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Abstract
Places that were hard to reach are now well accessible to the world with the help
of aerial robots.

As one of the biggest inventions of mankind in robotics, these

robots place no risk on human lives because they are unmanned and remotely/autonomously operated in hostile situations. Together, these reasons make them the
most promising candidate in numerous applications. Howbeit, their coupled and
signicantly nonlinear dynamics accompanied by open-loop instabilities lead to a
complicated control problem.

Although conventional control approaches such as

proportional-integral-derivative (PID) and linear-quadratic-regulator (LQR), have
been widely adopted, the underlying linearization leads to suboptimal performance
during agile operations. Besides, there are environment-specic diculties, like external disturbances during oshore operations, that result in an uncertain system
model.

Since the performance of model-based controllers is critically linked to

the model accuracy, modeling uncertainties may signicantly degrade their performance to the extent of instability. Therefore, rather than utilizing a sophisticated
robot which is trained  and tuned  for a scenario in a specic environment perfectly, most people are interested in seeing them operating in unexplored conditions.
In that vein, an aerial robot must learn from its own experiences and interactions
with the environment for daily operations in real application scenarios. Moreover,
realtime implementations of the control algorithms necessitate a tuning process
that is arduous yet dangerous when performed directly on the real robot.
Taking inspiration and identifying an opportunity in these issues, this thesis throws
light on the development of various learning algorithms to facilitate precise tracking
control of multirotor aerial robots in uncertain environmental conditions. Firstly,
to cater to the nonlinear dynamics, it implements two control algorithms, namely,
the nonlinear model predictive controller (NMPC) and the feedback linearization
control (FLC) method. Both the control approaches explicitly accommodate the
nonlinear dynamics rather than linearizing the system.

Their overall ecacy is

demonstrated for the position and attitude tracking problems of the aerial robots.
Secondly, to accommodate the limited processing power that is available onboard
aerial robots, this thesis employs fast solutions methodologies. Thanks to the ecient C++ scripts and the direct multiple shooting method along with the special
xix
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realtime iteration scheme adopted in automatic-control-and-dynamic-optimization
(ACADO) toolkit; successful onboard implementation of the control algorithms is
achieved for all the real-world tests.

What is more, in the case of the NMPC-

NMHE framework, a complete onboard implementation is realized on a low-cost
embedded processor, named Raspberry Pi 3.
Thirdly, to tackle the uncertainties in the system model, this thesis proposes a
few learning-based control approaches that are broadly categorized as: instantaneous learning control (InLC) and iterative learning control (ILC). In essence, the
InLC technique utilizes an estimator to learn the model parameters, whereas the
ILC scheme identies the uncertain dynamics based on the experience from system
repetitions.

Besides, the learned system model is subsequently updated within

the controller denition in both the approaches.

In terms of the InLC scheme,

two control frameworks are developed. The rst incorporates a nonlinear moving
horizon estimator (NMHE) to estimate the time-varying model parameters, thus
making NMPC adaptive to the changing working conditions. The second framework constitutes a simple learning (SL) strategy to cater to the limitations of the
traditional FLC method by updating controller gains and disturbance estimate
within the feedback control law. In the ILC scheme, on the other hand, a Gaussian
process (GP)-based regression technique models the disturbance forces that are
encountered during the oshore visualization operation. Several simulations and
real-world tests manifest that both InLC and ILC schemes have compelling abilities to substantially reduce the tracking error over their conventional counterparts
throughout the operation.
Lastly, to circumvent the tedious tuning process, an active exploration approach
is proposed to obtain the NMPC's weights. The auto-tuning framework extends
the basic trial-and-error method to intelligently tune the weight sets. In essence,
it benets from the retrospective knowledge gained over previous trials, and thus,
expedites the tuning procedure. Moreover, the safety of the robot is ensured by
employing a deep neural network-based robot model.

What is more, a seamless

sim-to-real transition is exhibited via the direct deployment of the weight sets from
simulation tuning for the real-world trajectory tracking application.
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Chapter 1

Introduction

1.1

Motivation

The unprecedented growth of multirotor aerial robots in various industries underly
the recent advances in sensor, actuation, and processing technologies as well as the
availability of numerous low-cost (ARM-based) processors.

They have been ex-

plored for a variety of applications, for instance, search and rescue at disaster sites
[6, 7], air package delivery [8], damage evaluation after an earthquake [9], trac
monitoring [10], and exploration tasks in an unknown environment [11].

More-

over, researchers have also been working on developing algorithms and interfaces
to support their safe yet ecient physical interaction and collaboration with human
operators [12, 13].
To facilitate safe operation in urban environments, a precise path tracking performance is of extreme importance.

Unfortunately, multirotor aerial robots are

strongly coupled, open-loop unstable, and inherently nonlinear systems which render their control a challenging problem. Although conventional control approaches,
e.g., proportional-integral-derivative (PID) and linear-quadratic-regulator (LQR)
have been successfully utilized for their control [14], they involve linearization about
a set of aforethought equilibrium points. As a result, their agile operation away
from the linearization zone may lead to substandard performance or might even
destabilize the system.

Although robustness could be achieved by conservative

tuning of these linearized controllers, the price to pay is performance.

What is

more, incorporating a decentralized single-input-single-output (SISO) PID design
1
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for a severely coupled system further degrades the control performance. This is essentially due to the selsh nature of the individual PIDs that neglects the coupling
and tries to minimize the error along their respective axes.
Over other model-based control techniques, the model predictive controller (MPC)
owes its remarkable success to the unique ability of simultaneously handling constraints and optimize performance via recursive online optimization. It has been
utilized for the control of various ground [1517] as well as multirotor aerial robots
[1822]. In addition, its fault-tolerance and cooperative control capabilities have
been demonstrated in [23] and [24], respectively.
Besides control challenges, another issue with the nonlinear systems is the diculty
that lies in their mathematical modeling. Precise modeling requires several experimental trials of the system which is arduous as well as time-consuming [25, 26], and
in the end, the possibility of obtaining the accurate model is limited [27, 28]. In
addition, there are certain operations involving (unknown) external disturbances
that lead to an uncertain (time-varying) system model.

Three of these working

scenarios are depicted in Fig. 1.1. In the given gure, the rst depicts an in-ight
package delivery application that leads to mass variation, the second portrays an
oshore visualization operation in presence of wind disturbance, and the third
shows ceiling inspection of a tunnel that necessitates ight under the inuence of
1

ceiling eect .
Apart from all the benets of the aforementioned model-based controllers, there
is an associated down-side. That is, the optimal performance is only guaranteed
with an accurate system model. This implies that for operations with external disturbances, as depicted in Fig. 1.1, the resulting plant-model mismatch would lead
to degraded overall performance. Additionally, for rapidly growing uncertainties,
they may even destabilize the system in the worst case. While a certain level of
robustness to disturbance can be achieved by tuning for a specic scenario in a
certain environment, yet there is no performance guarantee when they operate in
an unknown environment full of internal and external uncertainties. For instance,
vision-based localization while navigating through an unstructured environment
induces additional uncertainties, which further degrades the performance of the
perfectly tuned controllers. As a result, people in the robotics community are getting inclined towards controllers that can perform suciently well when exposed

1 Reduction

in the overall mass of the aerial robot when it ies in close proximity to the ceiling.
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Figure 1.1: Disturbance operations: a) in-ight delivery by Amazon [1], b)
oshore inspection of wind platforms [2], and c) tunnel inspection [3].

to unforeseen disturbances within an unknown environment. All these issues imply
strong reasons to incorporate computationally ecient controllers that are accurate, reliable, and adaptive to unpredictable operating conditions.
In addition to the diculties with the aerial robots, some challenges are associated
with the implementation of the control algorithms. The foremost is the non-trivial
controller tuning process which gets tedious and dangerous at the same time when
performed directly on the aerial robot. This is also a major concern for the safe
realtime implementation of the MPC, wherein some suitable weighting parameters
are to be obtained for the underlying optimization problem.

4
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Current Methodologies and Limitations

In order to deal with the uncertainties and/or disturbances in the system model,
numerous control approaches have been proposed in the literature. To begin with,
robust control algorithms that explicitly cater to (bounded) uncertainties have been
widely utilized for dierent robotic platforms [2936]. However, since these robust
control methods are based on worst-case analysis, they sacrice system performance
in the absence of uncertainties, even though they exhibit impressive results in the
presence of uncertainties. Another popular control approach for uncertain systems
is the use of inherently robust controllers, for instance, a sliding mode controller
(SMC) [37, 38]. While high controller gains are selected to be robust against the
uncertainties based on the SMC theory, this high gain selection may cause problems
such as chattering on the system response [39].
The adaptive controller is another type of control algorithm that is utilized to
tackle the system uncertainties in aerial robots.

Broadly, two approaches exist:

the indirect and the direct. The indirect approach rst identies the system model
and later updates the controller parameters based on the identied model. It is
demonstrated for the tracking control of a ducted fan vertical takeo and landing
micro-aerial robot in [40]. On the contrary, the direct approach adapts the controller parameters such that the underlying system matches the performance of a
(nominal) reference model. The tracking performance of the direct approach along
with a combined approach (a combination of direct and indirect) is demonstrated
in [41].

Another well-utilized technique is the adaptive-optimal control strategy

which incorporates an adaptive controller for stability during the learning phase,
followed by switching to the main model-based optimal controller that eventually
optimizes the performance [42, 43]. Howbeit, since these adaptive controllers aim
to match the performance of a given (or estimated for indirect method) reference
model, they require accurate identication of the system. Other types of control
approaches that facilitate the adaptation of the system to a certain extent are:
gain scheduling control [44] and control based on switching between multiple models [45]. While computing the control gains for various ight conditions is tedious,
the in-ight switching between multiple models may destabilize the closed-loop.
Another alternative approach is to accommodate some learning algorithm to learn

5
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the uncertain model parameters throughout the operation. These learned parameters are then modied within the controller, in contrast to updating the controller
parameters as done in adaptive control. Numerous learning approaches exist in the
literature, whereby the widely utilized is the neural networks (NNs)-based learning. Its aerial robotic implementations include adaptive attitude tracking control
of an aerial robot with unknown inertial matrix by utilizing NN-based compensation of unknown aerodynamic forces in [46], output feedback control of a quadrotor
utilizing NN-based online learning of the complete robot dynamics as well as the
uncertain nonlinear disturbances in [47], and adaptive NN-based stabilization control of quadrotor subjected to modeling error and wind disturbance in [48]. Other
recent applications of these NN-based, so-called model-free learning approaches are
demonstrated in [4951]. While impressive performance is exhibited in most cases,
still the biggest concern in such applications involving NN-based learning is the
diculty to realize the stability proof for the overall system.

In addition, since

several tuning parameters (e.g., weights) are randomly initialized, their repetitive
success is dicult to guarantee while the overall performance is critically linked to
their initial values.

1.3

Thesis Objectives and Solution Approach

In reference to the challenges associated with the operation of aerial robots in
uncertain environments, the four main objectives of this thesis are as follows:

1. Design control algorithms that cater to the

nonlinear dynamics of aerial

robots without linearization.
2. Accommodate fast solution methodologies to facilitate the implementation of
nonlinear MPC (NMPC) over

low-cost embedded processors.

3. Develop reliable online learning algorithms to account for the

dynamics due to operation in unknown environments.
4. Develop a technique to facilitate

safe automated tuning

uncertain

of the incorpo-

rated control algorithm.

Besides, the three of the aforementioned objectives along with the proposed solution
approaches are summarized in Fig. 1.2.
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Aerial
Robots

Nonlinearities

NMPC

Uncertainties

FLC

InLC

NMPCNMHE
Figure 1.2:

Tuning

ILC

SL-FLC

Active
exploration

GP-NMPC

Overview of thesis objectives and proposed solution techniques.

