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We show theoretically that neural networks based on disordered exciton-polariton systems allow the
realization of Toﬀoli gates. Noise in input signals is self-corrected by the networks, such that the obtained
Toﬀoli gates are in principle cascadable, where their universality would allow for arbitrary circuits without
the need of additional error-correcting codes. We further ﬁnd that the exciton-polariton reservoir computers can directly simulate composite circuits, such that they are a highly eﬃcient platform allowing circuits
to operate in a single step, minimizing the delay of signal transport between elements and error-correction
overhead.
DOI: 10.1103/PhysRevApplied.13.064074

I. INTRODUCTION
Electronic systems have been highly successful in following Moore’s law for decades; however, several challenges aﬀect the future continuation of the trend. More
densely packed transistor chips have led to heating becoming a key limitation to clock speed, while eﬃciency is
limited by a signiﬁcant error-correction overhead and the
delay time needed to pass signals between memory and
processing elements (the von Neumann bottleneck). Optical systems are promising for making fast interconnections
to alleviate these problems [1], however, the use of optics
to actually process information requires improvements of
energy consumption to subfemtojoule scale or less to
become competitive [2].
Polaritonic devices [3] hybridize photons and artiﬁcial
atoms in the form of excitons in semiconductors. This
captures both the weak dephasing and ultrafast response
of an optical system together with the nonlinearity of a
condensed-matter system. Research has focused on using
polaritonic systems for the development of informationprocessing elements and methods to link them. Polaritonic logic gates were experimentally demonstrated over
a decade ago [4]. Switches [5], transistors [6], memories [7], and routers [8,9] have been developed since.
Polaritonic time and energy-consumption scales are in the
picosecond (ps) [10] and subfemtojoule range [11], while a
transistor operating at room temperature was demonstrated
recently [12] (previous demonstrations requiring cryogenic
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cooling). Solitons [13,14], topological states [15], waveguided modes [16], and special wave patterns [17] advanced
as robust mechanisms of signal propagation. In theory,
universal logic is available [18].
Most recently, polaritons were proposed as a platform
for neuromorphic computing [19]. Rather than aiming to
perform as universal (classical) information processors,
the aim was to specialize in pattern-recognition tasks,
including character recognition, speech recognition, and
the recognition and forecasting of nonlinear time series.
These are the typical tasks at which neural networks excel.
In principle, neural networks are eﬃcient architectures as
they process information in parallel and avoid the von Neumann bottleneck, with no physical separation of memory
and processing elements.
Here, we consider the use of polariton-based neural networks to realize Toﬀoli logic gates. These gates operate on
binary information and are typically sought for reversible
computing, which reduces heating by Landauer’s principle; regular irreversible logic gates (e.g., AND, XOR, etc.)
must generate a small amount of entropy when they operate as they erase bits of information. The heating saved
by using reversible gates, given by the von NeumannLandauer limit [20], is relatively small compared to the
overall heating coming from other processes (considering
modern standards). Meanwhile, quantum Toﬀoli gates are
realised with trapped ions [21] and photonic architectures
[22]. The Toﬀoli gate is universal, and a valid gate on
which to build a complete architecture for classical binary
information processing.
One of the most remarkable features of neural networks
is their ability to operate with noisy data. We ﬁnd that a
polariton-based neural-network approach to Toﬀoli gates
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allows operation with noisy analog signals, provided the
noise is smaller than the digital logic level (used to deﬁne
a binary from an analog signal). Furthermore, the size of
analog noise is even reduced during operation. Thus, the
obtained Toﬀoli gates are self-correcting, meaning that this
architecture is both scalable (assuming the availability of
external connections) and eﬃcient in avoiding any need
for separate error-correcting overhead.
Finally, although it is possible to construct arbitrary
operations from cascaded Toﬀoli gates, we show that
our network can directly represent complete circuits. For
example, we consider the full adder circuit, designed for
adding two bits of information. In principle, the circuit
could be constructed with seven Toﬀoli gates, however,
direct realization is possible in a single processing step,
avoiding time delays that would otherwise occur when
transferring information between cascaded elements. As
in the case of the single Toﬀoli gate, we ﬁnd that such a
design is not only tolerant to a signiﬁcant level of analog
noise, but it also self-corrects for this noise.
II. NEURAL NETWORKS AND RESERVOIR
COMPUTING
Neural networks are unconventional computational
architectures formed by neurons, which represent the processing elements, and their interconnections, which deﬁne
the network. Individual neurons receive an input, which
can be a weighted combination of signals from many
other neurons. The individual neuron shows a nonlinear
response and then generates a signal, which is passed to
subsequent neurons in the network. Such an architecture
is massively parallel and avoids the von Neumann bottleneck, which has motivated the development of artiﬁcial
hardware neural networks, where platforms include the
following: inorganic synapses [23], memristors [24], spintronic systems [25,26], spiking silicon circuits [27,28], and
microring resonators [29]. A key challenge in developing
hardware neural networks is the need to control the neuron
connections, which determine the functionality.
Reservoir computing is an alternative neuromorphic
architecture [30], which works with a random network
of nodes with arbitrarily ﬁxed bidirectional coupling. The
need for control of the internode connections is completely
lifted and the network function is rather determined by
varying a set of weight connections in a single output layer,
which connects the neurons in the network to a ﬁnal result.
Hardware implementations of reservoir computers [31]
have been based on memristor arrays [32,33], photonic
arrays on silicon chips [34], microwaves [35], electronic
circuits [36], and nonlinear optical elements coupled to
delay lines [37–40]. Reservoir computing was recently
considered theoretically for polariton systems, where relatively high success rates for standard benchmark tasks such
as character recognition were predicted (95% success rate

