This document is downloaded from DR-NTU (https://dr.ntu.edu.sg)
Nanyang Technological University, Singapore.

On subfields of the Hermitian function field
involving the involution automorphism

Ma, Liming; Xing, Chaoping
2018

Ma, L., & Xing, C. (2019). On subfields of the Hermitian function field involving the involution
automorphism. Journal of Number Theory, 198, 293-317. d0i:10.1016/.jnt.2018.10.014

https://hdl.handle.net/10356/139361

https://doi.org/10.1016/j.jnt.2018.10.014

© 2018 Elsevier Inc. All rights reserved. This paper was published in Journal of Number
Theory and is made available with permission of Elsevier Inc.

Downloaded on 20 Mar 2024 19:48:23 SGT



arXiv:1707.07314v1 [math.NT] 23 Jul 2017

ON SUBFIELDS OF THE HERMITIAN FUNCTION FIELDS
INVOLVING THE INVOLUTION AUTOMORPHISM

LIMING MA AND CHAOPING XING

ABSTRACT. A function field over a finite field is called maximal if it achieves the
Hasse-Weil bound. Finding possible genera that maximal function fields achieve has
both theoretical interest and practical applications to coding theory and other topics.
As a subfield of a maximal function field is also maximal, one way to find maximal
function fields is to find all subfields of a maximal function field. Due to the large
automorphism group of the Hermitian function field, it is natural to find as many
subfields of the Hermitian function field as possible. In literature, most of papers
studied subfields fixed by subgroups of the decomposition group at one point (usually
the point at infinity). This is because it becomes much more complicated to study
the subfield fixed by a subgroup that is not contained in the decomposition group at
one point. In this paper, we study subfields of the Hermitian function field fixed by
subgroups that are not contained in the decomposition group of any point except the
cyclic subgroups. It turns out that some new maximal function fields are found.

1. INTRODUCTION

Let Iy be a finite field with ¢ elements and F'/IF, be an algebraic function field of one
variable with the full constant field F, with genus ¢g. If the number of rational places
of F' attains the Hasse-Weil bound

N(F) <041+ 2g9V1,

then F'is said to be mazimal. It follows that F' could be maximal only if either g is
zero or £ is a square.

The most important example of maximal function field is the Hermitian function
field H/F, with ¢ = ¢*, where ¢ is a prime power. The Hermitian function field H over
[F,2 is defined by the equation

yq + Yy = zq—i—l
with H =Fp2(x,y).

The set of rational places of H consists of the infinite place P, which is the unique
common pole of  and y and F, g which is the unique common zero of x —« and y — /3
for each (o, 8) € F, satisfying 87 + 8 = a?"'. Thus, it has ¢* + 1 rational places
in total. The genus of the Hermitian function field is (¢*> — ¢)/2. Furthermore, the
Hermitian function field is the unique maximal function field of genus (¢* — ¢)/2 over
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2 LIMING MA AND CHAOPING XING

the finite field F2 (see [13]). The automorphism group A of the Hermitian function
field is defined by

A=Auwt(H/Fp)={c: Hw— H|ois a Fpe-automorphism of H}.

This automorphism group is extremely large and isomorphic to the projective unitary
group PGU(3, ¢?) with order ¢*(¢*> — 1)(¢> + 1) (see [14]). The decomposition group
A(Py) of the infinite place is equal to

{oeA: 0(Py) =Py} ={o=la,bd: (a,bc) €Fio x Fo x Fpo, ¢ + ¢ = b*'},

where 0 = [a, b, ¢] is the automorphism defined by

{O’([L’) =ax + 0,

o(y) = a?™y + ablz + c.

Thus, the order of A(Py) is ¢*(¢*> — 1). Apart from the automorphisms of A(Ps),
there is an involution automorphism, denoted by w, given by

The order of w is 2. Then the full automorphism group of H is generated by A(Py)
and w, i.e., A= (A(Px),w).

For a maximal function field F//F ., any function field E with F. C E C F is
maximal as well (see [10]). Hence, one can construct a large number of maximal
function fields by considering the fixed subfields with respect to some subgroups of the
automorphism group A of the Hermitian function fields (see [1, 2, 3, 4, 5, 6, 7, 8, 9,
11, 12, 16]).

The goal of this article to find out possible genera which are achieved by maximal
function fields. One natural way to realize this goal is to find as many subfields of H
as possible. This is equivalent to finding as many subgroups of A as possible. The
subfields of the Hermitian function fields considered in the literature are usually those
fixed by subgroups of the decomposition group A( Py, ) except for [7] where the subgroup
is generated by w and the subgroup {¢ = [a,0,0]: a € IFZQ} and the characteristic of
2 is odd, etc. In particular, it was showed in [2] that we can obtain all the genera of
maximal function fields from the fixed subfields of the subgroups of the A(P,,) for the
odd characteristic case. In this article, we consider various subgroups of A that involve
both the decomposition group A(P,,) and the involution automorphism w. It would be
exciting to find all subgroups of A and genera of corresponding subfields. The current
article moves one step forward by considering the involution automorphism w. Most
of the subgroups discussed in this paper are not contained in the decomposition group
at any point except the cyclic subgroup. Thus, the subfields of the Hermitian function
field obtained in this paper are new despite some genera of these subfields have already
been found in literature.

We summarize genera obtained in this paper in Tables I and II. In particular, we
get some new genera that are not achievable by subgroups of the decomposition group
A(Py). The genera in Table 1 (i)-(iii) and Table 2 (ii) have not be found in literature,
while the rest of the genera given in Tables 1 and 2 can be found in [4, 7].
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TABLE 1. Genera for even characteristic

| No. | Conditions on parameter | Genera | References |
(i) |d=(m,q+1),d=(m,qg—1)|[¢*> —g+m—(d—1)(g—1) —d(g+1)]/(4m) | Thm 3.2
(i) m|(g —1) (¢* —q—mq)/(4m) Thm 4.1
(iii) m|(g+1) (> —q—mq+2m—2)/(4m) Thm 4.2
(iv) | m|(¢®—1),d= (m,q+1) (¢—=1)(g+1—-d)/(2m) Thm 5.1

TABLE 2. Genera for odd characteristic

| No. | Conditions on parameter | Genera | References |
() 31(¢+1),m|(g+1), mis odd 1+ (> —q—2)/(2m) | Thm 4.3
(ii) 31(g+1),4)m|(g+1),q = 3(mod 8) 1+ (¢*—4¢g—5)/(2m) | Thm 4.3
(iii) |31 (¢+1),m|(¢g+1) and (i), (ii) are not satisfied | 1+ (¢* —2¢—3)/(2m) | Thm 4.3
(iv) m|2(¢ — 1), m is odd (¢®> —q)/(2m) Thm 4.5
(v) 4lm|2(qg — 1), q = 3(mod 4) (¢> —4q+3)/2m Thm 4.5
(vi) m|2(¢ — 1) and No. (iv), (v) are not satisfied (> —2q+1)/(2m) Thm 4.5
(vii) m|(q+1) (g—1)(g+1-m)/(2m) | Thm 5.3
(viii) m2(g+1),m1(qg+1) (—D(g+1-2)/2m) | Thm5.3

2. PRELIMINARY

Let G be a subgroup of the automorphism group A and let HY be the fixed subfield
of the Hermitian function field H with respect to G, i.e.,

={z € H|o(z) = z for all 0 € G}.