To achieve the rst objective, two control algorithms are adopted for the control of
aerial robots. The rst amongst them is the NMPC which explicitly accommodates
the system nonlinearities within its optimization problem formulation. The second
is the feedback linearization control (FLC) method that transforms the nonlinear
system into its linear equivalent rather than linearizing it about a set of predetermined points. Consequently, the advanced linear control approaches can be freely
utilized on the reduced system.
To facilitate the second objective, fast solution methods are adopted in this thesis.
Amongst the two most prominent approaches, namely, indirect and direct methods,
the latter is utilized on account of its several computational advantages over the
former. Besides, the direct methods are further categorized whether being sequential or simultaneous, wherein a variant of the simultaneous technique, i.e., multiple
shooting, is favored over the sequential technique (single shooting). The reason for
this selection is essentially the initialization exibility of the former which along
with the parallelization ability results in faster convergence. Finally, the resulting
sequential quadratic program (SQP) is solved incorporating the generalized GaussNewton (GGN) method along with a special realtime iteration (RTI) scheme that
constrains the maximum Gauss-Newton iterations to one for realtime feasibility.
To realize the third objective, a few model learning control approaches are proposed in this thesis. Broadly, they are classied as: instantaneous learning control
(InLC) and iterative learning control (ILC). While the InLC technique utilizes an
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estimator (or disturbance observer) to learn the (time-varying) model parameters,
the ILC scheme, on the other hand, utilizes experience from the system repetitions
in order to identify the uncertain dynamics. Subsequently, the learned model parameters update the corresponding terms within the controller denition in both
the approaches. Since the model-based controllers suer from lack of modeling, parameter variations, and disturbances in their working environment, it is observed
that both of the control methodologies have compelling abilities to signicantly
reduce the tracking error under dierent uncertainties throughout the operation.
In terms of the InLC scheme, two control frameworks are developed in this thesis.
The rst incorporates a nonlinear moving horizon estimator (NMHE) in conjunction with the NMPC, wherein the former estimates and updates the time-varying
model parameters in an online manner. The constrained learning ability of the overall control framework is demonstrated for the position as well as attitude tracking
control of an aerial robot.

The second control framework comprises of a simple

learning (SL) strategy in combination with the FLC method.

The proposed SL

strategy circumvents the limitations of the traditional FLC method by updating
the controller gains along with the disturbance estimate in the feedback control
law.

Moreover, the test results exhibit that simple learning strategy-based FLC

(SL-FLC) framework maintains the nominal control performance in the absence
of modeling uncertainties and external disturbances and ensures robust control
performance in their presence.
In terms of the ILC scheme, a Gaussian process (GP)-based regression technique
learns the disturbance forces encountered in an oshore visualization operation of
the aerial robot.

These learned disturbance values then update the model de-

nition within the GP-NMPC framework, thereby resulting in improved tracking
performance over the conventional NMPC (without learning). Moreover, the longshort term memory (LSTM) feature of the developed GP model facilitates superior
learning performance over its instantaneous counterpart (i.e., NMHE), as depicted
from the simulation test results.
To realize the fourth objective, an automated weight set tuning framework for MPC
is developed.

The proposed active exploration approach extends the basic trial-

and-error method and tunes the MPC weight sets more intelligently. It benets
from the retrospective knowledge gained in previous trials, resulting in a faster
tuning procedure. In addition, to facilitate a safe tuning process, the MPC weights
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are tuned over a deep neural network (DNN)-based model of the robot rather than
tuning over the real robot. What is more, thanks to the high delity representation
by the DNN model, a seamless sim-to-real transition is demonstrated via employing
the weight sets obtained in simulation-based tuning directly on the real robot.

1.4

Contributions

The overall contributions of this thesis are distributed in two categories, namely,
major and minor. The corresponding contributions in each category are summarized below.

Major Contributions:
•

Instantaneous learning-based NMPC-NMHE framework to realize the precise

•

Instantaneous learning-based cascade NMPC-NMHE framework for a precise

•

The SL strategy to update the controller gains and disturbance estimate

position tracking of a custom-designed, 3D-printed tilt-rotor tricopter.

position as well as attitude control of the tilt-rotor aerial robot.

within the traditional FLC method. Additionally, proof of stability and global
optimality for the obtained gains and disturbance estimate.

•

Iterative learning-based GP-NMPC framework for precise visualization of

•

Active exploration approach for safe automated tuning of the MPC weight

geological outcrops.

sets.

Minor Contributions:
•

Detailed mathematical modeling of two types of multirotor aerial robots,

•

Fast C++ NMPC and NMHE codes have facilitated an onboard implemen-

namely, quadrotor and tilt-rotor tricopter.

tation on a low-cost embedded processor, i.e., Raspberry Pi 3. To the best of
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Authors' knowledge, this is the rst (simultaneous) implementation of these
methods on such a low-cost processor.

1.5

Outline of the Thesis

Chapter 2 lays the theoretical foundation for the concepts utilized in the thesis.
It describes a generic convex optimization problem along with the underlying optimality conditions.

Then, it illustrates standard convex problems, parametric

programming problems, and the sequential quadratic programming approach to
the solution of nonlinear programs. It also describes the direct multiple shooting
method which reduces a continuous-time optimal control problem to a discretetime sequential quadratic program. Besides, it presents various available software
tools that are frequently utilized for realtime MPC implementations. Towards the
end, it deduces the mathematical models for the utilized aerial robots.
Chapter 3 presents the instantaneous learning control technique.

After a short

literature overview, it discusses the problem formulations of NMPC and NMHE.
Then, it exhibits two case studies for the NMPC-NMHE framework along with
the implementation details.

In the rst study, the NMPC-NMHE framework is

utilized for position tracking of the aerial robot in real ights.

Whereas, in the

second study, a cascade NMPC-NMHE design is incorporated for the position as
well as attitude tracking of the robot in simulated ights.
Chapter 4 elaborates on another type of instantaneous learning technique, i.e., the
SL strategy for the feedback linearization control algorithm. After a short overview
of the other learning techniques that are commonly utilized with the FLC method,
it provides the problem formulations of the traditional FLC and the FLC with
integral action. Then, it illustrates the SL strategy and derives the update rules for
controller gains and disturbance estimate. It also provides the stability proof and
global minimum analysis for the updates. The ecacy of the SL-FLC framework is
rst validated in simulation over a second-order system, followed by the real-world
validation over the aerial robot.
Chapter 5 presents the iterative learning control approach.

It provides a short

overview of the other works based on the iterative learning concept.

Then, it
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describes the aerial robot along with the onboard sensors utilized for outdoor navigation. It also discusses the fundamentals of the GP-based regression technique
and provides the regression expressions for the deterministic inputs (one-step-ahead
prediction) and the noisy inputs (multi-step ahead predictions). After illustrating
the incorporated ILC framework in detail, it exhibits the ecacy of the control
framework in simulation as well as real-world tests.
Chapter 6 manifests the solution to circumvent the non-trivial weight tuning process associated with the MPC design. After presenting the robotic platform and the
underlying NMPC problem formulation, it illustrates the active exploration strategy that is utilized within the auto-tuning mechanism. It also provides the details
for the obtained DNN model of the aerial robot. Then, it presents the implementation results of the proposed tuning methodology in the form of a benchmark study,
wherein its performance is compared with the traditional trial-and-error approach.
It also presents the ne-tuning results over the real robot.

Towards the end, it

includes a short user-based study, whereby the quality of weight sets obtained
from ve human users is compared to the best one obtained from simulation-based
tuning.
Chapter 7 concludes the works presented in this thesis.

It also describes some

remaining challenges that could be adopted for future research.

Chapter 2

Theoretical Background

This chapter provides a theoretical background for the important concepts that
are utilized throughout the thesis. In the beginning, Section 2.1 lays a foundation
for the optimization theory by describing convex optimization and the underlying
optimality conditions.

Then, Section 2.2 illustrates how a generic continuous-

time optimal control problem can be reduced to a discrete-time nonlinear program
followed by its numerical solution utilizing some realtime techniques. In addition,
it discusses various available software tools that are frequently utilized for realtime
MPC implementations. Thereafter, the mathematical models of multirotor aerial
robots are deduced in Section 2.3.

2.1

Convex Optimization

Convex optimization is a special class of mathematical optimization with some
favorable features.

Firstly, any locally optimal solution is also globally optimal

[52]. Another appealing feature besides the well-established theoretical background
is the availability of ecient and reliable numerical solution methods, as for most
of the control and online estimation problems obtaining an analytical solution is
not possible. Numerous books have been published on the optimization theory and
few amongst them are [5254].
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A general convex optimization problem, also known as a nonlinear program (NLP),
is of the form:

min f (x)

(2.1a)

x

s.t.

where

x ∈ S ⊆ Rnx

S, f (x): Rnx 7→ R
nx

R

i = 1, · · · , ni ,

(2.1b)

ge (x) = 0,

e = 1, · · · , ne ,

(2.1c)

is the optimization (or decision) variable dened in a feasible set
is the scalar objective function, and

hi (x): Rnx 7→ R

and

ge (x):

7→ R are the scalar inequality and equality constraint functions dened on sets

I = {1, · · · , ni }
hi ,

hi (x) ≤ 0,

and

ge

and

E = {1, · · · , ne },

respectively. In addition, the functions

are assumed convex in the decision variable

x,

while the function

ge

f,

is

further assumed to be ane. A solution to (2.1) would result in an optimal value
for the objective as follows:

f (x∗ ) = min f (x)

(2.2)

x∈S

where

x∗

is called an optimizer or a global optimizer (because of convexity) or an

optimal solution.

Moreover, for

below, whereas, if the set

∗

f (x ) = ∞
2.1.1

S

f (x∗ ) = −∞

the problem is called unbounded

is empty then the problem is said to be infeasible and

is set by convention [55].

Optimality Conditions

The primary optimization problem of 2.1 also called the primal problem can be
converted to a supplementary Lagrange dual problem. The idea is to obtain the
optimal solution by solving the dual problem instead of the primal, as the former
is (mostly) easier to solve.

The Lagrange dual problem is formulated by rst

obtaining a Lagrange dual function given as:

L(x, λ, ν) = f (x) +
where the scalars

λi

and

νe

ni
X

λi hi (x) +

ne
X

νe ge (x),

(2.3)

e=1

i=1

are called Lagrange multipliers (or dual variables) asso-

ciated with the inequality (hi (x)

≤0

for

i ∈ I)

and equality (ge (x)

=0

for

e ∈ E)

constraints, respectively. This Lagrange dual function is subsequently maximized
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over dual variables to obtain the `best' lower bound to the primal problem:

max g(λ, ν)

(2.4a)

λ,ν

s.t.

wherein the expression for

λi ≥ 0,

g(λ, ν)

i = 1, · · · , ni ,

(2.4b)

is as follows:

g(λ, ν) = min L(x, λ, ν).

(2.5)

x

Remark 1.

It is to be noted that

g(λ, ν)

is always a concave function as it is the

pointwise maximum of a family of ane functions of (λ, ν ) [55]. This validates the
convexity of the dual problem  maximization of a concave function over a convex
set , even when the convexity of the primal may not be guaranteed. As a result,
it is easier (in most cases) to solve the dual problem than the primal, as mentioned
before.

Recall that the solution of the dual problem (denoted by
to the primal solution (denoted by
known as the duality gap. If

p∗ ),

d∗ = p∗ ,

i.e.,

d∗ ≤ p∗

d∗ ) is only a lower bound

and the dierence

p∗ − d∗

is

i.e., the duality gap is zero, the condition of

strong duality holds. This implies that the best obtained lower bound by solving

∗
the dual problem coincides with the optimal value of the primal (p ).

