.62s
KK 28 24.55s

• BKK, Bangkok FIR; KL, Kuala Lumpur FIR; SIN, Singapore FIR; KK, Kota Kinabalu FIR.

From Table 3.9, we can see that the processing time for solving ATFRSP
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Figure 3.9: The hierarchical architecture of this ASEAN air traffic system

in four FIRs only takes about 0.06s since only one O-D pair is transferred in

this network. The processing time for solving this problem is about 9 min-

utes which is suitable for the real-time applications and we notice that more

than half of the processing time is spent on solving the ATFRSP in BKK FIR

which includes the 78 OD pairs, 58 waypoints, 210 air-routes and 3144960

decision variables. Some possible approaches to solve this issue include La-

grange multiplier method, i.e., to solve this problem via partitioning the

BKK FIR into some sub-FIRs by relaxing some boundary constraints with

Lagrangian multipliers, or an incremental algorithms, optimization method,

or some meta-heuristics.

3.2.6.3 Case Study III: Simulations for ASEAN region Air Traffic

System on AirTOp platform

The air traffic scheduling results obtained by our proposed algorithm are

tested on AirTOp (Air Traffic Optimization) [1] platform, which is a com-
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mercial simulation platform that can be used in the context of departure,

en-Route, approach simulations as well as for airport ground movements

studies. We build the Air traffic system in 4 FIRs in ASEAN region, which

Figure 3.10: ASEAN region Air Traffic System on AirTOp platform

includes waypoints, airports with runways, ATC routes, ATC sectors, etc.

The flight plan data is abstracted from real aviation data downloaded from

FlightRadar24 [2], which includes call-sign, airline, aircraft type, departure

time, arrival time, origin airport, destination airport, flight level, cruising

speed, etc. A total of 1507 flights depart and arrive the 46 airports in this

region in 1-day period. To make the traffic congestion more significant, we

double the traffic volume and a total of 3014 flights are involved in our

experiment. The result for the comparisons on the average delay time are

shown in Table 3.10.

In Table 3.10, we compare the network-wide air traffic delay time with

three different flight scheduling strategies. The original flight plan data are

collected from FlightRadar24 and the delay time is estimated in AirTOp.

To be more precise, the original flight plans in Table 3.10 are generated

based on the departure time and the exact route, which are collected from

FlightRadar24 database. The departure time and the route information are
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Table 3.10: C

omparisons on the Average Delay Time in AirTOp Simulation
Flight Plans Average

Departure
Delay

Average
Arrival
Delay

Average
Delay
Time

Reduction

Flight Plan 1 45 min 17 s 45 min 23 s 90 min 40 s –
Flight Plan 2 39 min 56 s 34 min 49 s 74 min 45 s 16.46%
Flight Plan 3 36 min 23 s 38 min 4 s 74 min 27 s 16.79%
Flight Plan 4 33 min 55 s 30 min 46 s 64 min 41 s 28.66%

• Flight Plan 1: Original flight plans

• Flight Plan 2: Flight plans generated by Incremental Strategy (ground holding first)

• Flight Plan 3: Flight plans generated by Incremental Strategy (rerouting first)

• Flight Plan 4: Flight plans generated by Hierarchical Heuristic Algorithm

inputs for the air traffic simulator AirTOp and the flight trajectories are

generated in AirTOp. This is to estimate the scenario happens in the real

world. The next two strategies mentioned in Table 3.10 are incremental

strategies based on ground holding and rerouting, respectively. Based on

the original data, we generate the flight plans with incremental strategies

and hierarchical heuristic algorithm. The incremental strategies are carried

out based on the shortest path algorithm with consideration of the capacities

for each air-route and two different options are taken into consideration, i.e.,

the ground holding first strategy and the rerouting first strategy. That is,

for the incremental strategy with ground holding first option, when the air

route resource is insufficient, the ground holding strategy for the next flight

applies and it will not depart from the origin airport unless the air route

resource is recovered. Oppositely, the incremental strategy with rerouting

first option will let the flight to depart from the origin airport but arrange

an alternative route for it. The average delay time for incremental strategies

are reduced by about 16% to 17% compared to the results from the original

data, while the average delay time for hierarchical heuristic algorithm is
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reduced by about 29%. These results show the effectiveness of the proposed

algorithm.

3.3 Summary

In this chapter, we propose a distributed approach with convexification as

well as a hierarchical heuristic approach to minimize the airport departure

and arrival schedule deviations. The scheduling problem is formulated based

on an en-route air traffic system model consisting of air routes, waypoints

and airports. A novel link flow dynamic model is provided to describe the

system dynamics under safety related constraints such as the capacities of air

links and airports, and the aircraft speed limits. To lower the computational

complexity, we adopt a distributed approach and a hierarchical approach

individually, where the whole network is partitioned into regions, which

contain FIRs as the minimum component units, and regions are organized

in a distributed or hierarchical architecture induced by the containment

relationship among regions. The approaches have a great potential to incur

low computational complexity. The effectiveness of our proposed approaches

are illustrated in a traffic network consisting of four FIRs of the ASEAN

region.
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Chapter 4

Resource Allocation Problems

in Traffic Light Control

In this chapter, we investigate the resource allocation problem in traffic sig-

nal control of an urban traffic network, which is a heterogeneous system

consisting of different types of intersections and dynamics. We focus on one

type of heterogeneous traffic network, which consists of signalized junctions

and non-signalized ones, where in the latter case vehicles are assumed to fol-

low the FIFO principle. We propose a novel model describing the dynamic

behaviors of such a system and validate it via simulations in VISSIM. Upon

such a new model, a signal control problem for a heterogeneous traffic net-

work is formulated as a mixed integer programming problem, which is solved

by a Lagrangian multiplier based hierarchical distributed approach. Com-

parisons between a homogeneous traffic system and a heterogeneous one are

provided, which leaves the door open for developing a systematic planning

approach on deciding what traffic junctions require signal control to ensure

good traffic control performance, thus, has a great social and economic po-

tentials, considering that it is rather expensive to have signal control in an
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urban area.

In this chapter, the contributions are listed as follows. (1) A novel macro-

scopic model is proposed to depict one type of the heterogeneous traffic

system, which involves both signalized intersections and non-signalized in-

tersections; (2) with the proposed heterogeneous traffic system model, a

traffic light control scheme for the heterogeneous traffic network is proposed

as a mixed integer programming problem; (3) to reduce the computational

complexity, a Lagrangian multiplier based approach is proposed to solve it

in a distributed manner; (4) a heuristic algorithm to partition the system is

also proposed. (5) some simulations have been done and shown in the sim-

ulation session to provide some guidance for the design of an urban traffic

system.

4.1 Urban Traffic Signal Control Problem

An urban traffic network consists of a set of road links connecting with each

other via intersections. Each intersection consists of a number of approaches

and a crossing area. An approach may have one or more lanes but has a

unique, independent queue. Approaches are used by corresponding traffic

streams. Two compatible streams can safely cross the intersection simultane-

ously, while antagonistic streams cannot. In traditional traffic signal control,

a signal cycle is one repetition of the basic series of stages at an intersection,

where each stage consists of simultaneous traffic light signals allowing pre-

defined compatible traffic streams to cross the intersection simultaneously.

The duration of a cycle is called cycle time. For safety reasons, constant

lost (or intergreen) times of a few seconds are necessarily inserted between

consecutive stages to avoid interference between antagonistic streams. For
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each traffic light, the ratio of the green and red times within one cycle is

called split, and a delay between the starting times of green periods of two

neighboring traffic lights along the same traffic route is called an offset.

4.1.1 A Macroscopic Traffic Network Model

A traffic network consists of a set of road links and intersections, i.e., both

signalized intersections and non-signalized intersections. Fig. 4.1 depicts a

simple unidirectional traffic network, where each intersection has only two

antagonistic traffic streams (or flows).

Figure 4.1: A traffic network

We adopt a discrete-time model similar to a cell transmission model [27].

Let ∆ be a given sampling interval, e.g., ∆ = 5s. We use Ci(k) to denote

the integer number of vehicles (or the volume) in the link i during the time

interval k, and fij(k) ≥ 0 to denote the integer number of vehicles (or the

shift) from the link i to the link j in the interval k. Each link is partitioned

into segments, where each vehicle can (approximately) traverse a segment

in ∆ with a free flow speed. For example, in Singapore the speed limit of

all urban roads is 50km/h (unless otherwise stated), thus, the length of a

segment within 5s is 69.4m. Considering that a driver may drive at about

35km/h when starting to move or making a turn in a free flow, the length
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of a segment can be between about 50m and 70m. Let N denote the set of

natural numbers. We have the following result.

Proposition 3 For any natural number n ∈ N no smaller than 10, there

exists natural numbers k1, k2, k3 ∈ N such that n = 5k1 + 6k2 + 7k3. �

Proof: For any natural number between 10 and 19 we have:

10 = 5 + 5, 11 = 5 + 6, 12 = 5 + 7, 13 = 6 + 7,

14 = 7 + 7, 15 = 5 + 5 + 5, 16 = 5 + 5 + 6,

17 = 5 + 5 + 7, 18 = 5 + 6 + 7, 19 = 5 + 7 + 7.

For any n′ ∈ N no smaller than 20, we can represent it as n′ = n + 10k,

where 10 ≤ n ≤ 19 and k ∈ N. Thus, the propagation follows. �

If we round up the length of each link to its second digit, e.g., to represent

101m as 100m, and 105m as 110m, etc., then by Prop. 3 we know that each

link longer than 100m can be represented by a few segments, whose lengths

are either 50m, 60m or 70m. We do not consider a link, whose length is

below 100m, as this is usually quite rare in practice.

Let L be the set of all such one-way segments obtained above, and Jr the

set of all (real) intersections. For each pair of consecutive segments belonging

to the same link, we consider them to be connected by a virtual intersection,

where the corresponding traffic light is alway GREEN. We denote the set

of all those virtual intersections as Jv and let J := Jr ∪ Jv. With a slight

abuse of terminology, from now on we call each segment a link. Two groups of

intersections are involved in the system, i.e., the signalized intersections and

non-signalized intersections. We use Js and Jn to denote the signalized and

non-signalized ones, respectively. For each signalized intersection J ∈ Js,

let ΩJ be the set of stages in the intersection J , and FJ ⊆ L × L be the
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set of all streams in the intersection J , i.e., (i, j) ∈ FJ means that there

exists a traffic stream from the link i to the link j via the intersection J .

Let hJ : ΩJ → 2FJ be the association of each stage to relevant compatible

streams. For the non-signalized intersection J ∈ Jn, FJ ⊆ L × L is the set

of all streams in the intersection J and there is no stage for such a kind of

intersections. For the traffic dynamics in the urban traffic system, we make

the following assumption, which is suitable for a deterministic analysis.

• A1: The traffic demand (i.e., vehicle entrance and exit) models are

known, and there is an infinite queue for each entrance demand.

• A2: The link turning ratios in the network are known.

• A3: Each vehicle inside the network will leave the network, delayed

only by traffic signals.

Assumption A1 specifies that the number of vehicles requiring to enter

or leave the network at relevant locations in the network is known, mainly

due to historical data adjusted by real-time model identification, which is

out of the scope of this work. Once an entrance demand appears, it will not

disappear until it is served, i.e., there is an infinite queue at each demand

location to hold all vehicles, which require to enter the network. Assumption

A2 can be ensured by using historical data adjusted by real-time data.

Assumption A3 states that no vehicle will stop in the network unnecessarily,

i.e., whenever allowed by the traffic signals, it will move forward. This

assumption is reasonable for all normal traffic situations. In the following

sections, we provide the models for the links, signalized intersections and

non-signalized intersections, respectively.
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4.1.2 Link dynamics constraints

Due to the conservation of vehicles, each link j ∈ L has the following volume

dynamics:

(∀k ∈ N)Cj(k + 1) = Cj(k) + dj(k)− sj(k), (4.1)

where dj(k) and sj(k) are the number of entrance vehicles and exit vehicles

of the link j at k respectively, i.e.,

dj(k) =
∑

i∈L:(i,j)∈∪J∈JFJ

fij(k) (4.2-1)

sj(k) =
∑

i∈L:(j,i)∈∪J∈JFJ

fji(k) (4.2-2)

For the leftmost intersection shown in Fig. 4.1, dj(k) = fij(k) and sj(k) =

fjr(k). We define the capacity of each link based on the length of link and the

minimal separations between vehicles. For example, the length of the link

is 200m, the average front-of-vehicle to front-of-vehicle length is about 19.5

feet (6 meters) based on HCM [64], then the capacity is about b200/6c = 33

(veh). Denote the capacity for link j as Ĉj,

(∀k ∈ N)Cj(k) ≤ Ĉj, (4.3)

Note that no matter the link is linked to the signalized or non-signalized

intersection, the equation for the link volume dynamics will always hold.

Thus we do not require to distinguish the characteristics for the intersec-

tions connecting to the link. However, the traffic flow dynamics to describe

the vehicle’s approaching or departing from the signalized or non-signalized

intersections are different and we propose different traffic flow dynamics for

them in our model.
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4.1.3 A Model for Signalized Intersections

4.1.3.1 Stage constraints

In each given interval k, there exists only one active stage for an intersection

J ∈ Jr, which is captured by the following constraints:

(∀w ∈ ΩJ) θw(k) = 0⇒ (∀(i, j) ∈ hJ(w)) fij(k) = 0 (4.4-1)∑
w∈ΩJ

θw(k) = 1 (4.4-2)

(∀w ∈ ΩJ)(∀k ∈ N) θw(k) ∈ {0, 1} (4.4-3)

where θw(k) = 0 and θw(k) = 1 denote the RED and GREEN traffic lights

associated with the stage w, respectively. Condition (4.4-1) indicates that

if the stage traffic light is RED, then all relevant shifts are zero. Condition

(4.4-2) indicates that there can be only one GREEN traffic stage at any time

for any intersection.

4.1.3.2 Flow dynamics constraints

For each stage w ∈ ΩJ and each stream (i, j) ∈ hJ(w), the exit shift

fij(k) is determined by the current upstream link volume Ci(k), the cur-

rent remaining downstream link capacity Ĉj − Cj(k), where Ĉj is the ca-

pacity of link j, and the traffic light signals in the past r + 1 time intervals

θw(k − r), · · · , θw(k), i.e.,

fij(k) = gij(Ci(k), Ĉj − Cj(k), θw(k − r), . . . , θw(k)), (4.5)

where gij(·) is a non-linear function. The motivation behind this model

is that if the stage w has been active for the past r intervals, then the
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drivers intend to keep a high speed vij(k) as long as the downstream link

has a sufficient capacity to receive the flow, i.e., vij(k) = lij(k)v∗i , where the

coefficient lij(k) ∈ [0, 1] is monotonically non-decreasing with respect to the

length of a GREEN period, except for the last few moments (or an amber

or yellow light period in the current practice) when the driver needs to slow

down to a complete stop to anticipate the beginning of a RED period, and

v∗i is the maximum free flow speed.

