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A RELATION BETWEEN EMBEDDING DEGREES
AND CLASS NUMBERS OF BINARY QUADRATIC
FORMS

SAN LING, ENVER OZDEMIR, AND CHAOPING XING

ABSTRACT. In this paper, we describe a relation between the em-
bedding degree of an elliptic curve over a prime field ,, and the
inertial degree of the primes above p in a certain ring class field.
From this relation, we conclude that the embedding degree divides
the class number of a group of binary quadratic forms of a fixed
discriminant.

1. INTRODUCTION

Determining the embedding degrees of elliptic curves over the finite
fields have attracted attention due to cryptographic applications ([2]).
In this paper, we show that the n'*-embedding degree of an ordinary
elliptic curve E defined over a prime field F, is equal to the inertial
degree of the primes above p in the ring class field arising from an order
of discriminant n2D in an imaginary quadratic field, where D is the
discriminant of the endomorphism ring of E. This implies that the
n''-embedding degree divides the cardinality of the class group of the
binary quadratic forms with discriminant n?D.

The paper is organized as the follows. In Section 2, we introduce el-
liptic curves and embedding degrees. In Section 3, we prove our main
result, Theorem [3.3] after the discussion of quadratic forms, endomor-
phism ring of elliptic curves and ring class fields.

2. EMBEDDING DEGREES OF ELLIPTIC CURVES

Let p be a prime integer and let IF, be the field with p elements. We
denote by E, the algebraic closure of IF,. The field IF, is a subfield of
Fp with p* elements for an integer k¥ > 1. An elliptic curve E over F,
is a smooth algebraic curve defined by an equation of the form

(2.1) Y2+ axy + asy = 2 + asr? + aux + ag
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witha; € F,. If 2,y € Fp satisfy the equation we say that the point
(z,y) € F, x F, is on the curve E. The set of all points on the curve
with a point P, (identity) at infinity form an abelian group and the
group is denoted by E(F,). The subgroup E(F,:) of E(F,) consisting
of points (z,y) € Fyr x Fye with Py is of finite order for any positive
integer k. The details for the group operation in F (Fp) and computing
the order of E(F,:) can be found in 4, Chapter 4] or [§].

Throughout this paper, we make two assumptions: (i) n is a positive

integer coprime to p; (ii) £ is an ordinary elliptic curve over F,,.

Definition 2.1. A point P in E(F,) is called an n-torsion point if
nP = P.

The set E[n| of all n-torsion points of E is a subgroup of E(F,) and
it is isomorphic to Z,, & Z, where Z, is the quotient group Z/nZ (see
[8, Section 3.1]). An integer k£ such that E[n| lies in E(F,) is called
an n'* embedding degree of the curve E and the minimum of such an
integer k is called the n'® embedding degree of E.

The following result provides a necessary condition for which £ is an
n' embedding degree of the curve FE.

Proposition 2.2. Let p, E, n, k be the same as above. If we have
E[n] C E(F,), then p* =1 mod n.

Proof. See the proof of Corollary 3.11 in [§]. O

We will see in a moment that under certain conditions the converse
of the above statement is also correct.

3. CrLAsS NUMBERS AND EMBEDDING DEGREES

We first give a brief summary of binary quadratic forms, endomor-
phism rings of elliptic curves and ring class fields.

We consider here binary quadratic forms in two variables f = ax? +
bry+cy® = (a,b, c) of discriminant D = b?—4ac. We assume D < 0 < a
and ged(a,b,¢) = 1. A form of this kind is called a positive definite
form. From now on, we assume all forms are positive definite. Let

g(@',y) = d'2? +Vz'y + dy? and f(z,y) = ax® + bay + cy?

be two forms of the same discriminant. They are called equivalent if
there exist integers

a, 3,7, with ad — gy =1
such that

z1=ox' + By, =2’ + 0y and f(z1,11) = g(a’, ).
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This equivalence relation makes the set of binary quadratic forms
of the same discriminant an abelian group which we will denote by
C(D). The group C(D) is isomorphic to the ideal class group of an
order Op of discriminant D in an imaginary quadratic field. Let p be
a prime integer such that D is a square mod p. Then we have a form
f» = (p,b, ¢) for some b, c € Z which is called a prime form and prime
forms generate the group C(D) [7]. See [3] for justification of the above
statements.

