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Abstract

This paper is to address a cooperative moving path following (CMPF) problem, in which a fleet of fixed-wing unmanned aerial
vehicles (UAVs) are required to converge to and follow a desired geometric moving path while satisfying prespecified speed
and spatial constraints. A representative application of the CMPF problem is the challenging mission scenario where a group
of UAVs are tasked to track a moving ground target. The proposed methodology is based on the insight that a vehicle can
follow a given path only through attitude control, thus leaving its speed as an extra input to be used at the coordination level.
To deal with moving path following (MPF) of a single UAV, a non-singular control law is derived to steer the vehicle along
the desired moving path which avoids the singularity problem in the previous MPF strategy. For multi-UAV coordination, a
pursuit strategy is employed with the introduction of a virtual leader. To account for speed constraints and collision avoidance,
conditions are derived under which the combined MPF and multi-UAV coordination closed-loop system is asymptotically
stable while speed and spatial constraints are satisfied. Further simulation has been performed to demonstrate the effectiveness
of the proposed method.
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1 Introduction

A typical task for unmanned aerial vehicles (UAVs) is
to converge to and follow a desired geometric path in
order to accomplish military and rescue missions such
as border patrolling, area surveillance and convoy pro-
tection. Due to its practical significance, path following
of unmanned vehicles has been investigated extensive-
ly for many years. A seminal study of path following
for unicycle-type vehicles is [9] where the path follow-
ing error dynamics was defined using the Serret-Frenet
frame concept. However, stringent initial condition con-
straints should be satisfied in the proposed strategy. To
overcome this problem, a new type of non-singular path
following control law was derived in [8,12] where global
convergence of the path following error can be achieved.
An alternative solution for the path following problem is
the vector field approach and references [5,10] are some
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pioneering work along this direction. To account for in-
put constraints of UAVs, control laws were derived in [1]
using the theory of nested saturations to follow straight
lines and circular orbits. A recent survey for existing
path following algorithms in two dimensional space of
UAVs was presented in [13], where five representative
algorithms were introduced and analyzed. In classical
path following problems, the reference path is station-
ary with respect to the inertial coordinate frame. How-
ever, in some practical applications such as moving tar-
get monitoring, convoy protection, source seeking, etc.,
UAVs are generally required to follow a path attached
on a moving reference frame. And it has been analyzed
in [11] that classical path following algorithms cannot
be directly applied to such problems. To fill this gap,
moving path following (MPF) problem was first intro-
duced in [11] while a Lyapunov-based control law was
derived for the UAV. Nevertheless, [11] pointed out that
the proposed control law is under the assumption that
the vehicle will not be exactly at the distance from the
closest path point that corresponds to the inverse of the
path’s curvature at that point. Intuitively, this assump-
tion is hard to be satisfied just as a vehicle is very likely
to occur at the center of a circular arc.

In practical applications, researchers and engineers pre-



fer to using multiple small and low-cost UAVs to ac-
complish complicated missions due to the high efficien-
cy for task completion and the robustness in the pres-
ence of vehicle failures. When multiple vehicles are em-
ployed in a MPF scenario, a new motion control prob-
lem, cooperative moving path following (CMPF) prob-
lem, can be defined, in which a fleet of vehicles are re-
quired to converge to and follow a desired geometric
moving path while satisfying prespecified speed and s-
patial constraints. Unlike path following problem, clas-
sical cooperative path following problem has received
relatively less attention in the literature. Some repre-
sentative results are [2, 3, 7, 16, 17]. A pioneer attempt
for cooperative path following problem is [7], where t-
wo underwater vehicles were required to move along t-
wo identical parallel paths with constant lateral distance
using a leader-follower architecture. In [16], a new con-
cept called virtual time was defined as the coordina-
tion state for each vehicle, based on which decentralized
time-critical cooperative path following was achieved.
Reference [3] further investigated the cooperative path
following problem when faulty communication network-
s, temporary link losses and switching topologies were
considered. A comprehensive survey of cooperative path
following algorithms was presented in [2]. Among these
existing results, vehicles are required to follow a set of
desired spatial paths which are generated using cooper-
ative path generation algorithms in advance as was illus-
trated in [2,3,16]. However, considering potential appli-
cations of the CMPF problem such as target tracking,
convoy protection and source seeking, the desired path
is generally a closed curve which implies that all vehicles
should move on the same path. Therefore, classical coop-
erative path following approaches cannot be directly ex-
tended to CMPF problem. Currently, there are already
some results, such as [4,14,18], dealing with cooperative
moving target tracking problems which are similar to the
CMPF problem studied in this paper. However, in these
work, vehicles try to follow a circular path attached on
the moving target and the approaches employed are not
applicable to general curved paths.

In this paper, the CMPF problem for multiple fixed-
wing UAVs is investigated while speed constraints im-
posed by physical limitations of the vehicles and colli-
sion avoidance are explicitly taken into consideration.
The proposed methodology extends the previous work
of MPF problem to CMPF scenarios. For single UAV
MPF, a non-singular control law is proposed to steer the
vehicle to converge to and move along the desired path,
thus avoiding the singularity problem that arises when
the position of the virtual target is simply defined by the
projection of the vehicle on the path as in [11]. For the
coordination part, a pursuit strategy is employed with
the introduction of a virtual leader which moves with
a constant speed along the given path. Vehicle speed is
adjusted to maintain a constant along-path separation
distance between neighboring vehicles. To account for
speed and spatial constraints, conditions are provided in

order to guarantee that the combined MPF and multi-
UAV coordination closed-loop system is asymptotically
stable while constraints are satisfied. Simulation results
have also been provided to demonstrate the efficacy of
the proposed strategy.

