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A micromechanical model is developed to describe the stress–strain behaviours of concrete under uniaxial compres-

sion. Two kinds of defects are considered, namely microcracks around the mortar–coarse aggregate interface or the

interfacial transition zone and aligned coalesced cracks in the concrete. The mortar–coarse aggregate interfaces

(interfacial transition zone) are modelled as spring layers between the mortar matrix and the inclusions (aggregates)

and the existences of the microcracks in the interfacial transition zone are considered as reductions of the spring

parameters under the frame of the Mori–Tanaka method. The aligned coalesced cracks in concrete (mortar + aggregate)

are treated as void inclusions in the matrix of concrete using the Mori–Tanaka scheme as well. Stochastic evolution

rules are adopted for both defects. The numerical examples are worked out and the proposed model is shown to be

capable of estimating the moduli of concrete under its whole loading process.

Notation
A0 constants in Eshelby’s tensor

a average radius of coarse aggregates

B0 constants in Eshelby’s tensor

c1, c2 volume fractions of mortar and aggregate

ci fraction of failed interfaces

cv volume ratio of aligned cracks to overall concrete

Ee Young’s modulus of the concrete with imperfect

interfaces

E0, E1 Young’s moduli of mortar and coarse aggregate

e deviatoric strain tensor

f 9c compressive strength for concrete

f t tensile strength for concrete

GF fracture energy of concrete

g aggregate size

I identity tensor

k1, k2, k3, k4 constants in Eshelby’s tensor

L0 elastic stiffnesses of mortar

L1 elastic stiffnesses of coarse aggregates

lm Eigen-length for mortar

m1 shape factor in fraction of failed interfaces

( ¼ 3)

m2 shape factor in volume ratio of aligned cracks

to overall concrete

N normal traction

n external normal of representative volume

element

S external surface of representative volume

element

SE
ijkl Eshelby’s tensor for perfectly bonded interface

SS
ijkl additional term in Eshelby’s tensor considering

imperfect interface

s deviatoric stress tensor

T shear traction

uS
i displacement fields caused by the interfacial

sliding and normal separation

V volume of representative volume element

w density of concrete

Æ0, ÆE, ÆS constants in Eshelby’s tensor

ÆF coefficient related to the fracture energy of

concrete

ÆT, ÆN tangential and normal compliance of mortar–

coarse aggregate interface

�0, �E, �S constants in Eshelby’s tensor

�F coefficient related to the eigen-length for

mortar (¼ 0.5)

� hydrostatic strain
~�� perturbed strains due to the presence of coarse

aggregates

�� equivalent transformation strains

�0 far field constant strain tensor

�lateral, ���lateral lateral strain and modified lateral strain of

concrete

�pt further perturbed strains in coarse aggregates

�r parameter related to the shape factor M2

�S strain caused by the interfacial sliding and

normal separation

�u1 ultimate compressive strain ( ¼ 0.008)

�u2 ultimate tensile strain value

�ij Kronecker delta

k equivalent bulk modulus of concrete

k0, k1 bulk moduli of mortar and coarse aggregates

kd, kp bulk moduli of concrete with destroyed and

perfect interface
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º0 constants in Eshelby’s tensor

ºl constants in modified lateral strain of

concrete

� equivalent shear modulus of concrete

�0, �1 shear moduli of mortar and coarse aggregate

�d, �p shear moduli of concrete with destroyed and

perfect interface

ı0 Poisson ratio of mortar matrix

ıe Poisson ratio of the concrete with imperfect

interfaces

r0, r1 densities of mortar and coarse aggregate

� hydrostatic stress
��� overall average stress tensor
~�� perturbed stresses due to the presence of coarse