We have done some road tests in Singapore with speed guns and the

results are shown in Fig. 4.2. The data are collected at an intersection in

Figure 4.2: Relationship between the speed and the green time length shown
in road test
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Singapore by two speed guns, covering both the peak and off-peak hours.

The picture on the top of Fig. 4.2 shows the raw data, which includes about

30000 points. Massive noises are involved in the raw data. By removing

some apparently erroneous points in the collected data, we plot the middle

picture which involves the mean values and standard variances of the purified

raw data. The picture on the bottom shows the curve fitting results with

mean values only, in which we could see a saturation relationship between

the length of green period and the speed profile. In the middle and bottom

pictures, the x-axis shows the length of green period at the intersection and

the y-axis shows the average speed for vehicles passing this intersection. We

can conclude that with the increasing of the length of green period at the

intersection, the average exiting speed is increasing and finally saturated

with a certain value which is always determined by the upper speed limit.

It is clear that the average exit speed in consecutive time intervals can

be approximated by a set of discrete speed levels, say l0ij ≥ · · · ≥ lrij > 0.

Due to the monotonically nondecreasing nature of lij(k) with respect to the

length of a GREEN period mentioned before (except for the last GREEN

interval before a RED period starts), we introduce the following generic

way of defining the speed level lij(k) based on the expected traffic light

assignment:

θw(k + 1) = 1⇒ lij(k) =
r∑
p=0

δpij(k)lpij (4.6-1)

θw(k + 1) = 0⇒ lij(k) =
1

2
lij(k − 1) (4.6-2)

r∑
p=0

δpij(k)− θw(k) = 0 (4.6-3)
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(∀q : 0 ≤ q ≤ r) (1− θw(k − q − 1))

q∏
p=0

θw(k − p) = 1 ∧ θw(k + 1) = 1⇔ δr−qij (k) = 1 (4.6-4)

(∀p : 0 ≤ p ≤ r) δpij ∈ {0, 1} (4.6-5)

Condition (4.6-1) says that, as long as k is not the last GREEN interval,

i.e., θw(k+1) = 1, the corresponding speed level lij(k) will be determined by

the length of the preceding green period. If the next time interval is RED,

i.e., θw(k+1) = 0, as stated by Condition (4.6-2), then the speed level is one

half of the speed level in k − 1, assuming that the traffic speed needs to be

reduced linearly from lij(k−1) to 0 in ∆. Condition (4.6-3) indicates that if

the traffic light of the stage w is RED, i.e., θw(k) = 0, then
∑r

p=0 δ
p
ij(k) = 0,

which by Condition (4.6-1) means lij(k) = 0, i.e., the speed in the stage w

must be zero; if the traffic light of the stage w is GREEN, i.e., θw(k) = 1,

then by Condition (4.6-1), lij(k) can only choose one speed level because

of
∑r

p=0 δ
p
ij(k) = 1. Conditions (4.6-4) indicates that the actual speed level

depends on the number of consecutive green light intervals from k backward

in time - the larger the number of consecutive green intervals, the higher the

speed level. Based on the experimental data, one way to describe the flow

dynamics is to adopt the piece-wise speed profile with consideration of the

link volume limits and road speed limits. If lij(k) is determined, the link

outgoing shift fij(k) is given as follows:

fij(k) = bmin{γij(k)Ci(k), Ĉj − Cj(k) + sj(k), lij(k)v∗i d
∗∆}c (4.7)

where b·c is the largest integer not greater than the input argument, γij(k)

is the turning ratio of vehicles in the link i towards the link j at k, which is
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assumed to be known in advance, v∗i is the free flow speed in the link i, and

d∗ is the maximum link density, i.e., the density of the situation where all

vehicles are considered having the same standard length with the minimum

separation distance. Clearly,
∑

j∈L:(i,j)∈∪J∈JFJ
γij(k) = 1, meaning that each

vehicle in the link i will move into some downstream link j. Conditions (4.7)

indicate that the number of vehicles in one time interval, fij(k), is the largest

integer that is upper bounded by the upstream volume γij(k)Ci(k) of the

link i, the downstream remaining capacity plus the exiting vehicles which are

currently in the downstream link, i.e., Ĉj −Cj(k) + sj(k), and the expected

shift attainable by discounting the maximum shift fi,max := v∗i d
∗∆ by the

speed level lij(k).

4.1.3.3 Merging constraints for signalized intersections

Mergence of multiple flows in one link is commonly seen in a traffic network.

For example, Fig 4.3 shows the mergence of traffic flows from left to right

horizontally and from top to right (with a left turn).

Figure 4.3: An example for traffic flow merging

In this case, based on the traffic rule, a vehicle at an uncontrolled road

intersection must give way to any vehicle or stream of vehicles immediately

approaching it from its right. For each intersection J ∈ Js ∪ Jn let PJ :
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FJ → N be a priority map such that for any two streams (i, j), (i′, j) ∈ FJ ,

P (i, j) < P (i′, j) implies that stream (i, j) has a higher priority than that

of (i′, j). With this interpretation, we have the following rule:

(∀(i, j), (i′, j) ∈ FJ)(∀k ∈ N)

P (i, j) < P (i′, j) ∧ fij(k) 6= 0⇒ fi′j(k) = 0,

(4.8)

namely, when two streams (i, j) and (i′, j) merge into the link j, if (i, j) has

a higher priority than (i′, j), then there exists a non-empty flow in (i′, j)

only if there exists no flow in (i, j), i.e., vehicles in (i′, j) needs to give way

to vehicles in (i, j). The actual flow rate in (i′, j) during the merging process

is described as follows:

fi′j(k) ≤ Ĉj −
[
Cj(k)− sj(k) + fij(k)

]
(4.9)

The inequality (4.9) means that for any time interval k, the give-way flow

should be no more than the difference between the capacity of the down-

stream link j and its current link volume, which takes the current incoming

flow with right-of-way fij(k) into account.

4.1.4 A Model for Non-Signalized Intersections

4.1.4.1 A platoon-based Model for Non-Signalized Intersections

For each non-signalized intersection, we consider only the type of all-way

stop-controlled intersection (AWSC), where each approaching traffic flow

is required to have a full stop before going through the intersection. The

AWSC condition is applied by the tail of each link which is connected to

a non-signalized intersection. Referring to the segments shown in Fig. 4.4,
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the AWSC condition is true at the end of segment 0 of each link. For other

segments within a link, i.e., segment 1, 2, , since there is no traffic light

within a link, which is equivalent to the case that there has been an infinite

number of continuous green time assignment, virtual green traffic lights are

assigned for them.

Figure 4.4: An AWSC Non-signalized Intersection

We make one more assumption.

• A4: Vehicles in each link move at the free flow speed whenever the

distance between a vehicle in front and itself is more than the minimum

separation distance.

Recall that in the previous subsection we propose a nonlinear flow rate func-

tion describing the intersection crossing model, where each driver needs to

take an anticipation of the traffic light green time assignment into account.

If we imagine there is some virtual green traffic light inside each link, as

shown in Fig. 4.2, by that nonlinear flow rate model, we have that each

driver intends to move with the highest allowable speed, only under the con-

straints of the minimum separation distance. In this sense, Assumption A4

and the nonlinear flow rate model described in the previous sub-section are

consistent.
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With Assumption A4, we partition each link into segments such that

the length of each segment is (roughly) equal to λv∗, where λ ∈ R+ is

the chosen period for each simulation step for each link connecting a non-

signalized intersection. We assume that the sampling period ∆ mentioned

before is a multiple of λ. The reason why we choose a smaller simulation

step period λ is to improve the accuracy of the traffic model for each non-

signalized intersection. Suppose a concerned link i connecting to a non-

signalized intersection consists of n ∈ N segments. We label them in an

ascending order starting with the segment directly connecting with the non-

signalized intersection with the segment ID of 0, thus, the segment ID for

the furthest segment from the non-signalized intersection is n− 1. For each

j ∈ {0, · · · , n−1} the link segment volume dynamic model Cj(t) is the same

as expression (1) shown before. But to distinguish it from the link volume

dynamics related to signalized intersections, we use t as the discrete time

step variable. Thus, we have

(∀t ∈ N)Cj
i (t+ 1) = Cj

i (t) + dji (t)− s
j
i (t), (4.10)

where dji (t) and sji (t) are the number of entrance vehicles and exit vehicles

of the segment j in link i at t, respectively. For segment 0 we define an

indicator T 0
i (t) ∈ N such that T 0

i (0) := +∞, and for all t > 0 we have

T 0
i (t+ 1) :=

 min{T 0
i (t), t+ 1} if C0

i (t+ 1) > 0

+∞ otherwise
(4.11)

The evolution of the exit vehicle flow at segment 0 can be considered as a

collection of continuous sequences where two consecutive non-zero-volume
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are separated by empty periods when there is no vehicle in the segment.

For each t ∈ N, there can be three possibilities: (1) t is the leading interval

of a continuous sequence, i.e., during t − 1 there is no vehicle in segment

0. In this case T 0
i (t) := t, indicating when the current continuous sequence

starts. (2) t is part of a continuous sequence but is not the leading interval.

Then clearly we have T 0
i (t) = T 0

i (t − 1) < t, i.e., all intervals in the same

continuous sequence get the leading interval as their indicators. (3) t is an

empty interval. In this case we have C0
i (t) = 0, and T 0

i (t) := +∞.

With such an indicator function for each link i connecting to a non-

signalized intersection J ∈ Jn, we can define a virtual traffic light over the

set of all links connecting to intersection J . Suppose each link i ∈ LJ has

a unique ID σ(i) ∈ N. We have the following traffic light green period

assignment: for all i ∈ LJ and t ∈ N,

θi(t) = 1⇔ (∀q ∈ LJ)T 0
i (t) < T 0

q (t) ∨
[
T 0
q (t) = T 0

i (t) ∧ σ(i) ≤ σ(q)
]

(4.12)

that is, link i gets a green light if and only if for any other link link q

connecting to J , either vehicles in the leading segment of link p arrive simul-

taneously as those in link i but link q has a larger link ID (to break the tie)

or vehicles in the leading segment of link q arrive late. Since the link ID is

unique, there can be only one link getting the green time at each interval t.

The difference between this intersection crossing model for a non-signalized

intersection and a common First-Come-First-Serve (FCFS) model in our

daily life is that in the latter case the size of each continuous sequence for

segment 0 of each link is always 1, but in our model this size may be bigger

than 1. The consequence is that, in our model it is likely that a vehicle in

link i comes earlier than a vehicle in link i′, but because the vehicle in i′
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is part of a continuous sequence, whose leading interval is earlier than the

arrival time of the vehicle in link i, the vehicle in link i′ actually gets the

green light. In this sense we can see that our model imposes FCFS over

continuous vehicle columns in relevant links instead of individual vehicles.

The bottom line that forces us to consider a column-based FCFS, instead of

an individual vehicle based FCFS is because our flow dynamic model can-

not track individual vehicles, thus, each continuous column of vehicles are

considered as one “macro” vehicle.

With the virtual traffic signals at these non-signalized intersections, we

can adopt the flow dynamics constraints similar to the signalized intersec-

tions. For each segment j in a link i ∈ LJ with J ∈ Jn, the link outgoing

shift f j,j−1
i (t) is determined as follows:

f j,j−1
i (t) = bmin{Cj

i (t), Ĉ
j−1
i − Cj−1

i (t) + sj−1
i (t), v∗i d

∗λ}c (4.13)

Note that there is no speed constraint here since all vehicles are assumed

to run with the free speed within link i. The complication arises for the

outgoing shift f 0
i,p(t), where p ∈ L is the direct downstream link of segment 0

in link i. If p is also part of a link connecting to a non-signalized intersection,

we have

f 0
i,p(t) = bmin{C0

i (t), Ĉp − Cp(t) + sp(t), v
∗
i d
∗λ}c (4.14)

If p is part of a signalized intersection, let ∆ = mλ, where m ∈ N, we have

the following expression:

f0
i,p(t) = bmin{C0

i (t), Ĉp − Cp(k) + sp(k)−
(t%m)−1∑
q=0

f0
i,p(t− 1− q), v∗i d∗λ}c

(4.15)

where t%m denotes “t mod m”. In equation (15), because link p directly
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connects a signalized intersection, its dynamic model uses the sampling pe-

riod of ∆, while the sampling period for link i is λ. Thus, only after m

samples of link i, the dynamic model of link j will be updated. For this

reason we need to ensure that the vehicles coming from link i within ∆ will

not overflow link p.

4.1.4.2 The simulation-based validation of non-signalized inter-

section model

To validate the proposed model, we compare the results from the VIS-

SIM simulator with the results predicted by our non-signalized intersection

model. Two cases are generated for this validation, i.e., the normal traffic

scenario which is indicated as a low volume case and the congested traffic

scenario which is indicated as a high volume case, respectively. The discrete

Figure 4.5: The distribution for the deviations between the VISSIM simula-
tion data and the analytical data for low traffic volume case

time interval is set to be 15s and the whole simulation period is 3600s. There

are 240 sampling points included in each case. For each sampling point, we

obtain the incoming flow for each link connected to the non-signalized inter-

section and outgoing flow at this intersection in VISSIM. In the mean time,

we pass the same incoming flow from VISSIM to MATLAB and calculate

the outgoing flow by the proposed non-signalized intersection model. The
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Figure 4.6: The distribution for the deviations between the VISSIM simula-
tion data and the analytical data for high traffic volume case

deviations between these two groups of results are shown in Fig. 4.5 and Fig.

4.6. Fig. 4.5 shows the deviations in the low traffic volume case. We can see

that the maximal deviation in this case is no more than 25% and about 80%

of data are under 5% deviation. 97.92% of data are under 10% deviation,

which shows the effectiveness of the proposed non-signalized flow dynamics

model. Fig. 4.6 shows the deviations in the high traffic volume case. In

this case, there does exist some data with very large deviations because of

the approximation nature of our proposed model, as mentioned in section

4.1.4, where we impose FCFS over columns of vehicles instead of each single

one. The figure shows that about 50% of the data are under 10% deviation

and about 85% of the data are under 30% deviation. As a conclusion, the

proposed non-signalized intersection model can provide a relatively precise

description for the flow dynamics with low traffic volumes. How to develop

a more accurate flow dynamic model for a non-signalized intersection with

high traffic volumes remains an interesting research topic, which hopefully

could be addressed in our further work.
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4.2 A Formulation for Traffic Signal Control

Problem for a Heterogeneous Network

4.2.1 Objective function

The total network-wise delay time within N time intervals can be estimated

as follows:

∑
i∈L

N∑
k=1

Ci(k)
[
1− vi(k)

vi,max

]
∆ =

∑
i∈L

N∑
k=1

[
Ci(k)− Li

vi,max
si(k)

]
∆ (4.16)

where vi(k) is the average speed of the link i at k, which can be approximated

by the ratio of the exit shift si(k) and the average link density Ci(k)/Li,

where Li is the length of the link i. Here, we assume that vehicles in the

link i are uniformly distributed with identical speeds, i.e., the acceleration

step is negligible. In reality, this assumption usually does not hold. In that

case, we can use an “effective” density with an assumption that vehicles in

each link will catch up the tail of the queue in which all vehicles are minimally

separated. For the scheduling purpose, this is a sufficiently representative

performance index. Since si(k) =
∑

j∈L:(i,j)∈∪J∈JFJ
fij(k), we have our cost

function as

min
∑
i∈L

N∑
k=1

[
Ci(k)− Li

vi,max

∑
j∈L:(i,j)∈∪J∈JFJ

fij(k)
]
∆.