The main contributions of this paper are as follows:

(1) The CMPF problem is first introduced and formu-
lated;

(2) A non-singular MPF control law is proposed which
avoids the singularity problem in [11], while robust-
ness against wind measurement error is briefly an-
alyzed;

(3) A coordination strategy is designed for UAVs to
maintain a constant along-path separation distance
between neighboring vehicles;

(4) Stability analysis of the combined MPF and multi-
UAV coordination closed-loop system with speed
and spatial constraints is provided.

The remainder of this paper is organized as follows. Sec-
tion 2 formulates the CMPF problem. Section 3 presents
the main results of this paper. Simulation results are giv-
en in Section 4. Final conclusions and future work are
provided in Section 5.

2 Problem Formulation

This section presents a mathematically rigorous formu-
lation of the CMPF problem. First, for a single UAV, the
MPF error dynamics is derived. Then, the objectives of
the multi-UAV coordination mission are characterized.

To formulate the problem, three coordinate frames, in-
ertial frame, path transport frame and Serret-Frenet
frame, are considered. Inertial frame is represented as
{I} = {~x, ~y} with ~x pointing east and ~y north. The o-
rigin of the path transport frame {P} = {~xP , ~yP } is
pP = [xP , yP ]T expressed in {I}. {P} also moves in {I}
with velocity vP = ṗP = [vPx, vPy]T and angular veloc-
ity ωP both expressed in {I}. ψP is the heading angle
of ~xP in {I}. PpF (l) = [PxF (l), P yF (l)]T is a desired
planar geometric path parameterized by l, which is cho-
sen as the arc length. {F} = {~t, ~n} is the Serret-Frenet
frame associated to the desired path, κ(l) is the path
curvature and ψF is the heading angle of ~t in {I}. Actu-
ally, {F} plays the role of a virtual target that should be
tracked both in position and heading angle by the vehi-
cle. Fig. 1 illustrates the relative position relationships
among {I}, {P} and {F}.

In this paper, the pre-superscript is employed to describe
the coordinate frame in which the corresponding vari-
able is expressed. For example, Fp represents the vehicle
position with respect to {F}. For a variable without pre-
superscript, it means that this variable is defined with
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respect to {I}. To deal with multiple UAVs, a subscript
i is added to indicate the identity of the vehicle. For ex-
ample, the heading angle of vehicle i is represented by
ψi.

2.1 MPF Error Dynamics for a Single UAV

In this subsection, the MPF error dynamics is presented.
As this subsection only considers one UAV, the subscript
i is omitted. The kinematic model of the fixed-wing UAV
considered in this paper is given by

ẋ = v cosψ + vw cosψw
ẏ = v sinψ + vw sinψw

ψ̇ = ω

, (1)

where p = [x, y]T is the vehicle position, v and ω are
the airspeed and heading rate of the vehicle respectively,
ψ is the heading angle of the vehicle, vw is the wind
speed, and ψw is the heading angle of the wind direction.
Generally, vehicle speed and heading rate should satisfy
0 < vmin ≤ v ≤ vmax,−ωmax ≤ ω ≤ ωmax. In addition,
vehicle position with respect to {F} is denoted by Fp =
[Fx, F y]T , which indicates the MPF position error of the
vehicle.
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Fig. 1. Relative position relationships among {I}, {P} and
{F}

To facilitate the controller design, the dynamics of Fp
will be derived in the sequel. First, consider a fixed point
on PpF (l), which can be expressed in {I} as pF =

pP + IRP
PpF , where IRP =

[
cosψP − sinψP

sinψP cosψP

]
is the

rotation transformation from {P} to {I}. Then, by tak-
ing the time derivative and combining with the fact that
vP = ṗP and P ṗF = 0, it can be obtained that ṗF =

vP + S(ωP )(pF − pP ), where S(ωP ) =

[
0 −ωP
ωP 0

]
,

which describes the velocity of a fixed point on the path
expressed in {I} caused by the movement of {P}. Con-
sequently, for a moving point on PpF (l) with velocity

FvF = [l̇, 0]T expressed in {F}, the velocity of that point
with respect to {I} and expressed in {F} can be pre-
sented as

FRI ṗF = FvF + FRI [vP + S(ωP )(pF − pP )]. (2)

In addition, considering the rotation of {P}, the angular
velocity of {F} with respect to {I} and expressed in {F}
can be given by

FωF = ωP + κl l̇. (3)

For a vehicle with position p expressed in {I} and po-
sition Fp with respect to {F}, it is obvious that p =
pF + IRF

Fp, from which it can be easily derived that

F ṗ = FRI ṗ− FRI ṗF − S(FωF )Fp. (4)

For elegance of expression, the following notations are
adopted.

pF −pP = [∆x,∆y]T , ψ̄ = ψ−ψF , ψ̄w = ψw−ψF . (5)

Based on the discussions above, the MPF error dynamics
can be derived as follows.