for recognition of the MNIST set of hand-written digits)
[19]. Generally, systems described by discrete nonlinear
Schrödinger equation are good candidates for reservoir
computing [41].

III. POLARITON RESERVOIR NETWORK IN
RECIPROCAL SPACE
In Ref. [19] a polariton reservoir network was constructed with a lattice of nodes separated in real space,
with each node subjected to an eﬀective gain, corresponding to the relaxation of particles from a higher energy
excitation. In this work, our ﬁrst objective is to use a
reservoir network to create a universal logic gate that can
couple to many subsequent gates, implying that the input
and output need the same frequency. To ensure this, we
introduce and develop an alternative geometry where the
network nodes are deﬁned via coherent resonant excitation
of polaritons at speciﬁc in-plane wavevectors in a semiconductor microcavity [see Fig. 1(a)]. The energy of the
system in reciprocal space (their dispersion) is illustrated
in Fig. 1(b). There is a one-to-one coupling of polaritons
in reciprocal space to the far ﬁeld outside of the system,
which allows excitation of speciﬁc points in reciprocal
space. For example, by passing light through a spatial light
modulator, or mask, and applying a Fourier lens, one can
engineer arbitrary optical ﬁeld patterns to excite the microcavity. In reciprocal space, we consider the network nodes
around a circle centered on the origin, such that all nodes
have the same energy.

(a)

(b)

FIG. 1. (a) A monochromatic optical ﬁeld excites a semiconductor microcavity polariton system with components at diﬀerent
wavevectors. (b) In-plane dispersion. Only modes along an equal
energy circle in reciprocal space are excited, which form network nodes. The presence of disorder allows elastic collisions
that eﬀectively couple the diﬀerent modes.
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Theoretically, the behavior of coherently excited nodes
is described by the Gross-Pitaevskii equation:


∂ψ
2 ∇ˆ 2
i
i
= −
+ V(r) −
+ α|ψ|2 ψ + F(r)eiωt ,
∂t
2m
2
(1)
where ψ(r, t) is the two-dimensional polariton wave function; m is the eﬀective mass; V(r) is a spatially inhomogeneous potential representing disorder (a Gaussian
random distribution with the strength V0 );  is the polariton dissipation rate; and α is the (Kerr) polariton-polariton
interaction strength. F(r) is a continuous in time spatially
patterned driving optical ﬁeld.
It is well established that polaritons in reciprocal space
may change their wavevector by scattering with disorder
[42], while the nonlinear term allows pair scattering [4,43].
These processes connect diﬀerent network nodes, while
scattering to states outside of the elastic circle is generally
weak (for violating phase-matching conditions).
The last term in Eq. (1) represents the incident coherent
optical ﬁeld with frequency ω, taken to have a form:



