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Abstract

Task-space feedback information such as visual feedback is used in many modern robot control systems as it improves robustness
to model uncertainty. However, existing task-space feedback control schemes are only valid locally in a finite task space within
a limited sensing zone where the singularity of the Jacobian matrix can be avoided. The global stability problem of task-space
control system has not been systemically solved. In this paper, we introduce a novel regional feedback method for robot task-
space control. Each feedback information is employed in a local region, and the combination of regional information ensures the
global convergence of robot motion. The transition from one feedback information to another is embedded in the controllers
without using any hard or discontinuous switching. Using the regional feedback, a new task-space control method is proposed,
which consists of a reaching task variable that drives the robot from one task space to another and a desired task variable
to move the robot to the desired position at the ending stage. We shall show that the proposed regional feedback control
method is a united formulation to address various open issues in task-space control problems such as singularity problem and
limited sensing zone. This is the first result in task-space control that the global dynamic stability can be guaranteed with the
consideration of singularity issues and limited sensing zones.
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1 Introduction

Various task-space controllers which either formulate the
control problem in Cartesian space or sensory task space
have been proposed for robot manipulator. Takegaki
and Arimoto [Takegaki and Arimoto, 1981] proposed
the first Cartesian-space regulator, and inspired by
the original work, much progress has been achieved
in understanding the task-space regulation problems
[Arimoto, 1996,Kelly, 1999]. To deal with tracking con-
trol, Slotine and Li [Slotine and Li, 1987] proposed a
Cartesian-space adaptive controller, which contained a
PD feedback and a full dynamics compensation.

Recent advances in sensing technology led to the re-
search and development of sensory task-space feedback
control laws for robot systems. While the sensory in-
formation is important to improve the endpoint accu-
racy in the presence of uncertainty, most sensory control
schemes require the exact knowledge of the Jacobian ma-
trix from joint space to task space. Unfortunately, it is
difficult to derive the Jacobian matrix accurately espe-
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cially when the robot manipulates a tool with unknown
length. Several approximate Jacobian controllers for set-
point control of robots with uncertainties in both kine-
matics and dynamics [Cheah et al., 2003; Dixon, 2007;
Ozawa and Oobayashi, 2009] have been proposed. To
deal with tracking control problem with uncertain kine-
matics, an adaptive Jacobian controller was proposed in
[Cheah et al., 2006]. In [Wang and Xie, 2009], an adap-
tive controller was proposed for free-floating space ma-
nipulator with uncertainties in both kinematics and dy-
namics. To avoid singularities associated with the Eu-
ler angles representation, an adaptive Jacobian track-
ing controller based on the unit quaternion representa-
tion was developed [Braganza et al., 2008]. For the vi-
sion based control, it is also difficult to derive the ex-
act image Jacobian matrix [Weiss et al. 1987; Espiau et
al., 1992] due to the uncertainty in the depth informa-
tion. Using a depth-independent interaction matrix, Liu
et al., [Liu et al., 2006] introduced a vision based con-
troller to cope with the uncertain depth problem. Cheah
et al. [Cheah et al., 2010] presented an adaptive Jaco-
bian setpoint controller with concurrent adaptation to
uncertain depth information and kinematics.

One common assumption of task-space sensory feed-
back control is that the position of the end effector
must stay within the sensing zone for the entire task.
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In addition, it is also assumed in task-space control
methods that the Jacobian matrix is non-singular. A
large number of research efforts have been devoted to
singularity avoidance by exploiting the kinematic re-
dundancy [Nakamura, 1991,Chiaverini, 1997], but those
methods are essentially singularity avoidance tech-
niques and are only feasible for redundant robots. In
addition, the damped least-square inverse Jacobian
matrix [Nakamura, 1991] and the Jacobian transpose
[Sciavicco and Siciliano, 1988] were proposed to over-
come the problem of singularity, but it is not possible to
prove the stability of closed-loop system in task-space
tracking control since neither the damped inverse Jaco-
bian nor the Jacobian transpose is the true inverse of
the Jacobian matrix. Some work has been performed to
analyze the stability with the damped inverse Jacobian
[Caccavale et al., 1997,Nenchev et al., 2000]. However,
unlike task-space control, the stability analysis of these
methods is limited to kinematic control, without con-
sidering the effects of the robot dynamics.

Therefore, existing task-space controllers are only valid
locally in a finite task space within a limited sensing zone
where the singularity of the Jacobian matrix is avoided,
and the global dynamic stability problem of task-space
control system has not been systemically solved. In this
paper, we present a regional feedback method for robot
task-space control. Each feedback information is em-
ployed within a local region, and the combination of the
local feedback covers the entire workspace and thus guar-
antees the global stability. The main contributions of
this paper are summarized as follows: i) This is the first
result that solves the open issues on the global dynamic
stability of task-space robot control system with con-
sideration of singularity of Jacobian matrix and limited
sensing zone. The effects of nonlinearity and uncertainty
of robot dynamics are taken into consideration in the
stability analysis. ii) The results provide a new formula-
tion that allows the problems of singularity and limited
sensing zone to be addressed in a unified way. iii) The
proposed method allows a smooth transition between re-
gional feedback and hence eliminates the problem of dis-
continuous switching that causes chattering or vibration
during the movement. Instead of designing multiple con-
trollers in different regions and switching between them,
we present a new task-space control strategy that allows
the use of dual task-space information in a single con-
troller. Experimental results are presented to illustrate
the performance of the proposed controller.

2 Problem Statement

Current task-space control methods are only valid lo-
cally in a finite task space and thus the stability of the
closed-loop system cannot be ensured globally. In this
section, we first review some problems in robot task-
space control and then propose a unified formulation to
address these issues.

Singular Regions
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Fig. 1. Singularity problem: the singular regions are not
reachable.

Singularity occurs when the Jacobian matrix is not full
rank and it is commonly assumed that the robot is oper-
ating in a finite task space such that the singularity prob-
lem can be avoided. This limits the potential workspace
of the robot when the task-space control is employed.
For example, Fig. 1 shows the feasible workspace of a 3
d-o-f manipulator where singularities are avoided.

Manipulator

Camera

Occluded
Areas

FOV

Fig. 2. Problem of limited field of view: the end effector
cannot leave the field of view during the course of movement.

For vision based control, since the camera has limited
field of view as illustrated in Fig. 2, the end effector of
the robot must start within the field of view and can-
not leave the field of view during the course of move-
ment. A variety of approaches have been proposed in
the literature of visual servoing to keep the image fea-
tures within the field of view [Chesi and Hashimoto 2010;
Gans and Hutchinson 2007; Malis 2004; Cowan et al.,
2002; Mezouar and Chaumette, 2002; Garcia-aracil et
al., 2005; Gans et al., 2011], but these methods assume
that the image features are observable at the beginning
stage and do not consider image occlusion. In addition,
these visual servoing techniques are formulated as kine-
matic control methods without the consideration of the
effects of robot dynamics.

In micromanipulation tasks, there is always an inherent
trade-off between the resolution and the field of view.
A high-resolution microscope is required to improve the
end point accuracy of manipulation tasks but it has very
limited field of view. A coarse-to-fine mechanism using
mixed cameras is introduced in [Ralis et al., 2000]. How-
ever, the stability of the closed-loop system is not con-
sidered, and the transition among different sensory feed-
back is not smooth.
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To develop the regional task-space feedback controller,
we consider the dynamics of the robotic manipulator as:
[Arimoto, 1996]:

M(q)q̈ + [
1
2
Ṁ(q) + S(q, q̇)]q̇ + g(q) = τ , (1)

where q = [q1, · · · , qn]T ∈ <n represents the joint an-
gles, M(q) ∈ <n×n is an inertia matrix which is sym-
metric and positive definite, S(q, q̇) ∈ <n×n is a skew-
symmetric matrix, g(q) ∈ <n denotes a vector of grav-
itational force, and τ ∈ <n denotes a vector of con-
trol inputs. The dynamic model as described by equa-
tion (1) is linear in a set of physical parameters θd =
[θd1, · · · , θdk]T as:

M(q)q̈+[
1
2
Ṁ(q)+S(q, q̇)]q̇+g(q)= Yd(q, q̇, q̇, q̈)θd, (2)

where Yd(q, q̇, q̇, q̈) ∈ <n×k is a known dynamic regres-
sor matrix.