F ẋ = v cos ψ̄ + FωF
F y − l̇ + Σ

F ẏ = v sin ψ̄ − FωF
Fx+ ∆

˙̃
ψ = ω − ωP − κl l̇ − ˙̄ψd

, (6)

where Σ = vw cos ψ̄w − (vPx − ωP∆y) cosψF − (vPy +
ωP∆x) sinψF , ∆ = vw sin ψ̄w + (vPx − ωP∆y) sinψF −
(vPy + ωP∆x) cosψF , ψ̃ = ψ̄ − ψ̄d is the attitude error
and ψ̄d is the desired heading error. Physically, Σ and ∆
are the tangential and normal components of the distur-
bance term including vw and the velocity of the virtual
target caused by the movement of {P}, respectively. For

notational convenience, define e = [Fx, F y, ψ̃]T to rep-
resent the MPF error. Before proceeding further, ψ̄d will
be detailed in the following.

First, the desired heading error ζ for ψ̄ caused by ∆ is
defined as

ζ = − arcsin
∆

v
. (7)

Physically, v should be larger than |∆| such that the ve-
hicle has enough capability to catch up with the desired
moving path. Mathematically, |∆| ≤ v should be guar-
anteed. To this end, the following assumption is given.

|∆| ≤ v sin θζ , θζ <
π

2
. (8)

From (7) and (8), it can be obtained that |ζ| ≤ θζ .
To explicitly describe the constraints on the de-
sired path, the upper bound of |∆| should be de-
rived. Assume that the movement of {P} satisfies
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vPx = vd cosψd, vPy = vd sinψd. Thus, ∆ = vd sin(ψF −
d) + vw sin ψ̄w − ωP

√
∆x2 + ∆y2 sin(ψF + ϕ), where

ϕ = arctan ∆x
∆y , from which it can be obtained that

|∆| ≤ ∆̄ = vd + ωP (
√

∆x2 + ∆y2)max + vw. Conse-
quently, to satisfy (8), a sufficient condition is given as
follows.

∆̄ ≤ vmin sin θζ . (9)

Next, to achieve smooth convergence of the vehicle to
the desired path, the transient maneuver is shaped as a
function of F y. Hence, the desired heading error intro-
duced by the expected transient maneuver is given as

δ = −θδ tanh(kδ
F y), (10)

where kδ is a positive constant, θδ = θ̄−θζ and θζ < θ̄ <
π
2 . Above all, the desired heading error can be defined as

ψ̄d = ζ + δ. (11)

From the discussions above, it can be found that |ψ̄d| ≤
|ζ|+ |δ| ≤ θζ + θδ = θ̄ < π

2 .

Now the MPF problem can be defined as follows.

Definition 1 (MPF problem): Considering a UAV
modeled by (1) moving with arbitrary feasible speed and
a desired moving path PpF (l), design a MPF control
law for ω, such that 1) Fx, F y and ψ̄ are bounded; 2) e
converge to zero asymptotically.

2.2 Coordination Variable and Information Architec-
ture

For potential applications of the CMPF problem like tar-
get monitoring, convoy protection and source seeking,
vehicles are generally required to move along the desired
path in a queue with a constant speed and a constant
along-path separation distance. Considering the objec-
tives of the coordination mission of n vehicles, a pursuit
strategy is employed in this paper, where vehicle i pur-
sues vehicle i−1. For supplement, a virtual leader which
is numbered as 0 and travels with a constant speed v0 is
introduced.

As one of the coordination objective is to maintain a
constant along-path separation distance among vehicles,
the arc length parameter is utilized to define the co-
ordination variable. Suppose that li is the curvilinear
abscissa of the ith virtual target tracked by vehicle i,
which is an approximate metric for vehicle coordination,
and therefore can be defined as the coordination vari-
able. To meet the desired coordination requirement, it
should be achieved that l̃i = 0, i = 1, 2, · · · , n, where
l̃i = li − li−1 + ∆l is the coordination error of vehicle i
and ∆l is the desired along-path separation distance.

For the information architecture of the multi-vehicle sys-
tem, considering the pursuit strategy employed, vehicle
i only receives information from vehicle i − 1 and on-
ly sends information to vehicle i + 1. This simple com-
munication structure will be helpful for the reduction
of communication burden among vehicles and the real-
time operation of the whole system.

Based on the previous formulations, the CMPF problem
for a fleet of UAVs can thus be defined as follows.

Definition 2 (CMPF problem): Given a fleet of nUAVs
modeled by (1) and a desired moving path PpF (l), design
control laws of heading rate ωi and speed vi for each vehi-
cle i, i = 1, 2, · · · , n, such that 1) Fxi,

F yi, ψ̄i and l̃i are

bounded; 2) ei and l̃i converge to zero asymptotically; 3)
constraints 0 < vmin ≤ v ≤ vmax and ‖pi−1 − pi‖ ≥ S,
where S is the safe distance which should be larger than
the diameter of the UAV, are satisfied.