aggregates

�0 far field constant stress tensor

�(0), �(1) average stress in mortar and coarse aggregates

�pt further perturbed stresses in coarse aggregates

�, @� spherical inclusion and its interface

Introduction
Constitutive models for concrete are needed in the numerical

analysis of concrete structures. Usually, the behaviour of concrete

can be modelled at different scales, which leads to three

categories of models: macroscopic level models, mesoscopic level

models and microscopic level models. The macroscopic level

models, such as elasto-plastic models, fracturing models and

continuum damage models, have been widely used in the practice

of structural analysis. Meanwhile, the mesoscopic and micro-

scopic level models, such as particle simulation models, micro-

plane models and models based on equivalent modulus method

have shown their advantages when studying the failure mechan-

ism of materials. Models based on the equivalent modulus

method especially, seem to be a natural choice because they

model the concrete as a composite made of mortar and aggre-

gates. A number of researchers have studied the elastic properties

of concrete using equivalent modulus methods, such as the self-

consistent method (Hashin and Monteiro, 2002; Ramesh et al.,

1996), the Mori–Tanaka method (Ricaud and Masson, 2009;

Yang and Huang, 1996), and numerical methods such as discrete

element model (He et al., 2012; Zheng et al., 2011).

In this paper, a micromechanical model based on the Mori–

Tanaka method (Benveniste, 1987; Mori and Tanaka, 1973) is

proposed. The concrete is considered as a two-phase composite

(mortar + coarse aggregates). Some experiments (Nilsen and

Monteiro, 1993) have shown that the matrix just surrounding the

aggregate, the so-called interfacial transition zone (ITZ) is found

to have quite different stiffness properties than that further away

from the aggregate, since there are many microcracks in this

zone even before any loading is applied. The ITZ is thus

modelled as a spring layer including a normal spring and a

tangential spring, as shown in Figure 1. The degradation of the

mortar–coarse aggregate interfaces is modelled as the progressive

failure of the spring layers. Figure 2(a) shows a two-phase

composite with zero-thickness ITZ. With degradation of the ITZ,

the moduli of concrete reduced and it is assumed to be

homogeneous, as shown in Figure 2(b). Other cracks in the

concrete are assumed to coalesce and align perpendicularly with

respect to the principal tensile strain. These are modelled as

ellipsoidal void inclusions in the matrix of the concrete (mor-

tar + coarse aggregate) also under the frame of the Mori–Tanaka

method, as shown in Figure 2(c).

To obtain the full stress–strain curves, the evolution rules for

these defects or damage are needed. In this paper, stochastic

evolution rules are adopted for both kinds of defects, namely the

increase of failure of mortar–coarse aggregate interfaces and the

volume ratio of aligned coalesced cracks in the concrete are all

assumed to follow a Weibull distribution with separate para-

meters.

Equivalent moduli of concrete with imperfect
ITZ
When load is applied to concrete, microcracks around the

mortar–course aggregate interfaces are first observed. In this

paper, the interfaces are considered as a zero-thickness spring

layer under the frame of the Mori–Tanaka method (Figure 1).

Basic formulation

Consider an infinitely extended mortar medium D containing

many spherical inclusions (coarse aggregates) with an imperfectly

bonded interface under the frame of the Mori–Tanaka method.

The elastic stiffnesses of the mortar and the coarse aggregates are

L0 and L1, respectively. A homogeneous boundary condition on

the external surface S is assumed, thus

�n(S) ¼ �0n1:

where �0 is the constant stress tensor, and n is the external

normal to the external surface S: If the mortar did not contain

any inhomogeneity, the strain field would be

Mortar

Interface (non-thickness spring layer)

Coarse aggregate

Spring layer model

T
n

Figure 1. Two-phase model with imperfect interface
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�0 ¼ L�1
0 �0

2:

With the inclusion, the stresses and strains in mortar differ from

�0 and �0 by ~�� and ~��, where ~�� represents the perturbed strains

due to the presence of all the coarse aggregates, and ~�� represents

the perturbed stresses. The average stresses in the mortar are then

�(0) ¼ �0 þ ~�� ¼ L0(�0 þ ~��)3:

The stresses and strains of the coarse aggregates experience

further perturbations from those of the surrounding mortar by �pt

and �pt: The average stresses in the aggregate are

�(1) ¼ �0 þ ~�� þ �pt

¼ L1(�0 þ ~��þ �pt)

� L0(�0 þ ~��þ �pt � ��)4:

where �� denotes the equivalent transformation strains.

