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are available. Hence, a clustered borehole layout scheme and a resampling method are proposed 15 

to improve the estimation accuracy. The methods are illustrated using some simulated data, 16 
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1. Introduction 22 

Due to the complex geological, environmental and physical effects, soil and rock materials 23 

often exhibit a spatial variability. Autocorrelation distances reflect the spatial autocorrelation 24 

of geotechnical parameters and are important inputs for reliability analyses of geotechnical 25 

structures (e.g., Li et al. 2014; Liu et al. 2015). As such, the estimation of autocorrelation 26 

distances for in-situ geotechnical parameters has been extensively studied, such as CPT 27 

parameters by Fenton (1999a), Jaksa (2007), and Stuedlein et al. (2012), SPT parameters by 28 

Sitharam and Samui (2007), Raghu Kanth and Dash (2008), and Zhang and Dasaka (2010), and 29 

vane shear test parameters by Chiasson et al. (1995), and PrzewŁócki (2000). 30 

Some limitations still exist in previous studies. First, a rigorous estimation of the 31 

autocorrelation distance under the condition of limited data (e.g., merely tens of data points) is 32 

not well investigated. In practice, the geotechnical data are usually sparse because of the high 33 

cost of site investigations as emphasized by Aladejare and Wang (2017). Equally spaced data, 34 

even in the vertical direction, usually are not available because the soil and rock layers of 35 

different types and geological formations should be separated. The scarcity of in situ data is 36 

more severe in rock engineering. However, only a few studies conducted autocorrelation 37 

distance estimations using limited data. Some (e.g., Akbas and Kulhawy 2010) tried to solve 38 

the limited-data problem using a mean-crossing method proposed by Vanmarcke (1977). But 39 

this method can only be applied to geotechnical parameters with a squared exponential 40 

autocorrelation structure and with a reasonably complete record (Vanmarcke 1977). Ching et 41 

al. (2017) attempted to estimate autocorrelation distances using limited data, but the focus of 42 

the study was to find out the conditions under which the horizontal scale of fluctuation could 43 

be estimated. Second, most of the studies focused on the vertical autocorrelation distance and 44 

ignored the horizontal one. Jaksa et al. (1999, 2004) estimated the horizontal autocorrelation 45 

distances of some CPT parameters. But the studies were based on very densely spaced data, 46 
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which are not common in practice. Lloret-Cabot et al. (2014) proposed an estimation method 47 

of horizontal scale of fluctuation based on conditional simulations. But the improvement in the 48 

estimation accuracy is not significant. Other studies involving horizontal autocorrelation 49 

distance estimation (e.g., Bong and Stuedlein 2017; Cai et al. 2017) also relied on the method 50 

of Vanmarcke (1977). Third, it was rarely realized that the estimation accuracy is highly 51 

dependent on the assumed autocorrelation structure in the geotechnical property. 52 

In view of the preceding limitations, this study evaluates the performance of maximum 53 

likelihood estimator (MLE) in simultaneously estimating the horizontal and vertical 54 

autocorrelation distances. The MLE is chosen because of its desirable statistical properties, 55 

such as the unbiasedness, minimum variance, and consistency (e.g., DeGroot and Baecher 1993; 56 

Fenton 1999b). Applications of the estimator in spatial covariance parameter estimations can 57 

also be found in Leung (2017) and Liu et al. (2017a). In this paper, the performance of MLE 58 

under conditions with different amounts of data and borehole layout schemes is first evaluated 59 

using some simulated data. The effect of selecting a wrong autocorrelation structure on the 60 

estimation accuracy is also investigated. It is found that the MLE may produce highly biased 61 

estimations when data are limited. Afterward, a reasonable borehole layout scheme and a 62 

resampling method are proposed to yield a solution close to the actual values of autocorrelation 63 

distances. Finally, the methods are illustrated using some SPT data from Singapore and CPT 64 

data from Australia.  65 

2. Performance of MLE under different conditions 66 

This section evaluates the performance of MLE under conditions with different amounts of 67 

data and borehole layout schemes using some simulated data. The procedure of the analysis is 68 

as follows. First, a set of random field parametric values (mean, standard deviation and 69 

autocorrelation distances) is assumed. Second, rN  random field realizations are simulated 70 

based on the assumed input random field parametric values. Finally, rN  new sets of random 71 
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field parametric values are estimated based on the simulated realizations using MLE. The 72 

performance of the MLE is assessed by comparing the estimated values with the input values 73 

and by checking the statistics and distributions of the estimated values. Since the MLE is a 74 

well-established estimator, it is not introduced herein. Details of the estimator can be found in 75 

Fenton (1999b) and Baecher and Christian (2003). 76 

Two most widely used autocorrelation functions are considered, namely the ellipsoidal 77 

exponential autocorrelation model (e.g., Ikelle et al. 1993; Zhu and Zhang 2013) and squared 78 

exponential (also called Gaussian) autocorrelation model (e.g., Phoon et al. 2003; Liu et al. 79 

2017b). Assume the spatial variability of the geotechnical parameters is modeled by a two-80 

dimensional lognormally distributed random field, )( ZX,Y , with a constant standard deviation, 81 

 and mean described by a polynomial trend function, where ),( ZX ,),,,(( 21
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where Ell  and Gau  are the autocorrelation coefficients for the ellipsoidal exponential and 88 

squared exponential autocorrelation functions, respectively; xl  and zl  are the horizontal and 89 

vertical autocorrelation distances, respectively; jiij xxx   and jiij zzz   are the 90 

horizontal and vertical separation distances between two points ( ix , iz ) and ( jx , jz ), 91 

respectively. To differentiate the two considered autocorrelation function models, the MLE 92 

assuming an ellipsoidal exponential autocorrelation structure is referred to as the ellipsoidal 93 
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exponential likelihood estimator while that assuming a Gaussian autocorrelation structure is 94 

called the Gaussian likelihood estimator. 95 

To evaluate the effects of the data amount and borehole sampling interval on the 96 

performance of the MLE, three cases are considered. In case 1, 20 (number of boreholes) × 10 97 

(number of data points in each borehole) = 200 SPT data points are contained in each realization 98 

of the random field. The sampling interval of boreholes in the horizontal direction is 25 m.  The 99 

SPT data points in different boreholes have the same vertical coordinates, namely [2 m, 4 m, 6 100 

m, 8 m, 10 m, 12 m, 14 m, 16 m, 18 m, 20 m]. In cases 2 and 3, 10 × 10 = 100 SPT data points 101 

are contained in each realization of random field. The borehole sampling intervals in case 2 102 

and 3 are 25 m and 50 m, respectively while the vertical coordinates of SPT data points in each 103 

borehole are the same as these in case 1. In all the three cases, the random field is set to be 104 

lognormally distributed with a mean () of 50, a standard deviation of 10 and autocorrelation 105 

distances of lx = 25 m and lz = 2 m. 500 realizations of random fields are simulated. The relative 106 

frequencies of the 500 sets of estimated autocorrelation distances for case 1 are plotted in Fig. 107 