4.2.2 Conversions for logic and non-linear constraints

4.2.2.1 Conversions for signalized intersections

In the above description we have derived a linear cost function with a set of

constraints describing traffic staging (4.4-1)-(4.4-3), link volume dynamics
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(4.1) and exit shifts (4.6-1)-(4.6-5), (4.7). Among these constraints, (4.4-

1), (4.6-1), (4.6-2) and (4.6-4) are mixed logical constraints, which can be

converted into mixed integer linear constraints by adopting a transformation

strategy introduced in [15], which is shown below.

Let M be chosen to be sufficiently big, e.g., M > maxi∈L Ĉi. Then (4.4-1)

can be converted into

(∀w ∈ ΩJ)(∀(i, j) ∈ hJ(w)) fij(k) ≤Mθw(k). (4.17)

Proposition 4 Replacing Condition (4.4-1) with Condition (4.17) in the

urban network traffic signal scheduling formulation leads to the same solu-

tion. �

Proof: To see this conversion is valid, let θw(k) = 0, then fij(k) ≤ 0. But

since fij(k) ≥ 0, we have fij(k) = 0. If θw(k) = 1, it is trivially true that

fij(k) ≤M because by (4.7) we have fij(k) ≤ maxi∈L Ĉi < M . �

Let [0, r − 1] := 0, · · · , r − 1. Conditions (4.6-1), (4.6-2) and (4.6-4) are

equivalent to the following: for all q ∈ [0, r],

− (1− θw(k − q − 1)) + δr−qij (k) ≤ 0 (4.18-1)

(∀p ∈ [0, q])− θw(k − p) + δr−qij (k) ≤ 0 (4.18-2)

(1− θw(k − q − 1)) +

q∑
p=0

θw(k − p)− δr−qij (k) ≤ q + 1 (4.18-3)

lij(k) ≤
r∑
p=0

δpij(k)lpij + (r + 1)(1− θw(k + 1)) (4.18-4)
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lij(k) ≥
r∑
p=0

δpij(k)lpij − (r + 1)(1− θw(k + 1)) (4.18-5)

lij(k) ≤ 1

2
lij(k − 1) + θw(k + 1) (4.18-6)

lij(k) ≥ 1

2
lij(k − 1)− θw(k + 1) (4.18-7)

Proposition 5 Replacing Conditions (4.6-1), (4.6-2) and (4.6-4) with Con-

dition (4.18-1)-(4.18-7) in the urban network traffic signal scheduling formu-

lation leads to the same solution. �

Proof: We can verify that Conditions (4.18-1)-(4.18-3) are equivalent to

Condition (4.6-4), Conditions (4.18-4)-(4.18-5) are equivalent to Condition

(4.6-1), and Conditions (4.18-6)-(4.18-7) are equivalent to Condition (4.6-2).

�

Condition (4.7) can be converted into the following mixed logic con-

straints:

fij(k) ≤ γij(k)Ci(k) (4.19-1)

fij(k) ≤ lij(k)vi,maxdmax (4.19-2)

fij(k) ≤ Ĉj − Cj(k) (4.19-3)[
fij(k) ≥ γij(k)Ci(k)

]
∨
[
fij(k) ≥ lij(k)vi,maxdmax

]
∨
[
fij(k) ≥ Ĉj − Cj(k)

]
.

(4.19-4)

Note that Condition (4.19-4) is a logic constraint It can be converted into

mixed integer linear constraints in the following way. By introducing binary

variables η1(k), η2(k), η3(k) which meet the following relationships,

η1(k) = 1⇔ fij(k) ≥ γij(k)Ci(k) (4.20-1)
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η2(k) = 1⇔ fij(k) ≥ lij(k)vi,maxdmax (4.20-2)

η3(k) = 1⇔ fij(k) ≥ Ĉj − Cj(k) (4.20-3)

Condition (4.19-4) can be converted into the following mixed integer con-

straints.

η1(k) + η2(k) + η3(k) ≥ 1 (4.21-1)

η1(k), η2(k), η3(k) ∈ {0, 1} (4.21-2)

Based on the objective function for this problem, the traffic flow rates are

expected to be as large as possible. For this reason, as a heuristic solution,

we may only take Conditions (4.19-1)-(4.19-3) into consideration, which are

all mixed integer linear constraints. The merging condition (4.9) is a linear

inequality and does not require to change. If we adopt the conservative

merging condition shown in Eqn (4.8), it can be converted into the following

mixed integer linear constraints:

f
(p)
ij (k) ≤MΓij(k) (4.22-1)

− f (p)
ij (k) ≤ −mΓij(k) (4.22-2)

f
(gw)
i′j (k) +Mθi(k) +MΓij(k) ≤ 2M (4.22-3)

4.2.2.2 Conversions for non-signalized intersections

For the formulation of the dynamics in non-signalized intersections, Eqn.

(4.11) and (4.12) are logic constraints and Eqn. (4.13) - (4.15) are non-

linear constraints. For logic constraint (4.11), we first introduce a binary
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variable ψ1
i (t) which meet the following relationship,

C0
i (t) ≥ 1⇒ ψ1

i (t) = 1

C0
i (t) = 0⇒ ψ1

i (t) = 0

(4.23)

which can be rewritten into the following mixed integer constraint set,

− C0
i (t) +MCψ

1
i (t) ≥ 0 (4.24-1)

C0
i (t)− ψ1

i (t) ≥ 0 (4.24-2)

where MC = max{C0
i (t)}. For Eqn. (4.11), we first introduce to binary

variables.

ξ1 = 1⇔ C0
i (t+ 1) > 0 (4.25-1)

ξ2 = 1⇔ T 0
i (t) ≥ t+ 1 (4.25-2)

Eqn. (4.11) can be replaced by the following equation,

T 0
i (t+ 1) = ξ1ξ2(t+ 1) + ξ1(1− ξ2)T 0

i (t) + (1− ξ2)M, (4.26)

where M is a sufficient large number. Replace the non-linear parts ξ1ξ2 and

ξ1(1− ξ2) by introducing two more binary variables,

ξ3 = ξ1ξ2, (4.27-1)

ξ4 = ξ1(1− ξ2). (4.27-2)
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These two equations can be linearized as follows. Eqn. (4.27-1) is equivalent

to,

ξ3 ≥ ξ1 + ξ2 − 1, (4.28-1)

ξ3 ≤ ξ1, (4.28-2)

ξ3 ≤ ξ2, (4.28-3)

ξ3 ∈ {0, 1}. (4.28-4)

Eqn. (4.27-2) is equivalent to,

ξ4 ≥ ξ1 + (1− ξ2)− 1, (4.29-1)

ξ4 ≤ ξ1, (4.29-2)

ξ4 ≤ 1− ξ2, (4.29-3)

ξ4 ∈ {0, 1}. (4.29-4)

Note that after this conversion the only non-linear item in Eqn. (4.26) is

ξ4T
0
i (t). Introducing a new variable T̂ 0

i (t) = ξ4T
0
i (t) and this non-linear item

can be replaced by the following logic constraints which can be linearized

with similar approaches.

ξ4 = 1⇒ T̂ 0
i (t) ≥ T 0

i (t) (4.30-1)

ξ4 = 0⇒ T̂ 0
i (t) ≤ 0 (4.30-2)

T̂ 0
i (t) ≤ T 0

i (t) (4.30-3)

T̂ 0
i (t) ≥ 0 (4.30-4)

For Condition (4.12) use two binary variables to denote the two condi-
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tions,

γ1
q = 1⇔ T 0

i (t) ≤ T 0
q (t) (4.31-1)

γ2
q = 1⇔ T 0

q (t) = T 0
i (t) ∧ σ(i) ≤ σ(q) (4.31-2)

Introducing one more binary variable for Condition (4.12),

γq = 1⇔ γ1
q = 1 ∨ γ2

q = 1⇔ γ1
q + γ2

q ≥ 1 (4.32)

Thus, Condition (4.12) can be rewritten as,

θi(t) = 1⇔
∏
q

γq(t) = 1 (4.33)

This equation can be linearized as follows,

θi(t) ≥
∑
q

γq − (n− 1) (4.34-1)

θi(t) ≤ γq (4.34-2)

θi(t) ∈ {0, 1} (4.34-3)

For Eqn. (4.13) - (4.15), please refer to the transformations for the flow

dynamic constraints in signalized intersections.

When dealing with a large traffic network, solving the above MILP prob-

lem is certainly time consuming. To ensure a real-time solution to this prob-

lem, we present a distributed meta-heuristic approach in this work [98].
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4.3 A Distributed Structure for Solving Traf-

fic Signal Control Problem

Given a large-scale traffic network shown in 4.7, we partition it into regions.

Each intersection belongs to only one region, and so does each link, except

Figure 4.7: Partition of traffic network into regions

for a few inside the network which are shared by two regions. To formally

describe the concept of regions, we consider the network as a directed graph

G = (V,E), where the vertex set is V = J ∪ {ext} with ext denoting the

external of the network, and the edge set is E ⊆ V × V − {(ext, ext)}

denoting the set of all one-way links L, i.e., each one-way link (v, v′) ∈ L

represents a traffic flow either from one intersection v to another intersection

v′, or from the external source v = ext to an intersection v′ (which is an

incoming boundary link), or from an intersection v to the external source

v′ = ext (which is an outgoing boundary link). Let R be a partition of the

intersection set J . We now make the following modification to the network

graph G: for each link (v, v′) ∈ E with v ∈ R ∈ R, v′ ∈ R′ ∈ R and R 6= R′,

we add a node bv,v′ to V , which represents a boundary of R and R′, and

replace (v, v′) ∈ E by two new edges (v, bv,v′) and (bv,v′ , v
′), which denotes

two disjoint link segments, whose union is the original link (v, v′). After the

modification, let B be the collection of all such boundary nodes, and E ′ be
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the new edge set. Then the new network graph is G′ = (V ′ = V ∪ B,E ′),

where E ′ ⊆ ({ext} ∪ J ∪B)× ({ext} ∪ J ∪B)− ({(ext, ext)} ∪B ×B).

Definition 1 A traffic region consists of a set of intersections R ∈ R and

the corresponding regional links L(R) := E ′ ∩ (({ext} ∪ R ∪ B)× ({ext} ∪

R ∪B)− ({(ext, ext)} ∪B ×B)). �

For all R,R′ ∈ R, if R 6= R′ we know that R ∩ R′ = ∅, which means

L(R) ∩ L(R′) = ∅, i.e., different regions share neither intersections nor

links, although, strictly speaking, two link segments (v, bv,v′) ∈ L(R) and

(bv,v′ , v
′) ∈ L(R′) actually refer to the same link in the original network,

which creates a boundary constraint on the flow between two regions on

their boundary, i.e., at any time k we shall have sv,bv,v′ = dbv,v′ ,v′ , namely the

outgoing flow of the link segment (v, bv,v′) must be equal to the incoming

flow of the link segment (bv,v′ , v
′). Let L(R) := ∪R∈RL(R) be the set of all

links.

Based on the previous terminologies, we reformulate the urban traffic

signal scheduling problem (UTSSP) in the following form,

min
∑
R∈R

J(R) (4.35-1)

subject to Φ(R), R ∈ R (4.35-2)

(∀(v, bv,v′), (bv,v′ , v′) ∈ L(R))

s(v,bv,v′ )
= d(bv,v′ ,v

′)

(4.35-3)

where the regional objective function J(R) is as follows,

J(R) =
∑

j̃∈L(R)

N∑
k=1

[
Cj̃(k)−

Lj̃
vj̃,max

sj̃(k)
]
∆ (4.36)
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and Φ(R) denotes link dynamics, signal staging and exit flow constraints in

region R, which are the same as the constraints in centralized traffic signal

scheduling.

We can remove the regional boundary constraints (16) by applying La-

grangian relaxation [16], and obtain the following dual problem formulation.

max
λbv,v′

≥0,bv,v′∈B
min

∑
R∈R

J(R) + λbv,v′ (s(v,bv,v′ )
− d(bv,v′ ,v

′)) (4.37-1)

subject to Φ(R), R ∈ R (4.37-2)

Let λ be the vector consisting of all {λbv,v′ |bv,v′ ∈ B} and define H(λ,R) as

follows:

min J(R)−
∑

bv,v′∈B:v′∈R

λbv,v′d(bv,v′ ,v
′) +

∑
bṽ,ṽ′∈B:ṽ∈R

λbṽ,ṽ′s(ṽ,bṽ,ṽ′ )

(4.38-1)

subject to Φ(R), R ∈ R (4.38-2)

Then the Lagrangian dual problem (4.38-1)-(4.38-2) can be rewritten in the

following separable form,

max
λ≥0

∑
R∈R

H(λ,R) (4.39)

4.3.1 Distributed Strategy to solve the computational

issues

To overcome the high computational complexity involved in the centralized

strategy, we propose a distributed strategy based on Lagrangian relaxation
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and subgradient method as shown in Section 4.3 and a Lagrangian dual

problem is provided in that section. To solve the Lagrangian dual problem

(4.39), we can apply a distributed subgradient method [67], whose compu-

tational procedure is described below (Algorithm 4).

Algorithm 4 Subgradient method for Lagrangian dual problem (4.39)

1. Pick λ0 ≥ 0;

2. In round r ≥ 0, solve each H(λr, R) (R ∈ R) in parallel;

3. The subgradient of λrbv,v′ is

g(λrbv,v′ ) = sr(v,bv,v′ ) − d
r
(bv,v′ ,v

′) (4.40)

4. Update λ
(r+1)
bv,v′

as follows,

λ
(r+1)
bv,v′

= max{0, λrbv,v′ + αrbv,v′ (s
r
(v,bv,v′ )

− dr(bv,v′ ,v′))} (4.41)

where the constant αrbv,v′ ≥ 0 is the step size at round r;

5. Iterate on r until λrbv,v′ converges.

It is known that the choice of the step size at each iteration determines the

convergence speed. An interesting observation is that the Lagrangian dual

problem formulation (4.39) permits different methods to compute H(λ,R),

e.g., in our case study we also consider using genetic algorithms to speed up

computation when global optimality is not our main goal.