Then H/HY is a Galois extension of algebraic function fields with the Galois group
G = Gal(H/HY). The Hurwitz genus formula yields

29(H) —2 =G| - [29(HY) — 2] + deg Diff(H/HY),
where Diff(H/HY) is the different of the extension H/HY.
Let P be a place of H and let Q = PN HY be the restriction of P to HY. We denote

by d(P) = d(P|Q), e(P) = e(P|Q) the different exponent and ramification index of
P|Q, respectively. Then the different of H/HY is given by

Diff(H/H%) = d(P
PeH
If P|@ is unramified or tamely ramified, then d(P) = e(P) — 1 by Dedekind’s Different

Theorem [15, Theorem 3.5.1]. The i-th ramification group G;(P) of P|Q for each 1 > —1
is defined by

Gi(P) = {0 € Glvp(o(z) —2) > i+ 1 for all 2 € Op},

where vp is the normalized discrete valuation of H corresponding to the place P. If P|Q
is wildly ramified, that is, e(P) is divisible by char(Fg), then the different exponent
d(P) is

+oo

APy =" (16:(P) - 1)

=0



4 LIMING MA AND CHAOPING XING

by Hilbert’s Different Theorem [15, Theorem 3.8.7].

It has been showed that any ramified place P € Py in the extension H/HY must
be a rational place or a place of degree three (see [7, Proposition 2.2]). Furthermore,
a place of degree three of H in the extension H/HY is unramified or tamely ramified,
and has ramification index being a divisor of ¢> — ¢ + 1. In particular, assume that
H/HY is tamely ramified and all places of degree 3 of H are unramified in H/HY. If
P is tamely ramified, then

d(P)=e(P)—1=#{c G\ {l}: o(P)=P}.
Let N(o) be the number of rational places stabilized by the automorphism o, that is,
N(o) =#{P € Py : deg(P) =1 and o(P) = P}.
Hence, the degree of the different of H/HY is
deg(Diff(H/HY)) = > (e(P)=1)= > N(o).

PePy,degP=1 1#0€g

3. THE FIXED SUBFIELDS OF ([a,0,0],w) IN EVEN CHARACTERISTIC

In this section, we consider the group C which is generated by the automorphisms e
and w, where

e(r) =ax, e(y)=a"y and w(x)=2/y, wly)=1/y.

Here a is a primitive (¢*> — 1)-th root of unity. This subgroup was first discussed in
[7] where only odd characteristic was considered. The reason why the even charac-
teristic was not considered is that the extension is wildly ramified in the case of even
characteristic. Thus, we consider only the even characteristic case in this section.

Any o € C must be in the form € or we® for some 0 < i < ¢? — 2, since ew = we 4.
Hence, ord(C) = 2(¢*> — 1). The automorphisms in C can be given explicitly in the
following form

i air i qila+1)
n = =

y and we'(x) mt we'(y) ;
for 0 < i < ¢* — 2. In order to obtain the genus of the fixed subfield from the Hurwitz
genus formula, we need to calculate the different exponent for each ramified place in
the extension H/HC.

i(q+1)

e(r)=dz, €y =a

Proposition 3.1. Assume that char(Fz2) = 2. Let H be the Hermitian function field
over Fp2 and let C be the group generated by the € and w. Then the different of the
extension H/HC is

Diff(H/H) = (¢ = 2)Px + (" = 2)Pog + (3¢ +2) Y Pos.
BEF;

Proof. First let us calculate the different exponent of each rational place of H. For the
infinity place P,

0(Py) = Py & 0 € A(Px) NC = (e).
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Then the order of the decomposition group of Py, in H/HC is |Gy(Ps )| = ¢ —1. Hence,
the different exponent of P, in H/H® is d(Py) = e(Py) — 1 = ¢*> — 2.

For the place Py, it is easy to see that € (Pyo) = Py and we'(Pyg) = Py for any
0 <i<q¢*—2 Hence, |Go(Poo)| = ¢* — 1 and the different exponent of Py in H/H®
is also d(Pyp) = ¢* — 2.

For a place Py 3 with 37+ 3 =0 and g # 0,

€(Pog) = Pog = a3 =5 o (¢ —1)i.
Moreover, x is a prime element of Py 43 and for i = (¢ — 1)k with 0 < k < g,
VPR, 4 (€(x) —2) = VPR, 4 (a'z —x) = vpoﬁ((ai —1)z) =1.
On the other hand,
we'(Pog) = Pog & a'™V /g = g < 't = g2,

Then there are exactly ¢ + 1 automorphisms we’ such that we'(Py5) = Py . If § runs
through all elements of Fy, then the solutions ¢ runs through the set of positive integers
between 0 and ¢ — 2. For such an integer i satisfying with we'(Py 5) = Py 5, we have

; a'zx y—a q+2 if B =d,
o1 2) <o () o (5) -

1 otherwise.

The last equation holds true since the place g is the unique common zero of x
and y — f3, i.e., vp, 4() = 1 and vp, ,(y — B) = ¢ + 1 which is obtained from the
defining equation y?+y = 297! and the Strict Triangle Inequality. Hence, |Go(Po5)| =

29 + 2, [Gi(Pop)| = |Ga(Fop)| = -+ = |Gg1(FPop)| = 2 and [Gga(FPop)| = 1. By
Hilbert’s Different Theorem, the different exponent of B g is

—+00

A(Pos) = Y (1G:(Pos)| = 1) =3 +2,

=0
For a place P, 5 with 87+ 3 = %™ and a # 0,
€(Pyp) = Popeda=a, a g =p5ci=0.
On the other hand,
ada qila+1)
= O{’

s s
Then 8 € F, which is a contradiction to 87+ 3 = a9 # 0. Hence, |Go(Pag)| =1 and
the different exponent of P, 5 is d(FP, 3) = 0.