However,

the strong duality does not hold even for convex primal problems in practice and
some constraint qualications conditions are imposed to imply the strong duality
[55]. One of the commonly used constraint qualications is the `Slater's condition',
which is dened in the following way.

Denition 2.1.1. Slater's condition:
problem for which there exists an

0 ∀ e ∈ E,

x,

It states that for a strictly feasible primal

such that

then the strong duality holds.

hi (x) < 0 ∀ i ∈ I

and

ge (x) =

In addition, below are the well-known Karush-Kuhn-Tucker (KKT) optimality conditions that provide the necessary and sucient conditions for a globally optimal
solution.

Theorem 2.1.1. KKT optimality conditions:
tion problem (2.1) and its dual (2.4).

Consider the (primal) optimiza-

Let problem (2.1) be convex and

feasible point such that the objective function

f,

x∗

be a

and the constraint functions
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hi ∀ i ∈ I

and

ge ∀ e ∈ E

are continuously dierentiable at

satises Slater's condition then
and

ν∗

x∗

ni
X
i=1

λ∗i ∇hi (x∗ ) +

ne
X
e=1

ge (x∗ ) = 0,

λ∗i ≥ 0,

λ∗i hi (x∗ ) = 0,

λ∗

x∗ ,

νe∗ ∇ge (x∗ ) = 0,
hi (x∗ ) ≤ 0,

Remark 2.

If problem (2.1)

is optimal if and only if there exist vectors

that satisfy the following conditions together with

∇f (x∗ ) +

x∗ .

(2.6a)

i = 1, · · · , ni ,

(2.6b)

e = 1, · · · , ne ,

(2.6c)

i = 1, · · · , ni ,

(2.6d)

i = 1, · · · , ni ,

(2.6e)

In general, the KKT conditions can be justied to be the necessary

conditions for any primal-dual optimal pair with strong duality and with dierentiable objective and constraint functions. Whereas, in case of a convex primal
problem, the KKT conditions become sucient conditions such that a primal-dual
pair

x∗ , (λ∗ ,ν ∗ ) which satises conditions (2.6) is the primal-dual optimal pair with

zero duality gap [55].

2.1.2

Standard Convex Problems

Three widely encountered convex optimization problems are illustrated below in
their increasing order of computational complexity. The formulation of many important practical problems into either of these categories resulted in their popularity.

Linear Program
Perhaps, the most commonly known problem class is the linear program (LP). For
ane objective and constraint functions, it is dened in the following form,

min cT x

(2.7a)

x

s.t.

HiT x ≤ di ,

GTe x = d0e ,

i = 1, · · · , ni ,

(2.7b)

e = 1, · · · , ne ,

(2.7c)
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where the corresponding vectors

c, Hi ,

and

Ge

are dened over

Rnx .

Note that

the constraints in the above equation result in a feasible set in the form of a
polyhedron

1

over which a linear function is minimized [56]. The LPs are easiest to

solve when compared to the other programs. One of the ecient solution methods
is the simplex method that is specially designed for linear programs and can be
considered as a specialized form of active set or interior point methods [56].

Quadratic Program
The next widely used problem class is the quadratic program (QP), which for a
convex problem with ane objective and constraint functions is formulated as:

min xT Hx + cT x

(2.8a)

x

s.t.

HiT x ≤ di ,
GTe x = d0e ,

where the Hessian matrix

H ∈ Rnx ×nx

i = 1, · · · , ni ,

(2.8b)

e = 1, · · · , ne ,

(2.8c)

is assumed positive semidenite (H

 0),

yielding a convex optimization problem that is minimized over a polyhedron. In
addition, for

H  0, a strictly convex QP is obtained.

Generally, the computational

complexity in solving QPs is of a similar order as that for LPs. Moreover, most
QPs can be solved using methods like active set, gradient or interior point, details
of which is seen in [57].

Second-order Cone Program
Second-order cone programs (SOCP) are nonlinear convex problems that are the
generalized versions of QPs.

They involve the optimization over a second-order

cone also known as the ice-cream cone.

1A

For good examples of SOCPs, one may

polyhedron is dened as the intersection of nite number of halfspaces, where a closed
halfspace in Rn is a set of the form: P = {x0 ∈ Rn | aT x0 ≤ b}, for a ∈ Rn , b ∈ R.
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refer to [58, 59]. In a general form, an SOCP is represented as follows:

min cT x

(2.9a)

x

s.t.

GTe x = d0e ,
HiT x + Di

2

≤ dTi + ri ,

e = 1, · · · , ne ,

(2.9b)

i = 1, · · · , ni ,

(2.9c)

where (2.9c) represents the second-order cone constraints.
above equations,
Whereas, if

Hi = 0 ∀ i = 1, · · · , ni ,

Note that, if in the

then the SOCP reduces to a general LP.

ri = 0 ∀ i = 1, · · · , ni , the SOCP reduces to a quadratically constrained

quadratic program (QCQP), which is a special case of QP with quadratic inequality
constraints [56].

2.1.3

Parametric Programming

Besides having an explicit solution (in the form of numerical values) to an optimization problem (2.1), many practical scenarios require the dependence of the optimal
solution on certain parameter values. This class of optimization problems is called
parametric programs. Overall, these programs include the parametric dependent
objective function and/or constraints, while the parameter is passed as an input
to the optimization problem. Moreover, the programs with a scalar parameter are
called parametric programs, whereas the programs having vector parameter are
called multiparametric programs.
For a given convex optimization problem (2.1), a parametric programming problem
in its general form can be written as:

min f (x, θ)

(2.10a)

x

s.t.

where the parameter

hi (x, θ) ≤ 0,

i = 1, · · · , ni ,

θ is considered to be a vector dened over Rnθ .

(2.10b)

The main aim

in parametric programming is to solve the above equation for varying parameter

θ,

by obtaining explicit expressions for the objective function and the optimizer

∗

Obtaining a parametric solution is only feasible in special

x (θ), as functions of θ .

cases of parametric linear programs (pLPs) and parametric quadratic programs
(pQPs), which are signicant for MPC applications (in particular explicit MPC).
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Therefore, these two programs are illustrated below, whereas, for the details of
other parametric programming problems, one may refer to [60]. Moreover, it is to
be noted that for the sake of simplicity, only the case with inequality constraints
is considered, however, the illustration can be easily extended for problems with
equality constraints.

Parametric Linear Program
A pLP is considered as a linear program, wherein the parameter

θ

enters the

constraints linearly (c.f. [55, 61]):

J ∗ (θ) = min cT x

(2.11a)

x

s.t.

where the vector

Di

HiT x ≤ di + DiT θ i ,

is dened over

i = 1, · · · , ni ,

(2.11b)

Rnθ .

Theorem 2.1.2. Solution to pLP: Consider the parametric linear program of
the form (2.11), wherein the set of feasible parameter
polyhedron over

R

nθ

.

is dened by a closed

The optimal value of the objective

convex, and a piecewise ane function of

x∗ (θ)

θ

θ.

J ∗ (θ)

is continuous,

There exists an optimal solution

which is continuous and a piecewise ane function of

θ.

Amongst various problems in the pLP algorithms, the primal and dual degeneracy
are most prevalent. While the primal degeneracy occurs when the basis describing the optimal solution is not unique, the dual degeneracy, on the other hand,
results when there exist multiple optimizers. Moreover, lexicographic perturbation
is utilized to resolve the issue of dual degeneracy [62].

Parametric Quadratic Program
In a similar way to pLP, a pQP is considered as a quadratic program, wherein the
parameter

θ

enters linearly in both the objective function and the constraints (c.f.

[55] for a comprehensive description):

J ∗ (θ) = θ T Yθ min xT Hx + θ T Px

(2.12a)

x

s.t.

HiT x ≤ di + DiT θ i ,

i = 1, · · · , ni ,

(2.12b)
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where the additional matrices are dened as

Y ∈ Rnθ ×nθ

and

P ∈ Rnx ×nx .

Theorem

below states the important features of the parametric solution of a pQP.

Theorem 2.1.3. Solution to "pQP: Consider
the parametric quadratic program
#
of the form (2.12) with

H  0,

H

P

PT

Y
nθ

dened by a closed polyhedron over

R

 0,

and the set of feasible parameter

. The optimal value of the objective

is continuous, convex, and a piecewise quadratic function of
optimal solution
of

θ.

θ

J ∗ (θ)

There exists an

x∗ (θ) which is unique, continuous, and a piecewise ane function

θ.

2.1.4

Sequential Quadratic Programming

Sequential quadratic programming (SQPr) is another approach to solve the NLPs
with inequality constraints. In essence, the SQPr method solves in each iteration
an inequality constrained QP which is obtained by linearizing the objective and
constraint functions about a feasible point

x̄:

1
min ∆xT H∆x + ∇f (x̄)T ∆x
x 2
s.t. hi (x̄) + ∇hi (x̄)∆x ≤ 0,
i = 1, · · · , ni ,
ge (x̄) + ∇ge (x̄)∆x = 0,
where

∇hi (x̄)

and

H , ∇2 L(x̄, λ̄, ν̄)
method.

∇fe (x̄)

e = 1, · · · , ne ,

(2.13a)
(2.13b)
(2.13c)

are the constraint Jacobian matrices, while the matrix

represents the Hessian of the Lagrangian in an exact SQPr

∗ ∗ ∗
The primal and dual solution (x ,λ ,ν ) of the above QP are updated

according to:

x̄+ = x̄ + α∆x,
λ̄+ = λ̄ + α(λ∗ − λ̄),

(2.14)

ν̄ + = ν̄ + α(ν ∗ − ν̄),

where the term

α represents the step size which is determined using some globaliza-

tion strategy [57]. One may note that the convergence quality (linear or super-linear
or quadratic) for the above QP depends on the Hessian approximation. Dierent
techniques including Broyden-Fletcher-Goldfarb-Shanno (BFGS) and Generalized
Gauss-Newton method exist and their details can be seen in [57]. The latter approach, however, is more benecial for problems with a (nonlinear) least-square
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f (x) =

objective of the form

or estimation applications.

1
2

kζ(x)k22 ,

that are mostly encountered in tracking

The function

ζ( · )

typically represents an error or a

mist and is therefore called the residual function. Moreover, the GGN method
approximates the Hessian of the Lagrangian as:

H
where

∇ζ(x̄)

GGN

= ∇ζ(x̄)∇ζ(x̄)T ≈ ∇2 L(x̄, λ̄, ν̄),

is the Jacobian of the residual function evaluated at

in the GGN method, the Hessian

H

GGN

(2.15)

x̄.

Note that

is independent of any dual variables, as

evident from (2.15). This implies that the performance of this method is not linked
with the availability of good initial guess for the Lagrange multipliers, which is of
signicant practical advantage. However, this method provides a good approximation to the exact Hessian as long as the residual
moderately nonlinear [63].

2.2

kζ(x̄)k

is small or the problem is

Realtime Optimal Control

This section illustrates the optimal control problem (OCP) in a general form followed by a numerical scheme for its solution. The aim is to introduce a solution
method that is commonly encountered in practical applications. In other words,
a method that could be utilized for embedded NMPC applications which usually
requires a solution to the problem in the milliseconds' range.
In the form of an ordinary dierential equation (ODE), a continuous-time (parametric) OCP can be written as:

Z
min
x,u

s.t.