It is assumed that the two sides of the interface are connected to

the mortar and the coarse aggregates, respectively. Hence, the

interfacial traction remains continuous, while both the normal

and the tangential displacements might experience a jump across

the interface (Qu, 1993). The interface conditions are given as

[� ij]nj ¼ 05:

[ui] (�ik � nink) ¼ ÆTTk6:

[ui] nink ¼ ÆNNk7:

in which ÆT . 0 and ÆN . 0 denote the compliance in the

tangential and the normal directions, respectively; [.] ¼ (out)–

(in); ni is the outward unit normal on the interface;

Ti ¼ � kjnj(�ik � nink) and Ni ¼ � kjnknjni represent the shear and

the normal tractions, respectively; and �ij is the Kronecker delta.

For the coarse aggregates with imperfect interface, the relation-

ship between the eigenstrains and the perturbation strains in

coarse aggregates is

�pt
ij ¼ Sijkl�

�
kl8:

where

Sijkl ¼ SE
ijkl þ SS

ijkl9:

in which SE
ijkl is Eshelby’s solution (Eshelby, 1957) for uniform

eigenstrain problem of inclusions with perfectly bonded interface

and SS
ijkl is the additional part considering the elastic spring layer.

For the spherical inclusions, the Eshelby’s solution SE
ijkl is

SE
ijkl ¼

1

2
�E(�ik�jl þ �il�jk)þ 1

3
(ÆE � �E)�ij�kl10:

Mortar–coarse aggregate interface (ITZ)

Coarse aggregateMortar

(a)

Concrete Aligned coalesced crack

(b) (c)

Figure 2. Modelling of concrete: (a) two-phase composite with

imperfect interface; (b) concrete; (c) concrete with aligned

coalesced cracks
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with

ÆE ¼ 1þ ı0

3(1� ı0)
, �E ¼ 2(4� 5ı0)

15(1� ı0)11:

where ı0 is the Poisson ratio of the mortar matrix.

To determine SS
ijkl in Equation 9, Zhong and Meguid (1996)

considered an infinite medium D containing uniform eigenstrains

��ij in a spherical inclusion � with an imperfectly bonded

interface @�: The problem is modelled as an equivalent Somigli-

ana dislocation field, and SS
ijkl is then defined as

�S
ij

D E
¼ SS

ijkl�
�
kl12:

where

�S
ij ¼

1

2
(uS

i, j þ uS
j,i)13:

Here uS
i denotes the displacement fields caused by the interfacial

sliding and normal separation, h�S
iji is the body average of �S

ij

inside the spherical inclusion, that is

�S
ij

D E
¼ 1

�

ð
�
�S

ijd�14:

If �S
ij is separated into its hydrostatic (�S

kk) and deviatoric (eS
ij)

components, Equation 12 can be rewritten as

�S
kk

� �
¼ ÆS��kk

eS
ij

D E
¼ �Se�ij

9=
;

15:

in which

ÆS ¼ 2(1� 2ı0)

1� ı0

º0, �S ¼ (7� 5ı0)(5A0 þ 2B0)

75(1� ı0)16:

where º0, A0 and B0 are (Li, 2001)

º0 ¼
�0k1

3(1þ �0k1)17a:

A0 ¼
Æ0k2 þ Æ0�0k2(k3 þ k4)

1þ Æ0(k2 þ k3)þ �0k4 þ Æ0�0k2(k3 þ k4)17b:

B0 ¼
(�0 � Æ0)k2

1þ Æ0(k2 þ k3)þ �0k4 þ Æ0�0k2(k3 þ k4)17c:

with

Æ0 ¼
�0ÆT

a
, �0 ¼

�0ÆN

a

k1 ¼
4(1þ ı0)

3(1� ı0)
, k2 ¼

2(7� 5ı0)