In task-space control, the position of the end effector is
specified in task space directly, and the velocity of the
end effector is related to the joint velocity as:

ẋ = Jx(q)q̇, (3)

where x = [x1, · · · ,xm]T are the positions of features
in task space, and xi = [xi1 , · · · , xini

]T ∈ <ni denote
feature points, i = 1, 2, · · · ,m, and m is the total num-
ber of features. The matrix Jx(q) ∈ <

∑m

i=1
ni×n is a

Jacobian matrix from joint space to the corresponding
task space. We consider x as a desired task variable in
which the desired task is specified. However, the task-
space feedback information is not always accessible due
to limited sensing zone or singularity issue.

Given a desired trajectory xd, our main objective is to
formulate and solve a task-space control problem such
that the global stability can be guaranteed. To achieve
that, we introduce a reaching task variable r ∈ <nr ,
which specifies the position of the end effector in a dif-
ferent coordinate space with the available feedback in-
formation as:

ṙ = Jr(q)q̇, (4)

where Jr(q) ∈ <nr×n is the Jacobian matrix from joint
space to the corresponding task space. The variable r
is used to drive the end effector into the working range
of x. By using these two task variables, we propose a
unified control methodology which integrates regional
feedback information smoothly into one controller. The
regional feedback information consists of the reaching
task variable r which drives the end effector to approach
the desired task region, and the desired task variable x
which ensures the convergence to the desired trajectory.

3 Task-Space Regions

We divide the robot workspace into external regions and
internal regions as illustrated in Fig. 3. In these regions,
the desired task variable x is not available, and hence
the reaching task variable r is employed. According to
specific robot tasks, the reaching task variable r and the
desired task variable x can be formulated in different
task coordinates.

In the following development, we firstly give several ex-
amples of the feedback variables x and r and the corre-
sponding task-space regions in section 3.1. After that, a
general and systematic formulation of region functions
is proposed in section 3.2. The potential energy func-
tions and the regional feedback errors by using the re-
gion functions are introduced in section 3.3.

d
x

x

r

r
Internal Regions

External Regions

Desired Trajectory

r

Fig. 3. An illustration of external and internal task-space
regions of the 3 d-o-f robot shown in Fig. 1. The feedback
information x is not feasible in these regions (dark regions),
and the feedback information r is activated to move the end
effector outside these regions.

3.1 Examples of Regional Feedback

3.1.1 Singularity Problem

In Cartesian-space control, the desired task variable x
is specified in Cartesian space as:

x = p = [p1, · · · ,pm]T , (5)

where pi denote feature points in Cartesian space. The
Jacobian matrix Jx(q) denotes the mapping from joint
space to Cartesian space.

As discussed in section 2, the desired task feedback x is
not feasible near the singular positions where the inverse
Jacobian matrix becomes singular. To solve the problem,
the joint position is specified as the reaching task vari-
able r and employed near or at the singular positions.
The variable r is thus specified in joint space as:

r = q = [q1, · · · , qn]T , (6)
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and the Jacobian matrix Jr(q) becomes an identity ma-
trix: Jr(q) = I that is invertible.

In general, the manipulator singularities can be divided
into external singularity and internal singularity. The
external singularity occurs at the external workspace
boundary, and the internal singularity includes the in-
ternal boundary singularity and interior singularity.
[Cheah and Li, 2011].

To illustrate the concept, let us consider a 2 d-o-f planar
manipulator. The Jacobian matrix of the manipulator is
singular when det[J(q)] = l1l2sin(q2) = 0, where l1 and
l2 are the lengths of the first and the second link respec-
tively, and q2 denotes the second joint angle. Therefore,
the singular joint configurations are: q2 = 0 (external
boundary singularity), and q2 = π (internal boundary
singularity).

Based on the singular configurations, two regions can be
specified as:

hE1(q) = b2
E1
− (q2)2 ≥ 0, (7)

hI11(q) = (q2 − π)2 − b2
I11

≤ 0, (8)

where bE1 and bI11 are positive constants, and hE1(q) ≥
0 is the external region which covers the external bound-
ary singularity, and hI11(q) ≤ 0 is the internal region
which covers the internal boundary singularity. The joint
information is used where hE1(q) ≥ 0 or hI11(q) ≤ 0 to
drive the end effector away the singular configurations.
After the end effector leaves the singular regions, the
Cartesian-space feedback is activated so as to move the
end effector towards the desired position.

For the 3 d-o-f manipulator illustrated in Fig. 1, the
Jacobian matrix of manipulator is singular when:

det[J(q)]=[l2cos(q2)+l3cos(q2+q3)]l3l2sin(q3)=0, (9)

where q2 and q3 denotes the second and the third joint
angles, and l2 and l3 are the lengths of the second and
the third link respectively. Therefore, the singularities
occur when the end effector is near the positions where
q3 = 0, q3 = π and [l2cos(q2)+ l3cos(q2 +q3)] = 0. Three
regions can be specified in joint space as:

hE1(q) = b2
E1
− (q3)2 ≥ 0, (10)

hI11(q) = (q3 − π)2 − b2
I11

≤ 0, (11)

hI12(q)=[l2cos(q2)+l3cos(q2 + q3)]2−b2
I12

≤ 0, (12)

where bI12 is also a positive constant, and hE1(q) ≥ 0
is the external region which covers the external bound-
ary singularity, and hI11(q) ≤ 0 and hI12(q) ≤ 0 are the
internal regions which cover the internal boundary sin-
gularity and the interior singularity.

3.1.2 Limited Field of View

In vision-based control, the desired task variable x is
specified in image space as:

x = xI = [xI1, · · · ,xIm]T , (13)

where m is the number of image features, and xIi =
[xih

, xiv
]T denotes an image feature point, and xih

rep-
resents the horizontal coordinate, and xiv

is the vertical
coordinate. The Jacobian matrix Jx(q) represents the
mapping from joint space to image space.

Due to the limited field of view or image occlusion, the vi-
sual feedback x cannot cover the entire robot workspace
as shown in Fig. 2. To solve the problem, the reaching
task variable r is specified in Cartesian space as:

r = p, (14)

and the Jacobian matrix Jr(q) denotes the mapping
from joint space to Cartesian space.

To illustrate the concept, let us consider a standard
camera with a rectangular field of view. To cover
those regions that are outside the field of view, an ex-
ternal region can be specified in Cartesian space as
[Cheah and Li, 2010]:

hE1(p) =




(p11−pr11 )2

(pb11−pr11 )2
− 1

(p12−pr12 )2

(pb12−pr12 )2
− 1

(p13−pr13 )2

(pb13−pr13 )2
− 1


 ≥ 0, (15)

where the vector pb1 = [pb11 , pb12 , pb13 ]
T repre-

sents a set of boundary positions, and the vector
pr1 = [pr11 , pr12 , pr13 ]

T denotes static reference posi-
tions. When the function hE1(p) is mapped from Carte-
sian space to image space, it corresponds to a rectangle
which can match the field of view , and the Cartesian-
space feedback is employed where hE1(p) ≥ 0 to drive
the end effector towards the field of view. Since the
objective is to bring the end effector into the field of
view, only the position information of the end effector
is usually sufficient.