T



L x(t), u(t) dt + E x(t)

x(0) − x̂0 = 0nx ,

(2.16b)



ẋ(t) − f x(t), u(t) = 0nx ,

h x(t), u(t) ≤ 0nh ,

r x(T ) ≤ 0nr ,
where

x(t) ∈ Rnx

and

(2.16a)

0

u(t) ∈ Rnu

∀t ∈ [0, T ],

(2.16c)

∀t ∈ [0, T ],

(2.16d)
(2.16e)

are the respective state and input vectors at time

t; Equations (2.16b) and (2.16e) represent the xed initial and terminal constraints,
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respectively, with the function denition

r( · ) : Rnx 7→ Rnr ;

Equation (2.16c)

gives the nonlinear system model, wherein the model function is given as

Rnx × Rnu 7→ Rnx ;
nx

nu

R ×R

nh

7→ R

Inequalities in (2.16d) with the function denition


E x(t)

h( · , · ) :

, represent the path constraints imposed on the states and inputs.

It is to be noted that the term
dened over

f( · , · ) :

Rnk .

0nk

in the above equations represents a zero vector

Moreover, the integral cost


L x(t), u(t)

and the terminal cost

in the objective of (2.16a) are commonly known as the Lagrange term

and the Mayer term, respectively. Note that in the following illustration, the time
horizon

T

is considered constant. However, there exist numerous other applications

considering

T

to be an optimization variable, thus leading to a time-optimal control

problem.
The aim is to obtain the optimal solution to the problem (2.16) in the form:

u∗ (t, x̂0 ) ∀ t ∈ [0, T ].

For the considered tracking applications, this solution implies

a (locally) optimal control trajectory as a function of time and the initial state. To
solve the OCP (2.16), various numerical approaches are utilized in the literature.
Broadly, they are classied into three main categories:-

1. Dynamic programming: these schemes are based on Bellman's principle of
optimality [64], wherein they propagate a cost-to-go function backward in
time. There exist methods to numerically compute the solution approximations, however, this approach suers from the Bellman's curse of dimensionality, and thus, is only restricted to small state dimensions [63]. Nevertheless,
unlike other methods, a globally optimal solution can be obtained.
2. Indirect methods: these methods are typically based on Pontryagin's maximum principle.

They utilize `rst optimize, then discretize' approach in

which a boundary value problem (BVP) to an ODE is formulated using the
necessary condition of optimality for an innite-dimensional OCP. Besides,
the numerical solution to the obtained nonlinear multi-point BVP can be
obtained using shooting techniques or the collocation method.

Moreover,

they suer from two critical drawbacks, i.e., rstly, the underlying dierential equations are dicult to solve due to strong nonlinearity and instability,
and secondly, an entirely new problem formulation is required in most cases.
3. Direct methods:

unlike previous, they are based on `rst discretize, then

optimize' scheme, whereby a discrete-time system in the form of an NLP
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is obtained out of the original innite-dimensional, continuous-time OCP.
Subsequently, the obtained NLP is solved using some (structure exploiting)
optimization methods.

In many real-world applications involving constrained OCPs, direct methods are
the most widely implemented techniques. This is due to their several advantages
over the indirect methods, the most prominent being the ability to easily accommodate the inequality as well as the equality constraints. For this reason, they are
adopted in this thesis and are further elaborated in the subsequent part. Additionally, one may refer to [63, 65] for a thorough overview and comparison of all the
three approaches.

2.2.1

Direct Multiple Shooting Method

The direct multiple shooting method was originally proposed as a method to solve
two-point BVPs [66] and was later extended by Bock and Plitt in order to solve the
OCPs [67]. In essence, it computes a discrete-time approximation for the original
OCP of type (2.16), utilizing nite-dimensional parameterization of the state and
control trajectories. Dierent constituents of this multiple shooting parameterization are described below.

Multiple Shooting Grid
The shooting grid consists of

N +1

xed discretization points in the form:

0 = t0 < t1 < · · · < tN = T,
which are utilized to distribute the horizon into

N

shooting intervals. In addition,

an equidistant grid dened over the horizon with time points ti is considered, where
the grid length

Ts

is selected as:

Ts = ti+1 − ti =

T
,
N

for

i = 0, · · · , N − 1.

(2.17)

Note that an equidistant grid is considered only for the sake of simplicity, while
a non-equidistant grid can also be utilized in a similar manner within the direct
multiple shooting framework.
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Control Parameterization
Next, the piecewise constant discretization of the control trajectory

u(t) ∀ t ∈ [0, T ]

is performed at the grid points with nitely many control parameters

qN −1 ].

[q0 , q1 , · · · ,

Usually, piecewise polynomial approximations are utilized for the control

parameterization and the obtained piecewise constant controls are expressed as:

u(t) = qi

for

t ∈ [ti , ti+1 ),

which can also be written in a combined form

u(t; q)

(2.18)

for simplicity.

State Parameterization
The dened shooting grid along with the parameterized controls imply a state trajectory which can be obtained by solving

N

coupled initial value problems (IVPs)

of the form:


ẋi (t) = f xi (t), qi ,

t ∈ [ti , ti+1 ).

xi (ti ) = si ,

(2.19)

Each of the above IVPs has to be solved independently on the interval
for

i = 0, · · · , N − 1,

pieces are denoted by

and with the initial value

xi (t; si , qi ),

si .

[ti , ti+1 )

The obtained state trajectory

wherein the arguments

si

and

qi

represent their

dependence on the corresponding initial state value and control, respectively. Note
that the additional state variables

si ∈ Rnx

for

i = 0, · · · , N ,

are imported to

couple the IVPs, while the following continuity constraints are added to restrict
the additional degrees of freedom of the solution to some meaningful values,

si+1 = xi (ti+1 ; si , qi ),

for

i = 0, · · · , N − 1.

(2.20)

Besides, the integral used to solve the IVPs within each interval of the shooting
grid is (numerically) simultaneously computed as:

Z

ti+1

li (si , qi ) =
ti

Remark 3.


L xi (ti ; si , qi ), qi dt,

for

i = 0, · · · , N − 1.

It is worth noting that when the initial condition for

xi (t)

(2.21)

in (2.19) is

replaced by the solution of the previous IVP, a sequential approach, also known as
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the direct single shooting method, is obtained [68]. In essence, the single shooting
method regards the state trajectory as an implicit function of the controls, whereby
the forward simulation result at each instant aects the solution of the subsequent
IVP. Generally, the simultaneous technique is preferred over the sequential technique essentially due to its exibility in initializing the problem. Besides, it also
facilitates the parallelization of the algorithm which results in faster convergence
properties, especially for unstable systems [69].

Path Inequality Constraints Discretization
The need to impose the path inequality constraints in (2.16c) over the entire horizon
[0, T ] results in a semi-innite problem [70]. In order to avoid the computational
intractability, the path constraints are also discretized in the sense that they are
only imposed at the shooting grid points ti for

i = 0, · · · , N −1.

This further limits

their violation in between the grid points. One may note that, although the same
shooting grid for the discretization of the path constraints is considered, a ner
grid can also be adopted without any problem.

Nonlinear Programming Formulation
A nite-dimensional NLP approximation of the original OCP (2.16) can be obtained by further approximating the continuous-time objective function by a discretetime sum.

The resulting NLP with a block sparse structure can be written as

follows:

min
s,q

s.t.

N
−1
X

li (si , qi ) + E(sN )

(2.22a)

i=0

s0 − ŝ0 = 0nx ,

(2.22b)

si+1 − xi (ti+1 ; si , qi ) = 0nx ,

i = 0, · · · , N − 1,

(2.22c)

h(si , qi ) ≤ 0nh ,

i = 0, · · · , N,

(2.22d)

r(sN ) ≤ 0nr ,

(2.22e)

where the combined state and control trajectories can be represented as

[sT0 , · · ·

, sTN ]T and

U =

[qT0 , · · ·

X =

, qTN −1 ]T , respectively. Note that when the above

NLP is directly solved utilizing a nonlinear optimization framework, the

X

and
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represent a feasible state and control trajectory only at convergence [4]. This

statement can be further visualized in Fig. 2.1, which simultaneously displays unconverged (Fig. 2.1a) and converged (Fig. 2.1b) multiple shooting trajectories for
a scalar case, i.e.,

s, q ∈ R.

Now, by applying the SQPr method (presented in Section 2.1.4) to the above
NLP, the following structured QP subproblem is obtained which is solved at each
sampling iteration [4]:

min

 "
#T
"
#
"
#
∆si
∆si  1 T
1 ∆si
T
∆sN
Hi
+ giT
+ ∆sN HN ∆sN + gN
 2 ∆qi

2
∆qi
∆qi

N
−1 
X

∆X,∆U

i=0

(2.23a)
s.t.

∆s0 − ∆ŝ0 = 0nx ,

(2.23b)

"

#

∂xi (ti ; s̄i , q̄i ) ∆si
− ∆si+1 = 0nx ,
∂(si , qi )
∆qi
"
#
∂h(s̄i , q̄i ) ∆si
hi +
≤ 0nh ,
∂(si , qi )
∆qi

ci +

r+
where

i = 0, · · · , N − 1,

(2.23c)

i = 0, · · · , N − 1,

(2.23d)

∂r(s̄N )
∆sN ≤ 0nr ,
∂sN

X̄ = [s̄T0 , · · · , s̄TN ]T

(2.23e)

Ū = [q̄T0 , · · · , q̄TN −1 ]T

and

are the current state and

control trajectories that are selected as the linearization points for the problem
functions.

Also, the vectors

gi , ∇li (s̄i , q̄i ), gN , ∇E(s̄N ), ∆ŝ0 , ŝ0 − s̄0 ,

ci , xi (ti ; s̄i , q̄i ) − s̄i+1 , hi , h(s̄i , q̄i ),

and

r , r(s̄N )

convenience. The terminal cost matrix is taken as
Hessian

Hi

for

i = 0, · · · , N − 1,

are dened for notational

HN , ∇2 E(s̄N ), while the state

depends on the utilized approximation technique.

In addition, the Lagrangian for the NLP (2.22) can be expressed as:

L(X, U, λ, ν) =

N
−1
X
i=0
N
−1
X
i=0

where

li (si , qi ) + E(sN ) + λT−1 (s0 − ŝ0 ) + νNT r(sN )+
λTi



xi (ti ; si , qi ) − si+1 +

N
−1
X

νiT h(si , qi ),

(2.24)

i=0

λi for i = 0, · · · , N −1 represent the multipliers for the continuity constraints

in (2.22c); multiplier for the initial value constraint in (2.22b) is denoted by

λ−1 ;

multipliers for the inequality constraints in (2.22d) and (2.22e) are denoted by

νi
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𝑠0 𝑠1 𝑠2

𝑠0

𝑠1

𝑠2
𝑠𝑁−1

𝑠𝑁−1 𝑠𝑁

𝑞0

𝑞𝑁−1
𝑞1 𝑞2

𝑡0 𝑡1 𝑡2 𝑡3
(a)

a scalar case.

𝑞2

𝑞𝑁−1

𝑡0 𝑡1 𝑡2 𝑡3

Unconverged trajectory

Figure 2.1:

for

𝑡𝑁−1𝑇

⋯

𝑞0 𝑞1

(b)

𝑠𝑁

𝑡𝑁−1 𝑇

⋯

Converged trajectory

Illustration of multiple shooting state and control trajectories for

i = 0, · · · , N .

In case of the exact Hessian SQP method,

Hi

constitutes the

following second-order derivatives,

Hi , ∇2(si ,qi ) L(X̄, Ū , λ̄, ν̄).
Moreover, for a common least-squares type objective:
GGN Hessian approximation results as follows:

GGN

Hi
where

2.2.2

ζ( · )

(2.25)

L(si , qi ) = 21 kζ(si , qi )k22 , the

, ∇ζ(s̄i , q̄i )∇ζ(s̄i , q̄i )T ,

(2.26)

represents the previously dened residual function.