Note that the convergence speed for the distributed method mentioned

in [67] could be relatively slow. However, the objective of introducing this

distributed method is not to obtain the exact convergence, which would

be quite time consuming. The distributed method here is to find a sub-

optimal solution which is acceptable and could be used in the simulation

platform, i.e., the convergence might not be guaranteed or more explicitly,
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the boundary conditions mentioned in the formulation might not be met.

Thus, by terminating the process prematurely, a sub-optimal solution with

some performance degradation is obtained. It is well known that an optimal

solution to the Lagrangian dual problem need not be a feasible solution to

the original optimization problem, let alone its optimality. But luckily in the

traffic signal scheduling case, our control variables are traffic (GREEN and

RED) lights assignments to intersections, which are always feasible because

signal staging constraints are strictly enforced within each individual region.

Nevertheless, due to the relaxation of regional boundary constraints specified

in (4.35-3), an optimal solution to the Lagrangian dual problem may not

satisfy (4.35-3) any more, which means the obtained (predicted) network

total delay time by solving the Lagrangian dual problem (4.39) only serves

as a lower bound of the optimal network delay time of the original problem

defined in (4.35-1)-(4.35-3).

Proposition 6 Let J∗ be the optimal delay of the original problem (4.35-

1)-(4.35-3) and Ĵ∗ be the optimal delay of the Lagrangian dual problem

(4.39). Then J∗ ≥ Ĵ∗. �

Proof: Let F∗ := {fij(k)|i, j ∈ E ′ ∧ 0 ≤ k ≤ N} be a global optimal

solution of the original traffic light scheduling problem (4.35), which satisfies

all boundary consistency constraints specified in (4.35-3). Clearly, for all λ

of nonnegative multipliers,

J∗(F∗) ≥
∑
R∈R

H(λ,R).

Thus, J∗(F∗) ≥ maxλ≥0

∑
R∈RH(λ,R) = Ĵ∗. �

From Proposition 6 we can get a lower bound of the optimal solution.
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To estimate the gap of J∗ − Ĵ∗, an upper bound of the optimal solution J∗

is required. As we know that any feasible solution can be an upper bound of

this problem, we develop one way to generate a feasible solution by applying

the following Algorithm 5.

Algorithm 5 An algorithm for generating an upper bound of the optimal
solution of UTSSP

1. Using linear relaxation in UTSSP to generate a solution, among which
we will only take the set of green light assignments;

2. We simulate the traffic system based on the traffic light assignments ob-
tained in Step (1) and our given traffic models, and derive a simulation-
based network-wise time delay J0. This time delay can be regarded as
an upper bound of this UTSSP problem.

Proposition 7 The optimal time delay J∗ of the UTSSP problem is bounded

by a lower bound Ĵ∗ generated by Lagrangian relaxation and a simulation-

based upper bound J0, i.e., Ĵ∗ ≤ J∗ ≤ J0. �

Proof: By Proposition 6 we know that Ĵ∗ ≤ J∗. In Algorithm 5, by

applying the obtained traffic light assignments in a simulation with the given

link volume dynamics and the link exit shifts, we shall obtain a feasible

solution of the UTSSP, whose resulting delay time J0 must be no smaller

than J∗, as the latter is the minimum delay time achievable by all feasible

solutions. Thus, the proposition follows. �

We now know that the gap J∗ − Ĵ∗ is upper bounded by J0 − Ĵ∗, which

is obtained via Algorithms 4 and 5.

The proposed distributed scheduling strategy is implemented in a hi-

erarchical distributed architecture depicted in Fig 4.8, where each region is

equipped with a regional scheduler capable of undertaking data-driven model
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Figure 4.8: Implementation architecture for distributed scheduling

update (for parameters such as turning ratios, network boundary incoming

and outgoing flows, and time variant vehicle speed values) and optimization

(for solving H(λ,R)), and a central coordination module communicates with

regional schedulers to update and propagate the Lagrangian multiplier λ.

In the next section, the transportation system partitioning problem is

formulated as an optimization problem. A heuristic algorithm is designed

for solving the traffic signal control system.

4.3.2 Transportation System Partitioning Problem For-

mulation

In last section the transportation system is defined as a graph G = (V,E) in

which V is the set of nodes(intersections) and E is the set of edges (roads).

For a pre-specified network, the number of intersections and the connected

roads between each two adjacent nodes are known in advance. Each node

ni ∈ V = {n1, n2, ..., nN}, where N is the total number of nodes in the

network, we use Ãni
to denote the nodes which are directly connected with
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node ni (connect with node ni by one edge). Our goal is to partition the

network into m subregions {Gk|1 ≤ k ≤ m} so that the deviations of the

numbers of nodes in subregions and the number of connected edges between

two adjacent subregions are minimized.

We generate a set of mapping from the edge set E to the binary set

{0, 1}, which is denoted as L̃:

L̃ =



node1 node2 · · · nodeN

node1 l11 l12 · · · l1N

node2 l21 l22 · · · l2N
...

...
...

. . .
...

nodeN lN1 lN2 · · · lNN


(4.42)

If there exists an edge between node ni and node nj, then the corre-

sponding binary variable lij is set to 1; otherwise, lij := 0. L̃ is the adjacent

matrix in our problem. Then we define a shared-link matrix H̃:

H̃ =



node1 node2 · · · nodeN

node1 γ11 γ12 · · · γ1N

node2 γ21 γ22 · · · γ2N

...
...

...
. . .

...

nodeN γN1 γN2 · · · γNN


(4.43)

where γij is a binary variable, denoting whether an edge between two nodes

ni and nj is shared by two adjacent subregions. The element γij is defined

as follows,

γij =

1, if ni ∈ Vk1 ∧ nj ∈ Vk2 ∧ k1 6= k2 ∧ lij = 1

0, otherwise
(4.44)
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Namely, if node ni is in one subregion and node nj is another subregion, and

lij = 1, then γij = 1, otherwise, γij = 0.

We define a matrix Vk to denote the region partition:

Vk =



existing state

node1 δk1

node2 δk2
...

...

nodeN δkN


(4.45)

where δki is a binary variable such that, if node ni ∈ Vk, then δki = 1,

otherwise, δki = 0. We use | · |1 to denote 1-norm and with these definitions,

the transportation system partitioning problem (TSPP) is formulated as

follows.

Formulation 2: Transportation System Partitioning Problem (TSPP)

(i) Objective Function

min
m∑
k=1

[|Vk|1 − V̄ ] + |H̃|1 (4.46-1)

(ii) Edge connection constriant

(∀j, 1 ≤ j ≤ N)nj ∈ Ãni
⇒ lij = 1 (4.46-2)

(iii) Shared edge constraint

(∀i, j, 1 ≤ i ≤ N, 1 ≤ j ≤ N, i 6= j, 1 ≤ k ≤ m)

ni ∈ Gk ∧ nj ∈ Gk̄ ∧ lij = 1⇔ γij = 1 (4.46-3)

(iv) Dependency constraint

(∀i, 1 ≤ i ≤ N, 1 ≤ k ≤ m)ni ∈ Gk ⇔ δki = 1 (4.46-4)
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(v) Unique dependency constraint

m∑
k=1

Vk =



1

1

...

1


(4.46-5)

(vi) Averaged node number constraint

V̄ =
1

m

m∑
k=1

|Vk|1 (4.46-6)

4.3.2.1 A Heuristic Approach for Solving the Transportation Sys-

tem Partitioning Problem

A heuristic approach for solving the transportation system partitioning prob-

lem is proposed in this section. This approach is based on a breadth-

first-search (BFS) algorithm or region-growth algorithm. The steps for this

heuristic algorithm are shown as follows in Algorithm 6.

4.3.3 Experimental Results

4.3.3.1 Case Study Setting

In this section we consider a simplified urban traffic network shown in Fig.

4.9, which has nh horizontal roads and nv vertical roads. The total number

of intersections is nJ = nhnv. Vehicles on the horizontal roads only move

from left to right, and vehicles on the vertical roads only move from top

to bottom. In this model, each intersection has only two stages: the traffic

stream from left to right horizontally, and the traffic stream from top to
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Algorithm 6 A heuristic algorithm for solving the transportation system
partitioning problem
Step 1: Initiation

Step 1.1: Input the graph data G = (V,E) and the number of subre-
gions m;

Step 1.2: Calculate the lengths of paths between each two nodes in
the graph;

Step 1.3: Sort based on the length and find out m nodes with the
maximal summation of lengths in the graph, set these m nodes as the
seeds in the graph;

Step 2: Breadth-First-Search (Region growth)

Step 2.1: Expand the subregions from the seeds. Do Breadth-First-
Search in an iterative way. In each step, add one neighbour node to
each subregion.

Step 2.2: Check if there is any neighbour nodes could be added. If
so, go back to Step 2.1, if not go to Step 3.

Step 3: Heuristic Adjustment

Step 3.1: Add or remove one node on the boundaries to see if this
will lead to a lower cost. If so, keep the change.

Step 3.2: If all the nodes on the boundaries have been tried, go to
Step 4, otherwise, go back to Step 3.1.

Step 4: Output the subregion information for further usage.
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Figure 4.9: A simplified urban traffic network

bottom vertically. We consider two speed categories: fast denoted by l0ij and

slow denoted by l1ij, i.e., r = 1 in the general problem formulation. Denote

B as the set of links which constitute the boundary of the network. As an

example, in Fig. 4.1 link i ∈ B. The dynamic of Ci for i ∈ B obeys the

following update:

Ci(k + 1) = Ci(k) + bi(k)− fij(k), (4.47)

where the entrance flow rate bi(k) is assumed to be given in advance. We

apply the aforementioned centralized UTSSP formulation in this case study.

As an illustration of the potential complexity involved in solving Problem

UTSSP, Table 4.1 lists the total number of integer and binary decision vari-

ables Nx and the total number of constraints Ncon with N = 6 and 12. These

numbers indicate that for a large urban traffic network we need to solve a

large mixed integer linear programming problem, which requires efficient

computational algorithms in order to ensure proper real-time decisions.
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The information required by solving UTSSP at time k includes the cur-

rent link volume Ci(k), the past traffic light status θw(k−1) and a prediction

of incoming flow bi(k) to bi(k+N) for i ∈ B, which are measurable by sensors

or provided by other modules in traffic management systems. An optimiza-

tion solver solves the problem and obtains an optimal traffic control signal

profile. The first step of the optimal profile is implemented. At time k + 1,

the sensors and traffic management system will provide fresh data. The

solver will repetitively calculate the optimal traffic light profile based on

the latest data in a receding horizon manner, allowing real time response to

changing traffic conditions.

Table 4.1: Numbers of decision variables and constraints

nv = nh N = 6 N = 12
Nx Ncon Nx Ncon

3 816 2049 1608 4083
4 1432 3624 2824 7224
5 2220 5645 4380 11225
6 3180 8112 6276 16176
7 4312 11025 8512 21987
8 5616 14384 11088 28688
9 7092 18189 14004 36279
10 8740 22440 17260 44660

4.3.3.2 Centralized Approach

We apply our centralized mixed integer linear programming based scheduling

strategy to the network shown in Fig. 4.9 in order to illustrate how fast the

scheduling problem can be solved, compared with the scheduling horizon

Hp = N∆ where ∆ = 5s. The incoming vehicle flow rate bi(k) is given and

Li/vi,max = 1 is used in the simulation. The maximal volume Ĉj for each

link j is chosen as 30. Fast and low speed ratios are chosen as l0ij = 0.3 and

l1ij = 0.15, respectively. The optimization problem is solved by CPLEX [51]
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based on MATLAB on a PC with an Intel Core(TM) i7-4770 @3.40GHz CPU

and RAM 8GB. We have tested cases provided in Section 4.1, i.e., the urban

traffic system consisting of 3× 3 intersections to 10× 10 intersections with

prediction horizon Hp = 30, 60 seconds respectively, to show the performance

and processing time for the centralized algorithm. Table 4.2 summarizes the

experimental results.

Table 4.2: Experimental Results for centralized MILP

Instance Optimal T(s)
30s 3 by 3 179 0.46
30s 4 by 4 269 1.08
30s 5 by 5 373 1.76
30s 6 by 6 526 4.89
30s 7 by 7 690 12.01
30s 8 by 8 866 19.83
30s 9 by 9 1051 73.71

30s 10 by 10 1276 78.6

60s 3 by 3 276 2.88
60s 4 by 4 385 12.22
60s 5 by 5 495 73.59
60s 6 by 6 701 12198
60s 7 by 7 871 14716
60s 8 by 8 1072 33794
60s 9 by 9 1310 157840

60s 10 by 10 1588 489428

In Table 4.2 we can see that CPLEX can solve the 3 × 3 intersections

with 30-second scheduling horizon in just 0.46 second, which is equivalent

to solving a mixed integer linear programming problem with 816 integer

and binary decision variables and 2049 constraints. In a real-time schedul-

ing environment, this means that within each 5-second scheduling horizon,

only 0.46/5 = 9.2% of the time is used for computation, which is practically

workable. Nevertheless, for intersections with more stages, the number of

intersections that can be handled in this centralized framework with a rea-
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sonable short computation time will reduce. Table 4.2 indicates that the

centralized scheduling approach cannot handle a 7 × 7 network with a 30-

second scheduling horizon for a real-time application, as the computation

time (12.01s) is much bigger than the sampling period (5s), which is also

the traffic signal updating period in the receding horizon strategy. The com-

putational challenge is one of the main reasons that prompts us to consider

a distributed scheduling strategy.

Table 4.3: Comparison of total delay times incurred by fixed time scheduling
and optimized scheduling strategy

nv = nh Fixed Time(s) Optimal Scheduling (s)
2 38.74 16.80
4 148.9 48.40
6 332.5 93.65
8 627.7 193.1
10 955.9 276.3
20 3997 1058

* Sampling time=5s, Hp=10s.

To show the effectiveness of the proposed scheduling strategy, we pro-

vide a comparison between the traffic delay time incurred by the proposed

strategy and by the fixed time strategy, which reverses the traffic signal after

a fixed time interval. Here the sampling period is chosen as 5 seconds and

scheduling prediction horizon is 10 seconds. The results presented in Table

4.3 show that the proposed scheduling strategy reduces the total delay time

significantly.

4.3.3.3 Distributed Approach

We apply the aforementioned distributed scheduling strategy to the traffic

network depicted in Fig 4.9. The test set is similar to the one used in

centralized testing. We choose the traffic grids with the scales of 4×4, 6×6,
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8× 8 and 10× 10 with the length of prediction horizon equal to 30 seconds

(N = 6) and 60 seconds (N = 12), respectively.

As discussed before, when applying Algorithm 1 to solve the Lagrangian

dual problem, the predicted optimal network delay time may only be a lower

bound of the actual optimal network delay time of the original problem. To

illustrate this issue, we apply the optimal traffic GREEN light assignments

obtained from Algorithm 1 to the traffic network and calculate the actual

network delay times. It turns out that such actual delay times are always

bigger than the predicted ones, which matches the statements of Prop. 4 and

Prop. 5. Comparisons of the performance and computational time between

computed time delay and actual time delay with MILP are provided in Table

4.4.

