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Abstract
In this paper, we study a gradient-type method and a semismooth Newton method for minimization
problems in regularizing inverse problems with nonnegative and sparse solutions. We propose a special
penalty functional forcing the minimizers of regularized minimization problems to be nonnegative and
sparse, and then we apply the proposed algorithms in a practical the problem. The strong convergence
of the gradient-type method and the local superlinear convergence of the semismooth Newton method
are proven. Then, we use these algorithms for the phase retrieval problem and illustrate their efficiency
in numerical examples, particularly in the practical problem of optical imaging through scattering media
where all the noises from experiment are presented.

Keywords: Gradient-type algorithm, Inverse problems, Nonnegative and sparse solutions, Nonnegative
sparse regularization, Phase retrieve problem.

1

Introduction

Many mathematical models lead to find a nonnegative and sparse solution u of the operator equation
K(u) = y,

(1)

where K : X → Y is a smooth operator (linear
P or nonlinear) between two (real Hilbert) spaces X and Y ,
and y is the exact data. Note that if u = i∈Λ ui ϕi with {ϕi } being a basis or frame of the real Hilbert
space X, then the nonnegativity means that ui ≥ 0 for all i and the sparsity means that there are finite
nonzero elements ui .
Due to this definition, the nonnegativity of u does not mean that the function u is nonnegative. It
depends on the chosen basis. For examples, in Rn with canonical basis, the nonegativity of u ∈ Rn means
that u is a nonnegative function. In L2 (0, 1), if the chosen basis consists of ”hat functions” as in theory of
the finite element method (piecewise linear functions), the nonnegativity of u ∈ L2 (0, 1) also means that u
is a nonnegative function. However, if we choose the Fourier basis for L2 (0, 1), the nonnegativity of ui does
not imply that u is a nonnegative function.
The problem of finding a nonnegative solution u in usual meaning of equations (i.e. u ≥ 0) falls into
class of Problem (1) and appears in many fields such as image processing [1, 2, 36], and nonnegative matrix
factorization [17, 25, 34], whereas the our definition of nonnegativity is a generalization.
We further assume that Problem (1) is ill-posed and the exact data is unknown. In practice, we have
only noisy data y δ of y such that
ky − y δ kY ≤ δ.
(2)
1

Therefore, the core problem is to find an approximation of the nonnegative and sparse solution given the
operator K and a noisy data y δ . The ill-posedness of Problem (1) enforces us to use a regularization method.
Tikhonov-type regularization methods such as Tikhonov regularization [7], sparse regularization [4, 6, 15,
26, 27, 28], and total variational regularization [1, 36] are often used, lead to the minimization problems of
the form
min F (u; y δ ) + αΦ(u),
(3)
u∈X,u≥0

δ

where F (u; y ) is a functional in u measuring the difference between K(u) and noise data y δ , e.g., F (u; y δ ) =
1
δ 2
2 kK(u) − y k , and Φ : X → R is a penalty functional that is often chosen based on a prior information on
exact solutions.
It is well-known that the efficiency of Tikhonov-type regularization depends on choices of functionals F
and Φ, for example, if F and Φ are chosen such that
• The minimizers of Problem (3) fast converge to the exact solution u as δ → 0 (with responding to
some choices of α = α(δ)).
• Problem (3) is easy to solve, e.g., a convex problem, and there are simple and efficient algorithms to
solve.
Many different choices of F and Φ have been studied. F is often the square norm of X [7], but other
different norms are also considered [15]. If F is a convex function, then Problem (3) is convex and we have
more tools and efficient algorithms to work with. This situation often happens if K is a linear operator.
For nonlinear operators, such a choice for F is much more challenging and only available for some specific
operators. For example, recently used functionals F in [19, 20, 21] are energy functionals, which are convex
for nonlinear operators K. Generally, a good choice for F depends on Problem (1), but we do not aim at
here. Our aim is to give a simple and good choice for Φ under a prior information on the sparsity and
negativeness of the exact solution to (1).
Note that the sparsity of the exact solution encourages us to use sparsity regularization, which has been
studied recently, e.g., [4, 6, 15, 14, 16, 26, 27, 31, 28].
This method applied for Problem (1) leads to
considering Problem (3) with Φ being given by
X
Φ(u) = Φp (u) :=
ωi |hu, ϕi i|p ,
(4)
i∈Λ

where ωi ≥ ω0 > 0 for all i and {ϕi }i∈Λ is an orthonormal basis (or frame) of the real Hilbert space X. We
like to emphasize that the efficiency of sparse regularization analyzed in [4, 6, 15, 26, 27, 28] is not clear to
the problem under consideration, because we are now working with the constrained minimization problem.
To best of our knowledge, there are no simple and efficient algorithms available for solving them.
Therefore, our approach does not follow the above outline, i.e., we do not consider Problem (3) with Φ
of the form (4). Instead, regularized approximate solutions of (1)–(2) are expressed as minimizers of the
unconstrained minimization problem
min Θ(u) := F (u; y δ ) + αΦ(u),

u∈X

(5)

where F (·; y δ ) : X → R is a smooth functional measuring the difference between K(u) and noise data y δ ,
and Φ : X → R is defined by
(P
if ui ≥ 0 for all i,
i∈Λ ui ,
Φ(u) :=
(6)
+∞,
otherwise.
P
Here u = i∈Λ ui ϕi and {ϕi }i∈Λ is an orthonormal basis of X. The proposed regularization method is
called nonnegative sparse regularization (NSR) in distinction with sparse regularization.
We want to emphasize the advantage of NSR is not only suitable for the prior information of nonnegativity
and sparsity of the solution, but also there exist efficient algorithms to solve it even for nonconvex F (·; y δ ).
We will be present such algorithms in the next sections. Note that it is easy to modify the penalty functional
to obtain the non-positive and sparse solutions for inverse problems. All algorithms in this paper also work
for nonpositive sparse regularization. Our main contributions in the paper are:
• We have proven that the regularized solutions, i.e. minimizers of Problem (5), are nonnegative and
sparse.
• We have proven the strong convergence of the Gradient-type algorithm for Problem (5). This result
improves our previous result in [29], where we could prove only the weak convergence.
2