|k − kn |2
in
F̃(k) =
Wnm um exp −
,
(2)
δk2
nm
in reciprocal space. F̃(k) is the Fourier transform of F(r)
and kn = (k0 cos θn , k0 sin θn ). This form corresponds to
a set of Gaussian spots in reciprocal space, centered at
k = kn where n is an index labeling the nodes in reciprocal
space. Following the scheme of reservoir computing, a set
of inputs um are arranged in the input vector u and multiplied by a random mask matrix Win , before entering the
network. This corresponds to modulating the amplitudes
of the Gaussian spots (e.g., with spatial modulation or an
optical vector matrix multiplier). The elements of Win are
uniformly distributed from 0 to Win
max .
The network output is deﬁned by the emission from each
node, which is given by the internal ﬁelds in reciprocal
space: ψn = ψ̃(k) exp[−|k − kn |2 /δk2 ]dk. We deﬁne t0
as the time at which this state is read. The ﬁnal output Y is
given by the vector formed by the emission ﬁelds ψ and the
input vector u multiplied by the output weight matrix Wout ,
i.e., Y = Wout X, where X = [u, ψ] and Wout is found by
training. In principle, this matrix operation can be performed with a single layer of free-space optics applied to
the microcavity transmission.
The functionality of the network depends on the choice
of Wout . We use a supervised learning technique where
a set of known examples are used to construct the output weight matrix Wout . For the ith known example, one
knows the output layer X(i) and the corresponding desired
output Y(i) . With these known examples we form an output layer matrix X = [X(1) , X(2) , . . . ] and the corresponding ﬁnal target output matrix Y target = [Y(1) , Y(2) , . . . ],

where each example satisﬁes Y(i) = Wout X(i) . We use the
ridge-regression method [44] to obtain a stable solution
(optimum Wout ) for all i:
Wout = Y target X T (X X T + βI)−1 ,

(3)

where β is the “regularization coeﬃcient”, which is used
to control Wout in case of large output weights being very
sensitive to tiny ﬂuctuations of the input [30]; I is the
identity matrix; and (. . . )T represents the transpose of a
matrix. It is usually advisable to control the obtained output weight Wout so as to increase the precision of the
solution produced by training. Too large Wout exploits and
ampliﬁes small diﬀerences among the dimensions of X(n),
and can be extremely sensitive to tiny deviations of inputs.
This phenomenon is also called overﬁtting, which is usually used for data with noise. For data without noise, the
regularization part is not strictly necessary as there is no
overﬁtting. However, we ﬁnd similar results keeping the
regularization coeﬃcient.
IV. TOFFOLI GATES
The Toﬀoli gate is deﬁned by three inputs (A, B, and C)
and three outputs (A = A, B = B, and C = AB ⊕ C). For
convenience, a truth table is shown in Fig. 2(a). Without
any noise in the input signal, eight input combinations and
the corresponding outputs are enough for training Wout . In
testing, we then compare Y to the ideal output.
As polaritons are described by a continuous amplitude,
their use to represent binary information requires deﬁning
a logic level, that is, a level of amplitude below which we
consider the state as 0 and above which we consider the
state as 1. We take the logic level as 0.5 in the input um
and output Y. Thus, um and Y are dimensionless variables,
proportional to the amplitudes of input and output ﬁelds.
(a)

(b)

FIG. 2. Truth table of (a) a Toﬀoli gate and (b) a full adder. A
Toﬀoli gate has three inputs (A, B, and C) and three outputs (A ,
B , and C ). A full adder has three inputs (A, B, and Cin ) and two
outputs (Sum and Cout ).
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FIG. 3. Dependence of the maximum output error of the Tofin
foli gate on the system size N (number of nodes) and Wmax
(excitation strength). The error is deﬁned as the largest absolute diﬀerence between the obtained output Y and ideal output
Yideal . Parameters: t0 = 3 ps,  = 0.06 meV, V0 = 0.5 meV,
α = 1 μeV−1 μm−1 .