Based on Proposition 6 and Proposition 7 we know that the difference

between column 2 (about Ĵ∗) and column 3 provides an upper bound on the

actual gap between J∗ of the original problem and Ĵ∗ of the Lagrangian dual

problem (4.39). It suggests that when the network is bigger, the gap gets

smaller. The last two rows suggest that the more regions that we create, the

larger the gap we might get. More experiments are needed to derive some

more affirmative conclusions.

From Table 4.4, we can obtain that the distributed approach can reduce

the processing time significantly, especially for large-scale traffic systems

with longer prediction horizons. For example, for a 6× 6 traffic system with

60s prediction horizon, it will take 12198s for centralized approach to get the

optimal solution and it is absolutely inapplicable in practice; however, this

problem can be solved around 7.60s through the distributed approach. After

comparing the quality of solutions, we find that the distributed algorithm

121



Chapter 4. Resource Allocation Problems in Traffic Light Control

Table 4.4: A comparison between computed and actual time delay for dis-
tributed optimization with MILP

Instance Computed Actual Actual-Computed
Computed

Processing
Time

30s 4 by 4 250 289 15.6% 0.51
30s 6 by 6 472 570 20.8% 1.43
30s 8 by 8 836 944 12.9% 4.36

30s 10 by 10 1182 1420 20.1% 13.44

60s 4 by 4 364 406 11.5% 1.62
60s 6 by 6 662 762 15.1% 7.60
60s 8 by 8 940 1240 31.9% 67.03

60s 10 by 10 1466 1752 19.5% 790.7

Table 4.5: A comparison between computed and actual time delay for dis-
tributed optimization with IABC

Instance Computed Actual Actual-Computed
Computed

Processing
Time

30s 4 by 4 260 289 11.1% 0.62
30s 6 by 6 502 620 23.5% 1.61
30s 8 by 8 832 994 19.4% 2.26

30s 10 by 10 1204 1462 21.4% 3.16

60s 4 by 4 348 428 22.0% 2.03
60s 6 by 6 682 814 19.4% 3.52
60s 8 by 8 1142 1332 16.6% 6.12

60s 10 by 10 1634 1958 19.8% 9.45

can provide a sub-optimal solution with a gap around 10% to 30% to a

solution derived by the centralized approach, which is considered to be the

global optimal solution, or very close to it. For some cases with a short

prediction horizon or a small-scaled traffic network, the distributed traffic

scheduling strategy obtains slightly worse results than what the centralized

strategy can achieve, possibly due to unnecessary communication. This

suggests that the distributed scheduling strategy may only be useful when

the prediction horizon is long and/or the size of the traffic network is large -

in this case the portion of the communication time in the total computation

time becomes negligible.

We also test the optimal traffic GREEN light assignments obtained from
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Lagrangian relaxation plus improved artificial bee colony algorithm to the

traffic network and calculate the actual network delay times. It turns out

that both predicted and actual delay times are slightly bigger than those

obtained via Algorithm 1 based on the distributed MILP formulation. In

Table 4.5, some results generated by distributed approach with Improved

Artificial Bee Colony (IABC) Algorithm are provided.

From Table 4.5, the processing times for IABC are promising as for a

10 × 10 traffic network with a 30-second prediction horizon, it only needs

3.16s. This makes real-time scheduling look possible as it is within one

sampling period, although it still has room to be improved significantly due

to those non-optimized communication processes among regions and the

central module, that significantly slow down the total communication time

at this moment. The data shows that the Lagrangian relaxation with IABC

algorithm may achieve much lower computational complexity than that of

the pure MILP strategy but with the sacrifice of scheduling quality.

Based on Table 4.4 and 4.5 we have the following observations.

1. The centralized scheduling strategy with MILP can obtain the optimal

values for a given traffic network. However, with the increase of the

prediction horizon and the scale of the traffic network, the execution

time turns to be too long, which is not applicable in real-time traffic

scueduling.

2. Evolutionary algorithms, e.g., IABC, can reduce the computational

complexity significantly and may lead to a real-time solution, but with

some quality degradation.

3. The distributed scheduling strategy with MILP can obtain solutions

as lower bounds of the optimal network delay times.
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4. IABC is less sensitive to the size of the network than the MILP. The

distributed strategy with IABC is able to get some performance im-

provements for large scale traffic networks.

4.4 Simulation Results

The numerical simulations for this proposed model and traffic signal control

problem are done in MATLAB with the Gurobi solver. In addition, some

real-time traffic simulations are done in VISSIM, which is a microscopic

traffic simulator.

4.4.1 Simulation-based Model Validation in VISSIM

We use VISSIM to build an urban traffic network and validate the proposed

non-signalized intersection model. For a 4-arm non-signalized intersection,

there are two groups of virtual traffic signals at each intersection, i.e., the

signal group for horizontal links and the signal group for vertical links, both

with bi-directional traffic flows. The VISSIM simulation procedure is shown

as follows. First, we set the virtual traffic signal at the non-signalized inter-

section to be RED for all directions and wait for the first vehicle’s arrival.

We set the traffic signal to be GREEN for one signal group if we detect the

vehicle’s arrival from the current direction. The traffic signal will be kept in

the next tacp seconds and at the end of the GREEN signal, we will detect if

the link segment related to this GREEN signal is empty. If so, we give the

GREEN signal to the other signal group; if not, we keep the GREEN signal

for this direction until the link segment is cleared.
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4.4.2 Simplified Traffic Network Profile

Fig 4.10 shows four stages of a signalized intersection, which is currently

utilized in the urban traffic network of Singapore. Different stages include

a set of different traffic flows. In the fixed cycle traffic scheduling strategy,

the four stages are repeated based on the order 1− 2− 3− 4. In our model,

each stage is assigned with a period in a real-time manner by the network

controller without a fixed staging sequence. We use four integers, “1”, “2”,

“3” and “4”, i.e., w ∈ ΩJ = {1, 2, 3, 4}, to represent four stages of one

intersection shown in Fig 4.10.

Figure 4.10: 4-stage system

For this bi-directional four-stage system, each link contains 3 traffic flows,

i.e., straight-forward, left-turning and right-turning , thus each intersection

contains a total of 12 traffic flows. For the intersection J ∈ J which

connects with links ii, i2, j1 and j2, the flows are denoted as fij, where

i, j ∈ {i1, i2, j1, j2} and j 6= i, as shown in Fig. 4.11.
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Figure 4.11: An example for bi-directional intersection

4.4.3 A Comparison of Fully Non-Signalized Traffic

Network, Partially Signalized Traffic Network

and Fully Signalized Traffic Network

We introduce a numerical comparison generated in MATLAB on the system

performance among the fully uncontrollable traffic network, the partially

controllable traffic network and the fully controllable traffic network, i.e., a

traffic network with all intersections non-signalized, part of the intersections

signalized and all intersections signalized. Nine cases with different traffic

densities are created in this case study as shown in Table 4.6.
Table 4.6: A Comparison of Fully Signalized Traffic Network and Partially
Signalized Traffic Network

Fully Non-
Signalized

Partially Sig-
nalized

Fully Signal-
ized

Low Traffic Case 1 Case 2 Case 3
Medium Traffic Case 4 Case 5 Case 6

High Traffic Case 7 Case 8 Case 9

We introduce the “gap acceptance” model to our simulation settings,
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i.e., a driver is willing to accept that he forces a lag vehicle on the desired

lane to decelerate [38] [71]. For the Low Traffic cases, it means that the

traffic volumes for each direction are lower than the boundaries of the gap-

acceptance model, which means that all the vehicles from different directions

can pass the non-signalized intersections within one time interval unless

the downstream links are blocked. For the Medium Traffic case, the traffic

volumes on some links may be higher than the gap-acceptance model and

for the High Traffic case, all the traffic volumes are out of the boundaries

of the gap-acceptance model, which may lead to high congestions at some

intersections.

We do these case studies based on a traffic grid which is shown in Fig.

4.12. The case studies are carried out based on traffic grids from 2-to-2 (4

Figure 4.12: The structure of the traffic grid used in these case studies

intersections) to 8-to-8 (64 intersections). Curves for the traffic delay times

with various traffic volumes under different cases are shown in Fig. 4.13.

As an example, we show case studies based on a 4-to-4 traffic grid in

detail and a total of 16 intersections are involved in this system. For the
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Figure 4.13: 4 Case Studies for Fully Non-Signalized Network, Partially
Signalized Network and Fully Signalized Network
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fully signalized cases, we put 16 sets of traffic signals in this system and for

the partially signalized cases 9 of the 16 intersections are with traffic signals.

The sampling time is set to be 15s and the total simulation time period is

180s. The network-wise time delays for the fully non-signalized network, the

partially signalized network and the fully signalized network are calculated

and shown in Table 4.7, 4.8 and 4.9, respectively. The curves are shown in

Fig. 4.13(b).

Table 4.7: A comparison of the network-wise traffic delays for fully non-
signalized 4-to-4 traffic network

Case No. Total vehicles Total delays (sec) Average delays (sec)
Case 1 320 0 0
Case 2 320 4860 486
Case 3 320 8640 864

Table 4.8: A comparison of the network-wise traffic delays for partially sig-
nalized 4-to-4 traffic network

Case No. Total vehicles Total delays (sec) Average delays (sec)
Case 4 560 11700 1170
Case 5 560 11520 1152
Case 6 560 9360 936

Table 4.9: A comparison of the network-wise traffic delays for fully signalized
4-to-4 traffic network

Case No. Total vehicles Total delays (sec) Average delays (sec)
Case 7 800 17640 1764
Case 8 800 15360 1536
Case 9 800 13200 1320

From Fig. 4.13(b), Table 4.7, 4.8 and 4.9, for the low traffic cases, the

non-signalized traffic network obtains the best performance, i.e., the traffic

signals may introduce unnecessary traffic delays to the whole system. For the

Medium Traffic cases and High Traffic cases, the introducing of traffic signals

does reduce the traffic delays in the systems. When the traffic congestion

is not so high, for example, within Case 5, the introducing of signalized
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Figure 4.14: Number of vehicles waiting at the intersections in the 9 case
studies
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intersections does not have much improvements on the system performance.

However, when the traffic congestions are heavy, the signalized intersections

will help to significantly reduce the delay time, as shown in Case 8 and Case

9.

As an example, in Fig. 4.14 we demonstrate the vehicles delayed at the

signalized or non-signalized intersections. The circles denote the signalized

intersections and the rectangles denote the non-signalized intersections. The

color changes from dark blue to dark brown, which denotes the level of

congestions from low to high. Numbers in the circles or rectangles are the

number of vehicles delayed at the intersections from all the directions.

4.4.4 VISSIM Simulation in Singapore Traffic Net-

works

A simulation platform is developed in VISSIM based on Jurong West Area

in Singapore which is shown in Fig. 4.15, which consists of 9 intersections

and 40 links. The VISSIM simulation platform is connected to MATLAB

via COM interface and the traffic signal controller is developed in MATLAB

with the Gurobi optimization solver. We test this case study with a fully

non-signalized network, a partially signalized network and a fully signal-

ized network with low traffic, medium traffic and high traffic volumes (the

congested situation) as well.

In Table 4.10, we list all 21 cases we have explored based on the Jurong

West Area Transportation System in Singapore. Case 1 to 3 are devel-

oped based on a fully non-signalized traffic system. Case 4 to 12 are for a

hybrid traffic system which includes signalized and non-signalized intersec-

tions. Case 13 to 21 are for a fully signalized traffic system. Three traffic
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Figure 4.15: VISSIM Simulation Platform built in Jurong West in Singapore
(The map file is downloaded from https:// www.onemap.sg/ index.html.)

scheduling approaches are adopted here to compare the performance index,

i.e., the average traffic delay, which is simulated in VISSIM simulator.

• Traffic control approach 1 (Ctrl No. 1): this approach is developed

based on the optimized fixed-time fixed-loop traffic signal scheduling

method. The green period is optimized off-line.

• Traffic control approach 2 (Ctrl No. 2): this approach is developed

based on the current system setting used in the Singapore transporta-

tion system, which is determined by our collected data and observa-

tions. The stage sequence is shown in Fig. 4.10. Stages are repeated

in a fixed order with a fixed time period.

• Traffic control approach 3 (Ctrl No. 3): this approach is based on the

traffic system model and traffic signal scheduling problem which are

proposed in this work. This approach is a traffic-responsive method.
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Figure 4.16: A comparison for the system performance for the Singapore
transportation systems based on fully non-signalized network, partially sig-
nalized network and fully signalized network with Ctrl No. 3

Figure 4.17: A comparison for different traffic control strategies in the Sin-
gapore transportation systems (with partially signalized network)

Figure 4.18: A comparison for different traffic control strategies in the Sin-
gapore transportation systems (with fully signalized network)
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Table 4.10: Simulation results with different traffic system settings in Sin-
gapore urban traffic system platform

Fully Non-Signalized Network
No. Traffic Signalized Scheduling method Average Delay(s)

1 Low None N. A. 30.24
2 Medium None N. A. 107.27*
3 High None N. A. 107.46*

Partially Signalized Network
No. Traffic Signalized Scheduling method Average Delay(s)

4 Low Half Ctrl No. 1 47.05
5 Low Half Ctrl No. 2 85.90
6 Low Half Ctrl No. 3 27.76
7 Medium Half Ctrl No. 1 62.32
8 Medium Half Ctrl No. 2 82.13
9 Medium Half Ctrl No. 3 37.01
10 High Half Ctrl No. 1 94.17
11 High Half Ctrl No. 2 101.72*
12 High Half Ctrl No. 3 68.14

Fully Signalized Network
No. Traffic Signalized Scheduling method Average Delay(s)

13 Low Full Ctrl No. 1 40.65
14 Low Full Ctrl No. 2 68.70
15 Low Full Ctrl No. 3 24.83
16 Medium Full Ctrl No. 1 47.95
17 Medium Full Ctrl No. 2 69.54
18 Medium Full Ctrl No. 3 30.93
19 High Full Ctrl No. 1 82.13
20 High Full Ctrl No. 2 97.20
21 High Full Ctrl No. 3 50.05

* Some lanes in the transportation system are congested and the data from
the detectors may not be accurate.

Fig. 4.16, Fig. 4.17 and Fig. 4.18 are presented for comparisons of the

system performance from the data shown in Table 4.10. In Fig. 4.16, the

comparisons are on the network-wise average delay time based on the fully

non-signalized network, the partially signalized network and the fully signal-

ized network. Similar to the previous case study, All three system settings

achieve similar performance index when the traffic volume is low. However,

with the increase of the traffic volume, the fully signalized scheme becomes
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the best one comparing to the other two. The introduction of signalized

intersections with medium or high traffic volumes leads to a dramatical re-

duction of traffic delays. Moreover, more signalized intersections lead to a

better performance (by comparing the partially signalized scheme with the

fully signalized scheme). Note that in this figure, in the non-signalized case

some lanes in this transportation system are congested and the data from

the detectors may not be accurate, which leads to a saturation-like curve.