1. As shown, the input values of ACDs are within the intervals associated with the maximum 108 

relative frequency. In addition, the Gaussian likelihood estimator is much more accurate than 109 

the ellipsoidal exponential likelihood estimator. As shown in Fig. 1, the coefficients of 110 

variation (COVs) of the estimated autocorrelation distances for the Gaussian likelihood 111 

estimator are smaller than one-third of the COVs for the ellipsoidal exponential likelihood 112 

estimator. The relative frequencies of the estimated horizontal autocorrelation distances for 113 

cases 2 and 3 are plotted in Figs. 2(a-b). As shown in Fig. 2(a), when 100 data points exist and 114 

the borehole sampling interval is 25 m, there is still one peak in the histogram of estimated 115 

horizontal autocorrelation distances. But the COV of the estimated lx is much larger than that 116 

for case 1 with 200 data points, suggesting a low robustness of the estimation under the 117 

condition of limited data. Meanwhile, the Gaussian likelihood estimator still outperforms the 118 
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ellipsoidal exponential likelihood estimator. By contrast, when the borehole sampling interval 119 

is 50 m, two peaks exist in the distribution of estimated horizontal autocorrelation distances 120 

(see Fig. 2(b)), indicating that the estimated autocorrelation distance may be far from the input 121 

value. The problem is more severe for the Gaussian likelihood estimator than that for the 122 

ellipsoidal exponential likelihood estimator. As shown in Fig. 2(b), the estimated lxs for both 123 

likelihood estimators can be divided into two groups, one close to or including the input lx and 124 

the other far from the input xl . The more biased group corresponds to 18 percent of realizations 125 

for the ellipsoidal exponential likelihood estimator, but 47 percent of realizations for the 126 

Gaussian likelihood estimator. This phenomenon is expected because for the Gaussian 127 

autocorrelation function, as the separation distance is equal to or larger than two times of the 128 

actual autocorrelation distance, the autocorrelation coefficients are close to 0. In other words, 129 

the simulated data provide little information regarding the autocorrelation property of the SPT 130 

parameter. 131 

Although the two likelihood estimators have different performances, the selection of 132 

likelihood estimator should be based on the actual autocorrelation structure of the geotechnical 133 

data rather than the performances of the estimators. Fig. 3 plots the relative frequencies for the 134 

horizontal autocorrelation distance (lx) estimated with the wrong likelihood estimators using 135 

simulated data. The input random field parametric values used to simulate SPT random fields 136 

are  = 50,  = 10, lx = 15 m and lz = 2 m. Each realization of random field contains 48 data 137 

points distributed in 8 boreholes. Each borehole contains six data points spaced at depth 138 

increments of 2 m. Two borehole layout schemes (BLSs) are considered, namely scheme 1 139 

with horizontal coordinates of boreholes set to [0 m, 10 m, 50 m, 60 m, 100 m, 110 m, 150 m, 140 

160 m] and scheme 2 with horizontal coordinates of boreholes set to [0 m, 20 m, 50 m, 70 m, 141 

100 m, 120 m, 150 m, 170 m]. For each BLS and each autocorrelation function, 500 realizations 142 

of SPT random field are simulated and the random field parametric values are estimated using 143 
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the wrong estimator. As shown in Fig. 3, a utilization of a wrong estimator always induces a 144 

large bias in the estimated values of lx. For example, if the ellipsoidal exponential estimator is 145 

used to estimate the ACDs of SPT data with a Gaussian autocorrelation structure and the 146 

minimum separation distance (MSD) of boreholes is smaller than the actual value of lx (namely 147 

scheme 1), the mean value of the estimated lx is much larger than the input value (see Fig. 3(a)). 148 

On the contrary, when the MSD of boreholes is still smaller than the actual value of lx, applying 149 

the Gaussian estimator to SPT data with an ellipsoidal exponential autocorrelation structure 150 

normally induces an underestimation of the ACDs (see the unfilled bars in Fig. 3(b)). 151 

Furthermore, the direction (or sign) and degree of biases in the estimated ACDs cannot be 152 

predicted if the actual values of ACD are unknown because the estimated value depends on the 153 

borehole layout schemes. As shown in Fig. 3, the different layout schemes lead to significantly 154 

different biases of estimated lx. The phenomenon is expected because the different borehole 155 

layout schemes provide different information regarding the autocorrelation property of SPT 156 

data.  157 

3. Methods for autocorrelation distance estimation 158 

This section uses two methods to resolve the problem illustrated in the last section, i.e., 159 

designing a useful borehole layout scheme and a resampling method. To clearly illustrate the 160 

capacities of the methods, fewer data than the previous section are adopted in the analyses, i.e., 161 

8 × 6 = 48 samples in each set of simulated data. 162 

3.1 Design of a useful borehole layout scheme 163 

Notice the phenomenon in the last section that the estimated lx has a relatively small bias when 164 

a relative small borehole sampling interval is adopted. It is natural to include some closely 165 

spaced boreholes in a borehole layout scheme to improve the estimation accuracy of 166 

autocorrelation distances. Hence, a series of clustered borehole layout schemes of SPT data are 167 

compared with an equally spaced borehole layout scheme. In a clustered scheme, all boreholes 168 
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are divided into several borehole clusters and the boreholes in each cluster are closely spaced. 169 

This scheme was recommended by Fortin et al. (1989), who evaluated the capacities of 170 

different sampling designs in detecting the spatial structure of sugar-maple tree density. 171 

DeGroot and Baecher (1993) also compared the efficiency of various sampling schemes in 172 

estimating the autocovariance of soil parameters and found the nested sampling plan provided 173 

the most accurate estimation of autocorrelation distances. The nested plan refers to a sampling 174 

scheme with the density of soil samples increasing from the boundary of the area under 175 

investigation to the central part of the area. The problem of this plan is that it cannot provide 176 

an equal amount of geotechnical information in different regions of the area and is not useful 177 

for the prediction of geotechnical parameters in regions with sparser samples. This plan hence 178 

is not considered in this study.  179 

Before illustrating the clustered borehole layout schemes, some investigations are 180 

conducted on the borehole layout schemes with equally spaced boreholes. Borehole layout 181 

schemes with different borehole sampling intervals are used to conduct maximum likelihood 182 

estimations based on simulated data. These estimations show how the borehole sampling 183 

interval affects the estimation accuracy of random field parametric values. For comparison, all 184 

the considered borehole layout schemes are set to contain the same number of boreholes (i.e., 185 