• We have proven the local superlinear convergence of the semismooth Newton method for solving the
first order equation for Problem (5).
• We have applied the algorithms to the phase retrieval problem, and we have tested on numerical
simulation as well as on real experimental data (i.e. imaging through strongly scattering media).
The paper is organized as follows: in Section 2, we indicate that the minimizers of Problem (5) are
nonnegative and sparse. Section 3 is devoted to present numerical algorithms for Problem (5) and prove
the strong convergence of the gradient-type method as well as the semismooth Newton method. Finally, we
illustrate the nonnegative sparse regularization and algorithms via the phase retrieval problem to do imaging
through strongly scattering media.

2

Nonnegativity and sparsity of minimizers

From now we assume that X and Y are real Hilbert spaces, {ϕk }k∈Λ an orthonormal basis of X. The
following lemma highlights the prosperities of Φ defined by (6).
Lemma 2.1 The functional Φ defined by (6) has the following properties
1) Φ is nonnegative, convex and weakly lower semi-continuous.
2) For any u ∈ X,
Φ (u) ≥ kuk .
This implies that Φ is weakly coercive, i.e. Φ (u) → ∞ as kuk → ∞.
3) If {un }n∈N ⊂ X weakly converges to u ∈ X and Φ (un ) converges to Φ (u) < ∞, then Φ (un − u)
converges to zero. This also implies that un strongly converges to u in X.
Proof. 1) Φ can be rewrite as
Φ(u) =

X

ψ(ui ),

(7)

i∈Λ

where ψ(·) is defined by
(
ψ(x) =

x,
if x ≥ 0,
+∞, if x < 0.

Since ψ is a nonnegative, convex and weakly semicontinuous functional, Φ is nonnegative, convex and weakly
lower semi-continuous.
2) The inequality is automatically
true if u is zero or have any negative component ui . Thus, we prove
P
it when u is positive, i.e. u = i∈Λ ui ϕi with ui ≥ 0 for all i ∈ Λ and Φ(u) > 0. We have
X  ui 2 X  ui 
≤
= 1.
Φ(u)
Φ(u)
i∈Λ

i∈Λ

Thus,
!1/2
Φ(u) ≥

X

u2i

= kuk.

i∈Λ

3) Since {un }n∈N ⊂ X weakly converges to u ∈ X and Φ (un ) converges to Φ (u) < ∞, by definition of
Φ we deduce that un and u are nonnegative for n large enough. Without lost of generality, we can assume
that un is nonnegative for all n. Since Φ (un ) converges to Φ (u) , we have
lim sup Φ(un − u) = lim sup (2(Φ(un ) + Φ(u)) − 2(Φ(un ) + Φ(u)) + Φ(un − u))
n
n
X
= 4Φ(u) − lim inf
(2uni + 2ui − ψ(uni − ui )) .
n

i∈Λ

Since {un }n∈N weakly converges to u (i.e. uni → ui for every i ∈ Λ) and the weak semicontinuousity of ψ,
we have
X
X
− lim inf
(2uni + 2ui − ψ(uni − ui )) ≤ −
4ui = −4Φ(u).
n

i∈Λ

i∈Λ
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Combining the above inequalities, we have
lim sup Φ(un − u) = 0 ⇒ lim Φ(un − u) = 0.
n

n

Finally, from 2) we have Φ(un − u) ≥ kun − uk, which implies that un strongly converges to u in X.
In the following, we will show that Problem (5) has at least a minimizer and every minimizer is nonnegative and sparse. We also give the first order optimality condition. At this point, some conditions on the
functional F are required, and given in the following assumption.

Assumption 1 (1) Dom F (·; y δ ) = X for any y δ ∈ Y , and for each y δ ∈ Y F (·; y δ ) is bounded from
below and weakly lower semicontinuous. Without loss of generality, we assume F (u; y δ ) ≥ 0, ∀u ∈ X
and for all y δ ∈ Y .
(2) F (·; y δ ) is Fréchet differentiable.
Theorem 2.1 Under Assumption 1,
(a) Problem (5) has at least a nonnegative solution, i.e., the functional Θ in (5) has at least a global
nonnegative minimizer.
(b) Any local minimizer u of Θ in (5) satisfies the following condition

u = Psα u − sF 0 (u; y δ ) ,

(8)

for any s > 0.
(c) If u is a local minimizer of Θ in (5), then u is nonnegative and sparse.
(d) if F is convex and u is a local minimizer of Θ in (5), then u is a solution of (5). In addition, the
solution of (5) is unique if F is strictly convex.
Here, the proximal operator Pλ is defined by
Pλ (u) =