By the Hurwitz genus formula, we have
¢ —q=222(¢ - 1)[29(H) = 2]+ (¢ = 2) + (¢* = 2) + (3¢ + 2) (¢ — 1).

It follows that g(H¢) < 0. The genus of any function field must be a non-negative
integer. Hence, g(H®) = 0 and all places of degree three of H are unramified in H/HC.
This proposition follows immediately. U

we' (Pog) = Pop & — B f=d, g2=qle+),
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Theorem 3.2. Assume that char(Fg2) = 2. Let m be a divisor of ¢> —1 and let b € T,

be an element of order m. Consider the group G = (\,w) which is generated by the
automorphism X and w, where

Mz) =bx, My)=0b"y and wl@)==, wly)=-.

Let d = ged(m, q +1),d = ged(m, g — 1). Then the genus of the fized field HY is

g(Hg):q2—q+m—(d—47171(q—1)—07(q+1).

Proof. The order of the group G is 2m, and it consists of all automorphisms with the
form

O-c(x) = T, Uc(y) = Cq+1ya =1
and
cr catt
Tc(x) = Te y):—a " =1
Yy Y

We only need to calculate the different exponents for P, and s with 5 € F, in the
extension H/HY from Proposition 3.1.

For the infinity place P, we have 0(Py) = Py & 0 € A(Py) NG = (\). This
implies that |Go(Px)| = m. Hence, the different exponent of P, is d( )

For the place Py, we also have o(Pyo) = Poog < 0 € A(Px) NG =
|g0(P070)| = m and d(PQp) =m — 1.

For a place Fy 3 with 39+ 3 =0 and 8 # 0, we have

0c(Pog) = Poge ™ =1and " = 1.

:< A). Thus

Then there are exactly d = ged(m, ¢ + 1) automorphisms o, such that o.(FPpg) = Fo -
Furthermore, vp, ,(0.(z) — x) = 1 for ¢ # 1. On the other hand,

TC(PQB) = P()ﬁ A Cq+1 - ﬁ2a 511 + 6 =0 and " =1

For each fixed element 8 € I}, let N(§) denote the number of elements ¢ € e satisfy
¢ = 3% and ¢™ = 1. Then we obtain ), . N(3) = m. Furthermore, we have

cx y—c q+2 ifec=p,
ot 2) o (3 ) o () = {172 e

otherwise.

If ¢ = 3, then 97! = 1 and 8™ = 1. Then there are exactly d = ged(m, g—1) elements
8 € F; such that the place Py is wildly ramified in H/H¢. For such a wildly ramified
place Py g, the orders of the higher ramification groups are |G;(Fpg)| = 2 for 1 < i <
q+ 1 and |G,42(F 3)| = 1. Hence,

> 1Go(Pog)l =dlg— 1) +m, Y (1G(Pog)|—1)=d

BEF} BEF}:
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for each 1 <i < ¢+ 1 and |G, y2(Fo3)| = 1 for any 3 € F;. Hence, the sum of different
exponents for all the places Py s with 8 € I} is

D d(Pog) = (d—=1)(g—1) +m+d(g+1)
BeF;

by Hilbert’s Different Theorem.
For other places P, we have d(P) = 0. Hence, the degree of the different of H/H?Y is

deg(Diff(H/H9) =m —1+m—1+(d—-1)(¢g—1)+m+d(g+1).
The Hurwitz genus formula for H/HY yields
¢ —q—2=2m-[29(HY) — 2] + deg(Diff(H/HY)).
Hence, this theorem follows immediately. 0

Corollary 3.3. Assume that char(F,2) = 2 and H is the Hermitian function field over
the finite field .

(1) For any divisor m of ¢ — 1, there is a subfield E C H of genus

2
q —q—mq
F)y=——"—
9(E) 4m
(2) For any divisor m of q + 1, there is a subfield E C H of genus
2
q —q—mq+2m —2
9(E) = :

4m
Proof. Let G be the group which is defined in Theorem 3.2.
(1) If m|(g — 1), then d = ged(m,q+ 1) = 1 and d = ged(m,q — 1) = m. By
Theorem 3.2, the genus of the fixed field E = HY is
2
4 —q—mgq
E)y=————-.
9(E) e
(2) If m|(¢ + 1), then d = ged(m,q + 1) = m and d = ged(m,q — 1) = 1. By
Theorem 3.2, the genus of the fixed field F = HY is

2

q —q—mq+2m —2
E) = )
9(E) 1

This completes the proof. O

4. THE FIXED FIELDS OF SUBGROUPS OF ([1,0, ¢],w)

In this section, we consider another group generated by the automorphisms w and
7, where 7 is given by 7(z) = x, 7(y) = y + ¢ for some ¢ € Fp satisfying ¢? 4+ ¢ = 0.
Let 0 = 7w, then

T 1
olx) = , o(y) = .
(1)= T o) =

The automorphism o’ can be given in the following form
x iy Wim1Y + Ui

o'(x) = a'(y)

Cwy v Yy + v;

Y



8 LIMING MA AND CHAOPING XING

where u;, v; satisfy the recursive relations u; = v;_1, v; = cv;_1 + u;_1 with the initial
values ug = v_1 = 0 and vg = u_; = 1. Then it can be calculated that

(2] .

_ =1\ n_2

%_Z(i)c.
=0

However, it is difficult to find the order of ¢ by using the above formula of v,. Hence,
we rewrite the above recursive relations in the matrix representation

() =(sa) ()

c 1
10

() =e () =e (o)

The characteristic polynomial of the matrix C' is

Let C' be the matrix ( ) . Then

r—c —1
—1 T

2

det(xl, — C) = =z —cr—1.

Since the product of the two eigenvalues is —1, we may assume that the two eigenvalues
are v1 = 0 and x5 = —9~'. Then we have

C:LL’1—|—SL’2:(5—5_1.

By the identity ¢? 4+ ¢ = 0, we have

cq+c:0@<5—%)q+(5—%>:0@(5q+1—1)(5q—1+1)=0.