8) and each borehole contains 6 points spaced at depth increments of 2 m. The estimation 186 

accuracy is represented by an index, root mean squared relative error, as given by Eq. 2.  187 
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where rN  is the number of random field realizations; ip̂  is the estimated value of a random 189 

field parameter P; p  is the input value of a random filed parameter P. Note that the selection 190 

of borehole layout scheme affects not only the estimation accuracies of lx and lz, but also those 191 

of  and . Hence, the estimation accuracies of all the four random field parameters are 192 
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investigated. The overall estimation accuracy is expressed by the average value of the RMSREs 193 

for the four random field parameters, namely RMSREave = 0.25× (RMSRElx + RMSRElz + 194 

RMSRE + RMSRE), where RMSRElx, RMSRElz, RMSRE and RMSRE are the root mean 195 

squared relative errors for the random field parameters, lx, lz, , and , respectively.  196 

The variations of root mean squared relative errors for different borehole sampling 197 

intervals are plotted in Fig. 4. In Fig. 4, the sampling interval of boreholes are normalized by 198 

the input horizontal autocorrelation distance of random field. The input random field 199 

parametric values are  = 50,  = 10, lx = 10 m and lz = 2 m and 500 realizations with an 200 

ellipsoidal exponential autocorrelation structure are simulated for each borehole layout scheme. 201 

The following phenomena are observed in Fig. 4. (1) When the sampling interval is smaller 202 

than the input value of lx, the estimation error of lx slightly decreases with an increasing 203 

sampling interval. A very small borehole sampling interval induces a relatively large RSMSElx 204 

possibly because the range of the horizontal separation distance of boreholes is too narrow, 205 

making the estimation of lx not very robust. The logic can be well understood by imagining a 206 

curve-fitting performed with limited data points. In a curve-fitting, if the values of the 207 

explanatory parameter are very close, a small error in the value of the response parameter 208 

usually causes a large bias in the regression coefficients. (2) When the borehole sampling 209 

interval is larger than the input value of lx, the estimation error of lx increases significantly with 210 

an increasing borehole sampling interval. This phenomenon is expected because the 211 

autocorrelation coefficient reduces with an increasing separation distance. When the borehole 212 

sampling interval is too large, the autocorrelation property in the simulated data is weak and 213 

the data provide little information about the autocorrelation distance. (3) The estimation 214 

accuracies of lz,   and  decrease with an increasing borehole sampling interval and achieve a 215 

steady level when the borehole sampling interval reaches around twice of the input value of lx. 216 

The reasons are explained as follows. When the borehole sampling interval is very small, the 217 
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data points are strongly autocorrelated and are likely to take values on the same side of the 218 

mean value. This induces relatively large biases of the estimated  and . Meanwhile, closely 219 

spaced boreholes provide less information regarding lz  than boreholes far apart because the 220 

data sets in closely spaced boreholes are very similar. In addition, the data in one borehole are 221 

almost independent of the data in other boreholes as the borehole spacing is larger than two 222 

times of lx for an ellipsoidal exponential autocorrelation function. Hence, the RMSRElz, 223 

RMSRE, and RMSRE achieve a steady level as the normalized sampling interval of boreholes 224 

reach 2. Based on these three observations, it can be concluded that a relatively small borehole 225 

spacing (≤ the actual value of lx) is critical to an accurate estimation of lx while a relatively 226 

large borehole spacing (≥ the actual value of lx) is critical to an accurate estimation of lz,  and 227 

. Thus, a clustered borehole layout scheme is more reasonable than a scheme with equally 228 

spaced boreholes under the condition of limited data because the former can provide both small 229 

and large borehole spacings.  230 

To investigate the capability of clustered borehole layout scheme and the effect of 231 

borehole sampling interval and number of boreholes in one cluster, maximum likelihood 232 

estimations are conducted using simulated data based on various clustered borehole layout 233 

schemes. For comparison, the total number of boreholes in each scheme, number of data points 234 

in each borehole and vertical sampling intervals are still fixed at 8, 6 and 2 m, respectively. 235 

The widths of domains occupied by the data points are set to be around 180 m. 8 borehole 236 

layout schemes as shown in Fig. 5 are investigated. Schemes A to C, schemes D to G have two 237 

and four borehole clusters, respectively. For each of the 6 schemes from scheme A to F, the 238 

borehole sampling intervals of all the clusters are set to be the same, namely 3 m, 5 m, or 10 239 

m. But for scheme G, two borehole clusters have a borehole sampling interval of 3 m while the 240 

other two have a borehole sampling interval of 10 m. In addition, the last scheme, scheme H, 241 

contains equally spaced boreholes with a borehole sampling interval of 25 m. Three input 242 
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values of lx are considered, namely 3 m, 10 m, 15 m, and the other random field parametric 243 

values are set to be lz  = 2 m,  = 10 and  = 50. For each scheme and each set of random field 244 

parameters, 500 random field realizations are simulated and all sets of simulated data have an 245 

ellipsoidal exponential autocorrelation structure. The root mean squared relative errors for 246 

various borehole layout schemes and various sets of input random field parametric values are 247 

summarized in Table 1. The following observations can be obtained from Table 1. (1) Whatever 248 

the input value of lx is, the overall estimation error (i.e., RMSERave) generally decreases with 249 

an increasing normalized borehole sampling interval (NBSI) when the NBSI is smaller than 1 250 

(e.g., schemes A to C as input lx = 15 m). But the overall estimation error increases with an 251 

increasing NBSI when the NBSI is larger than 1 (e.g., schemes A to C as input lx = 3 m). In 252 

other words, the optimal value of NBSI is around 1. This phenomenon agrees with that 253 

observed from the maximum likelihood estimations using borehole layout schemes with 254 

equally spaced boreholes.(2) The number of boreholes in each cluster has a significant effect 255 

on the overall estimation error only when the borehole sampling interval (BSI) is relatively 256 

small (e.g., 3 m). When the BSI is small and the NBSI is relatively large (i.e., ≥ 1), the 257 

estimation accuracy increases with an increasing number of boreholes in one cluster (e.g., 258 

schemes A, D as input lx = 3 m). The reason is that in this case the estimation accuracy of lx 259 

controls the overall estimation accuracy and adopting more boreholes in one cluster 260 

significantly reduces the estimation error of lx. On the contrary, when the BSI is small and the 261 

NBSI is much smaller than 1, the estimation accuracy decreases with an increasing number of 262 

boreholes in one cluster (e.g., schemes A, D as input lx = 15 m). The reason is that in this case, 263 

the estimation accuracy of lz plays the dominant role and placing more boreholes in one cluster 264 

significantly increases the estimation error of lz. (3) The optimal borehole layout scheme varies 265 

with the actual horizontal autocorrelation distances. For example, scheme A is the optimal 266 

scheme when the input value of lx is 3 m, but is the worst scheme when the input value of lx is 267 
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15 m. The reason is that the requirements for the borehole sampling interval and borehole 268 

number in one cluster to get an accurate estimation varies when the actual value of lx changes. 269 