X

max(ui − λ, 0)ϕi ,

(9)

i∈Λ

with ui = hu, ϕi i.
Proof. (a) We have
0 ≤ inf Θ(u) ≤ Θ(0) = F (0; y δ ) < ∞.
u∈X

n

Denote {u } a minimizing sequence. Without loss of generality, we can assume that un is nonnegative for all
n. Since F is bounded from below and Φ is weakly coercive, the functional Θ is also weakly coercive. This
implies that the sequence {un } is bounded, and thus it has a weakly convergent subsequence (also denoted by
{un }), weakly converges to u∗ ≥ 0. Furthermore, the objective functional Θ is weakly lower semicontinuous,
because F and Φ are weakly lower semicontinuous. Therefore,
Θ(u∗ ) ≤ lim inf Θ(un ) = inf Θ(u).
n→∞

u

This means that u∗ is a global nonnegative minimizer of Θ in (5).
(b) Now if u is a local minimizer of Θ in (5), then u is nonnegative and −F 0 (u) ∈ α∂Φ(u) or u − sF 0 (u) ∈
(I + sα∂Φ) (u) for any s > 0. Since Φ is proper, convex and lower semicontinuous, the proximal operator
−1
Psα := (I + sα∂Φ) is well defined [29]. Therefore, we have
−1

u = Psα (u − sF 0 (u)) = (I + sα∂Φ)
Note that if u = (I + λ∂Φ)

(u − sF 0 (u)) .

−1

(v), then u is the minimizer of problem

X 1
1
2
2
(gi − vi ) + λψ(gi ) .
min kg − vk + λΦ(g) = min
g
g 2
2
i∈Λ

Solving this minimization problem, we have u = Pλ (v) =
4

P

i∈Λ

max(vi − λ, 0)ϕi .

(c) From part (b), we have u is nonnegative.
Now we show the sparsity of u. Note that u = Psα (v) with
P
v = u − sF 0 (u) ∈ X. Since kvk = i∈Λ vi2 < ∞, the sequence {vi } converges to zero. Thus, for i large
enough, we have
vi ≤ |vi | ≤ sα ⇒ max(vi − sα, 0) = 0.

(10)

This implies that u has a finite number of nonzero components.
(d) This is evident since Problem (5) is (strictly) convex if F is (strictly) convex.
From part (a) and (c) of Theorem 3.1, it implies that any solution of Problem (5) is nonnegative and
sparse. This proves that the new proposed approach in this paper forces regularized solutions to be nonnegative and sparse. We have stated this advantage in the introduction. From (10) we can notice that the
sparsity of mininizers of (5) depends on αs. Since (8) is true for all s > 0, the sparsity depends only on
the regularized parameter α. We need a suitable choice of α such that the regularized solution is a good
approximation of the exact solution of (1). Therefore, we must use a priori information of sparsity of the
exact solution in choosing the value of α, which is evident and well-known in the theory of inverse and
ill-posed problems.

3

Numerical Algorithms

This section is devoted to the gradient-type algorithm and the semismooth semi-Newton method for Problem
(5), the algorithms for the unconstrained minimization problem
min Θ(u) := F (u) + αΦ(u).

(11)

u∈X

Here, F (u) := F (u, y δ ).

3.1

Gradient-type method

The starting point for the gradient-type method is a quadratic approximation method. The main idea is to
replace Problem (11) by a sequence of problems {minv∈X Θsn (v, un )} with Θsn (·, un ) being strictly convex,
which are easy to solve. Furthermore, Assumption (1) will allow us to prove that the sequence of minimizers
{un+1 = argminv∈X Θsn (v, un )} converges to a minimizer of Problem (11).
Based on this idea, for a fixed s > 0, we define the following quadratic approximation of Θ(v) at a given
point u:
s
(12)
Θs (v, u) := F (u) + hF 0 (u), v − ui + kv − uk2 + αΦ(v).
2
From Theorem 2.1, the sequence of minimizers {un+1 = argminv∈X Θsn (v, un )} is given by the alternative
descriptions
un+1 = argminv∈X Θsn (v, un ) = P sαn un −

1 0 n 
F (u ) .
sn

(13)

Now we prove the convergence of the sequence defined by (13). In doing so, we need the following results.
Lemma 3.1 Let Assumption 1 hold. Assume that the sequence {un } is defined by (13) where the sequence
{sn } satisfies sn ∈ [s, s] (0 < s ≤ s), and
Θ(un+1 ) 6 Θsn (un+1 , un ).
Then, the sequence {Θ(un )} is monotonically decreasing, limn→∞ kun+1 − un k = 0 and the sequence {un }
is bounded.
Proof. We note that the functional Φ given by (6) satisfies the properties (1)-(3) of [29, Assumption 2.1]
and thus the result is implied from [29, Lemma 2.3].
Theorem 3.1 (Strong convergence) Let Assumption 1 hold. In addition, we assume that F is the
Frechét differential with Lipschitz constant L. Let the sequence {un } be defined by (13) where the sequence
{sn } satisfies sn ∈ [s, s] (0 < s ≤ L ≤ s) and
Θ(un+1 ) 6 Θsn (un+1 , un ).
Then, there exists a subsequence {unj } of {un } strongly converging to some u∗ ∈ X as j → ∞. Furthermore,
u∗ is a stationary point of Θ.
5

Proof. By Lemma 3.1 the sequence {un }n is bounded. Since F 0 is Lipschitz continuous the sequence
{F 0 (un )}n is bounded as well. Therefore, there exists a subsequence {unj } of {un }, which weakly converges
to some u∗ ∈ X, {F 0 (unj )} weakly converges to some v 0 ∈ X, and {snj } converges to some s ∈ [s, s] as
j → ∞.
By (13), we have


α
1
n +1
n
ui j = max ui j − nj (F 0 (unj ))i − nj , 0 , ∀i ∈ Λ.
s
s
Letting j → ∞ and noting that kunj +1 − unj k → 0 by Lemma 3.1, we deduce that