3.1.3 Micromanipulation

In the micromanipulation system, the desired task vari-
able x represents the position of the end effector mea-
sured by the microscope. Therefore, the variable x is
specified in the image space of microscope as:

x = xz = [xz1, · · · ,xzm]T , (16)

where xzi = [xzih
, xziv

]T ∈ <2 denotes an image feature
point. Another camera with a wide angle can be used to
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control the movement of the end effector at the beginning
stage. Therefore, the reaching task variable r is defined
as the vision information obtained from the wide-angle
camera as:

r = xw = [xw1, · · · ,xwm]T . (17)

where xwi = [xwih
, xwiv

]T ∈ <2 denotes a feature point
in the image space of the wide-angle camera. Using re-
gional feedback, the transition from the feedback r to
the feedback x is smooth, which prevents the vibration
during the course of micromanipulation.

Remark 1. The orientation of the end effector can be
described by Euler angles or the unit quaternion. If Euler
angles are used to represent the end effector’s posture,
only a local description of the orientation can be ob-
tained for task-space robot control because of the repre-
sentation singularity. This problem can be solved by in-
troducing internal regions to enclose the joint configura-
tions which lead to the representation singularity. Inside
the internal regions, only the reaching task variable r is
employed to move the robot outside the internal regions.
The representation singularity can also be eliminated
if the orientation of the end effector is represented by
the unit quaternion. The corresponding region functions
with the unit quaternion can be formulated by using the
unit quaternion tracking error [Braganza et al., 2008].

3.2 Region Functions

3.2.1 Region Functions with Reaching Task Feedback

As seen from the previous section, there exist some re-
gions in the robot workspace, where the desired task
feedback x is not feasible due to singularities, limited
sensing zone or image occlusion. Therefore, we formu-
late several functions in the coordinates of r to represent
those regions, and use the reaching task feedback r to
drive the end effector out of these regions. The regions
formulated in the coordinates of r are classified as two
categories: external regions and internal regions.

The external regions are specified to cover the positions
that are beyond the external boundaries of the desired
task variable x, such as the external boundary singular-
ity and the field of view. In general, the external region
functions are specified in the coordinates of r as:

hE(r)=[hE1(r), hE2(r), · · · , hEm
(r)]T≥ 0, (18)

where m is the total number of external regions. The
robot employs the feedback r inside the external regions
where hE(r) ≥ 0. The vector inequality hE(r) ≥ 0
implies that hEi

(r) ≥ 0 for all i = 1, · · · ,m.

The specific forms of hEi
(r) depend on the robot tasks.

For example, consider the singularity problem of a 2 d-o-
f manipulator in section 3.1.1, the reaching task variable

r is specified in joint space (i.e. r = q), and the external
boundary singularity occurs when the end effector is near
the position q2 = 0. Therefore, the external region is
specified as: hE1(q) = b2

E1
− (q2)2 ≥ 0 to cover the

external singular positions. The constant bE1 represents
the size of external region and it can be set to ensure
that the manipulator is sufficiently far away the singular
configuration when the end effector leaves the external
region.

Similarly, the internal regions are specified to cover the
positions that cannot be reached by the desired task
variable x within the external boundaries, such as the
internal boundary singularity, the interior singularity
and the image occluded areas. Each external region
hEi(r) may be accompanied with several internal re-
gions hIi1(r), hIi2(r), · · · , hIiNi

(r). For example, in Fig.
1, there are two internal singular regions inside a sin-
gle robot workspace. In Fig. 2, there are two occluded
regions within a field of view. Therefore, the internal
region functions are specified in general as:

hI(r)=[

N1︷ ︸︸ ︷
hI11(r), · · · , hI1N1

(r), · · · ,

Ni︷ ︸︸ ︷
hIi1(r), · · · , hIiNi

(r),

· · · ,

Nm︷ ︸︸ ︷
hIm1(r), · · · , hImNm

(r)]T≤ 0, (19)

where Ni is the number of internal regions corresponding
to the ith external region hEi

(r). The robot employs
the feedback r where hI(r) ≤ 0. The vector inequality
hI(r) ≤ 0 implies that hIij (r) ≤ 0 for all i = 1, · · · ,m.

The specific forms of hIij
(r) also vary according to dif-

ferent robot tasks. Consider again the singularity prob-
lem of 2 d-o-f manipulator, since the internal boundary
singularity occurs when the end effector is near the posi-
tion q2 = π, the internal region is specified as: hI11(q) =
(q2 − π)2 − b2

I11
≤ 0 to cover the internal singular po-

sitions. The constant bI11 represents the size of internal
region, and it is also set to ensure that the manipulator
is sufficiently far away the singular configuration when
the end effector leaves the internal region.

The feedback information r can be specified in differ-
ent coordinates such as Cartesian space, image space or
joint space, and it is employed inside the external regions
hE(r) ≥ 0 or the internal regions hI(r) ≤ 0.

3.2.2 Region Functions with Desired Task Feedback

The end effector is driven by the desired task variable x
when it leaves the external and internal regions in the
coordinates of r. To ensure a smooth transition from the
feedback r to the feedback x, another sets of external
and internal regions are formulated in the coordinates
of x, to represent the remaining workspace where the
desired task feedback x is feasible.
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The external regions in the coordinates of x are formu-
lated to include the regions where the desired task feed-
back is feasible, and the region functions are specified as:

fE(x)=[fE1(x1), fE2(x2), · · · , fEm
(xm)]T≤ 0. (20)

The robot employs the feedback x where fE(x) ≤ 0.

Similarly, the internal regions in the coordinates of x
are formulated to exclude the regions where the desired
task feedback is not feasible, and the region functions
are specified as:

fI(x)=[

N1︷ ︸︸ ︷
fI11(x1), · · · , fI1N1

(x1), · · · ,

Nm︷ ︸︸ ︷
fIm1(xm), · · · , fImNm

(xm)]T≥ 0. (21)

The robot employs the feedback x where fI(x) ≥ 0.

The functions of fEi(xi) in equation (20) can be specified
as follows:

fEi
(xi)=

(xi1−xEi1)
nEi

anEi
i1

+· · ·+(xini
−xEini

)nEi

anEi
ini

−1≤0(22)

where xEi = [xEi1 , · · · , xEini
]T ∈ <ni represent a set

of reference positions, and ai1 , · · · , aini
are positive con-

stants and nEi are the orders of region functions which
are even integers.

The functions of fIij
(xi) in equation (21) can be speci-

fied as follows:

fIij(xi)=
(xi1−xIij1

)nIij

b
nIij

ij1

+· · ·+
(xini

−xIijni
)nIij

b
nIij

ijni

−1≥0(23)

where xIij = [xIij1
, · · · , xIijni

]T ∈ <ni are a set of refer-
ence positions and bij1

, · · · , bijni
are positive constants,

and nIij are the orders of region functions which are also
even integers.

Both the functions fEi(xi) and fIij(xi) denote superel-
lipses, and the position and shape of superellipse can
be varied by adjusting the reference positions xEi, xIij

and the orders nEi, nIij respectively. The reference po-
sitions and orders of fEi

(xi) and fIij
(xi) should be cho-

sen so that the external regions fEi
(xi) ≤ 0 include the

task space where x is available and the internal regions
fIij

(xi) ≥ 0 exclude the task space where x is not feasi-
ble.

Therefore, the region functions fEi
(xi) and fIij

(xi) de-
note the external boundary and internal boundary for
the feedback x respectively. It is also possible that there

is no internal boundary for x in some cases, such as no
vision occlusion within the field of view. In that case, it
is not required to specify fIij(xi).

The external regions fEi
(xi)≤ 0 and hEi

(r)≥ 0 should
match each other, to allow the robot employs the feed-
back x within the external boundaries of x and uses
the feedback r outside the external boundaries. Simi-
larly, the two internal regions fIij(xi)≥0 and hIij(r)≤0
should also match each other, to allow the robot uses
the feedback r in the regions where the feedback x is
not feasible and uses the feedback x after it leaves the
regions. The combination of the regions in different co-
ordinates covers the entire workspace and ensures the
global movement of robot.