The physical units describing the real strengths of input
and output ﬁelds are then assumed to be absorbed in the
deﬁnitions of Win and Wout .
The results of the trained network from direct numerical
simulation of Eq. (1) are illustrated in Fig. 3, where the
output error is taken as max(|Y − Yideal |), where Yideal is
the ideal output (max denotes the maximum element of the
vector) and we average over all binary input combinations
and diﬀerent choices of Win and V(r). The error decreases
with the system size and a network of just ﬁve nodes with
Win
max = 1000 is enough to keep the output error lower than
the logic level (0.5).
An error-correction ability is also investigated in this
system by adding complex noise to the input signals both
in training and testing. We train Wout with each input
(with 500 realizations of random noise) and test each input
(with 200 realization of random noise). Figure 4 shows the
reduction of the noise in the output for a reservoir network
with 12 nodes. Increasing the number of nodes reveals that
more noise is corrected [see Fig. 4(c)].
(a)

FIG. 5. Dependence of the maximum output error (dashed)
and nonlinearity (solid) [maxx,y (α|ψ|2 )] on operation time (t)
in
) of the Toﬀoli gates. Parameters:
for diﬀerent input power (Wmax
V(r) = 0.5 meV, α = 1 μeV−1 μm−1 ,  = 0.06 meV, and ten
nodes.

V. ANALYSIS OF PHYSICAL PARAMETERS FOR
THE TOFFOLI GATES
To estimate the operation time and power requirement
of our system, we ﬁrst ﬁx the nonlinear Kerr interaction
strength α = 1 μeV−1 μm−1 [7] and investigate the dependence of the maximum output error on the evolution time
of the system and compare to the amount of nonlinearity
[maxx,y (α|ψ|2 )] in the system. As seen in Fig. 5, with a
deﬁned logic level and diﬀerent driving-ﬁeld amplitudes
set by Win
max , subpicosecond operation time with nonlinear interaction strength on the order of tenths of meV is
predicted. Comparing to experimental works [7] achieving
the same level of interaction energy, this suggests submilliwatt power requirement (we prefer to estimate power
requirements in this way, comparing to experiments, as
they automatically account for losses in the optical setup
used to couple light into the polariton system).

(b)

(c)

FIG. 4. Input error versus the output error for Toﬀoli gates. (a) Input complex noise (a + ib) added to the binary input of the Toﬀoli
gate is randomly distributed from -0.1 to 0.1 for both a (real part) and b (imaginary part). (b),(c) Output complex noise distribution for
the reservoir network consisting of 12 and 20 nodes, respectively.
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5.2 × 10–4
4.5 × 10–4
3.8 × 10–4
3.1 × 10–4
2.4 × 10–4
1.7 × 10–4
1.0 × 10–5
3.0 × 10–5

FIG. 6. Dependence of the maximum output error on the correlation length (σ ) and strength of disorder (V ) in the system corresponding to the Toﬀoli gate. Parameters: α = 1 μeV−1 μm−1 ,
in
= 6000,  = 0.06 meV, t0 = 1 ps, and ten nodes in total.
Wmax

We also consider the inﬂuence of the strength and correlation length of the disorder in the polariton system on
the Toﬀoli gate. We ﬁx the operation time to 1 ps and
set the upper limit of the input matrix 6000, and see how
the maximum output error depends on the disorder (see
Fig. 6). As shown in Fig. 6, disorder has only a small eﬀect
on the highest error (which is on the order of 10−4 ) and,
if analyzing, disorder improves the device performance.
Note that even without disorder, our network nodes are
coupled in reciprocal space due to the nonlinear scattering
processes. The dependence of the maximum output error
of our scheme on the lifetime of polaritons is also shown
in Fig 7, which indicates that the lifetime only has a limited inﬂuence on the output, and longer lifetime increases
the system performance slightly.

FIG. 7. Dependence of the maximum output error (dashed)
and nonlinearity (solid) on the operation time (t) and lifetime of
polaritons in the system corresponding to the Toﬀoli gate. Paramin
= 4000, α = 1 μeV−1 μm−1 , and ten
eters: V0 = 0.5 meV, Wmax
nodes in total.

gate would need at least ﬁve nodes in the reservoir network to ensure the output error is lower than the logic level.
Thus, for the full adder construction with Toﬀoli gates, 35
network nodes are expected, in addition to the need of extra
ﬁxed inputs and unused outputs. The full adder can also be
constructed with two XOR gates, two AND gates, and one OR
gate. However, the same problems in cascading elements
appear.
Remarkably, we ﬁnd that the considered reservoir networks can be much more eﬃcient as they can directly
reproduce whole circuits. We show that the full adder can
be directly realized with our considered reservoir network
(see Fig. 8). The operation time and power requirements
are investigated with the same method as considered for