1 0 α
∗
∗
ui = max ui − vi − , 0 , ∀i ∈ Λ
s
s
or
1
u∗ = P αs (u∗ − v 0 ).
s
1
0 nj
nj
nj
On the other hand, since d = u − snj (F (u )) is uniformly bounded there exists N0 ∈ N (do not depend
on nj ) such that
 2

X n
α 
α
n +1
n
⇒ ui j = max di j − nj , 0 = 0, ∀i ≥ N0 .
|di j |2 <
s
s
i≥N0

As a consequence, the sequence {unj +1 }j has uniformly bounded support for all nj . Thus up to a subsequence
it strongly converges to u∗ (the weak convergence and strong convergence in finite dimensional spaces are
equivalent). Again, we also have that unj strongly converges to u∗ as j → ∞.
Finally, since F 0 is continuous F 0 (unj ) strongly converges to v 0 = F 0 (u∗ ), i.e.,
1
u∗ = P αs (u∗ − F 0 (u∗ )).
s
Thus, u∗ is a stationary point of Θ.
Remark 3.1 We would like to emphasize that one of our main contributions is Theorem 3.1, which proves
the strong convergence of the gradient-type method without the following assumption:
Assumption 2 ”If {un } converges weakly to u such that {Θ(un )} is monotonically decreasing, then there
exists a subsequence {unj } such that {F 0 (unj )} → F 0 (u).”
In [29], Assumption 2 is used to obtain the weak convergence of the gradient-type method for general minimization problem of the form (11). However, the strong convergence of the algorithm for general minimization
problem in [29] has not been proved. In [27] Assumption 2 is also used to prove the strong convergence of
the gradient-type method for sparse regularization, i.e., for Problem (3) with Φ given by (4).
By this theorem the iteration (13) converges to a stationary point of Problem (11) if and only if the
stepsizes sn satisfy the conditions: for all n,
• {sn } is bounded, e.g. sn ∈ [s, s] (0 < s ≤ L ≤ s),
• and
Θ(un+1 ) 6 Θsn (un+1 , un ).
Adding these two requirements to iteration (13), the gradient-type method is presented in Algorithm 3.1.
Remark 3.2 The first guess for sn+1 in Step 8 of Algorithm 3.1 is very important. Some strategies for doing
this suggested in [3, 27, 29, 30], these are constant stepsize rule, backtracking rule, modified backtracking
rule, Barzilai-Borwein rule. These strategies of choosing stepsizes have been analyzed in [28]. Each of them
has advantages and disadvantages. For examples, the first rule makes the ”repeat” iteration do only one time
since the condition Θ(un+1 ) 6 Θsn (un+1 , un ) is always satisfied. However, if L is quite large, then stepsize
1
sn is too small. As a result, Algorithm [28] is slow. Furthermore, in many cases, the Lipschitz constant L
is not available. For the backtracking rule, it generates the increasing sequence {sn }, which converges to a
number greater than or equal to L, thus Algorithm [28] become slow using this rule for larger value of L. The
last two rules are more flexible that makes the Algorithm faster as shown in [28].
Remark 3.3 If the functional F in Problem (11) is convex, then we can apply two accelerated versions
(one is call Beck’s accelerated algorithm and the other is called Nesterov’s accelerated algorithm) in [29]
for Problem (11). Two accelerated algorithms have the convergence rates of order O( n12 ), which is much
faster than the gradient-type algorithm. Detailed these algorithms for Problem (11) are straight forward from
[3, 29, 30].
6

Algorithm 3.1 Gradient-type method
Input: Initial guess u0 : Φ(u0 ) < ∞, µ ∈ (1, ∞) and s0 ∈ [s, s] (0 < s ≤ L/µ ≤ s)
1: for n = 0, 1, 2, . . . do
2:
repeat
3:
un+1 ← P sαn (un − s1n F 0 (un ))
4:
if Θ(un+1 ) > Θsn (un+1 , un ) then
5:
sn ← sn .µ
6:
end if
7:
until Θ(un+1 ) 6 Θsn (un+1 , un ) or sn ∈
/ [s, s]
8:
Compute an initial guess for sn+1
9: end for
Output: u = lim un

3.2

Semismooth Newton method

The first order optimality condition of problem (11) is given by
D(u) := u − Pβα (u − βF 0 (u)) = 0,

(14)

for any fixed β > 0. Note that D(·) is not Gâteaux differentiable. However, as shown below, D(·) is Newton
differentiable, thus the semismooth Newton method can be applied.
In this section, we prove the Newton differentiability of the operator Pλ (·) and present the semismooth
Newton method to solve Equation (14) numerically. To this end, we first recall the definition of Newton
differentiability and obtain the formula for Newton derivative of Pλ (·). Here, we follow the outline of [29].
For more details on Newton differentiability, we refer to [5, 22, 35] and references therein.
Definition 3.1 Let H1 and H2 be Banach spaces and U ⊂ H1 be an open subset. A mapping ψ : U → H2
is called Newton differentiable at u ∈ U if there exists a family of mappings χ : U → L(H1 , H2 ) such that
lim

h→0

kψ(u + h) − ψ(u) − χ(u + h)hkH2
= 0.
khkH1

(15)

The function χ is called a Newton derivative of ψ at u.
Furthermore, χ is called a Newton derivative of ψ in U if it is a Newton derivative of ψ for every u ∈ U .
The Newton derivative is a generalization of Frétchet derivative. It is shown in [5, 22, 35] that if a
function has Frétchet derivative then that derivative is also a Newton derivative. Furthermore, the Newton
derivative has similar basic properties as Frétchet derivative such as the sum of two Newton differentiable
functions is Newton differentiable and the composition of a Newton differential function with a Frétchet
differential function is Newton differentiable [29].
Lemma 3.2 Let Pλ (·) be defined by (9) with λ > 0. Let us define a family of operators G(u) : X → X by
(

vk , for uk > λ
G(u)v k =
,
(16)
0,
for uk 6 λ
where uk = hu, ϕk i and vk = hv, ϕk i.
(a) G(u)(·) is a continuous linear operator with kG(u)k 6 1 for all u ∈ X. Then
(b) Pλ is Newton differentiable and G(u) is a Newton derivative of Pλ at u.
Remark 3.4 G(u) is the projection operator onto a set of non-zero or active coefficients of Pλ (u). In matrix
notation, we can express the derivative G(u) as