For example, consider the planar 2 d-o-f manipulator il-
lustrated in section 3.1.1, the desired task feedback x
is specified in Cartesian space (i.e. x = p), and it is
activated after the end effector leaves the singular re-
gions. The singular joint configuration q2 = 0 corre-
sponds to a circle in Cartesian space where the manip-
ulator is fully stretched out, and the boundary of the
external region hE1(q) = b2

E1
− (q2)2 ≥ 0 which covers

q2 = 0 also corresponds to a circle in Cartesian space. To
match hE1(q) ≥ 0, the external region function fE1(p1)
in Cartesian space is specified as:

fE1(p1) =
(p11−pE11)

2

a2
+

(p12−pE12)
2

a2
−1≤0, (24)

where a11 = a12 = a, and the order nE1 is set as nE1 = 2
so that the superellipse denoted by fE1(p1) is specified as
a circle, and the reference position pE1 = [pE11 , pE12 ]

T

is the center of the circle which is set as the origin of
the Cartesian coordinates in this case. The constant a
denotes the radius and it is set to ensure a slight overlap
between hE1(q) ≥ 0 and fE1(p1) ≤ 0.

Similarly, the joint configuration q2 = π also corresponds
to an inner circle in Cartesian space where the manipu-
lator is fully folded back, and the boundaries of the in-
ternal region hI11(q) = (q2 − π)2 − b2

I11
≤ 0 which cov-

ers q2 = π corresponds to a circle in Cartesian space as
well. To match hI11(q) ≤ 0, the internal region function
fI11(p1) in Cartesian space is specified as:

fI11(p1) =
(p11−pI111)

2

b2
+

(p12−pI112)
2

b2
−1≥0, (25)

where the order nI11, reference position pI11 and radius
b are set in a similar argument.

For the problem of limited field of view illustrated in
section 3.1.2, the image-space regions are also specified
to match the Cartesian-space regions, so that the end
effector can transit smoothly from one region to another.
For a rectangular field of view of a standard camera, the
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order nEi in equation (22) can be set high (e.g. nEi = 20)
to form a rectangular region with rounded corners, and
the reference position xEi can be set as the center of the
field of view.

Next, a set of task-oriented regions are introduced within
the external regions so as to move the end effector to-
wards the desired trajectory:

fT (x)=[fT1(x1), fT2(x2), · · · , fTm
(xm)]T≤ 0. (26)

Let xd = [xd1, · · · ,xdm]T ∈ <
∑m

i=1
ni be the desired

trajectory, where xdi = [xdi1 , · · · , xdini
]T ∈ <ni is the

desired trajectory for the ith feature point. The task-
oriented regions are defined to enclose the desired tra-
jectory as:

fTi
(xi)=

(xi1−xdi1)
2

(xbi1−xdi1)
2 + · · ·+ (xini

−xdini
)2

(xbini
−xdini

)2
− 1≤0(27)

where xbi = [xbi1 , · · · , xbini
]T ∈ <ni denote the bound-

ary positions. Since the desired position xdi(t) is time-
varying and not necessary the geometric center, the
boundary positions are divided into several parts.

Remark 2. All the regions specified in the coordinates
of r are static, hence the construction of region functions
is a one-time setup that does not vary with the desired
motion. In addition, the regions specified in the coordi-
nates of r are slightly overlapped with the regions in the
coordinates of x, so that the end effector does not get
stuck when it transits from the feedback r to x.

3.3 Potential Energy

Using the region functions in coordinates of x and r, we
can now propose the potential energy functions.

3.3.1 Potential Energy with Reaching Task Feedback

Using the external regions in equation (18), potential
energy functions are introduced as:

PEi
(r) =

krEi

N
[max(0, hEi

(r))]N , (28)

where krEi
are positive constants, N is an even integer

so that the potential energy ∈ C2. Similarly, the poten-
tial energy functions PIij

(r) for the internal regions in
equation (19) are introduced as:

PIij
(r) =

krIij

N
[min(0, hIij

(r))]N , (29)

where krIij are positive constants. Note that PEi(r) and
PIij (r) are given as:

PEi
(r) =

{
0, hEi

(r) ≤ 0,
krEi

N [hEi
(r)]N , hEi

(r) > 0,
(30)

PIij
(r) =

{
0, hIij (r) ≥ 0,

krIij

N [hIij
(r)]N , hIij

(r) < 0.
(31)

Therefore, the potential energy is smooth and lower
bounded by zero. It is zero when the position of the end
effector is outside the internal or external regions.

The overall potential energy with the reaching task vari-
able r is the summation of PEi(r) and PIij (r) as:

PR(r)=kpαr

m∑

i=1

[PEi
(r) +

Ni∑

j=1

PIij
(r)], (32)

where kp and αr are positive constants. Partial differen-
tiating PR(r) with respect to r yields:

(
∂PR(r)

∂r
)T=kpαr

m∑

i=1

{krEi
[max(0, hEi

(r))]N−1(
∂hEi(r)

∂r
)T

+
Ni∑

j=1

krIij
[min(0, hIij

(r))]N−1(
∂hIij

(r)
∂r

)T }4=kpαr∆εr,(33)

where ∆εr denotes the reaching regional feedback error
which drives the end effector to leave the external and
internal regions. From equation (33), note that ∆εr = 0
when hEi(r) ≤ 0 and hIij (r) ≥ 0, which indicates that
the regional feedback naturally reduces to zero after the
end effector leaves those regions.

3.3.2 Potential Energy with Desired Task Feedback

For the construction of the potential energy in the co-
ordinates of x, two reference regions are formulated for
the external region functions fEi

(xi) and the internal
region functions fIij

(xi) respectively.

First, a set of reference regions inside fEi
(xi) ≤ 0 are

introduced as:

fEri
(xi)=

(xi1−xEi1)
nEi

(κEi
ai1)nEi

+· · ·+(xini
−xEini

)nEi

(κEi
aini

)nEi
−1≤0(34)

where κEi
are positive constants and κEi

< 1.

By using fEi
(xi) in equation (22) and fEri

(xi) in equa-
tion (34), the potential energy functions PEi

(xi) are in-
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troduced as:

PEi(xi)=
kxEi

N2
{min[0, [min(0, fEi

(xi))]N−(κnEi

Ei
−1)N ]}N , (35)

which can also be written as:

PEi
(xi)=





0, fEri(xi)≤0,
kxEi

N2 {[fEi
(xi)]N−

(κnEi

Ei
−1)N}N , fEi

(xi)<0, fEri
(xi)>0

kxEi

N2 (κnEi

Ei
−1)N2

, fEi(xi)≥0,

,(36)

where kxEi are positive constants. An illustration of
PEi(xi) in a 2-D space is shown in Fig. 4. From equa-
tion (36), it is seen that PEi

(xi) are smooth and lower
bounded by zero. The potential energy PEi

(xi) is de-
fined to drive the end effector from fEi

(xi)≤0 towards
fEri

(xi)≤0 and hence fTi
(xi)≤0.

( )
1 2Ei Eix ,x

iE ik a

Top View

ia( )
iEr if x

( )
iE if x

Fig. 4. Example of potential energy of PEi(xi) with nEi = 2
in 2-D space. The top contour corresponds to fEi(xi) while
the bottom contour corresponds to fEri(xi).

Similarly, to introduce the potential energy functions
for fIij (xi), we define another set of reference regions
enclosing fIij(xi)≥0 as:

fIrij(xi)=
(xi1−xIij1

)nIij

(κIij bij1
)nIij

+ · · ·+
(xini

−xIijni
)nIij

(κIij bijni
)nIij

−1≥0(37)

where κIij
> 1 are constants.

Using the internal region functions and the reference
region functions in equations (23) and (37), the potential
energy functions PIij

(xi) are proposed as:

PIij
(xi)=

kxIij

N2
{min[0, [min(0, fIrij

(xi))]N−(
1

κ
nIij

Iij

−1)N ]}N.(38)

where kxIij
are positive constants. An illustration of the

potential energy in a 2-D space is shown in Fig. 5. From
equation (38), it is seen that PIij

(xi) are also smooth
and lower bounded by zero. The PIij

(xi) will be used

to construct an energy function to avoid the use of the
feedback x when it is not feasible.