To address this issue, a clustered borehole layout scheme containing clusters with different 270 

borehole sampling intervals (i.e., scheme G in Fig. 5(g)) is also considered. The inspiration for 271 

this scheme is it provides different levels of borehole spacings. The root mean squared relative 272 

errors for this scheme are also summarized in Table 1. As shown, scheme G produces a 273 

RMSREave close to the optimal schemes for every input value of lx. In other words, this scheme 274 

has a good performance whatever the actual value of lx is. For example, as the input lx is 3 m, 275 

the difference value between the RMSREave for scheme G (0.34) and that for the optimal scheme 276 

(0.27) is 0.07. These two values of RMSREave are smaller than half of the RMSREave for the 277 

scheme with equally spaced boreholes (0.75). Hence, the clustered borehole layout scheme 278 

with different levels of borehole sampling intervals in the clusters is recommended. Another 279 

suggestion is that if there is any prior information regarding the horizontal autocorrelation 280 

distance, a clustered borehole layout scheme with identical borehole sampling intervals in 281 

clusters can be chosen according to the phenomena observed in Table 1. For example, if one 282 

knows from the literature that the lx of a soil parameter at a specific site is relatively small, a 283 

borehole layout scheme with a small borehole sampling interval and more boreholes in a cluster 284 

(such as scheme A) can be adopted as it produces smaller estimation errors than scheme G. 285 

Finally, the number of boreholes in one cluster should be set to be small unless any prior 286 

information indicates that the actual lx is small (such as < 5 m).  287 

Furthermore, Fig. 6 plots the distribution of the estimated lx for a clustered borehole 288 

scheme, scheme G, when the input autocorrelation distances are lx = 3 m and lz = 2 m. It can 289 

be clearly shown that as the input autocorrelation distance is small, many horizontal 290 

autocorrelation distances with values close to 0 are estimated even though a clustered borehole 291 

layout scheme is used. To illustrate why these small values of lx are obtained, Figs. 6(b, c) plots 292 
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the variation of natural logarithm of the likelihood (log-likelihood) with the horizontal 293 

autocorrelation distance for one realization. In Figs. 6(b, c), the log-likelihood is computed by 294 

altering the values of lx and fixing the values of other random field parameters at their estimated 295 

values. As shown, the log-likelihood generally decreases with an increasing lx but it remains 296 

almost constant when the lx varies from 0 to 0.4 m. The reason is that the data in the realization 297 

are almost spatially independent. For example, the sample autocorrelation coefficient evaluated 298 

from the moment method is -0.11 for the minimum separation distance of 3 m. This value is 299 

close to 0 and far from the theoretical value, exp(-3/3) = 0.37. According to the one-300 

dimensional form of the ellipsoidal exponential autocorrelation function, many small values of 301 

lx could induce an autocorrelation coefficient close to 0 at the separation distance of 3 m. Hence, 302 

the log-likelihood curve is almost flat when lx is smaller than and around the estimated value. 303 

The flat part of the likelihood curve will induce an infinite large value of standard deviation of 304 

lx because in the maximum likelihood method, the variance of one parameter is inversely 305 

proportional to the curvature of the log-likelihood function at the estimated value. To be 306 

specific, the variance of one parameter is evaluated as the inverse of the observed Fisher 307 

information matrix, the elements of which are the negative of mean values of the second-order 308 

partial derivatives of the log-likelihood function (Millar 2011). In this study, the information 309 

matrix is evaluated using a finite difference method as shown in Yuen et al. (2010) and Xiao 310 

et al. (2018). In other words, an infinitely large value of standard deviation of ACD can be 311 

viewed as an indication of an invalid estimation of ACD. Based on this observation, one 312 

resampling method is proposed to address the small-value issue of autocorrelation distances in 313 

the next section.  314 

3.2 Resampling method 315 

The basic idea of the resampling method is similar to that of the Bootstrap method (e.g., Efron 316 

and Tibshirani 1993) or subsampling method (Politis et al. 1999). For this method, the most 317 
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probable autocorrelation distances and the associated confidence intervals (CIs) are determined 318 

by (1) randomly drawing a certain percent of existing data Nre times, (2) estimating Nre sets of 319 

random field parametric values using the Nre sets of drawn data, (3) eliminating the invalid 320 

estimated ACDs and computing the mean value of the valid ACDs. The motivation for the 321 

resampling method is that when limited data exist, the estimation using all the data may be 322 

biased, but some resampled data could capture the actual autocorrelation structure because the 323 

resampling may exclude the data which cause the estimation bias. The main difference between 324 

the resampling method and the other two methods is that no repetitions exist in each set of 325 

resampled data and the coordinate information for any geotechnical data is retained during 326 

resampling. The bootstrap and subsampling methods are not selected because the theory and 327 

algorithm for sampling spatially dependent data, especially for multi-dimensional irregularly 328 

spaced data, are quite complex (see Lahiri 2013). The flowcharts of the resampling methods 329 

are plotted in Fig. 7 while the steps of the resampling method are elaborated as follows.  330 

(1) Estimate the random field parametric values and associated standard deviations using 331 

the full set of geotechnical data. If all the standard deviations of the evaluated autocorrelation 332 

distances are valid (namely not infinitely large), the estimations using the full data set can be 333 

viewed to be reliable estimations. Otherwise, one needs to resort to the resampling method 334 

given in the following steps. If the estimated lx is invalid, go to step 2; otherwise, go to step 8. 335 

(2) Nr random field realizations are simulated using one set of random field parametric 336 

values. This one set of input values could be one estimation of random field parameters based 337 

on a trial resampling percentage.  338 

(3) Find out the Nin realizations which yield invalid estimations of horizontal 339 

autocorrelation distances. In total, the Nr sets of realizations produce Nr sets of random field 340 

parametric values and associated standard deviations. Each set of parametric values is 341 

estimated from the full data set in one realization. The estimated horizontal autocorrelation 342 
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distances with infinitely large values of standard deviations are deemed to be invalid 343 

estimations of lx. 344 

(4) Conduct resamplings of a realization with an invalid estimation of lx using a certain 345 

resampling percentage and find valid lx samples for the resampled data. First, 500 resamplings 346 

are conducted by randomly drawing a certain percent (namely resampling percentage, RP) of 347 

data 500 times. Second, 500 sets of random field parametric values and associated standard 348 

deviations are estimated from the 500 sets of resampled data using the maximum likelihood 349 

estimator. Third, the horizontal autocorrelation distances with valid values of standard 350 

deviations are viewed to be valid lx samples and are extracted. 351 

(5) Compute the nominal confidence intervals (NCIs) corresponding to different nominal 352 

confidence levels (NCLs) using the valid lx samples generated in step 4. The NCI corresponding 353 

to one NCL is evaluated by finding out the associated quantiles of the valid horizontal 354 

autocorrelation distances. For example, the NCI for a NCL of 95% is bounded by the 2.5% and 355 