I
0
G(u) = A
,
0 0
where A = {k ∈ Λ : uk > λ}.
With this notation, we are now in a position to calculate a Newton derivative of D.
7

Theorem 3.2 Let F be twice Fréchet differentiable in an open set U and assume F 00 is Lipschitz continuous
in a neighborhood of u ∈ U . Then, D defined by (14) is Newton differentiable at u and a Newton derivative
of D at u is given by
D0 (u) = I − G(u − βF 0 (u))(I − βF 00 (u)).
Furthermore, if the active and inactive sets at u respectively are
A(u) = {k ∈ Λ : [u − βF 0 (u)]k > βα},
I(u) = {k ∈ Λ : [u − βF 0 (u)]k 6 βα}.
and represent the operator F 00 (u) as
F 00 (u) =



MAA
MIA


MAI
.
MII

Then, a Newton derivative of D at u is given by

 


0 0
I
0
βMAA
D0 (u) =
+ A
(βF 00 (u)) =
0 II
0 0
0


βMAI
.
II

(17)

Proof. Using [29, Lemma 2.7], we claim that D(u) is Newton differentiable and its Newton derivative is
given by
D0 (u) = I − G(u − βF 0 (u))(I − βF 00 (u)).
Then, using the matrix representation of G and F 00 , after simple computation, we obtain the formula (17).
We now analyze the semismooth Newton method for solving equation (14) and propose sufficient conditions for local convergence. This method has already been used in the context of inverse problems by a
number of authors [5, 22, 35]. Recently, the approach has been applied to sparse regularization problems
[18, 29]. As discussed in the previous section, instead of directly approximating minimizers of problem (11)
we rather aim at solving equation (14). The semismooth Newton method for this equation has the form
un+1 = un − D0 (un )−1 D(un ).

(18)

For getting a more convenient algorithm, we introduce active and inactive sets as
An = {k ∈ Λ : [un − βF 0 (un )]k > βα}, In = {k ∈ Λ : [un − βF 0 (un )]k 6 βα}.
Then by Theorem 3.2, we have
un+1 = un −
n

=u −

−1
β MAn An

1

0
−1
β MAn An

1

−M−1
An An MAn In
IIn




un − Pβα (un − βF 0 (un ))

−M−1
An An MAn In
IIn

0
 n
−1
uAn − MAn An [F 0 (un )]
=
0

An


β[F 0 (un )]
unIn

− MAn In unIn
.


An

(19)

Here, we have implicitly assumed that M−1
An An exists. Hence, instead of calculating the Newton update, we
can set un+1
=
0,
then
solve
the
equation
MAn An δuAn = [F 0 (un )] An − MAn In unIn and compute un+1
In
An =
n
uAn − δuAn .
We require some conditions for F to prove local convergence of semismooth Newton methods given in
iteration (18) or (19).
Assumption 3 Assume that
1) Equation (14) has a solution u∗ ∈ U, where U is an open set.
2) F is twice Fréchet differentiable, F 0 and F 00 are Lipschitz continuous in U.
3) For an arbitrary but finite index set A ⊂ Λ, the operator F 00 (u) restricted to A has a bounded inverse,
i.e. if F 00 is represented by


MAA MAI
00
F (u) =
,
MIA MII
∗
then there exists a ρ > 0 such that M−1
AA exists, and is uniformly bounded on the ball Bρ (u ) ⊂ U.
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Under Assumption 3, following [18] we will show that the semismooth Newton method locally superlinearly converges. In doing so we need some auxiliary results.
Lemma 3.3 Assume that F 0 is Lipschitz continuous with Lipschitz constant L in a neighborhood of u∗ .
Then there exist k0 ∈ Λ and ρ > 0 such that the condition ku − u∗ k < ρ implies the active set A(u) satisfies
the following relation:
A(u) ⊂ [1, k 0 ].
Moreover, k 0 and ρ depend on β, u∗ , L and α.
Proof. The triangle inequality implies
|uk − βF 0 (u)k | 6 |u∗k − βF 0 (u∗ )k | + |uk − u∗k − β(F 0 (u)k − F 0 (u∗ )k )|.

(20)

The first term converges to zero as k tends to infinity, because u∗ and F 0 (u∗ ) are in X. In particular, there
exists a k0 , depending only on u∗ and β, such that
|u∗k − βF 0 (u∗ )k | < βα/2 for all k > k0 .

(21)

The second term can be estimated as follows,
|uk − u∗k − β(F 0 (u)k − F 0 (u∗ )k )| 6 |uk − u∗k | + β|F 0 (u)k − F 0 (u∗ )k )|
6 (1 + βL)ku − u∗ k,
where L is the Lipschitz constant of F 0 . Thus there exists ρ > 0 depending only on β, u∗ , L and α such that
|uk − u∗k − β(F 0 (u)k − F 0 (u∗ )k )| 6 βα/2 for all k ∈ Λ.

(22)

The proof of the lemma follows from (20)–(22).