Top View

( )
1 2Iij Iijx ,x

ijb
ijI ijk b

( )
ijI if x

( )
ijIr if x

Fig. 5. Example of potential energy PIij (xi) with nIij = 8
in 2-D space. The top contour corresponds to fIrij (xi) while
the bottom contour corresponds to fIij (xi).

By using the task-oriented regions in equation (27), the
corresponding potential energy functions PTi(xi) are
specified as follows:

PTi
(xi) =

kTi

N
{1−[min(0, fTi(xi))]N}, (39)

where kTi
are positive constants. An illustration of

PTi
(xi) in a 2-D space is shown in Fig. 6(b), where the

bottom of PTi
(xi) corresponds to the desired position,

and the potential field ensures the convergence after the
end effector enters the task-oriented regions.

The overall potential energy PD(x) with the desired task
variable x is specified as the combination of PEi

(xi),
PIij

(xi) and PTi
(xi) as follows:

PD(x)=kpαx

m∑

i=1

{Pi(xi)
Ni∏

j=1

PIij
(xi) +

Ni∑

j=1

kcij [
kxIij

N2
(

1
κ

nIij

Iij

− 1)N2−PIij (xi)]}, (40)

where αx is a positive constant and kcij
are positive con-

stants, and Pi(xi) = PTi(xi) + PEi(xi). An illustration
of the combination is shown in Fig. 6, and the ratio-
nale for the combination of potential energy functions in
equation (40) is summarized as follows:

(i) The top contour of potential energy PEi
(xi) (see Fig.

6(a)) is fixed to match hEi
(r), but its bottom is flat.

Whereas the potential energy PTi
(xi) (see Fig. 6(b))

drives the end effector towards the desired position but
its top contour does not match hEi(r). To combine both
features, Pi(xi) (see Fig. 6(c)) is defined as the summa-
tion of PEi(xi) and PTi(xi). Therefore, as xdi varies,
the bottom of potential energy Pi(xi) changes while the
top contour remains the same (see Fig. 6(c)). Since the
top contour of Pi(xi) corresponds to the external region
functions fEi

(xi) and its bottom is the desired position,
the potential field of Pi(xi) enables the end effector to
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move towards the desired position after it enters the ex-
ternal regions.

(ii) The potential energy Pi(xi) is further multiplied
with the potential energy PIij (xi) (see Fig. 6(d)). The
multiplied potential energy is flattened at fIij

(xi) < 0
where the gradient reduces to zero. It avoids the use of
feedback x where fIij

(xi) < 0, and the reaching task
feedback r is employed in those regions.

(iii) After that, the potential energy obtained in step (ii)
is offset inside the regions fIij

(xi)<0 by adding the term
Ni∑
j=1

kcij [
kxIij

N2 ( 1

κ
nIij
Iij

− 1)N2−PIij(xi)] (see Fig. 6(e)). Note

that the potential energy function PIij
(xi) is zero when

fIij (xi) ≤ 0 (see Fig. 6(d)). The offset term is therefore
introduced to raise the potential energy so as to enable
the end effector to move away from the internal regions
after leaving them. By adjusting the value of kcij in the
offset term, the energy level can be varied to allow the
end effector to pass through the internal regions or avoid
them.

The aim of this combination is to ensure the convergence
of tracking errors in the presence of regions where the
desired feedback x is not feasible.

Partial differentiating PD(x) with respect to x yields:

(
∂PD(x)

∂x
)T = kpαx

m∑

i=1

{(∂Pi(xi)
∂x

)T
Ni∏

j=1

PIij
(xi) +

Pi(xi)
Ni∑

j=1

[(
∂PIij (xi)

∂x
)T

Ni∏

k 6=j

PIik
(xi)]

−
Ni∑

j=1

kcij
(
∂PIij (xi)

∂x
)T } 4= kpαx∆εx, (41)

where ∆εx is the desired regional feedback error which
drives the end effector toward the desired trajectory, and
it is activated automatically after the end effector is in-
side the external and internal regions in the coordinates
of x. From equation (38), (

∂PIij
(xi)

∂x )T in equation (41)
is given as:

(
∂PIij (xi)

∂x
)T =kxIij

{min{0, [min(0, fIrij
(xi))]N

−(
1

κ
nIij

Iij

−1)N}}N−1[min(0,fIrij
(xi))]N−1

×(
∂fIrij

(xi)
∂x

)T . (42)

In addition, (∂Pi(xi)
∂x )T in equation (41) is given as:

(
∂Pi(xi)

∂x
)T = (

∂PEi
(xi)

∂x
)T + (

∂PTi
(xi)

∂x
)T , (43)

(a)

Offset

( i)

(ii) (iii)

Potential Energy for
External Regions

Potential Energy for
Task-Oriented Regions

Potential Energy for
Internal Regions

Overall Potential Energy

(b)

(c) (d) (e)

(f)

External
Region

Reference
Region

Internal
Region

Reference
Region

Fig. 6. An illustration of the combination of potential energy
functions in 2-D space.

where

(
∂PEi

(xi)
∂x

)T =kxEi
{min{0, [min(0, fEi

(xi))]N−

(κnEi

Ei
− 1)N}}N−1[min(0, fEi

(xi))]N−1(
∂fEi(xi)

∂x
)T ,(44)

and

(
∂PTi

(xi)
∂x

)T =−kTi
[min(0, fTi

(xi))]N−1(
∂fTi

(xi)
∂x

)T ,(45)

where the partial derivative (∂PTi
(xi)

∂x )T is the gradient
of potential energy PTi

(xi) for the task-oriented regions.
From equation (45), if the end effector is outside the
task-oriented regions where fTi(xi)>0, the gradient of
PTi(xi) reduces to zero. After the end effector enters the
task-oriented regions, fTi(xi) ≤ 0, and the gradient of
PTi(xi) becomes:

(
∂PTi

(xi)
∂x

)T =−kTi
[fTi

(xi)]N−1(
∂fTi

(xi)
∂x

)T ,

where (∂fTi
(xi)

∂x )T =[0, · · · ,
2(xi1−xdi1 )

(xbi1−xdi1 )2
, · · · ,

2(xini
−xdini

)

(xbini
−xdini

)2
,

· · · , 0]T ∈ <
∑m

i=1
ni , so it is nonzero until the end

effector reaches the desired position.

Remark 3. The potential energy PD(x) in equation (40)
can be simplified if there is no occlusion within the field
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of view [Cheah and Li, 2010] or no internal singularity
inside the external task-space boundary:

PD(x)=kpαx

m∑

i=1

Pi(xi)=kpαx

m∑

i=1

[PEi
(xi)+PTi

(xi)].(46)

Remark 4. The reference regions of the external and in-
ternal regions are used to introduce differences in the en-
ergy levels and note that the internal regions are within
each external region. The potential energy PEi

(xi) is ex-
pressed in terms of the external region fEi

(xi) so that
fEi

(xi) corresponds to the higher energy level of PEi
(xi)

as illustrated in Fig. 6(a). The potential energy PIij
(xi)

is expressed in terms of the reference region fIri
(xi) so

that fIri(xi) corresponds to the lower energy level of
the offset energy term as illustrated in Fig. 6(e). In both
cases, the regions and their reference regions correspond
to the higher levels and the lower levels of the energy
functions respectively.