Hence, 097t =1 or 6971 = —1.
It is easy to calculate that the vector p; = (§,1)7 is an eigenvector of the eigenvalue
r1 = § and the vector py = (—1,8)7 is an eigenvector of the eigenvalue zy = —0-1. If

Ty # 9, that is, 6% # —1, then the matrix P = ( (15 _51

1 6o 1
_1_
" _52+1<—1 5)'

Hence, the matrix C' can be diagonalized to its eigenvalue matrix A = ( (5) _((5]—1 ) ,

that is, P~'CP = A. Then
C' = (PAP™Y) = PA'P!

M) :ﬁ%i(i_;)'(g—gJY'(j_é)

B 1 5i+2 + (_5)—2’ 51’—1—1 + (_5)—2’—%—1
- 52_'_1 5i+1+(_5>—i+1 52’_'_(_5)—1'—1-2

) is invertible and its inverse

is given by



SUBFIELDS OF THE HERMITIAN FUNCTION FIELD 9

Hence, v; can also be given by the following formula
5@'—1—2 + (_ 5)—@
V= — .

02 +1

Then the order of the automorphism o can be determined as follows. Note that

e () =) e (o) =(a) == (at)
If 6L 4 (=0) = = 0, that is, 6% = (—1)¢, then 672 + (=§) ™" = 6 + (=) "2, Hence,

o 0

0221@02212@(0 _s5-1

) =L 6 =1and (1) =1.
If 62 = —1, then the matrix C cannot be diagonalized.

4.1. Even characteristic. In the even characteristic case, we have ¢ = § + 6! and
A4c=0 ") -1)=05""=1or 0" =1.

If 62 = —1, then § = 1 and ¢ = 0. Hence, 7 is the identity automorphism. So we
can assume ¢ as an element in F,» with an order n which is ¢ —1 > 1 or ¢ + 1 in this
subsection.

Now we need to determine the group structure of the group D generated by the
two automorphisms 7 and w. Firstly, let us determine the order of the automorphism
o =7 -w. Note that

o'=1<v,_,=0and v; = 1.

1/.. 1
N -
Ul_c(é +6i+1>’

thenv, ;1 =0 68 +5"=0& 6" =1« § =1« ord(d)|i. Moreover, if ord(d)]i,
then v; = 1. Hence, the order of the automorphism o is the same as the order of §.
Secondly, it can be directly verified that wo = " 'w. Hence,

It has been showed that

1

D= (r,w) = (w,olw?=1,0"=1,wo =" 'w),

i.e., D is isomorphic to the Dihedral group D,, of order 2n.

Now we need to consider the ramification in the Galois extension [, J/HP. Firstly, we
consider the automorphism o' for 1 <i <n — 1, then v;_; # 0 and 0"(Py) # Px. For
any rational place P, 3 € Py,

o Vi—2fl + Vi 1
0(Pyg)=Pog& —i— =0, ———"— =04 pBI4+B=0a""
(Fep) P v B+ v vi-1f + v B Hi+p
If « # 0, then v;_18+4+wv; = 1. Since ¢?+c = 0, we have ¢ € F, and v; € IF, which follows
from the formula of v; in the variable ¢. Then 8 € I, which contradicts to the third
equation 37+ 8 = a?t! £ 0. Hence, « = 0 and 3 € F,. From the second equation,

Vo F v =viaft o= v+ ef+1)=0= 2 +cf+1=0.
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Then there are two roots 3 =6 and 8 = 5.
Ifn=gq—1, then 7+ ¢ = 0 and (67')?+ ! = 0. Hence, the two places Pys and
Py s-1 are stabilized by the automorphism ¢’. Furthermore,

i z Vi1y +v; + 1
UPO,& (O’ (SL’) — ;U) = UP(),& <—v~_1y —l——’U- — .CL’) = UPO,& <—U'_1y7+ . :1,’) = 1,

since v;_10 +v; +1=1+6""#0.
Ifn=q+1, then §2+6 # 0 and (6~ )74+ # 0 which contradict to a = 0 in the third
equation. Hence, P, g can’t be stabilized by the automorphism ¢* for any 1 <1i < q.
Secondly, we consider the automorphism ow for 0 <i <n — 1,
; x ; Vi-1y + Ui
cw(r)=——, cwly) =———.
Vi—2y + Vi1 Vi—2Y + Vi1

1

The order of the automorphism c'w is 2, since wo = 0" tw. For i = 0, we know

w(FPop) = Pw. If f# 0, then

1
w(Pa,g) = Paﬁ = % = q, E — ﬁ7 Bq + B _ aq-‘,—l'

Hence, [} is the unique rational place stabilized by the automorphism w. Furthermore,

T y+1
Upy 1 (w(:c) - LL’) = Upy, <§ - ZL’) =Upy, (

For i =1, then ow = 7, i.e., 7(x) =z, 7(y) = y + ¢. Hence, P, is the unique rational
place stabilized by the automorphism 7 and

o () ) = - 2) o () a2

For 2 <i <n—1, then v;_5 # 0 and o'w(Px) # Ps. For the place P, 5 € Py,

. « ’Ui_lﬁ + v; 1
0'wW(Pyg) =Py ————=a, ————— =3, BI+B=al
(Fo.s) 7 Vi + i Vi + vi B Fitp
If o # 0, then v;_9f8 + v;_; = 1. Since ¢ € F,, we know v;_s,v;_; € F,. It follows that
B € F, which contradicts to the third equation 7+ 3 = 4%t # 0. Hence, o = 0,

B e F, and

x) =q+2.

(%

Vit v = o+ B = "
i—2

Moreover, it is easy to verify that v;/v;_o are pairwise distinct elements in F, for
2 < i < n—1. Hence, the place Py g, with §; = (U”jz)% is the unique rational place

stabilized by o‘w. Furthermore,

v <aiw(:c) - :c) = <# - :c) = (Ui_zy Ui 1:6) =q+2
Fos: — P\ oy v R T PR ST

The last equation holds true, since v;_of3 + vy +1 =0 02 B2 +12 , +1=0&
v;_ov; +v?_; = 1 which can be obtained from the formula of v; in the variable 4.
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Theorem 4.1. Let H be the Hermitian function field over IF 2 with even characteristic,

let m be a divisor of ¢ —1 and let G be the subgroup {(w, a%l) of D. Then the genus of
the fized field HY is

2
goy_ € —a—mq
g(H”) e
Proof. The ramification groups of Py, in H/HY are given by
Go(Px) = G1(Pss) = -+ - = Ggy1(Pos) = (1) and Ggun(Poo) = {id}.
Hence, the different exponent of Py, in H/HY is
+00
d(P) = (1G(P)| = 1) = g +2.
i=0

It is easy to verify that v;/v;_o # 6% or 672, that is to say, Pys, # Pos or Pys—1 for
2 <1 < q—2. Then the different exponents of Fy; and g, for 2 <1i < ¢ — 2 are also
d(Po) = d(Pog,) = q+2.