15(1� ı0)

k3 ¼
4(7þ 19ı0)

105(1� ı0)

and

k4 ¼
4(35þ 11ı0)

105(1� ı0)

Hence, according to Equations 8–17, the relationship between

the eigenstrains and the perturbation strains in the spherical

coarse aggregates with imperfect interface are

�pt
kk ¼ (ÆE þ ÆS) ��kk � Æ��kk

e
pt
ij ¼ (�E þ �S) e�ij � �e�ij

9=
;

18:

If ��� denotes the overall average stress tensor, then

��� ¼ c0�(0) þ c1�(1) � �019:

where c1 and c2 represent the volume fractions of mortar and

aggregate, respectively; �(0) and �(1) are the stresses in mortar

and aggregate, respectively. Substituting Equations 3, 4 and 8 into

Equation 19, the perturbation strains in mortar, ~�� can be solved

as

~�� ¼ �c1(S � I)��20:

where the transformation strains �� can thus be solved from

Equations 2, 4 and 20 as

�� ¼ L0 þ (L1 � L0)(c0S þ c1I)½ ��1
(L0 � L1)21:
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Substituting Equations 20 and 21 into Equations 3 and 4, the

average stresses in the mortar (with superscript 0) and the coarse

aggregates (with superscript 1) are

� (0) ¼ k0 þ Æ(k1 � k0)

k0 þ (c1 þ c0Æ)(k1 � k0)
���

22a:

s(0) ¼ �0 þ �(�1 � �0)

�0 þ (c1 þ c0�)(�1 � �0)
�ss

22b:

� (1) ¼ k1

k0 þ (c1 þ c0Æ)(k1 � k0)
���

23a:

s(1) ¼ �1

�0 þ (c1 þ c0�)(�1 � �0)
�ss

23b:

where ki denotes the bulk moduli of mortar (i ¼ 0) or coarse

aggregates (i ¼ 1) and �i represents the shear moduli of mortar

(i ¼ 0) or coarse aggregates (i ¼ 1). If there is no special

statement below, the hydrostatic and deviatoric components of the

stress and strain tensors will be written as � and s, � and e ,

respectively.

The strains in the mortar and the coarse aggregates are

�(0) ¼ �(0)

k0

¼ k0 þ Æ(k1 � k0)

k0 þ (c1 þ c0Æ)(k1 � k0)
�0

24a:

e (0) ¼ s(0)

2�0

¼ �0 þ �(�1 � �0)

�0 þ (c1 þ c0�)(�1 � �0)
e0

24b:

�(1) ¼ �(1)

k1

¼ k0

k0 þ (c1 þ c0Æ)(k1 � k0)
�0

25a:

e (1) ¼ s(1)

2�1

¼ �0

�0 þ (c1 þ c0�)(�1 � �0)
e0

25b:

The body average of the strains can be defined as (Benveniste,

1985)

���ij ¼ c0�
(0)
ij þ c1�

(1)
ij þ

1

2V

ð
S

([ui] nj þ [uj] ni) dS
26:

in which V is the volume of whole body; [ui] can be written as

(Zhong and Meguid, 1996)

[ui] ¼ �º0�
�
ll xi � A0e�ij xj �

1

a2
B0e�klxkxlxi27:

where a is the average radius of the coarse aggregates.

Substituting Equations 24, 25 and 27 into Equation 26, gives

��� ¼ k0 þ (c0Æþ c1º0)(k1 � k0)

k0 þ (c1 þ c0Æ)(k1 � k0)
�0

28a:

�ee ¼ �0 þ (c1A0 þ c0�)(�1 � �0)

�0 þ (c1 þ c0�)(�1 � �0)
e0

28b:

The equivalent bulk and shear moduli of the concrete can be

obtained from

k
k0

¼ k0 þ (c1 þ c0Æ)(k1 � k0)

k0 þ (c1º0 þ c0Æ)(k1 � k0)29a:

�

�0

¼ �0 þ (c1 þ c0�)(�1 � �0)

�0 þ (c1A0 þ c0�)(�1 � �0)29b:

Fraction of failed interfaces

Lambrigger (1997) pointed out that Weibull distribution function

(Weibull, 1951) could correctly characterise the strength and

failure of macroscopically homogeneous specimens. The Weibull

distribution function has been applied in the field of damage

mechanics and concrete failure analysis (Chen, 1995; Karihaloo,

1995; Yip et al., 1995). In this research, it is again adopted to

evaluate the fraction of failed interfaces.