97.5% quantiles of the valid horizontal autocorrelation distances. 356 

(6) Repeat steps 4-5 until the NCIs for all the Nin realizations with invalid lx estimated in 357 

step 3 are evaluated and find the NCL with the desired coverage percentage. The coverage 358 

percentage (CP) of one NCL is the number of NCIs covering the input value of lx divided by 359 

the total number of NCIs. The NCL with the desired coverage percentage is identified and the 360 

associated CIs are viewed to be the desired CI for the currently considered resampling 361 

percentage. 362 

(7) Repeat steps 4-6 until the desired CIs for all the considered resampling percentages 363 

are evaluated and select the optimal resampling percentage by comparing the mean widths of 364 

the CIs for different resampling percentages. The resampling percentage with the minimum 365 

mean width of CI is chosen to be the optimal resampling percentage because the uncertainty in 366 

the lx for this resampling percentage is the minimum. 367 
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(8) If the estimated lz in step 1 is invalid, determine the optimal resampling percentage 368 

and the nominal confidence level with a desired CP for lz using a similar procedure as lx (namely 369 

steps 2-7). If the estimated lz in step 1 is valid, go to step 9. 370 

(9) Conduct resamplings of the actual geotechnical data using the resampling percentages 371 

and nominal confidence levels computed from previous steps and evaluate the most probable 372 

value (MPV) (i.e., mean value of the valid ACDs) and CI for lx and/or lz (i.e., the CI for the 373 

NCL with the desired CP).  374 

The resampling method is illustrated using simulated data. First, 500 realizations of 375 

random field realizations with an ellipsoidal exponential autocorrelation structure are simulated. 376 

The input random field parametric values are lx = 3 m, lx = 2 m,  = 10 and  = 50. A clustered 377 

borehole layout scheme with 8 boreholes and 48 data points is used. The horizontal coordinates 378 

of the boreholes are [0 m, 5 m, 50 m, 55 m, 100 m, 105 m, 150 m, 155 m] and each borehole 379 

contains 6 data points spaced at depth increments of 2 m. Second, maximum likelihood 380 

estimations are conducted using the 500 sets of data and it is found that 150 out of the 500 381 

realizations produce invalid estimations of lx (namely have infinitely large values of standard 382 

deviation of lx). Third, each of the 150 realizations are used to conduct resampling 500 times 383 

and the optimal resampling percentage and the nominal confidence level with a coverage 384 

percentage of 95% are computed.  385 

Fig. 8 plots the frequencies of estimated lx using resampled data drawn from two random 386 

field realizations. If the full data set is used, the estimated horizontal autocorrelation distances 387 

for the two realizations are 0.15 m and 0.16 m, respectively and have invalid standard 388 

deviations. The resampling percentage for the two cases in Fig. 8 is 80%. As shown in Fig. 8, 389 

after the invalid values of lx are eliminated, the frequencies of the remaining lx have only one 390 

peak. The mean value of the valid lx is closer to the input value than that for all the lx. In addition, 391 

by conducting resamplings of the 150 realizations, it is found that the nominal confidence levels 392 
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with a 95% coverage percentage are 68%, 78% and 97% for resampling percentages of 50%, 393 

60%, and 70%, respectively. No nominal confidence levels lead to CIs with a coverage 394 

percentage of 95% for the resampling percentage of 80% and 90%. The reason is that the 395 

resampling percentage is so large that most of the resampled data produce an estimated lx close 396 

to that estimated from the full data set. These estimated horizontal autocorrelation distances 397 

are still invalid and cannot cover the actual value of lx. Based on the abovementioned nominal 398 

confidence levels with 95% CP, the 95% CIs for different resampling percentages are 399 

computed. The mean widths of 95% CIs are evaluated as 6.5 m, 5.0 m and 6.5 m for resampling 400 

percentages of 50%, 60%, and 70%, respectively. The mean width of CI first decreases and 401 

then increases with an increasing resampling percentage. This trend is expected because too 402 

few drawn data induce a large variability of the estimated ACDs and too many drawn data lead 403 

to a large bias of the estimated ACD and a large nominal confidence level with 95% CP. Hence, 404 

the optimal resampling percentage of lx for the considered case is 60% and the nominal 405 

confidence level with a 95% CP is 78%. Using a similar procedure, it can be evaluated the 406 

optimal resampling percentage of lz for the considered case is 40% and the nominal confidence 407 

level with a 95% CP is 64%. The optimal resampling percentage of lz is smaller than that for lx 408 

because the autocorrelation of the SPT data is stronger in the vertical direction than in the 409 

horizontal direction (i.e., data are more closely spaced in the vertical direction than in the 410 

horizontal direction). If a large percent of data are drawn, the estimated lz is highly likely to be 411 

similar to that for the full data set. Thus, one has to draw less data to create a scenario 412 

significantly different from the full data set.  413 

4 Examples 414 

4.1 Illustration of the clustered borehole layout scheme using SPT data 415 

In this subsection, the performance of the clustered borehole layout scheme is illustrated using 416 

some SPT data in Singapore. First, the SPT data from the same geological formation and 417 
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belonging to the same soil type are extracted. Second, the blow count values of SPT are 418 

corrected to 60N , namely the N value corresponding to an energy ratio of 60%, because 60N  419 

is usually adopted in geotechnical practice for estimations of soil properties (e.g., Hettiarachchi 420 

and Brown 2009) or risk assessments of geotechnical structures (e.g., Baker and Faber 2008). 421 

Third, the order of polynomial trend functions of 60N  is determined through a widely used 422 

Bayesian information criterion (BIC) (e.g., Yuen 2010). Finally, the optimal autocorrelation 423 

function for 60N  is selected and the autocorrelation distances for 60N  are estimated.  424 

4.1.1 Extraction of SPT data 425 

A plan view of boreholes is plotted in Fig. 9 (a). These data are from site investigation reports 426 

for the construction of a Mass Rapid Transit (MRT) line in Singapore. As shown in Fig. 9(a), 427 

nineteen boreholes covering a line of around 400 m in length are selected for statistical analyses. 428 

To facilitate a two-dimensional statistical analysis, all the boreholes points are projected to a 429 

line parallel to the MRT line. The projection point for each borehole is the intersection of the 430 

projection line and a line crossing one borehole point and perpendicular to the projection line. 431 

The projection distance for one borehole point is defined as the distance from the corresponding 432 

projection point to the leftmost projection point on the projection line. Afterward, the SPT data 433 

for the dominating geological formation (i.e., Old Alluvium) and the dominating soil type (i.e., 434 

sand) are extracted. The Old Alluvium was deposited in an age of Late Tertiary to Middle 435 