3 Main Results

This section presents the main results of this paper.
First, the MPF problem for a single UAV is discussed.
Then, the coordination among multiple UAVs is ad-
dressed. Finally, the stability of the combined MPF and
multi-UAV coordination closed-loop system is analyzed
while speed constraints and collision-free maneuvers for
the vehicles are discussed.

3.1 MPF for a Single UAV

A pioneering study of MPF for a UAV can be found
in [11], where a generic path following controller is pro-
posed for a UAV at the kinematic level. In the proposed
control law, the position of the virtual target, is placed
at the closest point on the desired moving path from the
real vehicle. Consequently, the proposed controller suf-
fers from a singularity problem as pointed out in [11],
where a rather conservative assumption is made to avoid
this singularity, which severely limits the practical ap-
plication of the proposed controller. In this subsection,
a non-singular path following control law is proposed
through explicitly controlling the progression rate of the
virtual target, thus bypassing the singularity problem.

To solve the MPF problem, let the rate of progression of
the virtual target along the desired path be governed by

l̇ = v cos ψ̄ + Σ + k1
Fx, (12)

where k1 is a positive constant. Then, the MPF control
law is given as

ψ̇ = ωP + κl l̇ + ˙̄ψd − γF yv
sin ψ̄ − sin ψ̄d

ψ̄ − ψ̄d
− k2ψ̃, (13)
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where γ and k2 are also positive constants. It should be

noted that the term sin ψ̄−sin ψ̄d

ψ̄−ψ̄d
in (13) will not cause sin-

gularity. The detailed properties of this term are provid-
ed in our paper [15]. Thus, the MPF closed-loop system
can be presented as

ė = f(e), (14)

where f(e) = [−k1
Fx + FωF

F y, v sin ψ̄ − FωF
Fx +

∆,−γF yv sin ψ̄−sin ψ̄d

ψ̄−ψ̄d
− k2ψ̃]T .

According to (13), the steady-state value of the control

law (when e = 0) can be given as ψ̇ = ωP + κl l̇ + ˙̄ψd.
By taking into account the heading rate constraints at
steady state, the following condition should be satisfied

|ωP + κl l̇ + ˙̄ψd| ≤ ωmax. (15)

From (13), it can be found that ˙̄ψd is necessary in the
control law computation. Based on the definition of ψ̄d,
˙̄ψd can be derived as

˙̄ψd = −θδkδsech2(kδ
F y)F ẏ − ∆̇√

v2 −∆2
+

∆v̇

v
√
v2 −∆2

,

(16)

where ∆̇ = v̇d sin(ψF−ψd)+vd(FωF−ψ̇d) cos(ψF−ψd)+
(ωP

FωF∆x− ω̇P∆y − ωP∆ẏ) sinψF + (−ωP FωF∆y −
ω̇P∆x−ωP∆ẋ) cosψF+v̇w sin ψ̄w+vw(ψ̇w−FωF ) cos ψ̄w.

It should be noted that in (16), vd, v̇d, ψd, ψ̇d, ωP ,

ω̇P , vw, v̇w, ψw and ψ̇w are the movement information
of {P} and wind, which are available for the control
law computation. Besides, according to (2), ∆ẋ and

∆ẏ can be derived as ∆ẋ = l̇ cosψF − ωP∆y and
∆ẏ = l̇ sinψF + ωP∆x.

Remark 1 For MPF problem of a single UAV, it is gen-
erally required that the vehicle holds a constant speed,
thus v̇ in (16) is equal to zero. However, if multiple UAVs
are considered, the speed of each vehicle should be adjust-
ed to achieve the objectives of the coordination mission.
At this moment, the computation of v̇ is based on the co-
ordination control law, which will be presented later in
Section 3.3.

The following theorem provides the stability analysis of
the MPF closed-loop system.

Theorem 1 Consider the MPF problem subject to (9)
and (15). The proposed MPF control law (12) and (13)
ensure that Fx, F y and ψ̄ are bounded, while the equi-
librium point e = 0 is globally uniformly asymptotically
stable and locally exponentially stable.

PROOF. Consider the following Lyapunov function
candidate.

V =
1

2
(Fx2 + F y2) +

1

2γ
ψ̃2. (17)

By differentiating (17) with respect to time and combin-
ing with (14), the following equation can be derived

V̇ = −k1
Fx2 − k2

γ
ψ̃2 + F yv(sin ψ̄d − sin ζ). (18)

Using similar analyses with [15], it can be obtained that

V̇ ≤ 0. From (17), it can be concluded that the signals
Fx, F y and ψ̄ are all bounded. Applying the LaSalle’s
invariance principle leads to the conclusion that e = 0
is globally uniformly asymptotically stable.

Next, exponential stability of the closed-loop system will
be proven. To facilitate analysis, (18) can be rewritten as

V̇ = −k1
Fx2 − k2

γ
ψ̃2 − f(F y)F y2, (19)

where f(F y) = v sin ζ−sin ψ̄d
F y

. When F y > 0, δ < 0. Thus,

ζ > ψ̄d. As |ζ| < π
2 , |ψ̄d| < π

2 and v > 0, f(F y) > 0.

Similarly, it can also be obtained that when F y < 0,
f(F y) > 0. Besides, when F y → 0, using L’Hospital’s
rule, it can be derived that lim

F y→0
f(F y) = θδkδ cos ζ > 0.