It is assumed that the fraction of failed interfaces between mortar

and coarse aggregates conforms to a Weibull distribution function

as

ci(�) ¼ 1� exp � �

�u1

� �m1

" #
30:
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where ci is the fraction of failed interfaces and � is the effective

strain of concrete. In the case of uniaxial compression, � ¼ �3

and the subscript ‘3’ represents the compressive stress direction.

�u1 is the ultimate strain. If ci is set to be 1 when � equals �u1,

Equation 30 can be normalised as

ci(�) ¼ 1

1� e�1
1� exp � �

�u1

� �m1

" #( )
31:

Hence, the equivalent bulk and shear moduli of concrete with the

fraction of failed interfaces ci are

ke ¼ cikd þ (1� ci)kp, �e ¼ ci�d þ (1� ci)�p32:

where kd and �d are the bulk and shear moduli of concrete with

destroyed interfaces. They can be calculated from Equations 29,

16, 17 and 11 with the interface parameters in Equation 17,

Æ0 ¼ 1 and �0 ¼ 1: kp and �p in Equation 32 are the bulk and

shear moduli of concrete with perfect interfaces, which can also

be calculated from Equations 29, 16, 17 and 11, but with the

interface parameters Æ0 ¼ 0, �0 ¼ 0: Owing to the isotropy of

concrete, if ke and �e are known, the Young’s modulus Ee and the

Poisson ratio ıe of the concrete with imperfect interfaces are

Ee ¼
9ke�e

3ke þ �e

, ıe ¼
3ke � 2�e

6ke þ 2�e33:

Equivalent moduli of concrete with aligned
coalesced cracks
With further increase of load, the microcracks in the mortar–

coarse aggregate ITZ will propagate into mortar and aggregates

and coalesce to finally cause the failure of the concrete. These

coalesced cracks are considered as a series of aligned cracks

caused by the principal tensile strain. These aligned coalesced

cracks should be perpendicular to the direction of the principal

tension strain and they are considered as voids, a kind of material

whose moduli are zeros. According to the Mori–Tanaka method

(Benveniste, 1987; Mori and Tanaka, 1973), the overall moduli of

two-phase composite can be solved as

L ¼ Le þ cv[(Lv � Le)T][(1� cv)I þ cvT]�1
34a:

with

T ¼ f I þ [(1� cv)S þ cvI] L�1
e (Lv � Le)g�1

34b:

where subscript ‘e’ represents concrete (mortar + aggregates +

interfaces) and subscript ‘v’ represents voids with Lv � 0: cv is

the volume ratio of aligned cracks to overall concrete volume. If

there is a series of aligned inclusions in a certain composite

(Figure 2(c)), the corresponding Eshelby’s tensor S can be given

as (Mura, 1987)

S ¼

0 0 0 0 0 0

ıe

2(1� 2ıe)

5� 4ıe

8(1� ıe)

4ıe� 1

8(1� ıe)
0 0 0

ıe

2(1� 2ıe)

4ıe � 1

8(1� ıe)

5� 4ıe

8(1� ıe)
0 0 0

0 0 0
3� 4ıe

8(1� ıe)
0 0

0 0 0 0
1

4
0

0 0 0 0 0
1

4

2
66666666666666666666664

3
77777777777777777777775

35:

where the Poisson ratio of the concrete with imperfect interfaces

ıe is given in Equation 33. For the plane stress problem (Figure

3), Equation 35 can be expressed as

S ¼
0 0 0
ıe

2(1� ıe)