The decomposition groups of Fys and Fps-1 are (o) which is a group of order ¢ — 1.

Hence, the different exponents of Fy; and Fy ;-1 are
d(Pos) = d(Pos1) =q—2.
By the Hurwitz genus formula, we have
¢ —q—2>2(¢—1)29(H") = 2] +2-(¢—2) +(¢—1)- (¢ +2).

Hence, g(HP) = 0 and all places of degree three of H are unramified in H/HP. The
order of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus
formula
P —q—2=2m-[29(H% = 2] +2-(m—1)+m- (¢ +2).
O

Theorem 4.2. Let H be the Hermitian function field over IF 2 with even characteristic,

let m be a divisor of ¢+ 1 and let G be the subgroup (w, a%> of D. Then the genus of
the fized field HY is
@ —q—mq+2m —2

g(HY) = yo

Proof. The different exponents of the rational places Py and F s with 8 € F, in the
extension H/HP are

d(Px) = d(Pog) = ¢+ 2.
By the Hurwitz genus formula, we have

¢ —q—2>20q+1D[29(H") 2]+ (¢ +1)- (¢+2).

Hence, g(HP) = 0 and all places of degree three of H are unramified in H/HP. The
order of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus
formula

¢ —q—2=2m-[29(H%) = 2]+ m- (¢ +2).
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In this sub-subsection, we choose ¢ with the maximal order ¢ — 1 or g + 1 satisfying
c¢? + ¢ = 0. However, the order of § may just be a positive divisor of ¢ — 1 or g + 1.
Here are some examples, such as the order of § is 3 which divides ¢ — 1 in Example 1
and the order of ¢ is 5 in Example 2. Since the calculations are similar to the Theorem
4.1 and 4.2, we omit the details.

Example 1. Let G be the group generated by the automorphisms T and w which are
given by 7(x) =z, 7(y) =y + 1 and w(z) = x/y, w(y) = 1/y. If ¢ = 22*, then the
genus of the fized subfield HY is
2
¢ —4q
HY) = .
g(H") G

Example 2. Let G be the group generated by the automorphisms w and T which is
given by 7(z) =z, T(y) =y +cwithc+c+1=0and c?+c=0. If ¢ = 4°*, then
the genus of the fived subfield HY is

2 _
g(H9) =4 b0

20
Otherwise, the genus of the fived subfield HY is
2
q —6q+38
H)Y =1 — —
g(H?) 50

4.2. Odd characteristic. In the odd characteristic case, we obtain ¢ =6 — ="' and
At+ce=0 @MD" +1) =05 =10r 67 = —1.

Hence, we can fix § as an element in F, with an order n which is ¢+ 1 or 2(¢ — 1) in
this subsection. If 6> = —1, then ord(d) = 4. Hence, we also assume that q # 3 in this
subsection for simplicity.
The automorphism o' is given by
i T i Vi—2y + Vi1
ol(z)=———, oY) =———"—.
V1Y + U; V1Y + Vs

We have shown that ¢ = 1 & ¢ = 1and (—1)" = 1. Hence, the order of the
automorphism ¢ is the same as the order of §. Let D be the group generated by the
automorphism o. Then the Galois extension H/H? is tamely ramified.

4.2.1. ord(6) = g+1. The order the automorphism o is g+1. We assume that 3 1 (¢+1)
in this sub-subsection. As ged(q+1,¢*> — ¢+ 1) = ged(q + 1,3) = 1, then all places of
degree 3 in H are unramified in H/HP.

For the infinite place P, and 1 <i < g,

0'(Px) =Po © vy =06 0" 4+ (1)1 =0& 6% = (1)

If i is even, then 6% =1 & 2i =g+ 1 & i = (¢+1)/2iseven & ¢ = 3(mod4).
Otherwise, 6% = —1 & 21 = (¢ +1)/20r3(q+1)/2 & i = (¢ + 1)/40r 3(q +
1)/4 is odd < ¢ = 3(mod8).
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For any rational place P, 3 € Py and 1 <17 <g,

; B a B Vil + v . P
o Fap) = Fop & Vi1 + v; “ vi—18 +v; B Bi+p=o
Case 1: a # 0.
From the first equation, we have v;_18 +v; = 1. If v;_; = 0, then v; = 1. It follows
that ord(o)|i which is impossible for 1 < i < ¢. Hence, v;_; # 0 and this implies that
vioB+ v =vi v e v 1(f2+cef—1)=0%& B2+cB—1=0. There are two
solutions 3 = —§ or f =46"1.
Substitute 3 = —¢ into the first equation, then we have —v; 1§ + v; = (=1)%6~". If
q = 1(mod4), then —v;_10+v; =1 6 = (=1)" & i = (¢+1)/2. Furthermore, a9 =
(—0)1+ (—d) = —(67+0) # 0. Hence, the ¢+ 1 places P, _s with a?™ = —(§9+§) are
stabilized by the automorphism o*s". If ¢ = 3(mod4), then —v;_,5+v; = (—1)i6~ # 1.
Substitute 8 = §~! into the first equation similarly, then we have v;_16~ +v; = §* # 1.
Hence, the place P, ;-1 can’t be stabilized by the automorphism o".
Case 2: a = 0.
In this case, we have 89+ 8 = 0 and v;_2B+v;_1 = v;_13°+v;8 & v;_1(S2+cB—-1) = 0.
If v;_1 = 0, then 0'(Py5) = Py for any  with 87+ 3 = 0.
If v,_1 # 0, then > +¢8 —1 = 0. Hence, 3 = —§ or B = §~'. Furthermore,
(=0)1 4 (=) = =07 — 6 #0 and (671)7+ 671 £ 0if 6* # 1, that is, ¢ # 3. Hence, the
place Py 5 can’t be stabilized by the automorphism ¢ with v;_; # 0.
If g = 1(mod 4), then v;_; # 0 for every 1 <i < ¢. Hence,

Diff(H/H") = Y Pus.

adtl=—§a9—§

If ¢ = 7(mod 8), then Var1_y = 0. Then the places P, and Py with 59+ 3 = 0 are

a+
2

stabilized by the automorphism o - Hence,

Diff(H/HP) = P+ > Pop.
pa+p=0

If ¢ = 3(mod 8), then Vati_y, Vst and v+, are equal to 0. Then the places Py
4

. . . (
and Py g with 57+ 3 = 0 are stabilized by the automorphisms a%, o5 and o>