It should also be noted that when F y →∞, f(F y)→ 0.
Based on the discussions above, it can be concluded that
∃F yoc > 0 and k3 > 0, such that f(F y) ≥ k3, ∀|F y| ≤
F yoc. Thus, V̇ ≤ −k1

Fx2− k2
γ ψ̃

2−k3
F y2, ∀|F y| ≤ F yoc.

According to Theorem 4.10 of [6], it can be concluded
that e = 0 is locally exponentially stable.

In practice, due to sensor limitations, wind information
may not be accurately measured, resulting in bounded
measurement error. In the sequel, robustness of our pro-
posed control law will be briefly analyzed against wind

measurement error. As the terms Σ, ψ̄d and ˙̄ψd contain
wind information, the proposed MPF control law (12)

and (13) should be modified as l̇ = v cos ψ̄ + Σ̂ + k1
Fx

and ψ̇ = ωP +κl l̇+
ˆ̄̇
ψd− γF yv

sin ψ̄−sin ˆ̄ψd

ψ̄− ˆ̄ψd

− k2(ψ̄ − ˆ̄ψd),

where Σ̂, ˆ̄ψd and
ˆ̄̇
ψd are the estimations of their corre-

sponding terms respectively. Consequently, the closed-
loop system applying the above modified MPF control
law can be given as follows.

ė = f(e) + g(e), (20)

where g(e) = [Σ̃, 0,− ˜̄̇
ψd − k2

˜̄ψd + γF yv( sin ψ̄−sin ψ̄d

ψ̄−ψ̄d
−

sin ψ̄−sin ˆ̄ψd

ψ̄− ˆ̄ψd

)]T , Σ̃ = Σ − Σ̂,
˜̄̇
ψd = ˙̄ψd −

ˆ̄̇
ψd and ˜̄ψd =

5



ψ̄d − ˆ̄ψd. As Σ̃,
˜̄̇
ψd and ˜̄ψd are all bounded, ∃er, gδ > 0,

such that ‖g(e)‖ ≤ gδ, ∀e ∈ {e ∈ R3|‖e‖ < er}. As
e = 0 is a locally exponentially stable equilibrium point
of system (14), using Lemma 9.2 in [6] leads to the con-
clusion that bounded path following can be achieved
with bounded wind measurement error. For the conve-
nience of analysis, it is still assumed that wind informa-
tion can be measured accurately in the following discus-
sions.

3.2 Multi-UAV Coordination

The previous subsection solves the MPF problem for
a single UAV with arbitrary feasible speed profiles by
proposing a non-singular MPF control strategy. When
multiple UAVs are considered, the coordination prob-
lem should be addressed. To this end, the speeds of the
vehicles are utilized at the coordination level, adapting
based on the coordination information exchanged among
vehicles.

Recall from Definition 2 that the main objective of the
coordination task is to drive l̃i to zero for i = 1, 2, · · · , n.
To achieve this goal, li should be controlled. Thus, the
coordination control variable for vehicle i can be defined
as ui = l̇i. To solve the coordination problem, the fol-
lowing control law is proposed.

ui = l̇i−1 − β tanh(ku l̃i), (21)

where β and ku are positive constants. Based on (12),
the speed of the ith vehicle is

vi =
ui − Σi − k1

Fxi
cos ψ̄i

. (22)

To satisfy the speed constraints, a necessary condition
that should be guaranteed is that

cos ψ̄i ≥ c1 > 0, ∀t ≥ 0, i = 1, 2, · · · , n, (23)

where c1 is a positive constant. In the next subsection, it
will be discussed that the condition (23) can be guaran-
teed by using the proposed control method. Considering
the Lyapunov function candidate Wi = 1

2 l̃
2
i , it can be

obtained that

Ẇi = −βl̃i tanh(ku l̃i) ≤ 0. (24)

According to the LaSalle’s invariance principle, l̃i con-
verges to zero asymptotically as t→∞.

3.3 Combined MPF and Multi-UAV Coordination

Section 3.1 and 3.2 have addressed the MPF problem and
the multi-UAV coordination problem separately, where

the proposed MPF control law and the coordination con-
trol law can guarantee the asymptotic stability of the
corresponding closed-loop systems respectively. Howev-
er, for the MPF problem, the solution assumes that the
speed of the vehicle satisfies the speed constraints, while
the coordination control law is based on the assumption
that the angle between the velocity vector of the vehicle
and the tangent vector of the desired path is less than
90◦ (see (23)). To this end, this subsection addresses the
stability and convergence issues of the combined MPF
and multi-UAV coordination problem and derives con-
ditions that guarantee the satisfaction of the speed con-
straints and collision-free maneuvers of the vehicles.