4 Adaptive Controller with Regional Feedback

Since the desired position is only specified in the region
functions fTi(xi), the desired velocity is specified as:

ẋdi = 0, if fEri
(xi) ≥ 0 or fIrij

(xi) ≤ 0. (47)

That is, the desired velocity is zero if the end effector
is outside the external and internal reference regions in
the coordinates of x. Equation (47) can be satisfied by
using the weight factors [Cheah and Li, 2011] in the de-
sired trajectory. In general, the desired trajectory xdi

is consisted of a time-varying part and a constant part,
which is denoted as:

xdi(t) = xci + xvi(t), (48)

where xci = [xci1 , · · · , xcini
]T is the constant part, and

xvi(t) = [xvi1 , · · · , xvini
]T is the time-varying part. By

using the weight factors, xdi is revised as:

xdi(t) = xci + wixvi(t), (49)

where wi are weight factors which are defined so that
wi = 0 when fEri

(xi) ≥ 0 or fIrij
(xi) ≤ 0, and

wi smoothly transits to 1 when fEri
(xi) < 0 and

fIrij
(xi) > 0. The details are given in Appendix A.

Therefore, when the end effector is outside the exter-
nal and internal reference regions, wi = 0 and thus
xdi(t) = xci and ẋdi = 0, then equation (47) is satisfied.
When the end effector enters the external and internal
reference regions, wi smoothly increase to 1, and hence
xdi(t) = xci + xvi(t) which is the actual trajectory.

Next, a reference vector ẋa = [ẋa1, · · · , ẋam]T ∈

<
∑m

i=1
ni is introduced, where ẋai are specified as:

ẋai=[ẋdi1

xbi1−xi1

xbi1−xdi1

, · · · , ẋdini

xbini
−xini

xbini
−xdini

]T . (50)

The reference vector ẋa is derived from the time deriva-
tive of PTi

(xi) as shown in equation (B.3) in Appendix
B.

From equation (49), note that the reference vectors ẋai

described by equation (50) can be expressed as:

ẋai = Aiẋi + ẋfi, (51)

where

Ai=




∂wi

∂xi1
(xvi1

xbi1−xi1
xbi1−xdi1

) · · · ∂wi

∂xini

(xvi1
xbi1−xi1
xbi1−xdi1

)
...

. . .
...

∂wi

∂xi1
(xvini

xbini
−xini

xbini
−xdini

) · · · ∂wi

∂xini

(xvini

xbini
−xini

xbini
−xdini

)


 ,

and ẋfi = [wiẋvi1
xbi1−xi1
xbi1−xdi1

, · · · ,wiẋvini

xbini
−xini

xbini
−xdini

]T .
Next, a compound matrix is introduced as:

A =




A1 · · · 0
...

. . .
...

0 · · · Am


 , (52)

where the matrix A is introduced to avoid the use of
joint acceleration in the proposed controller.

Using equation (52), a sliding vector is defined as:

s = q̇ − q̇r = q̇ − [In − J+
x (q)AJx(q)]−1 ×

[J+
x (q)ẋf − αxJT

x (q)∆εx−αrJ
T
r (q)∆εr], (53)

where In ∈ <n×n is an identity matrix, q̇r is a reference
vector, and ẋf = [ẋf1, · · · , ẋfm]T .

Using the regional feedback errors ∆εx and ∆εr, a novel
task-space tracking controller is proposed as:

τ = −[In − J+
x (q)AJx(q)]T [kpαxJT

x (q)∆εx+

kpαrJ
T
r (q)∆εr]−Kss+ Yd(q, q̇, q̇r, q̈r)θ̂d, (54)

where Ks is a positive definite matrix. When the end
effector reaches the regions where the feedback x is not
feasible due to singularities, occlusion or limited sens-
ing zone, the reaching regional feedback ∆εr enables
the end effector to pass through those regions. After the
end effector leaves the regions, ∆εr reduces to zero, and
the desired regional feedback ∆εx is activated to drive
the end effector to the desired trajectory. Note that the
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proposed controller is continuous since the region errors
∆εx and ∆εr are continuous.

The estimated parameters θ̂d are updated by the follow-
ing update law:

˙̂
θd = −LdY

T
d (q, q̇, q̇r, q̈r)s, (55)

where Ld is a positive definite matrix.

Using equation (53) and the properties of robot dynam-
ics, the dynamic equation is written as:

M(q)ṡ+[
1
2
Ṁ(q)+S(q, q̇)]s+Yd(q, q̇, q̇r, q̈r)θd=τ . (56)

The closed-loop equation of the system is obtained by
substituting equation (54) into equation (56) to give:

M(q)ṡ+[
1
2
Ṁ(q)+S(q, q̇)]s+[In−J+

x (q)AJx(q)]T

×[kpαxJT
x (q)∆εx+kpαrJ

T
r (q)∆εr] +Kss

+Yd(q, q̇, q̇r, q̈r)∆θd = 0, (57)

where ∆θd = θd − θ̂d.

To prove the stability, a Lyapunov-like function is pro-
posed as:

V =
1
2
sTM(q)s + PD(x)+PR(r)+

1
2
∆θT

d L−1
d ∆θd. (58)

Differentiating equation (58) and using equations (47),
(50) (53), (55) and (57), we have:

V̇ =−sT Kss−kp[αxJT
x (q)∆εx+αrJ

T
r (q)∆εr]T

×[αxJT
x (q)∆εx+αrJ

T
r (q)∆εr]. (59)

The details of the derivations from equation (58) to equa-
tion (59) are given in Appendix B.

We can now state the following theorem:

Theorem: The task-space regional feedback control law
(54), the update law (55) for the robot system (1) guar-
antee the global convergence of the tracking errors. That
is x(t) → xd(t), ẋ(t) → ẋd(t) as t →∞.

Proof : Since V > 0 and V̇ ≤ 0, V is bounded. Hence,
s, ∆θd, PR(r) and PD(x) are bounded. Since PR(r) is
bounded, PEi(r) and PIij (r) are bounded. The bound-
edness of PEi

(r) and PIij
(r) ensures the boundedness

of hEi
(r) and hIij

(r). In addition, PEi
(xi), PIij

(xi) and
PTi

(xi) are also bounded since PD(x) is bounded. The

boundedness of PEi(xi), PIij (xi) and PTi(xi) ensures
the boundedness of fEi(xi), fIij (xi) and fTi(xi). Since
the region functions are bounded, the reaching task
variable r and the desired task variable x are bounded.
Hence, ∂hEi

(r)

∂r ,
∂hIij

(r)

∂r , ∂fEi
(xi)

∂x ,
∂fIij

(xi)

∂x and ∂fTi
(xi)

∂x
are also bounded. Therefore, ∆εr and ∆εx are bounded.
Since x is bounded, ẋa is bounded if ẋd is bounded.
Hence, q̇r is bounded. From equation (53), q̇ is bounded
because s is bounded. The boundedness of q̇ guarantees
the boundedness of ẋ and ṙ since both Jx(q) and Jr(q)
are trigonometric functions of q or constant. Therefore,
∆ε̇r and ∆ε̇x are bounded. Then q̈r is bounded if ẍd

is bounded. From the closed-loop equation (57), we can
conclude that ṡ is bounded. Thus, V̈ is bounded since
ṡ, s, ∆ε̇r, ∆εr, ∆ε̇x, ∆εx are bounded. Therefore, V̇
is uniformly continuous. Applying Barbalat’s lemma
[Slotine and Li, 1991], we have V̇ → 0 which also indi-
cates:

αxJT
x (q)∆εx + αrJ

T
r (q)∆εr → 0,

s → 0. (60)

If the end effector is located where fEi(xi) ≥ 0 or
fIij

(xi) ≤ 0, ∆εx = 0, ∆εr 6= 0, which contracts with
equation (60) since Jr(q) is non-singular. Therefore, the
end effector can only settle down where hEi

(r) ≤ 0 and
hIij

(r) ≥ 0, and hence ∆εr = 0. Since Jx(q) is also non-
singular, from equation (60) ∆εx = 0. From equation
(41), ∆εx = 0 can only be satisfied where fTi(xi) ≤ 0,
fEri(xi) ≤ 0 and fIrij (xi) ≥ 0. Hence ∆εx = 0 means

that ∂fTi
(xi)

∂x = 0. That is, x → xd as t → ∞. From
the definition of ẋa in equation (50), x → xd indicate
that ẋa → ẋd. Then from the definition of s in equation
(53), ẋa → ẋd, ∆εr → 0, ∆εx → 0 and s → 0 implies
ẋ → ẋd as t →∞. 444

Remark 5. The combination of potential energies does
not result in local minimum for the tracking control task.
This can be shown by analyzing the partial derivatives
of the potential energy in equations (33) and (41) and
the proposed controller in equation (54).