Pleistocene, which was 0.5 to 5 million years old (Lee and Zhou 2009). The formation is mainly 436 

made up of sediments which were brought down by closely connected rivers and deposited in 437 

a deep basin in eastern Singapore Island (Cai 2012). In total, there are 131 data points for the 438 

sand in Old Alluvium. Details of the SPT data can also be found in Qi and Liu (2019). 439 

4.1.2 Correction of SPT data 440 

The results of SPT are affected by a number of factors, including the overburden pressure, 441 

energy ratio, borehole diameter, rod length, and sampler type. Any variation of the influential 442 
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factors results in a different N value. Hence, the influences of all the aforementioned factors 443 

are removed by correcting the measured N values to 60N . Guidelines for the corrections of the 444 

N values can be found in Robertson and Wride (1997) and ISO/CEN (2005). The corrected 445 

values, 60N , are plotted in Fig. 9(b). Values for the 60N  and associated coordinates can be seen 446 

in Qi and Liu (2019). Note that the nineteen boreholes used herein corresponds to the first 447 

nineteen boreholes plotted in Fig. 2(d) in Qi and Liu (2019).  448 

4.1.3 Identification of the optimal polynomial trend function 449 

First, the stationarity of 60N  is evaluated by a widely-used Kendall’s tau test (e.g., Jaksa 2007; 450 

Stuedlein et al. 2012). The test shows that the 60N  is non-stationary in both horizontal and 451 

vertical directions. Hence, a trend removal should be conducted to obtain a stationary residual 452 

of 60N . By considering polynomial trend functions with orders equal to or smaller than 3 (e.g., 453 

Qi and Liu, 2019), it is evaluated by the BIC that the optimal form of trend function is Eq. 3.  454 

2

4321 EEPDT    (3) 455 

where T is the trend value; PD is the projection distance; E is the elevation;  and 
1 , ···, 

4  456 

are the regression coefficients. This conclusion is also supported by the method of Phoon et al. 457 

(2003). Phoon et al. (2003) observed that the autocorrelation function or autocorrelation 458 

distance will achieve a steady level with increasing trend orders and the trend orders associated 459 

with the steady level are recommended. In this study, the same optimal trend function will be 460 

obtained if the method of Phoon et al. (2003) is used. The nonlinear trend function may be 461 

attributed to the effect of water flow, which keeps eroding, washing away, transporting and 462 

depositing soil particles and leads to inconsistent sand densities for different depths.  463 

To evaluate whether the SPT data are stationary after the trend is removed, the Kendall’s 464 

tau test method and the Bartlett’s test method (Bartlett 1937) are used to assess the stationarity 465 

of the residuals of the SPT data. The latter is a well-known method for testing whether multiple 466 
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independent data sets have equal variances. The Kendall’s tau tests using the coordinates and 467 

residuals of N60 show that the residual of the N60 is stationary. In addition, all the residuals of 468 

SPT data are divided into two groups to conduct the Bartlett’s test. The division is performed 469 

by placing a horizontal boundary or vertical boundary to the space occupied by the data. It is 470 

found that the assumption of homogeneous variance of two data groups cannot be rejected for 471 

any considered division scheme. Hence, it can be accepted that the SPT data are stationary in 472 

the variance.  473 

4.1.4 Estimation of autocorrelation distance 474 

The optimal autocorrelation function model is selected using a Bayesian model class selection 475 

method. In the Bayesian framework, the suitability of one model is represented by an index, 476 

evidence, which expresses the likelihood of the measured data for one assumed model (e.g., 477 

Yuen 2010). Details for the computation of evidences can be found in Cao and Wang (2014) 478 

and Liu and Qi (2017). For the SPT data considered in this study, the evaluated evidences for 479 

the ellipsoidal and squared exponential autocorrelation function model are 934 and 182, 480 

respectively. This result indicates that the likelihood of the measured data by assuming an 481 

ellipsoidal exponential autocorrelation function is five times as high as that by assuming a 482 

squared exponential model. Note that other studies also found that the ellipsoidal exponential 483 

autocorrelation function model was the optimal model of geotechnical parameters (e.g., Cao 484 

and Wang 2014; Liu and Qi 2017). Hence, the autocorrelation distances are estimated using 485 

the ellipsoidal exponential likelihood estimator in the following analyses. 486 

The autocorrelation distances for the ellipsoidal exponential autocorrelation function 487 

model are first evaluated using all the 131 SPT data points. The evaluated values for xl  and 
zl  488 

are 2.8 m and 1.7 m, respectively, while the 95% confidence intervals for xl  and 
zl  are [0.5 m, 489 

17.3 m] and [1.1 m, 2.7 m], respectively. Note that the standard deviations of xl  and zl  are 490 

evaluated by assuming xl  and 
zl  to be lognormally distributed so that negative values of 491 
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autocorrelation distances can be avoided (e.g., Ching et al. 2016). Afterward, two different 492 

borehole layout schemes with the same quantity of boreholes but different borehole spacings 493 

are considered. Scheme 1 contains 58 data points belonging to the 1st, 2nd, 5th, 7th, 9th, 10th, 13th, 494 

15th, 17th, and 18th boreholes from left in Fig. 9(a) while scheme 2 contains 66 data points 495 

belonging to the 1st, 3rd, 5th, 7th, 9th, 11th, 13th, 15th, 17th, and 19th boreholes. The former contains 496 

some borehole clusters in which the boreholes are closely spaced. For example, the horizontal 497 

spacings between the 1st and 2nd boreholes and between the 9th and 10th boreholes are 5.7 m 498 

and 7.1 m, respectively. Compared with scheme 1, scheme 2 contains more evenly spaced 499 

boreholes. The estimated autocorrelation distance values are lx  = 7.3 m, lz = 1.8 m for scheme 500 

1 and lx  = 0.5 m, lz = 2.4 m for scheme 2. The estimated value of lx for scheme 1 is within the 501 

95% lx CI evaluated from all the SPT data, but the value of lx for scheme 2 is just at the boundary 502 

of the 95% lx CI. In addition, the evaluated 95% CIs for the autocorrelation distances are lx: 503 

[1.7 m, 30.6 m], lz: [0.9 m, 3.8 m] for scheme 1 and lz: [1.4 m, 4.4 m] for scheme 2. The 95% 504 

CI of lx for scheme 2 is from negative infinity to positive infinity because the associated 505 

standard deviation of lx is infinitely large. The reason is that all the borehole spacings in scheme 506 

2 are so large that the SPT data in scheme 2 are almost spatially independent in the horizontal 507 

direction. There are also other borehole layout schemes which exhibit similar phenomena. 508 