As mentioned in Remark 1, the computation of v̇ in (16)
is based on the coordination control law. Therefore, a
complement of the MPF controller will be provided. In
the sequel, v̇i will be computed based on the coordination
control law employed in this paper. From (22), v̇i can be
derived as

v̇i =
u̇i − Σ̇i − k1

F ẋi
cos ψ̄i

+ vi
˙̄ψi tan ψ̄i, (25)

where Σ̇i = −v̇d cos(ψF −ψd) + vd(
FωF − ψ̇d) sin(ψF −

ψd)− (ωP
FωF∆y + ω̇P∆x+ ωP∆ẋ) sinψF + (ω̇P∆y +

ωP∆ẏ− ωP FωF∆x) cosψF . It can be found that ˙̄ψi ex-
ists in the expression of v̇i. However, v̇i is used to com-

pute ˙̄ψdi (see (16)), which is then utilized to derive ˙̄ψi
(see (5) and (13)). For notational convenience, define

Ai = δ̇i − γF yivi
sin ψ̄i−sin ψ̄di

ψ̄i−ψ̄di
− k2ψ̃i − ∆̇i√

v2
i
−∆2

i

, Bi =

∆i

vi
√
v2
i
−∆2

i

, Ci = u̇i−Σ̇i−k1F ẋi

cos ψ̄i
, Di = vi tan ψ̄i. Based on

(6), (13), (16), (25) and the definitions given above, the
proposed MPF control law can be modified as

ψ̇i = ωP + κl l̇ +
Ai +BiCi
1−BiDi

. (26)

To avoid singularity, the denominator 1 − BiDi is re-
quired to be bounded away from zero. As 1 − BiDi =

1 − ∆i√
v2
i
−∆2

i

tan ψ̄i ≥ 1 − |∆i|√
v2
i
−∆2

i

| tan ψ̄i| ≥ 1 −

tan θζ | tan ψ̄i|, a sufficient condition to guarantee that
1−BiDi ≥ c2 > 0, where c2 is a positive constant, is

tan θζ | tan ψ̄i| ≤ 1− c2. (27)

In this way, the singularity is avoided. In the sequel, it
will be illustrated that (27) can be satisfied. Moreover,
note that in (25), u̇i is needed. From (21), it can be de-

rived that u̇i = u̇i−1−βku(ui−ui−1)sech2(ku l̃i), where
u̇i−1 and ui−1 can be received from the i − 1th vehicle
via wireless communication.

In the sequel, stability of the combined MPF and multi-
UAV coordination system will be discussed. The follow-
ing theorem summarizes the results.

6



Theorem 2 Consider a fleet of n UAVs modeled by (1)
coordinated using a pursuit strategy. Assume that all ini-
tial conditions satisfy the following inequalities.

ei(0) ∈ Ωc
∆
= {e ∈ R3|V ≤ c2}, (28)

|l̃i(0)| ≤ ē, (29)

where c and ē are positive constants, c < π−2θ̄
2
√

2γ
and

tan θδ tan(θ̄ +
√

2γc) ≤ 1 − c2 hold, V is the Lyapunov
function defined in (17) and i = 1, 2, · · · , n. Further-
more, the desired moving path satisfies (9), (15) and the
following constraints.

v̄d + ω̄P (
√

∆x2 + ∆y2)max ≤
min{c1vmax −

√
2k1c− v0 − βn− v̄w,

v0 − vmin −
√

2k1c− βn− v̄w}
, (30)

min
∆l−ē≤τ≤∆l+ē

‖pF (l)− pF (l + τ)‖ ≥ 2
√

2c+ S, (31)

where v̄d, ω̄P and v̄w are the upper bounds of |vd|, |ωP |
and |vw| respectively and c1 = cos(θ̄ +

√
2γc). Then,

the MPF control law (12) and (26) and the coordination

control law (21) guarantee that Fxi,
F yi, ψ̄i and l̃i are

bounded, ei and l̃i converge to zero asymptotically, while
the constraints 0 < vmin ≤ v ≤ vmax and ‖pi−1 − pi‖ ≥
S are guaranteed.

PROOF. First, we will show that for vehicle i, its speed
vi will not go outside the feasible range and its MPF
errors will always remain inside the prespecified set Ωc.
From (22), (28) and (30), it can be obtained that when
t = 0, the speed constraints for all vehicles are satisfied.
Based on this preliminary result, the theorem will be
proven by contradiction. To this effect, without loss of
generality, consider that vehicle i violates the results of
the theorem, which consists of the following three cases.

Case 1 : For vehicle i, vi does not satisfy vmin ≤ vi ≤
vmax, while ei ∈ Ωc for all the time. As the speed con-
straints are satisfied at t = 0, it can be assumed that t′

is the first time instant at which the speed constraints
does not hold. Hence, vi(t

′) > vmax or vi(t
′) < vmin

while vmin ≤ vi(t) ≤ vmax for ∀t ∈ [0, t′). In addi-
tion, ei ∈ Ωc for all the time. Thus, it can be obtained
that ‖Fpi‖ ≤

√
2c and |ψ̃i| ≤

√
2γc for ∀t ≥ 0. As

ψ̃i = ψ̄i − ψ̄di and |ψ̄di| ≤ θ̄, we have |ψ̄i| ≤ θ̄ +
√

2γc,
resulting in cos ψ̄i ≥ cos(θ̄ +

√
2γc) = c1, based on

which (27) can be guaranteed as tan θδ tan(θ̄ +
√

2γc) ≤
1− c2. Besides, consider Σi described in (6), which can
be rewritten as Σi = vw cos ψ̄wi − vd cos(ψd − ψFi) −
ωP