5� 4ıe

8(1� ıe)
0

0 0 1=2

2
664

3
775

36:

The Weibull distribution has been used again to model the

evolution of the volume ratio of the aligned coalesced cracks in

the material. The failure volume ratio under the current principal

tensile strain is therefore

x2

x1

Figure 3. Concrete with aligned coalesced cracks (two

dimensional)
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cv(�1) ¼ 1

1� e�1
1� exp � �1

�u2

� �m2

" #( )
37:

where �1 is the first principal tensile strain in mortar, �u2 is the

ultimate tensile strain value (when �1 reaches the value of �u2,

the mortar fails completely), and m2 is a shape index. When the

principal tension reaches the critical value for cracking, Equation

37 can be used to obtain the current volume ratio of aligned

cracks. The moduli of concrete are calculated from Equations

34–36. The flowchart implementing this model is shown in

Figure 4.

Model parameters
The main parameters include the shape indexes m1, m2 and the

threshold values of strain �u1, �u2: These parameters usually

cannot be measured directly. Based on simulation for concrete,

m1 and �u1, which is related to the interface failure and compres-

sion of concrete, are set to 3 and 0.008, respectively. m2 and �u2

are related to the tensile strain induced mortar failure in the

concrete. Here �u2 is defined as (Bazant et al., 1990; Mohamed

and Hansen, 1999)

�u2 ¼
2GF

f tlm38:

where f t is the tensile strength for concrete, GF is the fracture

energy of concrete and lm is the eigen-length for mortar.

According to the CEB-FIP code (CEB-FIP, 1993), there is a

simple empirical formula relating GF (J=m
2 � N=m) to the

compressive strength f 9c (MPa), as GF ¼ ÆF( f 9c)0.7, where the

empirical coefficient ÆF depends on the maximum aggregate size

g (Table 1). The tensile strength f t can be calculated from

empirical equations suggested by ACI Committee 209

Condition 1:
When interfaces are perfect

0, 0α �0 0� �

Condition 2:
When interfaces are imperfect

,α �0 0→ ∞ → ∞

Calculate parameters , and from Equation 17λ0 0 0A B

Calculate and from Equations 11, 16 and 18α �

Calculate equivalent bulk and shear modulus of concrete with perfect and
destroyed interfaces, , , and from Equation 29κ κp d p dμ μ

Calculate volume ratio of aggregates with destroyed interfaces, , from
Equation 31. Then equivalent modulus of concrete, , from Equation 32

ci
κe eμ

Calculate volume ratio of aligned cracks, , from Equation 37cv

Calculate modulus of concrete, , from Equations 33, 34 and 35L

Step 1:
Compute equivalent
modulus of concrete
with imperfect
interfaces

Step 2:
Compute modulus
of concrete with
aligned cracks

Figure 4. Outline for calculation of concrete modulus

Maximum aggregate size g: mm ÆF

8 4

16 6

32 10

Table 1. Coefficient ÆF with maximum aggregate size g

(Karihaloo, 1995)

919

Magazine of Concrete Research
Volume 66 Issue 18

A micromechanical model for concrete
under static loading
Teng, Li and Liu



f t ¼
1

3
(wf 9c)1=2 psi (w in pcf and f 9c in psi)

39a:

f t ¼ 0.2187(wf 9c)1=2 kPa (w in kg=m
3

and f 9c in kPa)39b:

where w is the density of concrete. For normal weight concrete,

Equation 39b can be rewritten as (in MPa)

f t ¼ 1.59 f 9c
1=240:

According to Bazant’s random particle model, lm ¼ �Fg and �F is

roughly considered to be 1/2. Thus Equation 38 becomes

�u2 ¼ 2.5143 f 9c
0.2 ÆF

g41:

The suitable value of m2 is found here to be

m2 ¼ 8.4� 7.55 exp(�0.1r3.57)42:

where r ¼ �u2=�r and �r ¼ 3.34� 1.59 exp(�3.1 3 105��20.48
u2 ):

The parametric studies show that m2 is related to the strength of

mortar. The higher the strength of mortar, the larger the value of

m2. �u2 is related to the ductility properties of concrete. The lower

the strength of mortar/concrete, the better the ductility properties

of concrete/mortar and so the larger is �u2:

The proposed model needs the volume ratio of mortar (c0) and

concrete (c1), and their bulk and shear moduli (k0, �0, k1 and

�1), as inputs. In applications, their densities (r0, r1 and w),

initial elastic moduli (E0 and E1), and Poisson ratios (ı0 and ı1)

can be used to calculate the inputs as shown in the next section.