In addition, in Fig. 4.17 and Fig. 4.18 we compare the system per-

formance with various traffic control strategies for the partially signalized

network and fully signalized network, respectively. Fig. 4.17 shows the

performance indices of the partially signalized network with three different

control strategies and Fig. 4.18 shows the performance indices for the fully

signalized network. The outcome of our approach (Ctrl No. 3) is better

than the performances from the optimized fixed-time strategy (Ctrl No. 1)

or the fixed-time strategy in Singapore (Ctrl No. 2).

Some observations from these case studies are stated below, which could

also be a brief guidance to the transportation system designers. Firstly, the

traffic signals could be removed without introducing significant performance

degradation when the traffic volumes are low. Secondly, the traffic signals

help to reduce the traffic congestions with medium and high traffic volumes.

Thirdly, conventional traffic signal scheduling approaches may fail to achieve

a good performance when the traffic volumes are high. Fourthly, the staging

loop is not involved in our approach which are different with current traffic

signal settings and may bring some difficulties to traffic participants’ per-

ceptions from a psychological point of view. However, it could be a starting

point of the development of virtual traffic signals for the autonomous vehi-
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cles which appear to be the future of the intelligent transportation systems.

Note that for this case study, the computational complexity is acceptable

since the number of involved intersections is not so big. To deal with large-

scale traffic network, a distributed computational structure [98] with meta-

heuristics [41] [42] can be applied to reduce the complexity and to meet the

requirement of real-time processing.

4.5 Conclusions

In this chapter, a novel model for the urban traffic system is proposed to

describe the heterogeneous traffic system with both signalized and non-

signalized intersections. The proposed model is validated based on simula-

tion case studies in VISSIM. Moreover, an urban traffic signal control prob-

lem formulation for the traffic network with signalized and non-signalized

intersections is proposed as a mixed integer programming problem. Some

comparisons among the fully controlled, partially controlled and fully un-

controlled traffic system are provided. Based on the numerical analyses, we

show the potential applications in the traffic system design, which leaves

the door open for developing a systematic planning approach on deciding

what traffic intersections require signal control to ensure a good traffic con-

trol performance. This work has a great social and economic potentials,

considering that it is rather expensive to have signal control in an urban

area. In addition, it provides a certain level of robustness of the traffic light

control system against potential cyber attacks that may disable some traffic

signals.
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Resource Allocation Problems

in MEE/MEA Electric Power

Systems

In this chapter, we study a resource allocation problem in an MEE/MEA

electrical power system (EPS), formulated as a power management prob-

lem. The power management solution consists of three components, i.e., the

power management system (PMS), the stability analysis module and the

condition-based control (CBC) module. The PMS is to optimize the EPS

level efficiency based on constraints with consideration of power limits of the

DC system in the MEE/MEA architecture, which are calculated by stability

analysis module, and system configuration, which is provided by CBC mod-

ule. This work focus on design and implementation of PMS algorithm for

EPS of a fault-tolerant MEE/MEA architecture. In Section 5.1, we give a

brief introduction about the power management problem in MEA. In Section

5.2, we propose the statement for the PMS problem in MEE/MEA. In Sec-

tion 5.3, a general power scheduling problem is formulated as a mixed inte-
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ger programming problem and both Single Objective Optimization Problem

(SOOP) and Multiple Objective Optimization Problem (MOOP) to optimize

the generator and EPS efficiencies are proposed. A modified Non-dominated

Sorting Genetic Algorithm II (NSGA-II) algorithm is presented for solving

the MOOP. In Section 5.4, the off-line stability analysis to obtain the stabil-

ity constraints is proposed and in Section 5.5 the design of a condition-based

control strategy which integrate the proposed PMS with fault scenarios is

provided. In Section 5.6, simulation results based on the MEE/MEA simu-

lation platform as well as the power-hardware-in-loop testbed are proposed

to show the effectiveness of our methodology. Conclusions and some further

discussions are drawn in the last section.

In this work, we involve a stability analysis based on small signal stability

analysis, which uses eigenvalues of the system to determine the stable region

for a multiple-generator system. A stability analysis tool is proposed to pre-

dict the stability margin, which is used to update the stability constraints

in PMS. To take care of the fault tolerance, a CBC is integrated with PMS

so that the network resilience is maintained and PMS is updated to handle

available resources. If fault is detected in the EPS beside generators failure,

CBC will re-configure the network to cater the changes with available re-

sources. This will allow the MEE/MEA to achieve the best performance at

all time even under fault condition. Not only achieve the best efficiency of

the power generation but also provides continuous electrical power supply

during various fault in the system through CBC.

In summary, there is no existing solution available for fault-tolerant

power management system in MEE/MEA in current industrial applica-

tions [25]. Majority of system uses droop control in transient and steady-
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state condition. In our proposed power management solution, a PMS is

designed for steady-state operations to maximize the EPS level efficiency,

or to minimize the thermal generation without violating the stability. The

proposed method ensures a reduction of input power from the mechanical

side, i.e., the output power of the gas turbine and gear. The droop control

is implemented during transient state to maintain the transient stability.

The complete PMS solution is proposed in this work with the follow-

ing components: (1) a general MOOP problem for PMS in MEE/MEA is

formulated to optimize the EPS level efficiency; (2) a modified NSGA-II

algorithm with local search algorithm is proposed to calculate the Pareto

optimum of the EPS level efficiency; (3) a stability method supplementing

to the PMS operations is proposed to ensure that the system is not reaching

the out of the stability region; (4) fault modes are determined based on in-

dustrial applications and a CBC strategy is proposed to ensure the network

reconfiguration during fault and to reorientate the PMS toward fault tol-

erated operations. Simulation results based on the MEE/MEA simulation

platform as well as the hardware-in-loop (HIL) virtual testbed are proposed

to show the effectiveness of our methodology.

5.1 The Problem Statement for PMS

5.1.1 Overview of EPS in MEE/MEA for PMS

Fig. 5.1 represents one wing of EPS for MEE/MEA. This system comprises

of three generators, i.e., one is connected to the low-pressure shaft of the

gas turbine, commonly referred as Low Pressure Generator (LPG), and the

other two are connected to the high-pressure shaft of the gas turbine, known
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as High-Pressure Generators (HPGs). The power from three generators are

controlled by respective Voltage Source Converters (VSCs). Each generator

is connected to a main VSC while the redundancy VSC is used for emergency

during fault conditions. A hybrid energy storage such as a super-capacitor

and battery system is connected to the main High Voltage DC (HVDC) bus

through the DC/DC interleave converter and DAB converter for maintaining

the DC bus voltage when it is needed. Constant current source profiles are

simulated as a load.

Figure 5.1: Overview of Electrical Power System in MEE/MEA architecture
for Power Management System Validation

The module collects the sensor data from EPS, including the objective

inputs, the measurements and the stored data. The measurement input data

and the stored data involve the power consumption in EPS, the previous

power supply from LPG and HPGs, the previous power supply from the

energy storage systems (the battery set), the speed of LPG and HPGs and

the State of Charge (SoC) of the battery set. The inputs for generating

objective functions involve the efficiency matrix for LPG and HPGs, which

indicates the relationships among the shaft speed, the output power and the
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efficiencies.

5.1.2 Objectives of PMS

The objective of implementing PMS is to achieve the best efficiency for dif-

ferent electrical power components in MEE architecture to ensure the lowest

thermal loss inside the EPS. By achieving this performance, the power dis-

patch of each generator must be maintained in an optimal range to achieve

high fuel benefits without any load shedding under healthy conditions. In

this work, a power management problem is proposed with a mixed integer

programming formulation that considers constraints from the (1) loads, (2)

bus connections, (3) energy storage devices, (4) generators and their effi-

ciency, (5) power converters and their efficiency and (6) power balance in

the system.

In order to further improve the system efficiency, an EPS level efficiency

based on the multi-objective optimization algorithm is proposed in this chap-

ter, which aims to find the best trade-off among all the electrical components

and achieve the Pareto optimum towards EPS level efficiency.

5.2 Design of the Proposed PMS

5.2.1 Formulation of a power scheduling problem

In this section we first describe different types of constraints, then state the

power scheduling problem to achieve a good balance on multiple objectives

such as ensuring optimal working ranges for generators, obtaining a higher

efficiency for generators and power converters by utilizing the battery system

that depends on the power demand, also guaranteeing the priority in the
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connections of generators, buses and loads at the optimal performance.

5.2.1.1 Bus and load priority constraints

There are two kinds of priority constraints in the concerned EPS: the load

priority constraints in terms of critical and non-critical loads, and bus pri-

ority constraints in terms of predefined priority lists for the connections

between each generator and primary buses, and between each primary bus

and secondary buses. The priority constraints are captured by adding a se-

quence of penalty factors in an objective function, which will be introduced

shortly, for different buses and loads - the higher the priority, the larger the

penalty factors for deviation from it.

5.2.1.2 Generator and bus power capacity constraints

The power generated by each generator must operate within its capacity,

while the power transferred through each bus should not be larger than the

upper bound, i.e.,

(∀Gi ∈ G)L(PGi
) ≤ PGi

(t) ≤ U(PGi
) (5.1-1)

(∀Bj ∈ B)L(PBj
) ≤ PBj

(t) ≤ U(PBj
) (5.1-2)

where G is the set of power generators in the electrical power system and B

is the set of buses. The functions L(·) and U(·) are defined as the lower and

upper bound functions, respectively, in this problem formulation. L(PGi
)

and U(PGi
) are the lower and upper bound of the power generated byGi ∈ G.

Similarly, L(PBj
) and U(PBj

) are the lower and upper bound of the power

on bus Bj ∈ B.
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5.2.1.3 Power balance constraints with consideration of power

efficiency

The required power to the main buses may only be provided by one main

generator, say Generator Gi. Similar to secondary bus power allocation,

redundancy should be considered in case of failure of the first allocated

generator. Referring to the notations, the power balance equations with

consideration of the power loss during power conversion are listed below:

PGi
(t) =

∑
j∈BGi

ε−1
GiBj

PGiBj
(t) (5.2-1)

PBj
(t) =

∑
i∈GBj

εGiBj
PGiBj

(t) + PEj
(t) (5.2-2)

where BGi
⊆ B is a subset in B which consists of all the buses connected to

generator Gi. Similarly, GBj
⊆ G is a subset in G consisting all the generators

which are connected to bus Bj. PGiBj
(t) is the power transferred from Gi to

Bj during the time interval t and εGiBj
is the transferring efficiency. PEj

(t)

denotes the power generated or consumed by the energy storage system

which is connected to bus Bj during the time interval t. The details of

the constraints on the energy storage systems are shown in the following

sections.

5.2.1.4 Bus connection constraints

At each t the main bus should only be connected to one generator, which

leads to the following constraint,

∑
i∈GBj

δGiBj
(t) = 1 (5.3)
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where δGiBj
(t) ∈ {0, 1} denotes the connection relation between generator Gi

and Bj. δGiBj
(t) = 1 means connected and δGiBj

(t) = 0 means disconnected.

Similar forms are used for other bus connection constraints such as the

connection between the secondary bus and the main bus.

5.2.1.5 Storage device constraints

In the selected EPS architecture, Energy Storage Systems (ESSs) like bat-

tery sets are connected to the buses, aiming to serve peak power demands

under normal and abnormal operating situations to avoid unnecessary load

shedding. The ESSs can be modelled as generators with the ability to inject

positive or negative power into the network and the state of charge (SoC)

is a variable to keep tracking the amount of stored energy [46]. The rela-

tionship between the power injections in each period and the change of SoC,

i.e., ∆SoCEj
(t), is described as follows:

∆SoCEj
(t) = −

εinPEj
(t)∆t

Êj
, if PEj

(t) ≥ 0 (5.4-1)

∆SoCEj
(t) = −

PEj
(t)∆(t)

εoutÊj
, if PEj

< 0 (5.4-2)

where Êj is the energy capacity of the ESS Ej. PEj
(t) is positive when

discharging, and negative when charging, and εin and εout are the efficiency

factors for these charging and discharging procedures, respectively. With

these notations, the dynamics of SoC can be described as follows:

SoCEj
(t+ 1) = SoCEj

(t) + ∆SoCEj
(t), (5.5)
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where SoCEj
(t) should be bounded by the predefined lower and upper bounds

based on the users’ requirements, i.e.,

L(SoCEj
) ≤ SoCEj

(t) ≤ U(SoCEj
). (5.6)

5.2.1.6 Objective Functions for the Efficiencies of Power Gener-

ators

The main objective of proposing power scheduling on the generators is to op-

erate each of the HPGs and LPG at high efficiency. The efficiency functions

for generators are estimated based on the look-up table by using polyno-

mial functions, e.g., quadratic functions. The efficiency functions for power

generators can be written in the following manner,

EGi
(t) = αGi

P 2
Gi

(t) + βGi
PGi

(t) + γGi
(5.7)

where αGi
, βGi

and γGi
are the coefficients for the efficiency of power gen-

erator Gi from the polynomial fitting. By introducing efficiency function of

each generator in the electrical power system, one can obtain the set of ob-

jective functions, i.e., EG = {EGi
|Gi ∈ G}. Thus, this problem is naturally

a MOOP. One straightforward approach to solve it is to transfer it into a

SOOP by introducing the weighted summation of all the objectives, which

is shown below,

Problem [SOOP] – PMS with Single Objective

minimize
∑
Gi∈G

EGi
(t)

subject to Constraints (5.1) - (5.6)

(5.8)
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5.2.1.7 Objective Functions for the EPS Level Efficiency

To achieve an optimal EPS level efficiency, several components’ efficiency

in the system are defined for the objective functions. Based on the given

requirements, the efficiencies of generators and power converters are selected

for the EPS level efficiencies optimization.

A multi-objective optimization problem is an optimization problem that

involves multiple objective functions. In mathematical terms, a multi-objective

optimization problem can be formulated as

min (f1(x), f2(x), . . . , fk(x))

subject to x ∈ X.
(5.9)

where the integer k ≥ 2 is the number of objectives and the set X is the

feasible set of decision vectors. Similar to the approach for developing the

efficiency functions for power generators, the polynomial fitting is adopted

to develop the efficiency function of power converters, which are indicated as

ECi
(t), where Ci ∈ C and C is the set of power converters in the EPS. The set

of objective function is then extended to E = {EGi
|Gi ∈ G} ∪ {ECi

|Ci ∈ C}.

With the aforementioned individual cost functions and the constraints, we

state our power scheduling problem as follows:

Problem [MOOP] – PMS with Multiple Objectives

min (E)

subject to Constraints (5.1) - (5.6)

(5.10)

Note that in order to achieve the EPS level efficiency, all component-level

efficiencies are introduced to the MOOP formulations, which include the ef-

ficiency functions for three generators, three converters and six transmission
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lines. The proposed PMS is carried out based on a multiple objective opti-

mization problem formulation to find the optimal solution based on all the

component-level efficiency functions.