Realtime Solution Approach

Knowing the fact that the optimization problems of (N)MPC and (nonlinear) moving horizon estimator (MHE) have similar forms, both are solved utilizing the same
solution technique in this thesis. In summary, rstly, a continuous-time OCP reduces to a discretized NLP utilizing the direct multiple shooting method. Secondly,
a sequential quadratic program is obtained out of the discretized NLP via linearization. Thereafter, with the help of the GGN method, the solution to the previously
obtained SQP is computed. This whole process is repeated at sampling time with
each new measurement, as also depicted in Fig. 2.2.
To solve the obtained SQP, a special realtime iteration scheme proposed in [71] is
utilized. The RTI method is based on an SQPr-based algorithm that recursively
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(N)MPC/(N)MHE
Direct multiple
shooting

NLP in (2.22)

SQPr-based
method
Figure 2.2:

OCP in (2.16)

Sampling time

SQP in (2.23)

Overview of the numerical approach for realtime optimal control.

obtains a solution for the discretized NLP (2.22). For online feasibility, it directly
performs iterations for the new problem  with current measurements , rather
than performing iterations for the old problem. This results in the execution of a
single SQP type iteration per sampling time. Furthermore, each of these iteration is
distributed into a preparation phase and a feedback phase, within the RTI scheme.
The computationally intensive preparation phase is performed with the predicted
state, without waiting for current measurement. As soon as measurement becomes
available, the feedback phase immediately delivers a solution to the new problem by
solving the already prepared convex SQP subproblem. Moreover, since linearization
is performed with the previous instant's solution guess while incorporating current
measurement as the initial value constraint, the RTI scheme realizes a combined
predictor-corrector solution at the cost of only one QP solution [72].

Remark 4.

It is to be noted that the adopted solution methodology, i.e., the

direct multiple shooting technique along with a single iteration per sampling solution of the GGN method has a limitation of obtaining only the local solution in the
vicinity of the previous guess. Hence, not much can be implied about the optimality (local/global) of the obtained solution without performing extensive analysis.
Nevertheless, utilizing a high sampling rate for the closed-loop and long enough estimation window length positively contribute to the stability of the overall method.
Another important point to note here is that the single iteration solution negatively
impacts the convergence properties of these methods. That is, with every new reference value, it takes a few iterations before the solution could converge to the
actual (sub)optimal point which eventually increases the response time for these
methods.
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2.2.3

Available Solution Tools and Methodologies

In general, the optimization problem of MPC (and MHE) can be solved by utilizing two methods, namely, explicit and implicit. Within the explicit methodology,
the MPC implementation reduces to an oine optimization problem which is to
be solved for all states in a feasible set

S

(or any of its subset). This eventually

yields explicit expressions for the control law along with the objective function that
are computed online utilizing the feedback of the current state. Several software
packages exist that are specically tailored for explicit MPC applications. They include

MPT3

[73] and

PAROC

[74], which are based on multiparametric programming

to obtain explicit MPC solutions.
box,

PAROC

While

MPT3

is a direct MATLAB based tool-

is a standalone software associated with

MATLAB based toolbox.

Besides,

POP

[74] which is yet another

MATLAB Model Predictive Control

toolbox

[75] based on quadratic programming (QPr) provides the design and analysis of
explicit MPC along with the generation of C-codes for rapid implementation, as
are also obtained with

MPT3.

In stark contrast, implicit MPC methods result in an online optimization problem
that is to be solved recursively for optimal state and control trajectory incorporating the feedback of the current controlled states.
software packages,

µAO-MPC

[76] and

qpOASES

Amongst various available

[77] are the two widely used QPr-

based tools with MATLAB/Simulink interface. While

µAO-MPC

is a Python-based

software that incorporates augmented Lagrangian method which makes it suitable

qpOASES

for micro-controller applications,

2

mentation of the online active-set

is an open-source, C++-based imple-

strategy.

FORCES Pro

[79] is another software

tool for solving complex optimization problems in milliseconds. It supports parametric programs and SQPs and provides interfaces for MATLAB/Simulink, C, and
Python.

Besides, few other MATLAB-based software packages targeting linear

systems are

jMPC

toolbox [80],

fast_mpc

[81], and

PnPMPC

[82].

Ecient yet fast solution of QPs is mandatory for realtime application of (N)MPC.
In that vein, GNU Octave-based

MPC Tools Package [83] employs SQPr approach

to provide a control and estimation tool for linear and nonlinear models.

Automatic Control and Dynamic Optimization (ACADO)

The

toolkit [84] which is

written in C/C++ is another software package that contributes a convenient tool

2 They

are amongst the widely utilized solution methods for solving constrained convex optimization problems. Interested readers are referred to [78] for a thorough discussion.
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for nonlinear MPC with a range of algorithms for the direct optimal control scheme.
In addition, C/C++ and Fortran-based

MUSCOD-II [85] and MATLAB-based OptCon

[86] are software packages that rely on multiple shooting method and provide realtime environments for application on nonlinear systems. Moreover, numerous other
software packages are used to dene and solve OCPs. They include

BLOM [87] which

is a software package that facilitates the modeling of nonlinear systems for MPC application and employs

IPOPT

Optimal Control Software

[88] and MATLAB's

fmincon

solvers,

PROPT MATLAB

[89] which provides a platform for solving applied

OCPs utilizing third-party NLP solvers, and

ICLOCS

[90] which is a MATLAB-

based software that solves nonlinear problems incorporating path and boundary
constraints.
On top of the MPC-specic solvers, several generic optimization software tools also
contribute potential contenders for realtime implementation of MPC. The two most
promising candidates that employ primal-dual interior-point
[91] and

ECOS

3

methods are

CVXGEN

[92]. The reason for their widespread utilization is the underlying

custom code generation capability which is essential for embedded optimization.
While

CVXGEN is developed for treating small convex QPs, ECOS is written in ANSI

C and primarily focuses on embedded applications. Furthermore, Table 2.1 summarizes the most promising solution tools amongst the aforementioned along with
some additional information such as implementation type, the order of solution
time, and availability.
Finally, amongst the aforementioned tools, the ACADO toolkit [93] is adopted as
a solution platform in this thesis.

This is essentially due to its incorporation of

the direct multiple shooting method and the RTI approach altogether. In essence,
the ACADO toolkit is an open-source C++ based software environment for automatic control and dynamic optimization applications.
code library that links the

qpOASES

It provides an exhaustive

solver to solve sequential quadratic subprob-

lems that are obtained from the direct multiple shooting method. Besides, it has a
code generation package that creates tailored (well structured to avoid redundant
computations), self-contained C-codes based on a user-specied symbolic (N)MPC
(or (N)MHE) problem formulation. Moreover, it is capable of running on embedded systems with limited processing power and can also be interfaced with other
software platforms including

3A

MATLAB/Simulink

[94]. Its usage can be summarized

type of classical interior point methods which form a second important solution class to
solve convex QPs. Interested readers are referred to [57] for a thorough discussion.

29

Chapter 2. Theoretical Background

List of the available solution tools for realtime implementation of
MPC [5], wherein µs and ms signify microseconds and milliseconds, respectively.

Table 2.1:

Tool

PAROC
MPT3
Matlab MPC Toolbox
µAO-MPC
qpOASES
fast_mpc
ACADO
MUSCOD-II
CVXGEN
ECOS
FORCES Pro
MPC Tools Package
OptCon
BLOM

Implementation Solution Time Open Source

Implicit

< µs
< µs
< µs
µs - ms

Implicit

ms

Yes

Implicit

ms

Yes

Implicit

ms

Yes

Implicit

ms

Yes

Explicit
Explicit
Explicit

Implicit

µs

- ms

No
Yes
No
Yes

Yes

Implicit

ms

Yes

Implicit

ms

No

Implicit

ms

Yes

Implicit

ms

No

Implicit

ms

Yes

as: rstly, the optimization problems in terms of system equations and constraints
are dened in a C++ environment and then, the self-contained C codes are obtained utilizing its code generation package. Later, these generated C codes can
be imported to any computational platform for their nal execution.

2.3

Dynamic Modeling of Aerial Robots

This section deduces the dynamic models of multirotor aerial robots. For modeling
in general, a multirotor is considered to be a rigid body having multiple rotors
depending on the conguration, for instance, a quadrotor has four rotors while a
tilt-rotor tricopter has two stationary rotors and one tilting rotor. Both the quadrotor (with x-conguration) and tilt-rotor aerial robots are illustrated in Figs. 2.3 and
2.4, respectively, wherein FRr is the front-right rotor, FLr is the front-left rotor,
BRr is the back-right rotor, BLr is the back-left rotor, and Br is back rotor.
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2.3:

Kinematic Equations

They are obtained by applying coordinate transformations between Earth-xed
frame

FE

and body frame



ẋ

FB :





u





 
 ẏ  = REB  v  ;


 
w
ż
where

x, y , z

and

φ, θ, ψ



φ̇






 

 θ̇  = TEB  q  ,

 

r
ψ̇

FE ; u, v , w

and rotational velocities that are dened in frame
formation matrix between frames



p

(2.27)

are the translational position and rotational attitude,

respectively, that are dened in frame

velocity component from



FB

to

FE

and

FB ,

and

p, q , r

FB ; REB

whereas

are the translational

is the translation trans-

TEB

maps the rotational

FE (c : cos, s : sin, t : tan):

cθcψ sφsθcψ − sψcφ cφsθcψ + sφsψ





,
REB = 
cθsψ
sφsθsψ
+
cψcφ
cφsθsψ
−
sφcψ


−sθ
sφcθ
cφcθ



1 sφtθ cφtθ


TEB = 
 0
0

cφ
sφ
cθ




−sφ 
.
cφ
cθ

2.3.1.1 Rigid-body Equations
The rigid-body dynamic equations are derived based on Newton-Euler formulation
in the body coordinate system (cf. [95]). Within these equations, the multirotor is
assumed to be a point mass, wherein all the forces act at the center of gravity. In
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general, they are categorized as:

Force equations
u̇ = rv − qw + gsin(θ) +

1
Fx ,
m

(2.28a)

1
Fy ,
m
1
ẇ = qu − pv − gcos(φ)cos(θ) + Fz ,
m
v̇ = pw − ru − gsin(φ)cos(θ) +

(2.28b)
(2.28c)

Moment equations

ṗ =

1
2
Ixx Izz − Ixz

n

o
− pq(Ixz ) + qr(Iyy − Izz ) Izz −


n
o
qr(Ixz ) + pq(Ixx − Iyy ) Ixz + τx (Izz ) − τz (Ixz ) , (2.29a)

 
 

Izz − Ixx
Ixz
1
2
2
q̇ = pr
− (r − p )
+ τy
,
(2.29b)
Iyy
Iyy
Iyy

n
o
1
qr(I
)
+
pq(I
−
I
)
Ixx −
ṙ =
xz
xx
yy
2
Ixx Izz − Ixz

n
o
− pq(Ixz ) + qr(Iyy − Izz ) Ixz + τz (Ixx ) − τx (Ixz ) ,
(2.29c)

where

Fx , Fy , Fz

are the total external forces and

moments acting in frame

FB .

In addition,

τx , τy , τz

Ixx , Iyy , Izz ,

ments of inertia of the multirotor along axes

are the total external

and

Ixz

represent the mo-

FBx , FBy , FBz , and FBxz , respectively.