√
∆x2 + ∆y2 cos(ψFi+ϕ). Then, it can be easily ob-

tained that |Σi| ≤ v̄w + v̄d + ω̄P (
√

∆x2 + ∆y2)max. In
addition, (21) can be rewritten in a matrix form as

l̇ = l̇01n − βA−1 tanh(kul̃), (32)

where l = [l1, l2, · · · , ln]T , l̃ = [l̃1, l̃2, · · · , l̃n]T , tanh(·) is
an elementwise function and 1n is a n × 1 vector with
all one elements. Furthermore, A = [aij ]n×n is a n × n
matrix with elements aij = 1 when i = j, aij = −1 when
i = j + 1 and aij = 0 otherwise. From (32), it can be

derived that ui,min ≤ ui ≤ ui,max, where ui,min = l̇0−βi
and ui,max = l̇0 + βi. Based on the discussions above,
if the condition (30) is satisfied, it is straightforward to
conclude that the speed constraints are satisfied at t′,
that is vmin ≤ vi(t′) ≤ vmax, which contradicts the claim
that vi(t

′) > vmax or vi(t
′) < vmin. Therefore, Case 1

will not happen.

Case 2 : For vehicle i, ei does not remain inside Ωc, while
vi satisfies vmin ≤ vi ≤ vmax for all the time. In this case,
consider the Lyapunov function candidate Vi defined in
(17) for vehicle i. As ei(0) ∈ Ωc by assumption, and Vi is
continuous and differentiable, there exists a time instant
t′ such that Vi(t

′) = c2 and V̇i(t
′) > 0, while Vi(t) ≤

c2,∀t ∈ [0, t′). As in this case, the speed constraints
are satisfied for all the time. Theorem 1 can be used
to guarantee that, V̇i(t) ≤ 0, ∀t ≥ 0, which leads to a
contradiction. Therefore, this case will not happen as
well.

Case 3 : For vehicle i, both vi violates vmin ≤ vi ≤ vmax

and ei does not remain inside Ωc. Based on the fact that
at the initial time instant both the speed constraints are
satisfied and the MPF errors remain inside Ωc, and the
assumption that the speed constraints are violated for
the first time at t′ while the MPF errors first go outside
Ωc at t′′, this case contains three subcases: 1) t′ < t′′; 2)
t′ > t′′; 3) t′ = t′′. For subcase 1) and 2), a proof similar
to that of Case 1 and Case 2 can be used to show that
these two subcases will not happen. For subcase 3), it
can be easily obtained that at time t′, vi(t

′) > vmax or
vi(t
′) < vmin while vmin ≤ vi(t) ≤ vmax for ∀t ∈ [0, t′)

and ei ∈ Ωc for ∀t ∈ [0, t′]. Thus, it can be obtained that

‖Fpi‖ ≤
√

2c and |ψ̃i| ≤
√

2γc for ∀t ∈ [0, t′]. Using a
similar proof to the one of Case 1, it can be derived that
the speed constraints are satisfied at time t′, which is
a contradiction. Therefore, this case will not happen as
well.

Based on the discussions above, the speed constraints
are satisfied and the MPF errors remain inside Ωc for
all the time. Thus the assumptions for both the MPF
problem and the multi-UAV coordination problem can
be satisfied. Therefore, it can be concluded that ei and l̃i
converge to zero asymptotically, while Fxi,

F yi, ψ̄i and
l̃i are bounded.

Next, collision avoidance among vehicles is analyzed.
According to (24) and (29), it can be concluded that

|l̃i(t)| ≤ ē, ∀t ≥ 0, thus, ∆l−ē ≤ li−1−li ≤ ∆l+ē. Hence,
it can be obtained from (31) that ‖pF,i−1 − pFi‖ ≥
2
√

2c + S. As it has been derived that ei for all i re-
main inside Ωc, it is obvious that ‖pi − pFi‖ ≤

√
2c and
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‖pi−1 − pF,i−1‖ ≤
√

2c. Consequently, ‖pi−1 − pi‖ =
‖pi−1−pFi +pFi−pi‖ ≥ ‖pi−1−pFi‖−‖pFi−pi‖ ≥
‖pi−1−pF,i−1 +pF,i−1−pFi‖−

√
2c ≥ ‖pF,i−1−pFi‖−

‖pi−1 − pF,i−1‖ −
√

2c ≥ S. Therefore, collision avoid-
ance between neighboring vehicles can be guaranteed.

4 Simulation Results

This section presents the simulation results of a cooper-
ative moving ground target tracking mission to demon-
strate the efficacy of the proposed CMPF methodology.
Consider two fixed-wing UAVs tracking a ground target
which moves with speed vd and heading rate ωd. It is
assumed that {P} is attached on the center of mass of
the target with ~xP pointing along the target velocity di-
rection. The desired moving path is an ellipse described
by PxF = x0 + a cos θ and P yF = b sin θ, where x0, a, b
are positive constants and θ is the parameter. Note that
the desired path above is parameterized by θ. Through
proper parameter transformations, PpF parameterized
by l can also be obtained.