VI. COMPOSITE CIRCUITS
In principle, the previously considered Toﬀoli gate is
a suﬃcient building block for composing arbitrary binary
circuits. As an example, we consider the full adder circuit,
which is designed to add three inputs and provide two outputs [see Fig. 2(b)]. Among the inputs, A and B are two
binary digits and Cin is a carry signal (binary), which could
come from another full adder in the case that the full adder
is part of a larger circuit for adding multidigit numbers.
At the output, Sum is the sum of the three inputs and Cout
is a corresponding carry bit, which could be passed to a
subsequent full adder circuit. As the Toﬀoli gate is universal, any logic circuit can be composed with it. Seven
Toﬀoli gates are required to construct a full adder with
seven constant inputs and 14 unused outputs. Each Toﬀoli

FIG. 8. Dependence of the maximum output error of the full
adder on N and Win
max . The error and parameters are deﬁned in
the same way as for the Toﬀoli gate.
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and full adder circuit can be operated with just two network nodes. To understand the role played by the reservoir
network in achieving this result, it is useful to consider
Fig. 11. The horizontal axis shows the linear combination
of inputs that contribute directly to the Toﬀoli gate output, while the vertical axis shows the linear combination of
ﬁelds from the reservoir that contribute, for diﬀerent input
choices. In other words, if the matrix Wout is augmented in
the form
⎛
⎞
Wout
Wout
u,A
ψ,A
⎜
⎟
Wout
Wout = ⎝ Wout
(4)
u,B
ψ,B ⎠ ,
out
out
Wu,C Wψ,C

FIG. 9. Dependence of the maximum output error (dashed)
and nonlinearity (solid) [maxx,y (α|ψ|2 )] on operation time (t) for
diﬀerent Win
max of the full adder. Parameters are the same as in
Fig. 5.

the Toﬀoli gate, again setting α = 1 μeV−1 μm−1 . For psscale operation time, the full adder requires slightly more
nonlinearity, implying slightly higher power than for the
individual Toﬀoli gate. However, the required nonlinearity
is still in the range of several tenths of meV (see Fig. 9).
As pointed out earlier, experiments have reached this
level of nonlinearity with submilliwatt power consumption
(corresponding to subfemtojoule energy when integrated
over picosecond operation time) [7]. Meanwhile, the same
error-correction ability of the earlier considered Toﬀoli
gates also holds for full adder circuit (see Fig. 10).
VII. DISCUSSION
The aforementioned results have been averaged over
diﬀerent random conﬁgurations of disorder and input
weight matrices. If one allows selection of speciﬁc conﬁgurations, then we are aware that both the Toﬀoli gate

(a)

then the output C is determined by Wout
u,C u, plotted on the
out
horizontal axis, and Wψ,C ψ, plotted on the vertical axis.
Clearly, it is impossible to separate the inputs given solely
their positions on the horizontal axis by deﬁning a threshold. The reservoir performs a nonlinear transformation of
the inputs, mapping them to diﬀerent coordinates on the
vertical axis. The introduction of a threshold is represented
by a linear cut, which is able to distinguish the diﬀerent
input combinations. A similar plot holds for the full adder
circuit (see Appendix B).
VIII. CONCLUSIONS
Disordered exciton-polariton neural networks based on
a reservoir computing architecture can be used to process binary information. They can be used to realize
Toﬀoli gates (which are universal and reversible) making use of small networks in reciprocal space. In addition
to providing universality, our scheme automatically corrects for amplitude and phase errors in the input and
output signals. Together with our use of an architecture
where input and output have the same frequency, this
implies that multiple Toﬀoli gates can be cascaded (using
additional external connections). We further ﬁnd that disordered exciton-polariton neural networks oﬀer an eﬃcient

(b)

(c)

FIG. 10. Input error versus the output error for full adders realized with polariton neural networks. (a) Input complex noise (a + ib)
added to the binary input of full adder, randomly distributed from −0.1 to 0.1 for both a (real part) and b (imaginary part). Output
complex noise distribution for the reservoirs consisting of 16 nodes (b), 20 nodes (c).
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× 105
× 104
× 104
× 104
× 104
× 104
× 104
× 104