Recall that a quadrotor has a dual plane of symmetry, thus

Ixz = Iyz = 0,

a tilt-rotor tricopter only has a single plane of symmetry, hence

whereas

Iyz = 0 but Ixz 6= 0.

2.3.1.2 External Forces and Moments
Using the momentum theory, steady-state thrust and drag-moment generated by
a hovering rotor can be modeled as:

Fi = KF Ω2i ,
where

Fi

and

τi

τi = Kτ Ω2i ,

are the force and drag-moment generated by

angular velocity, and

KF

and

Kτ

(2.30)

th

i

rotor with

Ωi

are the respective force and drag-moment coe-

cients. While the expressions for total external force and moment acting in body
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frame for a quadrotor (Fig. 2.3) are:

F

ext



0




=


0


,


F1 + F2 + F3 + F4

τ ext

 

F2 + F3 − (F1 + F4 ) l2
 


=  F2 + F4 − (F1 + F3 ) l1 
,
τ3 + τ4 − (τ1 + τ2 )

(2.31)

the corresponding expressions for a tilt-rotor tricopter (Fig. 2.4) are as follows
(c

: cos, s : sin):



Fext = 


0



−F3 s(µ)


,


F1 + F2 + F3 c(µ)





(F2 − F1 )l2



,
τ ext = 
(F
c(µ))l
−
(F
+
F
)l
+
τ
s(µ)
3
1
1
2
3
3


τ1 − τ2 − τ3 c(µ) + (F3 s(µ))l1
(2.32)

wherein

µ

represents the back-rotor tilting angle for the tricopter, and

[Fx , Fy , Fz ]T

and

Fext =

τ ext = [τx , τy , τz ]T .

For most of the applications in this thesis, the above dynamic models are discretized
based on direct multiple shooting method, utilizing a shooting grid size of

0.01s.

Additionally, the explicit Runge-Kutta

4

th

order integrator, with

Ts =

2-steps per

shooting interval is incorporated. Finally, the overall model in a discrete-time form
can be written as:

xk+1 = fd (xk , uk ) + gd (xk , uk ),
where the state vector
vector

u ∈ R4

[Ω1 , Ω2 , Ω3 , µ]

T

z k = xk + ν k ,

x ∈ R12 = [x, y, z, u, v, w, φ, θ, ψ, p, q, r]T ,

for a quadrotor is
. The term

12

z∈R

zero-mean white Gaussian noise

[Ω1 , Ω2 , Ω3 , Ω4 ]T

(2.33)

and the control

and for a tilt-rotor tricopter is

represents the measurement vector that includes

ν ∼ N (0, Σν ).

Recall that precise identication

of the true dynamics is challenging due to the uncertainties or time-varying disturbances acting on the system. Therefore, the overall model is considered to be
comprised of an a priori known nominal function
an uncertain/unknown function

fd ( · , · ) : R12 × R4 7→ R12

gd ( · , · ) : R12 × R4 7→ R12 .

and

Chapter 3

Instantaneous Learning-based
Nonlinear Model Predictive Control

This chapter discusses the instantaneous learning control technique. To recall, the
InLC scheme utilizes an estimation algorithm in conjunction with the controller
in order to identify the uncertain/time-varying model parameters. Subsequently,
these learned parameters update the incorporated model within the controller.
Although the extended Kalman lter (EKF) is a popular choice, the suboptimal
performance often underlies the linearization of the nonlinear dynamics. On the
contrary, the NMHE solves an optimization problem over a past window to obtain
the current estimate. In this chapter, the NMHE-based learning is preferred due
to the two main reasons, rstly, its ability to incorporate constraints and secondly,
it utilizes a range of data for estimating the current parameter, unlike EKF which
utilizes just the data at the previous instant.
The proposed learning-based NMPC is tested for the trajectory tracking control
of an aerial robot, operating in a disturbed environment. The enticing feature of
this control framework is the learning part that makes it adaptive to the changing working conditions. To thoroughly investigate the performance of NMHE in
learning the disturbances, two case studies are illustrated in this chapter:

1. Position control in the presence of external disturbances: the tracking performance of learning-based NMPC  high-level NMPC along with NMHE that
learns the external disturbances on the system  is investigated for three
dierent disturbance scenarios.
33
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2. Cascade control for the uncertain system model: the tracking performance of
a cascade NMPC structure  high-level NMPC (H-NMPC) for position control, low-level NMPC (L-NMPC) for attitude control, and NMHE to learn
two crucial aerodynamic parameters  is investigated for a square-shaped
trajectory.

Within both the aforementioned case studies, a signicant change in the robot's
model is expected, thus justies the use of learning-based NMPC.
The outline of this chapter is as follows: Section 3.1 presents other instantaneous
learning-based control schemes along with the related recent research. The problem
formulations of NMPC and NMHE are described in Sections 3.2 and 3.3, respectively. Thereafter, two case studies for the implementation of the NMPC-NMHE
framework are illustrated in Section 3.4.

Lastly, some conclusions are drawn in

Section 3.5.

3.1

Literature Overview

Numerous implementations have been demonstrated for the instantaneous learningbased scheme, incorporating various estimators and/or disturbance observers (DOs).
A polytropic nonlinear DO is implemented with unknown inputs for the landing application of an aerial robot on a moving platform in [96]. In [97], a state-observation
and control problem for a bi-tethered aerial system is considered, wherein a nonlinear state estimator based on the high gain- and Luenberger-observers are utilized.
A nonlinear DO is adopted for resilient control of a quadrotor utilizing a backstepping controller in [98].

A hierarchical controller employing a new DO with

nite time convergence is proposed for a path tracking control of a coaxial aerial
robot in [99]. A DO-based control with anti-windup of a small xed-wing aerial
robot is demonstrated for disturbance rejection in [100].

In [101], a decoupling

controller based on dynamic surface control for quadrotors is proposed, wherein a
second-order sliding mode-type DO is utilized to restrain the inuence of system
uncertainties and external disturbances.
Other applications of the instantaneous learning-based scheme include an onboard
control of a quadrotor using modied EKF for estimation in [102], centralized control of an autonomous trailer-tractor system utilizing NMHE-based estimation of
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slip parameters in [16], and centralized control of quadrotor incorporating NMHEbased estimation of the ceiling eect in [103]. Besides, [104] depicts the Authors'
previous work, wherein control of a 3 degree of freedom helicopter setup utilizing
NMHE-based estimation of aerodynamic coecients is achieved. Moreover, it compares the performance of NMHE-based estimation over the EKF-based estimation
and validates the supremacy of the former over the latter.
Furthermore, a simple learning strategy to improve the tracking performance of
the traditional feedback linearization controller has been proposed in [105, 106].
In essence, the proposed strategy instantaneously updates the controller gains and
disturbance estimate within the feedback control law via a gradient descent technique.

The overall control framework is implemented for the tracking control of

a tilt-rotor tricopter aerial robot and is illustrated to outperform the traditional
controller.

3.2

Nonlinear Model Predictive Controller

The NMPC is an advanced, dynamic optimization-based strategy that computes
an optimal control action by optimizing the model's behavior over a nite window,
often recalled as prediction horizon (Nc ). To elaborate, this optimal system forecast
results from an open-loop optimization problem which is represented in the form
of a constrained, nite horizon OCP. The solution to this OCP for the current
state results in an optimal sequence of control actions (over the horizon), the rst
term of which is regarded as the optimal control action [5]. Moreover, the nite
prediction window recedes forward in time, which results in a receding horizon

control technique, as illustrated in Fig. 3.1.
For the considered tracking applications, the parametric OCP incorporates a leastsquare form that penalizes the deviations of predicted state and control trajectories

36

3.2. Nonlinear Model Predictive Controller

Future

Past

Future

Past
x𝑘

xො𝑗

x𝑘

xො𝑗

u𝑘
u𝑘
𝑡𝑗 𝑡𝑗+1

𝑡𝑗+𝑁𝑐

Figure 3.1:

instants.

𝑡𝑗+𝑁𝑐

𝑡𝑗−1 𝑡𝑗
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from their specied references over the given prediction horizon ([tj , tj+Nc ]). Therefore, the underlying discrete-time optimization problem is of the form:

1
min
xk ,uk 2
s.t.

(j+N −1
c
X
k=j

)
xrk k2Wx

kxk −

+ kuk −


urk k2Wu

xj = x̂j ,

xk,

min

uk,

min

≤ xk ≤ xk,

max

≤ uk ≤ uk,

k = j, · · · , j + Nc − 1,

(3.1c)

,

k = j, · · · , j + Nc ,

(3.1d)

,

k = j, · · · , j + Nc − 1,

(3.1e)

max

xk ∈ Rnx

x̂j ∈ Rnx

(3.1a)

(3.1b)

xk+1 = fd (xk , uk ) + gd (xk , uk ),

where

r

+ xNc − xNc

2
W Nc

is the dierential state,

uk ∈ Rnu

is the control output, and

is the current state estimate; time-varying state and control references

are denoted by

xk
r

and

nx ×nx

x N c ; Wx ∈ R
r

,

uk ,
r

respectively; terminal state reference is represented by

Wu ∈ Rnu ×nu ,

and

WNc ∈ Rnx ×nx

are the corresponding

positive (semi)-denite weight matrices that are assumed constant in this thesis.
However, their time-varying formulations can also be included in a similar manner.
Furthermore,

xk,

min

≤ xk,

max

∈ Rnx

and

uk,

min

≤ uk,

max

∈ Rnu ,

specify the lower

and upper bounds on the states and control outputs, respectively.
The last expression in (3.1a) is the terminal penalty term which signies the cost
incurred due to the nite nature of the prediction horizon. This term is included in
the problem formulation to retain the advantages of the innite horizon approximation. Consequently, the stability, robustness, and recursive feasibility is ensured
[107]. In essence, the system states stay in an initial feasible set, wherein the admissible controls ensure the reachability through the prediction horizon. Moreover,
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selection of a wider terminal set and/or longer prediction horizon facilitates a larger
initial feasible set. Hence, the stability guarantee of the closed loop can be realized
by imposing terminal constraints and/or a corresponding terminal cost [108]. Another way of ensuring stability is via a problem formulation with a suciently long
horizon [109]. Besides, a locally stabilizing control law that acts as an additional
prediction horizon also retains the stability [110]. One may note that the stability
and optimality proofs of NMPC are not explicitly included in this thesis, however,
the interested readers are referred to [111, 112].

3.3

Nonlinear Moving Horizon Estimator

Typically, the NMHE is designed as a dual problem to NMPC, thereby utilizing the
same optimization problem structure. However, the three main dierences in the
OCP formulation of NMHE over NMPC include: (i) instead of future predictions,
it utilizes the past measurements over estimation horizon (M ), (ii) there is no initial
state constraint like (3.1b), and (iii) the optimization variables are the states and
unknown system parameters only, excluding the control outputs.

Moreover, the

correlation between NMPC and NMHE is illustrated in Fig. 3.2 that simultaneously
displays the estimation horizon (of length
for the current time

tj .

M ) and prediction horizon (of length Nc )
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Hence, similar to NMPC, the NMHE is formulated in a least-square form which
penalizes the deviation of estimated outputs from measurements. Note that

j − M + 1 is denoted in the following expressions for notational convenience.

L,

Addi-

tionally, to accommodate model mismatch in the form of process noise, a suitable
component (arrival cost) is included in the optimization problem formulation of
NMHE. Finally, the discrete-time dynamic optimization problem to estimate the
constrained states (x̂) and the unknown parameter (p̂) at time tj using the process
model, measurement model, and available measurements within the horizon, is of
the form:

min

j
X
k=L

PL

kzk −

x̂k k2Wν

+

j−1
X
k=L

kω k k2Wω

x̂k+1 = fd (x̂k , uk , p) + gd (xk , uk , p) + ω k ,
x̂k,

min

p̂

min

where

+

p̂ − p̄L

x̂k ,p̂

s.t.