(i) If the end effector is located where fEi(xi) ≤ 0,
fEri(xi) > 0 and fIrij (xi) ≥ 0, the gradient of Pi(xi)
is nonzero, and the gradient of PIij (xi) reduces to zero.

Therefore, ∆εx =
m∑

i=1

[(∂Pi(xi)
∂x )T

Ni∏
j=1

PIij
(xi)], which is

nonzero until the end effector is inside the external
reference regions such that fEri(xi) ≤ 0.

(ii) After the end effector enters the external reference
regions, it is inside the task-oriented regions such that
fTi(xi) ≤ 0. If the end effector is located where fTi(xi) ≤
0 and fIrij (xi) ≥ 0, then both the gradient of PEi(xi)
and PIij (xi) are zero, and Pi(xi) = PTi(xi). Therefore,

∆εx=
m∑

i=1

[(∂PTi
(xi)

∂x )T
Ni∏
j=1

PIij
(xi)], which is nonzero until
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the end effector reaches the desired position.

(iii) When the end effector starts outside the external or
internal regions such that fEi(xi) > 0 or fIij (xi) < 0,
the reaching task feedback r is activated to enable the
end effector to leave those regions.

(iv) However, there is one saddle point between each
internal region and internal reference region where
fIij

(xi) ≥ 0 and fIrij
(xi) < 0, and the gradient of

potential energy (∂PD(x)
∂x )T at the saddle point is zero.

The saddle point exists in the presence of each internal
region. This is because that the potential energy Pi(xi)
is firstly multiplied by PIij

(xi) and then added with the
offset term. If the end effector reaches the saddle posi-
tion, both ∆εx and ∆εr reduce to zero. However, both
s and τ are nonzero because the velocity control term
q̇ is not zero. When the system starts from rest at the
saddle point with ẋd = 0, the initial estimates of the
uncertain parameters θ̂d can be set as nonzero values
so that Yd(q, q̇, q̇r, q̈r)θ̂d is nonzero and thus result in
a non-zero initial control input. This enables the end
effector to leave the saddle point. If all elements in the
regressor matrix reduce to zero, the initial control input
may reduce to zero, and an over-parameterization of
dynamic model is needed to move the end effector out
of the saddle point.

Remark 6. The end effector does not avoid the regions
where the singularities or occlusion may occur, and it can
start from those regions. Once the end effector is outside
the external and internal regions in the coordinates of x
such that fEi

(xi) ≥ 0 or fIij
(xi) ≤ 0, only the reaching

task feedback r is employed. From equation (41), the
desired regional feedback error ∆εx = 0. From the defi-
nition of the weight factors in Appendix A, wi = 0, and
hence equation (47) is satisfied, ẋdi = 0. From equa-
tions (50), (51) and (52), ẋf = 0, and A reduces to a
zero matrix. Therefore, [In−J+(q)AJ(q)]−1 = In, the
controller becomes:

τ = −kpαrJ
T
r (q)∆εr −Kss+Yd(q, q̇, q̇r, q̈r)θ̂d,

where s = q̇+αrJ
T
r (q)∆εr, which drives the end effector

to leave the regions where the singularities or occlusion
may occur, without the pseudo inverse matrix J+

x (q).

After the end effector leaves the regions such that
hEi(r) < 0 and hIij (r) > 0, from equation (33) the
reaching regional feedback error ∆εr naturally reduces
to zero, and the desired regional feedback error ∆εx is
activated. In addition, the weight factors wi smoothly
increase to 1. In the case that wi = 1, ẋdi 6= 0.

5 Experiment

The experimental setup [Cheah, 2008] consists of a Sony
SCARA robot and a PSD camera (C5949) manufactured

by Hamamatsu. The proposed controllers were imple-
mented on the first two links of the robot.

5.1 Singularity Problem

In the first experiment, the reaching task variable r is
specified in joint space, and the desired task variable x
is specified in Cartesian space. The external singularity
occurs where q2 = 0, and the internal singularity occurs
where q2 = π. The external region hE1(q) ≥ 0 and the
internal region hI11(q) ≤ 0 are formulated in joint space
to cover those singular configurations with the boundary
of π/15 and π/10 respectively.

Both the external and internal singularity correspond
to circular paths in Cartesian space. Therefore, for the
purpose of matching, another external region fE1(p1) ≤
0 and internal region fI11(p1) ≥ 0 are formulated in
Cartesian space, and the parameters in equations (22),
(23), (34) and (37) are set as: pE1 = pI11 = [0, 0]T ,
a11 = a12 = 0.718 m, κE1 = 0.65, nE1 = 2, b111 =
b112 = 0.112 m, κI11 = 1.5, nI11 = 2. The parameters of
task-oriented region function fT1(p1) in equation (27)
are set as: pb11 = −0.51 m if p11 ≤ pd11 , else pb11 =
0.51 m, and pb12 = −0.51 m if p12 ≤ pd12 , else pb12 =
0.51 m.

The end effector is required to start from an initial po-
sition at (−0.05 m, 0.72 m) where q2 is near the sin-
gular position q2 = 0, and track a time-varying trajec-
tory specified in Cartesian space as: pd11 = −0.35 +
0.1cos(0.4t − π

2 )w, pd12 = 0.13 + 0.1sin(0.4t − π
2 )w

where the w is the weight factor. The order of poten-
tial energy in equations (28), (29), (35), (38), (39) is
N = 4, and the control parameters in equation (54) and
(55) were set as: krE1 = 200, kT1 = 0.3, kxE1 = 6000,
kxI11 = 200000, Ks = diag{0.0005, 0.0005}, kp = 1,
αx = 1, αr = 1, Ld = diag{0.001, 0.001}. The experi-
mental results are shown in Fig. 7(a)-7(c). From Fig. 7,
it is seen that the end effector can start from the singular
configurations and transit smoothly from joint space to
Cartesian space. After it enters the task-oriented region
fT1(p1) ≤ 0, the position of the end effector converges
to the desired trajectory.

5.2 Limited Field of View

In the second experiment, the PSD camera is used to
measure the position of the end effector. The reaching
task variable r is specified in Cartesian space, and the
desired task variable x is specified in image space.

The external region fE1(xI1) ≤ 0 in image space is used
to specify the size of the field of view. Since the shape of
the field of view is rectangular, the parameters of region
functions in equation (22) and (34) are set as: xE1 =
[−0.22 V, 0.55 V ]T , a11 = a12 = 1.85 V , κE1 = 0.81,
nE1 = 10. The external region hE1(p1) ≥ 0 in Cartesian
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Fig. 7. The end effector starts from an initial position at (−0.05 m, 0.72 m) near the external singular configuration.

space enables the robot to reach the field of view, and
the parameters of region function in equation (15) are
set as: pr1 = [−0.42 m, 0.13 m]T , and pb11 = −0.48 m
if p11 ≤ pr11 , else pb11 = −0.36 m, and pb12 = 0.06 m
if p12 ≤ pr12 , else pb12 = 0.19 m. The parameters of the
task-oriented region function fT1(xI1) in equations (27)
are set as: xb1h

= −1.72 V if x1h
≤ xd1h

, else xb1h
=

1.78 V , and xb1v = −1.45 V if x1v ≤ xd1v , else xb1v =
2.25 V . Next, suppose that there is an occluded area
locating near the position (−0.22 V, 1.75 V ) within the
field of view. To enclose the occluded area, an internal
region fI11(xI1) ≥ 0 is introduced and the parameters
of region function in equation (23) and (37) are set as:
xI11 = [−0.22 V, 1.75 V ]T , b111 = 1.12 V , b112 = 0.2 V ,
κI11 = 1.25, nI11 = 2.