The evolution rule of the fraction of failed interfaces (ci) is fixed.

To describe the evolution of the volume ratio of the aligned

coalesced cracks (cv), the diameter of aggregates (g) and the

compressive strength ( f 9c ) are needed. A lower compressive

strength or a larger size of aggregates leads to a slower develop-

ment of aligned coalesced cracks and better ductility properties

of the concrete/mortar.

Numerical examples
It is worth noting that the lateral deformation increases signifi-

cantly at higher stress level near the peak load where large cracks

appear and crack growth becomes unstable. To properly describe

the lateral strain during the descending branch, the following

equation is used to modify the change in lateral strain after the

peak load under uniaxial compression.

���lateral ¼ 200e�e1.667�5ºl �lateral43:

where

ºl ¼ 1� � compression= f 9c44:

Zhang (2001) had tested the behaviours of concrete and mortar.

The mortar and concrete were pan mixed in the laboratory and

were cast in steel moulds (100 mm in diameter and 200 mm

high). The mix design is shown in Table 2. Mortar G40 includes

no coarse aggregate; GC40 and GC50 are normal concrete with

different contents of coarse aggregate.

The densities of the mortar r0, coarse aggregate r1 and concrete

w can be measured. The volume fraction of the mortar (c0) and

coarse aggregate (c1 ¼ 1 � c0) can thus be calculated from

w ¼ c0r0 þ (1� c0)r145:

Uniaxial compression tests were then performed to obtain the

initial elastic moduli and Poisson ratios of mortar (E0, ı0) and

concrete (Ee, ıe). From Equation 32, the bulk and shear moduli

of concrete are

ke ¼
Ee

3(1� 2ıe)
¼ kp, �e ¼

Ee

2(1þ ıe)
¼ �p46:

The bulk and shear moduli of mortar are similarly

k0 ¼
E0

3(1� 2ı0)
, �0 ¼

E0

2(1þ ı0)47:

The bulk and shear moduli of the coarse aggregate, k1 and �1,

can be solved from Equation 29 and the initial elastic moduli and

Poisson ratios of the coarse aggregate can be obtained similarly

to Equation 33. The properties of mortar and concrete are shown

in Table 3 and Table 4, respectively.

In Figure 5, it is shown that the proposed model can predict the

Grade Cement Sand Water Coarse

aggregate

G40 mortar 1 2.8 0.35 None

GC40 concrete 1 2.8 0.35 2.8

GC50 concrete 1 2.8 0.35 1.4

Table 2. Mix design of specific weight ratio for mortar and

concrete (Zhang, 2001)
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mortar behaviour reasonably well, especially for the ascending

part and the peak load. It is also shown that the aligned coalesced

crack model can properly evaluate the failure of mortar.

The proposed model is further used to predict the compressive

behaviour of the concrete. The predicted responses of the com-

pressive behaviour including the lateral strains are shown in

Figures 6–11 to be reasonably good.
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Figure 5. Stress–strain curve for mortar

Initial modulus:

GPa

Compressive

strength: MPa

�u2 m2

25.3 37.74 0.0016 1.51

Note: �u2 is calculated from Equation 41; m2 is from Equation 42.