These schemes are not illustrated herein. Hence, the clustered borehole layout scheme is 509 

superior to the schemes with relatively evenly spaced boreholes.  510 

4.2 Illustration of the resampling method using CPT data 511 

In this section, the performance of the resampling method is illustrated using some CPT data 512 

from Australia. One may ask why the SPT data in the last subsection are not used to illustrate 513 

the resampling method. The reason is that most of the SPT data shown in the last subsection 514 

are relatively far from each other in the horizontal direction. As a result, the resampled data 515 

cannot provide useful information regarding the autocorrelation property for small horizontal 516 
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separation distances. The absent of this information produces very large values of horizontal 517 

autocorrelation distance, which are unreasonable. In other words, the resampling method does 518 

not work when most of the borehole spacings are larger than the actual horizontal 519 

autocorrelation distance.   520 

The CPT data used in this subsection are from a field investigation performed in the 521 

Adelaide central business district (Jaksa 2007). In total, 51 CPT soundings distributed in one 522 

line are used and the horizontal sampling interval of the CPT data is 0.5 m. The total depth of 523 

each CPT sounding is 5 m and the penetration interval in each CPT sounding is 5 mm. The 524 

main soil type in the site is Keswick clay, which is located at a depth of 1.1 m below the ground 525 

surface. Details of the CPT data can be found in Jaksa (2007) and are not repeated herein. Fig. 526 

10(a) plots the variation of cone tip resistance with depth for some CPT soundings. For clarity, 527 

only six rather than all CPT soundings are plotted. As shown in Fig. 10(a), the cone tip 528 

resistance does not exhibit noticeable increasing or decreasing trends with depth below the 529 

depth of 1.5 m. In addition, no de-trending is performed by Jaksa (2007) when the horizontal 530 

variability of the CPT data is characterized. For comparison, the cone tip resistance parameter 531 

is also assumed to have a constant trend in this study. The random field parametric values of 532 

the cone tip resistance are estimated by the maximum likelihood method and only the 533 

ellipsoidal exponential likelihood estimator is considered herein. To reduce the computational 534 

burden, 50 × 24 = 1200 data points are extracted for parametric value estimations. The 1200 535 

points are equally spaced in 50 boreholes (from the 1st to 50th boreholes) with depth increments 536 

of 0.15 m (from the depth of 1.5 m to 5 m). The evaluated random field parametric values are 537 

 = 2.29 MPa,  = 0.38 MPa, lx = 0.97 m and lz = 0.50 m. The 95% CIs of the autocorrelation 538 

distances are lx: [0.76 m, 1.25 m] and lz: [0.39 m, 0.65 m]. The estimated value of lx is close to 539 

the lx values estimated by Jaksa (2007), namely from 1.4 m to 2.2 m, which are computed by 540 

the Bartlett’s approximation method using the CPT data in four depth levels. The difference 541 
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between the two estimations may be attributed to the different data quantities used. In other 542 

words, 1200 data points are used in this study while only 50 data points are used by Jaksa (2007) 543 

in each estimation.  544 

To illustrate the performance of the resampling method, some limited CPT data with 545 

relative locations shown in Fig. 10(b) are used to estimate random field parametric values of 546 

the cone tip resistance. These 48 points are drawn from the 2nd, 8th, 22nd, 28th, 42nd, 48th 547 

boreholes with horizontal coordinates of 0.5 m, 3.5 m, 10.5 m, 13.5 m, 20.5 m, and 23.5 m. 548 

The drawn data points in each borehole are equally spaced with depth increments of 0.4 m. 549 

These data points produce estimated random field parametric values of  = 2.34 MPa,  = 0.48 550 

MPa, lx = 0.09 m and lz = 1.02 m. The estimated lx is unusually small and the estimated standard 551 

deviation of lx is infinitely large. The resampling method is used to address this small-value 552 

issue. By generating simulated data with the input values of lx = 1.5 m and lz = 1.0 m, the 553 

optimal resampling percentage and nominal confidence level with a 95% coverage percentage 554 

are evaluated as 50% and 83%, respectively. Note that the input value of lx is obtained from a 555 

trial resampling with a resampling percentage of 60%. The actual data in Fig. 10(b) are 556 

resampled using the RP of 50% and the estimated lx using the resampled data are plotted in Fig. 557 

10(c). It is evaluated that the MPV and 95% CI of lx are 1.80 m and [0.78 m, 3.25 m], 558 

respectively. These values are more reasonable than the values for the full set of data. However, 559 

it should be noted that the resampling method does not work in all situations. For example, if 560 

the vertical sampling interval is set to be much smaller than the estimated value of lz, such as 561 

0.1 m, the resampling method does not work when the full data set produces invalid estimation 562 

of lx. The reason is that the data points in each borehole are closely spaced and highly 563 

autocorrelated. If the full data set cannot produce valid estimation of ACD, the resampled data 564 

are also highly unlikely to produce valid estimations of lx. Hence, to facilitate the 565 

implementation of the resampling method, the thickness of the domain occupied by the 566 
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geotechnical data should be much larger than the vertical autocorrelation distance, such as 6 567 

times of lz as illustrated by the case in this section.  568 

Conclusions 569 

This study evaluates the performance of maximum likelihood estimator in estimating the 570 

autocorrelation distances under different conditions. The effect of autocorrelation structure on 571 

the estimation accuracy is also investigated. It is found that the MLE may produce highly biased 572 

estimations of autocorrelation distances when limited data exist. A useful boreholes layout 573 

scheme and a resampling method are hence proposed to estimate autocorrelation distances 574 

using limited data. The capacities of the methods are illustrated using simulated SPT data, real 575 

SPT data from Singapore and real CPT data from Australia. Based on the analyses, the 576 

following conclusions are drawn. 577 

(1) The Gaussian likelihood estimator is more robust than the ellipsoidal exponential 578 

likelihood estimator when the geotechnical data have some spacings smaller than two times of 579 

actual autocorrelation distances. Moreover, the selection of estimator should be based on a 580 

model selection of the autocorrelation structure rather than on the performance of the two 581 

estimators. A utilization of a wrong estimator induces large estimation errors of the 582 

autocorrelation distances.  583 

(2) When no prior information involving the horizontal autocorrelation distance is 584 

available, the clustered borehole layout scheme should contain clusters with different levels of 585 

borehole sampling intervals. When the general range of the horizontal autocorrelation distance 586 

is known, the borehole sampling interval in the borehole clusters should be set to be around the 587 

actual value of lx. The number of boreholes in each cluster should not be too large unless the 588 

actual autocorrelation distance is known to be very small (such as < 5 m). Case studies using 589 

both simulated data and real SPT data show that the clustered borehole layout schemes produce 590 

more reasonable ACDs than the schemes with more evenly distributed boreholes.  591 
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(3) If merely limited geotechnical data are available, the MLE may produce ACDs with 592 

values close to 0. A resampling method is proposed to choose valid resampled data and estimate 593 