The parameters employed in the simulation are chosen
according to the conditions listed in Theorem 2 and given
as follows. The parameters of {P} are set as vd = (4.9 +
0.1 sin(0.01t))m/s, ωd = (0.005 cos(0.02t))rad/s, x0 =
223.6m, a = 300m and b = 200m. Wind parameters are
chosen as vw = 1m/s and ψw = −π4 . The parameters for

the proposed MPF control law are set as θζ = π
8 , θ̄ = π

6 ,
k1 = 0.1, γ = 0.00002 and k2 = 6. The parameters
for the coordination control law are set as v0 = 30m/s,
β = 0.06, ku = 1 and ∆l = 396.6m. The parameters
for the speed constraints and the initial MPF errors are
set as vmin = 20m/s, vmax = 50m/s, c = 10 and ē =
10. The sampling time of the simulation is set as 10ms
and the simulation period is 300s. In the simulation,
Euler method is utilized to solve the ordinary differential
equations.

Fig. 2(a) explicitly shows the cooperative moving ground
target tracking mission studied in the simulation. In this
figure, the grey circle represents the target and the tri-
angles denote two UAVs respectively. The black dashed,
blue and green curves are the paths of the ground tar-
get and two UAVs respectively. This figure also plots the
desired moving path at time instants 0s, 150s and 300s
respectively, from which it can be found that two UAVs
follow the desired moving path successfully. The MPF
position and attitude errors of two UAVs are depicted
in Fig. 2(b) and 2(c) respectively, which demonstrates
the asymptotic convergence of the MPF errors. Fig. 2(d)
depicts the inter-vehicle along-path distance between
neighboring vehicles, from which it can be found that al-
l the along-path distances between neighboring vehicles
converge to the desired along-path separation distance
asymptotically. The speeds and heading rates of the two
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Fig. 2. Simulation results. (a) UAV paths in {I}. (b) MPF
position error. (c) MPF attitude error. (d) Inter-vehicle a-
long-path distance. (e) UAV speed and heading rate. (d) In-
ter-vehicle distance.

UAVs are depicted in Fig. 2(e) and the Euclidean dis-
tance between two vehicles are shown in Fig. 2(f). From
Fig. 2(e), it can be observed that the speed constraints
are satisfied for both two vehicles and the heading rates
of both vehicles are also in acceptable range. Fig. 2(f)
demonstrates the collision-free maneuvers in the mis-
sion.

5 Conclusions and Future Work

This paper addresses the CMPF problem for multiple
fixed-wing UAVs in the presence of stringent speed con-
straints and collision-free maneuver requirements. The
methodology proposed in this paper extends the pre-
vious work on MPF for a single UAV to a more gen-
eral setting that considers multi-UAV coordination as
well as speed and spatial constraints. In the proposed
framework, a non-singular MPF control law is derived
such that the singularity problem existing in the previ-
ous work is avoided. Decentralized multi-UAV CMPF is
achieved by adjusting the speed of each vehicle based
on a pursuit strategy with the introduction of a virtu-
al leader. This paper also provides conditions on initial
MPF and coordination errors, wind speed as well as the
motion information of the path transport frame, under
which the combined MPF and multi-UAV coordination
closed-loop system is stable and the MPF errors con-
verge to zero asymptotically while speed constraints are
satisfied and collision-free maneuvers can be guaranteed.
Future work will investigate the robust MPF and CMPF
control problem with unknown wind disturbance, which

8



is considered to be a more challenging issue.
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following for unmanned aerial vehicles with applications
to single and multiple target tracking problems. IEEE
Transactions on Robotics, 32(5):1062–1078, 2016.

[12] D. Soetanto, L. Lapierre, and A. Pascoal. Adaptive, non-
singular path-following control of dynamic wheeled robots.
In Decision and Control, 2003. Proceedings. 42nd IEEE
Conference on, volume 2, pages 1765–1770. IEEE, 2003.

[13] P.B. Sujit, S. Saripalli, and J.B. Sousa. Unmanned aerial
vehicle path following: A survey and analysis of algorithms for
fixed-wing unmanned aerial vehicless. IEEE Control Systems,
34(1):42–59, 2014.

[14] T.H. Summers, M.R. Akella, and M.J. Mears. Coordinated
standoff tracking of moving targets: control laws and
information architectures. Journal of Guidance, Control, and
Dynamics, 32(1):56–69, 2009.

[15] Yuanzhe Wang and Danwei Wang. Non-singular moving path
following control for an unmanned aerial vehicle under wind
disturbances. In Decision and Control (CDC), 2017 IEEE
56th Annual Conference on, pages 6442–6447. IEEE, 2017.

[16] E. Xargay, V. Dobrokhodov, I. Kaminer, A.M. Pascoal,
N. Hovakimyan, and C. Cao. Time-critical cooperative
control of multiple autonomous vehicles. IEEE Control
Systems Magazine, 32(5):49, 2012.

[17] E. Xargay, I. Kaminer,
A. Pascoal, N. Hovakimyan, V. Dobrokhodov, V. Cichella,
A.P. Aguiar, and R. Ghabcheloo. Time-critical cooperative
path following of multiple unmanned aerial vehicles over
time-varying networks. Journal of Guidance, Control, and
Dynamics, 36(2):499–516, 2013.

[18] Xiao Yu and Lu Liu. Cooperative control for moving-
target circular formation of nonholonomic vehicles. IEEE
Transactions on Automatic Control, 62(7):3448–3454, 2017.

9