MAA MAI
00
Lemma 3.4 If F (u) =
and MAA is injective, then D0 (u) : X → X is invertible and
MIA MII
kD0 (u)−1 k 6 kM−1
AA k


1
+ kMAI k + 1,
β

where A and I respectively are the active and inactive sets at u.
Proof. Let r ∈ X and consider the equation D0 (u)δu = r, i.e. the equation


  
βMAA βMAI
δuA
r
= A .
0
II
δuI
rI
This equation is equivalent to δuI = rI and
βMAA δuA = rA − βMAI rI .

(23)

Since the active set A is finite, MAA is an injective operator (by hypothesis) on a finite dimensional space.
Therefore, it is also surjective. We conclude that (23) has a unique solution and thus D0 (u)−1 exists.
Furthermore, we have the estimate
 
 1 −1
M−1
rA
AA MAI
β MAA
kD0 (u)−1 rk =
rI
0
II
1
−1
6 kM−1
AA kkrA k + kMAA kkMAI kkrI k + krI k
β

1
−1
6
kM−1
AA k + kMAA kkMAI k + 1 krk.
β

Theorem 3.3 If Assumption 3 is satisfied, then there exists a r > 0 such that the condition ku0 − u∗ k < r
implies the sequence un defined by (18) satisfy kun − u∗ k < r for all n, and un → u∗ superlinearly.
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Proof. In order to apply classical results on superlinear convergence of generalized Newton methods ([5,
Remark 2.7] or [22, Theorem 1.1]) we need to prove that D0 (u)−1 is uniformly bounded in a ball around u∗ .
Let ρ > 0 be a number such that Assumption 3 and Lemma 3.3 are satisfied in the ball Bρ (u∗ ) with the
center u∗ and the radius ρ. By Lemma 3.3 there exists k0 such that the active set satisfies A(u) ⊂ [0, k0 ] for
all u ∈ Bρ (u∗ ). We define
c(k0 ) = max
sup kM−1
AA k > 0.
∅6=A⊂[0,k0 ] u∈Bρ (u∗ )

Note that for every A ⊂ [0, k0 ], A 6= ∅, supu∈Bρ (u∗ ) kM−1
AA k is finite by Assumption 3. Since c(k0 ) is the
maximum of finitely many positive numbers, it exists, and it is a finite positive number.
On the other hand, again using Assumption 3 (the Lipschitz continuity implies uniformly boundedness),
we have kMAI k 6 kF 00 (u)k 6 τ < ∞ for all choices of A and I.
Lemma 3.4 implies that
1
kD0 (u)−1 k 6 c(k0 )( + τ ) + 1.
β
Therefore, the inverse operator of the Newton derivative D0 (u)−1 is uniformly bounded in Bρ (u∗ ). The result
now follows standard results for generalized Newton methods, see [5, Remark 2.7], [22, Theorem 1.1].

4

Phase retrieval problem

In electron microscopy, optical imaging, astronomy, crystallography, and in other fields it often requires to
recover an object from intensity measurements. In more detail, one is usually interested in determining an
nonnegative and sparse object, 0 ≤ f (x) ∈ L2 (Ω), from |F (u)|, where F (u) is the Fourier transform of f (x),
i.e.,
Z
∞

F(u) =

f (x) exp(−i2πu.x)dx.
−∞

Here, x is an M -dimensional spatial coordinate, u is an M -dimensional spatial frequency coordinate and x.u
is the inner product of two vectors x and u.
In practice, we are faced with the case M = 2 and deal with sampled data in computer, which are
assumed to be square arrays, u = (u1 , u2 ) and x = (x1 , x2 ) where u1 , u2 , x1 and x2 = 0, 1, 2, . . . , N − 1. For
this data, the discrete Fourier transform (we use notation A for short) has the form
Af (u) =

N
−1
X

f (x) exp(−i2πu.x/N )

(24)

x=0

with inverse
f (x) =

N −1
1 X
Af (u) exp(i2πu.x/N ).
N 2 u=0

A discritized mathematical model for the problem of phase retrieval is:
(
2
Find a real, nonnegative and sparse vector f ∈ RN such that
|Af | = b,
2

2

2

(25)

(26)

where A ∈ RN ×N , b ∈ RN and |Af | is componentwise magnitude of vector Af .
The applications of this problem can be founded in [23] and the refferences therein. One special application, imaging through strongly scattering media, will be investigated in the next section. We emphase
that the constraints of nonnegativity and sparsity of solutions have not been investigated. In [23], without
nonnegativity and sparsity of solutions, the problem is experimentally indicated to be ill-posed. The authors
have indicated that two imaging systems of one object result in two different images, but their autocorrelations are the same. This shows that recovering image of an object from its autocorrelation or equivalently its
FFT amplitude is not unique (the ill-posed of problem). In [24], the authors have investigated the uniqueness of the similar one as Problem (26) under mild conditions. There are several algorithms for solving this
problem without considering nonnegativity and sparsity of solutions, but the most popular one is given by
G.A. Fienup in [9]. Recently, the problem with a general linear operator F is investigated in [10] and some
regularization algorithms based on the Moore-Penrose pseudoinverse of A are presented.
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In the theory of inverse problems, a prior information of solutions is known, approximation solutions can
be found with high fidelity. Such an information for Problem (26) is that it has a sparse and nonnegative
solution. Sparsity and nonnegativity suggest to use the nonnegative sparse regularization:
min

f ∈RN 2 ,y∈CN 2 ,|y|=b

|Af − y|2 + αΦ(f ),

(27)

where Φ is given by (6) and α > 0 is a regularization parameter.
Now, we are going to approach to the solution using the two algorithms described in the previous sections,
which utilize all of the three prior constraints (i.e. real, sparsity, and nonnegativity). We start with a f 0
and perform the iterations:
y n = argminy∈CN 2 ,|y|=b |Af n − y|2 ,
f

n+1

(28)

n 2

= argminf ∈RN 2 |Af − y | + αΦ(f ).