FIG. 11. Representation of how the reservoir network forms
the C output corresponding to a Toﬀoli gate. The diagonal line
marks the logic level. We consider a ﬁve-node network.

alternative to cascading multiple elements, where they can
directly reproduce composite circuits in a single operation step, essentially eliminating the delay time between
individual gates. In principle, our results based on the
Gross-Pitaevskii and nonlinear Schrödinger equation can
also be relevant to other systems. Although here we consider a continuously driven system, we ﬁnd similar results
(in Appendix C) for pulsed systems with a prepared initial
condition.
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FIG. 12. Fourteen polariton modes in reciprocal space with
radius 1 μm−1 in the disordered microcavity. Parameters: V0 =
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nodes in total.

APPENDIX B: NONLINEAR TRANSFORMATION
For the full adder, we also investigate how the reservoir network helps achieve the result, we here consider
the Sum output. As can be seen in Fig. 14, the reservoir
network performs a nonlinear transformation of the input,
which allows separation of the diﬀerent inputs by a linear
cut. This is equivalent to deﬁning a threshold given by the
sums of the vertical and horizontal axes. Note that in this
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× 104
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× 104

APPENDIX A: EXCITON-POLARITON
DISTRIBUTION IN RECIPROCAL SPACE

× 104

The resonant Rayleigh scattering for exciton polaritons
in semiconductor microcavities has been well investigated
[42]. In our scheme, exciton polaritons with a typical elastic circle (radius = 1 μm−1 ) are arranged in momentum
space (see in Fig. 12). As polariton modes could easily
occupy less than 0.1 μm−1 in reciprocal space, we estimate
that one could operate with 50 nodes around an elastic circle, which is considerably more than we ﬁnd are needed
for the considered tasks. The nonlinear term allows pair
scattering (equivalently four-wave mixing) processes that
can also connect diﬀerent network nodes, while scattering
to states outside of the elastic circle is generally weak (see
Fig. 13).

× 104
× 104
× 104

FIG. 13. Intensity [I = |ψ(kx )|2 ] distribution in reciprocal
space, along the cross section ky = 0, which shows limited
scattering outside the polariton ring in momentum space. The
parameters are the same as in Fig. 12.
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such as cold atoms, continuous excitation F(r) at speciﬁc
points in reciprocal space can be challenging. It is however possible to prepare the initial state ψ(r, t = 0) with
speciﬁc distributions in reciprocal space [45]. We consider
the initial state:


1  in
|k − kn |2
ψ̃(k, t = 0) =
.
W um exp −
 nm nm
δk2

(C1)

where ψ̃(k, t = 0) is the Fourier component of ψ(r, t = 0).
Given the initial state, the dynamics is given by the same
nonlinear Schrödinger equation as considered in the main
text:
FIG. 14. Graphic representation of how the reservoir network
forms the Sum output corresponding to a full adder. The horizontal and vertical axes correspond to the weighted sum of inputs in
weighted sum of reservoir ﬁeld amplitudes that contribute to the
Sum output, respectively. The diagonal line shows the cut corresponding to the logic level. Here we consider a six-node reservoir
network.

case the matrix Wout is augmented in the form:

W

out

=

Wout
u,Sum
Wout
u,Cout

Wout
ψ,Sum
Wout
ψ,Cout


.

(B1)

i


 2 2
∂ψ
∇

= −
+ V(r) − i + α|ψ|2 ψ.
∂t
2m
2

(C2)

Note that, preparing an initial state ψ(r, t = 0) is equivalent to exciting the system with a short pulse F(r)δ(t)
where we choose F(r) = i ψ(r, t = 0). In Fig. 15, we
show that the scheme of injecting an input signal via the
initial state performs similarly to the continuous wave
excitation case. As can be seen in Fig. 15, both methods
(injecting input signal via initial state or via a continuous
pump) show the same trend of decreasing output error with
increasing system size.

APPENDIX C: INJECTING INPUT SIGNAL VIA
INITIAL CONDITION
In the main text, the input signal is fed into the reservoir network by a continuous excitation F(r). In systems,

FIG. 15. Dependence of the maximum output error of the Toffoli gate on the network size N for systems with continuous
excitation (red) and with initially prepared states (black). We
ﬁnd a similar behavior for both the curves. Here we consider
Win
max = 1000.
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