We would like to highlight that the MOOP could be transferred to be a

SOOP by adding weighted coefficients and creating a weighted summation

over all efficiencies. However, since those objectives are highly internally

related, it is difficult to well tune the weights. Thus, it is not proper to

optimize a SOOP problem. To solve this MOOP, some evolutionary algo-

rithms could be adopted. An algorithm based on NSGA-II which involves

local solution search mechanism, is introduced in the next section to solve

this proposed PMS.

5.2.2 A Modified NSGA-II Algorithm for Solving MOOP

To take the electrical power system level efficiency into consideration, the

non-dominant solutions and Pareto optimality are introduced to this prob-

lem. In this work, a modified NSGA-II algorithm with local search method

is proposed to be suitable for the proposed PMS solution.

Similar to the classic NSGA-II algorithm, the elite ranking algorithm is

adopted in this design to select the N-best solutions in each iteration. The

constrained new solution (offspring) generation procedure based on local

search operation is shown in Algorithm 7. It is proposed to introduce new

solutions in each iteration. Meanwhile, to reduce the chance that the solution

will enter a local optimal region, a local search algorithm is proposed for this

procedure.

Based on Algorithm 7, the procedure for solving the proposed PMS prob-

lem is shown in Algorithm 8. The main idea is to define a similar index to
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Algorithm 7 An algorithm for the constrained new solution generation

1. New Solution Generation

(a) Randomly fix one decision variable

(b) Determine all other decision variables based on the fixed decision vari-
able and the power balance constraint.

2. Local Search Operation

(a) Test if the newly generated solution is “similar to” the previously
obtained solution by comparing the decision variables correspondingly.

(b) Set one threshold TL for this comparison. If the similarity between
the newly generated solution and the previous one is larger than TL,
evaluate the newly generated solution based on the simplified [SOOP]
objective function and record the objective value as Onew for the newly
generated solution and Oold for the previous solution.

(c) If Onew ≥ Oold, jump back to Step 1) and generate another new solu-
tion, otherwise go to Step 3).

3. Output. Insert the newly generated solution to archive set.

compare the similarity among newly generated solutions. To simply the re-

alization, a predetermined threshold TL is introduced to this comparison,

while it could be replaced by some adaptive values to achieve more accurate

solutions. The local search operation is introduced to compare the objective

values if the “similarity” of the two solutions are higher than the threshold,

which is to reduce the chance for the solution with similar components but

lower objective value to entering the solution set.

5.3 Determining the Stability Region with

the Stability Analysis

The stability margin of the system during different fault scenarios is used to

take precautionary actions such as load shedding and/or drawing of power
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Algorithm 8 A modified NSGA-II based algorithm for solving the proposed
PMS problem

1. Initialization

(a) Set parameters to the whole system including the population size N ,
and the maximal generation number L.

(b) Set current generation equals to 1. Generate the solution set based on
Algorithm 1.

2. Evaluation and Ranking

(a) Evaluate the solution set with the set of objective functions as shown
in [MOOP].

(b) Rank the solutions in current solution set.

3. Selection, Crossover and Mutation

(a) Generate new population (offspring) based on constraint set.

(b) Evaluate the newly generated solution set with the set of objective
functions.

(c) Select the top N solutions in the solution set after ranking.

(d) If the maximal generation reaches, terminate the process and output
the solution. If not, jump back to Step 3-a.

4. Output the power reference to the electrical power system.

from the other healthy generators in the other wing of the aircraft. The

stability analysis in a small signal domain can be broken down into 4 major

steps: 1 ) development of an average model, 2) development of a state-space

model, 3) linearization of the state-space model and 4) eigenvalue analysis

of the system. As an example, the average model and control structure of a

single generator feeding constant power load arw shown in Fig. 5.2 and Fig.

5.3.

The notations used in Fig. 5.2 and system modeling are shown in Table

5.1. The average model of the system as shown in Fig. 5.2 can be represented
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Figure 5.2: The average model and control structure of a single generator
feeding CPL

Figure 5.3: The average model and control structure of a single generator
feeding CPL
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Table 5.1: Notations in Stability Analysis

Notations Descriptions
eds , eqs direct axis and quadrature axis back emf
ids, iqs direct axis and quadrature axis current
ωe speed of generator in electrical rad/s

dd, dq modulation signal of VSC in d-axis and in q-axis
Kpi, Kii proportional and integral gains of current PI controller
Kpv, Kiv proportional and integral gains of voltage PI controller
Kpp, Kip proportional and integral gains of power PI controller
Rs generator resistance.
Xs generator reactance
Ls generator inductance
Rf transmission line resistance
Xf transmission line reactance
Lf transmission line inductance
vdc dc-link voltage at VSC
vdcL dc-link voltage at load
idc1 dc-link current
Co capacitance at dc-bus of VSC
Cdc capacitance at dc-bus of load
Ke back-emf constant of generator in Vpk/rpm

by the set of equations as follows.

Ls
dids
dt

= dd0.5vdc + ωeLsiqs −Rsids − eds (5.11-1)

Ls
diqs
dt

= dq0.5vdc − ωeLsids −Rsiqs − eqs (5.11-2)

− (0.75ddids + 0.75dqiqs) = C0
dvdc
dt

+ idc1 (5.11-3)

idc1 = Cdc
dvdcL
dt

+
pL
vdc

(5.11-4)

Lf
didc1
dt

= vdc − vdcL −Rf idc1 (5.11-5)

The equation for the control structure within this single generator system
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which is also shown in Fig. 5.3 can be written as follows.

d∗d = Kpi(i
∗
ds − ids) +Kiisd −

ωeLsiqs
KA

(5.12-1)

dsd
dt

= i∗ds − ids (5.12-2)

d∗q = Kpi(i
∗
qs − iqs) +Kiisq +

ωeLsids
KA

+
eqs
KA

(5.12-3)

dsq
dt

= i∗qs − iqs (5.12-4)

i∗qs = Gv(Kpv(v
∗
dc − vdc −Kdpdc1) +Kivsv) +Kfbidc1 (5.12-5)

dsv
dt

= v∗dc − vdc −Kdpdc1 (5.12-6)

pdc1 = idc1vdc (5.12-7)

The expressions have cross-coupling terms making the system non-linear

and therefore making it difficult to analyze the system stability. Therefore,

the system is linearized at an operating point to derive the small signal

model which is then used to study the stability. The linearized state-space

model of the system is defined as follows.

States: x = [ids, iqs, sd, sq, vdc, sv, idc1, VdcL] (5.13-1)

Inputs: u = [v∗dc, pL] (5.13-2)

ẋ1 =
−Rs − 0.5KpiVdc0

Ls
x1 +

KiiVdc0
2Ls

x3 +
Dd0

2Ls
x5 (5.13-3)

ẋ2 =
−Rs − 0.5KpiVdc0

Ls
x2 +

KiiVdc0
2Ls

x4 +
Dd0 −GvVdc0KpiKpv

2Ls
x5

+
GvVdc0KpiKiv

2Ls
x6 +

GvVdc0KpiKpv

2Ls
u1 (5.13-4)

ẋ3 = −x1 (5.13-5)
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ẋ4 = −x2 −GvKpvx5 +GvKivx6 +GvKpvu1 (5.13-6)

ẋ5 =
−0.75Iqs0ωeLs − 0.75Dd0KA

KACo
x1 +

0.75Iqs0Kpi − 0.75Dq0

Co
x2

− 0.75Iqs0Kii

Co
x4 +

0.75Iqs0GvKpvKpi

Co
x5 −

0.75Iqs0GvKivKpi

Co
x6

− 1

Co
x7 −

0.75Iqs0GvKpvKpi

Co
u1 (5.13-7)

ẋ6 = −x5 + u1 (5.13-8)

ẋ7 =
1

Lf
x5 −

Rf

Lf
x7 −

1

Lf
x8 (5.13-9)

ẋ8 =
1

Cdc
x7 +

PL0

v2
dc0Cdc

x8 (5.13-10)

The linearized state-space model is validated against the average model

in [87]. The eigenvalues of the state-space model are studied for different

operating speeds and under different operating loads. The eigenvalue plot (8

eigenvalues per operating point) for an operating speed of 2500rpm is shown

in Fig. 5.4 for different load powers. As shown, the system is unstable for

load power more than 180kW. An operating point is unstable if at least one

of the eigenvalues has positive real parts. The eigenvalue computation is

carried out using MATLAB/Simulink.

Figure 5.4: Eigenvalue plot of LPG @ 2500rpm

A stability matrix is then prepared to show the stable-unstable oper-
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ating points for different operating conditions (Fig. 5.5). The process for

preparing the stability matrix is shown in Fig. 5.6.

Figure 5.5: Stability matrix of LPG

Figure 5.6: Stability matrix generation for different operating conditions

In our model, three generators are involved in the electrical power sys-

tem. It is necessary to understand the stability margin and the stability

variation with operating conditions to optimally design the control strategy

and limit system operation within the stable operation boundaries. The

control strategy affects the stability margin and therefore, it is necessary to

understand the control architecture in the system. Based on the require-

ments from industrial applications, the control architecture is selected as

(1) HPGs operate in voltage control mode with droop; (2) LPG operates in

power control mode, which is shown in Fig. 5.7.

Analyses similar to what proposed for the single generator system are

carried out based on this three generators system and results from these

analyses are utilized in the power management system design which is shown

in the following sections.
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Figure 5.7: The Control Architecture of the Three Generators System

5.4 Design of the PMS Module

The PMS optimization in this work is designed based on the multiple ob-

jectives functions. This is to ensure the efficiency of each generator and

converter is always maintained at the optimal level. The flowchart of the

proposed solution designed for EPS in MEE/MEA structure is shown in Fig.

5.8. The module collects the data from EPS via all the sensor measurement

in EPS. Three categories of data are input to this module, i.e., the objective

inputs, the measurements and the stored data, the measurement input data

and the stored data involve the power consumption in EPS, the previous

power supply from LPG and HPGs, the previous power supply from the

energy storage systems (the battery set), the speed of LPG and HPGs and

the State of Charge (SoC) of the battery set. The inputs for generating

objective functions involve the efficiency matrix for LPG and HPGs, which

indicates the relationships among the shaft speed, the output power and the

efficiencies.

Quadratic functions are generated based on polynomial fitting based on
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the efficiency data for all the components, while constraints are generated

based on the measurement data. These two parts, i.e., the set of objective

functions and the set of constraints, fulfill the MOOP which will be solved

by the proposed MOOP solver. The objective functions are adopted to

evaluate the generated solutions and the set of constraints are for generating

new solutions. The algorithm will compare and rank the solutions in each

iteration and select the top-N solutions to be used in the next iteration.

Finally, the power reference signals for generators and energy storage systems

are output from the module. The design of PMS module is shown in Fig.

5.8.

Figure 5.8: The flowchart of PMS module

The design of the PMS module is shown in Fig. 5.8 while the pro-

posed NSGA-II based algorithm for solving PMS with MOOP is shown in

Algorithm 9.

An overview of the PMS implementation is shown in Fig. 5.9. The power

management system collects data from the system measurement and sends

out the power references for the generators and the status for battery set,

as shown on the left top in Fig. 5.9.
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Algorithm 9 A NSGA-II based algorithm for solving PMS with MOOP

1: for i = 1 : L do
2: set popsize = N
3: set currentpopsize = 1
4: while currentpopsize ≤ N do
5: generate new solution [Snew]
6: if similar(Snew, Sold) ≤ TL then
7: pull Snew into solution set
8: currentpopsize+ +
9: else

10: if Onew ≥ Oold then
11: pull Snew into solution set
12: currentpopsize+ +
13: end if
14: end if
15: end while
16: Non-dominated sorting
17: Crowing sorting
18: Ranking
19: Fulfill solution set with N solutions
20: end for

Figure 5.9: The design of the PMS implementation
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5.5 Fault Tolerance Network Configuration

with Condition-based Control Strategy

With the proposed PMS algorithm and stability matrix obtained from the

stability analysis tool, a CBC strategy is proposed with PMS integration for

typical fault scenarios. The CBC is proposed for the fault tolerant network

configuration for detecting the various type of fault such as generator fault,

transmission line fault and VSC fault, which is shown in Fig. 5.9. Note that

the work proposed in this work is related to industrial applications. The

faults are defined based on the industrial requirements. These faults are

linked to the Critical Conceptual Failure Mode Effect Analysis (CFMEA).

The CBC is proposed for the fault tolerant network configuration for

detecting various types of faults such as a generator fault, transmission line

fault and VSC fault, which are shown in Fig. 5.10. Two fault tolerant

Figure 5.10: The design of Condition-based Control Strategy
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networks are selected for this system, i.e., one with redundant VSCs in each

transmission line to mitigate the transmission line fault and the other one

with a shifting from three-phase six switches (B6) to four switches (B4)

topology configuration to mitigate the switch fault in the VSC drive. In

these three categories of faults, the transmission line fault will not affect PMS

conditions as it will not change the stability limits of the power generations

in the system. However, the VSC fault, which will change the power limits

of the generations in B4 topology to be 2/3 of the values within B6 topology.

The drastic change in the power limit of the power generation is the failure

of either one or two HPGs in the system without any load shading. Those

changes require the updates of constraints in PMS to perform the correct

power scheduling of the LPG drive without any violation of the MEE/MEA

electrical system. Algorithm for this proposed CBC is shown in Algorithm

10.

Algorithm 10 A Condition-based Control Strategy for PMS

1: retrieve the Fault Code from lower level controller
2: set NFC =Fault Code
3: if NFC = 0 or 1, i.e., no fault or transmission line fault in this system then
4: collect states from EPS
5: generate PMS signal based on Algorithm 9
6: transfer reference signals back to EPS
7: else if NFC = 2, i.e., faults in VSC drive then
8: detect the fault location
9: update the stability region based on stability analysis

10: reconfigure the PMS settings
11: generate PMS signal based on Algorithm 9
12: transfer reference signals back to EPS
13: else if NFC = 3, i.e., faults in the generator then
14: stop PMS module
15: run the remaining generators with droop control mode
16: end if

PMS will collect the Fault Mode generated from the EPS and reconfigure

the optimization problem based on it. The fault mode will affect the sys-
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tem configuration, leading to changes in the constraint set and the system

stability region, which will change the system operating limits. Here, we

propose an algorithm which is validated in the MEA application scenario.

During normal operations and transmission line fault scenarios, the PMS

will continue working to generate optimal operating points. It will be cut

off if some faults happen to the generators.

5.6 Simulation Results

To show the effectiveness of the proposed PMS algorithm, a comparative

evaluation of the proposed PMS and the droop control method [31], which

is a commonly used method in voltage control, is validated in this section.

We start with simulations on power allocation and generator efficiency and

then go to EPS level efficiency. The simulations with typical faults and the

experimental results within Power Hardware-in-Loop (PHIL) testbed are

involved as well.