(29)
2

The solution of (28) is the orthogonal projection of Af n on the set {y ∈ CN ||y| = b} and is simply
computed by
y n (u) = b exp(iψn (u)) if Af n = |Af n | exp(iψn (u)).
The solution of (29) can be approximated by one of two algorithms in Section 3.1 and Section 3.2. Note
that the problem (29) falls into class of Problem (5) with
F (f ) = |Af − y n |2 ,
and thus the first and second Fréchet derivatives of F respectively are
F 0 (f ) = Re(2A∗ (Af − y n )) and F 00 (f ) = A∗ A = I,
because A−1 = A∗ for the Fourier transform. Therefore, all conditions for convergence of two algorithms in
previous sections are satisfied. Applying these algorithms for the problem (26), we present in Algorithms
4.1 and 4.2, respectively.
Algorithm 4.1 Algorithm for (26) with (29) solved by a Gradient-type method
Input: Initial guess f 0 ≡ 0, outer iteration number N and inner iteration number m
1: for k=0:N do
2:
g k = Af k = |Af k | exp(iψk )
3:
y k = b exp(iψk )
4:
f k,0 = f k
5:
for n = 0 : m do

6:
f k,n+1 ← Pα f k,n − Re(2A−1 (Af k,n − y k ))
7:
end for
8:
f k+1 = f k,m+1
9: end for
Output: f = f N +1

Remark 4.1 (a) For Problem (26) since F 00 = I (the identity matrix), the Lipschitz constant of F 0 is
one (L = 1). Thus, in Algorithm 4.1 we have used the gradient-type algorithm with constant stepsizes
1
sn = 1 for all n.
(b) Problem (26) has at least a solution (see Theorem 3.1). Note that since Problem (26) is nonconvex with
the variable u = (f, y), the objective functional may have some local minimizers. Therefore, Algorithm
4.1 and Algorithm 4.2 converge to the solution of Problem (26) only if a starting point is close enough
to the solution. In our case, it happens if the exact solution of (1) is sparse enough. As a result, our
approach is suitable if the exact solution of (1) is nonnegative and sparse.
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Imaging through scattering media

In this section, we study the problem of imaging through the scattering media, such as frosted glass, optical
diffuser or biological skin. The light passing through scattering media generates seemingly random speckle
11

Algorithm 4.2 Algorithm for (26) with (29) solved by SSN
Input: Initial guess f 0 ≡ 0, outer iteration number N , inner iteration number m and β > 0
1: for k=0:N do
2:
g k = Af k = |Af k | exp(iψk )
3:
y k = b exp(iψk )
4:
f k,0 = f k
5:
for n = 0 : m do
6:
gradk,n =Re(2A−1 (Af k,n − y k ))
7:
An = {i : f k,n − βgradk,n i > βα}


8:
In = {i : f k,n − βgradk,n i 6 βα}
 k,n

 k,n+1 
− gradk,n An
9:
f
n ← f
A
 k,n+1 
10:
f
←0
In
11:
end for
12:
f k+1 = f k,m+1
13: end for
Output: f = f N +1

on the detector (camera). However, a special property of scattering media is an optical memory effect which
allows us to recover the hidden object behind the scattering media. The concept of optical memory effect in
speckle imaging states that any point on object plane would generate a random speckle pattern and other
points on the object plane would generate identical but shifted speckle patterns with respect to the point
positions [32, 33]. This refers to shift-invariant point spreading function, PSF, then the final intensity image
on a camera should be equal to the superposition of these random speckle patterns [8, 11, 12, 23, 32, 33].
Therefore, the imaging intensity I on a camera could be expressed as the convolution of the object intensity
pattern O with the shift-invariant random P SF :
I(x, y) = O(x, y) ∗ P SF (x, y),
where ∗ represents the convolution operator, x or y corresponds to the transverse coordinate along x or
y direction at the object or camera plane. The auto-correlation operation of the imaging field could be
expressed as the following formula with the convolution theorem:
I ? I = (O ∗ P SF ) ? (O ∗ P SF ) = (O ? O) ∗ (P SF ? P SF ) ≈ O ? O,
where ? represents the auto-correlation operation. The auto-correlation of the random P SF can be approximated as a delta function (P SF ? P SF ≈ δ)[13]. Therefore, the autocorrelation of the object can be
approximated from the autocorrelation of the speckle image:
I ? I = (O ? O) ∗ δ ≈ O ? O.
It is known that the Fourier transform of the autocorrelation is the energy-spectrum. Therefore, the
object Fourier transform amplitude can be estimated as the following:
p
p
A(I ? I) ≈ A(O ? O) =| A(O) |,
With an appropriate mean removal, one can extract the Fourier amplitude of the object from the autocorrelation of the speckle image as shown in Figure 1(b). Therefore phase retrieval has become an essential
requirement for imaging through scattering medium. And this problem is one specific case of Problem (26).
Applying our approach leads to Problem (27).
Note that without considering the sparsity and non-negativity of the exact solution, there are some
algorithms for the problem (Speckle Imaging) [9, 10]. Thus, a good comparison between these algorithms
and Algorithms 4.1 and 4.2 should be considered from the points of convergence rate, quality of recovered
solutions, sparsity and non-negativity of recovered solutions, and so on. However, such comparisons between
these algorithms are beyond the scope of this paper. A detailed review of the existing algorithms for speckle
imaging and their analysis is kept as a future work.
Here we demonstrate the use of our algorithms with this phase retrieval application. We are going to
showcase three scenarios. First, the ideal discrete Fourier amplitude information is given to the algorithm.
Second, an imaging system is simulated with an ideal speckle P SF , and the estimated Fourier amplitude
of the object is given to the algorithm. Third, we have taken the actual speckle image captured through a
12