Hence,
Diff(H/HP) =3P +3 > Pys.
BI+5=0
Theorem 4.3. Let H be the Hermitian function field over F 2 with odd characteristic.
Assume that 31 (¢ + 1). Let m be a positive divisor of ¢+ 1 and let G be the group
generated by the automorphism o' . Then the genus of the fived field HY is

1+ (*—q—2)/2m  if m is odd,
g(H9) =1+ (2 =49 —5)/2m if 4/m and q¢ = 3(mod 8),
1+ (¢ —2q —3)/2m otherwise.
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Proof. It is easy to check that o2 € G <> m is even. If ¢ = 1(mod 4) or ¢ = 7(mod 8),
then
g+ 1 if mis even,

2 qg—2=m[29(HY) -2
¢4 m|2g(H") I+ 0 if m is odd.

If ¢ = 3(mod 8), then the automorphisms oot e g e 4|m. This theorem
follows from the Hurwitz genus formula,

0 if m is odd,
¢ —q—2=m[29(H9) — 2]+ 3(q¢+1) if 4|m,
qg+1 otherwise.
O

Remark 4.4. We assume that 3+ (q+ 1) in Theorem 4.3, since all places of degree 3
of H are unramified in the extension H/HY under this assumption. In fact, we can’t
determine whether the places of degree 3 of H are ramified in H/HY or not in the case
of 3|(q+1). The similar case occurs in Theorem 5.4 as well.

4.2.2. ord(§) = 2(q — 1). If ord(d) = 2(q — 1), then the order of the automorphism o
is 2(q — 1). As ged(2qg — 2,¢*> — q+ 1) = 1, all places of degree 3 of H are unramified
in H/HP.
For the infinite place P, and 1 <i < 2¢ — 3,,
0'(Py)=Pyx v, 1 =06 (=11 =0 6% =(-1)"
If 7 is even, then 6% = 1< i =¢— 1. If i is odd, then 6* = -1 < 2i=q—1 or 3(¢ —
1)ei=(¢—1)/20r3(¢g—1)/2is odd < ¢ = 3(mod4).
For the place P, g and 1 <@ < 2¢g — 3,
. « V28 + Vi
v Pa = Pa S — = _— = q = q+1.
9 ( 76) ,ﬁ Ui_lﬁ_'_vi O{’ Ui_lﬁ+vi B? B _'_/6 o
If & # 0, then v;_1 8+v; = 1. Suppose that v;_; = 0, then v; = 1. It follows that ord(o)|i
which is impossible for 1 < i < 2¢ — 3. Hence, v;_; # 0 and 5%+ ¢B —1 = 0. There are
two solutions 3 = —¢ or f = §~1. It is easy to check that v; 18 +v; = —v;_10 +v; =
(=1)867" # 1, since §771 = —1 # (—=1)7"1. Moreover, v; 161 + v; = §° # 1. Hence,
0'(Pap) # Pap for a # 0.
Otherwise, 5?7+ 8 = 0 and

Vi + i1 = v v e v (8P +eB—1) =0,

If v;_1 = 0, then the places Py g with 8¢ + 3 = 0 are stabilized by o’. Otherwise,
B2+ cB —1 = 0 has two solutions 3 = —J of § = 6 1. It is easy to check that
(—0)7+4 (=) = —(67+48) =0 and (67 1)?+ (6') = 0, since §9! = —1. Hence, the two
places P _; and Fy ;-1 are stabilized by the automorphism o with v;_; # 0.

If ¢ = 1(mod 4), then the places P, and Py s with 8?4 8 = 0 are stabilized by the
automorphism ¢9~!. Hence, the different of H/H?P is

Diff(H/H) = P+ Y Pog+ (24— 4)(Po s+ Pos).
Bi+5=0
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If ¢ = 3(mod 4), then the places P, and Fyg with 87 + § = 0 are stabilized by the
automorphism o7, 09! and o Hence, the different of H/HP is

Diff(H/HP) =3Pu +3 Y Pog+ (2q—6)(Po—s + Pos).
Ba+p=0
Theorem 4.5. Let H be the Hermitian function field over F, with odd character-
istic, let m be a positive divisor of 2(q — 1) and let G be the group genmerated by the
automorphism o™ Then the genus of the fived field HY is

(¢* —q)/2m if m is odd,
g(HY) = (¢> —4q+3)/2m if 4m and ¢ = 3(mod 4),
(> —2q+1)/2m otherwise.

Proof. Tt is easy to check that 77! € G & m is even. If ¢ = 1(mod 4), then

g+ 1+2(m—2) if mis even,

2 _g—2=m]2g(HY% -2
7 —q m[2g(H") ]+{2(m—1) if m is odd.

If ¢ = 3(mod 4), then the automorphisms 0%1,03(q;1) € G < 4|/m. This theorem

follows from the Hurwitz genus formula,

2(m —1) if m is odd,
P —q—2=m[29(H9) — 2]+ 3(q+ 1) +2(m —4) if 4m,
qg+1+2(m—2) otherwise.

5. THE FIXED SUBFIELDS OF SUBGROUPS OF ([a,0, ¢, w)
Let 7 be an automorphism of the Hermitian function field H over 2 with the form
7(z) = azx, 7(y)=a"Ty+c
where ¢? + ¢ = 0 and a is a (¢> — 1)-th primitive element of the finite field F,2. Let
0 = Tw, then '
o(z) = a‘fr?i;ﬂ:’ o(y) = @ity + ¢

The automorphism ¢* can be given in the following form

o) = —, oify) = S

Cwy + v uy + v;

where u;, v; satisfy the recursive relations u; = a?*'v;_1, v; = cv;_1 + u;_; with the
initial values ug = v_; = 0, vg = 1. The above recursive relations can be rewritten in
the matrix representation

Vi . C aq+1 Vi—1
Vi—1 o 1 0 Vi—2 '
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LetC’z(1 0

) . Then the characteristic polynomial of the matrix C' is

r—c —qitt

det(zl —=C) =] "_| . =2% —cx —a?™.
Assume that the two eigenvalues are 1 = ¢ and xy = —“qgl. Then we have
qa+1
=0— :
‘ 5
By the identity ¢? 4+ ¢ = 0, we have
qdt! qdt!
A+c=0s (0 - 5 )T+ (6 — 5 ) =0 (69" — a0 + 1) = 0.
Hence, 69! = 47! or 697! = —1.
_atl
If 62 # —a?"!, then there exists an invertible matrix P = (15 aé ) such that
C is similar to the diagonal matrix A = ( g [81“ ) , that is, P"'CP = A. Then
T e

we can calculate that
O = (PAP_I)i = PA' P!