Table 3. Elastic properties of G40 mortar (Zhang, 2001)

Grade Density of mortar

(assumed): kg/m3

Density of coarse

aggregates (assumed):

kg/m3

Volume ratio

of mortar

Elastic modulus of

concrete: GPa

Elastic modulus of

coarse aggregates:

GPa

GC40-1 2400 2640 0.6198 32.69 50.69

GC40-2 2400 2640 0.6198 30.78 42.70

GC40-3 2400 2640 0.6198 30.25 40.69

GC50-1 2400 2640 0.7653 31.02 63.41

GC50-2 2400 2640 0.7653 31.06 63.83

GC50-3 2400 2640 0.7653 31.31 66.57

Table 4. Properties of concrete (Zhang, 2001)
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Figure 6. Stress–strain relation of concrete GC40-1

40

30

20

10

0

St
re

ss
: M

Pa

�3 �2 0 2 4 6

Strain: 10� �3

Experimental data (Zhang, 2001)
Proposed model

50

�1 1 3 5

Figure 7. Stress–strain relation of concrete GC40-2
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In order to explore the capability of the model in predicting the

transition in behaviour from low- to high-strength concrete, two

more examples are studied (Dahl, 1992; Neville, 1995). The

experimental data for concrete with different strength levels are

listed in Tables 5 and 6. In comparison with those obtained

experimentally, these predictions are reasonably accurate as

shown in the Figures 12 and 13.

Conclusions
In this paper, a micromechanical model based on the Mori–

Tanaka method is developed to study the stress–strain behaviour

of concrete under uniaxial compression. The concrete is modelled

as a two-phase composite with an imperfect bond between mortar

and coarse aggregate. The aligned coalesced cracks are then

considered as void inclusions in the matrix of the concrete. The

Weibull distribution function is used to describe the developments

of the two kinds of defects in the material.

The proposed model has been used to study the stress–strain
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Figure 8. Stress–strain relation of concrete GC40-3
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Figure 9. Stress–strain relation of concrete GC50-1
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Figure 11. Stress–strain relation of concrete GC50-3
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Figure 10. Stress–strain relation of concrete GC50-2
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relationships of mortar and concrete. The results obtained con-

form to the experimental data, which show that the proposed

micromechanical model is capable of predicting the entire

response of concrete under uniaxial compression and is worthy of

further research and development.

The failure mechanism assumed in this paper is also verified. The

failure of the mortar–coarse aggregate interfaces (ITZs) is

described by the increase of the fraction of failed interface (ci)

which is a function of compressive strain (Equation 31). The

f 9c: MPa Ee: GPa E0: GPa m2 �u2: 3 10�3 �r 3 10�3

20.8329 20.23 12.6347 0.9 1.7307 3.3

28.6999 24.66 16.6408 1.0 1.8452 2.9

35.7387 28.28 20.3116 1.25 1.9279 2.3

42.3858 30.34 21.2075 1.6 1.9948 2.0

55.8684 34.13 27.0243 1.8 2.1081 1.9

69.7838 37.53 31.3671 2.1 2.2040 1.8

83.6917 38.98 33.3155 2.5 2.2856 1.8

Note: �u2 is calculated from Equation 41; m2 and �r are from Equation 42.

Table 5. Material properties and coefficients for the proposed

model (Neville, 1995)

f 9c: MPa Ee: GPa E0: GPa m2 �u2: 3 10�3 �r 3 10�3

105.80 42.85 38.786 2.815 2.395 1.758

94.17 40.00 34.720 2.663 2.340 1.763

67.40 33.30 26.013 2.219 2.189 1.802

50.30 30.00 22.195 1.772 2.064 1.917

31.70 26.60 18.563 1.092 1.882 2.578

22.00 20.00 12.441 0.930 1.750 3.280

Note: �u2 is calculated from Equation 41; m2 and �r are from Equation
42.

Table 6. Material properties and coefficients for the proposed

model (Dahl, 1992)
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Figure 12. Stress–strain curves of different strength for concrete

(Neville, 1995)
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development of the aligned coalesced crack in the concrete is

quantified by its volume ratio (cv), which is a function of tensile

strain (Equation 37). The Weibull distribution function has been

shown to be able to describe the development of the cracks in the

concrete and in the interfaces.
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