scattering medium in presence of all possible hardware noises, and the estimated Fourier amplitude is given
to the algorithm. Except the first scenario, the input Fourier amplitude of the object is fairly deformed as
describe in equation (2).
For the first part, we have taken an image of letter 4 as shown in Figure 1(a). The Fourier amplitude is
extracted from the ideal image’s auto-correlation, as shown in Figure 1(b). The Fourier phase is recovered
from both Algorithm 4.1 and Algorithm 4.2, and the reconstructed images are shown in Figure 1(c) and (d).
For the second part, we simulated a speckle P SF using Rayleigh distribution, and a speckle image is formed
by convolving the P SF with the digit 4 image as shown in Figure 1(e). The Fourier amplitude is estimated
as the aforementioned speckle auto-correlation principle, and it is shown in Figure 1(f). The Fourier phases
are recovered by the proposed algorithms and the reconstructions are presented in Figure 1(g) and (h). Next
we are going to describe our experimental for a real speckle imaging scenario.

Figure 1: Reconstruction results from the Fourier amplitude of both the ideal image and a simulated
speckle image. (a) Ideal input image. (b) Autocorelation of the ideal image. (c) Reconstructed ideal
image by Algorithm 4.1 (α = 8e−3 , m = 7, N = 5000,). (d) Reconstructed ideal image by Algorithm 4.2
(α = 9e−4 , β = 1e−3 , m = 5, N = 1000). (e) Simulated speckle image. (f) Autocorelation of the speckle image. (g) Reconstructed image by Algorithm 4.1. (h) Reconstructed image by Algorithm 4.2. Autocorrelation
area equals to 120 × 120 (pixels) in both algorithms.
The schematic of the experimental setup to measure the speckle image and a reconstruction demonstration
are depicted in the Figure 2. The setup in Figure 2(a) contains a coherent laser (DL660 − 050), a home-built
10× beam expander, a rapidly rotating diffuser (ED1 − C20 − M D), a target composed of different letters,
a fixed diffuser (DG10 − 1500 − M D), iris with 4mm diameter closed to a fixed diffuser, and a camera
(Andor Neo 5.5, 25602160, pixel size 6.5um). The target with ’NTU’ letters is shown in Figure 2(b), is
positioned at a distance u ≈ 640mm from the diffuser and iris. The beam expander (consisted of 2 lenses) is
to generate large area illumination to cover the entire sample. With nearly uniform incoherent illumination,
the scattering diffraction pattern shown in Figure 2(c) is captured on the camera, which is placed at a
distance v ≈ 160mm from the other side of the diffuser. The illumination used in the experimental setup is
pseudo incoherent source where the optical phase is randomized by rotation diffuser. Therefore, the measure
speckle intensity image is superposition of PSF intensities [12, 8, 11, 23].
The Fourier phase would be recovered from both Algorithm 4.1 and Algorithm 4.2, and the reconstructed
images are shown in Figure 2(e,f). In addition, two different targets with number 0 00 and 0 50 are demonstrated
with other experimental parameters: u ≈ 800mm, v ≈ 160mm (i.e. it means the magnification is ∼ 0.2).
Figure 3 shows the original targets on the object plane, experimental speckle images on the camera, their
corresponding auto-correlations and the recovered reconstructions. The simulation and experiment results
suggest that the proposed algorithms take advantage of all the available priors, and they can be utilized for
the purpose of an effective phase retrieval in real applications.

13

Figure 2: Experimental setup and reconstructed objects through the scattering medium. (a) Experimental
setup: BE, beam expender. RD, rotating diffuser. (b) Microscope image of ’NTU’ letters, which are
the opening area on a chromium film. (c) Central pattern of the raw speckle image on the camera. (d)
Auto-correlation of (c). (e) Reconstructed image from (d) by Algorithm 4.1 (α = 8e−4 , m = 7, N = 6000).
(f) Reconstructed from (d) by Algorithm 4.2 (α = 1e−3 , β = 1e−3 , m = 5, N = 5000). Autocorrelation area
equals to 180 × 180 (pixels) in both algorithms.

Figure 3: Experimental reconstruction from different targets when u ≈ 800mm, v ≈ 160mm. (a, f) Microscope images of number 0 and 5. (b, g) Measured speckle distributions on CCD. (c, h) Corresponding
auto-correlations in b and g. (d, i) Reconstructed images by Algorithm 4.1 (α = 8e−4 , m = 7, N = 6000) from
their auto-correlations. (e, j) Reconstructed images by Algorithm 4.2 (α = 1e−3 , β = 1e−3 , m = 5, N = 1000)
from their auto-correlations. Autocorrelation Area =150 in both algorithms.
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6

Conclusion

In summary, we have proposed a functional for nonnegative sparse regularization (NSR) to find the solution
of the inverse problems when such prior knowledge is available. The minimizers with the proposed functional
provides regularized approximate solutions for an ill-posed problem. The advantage of the proposed NSR is
that the numerical minimizers can be found by some efficient algorithms. Here, we have proposed such two
methods (algorithms): gradient-type method and Semismooth Newton method. We also have been proven
the convergence of these algorithms. In addition, we have applied them to the phase retrieval problem, and
we have tested on numerical simulation as well as on real experimental data. The proposed algorithms have
recovered the solutions successfully, and thus confirms their suitability for real-life applications.
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