Let E be an ordinary elliptic curve over a finite field F,. The en-
domorphism ring of the elliptic curve E is isomorphic to an order Op
with a discriminant D in an imaginary quadratic field K. The ideal
class group C(Op) of Op is isomorphic to the group C (D) of the binary
quadratic forms of discriminant D. Hence any ideal class I of C(Op)

is represented by a triple [A, B, C] such that B> —4AC = D and the

—B+vVD
2A

responding j value for the ideal [ is j (

is in the standard fundamental domain. The cor-
B+\/>

number 7 =
) where j(7) is Klein’s
j-function, and each j value is the j- 1nvar1ant of an elliptic curve over
C with the endomorphism ring Op. This implies that there are hp
isomorphism classes of elliptic curves over C with endomorphism ring
Op, where hp is the class number of C'(D). The extension field Kp of
K generated by these j values is called the ring class field for Op. The
extension is finite abelian and has degree hp. The common minimal
polynomial Pp(z) for the j values is called the Hilbert class polynomial
for Op.

Let p be a prime integer such that p splits completely in K and
© be a prime ideal above p in K. The inertial degree of the primes
above p in Kp is the degree of the irreducible factors of Pp(z) mod
p as [Ok/p : Z/(p)] = 1 where Ok is the ring of integers of K. By
Deuring’s lifting theorem [5], the inertial degree of the primes above o
in Kp is the smallest k such that IF,» is the definition field of elliptic
curves over F,, with the endomorphism ring Op as the j-invariants of
such elliptic curves E are the roots of Pp(x).

Let F,« be the (p')"-power Frobenious endomorphism of E, i.e.
Fo(z,y) = (¥, y") for (x,y) € E(F,). Since the endomorphism ring
of E is isomorphic to the order Op, each endomorphism of E corre-
sponds to a number in Op. The following propositions give relations
between an n'” embedding degree k and n.

Proposition 3.1. Let E, E[n], k, p be as above such that #E(F )
divisible by n and n { p(p — 1). E[n] C E(F,) if and only if p* =
mod n.
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Proof. See the proof of Proposition 5.9 in [§] or [IJ. O

Proposition 3.2. Let the notations be the same as above. If E[n] C
E(F), then Fpr =1 mod nOp, where Op is the the endomorphism
ring of E.

Proof. Fr =1 mod nO(D) means the p*"-power Frobenious F o
acts as the identity on the subgroup of n-torsions, that is F(z,y) =
(2", y*") = (z,y) for (z,y) € E[n]. For more details see [6, Proposition
3.7] or [8, Section 10.4]. O

The following theorem shows that the embedding degree divides the
class number C(n®D), where D is the discriminant of the endomor-
phism ring of the elliptic curve.

Theorem 3.3. Let E, Eln|, k, p be as above such that n t p(p — 1),
n is square-free and #E(F,) = in for some integer i < n. Then the
n'" embedding degree of E(F,) is equal to the inertial degree of the

primes above p in the ring class field K,2p of K. Consequently, the n'"
embedding degree k of E divides the order of C(n*D).

Proof. Let b be p* + 1 — #E(F,.). We first show that the following

equations

(3.1) 4p* = b* —v*(n*D) for some integer v
and
(3.2) p"=1 mod n.

are equivalent.

Assume that (3.1)) holds. Then we have
4pf = (—#E[F) +p" +1)> = (p" +1)> mod n.

This is equivalent to the as n is square-free. Now assume that
the equation holds. By Proposition , k is an n'® embedding
degree of E. By proposition , the element (F, — 1)/n belongs to
Op. Thus, Z[(F, — 1)/n] is a subring of Op. This implies that the
discriminant of Z[(F,» — 1)/n] is equal to v>D for some integer v. A
simple computation shows that the the discriminant of Z[(F,x —1)/n]
is (b — 4p¥)/n?, where b is equal to #E(F,x) — (p* + 1). Thus, the
equation holds.

By Proposition [B.1], the smallest positive integer k satisfying the
equation (3.1)) is the n'® embedding degree of E. Similarly, we know
that the smallest k satisfying the equation (3.1)) gives the definition
field [F,» of an elliptic curve with the endomorphism ring O,,2p. Hence,
the inertial degree of the primes above p in the ring class field K,2p is
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the smallest k satisfying the equation . This implies that the n'*
embedding degree of E(F,) is equal to the inertial degree of the primes
above p in the ring class field K,2p.

Since the inertial degree divides the extension degree h,2p = [K,2p :
K], the second result follows. O
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