B 1 § —att! 5 0 i § att
o e (1 s ) (o e ) (5
N 1 < 5&2 + (_5)—i'a(i+1')(4+1) aq+16i+1'_‘_ (_5)—i—.|—1a(2:+1)(Q+1) )
92 4 qa+l g+l 4 (_5)—z+1aZ(q+1) adtiet + (_5)—2+2aZ(q+1)
Hence, v; can be given by the following formula
§it2 4 (_5)—ia(i+1)(Q+1)
H2 + adt1 '

i

5.1. Even characteristic. In the even characteristic case, c = § + a?T'5~! and
A4+c=0x 67" =1o0r 5! = g7
Hence, we can fix § as an element in F» with order n, which is ¢ — 1 or ¢* — 1.
5.1.1. ord(§) = q — 1. If ord(d) = q — 1, then we can assume that § = a9 in this
sub-subsection. Firstly let us determine the order of the automorphism o. Note that
ol=1<v;_1=0and v; = d.

It is easy to calculate that v;_; = 0 < 6% = a9t & ¢ — 1]i. If i = (¢ — 1)k for some
k, then

§la=Dk+2 1 5(1-9)k(a—1)k+1)(g+1)
52 + aq+1

Hence, the order of o is ord(c) = ¢* — 1.

(g=Dk =

Vg1 = @ = a7 =1 g+ 1k
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Now we consider the fixed subfield with respect to the cyclic group D generated
by the automorphism o. For the infinity place Py and 1 < i < ¢ — 2, we have
0'(Py) = Py & v;_1 = 0. For 1 <i < ¢* — 2, we have 0'(P, 3) = (P, ) if and only if

alo a® ;o8 + vy L
1 = a, : — =03, [1+p=a""
a®™ ;1 f 4 v;

atttv; 18+ v;
Case 1: a # 0.
We have a?'v,_18+v; = a'. Assume that v;_; = 0, then v; = a’. It follows that o* = 1
which is impossible. Hence, v;_; # 0 and

a®™ v, o8 +v;_4

i i1 _ (012 _ ¢+l 3
atly, B+uv; B=via(a™ B +cf+1)=0= (a""B+)(B+ 5) =1
Thus there are two solutions = 6! and 8 = a~(@+t1§. It is easy to calculate that
o if =671,

1 if p=alaty,

1

1
a1 B+ v = {

It is easy to check that a?t'v;,_1 3 4 v; # a'. Therefore, the place P, 5 with a # 0 can’t

be stabilized by the automorphism o° for 1 <i < ¢* — 2.

Case 2: a=0.

It follows that v;_1(a?™3? +c¢B+1)=0and B9+ =0. If v;_; =0, then i = (¢ — 1)k

for 1 < k < q. For each k, the places P,z with 87 + 3 = 0 and P, are stabilized

by the automorphism o*. Hence, the number of the rational places stabilized by the

automorphism ¢* is N(o") = q + 1.

If v;_1 #0, then f = 6"" or = a~@Y§. Moreover, it can be calculated directly that
1, 1 67'+1

U ST
Hence, the places Pys-1 and F, ,~@+1s are stabilized by the automorphism o with
v;_1 # 0, that is, N(¢*) = 2. By the Hurwitz genus formula,

¢ —q—2> (¢ —D[29(H") = 2] + (¢ + 1)g +2(¢* — 2 — q).

Hence, the genus of the fixed subfield is g(HP) = 0 and all places of degree 3 of H are
unramified in H/HP.

=0 and (¢~ 9TV)7 4 o@D = ¢~ @D (57 1 5) = 0.

Theorem 5.1. Let H be the Hermitian function field over IF 2 with even characteristic,
let m be a positive divisor of ¢*—1 and let G be the group generated by the automorphism

ohn with d = ged(m, ¢+ 1). Then the genus of the fized field HY is

(q—l)(q+1—d).

g(HY) = o

Proof. Tt is easy to check that the number of automorphisms in the intersection of G
and (077') is d = ged(m, q + 1). Hence, this theorem follows immediately from the
Hurwitz genus formula

P —q—2=m[29(H%) — 2]+ (¢+ 1)(d — 1) + 2(m — d).
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5.1.2. 891 = @t If §91 = 9! then we can assume that § = a in this sub-
subsection. Hence, ¢ = ¢ + 07 and
Sitl +5q(i+1)
o= T
' 8+ 41

Now we can determine the order of o, since 0 = 1 < v;_; = 0 and v; = a’. It is easy
to see that v; 1 =0 6 + 07 =0 < @Y =1 < ¢+ 1|i. For i = (¢ + 1)k, we have

glatDE+1 o sa((a+1)k+1)
0 + 01

i

v =a & — etk — ,(a+Dk

Hence, ord(c) = ¢ + 1.

Then we consider the fixed subfield with respect to the cyclic group D generated by
the automorphism o. For 1 < i < ¢, we know v;_; # 0 and 0%(P,,) # P,.. Moreover,
0'(Pap) = P, p if and only if

a‘o a® v, o8 + v;_4

=« — 14 B =al
a?™ ;4 B + v 7 a?™ ;1B + v b, BtP

It follows from the second equation that a?™'3? + ¢B +1 = 0. Hence,
=6 or =61

If 8 =061 then a?ov,_ 18 +v; = a®™ ;167 + v, = 6 = a' and (671)7 +67! =
5D (59 4 ) 4 0.

If 3 =079 then a?™ v, 18 +v; = a?™ ;1077 +v; = 6" # a' and (6799 4+ 577 =
5D (59 4 ) 4 0.

Thus the places P, 5-1 with o™t = §7%+ 6" are stabilized by the automorphism o
Hence, N(c') = ¢+ 1 for 1 <i < ¢q. By the Hurwitz genus formula,

¢ —q—22(q+1)29(H”) = 2] + q(q + 1).

Hence, the genus of the fixed subfield is g(H?) = 0 and all places of degree 3 of H are
unramified in H/HP.