ACDs based on the valid resampled data. The case study using real CPT data show that the 594 

resampling method produces an ACD close to the ACD estimated from relative sufficient data. 595 

However, it should be noted that the resampling method is applicable only when (a) some 596 

closely spaced geotechnical data exist in the horizontal direction and (b) the thickness of 597 

domain occupied by the geotechnical data is much larger than the vertical autocorrelation 598 

distance (e.g., 6 times of vertical autocorrelation distance).  599 
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Captions of Figures 

Fig. 1. Estimated autocorrelation distances for relatively sufficient data 

Fig. 2. Estimated autocorrelation distances for limited data  

Fig. 3. Estimated horizontal autocorrelation distances using the wrong likelihood estimators 

Fig. 4. Root mean squared relative errors of random field parameters for different borehole 

sampling intervals 

Fig. 5. Eight borehole layout schemes used for random field parametric value estimations 

Fig. 6. Estimated horizontal autocorrelation distances for a clustered borehole layout scheme 

(input xl = 3 m) 

Fig. 7. Flowchart of the resampling method 

Fig. 8. Frequency of estimated lx using resampled data 

Fig. 9. Information of the SPT data 

Fig. 10. CPT data and estimated horizontal autocorrelation distances using limited data 
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(a) Estimated xl  (input xl = 25 m, zl = 2 m)                          (b) Estimated zl  (input xl = 25 m, zl = 2 m) 

Fig. 1. Estimated autocorrelation distances for relatively sufficient data 

             
(a) Case 2: borehole sampling interval = 25 m                         (b) Case 3: borehole sampling interval = 50 m 

Fig. 2. Estimated horizontal autocorrelation distances for limited data 

         
(a) Estimated lx using the ellipsoidal exponential 

estimator and SPT data with a Gaussian 

autocorrelation structure  

(b) Estimated lx using the Gaussian estimator and 

SPT data with an ellipsoidal exponential 

autocorrelation structure  

Fig. 3. Estimated horizontal autocorrelation distances using the wrong likelihood estimators 
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Fig. 4. Root mean squared relative errors of random field parameters for different borehole 

sampling intervals 

 
(a) Scheme A: two clusters with borehole sampling interval in each cluster equal to 3 m 

 
(b) Scheme B: two clusters with borehole sampling interval in each cluster equal to 5 m 

 
(c) Scheme C: two clusters with borehole sampling interval in each cluster equal to 10 m 

 
(d) Scheme D: four clusters with borehole sampling interval in each cluster equal to 3 m 

 
(e) Scheme E: four clusters with borehole sampling interval in each cluster equal to 5 m 

 
(f) Scheme F: four clusters with borehole sampling interval in each cluster equal to 10 m 
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(g) Scheme G: four clusters with different borehole sampling intervals in different clusters 

 
(h) Scheme H: all boreholes are equally spaced with a borehole sampling interval of 25 m 

Fig. 5. Eight borehole layout schemes used for random field parametric value estimations 

       
(a) Relative frequency                                              (b) Log-likelihood with lx for one realization 

 
(c) Partial enlarged detail of Fig. 6(b) 

Fig. 6. Estimated horizontal autocorrelation distances for a clustered borehole layout scheme 

(input xl = 3 m) 
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(a) Overall flowchart (b) Flowchart for determination of the optimal RP and nominal CL with a desired CP 

Fig. 7. Flowchart of the resampling method 
Note: the ACD in Fig. 7(b) denotes either lx or lz 
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(a) Realization 1 (before eliminations of invalid lx)         (b) Realization 1 (after eliminations of invalid lx)  

    
(c) Realization 2 (before eliminations of invalid lx)         (d) Realization 2 (after eliminations of invalid lx)  

Fig. 8. Frequency of estimated lx using resampled data 

        
(a) Plan view of the boreholes                                              (b) Corrected N values  

Fig. 9. Information of the SPT data 
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(a) Cone tip resistances for six CPT soundings (b) Data points used for random field parametric value estimation 

 
      (c) Estimated lx using resampled data 

Fig. 10. CPT data and estimated horizontal autocorrelation distances using limited data 
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Table 1 Root mean squared relative errors of estimated random field parametric values 

Input 

lx 

(m) 

Scheme 

aSampling 

interval 

(m) 

bNormalized 

sampling 

interval 

Number 

of 

clusters 

RMSRElx RMSRElz RMSRE RMSRE RMSREave 

3 

A 3.0 1.0 2 0.47 0.44 0.14 0.054 0.27 

B 5.0 1.7 2 0.66 0.40 0.13 0.047 0.31 

C 10.0 3.3 2 1.00 0.43 0.13 0.040 0.40 

D 3.0 1.0 4 0.63 0.50 0.15 0.046 0.33 

E 5.0 1.7 4 0.77 0.42 0.12 0.044 0.34 

F 10.0 3.3 4 1.07 0.40 0.13 0.039 0.41 

G c3.0 10.0 1.0 3.3 4 0.76 0.42 0.13 0.042 0.34 

H d25.0 8.3 - 2.42 0.42 0.13 0.038 0.75 

10 

A 3.0 0.3 2 0.48 0.64 0.20 0.070 0.35 

B 5.0 0.5 2 0.43 0.55 0.17 0.066 0.31 

C 10.0 1.0 2 0.52 0.51 0.15 0.054 0.31 

D 3.0 0.3 4 0.42 0.56 0.16 0.053 0.30 

E 5.0 0.5 4 0.49 0.50 0.15 0.050 0.30 

F 10.0 1.0 4 0.62 0.46 0.14 0.047 0.32 

G c3.0 10.0 0.3 1.0 4 0.47 0.50 0.15 0.051 0.29 

H d25.0 2.5 - 0.81 0.41 0.14 0.047 0.35 

15 

A 3.0 0.2 2 0.46 0.71 0.21 0.074 0.37 

B 5.0 0.3 2 0.41 0.58 0.18 0.066 0.31 

C 10.0 0.7 2 0.46 0.50 0.16 0.061 0.29 

D 3.0 0.2 4 0.42 0.52 0.16 0.052 0.29 

E 5.0 0.3 4 0.44 0.51 0.16 0.056 0.29 

F 10.0 0.7 4 0.45 0.46 0.15 0.052 0.28 

G c3.0 10.0 0.2 0.7 4 0.47 0.47 0.16 0.056 0.29 

H d25.0 1.7 - 0.65 0.43 0.14 0.049 0.32 

Note: asampling interval is the borehole sampling interval of each cluster; 
bnormalized sampling interval is the borehole sampling interval of each cluster divided by the horizontal 

autocorrelation distance; 
ctwo values of sampling interval are provided because two borehole spacings are involved in the four borehole 

clusters; 
dboreholes in this scheme are equally spaced with a borehole sampling interval of 25 m. 