2

x̂L − x̄L



ωk

≤ x̂k ≤ x̂k,

max

≤ p̂ ≤ p̂

max

,


(3.2a)

k = L, · · · , j − 1,

(3.2b)

k = L, · · · , j,

(3.2c)

,

(3.2d)

represents the added process noise;

x̂k,

min

≤ x̂k,

max

and

p̂

min

≤ p̂

max

specify the lower and upper bounds on the estimated states and parameters, respectively.

PL , Wν ,

and

Wω

are the respective weight matrices that are taken as

the inverse of the corresponding covariance matrices:

−1

PL = Σω,02 ,
where

Σω,0

−1

W ν = Σν 2 ,

−1

Wω = Σ ω 2 ,

(3.3)

is the initial process noise covariance matrix (incorporating state and

parameter, both),

Σν

is the measurement noise covariance matrix, and

process noise covariance matrix. In addition,

x̄L

and

p̄L

Σω

is the

denote the estimated state

and parameter values (arrival cost data) at the start of the estimation horizon.
One may note that the stability proofs of NMHE are also not explicitly included in
this thesis. However, for the adopted least-squaretype problem formulation, one
may refer to [113].

Remark 5. Note that the rate of learning (or convergence) performance of NMHE
is linked with the estimation window length which is mainly problem-specic. To
elaborate, for fast dynamical systems like aerial robots, window length cannot
be too high due to limited onboard computational resources.

Another point to
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take note is that the estimation accuracy may not always increase with the window length. This is essentially the case in those applications that involve highly
stochastic uncertainties, while the selection of longer window length may eventually
result in a deteriorated overall estimation quality.

3.4

Case Study

In this section, the two case studies are illustrated. For each case, rst, a brief description of the problem statement is included followed by the NMPC and NMHE
design. Thereafter, the obtained test results are presented along with their interpretation.

3.4.1

Position Control in the Presence of External Disturbances.

For the rst case study, the NMPC is employed as a high-level position controller,
while NMHE is designed to learn the time-varying robot model. To replicate the
situation of an (unknown) outdoor testing environment, the tracking performance
of the learning-based NMPC is investigated  and simultaneously compared with
conventional NMPC  for three test case scenarios, incorporating dierent types of
disturbances: (i) sudden mass variations encountered in package delivery applications, (ii) ground eect by ying in close proximity to the ground, and (iii) wind
gust via two industrial fans.

3.4.1.1 Prototyped Aerial Robot
The aerial robot used in this application is a 3D-printed tilt-rotor tricopter. It is
a fully custom-designed platform which is inspired by commercial Talon tricopter
available in the market. All the required electronics are integrated into the frame
design to provide a compact, stable, and lightweight system. Besides, the payload
dropping mechanism mounted at the base comprises of two plates. Amongst them,
one houses the servomotor, while the other holds the payload blocks to be dropped.
These payload blocks are designed with hooks, which are positioned within slots
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(a)

Side view.

Figure 3.3:

(b)

Isometric view.

Prototyped 3D-printed tilt-rotor tricopter.

of the latter plate. In terms of operation, a circular gear attached to the servomotor drives a linear gear that results in a translational motion of a push rod. This
translational motion eventually opens the interlocking for the blocks, thus allows
them to be dropped sequentially. Moreover, the tricopter houses a Pixhawk ight
controller for low-level stabilization along with an onboard embedded processor
(Raspberry Pi 3) which executes all the control codes as well as controls the servomotor for the dropping mechanism. The two views of the assembled system in
ight are presented in Fig. 3.3. As desired, it is a compact robot with span and
length of

42.4

cm and

37.6

cm, respectively. Its overall weight is around

1.018

kg

including all electronics except the battery.
The constant intrinsic parameters for the custom-designed tricopter are listed in
Table 3.1. While parameters such as mass (m) and the arm lengths (l1 ,l2 ,l3 ) are
directly measured, the thrust and drag-moment coecients are evaluated based on
simple experimentation. It involves measuring thrust and drag-moment generated
by the propeller for various rotor RPMs and later plotting them together in order
to compute the slope of the plot.

Regarding the details of this experiment, one

may refer [114].
The incorporated discrete-time nonlinear model for the considered tricopter (shown
in Fig. 2.4) at high-level is of the form:

xk+1 = fd (xk , uk , p) + g,
where the state vector

[φ, θ, ψ, Fz ]T .
the term

z k = xk + ν k ,

x ∈ R6 = [x, y, z, u, v, w]T

and the control vector

(3.4)

u ∈ R4 =

Note that the above expression is a modication of (2.33), wherein

g ∈ R6 represents a disturbance vector instead of the disturbance function
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Table 3.1:

Intrinsic parameters for the 3D-printed tilt-rotor tricopter.

Parameter
m
l1
l2
l3
Ixx
Iyy
Izz
Ixz
JP
KF
Kτ

Description
Mass of tricopter
Moment arm
Moment arm
Moment arm
MOI about FB
MOI about FB
MOI about FB
MOI about FB
MOI of propeller
Force coecient
Drag-moment coecient
x
y
z

xz

Value

1.442 kg
0.284
0.212
0.092
0.016053 kg-m2
0.028158 kg-m2
0.032752 kg-m2
0.029763 kg-m2
6 × 10−5 kg-m2
3.76 × 10−5 N-s2
2.56 × 10−6 Nm-s2

m
m
m

which is given as:

g = [0, 0, 0, F xdist , F ydist , F zdist ]T ,

vector. The terms

F xdist , F ydist , F zdist

and

p ∈ R3

is the parameter

are the respective disturbance forces along

the three directions. Also, the nominal function is fd ( · ,

· , · ) : R6 × R4 × R3 7→ R6 .

3.4.1.2 Instantaneous Learning-based NMPC
The optimal control outputs for the position tracking NMPC are computed utilizing
the current feedback of the states.

Then, these optimal inputs are given to the

low-level controller as its desired setpoints.

The low-level controller in Pixhawk

has a P-PID architecture, which employs a P controller for the attitude and a
PID controller for the angular rate. The following control gains are utilized in the
design:

Proll

= 6.5,

Ppitch
Pyaw

= 6.5,

= 4.8,

Proll-rate

= 0.1,

Iroll-rate

= 0.05,

Ppitch-rate

= 0.1,

Ipitch-rate

Pyaw-rate

= 0.15,

Iyaw-rate

Droll-rate

= 0.05,
= 0.1,

= 0.002,

Dpitch-rate

Dyaw-rate

= 0.002,

= 0.

This low-level control architecture is utilized individually for each of the three axes
(roll, pitch, and yaw), as their dynamics are decoupled in a standard multirotor
aerial robot.

Finally, the control outputs from the low-level controller are the

desired moments (τx ,

τy , τz ) in the respective directions.

These moment commands

along with the thrust command from NMPC are mapped to the actuator commands
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= [Ω1 , Ω2 , Ω3 , µ]T )

for the tilt-rotor tricopter (uP-PID





Ω21



Ω22

 Ω2 cos(µ)
 3
Ω23 sin(µ)



KF

KF

as follows:

0

KF

 
  −KF l2 KF l2
0
0
=
  −K l −K l K l
Kτ
 
F 3
F 3
F 1
Kτ
−Kτ −Kτ KF l1

−1 






Fz





 τx 


 τ ,
 y 
τz

(3.5)

Note that the above equation is obtained incorporating the external moment dynamics for tricopter, as given in (2.30) and (2.32). Moreover, the overall control
scheme is summarized in Fig. 3.4. In the subsequent part, the designs of NMPC
and NMHE for the presented framework are individually illustrated.

NMPC Design
For the trajectory tracking NMPC, the state vector

u

NMPC

∈ R4 ,

z

measurement vector

NMPC

are composed of:

x

NMPC

z

NMPC

∈ R6 ,

x

NMPC

∈ R6 ,

control vector

and parameter vector

= [x, y, z, u, v, w]T ,

u

NMPC

= [φ, θ, ψ, Fz ]T ,

=x

p

NMPC

= [m, F xdist , F ydist ]T .

NMPC

,

p

NMPC

Note that in the parameter vector, only the disturbance forces along
directions, i.e.,
along

F xdist

z -direction

and

F ydist

x

are considered. This is because the eect of

∈ R3

and

y

F zdist

already appears in the mass (m) of the robot. In addition, the

following state and control trajectories, obtained by the trial-and-error method,
are given as references for the optimization problem of NMPC:

x = xNc = [x , y , z , u , v , w ]T ,
r

where

x

r

,

y

r

r

,

z

r

respectively, and

r

and

m

u

r

and

r

,

g

v

r

r

,

w

r

r

r

r

u = [−0.0414, 0, 0, mg]T ,
r

are the position and linear velocity references,

are mass and gravitational constant. It is to be noted

that for the OCP formulation of NMPC, the parametrization of the nonlinear model
(in translation) is also done with respect to

p, q , and r.

Hence, the three rotational

rates are fed to NMPC along with the other states, as also illustrated in Fig. 3.4.
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scheme.

Closed-loop control diagram of the proposed instantaneous learning

In order to realize a stable behavior from the low-level controller, the following
constraints are dened in the optimization problem of NMPC:

0.5mg
where

m = 1.9

(N)

≤ Fz ≤ 1.7mg

(N),

20 (◦ ) ≤ φ, θ ≤ 20 (◦ ),

kg is the maximum takeo mass (including payload).

(3.6)

Also, the

following weight matrices are obtained by the trial-and-error method:

Wx = diag(22, 25, 20, 1.3, 1.3, 2.0),

Wu = diag(23, 24, 80, 0.012),

WNc = diag(40, 40, 40, 2, 2, 2).
Amongst the above matrices, the terminal weight matrix (WNc ) is weighted more in
comparison to the weight matrix for states (Wx ). This is a typical way of dening
them, where the reason being is to assure the stability of the OCP. Furthermore,
the prediction window

Nc = 30 is selected to facilitate the realtime applicability of

the control framework.

Remark 6.

It is to be noted that the above weight matrices do not imply tuning

of the aerial robot for a particular takeo mass in a specic scenario. Rather, they
are obtained to achieve a smooth response from the robot for a range of takeo
mass and all the considered case scenarios in this study.

NMHE Design
Recall that the main task of NMHE is to estimate online the parameter vector

p

that comprises of the robot mass and two disturbance forces. This parameter vector
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varies with time under the inuence of articial disturbances that are induced in
dierent scenarios. Hence, by referring to Fig. 3.4, the NMHE is designed with the
following state
parameter

x

NMHE

∈ R3 ,

3

p

NMHE

x

∈R

NMHE

z

NMHE

control

∈ R3 ,

u

NMHE

vectors:

= [u, v, w]T ,
= [xT

NMHE

u

NMHE

, uT

NMHE

]T ,

p

NMHE

measurement

z

NMHE

∈ R6 ,

and

= [φ, θ, Fz ]T ,
= [m, F xdist , F ydist ]T

For the selected tricopter model, the weight matrices

P L , Wν

and

Wω ,

are chosen

to be:

PL = diag(0.12 , 0.12 , 0.12 , 0.03162 , 0.12 , 0.12 )−1/2 ,
Wν = diag(22.362 , 22.362 , 22.362 , 31.622 , 31.622 , 14.142 )−1/2 ,
Wω = diag(0.6332 , 0.6332 , 0.6332 , 0.3162 , 0.3162 , 0.3162 )−1/2 .
The above values are decided based on calibration experience with the onboard
(and external) sensors, incorporating the denitions in (3.3).