The end effector is controlled to start from an initial po-
sition at (−0.10 m, 0.61 m) which is outside the field of
view, and track the desired trajectory in image space
as: xd1h

= −0.22 + 0.7cos(0.4t)w, xd1v
= 0.55 +

0.7sin(0.4t)w, where the w is the weight factor. The con-
trol parameters were set as: krE1 = 3× 10−7, kT1 = 0.1,
kxE1 = 0.01, Ks = diag{0.0005, 0.0005}, kp = 1, αx =
1, αr = 1, Ld = diag{0.001, 0.001}. The experimental
results are shown in Fig. 8(a)-8(d). As seen from Fig.
8(a)-8(d), the end effector can transit smoothly from
outside to inside the field of view. In the presence of im-
age occlusion, the end effector is able to pass through
the occluded area with the Cartesian-space feedback and
complete the tracking task after it leaves the occluded
area.
6 Conclusion

In this paper, a novel task-space control method with re-
gional feedback is proposed. The regional feedback con-
sists of a reaching task variable in the initial stage and
a desired task variable in the ending stage. With the
regional feedback, the robot can transit smoothly from
one task space to another, and converge to the desired
trajectory in the end. Using the regional feedback, the
problem of global stability is formulated and solved. A
global task-space controller with regional feedback is
proposed, and experimental results have shown that the

proposed controller can efficiently solve the problem of
limited field of view and the singularity problem. The
results can also be extended to a multiple regional feed-
back controller [Li and Cheah, 2012].
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Appendix

A Weight Factor

To satisfy equation (47), weight factors are introduced
as:

wi(xi) = wEi
(xi)

Ni∏

j=1

wIij
(xi), (A.1)

where wEi
(xi) and wIij

(xi) are the weight factors corre-
sponding to the ith external region and the ijth internal
region respectively. Both wEi

(xi) and wIij
(xi) must be

continuous and smooth between 0 and 1.
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To construct wEi(xi), two regions inside the fEri(xi)
are defined as:

fwEi
(xi)=

(xi1−xEi1)
nEi

ci1
nEi

+· · ·+(xini
−xEini

)nEi

cini

nEi
−1≤0,

fwEri
(xi)=

(xi1−xEi1)
nEi

(κwici1)
nEi

+· · ·+(xini
−xEini

)nEi

(κwicini
)nEi

−1≤0,

where ci1 , · · · , cini
are positive constants, and κwi

< 1
are also positive constants. Based on the fwEi

(xi) and
fwEri

(xi), the weight factors wEi(xi) are proposed as:

wEi
(xi)=




0, fwEi
(xi)≥0,

1−{[fwEi
(xi)]

4−(κ
nEi
wi

−1)4}4
(κ

nEi
wi

−1)16
, fwEri

(xi)>0, fwEi
(xi)<0,

1, fwEri
(xi)≤0.

(A.2)

Similarly, to construct wIij
(xi), two regions are defined

as:

fwIij
(xi)=

(xi1−xIij1
)nIij

dij1

nIij
+· · ·+

(xini
−xIijni

)nIij

dijni

nIij
−1≥0,

fwIrij
(xi)=

(xi1−xIij1
)nIij

(κwij dij1
)nIij

+· · ·+
(xini

−xIijni
)nIij

(κwij dijni
)nIij

−1≥0,

where dij1
, · · · , dijni

are positive constants, and κwij
<

1 are also positive constants. Based on the fwIij
(xi) and

fwIrij
(xi), the weight factors wIij

(xi) are proposed as:

wIij (xi)=



0, fwIrij
(xi)≤0,

{[fwIij
(xi)]

4−(κ
nIij
wij

−1)4}4

(κ
nIij
wij

−1)16
, fwIrij

(xi)>0, fwIij
(xi)<0,

1, fwIij
(xi)≥0.

(A.3)

B Lyapunov-like Analysis

The Lyapunov-like function is proposed in equation (58)
as:

V =
1
2
sTM(q)s + PD(x)+PR(r)+

1
2
∆θT

d L−1
d ∆θd. (B.1)

Next, note that the time derivative of PD(x) in equation
(40) is given as:

ṖD(x)= kpαx

m∑

i=1

{Ṗi(xi)
Ni∏

j=1

PIij (xi) +

Pi(xi)
Ni∑

j=1

[ṖIij
(xi)

Ni∏

k 6=j

PIik
(xi)]−

Ni∑

j=1

kcij
ṖIij

(xi)}. (B.2)

where Ṗi(xi) = ṖE(xi) + ṖT (xi). From equation (39),
the time derivative of PTi(xi) is given as:

ṖTi
(xi) = −kTi

[min(0, fTi
(xi))]N−1ḟTi

(xi)

= [ẋi1−
ẋdi1(xbi1−xi1)
(xbi1−xdi1)

, · · · , ẋini
−ẋdini

(xbini
−xini

)
(xbini

−xdini
)

]

×[−2kTi
[min(0, fTi

(xi))]N−1(xi1−xdi1)
(xbi1−xdi1)2

, · · · ,

−2kTi
[min(0, fTi

(xi))]N−1(xini
−xdini

)
(xbini

−xdini
)2

]T

= (ẋi−ẋai
)T(

∂PTi(xi)
∂xi

)T =(ẋ−ẋa)T(
∂PTi(xi)

∂x
)T , (B.3)

where the corresponding terms in ẋ− ẋa are multiplied
by zero in (∂PTi

(xi)

∂x )T .

Differentiating equation (B.1) with respect to time and
substituting equations (B.2) and (B.3) into it, we have:

V̇ =sT M(q)ṡ +
1
2
sT Ṁ(q)s+kpαxẋT∆εx+kpαrṙ

T∆εr

−kpαx

m∑

i=1

[ẋT
a (

∂PTi(xi)
∂x

)T
Ni∏

j=1

PIij
(xi)]− ˙̂

θT
dL

−1
d ∆θd.(B.4)

Substituting equations (53), (55) and (57) into equation
(B.4), we obtain:

V̇ =−sT Kss−kp[αxJT
x (q)∆εx+αrJ

T
r (q)∆εr]T ×

[αxJT
x(q)∆εx+αrJ

T
r (q)∆εr] + kpαrẋ

T
a J+T

x (q)JT
r (q)∆εr+

kpαx

m∑

i=1

{ẋT
a (

∂PEi
(xi)

∂x
)T

Ni∏

j=1

PIij(xi)−
Ni∑

j=1

[kcij ẋ
T
a (

∂PIij
(xi)

∂x
)T ]

+[PTi
(xi)+PEi

(xi)]
Ni∑

j=1

[ẋT
a (

∂PIij(xi)
∂x

)T
Ni∏

k 6=j

PIik
(xi)]}.(B.5)

From equations (47) and (50), we have:

ẋai = 0, if fEri(xi) ≥ 0 or fIrij (xi) ≤ 0. (B.6)

The condition indicates that fEri(xi) ≥ 0 or fIrij (xi) ≤
0 includes that hEi(r) ≥ 0 or hIij (r) ≤ 0 where the
reaching regional feedback ∆εr is nonzero, thus xai and
∆εr cannot be nonzero at the same time.

Equation (B.6) also indicates that ẋa is nonzero at
fEri

(xi) < 0 and fIrij
(xi) > 0 where the gradient of

PEi
(xi) and PIij

(xi) reduces to zero. Thus, xai and

(∂PEi
(xi)

∂x )T , xai and (
∂PIij

(xi)

∂x )T cannot be nonzero at
the same time. Therefore, the last three terms in above
equation (B.5) are always zero so that:

V̇ =−sT Kss−kp[αxJT
x (q)∆εx+αrJ

T
r (q)∆εr]T

×[αxJT
x (q)∆εx+αrJ

T
r (q)∆εr]. (B.7)
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