5.6.1 Results on Power Allocation and EPS level Ef-

ficiency

The Simulation results with the consideration of system level efficiency are

shown in this section. The MOOP algorithm which is shown before is built in

this PMS development. In this case study, the MOOP based PMS method is

developed based on six objectives function, which consists of three generators

efficiency and three electrical drives efficiency. The load power is set as

180kW initially and then changes to 230kW at 3.0 second. Fig. 5.11 shows

the power output from LPG and HPGs with power management system and
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under voltage droop control respectively. Fig. 5.12 shows the comparison of

efficiency curves of both LPG and HPGs based on the system level efficiency

optimization. Fig. 5.13 shows the efficiency curves of the power converter

connected to LPG and HPGs, respectively.
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Figure 5.11: Power Allocation Comparisons
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(b) Efficiency curves for LPG and HPGs with PMS

Figure 5.12: Comparisons on Generator Efficiencies

Fig. 5.11(a) shows the power dispatching curves based on the results
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(b) Efficiency curves for Converters with PMS

Figure 5.13: Comparisons on Power Converter Efficiencies

from the droop control method and Fig. 5.11(b) shows the power dispatching

curves based on the results from the power management algorithm. When

the droop control method is utilized, the power consumption dispatches

equally among all three generators, i.e., the system enters steady status af-

ter around 1.2 seconds and the power consumptions are sharing among 2

HPGs and 1 LPG equally. In Fig. 5.11(b), the power management system

(PMS) is introduced and the reference of power dispatching for LPG is de-

termined by PMS. The system enters steady status after around 0.2 second

and the power from LPG is less than the power from 2 HPGs, which is to

achieve the optimal system level efficiency. From Fig. 5.11, PMS tends to

maintain the output power from different generators at the best efficiency

while the voltage droop control method doesn’t achieve the optimum effi-

ciency for each generator (equal power distribution). The response time for

the power management system to achieve the optimal power sharing is less

than 0.2 second. From Fig. 5.12 one can observe that the MOOP algorithm

is maintained at higher efficiency of LPG and HPGs than the efficiency ob-
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tained from the voltage droop control method during the power dispatch

procedure, which lead to a higher energy efficiency as well. Fig. 5.13 shows

that based on the MOOP algorithm the efficiency for the power converter

connected to the LPG is slightly lower than the efficiency shown in the re-

sults obtained from the voltage droop control. This is because the MOOP

algorithm is designed for maintaining the highest efficiency from an EPS

level point of view and not from the component-level point of view.

5.6.2 Results on PMS with Typical Fault Scenarios

Simulations on the PMS with consideration of typical fault scenarios are

shown in this section. The transmission line fault and the generator fault

are simulated to show the performance of EPS without or with PMS, re-

spectively. Beside the load change which happens at 3.0 second, a fault is

introduced to the EPS at 0.5 second. We show the simulation results in

Fig.5.14 and Fig. 5.15 for two different kinds of faults, respectively.

Fig. 5.14 shows the power split with transmission line fault. The fault

on transmission line which is linked with HPG1 happens at 0.5 second and

the power output from HPG1 goes down to 0. In the meantime, this line

will be shifted to the redundant VSC and it will continue transmitting power

from HPG1. Fig. 5.15 shows the power allocation with generator fault. The

fault on HPG1 is introduced to the system at 0.5 second. Based on the

condition-based control strategy, the PMS module will be blocked and LPG

and HPG2 will work under droop control mode, as shown in Fig. 5.15(b).
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Figure 5.14: Power Allocation Comparisons Under Transmission Line Fault
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Figure 5.15: Power Allocation Comparisons Under Generator Fault
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5.7 HIL Experimental Results

5.7.1 A HIL Virtual Testbed for PMS Integration

A HIL virtual testbed is built to test the proposed integrated solution.

The components of the HIL virtual testbed, i.e., the engine model, gen-

erators model, VSC model, load model and cable model, are benchmarked

against rigorous experimental data under various conditions. Thereafter, a

robust virtual testbed demonstrator is framed for MEE/MEA experimenta-

tion. The aircraft simulation files are put into OPAL-RT [36], a real-time

simulator which is linked with MATLAB Simulink R2014b [48]. The PMS

module is transferred into dSPACE to generate the power reference to the

aircraft simulation platform. The experiment settings of implementing the

proposed PMS are shown in Fig. 5.16. The platform is splitting into two

Figure 5.16: HIL Virtual Testbed Settings

cores in OPAL-RT 5700 to avoid any overrun in the real-time test. The

interfaces are built for dSPACE 1103 to communicate with OPAL-RT. In

the real-time simulation, all models are running in real-time representing a

HIL virtual testbed of the MEE/MEA system. The PMS is implemented in

an external system and receiving and sending references in real-time similar

to actual system.
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5.7.2 Results under Normal Conditions

We implement both droop control method and PMS on the HIL virtual

testbed.

Figure 5.17: Comparisons on HIL Experimental Efficiency Curves

The efficiencies for all three generators as well as the EPS level efficiency

are plotted in Fig 5.17 and the data are shown in Table 5.2, for droop con-

trol method and PMS, respectively. These two figures show that the EPS

level efficiency is improved while the generator efficiencies are improved sig-

nificantly by implementing the proposed PMS. The improvement regarding

efficiency is calculated by the formulation shown below,

Improvement(%) =
EffPMS − EffDroop

EffDroop

(5.14)

where EffPMS and EffDroop are the efficiencies under PMS and Droop Control

Mode, respectively.

A more explicit way to show the performance improvement is to analyze

the power losses by comparing the results under PMS strategy to the droop

control results. Based on the efficiencies obtained with PMS and droop
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Table 5.2: Comparisons on the Efficiencies in HIL Experiment

Equipment EffDroop(%) EffPMS(%) Improvement (%)
LPG 94.81 95.89 1.14

HPG1 96.22 96.59 0.38
HPG2 96.22 96.59 0.38

EPS (System level) 93.90 94.60 0.75

control, the power loss for the EPS with PMS is about 5.4%, while the

number is about 6.1% with droop control. In other words, a reduction of

about 13% power loss is achieved by implementing PMS strategy. Assume

that the power consumption for one-wing system is 200kW, the reduction of

power loss will be about 1.6kW. This improvement is to ensure that in steady

state, the thermal generation in electrical system and mechanical system (gas

turbine and gear) are minimum. Furthermore, the aircraft reliability will be

increased with cooler operations.

5.7.3 Results Under Typical Faults

Several cases are defined to show the robustness of our proposed PMS so-

lution. Cases defined in the experiments involve: (1) the EPS is with an

AC line fault; (2) the EPS is with a generator fault and the droop control is

adopted after the fault happens; (3) the EPS is with a generator fault and

the PMS is adopted after system reconfiguration. Fig. 5.18 shows the DC

bus voltage evolution, the DC power distribution, the efficiencies from VSC

and generators with load variations and the EPS efficiency. From 0 to 25

second, the droop control method is adopted to dispatch the power. From 25

to 60 second, the PMS is introduced to increase the EPS level efficiency. The

component level efficiencies are shown in the third and fourth figures in Fig.

5.18 and the EPS efficiency is shown in the last figure. The average system

level efficiencies are 92.86% for droop control and 94.16% for PMS, respec-
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Figure 5.18: HIL Experimental Results with variable load for PMS with
HPG1 transmission line fault
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tively, which shows the improvement on EPS level efficiency. An AC line

fault on HPG1 transmission line is introduced at 45 second. The redundant

VSC connected to HPG1 will be triggered by CBC to continue transferring

power from HPG1 to the load. The two HPGs are working under droop

control mode and after the AC line fault happens, they will slow converge

to the same power sharing operation. The system configuration for PMS

remains the same before the AC line fault happens, which shows the CBC

is able to ensure the PMS to achieve the optimal EPS level efficiency.

Unlike the AC line fault, the generator fault is more critical. The power

capacity drops and the CBC is required to update the constraints in PMS

solver to achieve a new EPS efficiency optimum operation. In this experi-

ment, the power allocation and system performance after HPG1 generator

fault based on droop control method and PMS are compared. The HIL

experimental results are shown in Fig. 5.19 and Fig. 5.20, respectively.

The HPG1 generator fault is introduced to the system at 30 and 40 second,

respectively. In Fig. 5.19, the generator efficiency of LPG goes down signif-

icantly with the increase of power output. As a sequence, the system level

efficiency drops dramatically. In Fig. 5.20, the CBC first switches the con-

trol strategy to droop control to maintain the system stability. Afterward,

at around 60 second, the PMS provides a new power reference to LPG with

consideration of updated power limit constraints from the system reconfigu-

ration. Note that the updating constraints are obtained from the on-board

stability analysis and they are crucial to ensure the system stability. The ef-

ficiencies from LPG and HPG2 are maintained at higher level, which would

benefit to the EPS level efficiency. The average EPS level efficiencies af-

ter HPG1 generator fault are 91.21% based on droop control method and
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Figure 5.19: HIL experimental results with variable load with HPG1 power
converter fault based on droop control method
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Figure 5.20: HIL experimental results with variable load with HPG1 power
converter fault based on PMS solution
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93.09% based on PMS solution, respectively. The improvement of the EPS

efficiency is around 1.88% and the reduction of power loss is around 19.2%.

The PMS is a tertiary controller controlling the power dispatch of the

LPG, giving power reference signal to the primary controller of LPG, which is

essentially running in current control based power control. However, when

all the generators are in droop control mode, the primary controller gets

power reference with voltage feedback by using a droop function. This is to

ensure the DC bus voltage is stabilized. The droop control is responsible in

controlling the DC bus stability and acting sort of like a secondary controller

in transient operation. Whereas in PMS mode, PMS is to determine the

power reference to ensure the best system efficiency. However, it does not

have responsibility of maintaining the system stability as this operation only

takes place when system is in steady-state. Thus, due to a different level of

controller, the droop controller, which is sort of a secondary controller, will

be faster than PMS, which is sort of a tertiary controller.

With the fact that there is no numerical computations in droop control

mode, the processing time for droop control is quite short, i.e., approxi-

mately 0.5 ms in OPAL-RT implementation. An average value of processing

time for the PMS to provide the power references is about 3.549 ms during

the steady state, which is longer than the computational time with droop

control mode. However, the control plants, i.e., the gas turbines and shafts,

are mechanical instruments and they don’t have such fast responses to the

control signals. The power reference for each generator is a slowly changed

value and from this point of view, the computational time could meet the

real-time requirement within mechanical changes, which always take several

seconds to response. Moreover, as the CBC mechanism is introduced to the
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proposed PMS solution, the PMS will be cut off and the control strategy

in the EPS will be switched to droop mode if some faults happen to the

generators in order to ensure the system stability and fast-response. Once

the system reaches a new stable operating point, the PMS will be resumed

to provide the optimal efficiency. The experimental results indicate that the

PMS solution could be applied within a real-time manner.

5.8 Summary

This chapter proposes a power management solution PMS for EPS in MEE/MEA

architecture to optimize the EPS level efficiency, which will minimize the

thermal generation in electrical system and mechanical system (Gas turbine

and gear). A general MOOP problem for PMS in MEE/MEA is formulated

on this purpose and a modified NSGA-II algorithm is proposed to calculate

the Pareto optimum of the EPS level efficiency. A stability tool based on

small signal stability theory is proposed to update the constraints in PMS

by predicting the power limits of generators. Typical fault modes are de-

fined based on conceptual failure mode effect analysis and a CBC strategy

with fault tolerant network configuration is proposed to allow the PMS op-

erating for achieving the optimum efficiency. Experimental results from the

proposed method are compared to the results from droop control strategy,

which is currently adopted in industrial applications in MEE/MEA to show

the performance improvements. Comparisons show that the system level

efficiencies are improved with the proposed methodology, which prove the

effectiveness of our proposed methodology.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, three resource allocation problems involved in air traffic sys-

tems, urban traffic systems and electrical power systems are modelled and

solved. In air traffic flow management, we propose a distributed algorithm

with a forward-backward heuristic algorithm and a hierarchical heuristic

approach to minimize the airport departure and arrival schedule deviations.

The scheduling problem is formulated based on an en-route air traffic system

model consisting of air routes, waypoints and airports. To lower the compu-

tational complexity, a distributed structure and a hierarchical routing and

scheduling approach are presented, where the whole network is partitioned

into regions. In urban transportation systems, we propose a distributed al-

gorithm for solving traffic light control problem in one heterogeneous traffic

network, which consists of signalized junctions and non-signalized ones. A

novel model describing the dynamic behaviors of such a system is proposed

and validated via simulations in VISSIM. Upon such a new model, a signal

control problem for a heterogeneous traffic network is formulated as a MILP
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problem, which is solved by a novel Lagrangian multiplier based distributed

approach. In power management system design, we propose the design of

the PMS for EPS in MEE/MEA architecture. The development of an opti-

mal power management system formulated either as a SOOP or a MOOP is

proposed. The optimization algorithm design based on NSGA-II for solving

the MOOP and simulation module design and comparison based on the pro-

posed algorithm are given and discussed in this work. Experimental results

show that the power efficiencies and the power converter efficiencies are im-

proved with the proposed methodology, which illustrate the effectiveness of

our proposed methodology.

6.2 Future Works

Three examples from different real-world applications are proposed based

on the generic formulation. It shows that all these three examples share the

similar structure in the model. However, based on the nature of each prob-

lem, the approaches for solving them could be variant. Issues listed below

limit the way to obtain a generic solution for resource allocation problems.

1. The feasibility issue. For example, in urban traffic system, all the

solutions (green period allocations) for the traffic light scheduling prob-

lem are feasible, which means that the feasibility will not be an issue in

this problem and some optimal gaps are acceptable when solving the

problem. However, for some other applications such as air traffic flow

management and power management, the “balance” on the resource

dispatching is crucial. This difference leads to various requirements

when designing the solving methodologies.
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2. The non-convexity issue. For air traffic flow management and

power management, although both of them highlight the “balance”

on links (air links and power transmission lines), the nature of these

two problems are different. Air traffic flow management only accepts

integer solutions while the solutions in power management could be

continuous. The non-convexity leads to a heavy burden on the com-

plexity which cannot be overlooked.

3. The selection of objective functions. In some cases, multiple

objective optimization problems are required to obtain some trade-off

among different objectives. The solving methodologies for multiple

objective optimization problems are also different from the solutions

for single objective optimization problems.

Several future works are listed here and could be considered as the next

step of this research.

• Firstly, regarding the problem formulation issues, more realistic fac-

tors to increase expressiveness of the formulation should be included.

However, the realistic factors will increase the computational complex-

ity dramatically. Thus, abstraction, simplification and modularization

with decomposition and coordination is critical to meet the computa-

tional time and performance requirements.

• Secondly, the computational complexity issues should be addressed by

using more advanced structural approaches or combining with some

algorithms from computational intelligences.

• Thirdly, to achieve resilient solutions, more resilience factors should be
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involved in the formulation. Stochastic formulations could be consid-

ered in future works.
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