Theorem 5.2. Let H be the Hermitian function field over IF 2 with even characteristic,

let m be a positive divisor of g+ 1 and let G be the group generated by the automorphism
q+1 .

o5 . Then the genus of the fived field HY is

1)(g+1—m)
o2m ’

q —
g(19) = {
Proof. This theorem follows from the Hurwitz genus formula

¢ —q—2=mf29(H%) = 2] + (m —1)(¢ +1).

5.2. Odd characteristic. In the odd characteristic case, ¢ = d — a?"16~! and

A+e=0s 8T =g or 597 = —1.
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5.2.1. 6771 = —1. If 59! = —1, then we assume that 6 = ¢z and ord(§) = 2(q — 1)
in this sub-subsection. It can be calculated directly that

v, =0e 5+ (—1)i—1a(q+1)i — 0 & 0% = (—1)ia@) & 9
i1 = 51— = a & 2.

For the even integer 1,

‘ ' a1 (g+1)
v =a' e 524 (—1)

5 =a'(0*+a’™) & § =a" = 2(q+ 1)]i.
Hence, ord(c) = 2(q + 1).

Now we consider the cyclic group D generated by the automorphism o. For the
infinity place Py, and 1 < i < 2¢ + 1, we have 0'(Py) = Py & v,_; = 0. For
1 <i<2q+1, we have 0'(P, ) = P,z if and only if

a‘a a® ;9B + v,
= a, 125 11:5’ 5q+ﬁ:aq+l~

a?tlv;_1 8 + v; a?tlv;_1 6 + v;

Case 1: o #0.
In this case, a?"tv;_18 + v; = a'. Assume that v,_; = 0, then v; = a’. It follows that
o' = 1 which is impossible for 1 < i < 2¢ + 1. Hence, v;_; # 0 and

V(a4 B -1 =0= (aB+6)(B-0H)=0=>pB=—-a"“Yjorg=05"

from the second equation. It is easy to check that

5 if B =061,

+1,, L
a? Uz_lﬁ +v; = {(_5)1 if 5 — _a—(4+1)5'

It can be verified directly that a?'v;_; 8 4+ v; # a’. Hence, the places P, 5 with a # 0
can’t be stabilized by the automorphism o* for 1 <i < 2¢ + 1.

Case 2: a=0.

From the second equation, we have

Ui_l(aq—HBz + Cﬁ - 1) =0.

If v;_y = 0, then the places Fyz with 89 + 8 = 0 and P, are stabilized by the
automorphism ¢°. Hence, N(c') = q + 1 for each even integer i.

If v;_1 # 0, that is, 4 is odd, then a9t 32 +¢B—1 = 0. Hence, 3 = 6! or B = —a~ (415,
It follows that 87 + 8 = 0, since §2! = —1. Hence, the places P51 and Py _a-tat1)s
are stabilized by the automorphisms o, that is, N(c") = 2 for each odd integer i. By
the Hurwitz genus formula,

¢ —q—2>2(q+1)[29(H”) = 2]+ (¢ + g +2(¢ + 1).

Hence, the genus of fixed subfield is g(H?) = 0 and all places of degree 3 of H are
unramified in H/HP.

Theorem 5.3. Let H be the Hermitian function field over Fp with odd character-
istic, let m be a positive divisor of 2(q + 1) and let G be the group generated by the
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automorphism o Ao . If m|q + 1, then the genus of the fized field HY is

_(g=1)(g+1—m)
g(HY) = . :

Otherwise, the genus of the fived field HY is

(G-Dag+1-2)

g(HY) = .

Proof. If m|q+ 1, then % is even. By the Hurwitz genus formula,
¢ —q—2=m[29(H%) = 2] + (¢ + 1)(m — 1).
If mtqg+ 1, then % is odd. By the Hurwitz genus formula,

¢* —q—2=m[29(H%) — 2] + (q+1)(§ —1+2- 0
This theorem follows immediately. U

5.2.2. 691 = qat! If 691 = g9t then we assume that § = a in this sub-subsection.
Firstly let us determine the order of the automorphism o. Note that ¢' = 1 < v;_; =
0 and v; = a'. It can be calculated that

1 . lai(Q+1)

Vi—1 = 0= o + (—1>Z_ ?
If ¢ = 1(mod4), then v; ;1 = 0 & %h It is easy to verify that Ve = a'z . Hence,
the order of o is

= 04 0% = (=1)'ai@) & g = (—1)7,

ord(o) = (¢+1)/2.
If ¢ = 3(mod4), then v;_; = 0 < ¢ + 1|i. It is easy to verify that v,,; = a?™'. Hence,
the order of o is
ord(c) = q+ 1.

Let D be the cyclic group generated by the automorphism o. Here we assume
that 3 1 (¢ + 1), then all places of degree 3 of H are unramified in H/HP. For
1 <i <ord(o) — 1, then v;_; # 0 and 0'(Py,) # Ps. Hence, 0*(P, ) = P,z if and
only if

a‘o a®™ v, o8 + v, . 1
o Bt @iy 0 THA=AT
It is easy to see that a?™13? + ¢ — 1 = 0, since v;_; # 0. It follows that
B=5"orB=—a""s
If 3=0"1 then a?™ v, 1B+uv;, =0 =a'and B9+ B =07+ =695+ 0) #0.
If 3 = —a=@§, then a® v 18+ v; = —0vi_1 +v; = (—1)'a’ # @’ and B9+ B =
a= @D (594 §) £ 0. |
Thus the places P, 5-1 with a4tt = §77+ ¢~ are stabilized by the automorphism o
Hence, N(¢') = ¢+ 1 for 1 <i < ord(c) — 1. By the Hurwitz genus formula,

¢* —q—2=ord(0) - 29(H") = 2] + (ord(c) — 1)(g + 1).
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Hence, the genus of the fixed subfield is

qg—1)/2 if ¢g=1(mod 4
0 if ¢ = 3(mod 4).
Theorem 5.4. Let H be the Hermitian function field over F 2 with odd characteristic.

Assume that 31 (q+1). Let m be a positive divisor of ord(c) and let G be a subgroup
of D with order m. Then the genus of the fized field of HY is

q—1)(g+1—m)
om ’

g(HY) = (

Proof. This theorem follows from the Hurwitz genus formula
¢* —q—2=m[2g(H) - 2] + (m — 1)(q + 1).
O

Remark 5.5. The places of degree 3 of H may be ramified only if ¢ = 1(mod 4) and
3|(q + 1) hold true at the same time. Hence, we can only assume that ¢ Z 5(mod 12)
in Theorem 5.4 by the Chinese Remainder Theorem.
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