In addition, the

arrival cost is initialized with the following state and parameter vectors:

x̄L = [0, 0, 0]T ,

p̄L = [1.85, 0.1, 0.1]T ,

while the constraints that are imposed to achieve a constrained estimation of the
parameter vector are as follows:

1.35

(kg)

≤ m ≤ 2.0

(kg),

−4

(N)

≤ F xdist , F ydist ≤ 4

(N),

(3.7)

where the minimum and maximum limits for the disturbance forces are obtained
based on experience with the utilized fans. Furthermore, the estimation window
length

M = 40

is selected to be more than

Nc = 30

to realize a comparatively

slower learning from NMHE.

Remark 7.

In the beginning, even longer estimation horizon (M

= 50)

was se-

lected. However, due to the limited computational power of the onboard computer,
the sampling frequency for NMHE came down to almost
taining the frequency to

30-Hz,

18-Hz.

Hence, for main-

the estimation horizon was brought down to

40.
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3.4.1.3 Experimental Results
In terms of the realtime execution of NMPC and NMHE, the

ACADO

generated

C codes are directly imported onboard the Raspberry Pi 3. Although it has low
computational power, the optimized nature of the generated C codes along with
ecient ROS (robot operating system) scripts facilitate a sampling frequency of
about

50-Hz

for NMPC and about

ture system, consisting of eight

240

30-Hz

for NMHE. An OptiTrack motion cap-

FPS (frames per second) cameras, is utilized

which provides the position and attitude feedback over a local area network. This
position and attitude information is given to an estimator (EKF), which subsequently computes the other states including translation and rotational velocities
of the robot. Then, the full-state information along with the reference trajectory
command (x ) is provided to NMPC via ROS topics, over a wireless network. Subr

sequently, the NMPC computes the optimal control commands that are passed to
the low-level controller (Pixhawk) via serial communication. Finally, the obtained
actuator commands are given to the rotors and tilting servo, as can be visualized
from the block diagram in Fig. 3.5.
Next, the position tracking results for the 3D-printed aerial robot incorporating
three dierent disturbance sources are presented. The indoor experimental setup
including the cameras of the utilized motion capture system is depicted in Fig. 3.6.

Figure 3.5:

aerial robot.
Notation: x

Schematic block-diagram for the realtime implementation on the

pos

= [x, y, z]T ; xvel = [u, v, w]T ; xatt = [φ, θ, ψ]T ; xrate = [p, q, r]T .
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In all the experiments, the results are obtained for two cases: (i) NMPC without learning (conventional NMPC), and (ii) NMPC with learning (NMPC-NMHE
framework). Firstly, a description of the experiment is provided. Thereafter, the
implementation details are included which is followed by our interpretation of the
obtained results. Dierent trajectories are selected for these experiments to depict
the robustness of the framework. A demonstration video depicting the experiments
can be found at: https://youtu.be/B9I4rPONa44.

Case Scenario 1: Payload Dropping
The rst experiment tackles a package delivery scenario, wherein the robot tracks
a reference trajectory while dropping packages to their time-based designated locations, as depicted in Fig. 3.7. The robot has a total takeo mass of
payload of

457g,

which constitutes

32%

1.442 kg with a

of its empty mass (without payload). The

drop of this payload implies a massive change in the model parameter (m) that
has to be handled by the controller, and hence, justify the use of learning-based
framework for this application.
In this application, the robot with initial state:
time-based circular trajectory of radius

1.5m

x(0) = [0, 0, 1.5, 0, 0, 0]T ,

at a ight speed of

1

tracks a

m/s. For both

the aforementioned cases (without and with learning), rst a complete circular
trajectory is tracked with maximum takeo mass and thereafter, the four blocks
are dropped at xed time-intervals in the sequence:

86g → 114g → 114g → 143g.

Note that in this application, since the disturbance by weight dropping is only

Indoor testing environment for the realtime experiments.
Figure 3.6:

Payload drop experiment in Case scenario 1.
Figure 3.7:
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introduced along the
modied to be

p

z -direction, the parameter vectors for NMPC and NMHE are

NMPC

=p

NMHE

= m.

The overall position tracking performance for both the controllers is presented in
Figs. 3.8a and 3.8b. As visualized, the

z -direction

tracking of the NMPC-NMHE

framework is much precise without any error accumulation with weight drops, in
comparison to the conventional NMPC. This eect is anticipated as NMHE in
the learning case helps NMPC to adapt itself to the changing dynamics (robot's
mass) and hence, the plant-model mismatch diminishes with time. Moreover, the

z -direction (z

position tracking Euclidean error and the absolute error along

error

for both are shown in Fig. 3.8c. While the mean values of Euclidean error and
for NMPC without learning are

0.1598m

and

0.1113m,

0.0962m

and

the tracking performance by
terms of

z

error

Remark 8.

0.0159m,
6.36

z

error

respectively, the learning

helps to lower them down as the mean Euclidean error and
framework are

)

z

error

for NMPC-NMHE

respectively. In essence, learning improves

cm in terms of Euclidean error and

9.54

cm in

.

It is to be noted that in this application, the tracking error is consid-

ered to be the distance between the current position and the corresponding closest
point on the trajectory.

The control outputs commanded by the controller within conventional NMPC and
NMPC-NMHE framework are presented in Figs. 3.8e and 3.8f, respectively. From
Figs. 3.8e and 3.8f, it is visualized that the NMPC commands for both the cases
are well within the constraints specied in (3.6).

Moreover, one may notice a

comparatively poor tracking performance in terms of the yaw angle (ψ ) response
for both the cases. It is emphasized that this is due to the tuning of PIDs along
the yaw channel in the low-level controller i.e., within Pixhawk.
Figure 3.8d depicts the performance of NMHE in estimating the robot mass, along
with its true value. As can be seen, the mass estimation always stays within the
bounds specied in (3.7), which eventually illustrates the bounded learning capability of NMHE. This is an important aspect as the stability of NMPC is typically
guaranteed for an accurate system model; whereas an unbounded (diverging) estimation of time-varying parameters may eventually destabilize the closed-loop.
Note that, although

m

is a physical parameter, its estimation by NMHE also ac-

commodates the modeling and operational uncertainties (for instance, discharging
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Case Scenario 1: trajectory tracking control performance of a tiltrotor tricopter with varying mass, where the vertical magenta lines represent the
instants of payload drop. In (D), it is observed that the estimated tricopter mass
converges to the true value after a transition time of a few seconds. Moreover,
none of the constraints ever get violated, which implies constrained learning.
Furthermore, in (I), tests for each level are repeated 10 times.
Figure 3.8:

of the battery) induced during operation.

Primarily, it is deduced as an adap-

tive parameter that enables NMPC to realize an oset-free tracking along the

z -direction.
The single Gauss-Newton iteration per sampling instant that is performed to solve
the optimization problems of NMPC and NMHE would result in a suboptimal
solution.

Therefore, it becomes necessary to check the optimality of the control

framework. In that vein, Karush-Kuhn-Tucker (KKT) tolerances are obtained for
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the respective NMPC and NMHE in both, learning and without learning cases, as
shown in Fig. 3.8g. In the case of a linear system with a least-square objective,
these values reduce to zero, whereas, for the tilt-rotor tricopter, higher values are
anticipated due to the underlying nonlinearities and inter-couplings.

Neverthe-

less, their low and not too drastically varying magnitudes still signify well-dened
optimization problems.
The execution times at each sampling instant are shown in Fig. 3.8h. While the
average execution time for NMPC in without learning case is

4.3

ms, the average

execution times for NMPC and NMHE in the case with learning are

4.4 ms and 6.2

ms, respectively. Recall that dierence in computation times of NMPC and NMHE
within the NMPC-NMHE framework is due to the choice of a longer estimation
horizon (M

= 40)

Remark 9.

over the prediction horizon (Nc

= 30).

For a shorter horizon, mass learning is fast which eventually makes

NMPC aggressive towards the change. On the other hand, for a longer horizon,
the NMHE gradually learns the mass parameter and hence, a smooth response is
obtained from NMPC. Therefore, selecting an appropriate estimation horizon on
Raspberry Pi is a trade-o between the desired rate of learning and the available
computational power. In general, the latter is more important due to the minimum
sampling frequency required for a sustained closed-loop.

Additionally, to statistically support the claim that learning-based NMPC improves
tracking performance in the presence of abrupt mass disturbance, experiments with
four dierent levels of payload drop are performed. For each level, the tests are
repeated

10 times and the resulting box plot with the mean Euclidean error values

is presented in Fig. 3.8i. As can be seen, the mean Euclidean error for conventional
NMPC increases with the increasing weight drop level, while the mean Euclidean
error rise for NMPC-NMHE framework is negligible.

This is also according to

our expectation because the learning helps NMPC to adapt itself to the changing
conditions, hence results in a minimal error rise even with the increasing magnitude
of disturbance.

Case Scenario 2: Ground Eect
The second experiment analyzes another disturbance type which is commonly encountered when an aerial robot ies in proximity to the ground, i.e., `ground eect'.
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For this scenario, the tricopter tracks a circular trajectory of radius

1m,

involv-

ing two dierent heights, as also depicted in Fig. 3.9a. While the tricopter begins
to follow the trajectory at
descends to

z = 0.15m

z = 0.7m

with negligible inuence of ground eect, it

after-a-while wherein the ground eect gets dominating.

Subsequently, it climbs back to

z = 0.7m

and stays at this height, before going for

another round. In this application also, the inuence of disturbance forces (F

F

ydist

xdist

,

) is expected to be negligible, hence the corresponding NMPC and NMHE

parameter vectors are:

p

NMPC

=p

NMHE

= m.

Position tracking performance for both the cases in the presence of ground eect
can be seen in Figs. 3.9a and 3.9b. As expected, the learning-based NMPC dominates the conventional NMPC in terms of

z -direction

tracking. The improvement

is better visualized from Fig. 3.9c, where the Euclidean error and
ted.
the

As observed in Fig. 3.9c (particularly

z -direction

z

error

z

are plot-

error

plot), there lies an oset along

for conventional NMPC, due to which its

z

error

is more than that

for the NMPC-NMHE framework. Although there are two instances (around
and

30s)

where

z

error

15s

for the NMPC-NMHE framework becomes more, this is dur-

ing climbing and hence, can be associated with the transient response. In other
words, at the instant when tricopter starts to climbs, its estimated (eective) mass
within the NMPC-NMHE framework is less, and hence, the tracking error instantaneously rises until the new true mass is estimated by NMHE. The mean values for
Euclidean error and

z

error

in conventional NMPC's case are

0.1852m

and

0.1091m,

respectively, while for NMPC-NMHE framework the mean error values are
and

0.0459m,

0.1380m

respectively. Hence, the learning resulted in an improvement of

cm in terms of Euclidean error and

6.32

cm in terms of

z

error

4.72

.

Next, the control outputs for conventional NMPC and NMPC-NMHE framework
are presented in Figs. 3.9e and 3.9f, respectively. From these gures, it is evident
that NMPC commands for both the cases are well within the specied constraints.
The mass estimation performance of NMHE in the NMPC-NMHE framework is depicted in Fig. 3.9d. The estimated value always stays restricted within the specied
bounds that again showcases the bounded learning capability of NMHE. In addition, the estimated mass value varies in an intuitive pattern along the trajectory.
That is when the tricopter is ying under the inuence of ground eect, the eective mass is expected to decrease as also seen in sections II and IV of Fig. 3.9d, and
vice versa when it is ying away from the ground. Finally, the average execution
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Additionally, in (D), it is observed that the tricopter mass decreases as it hovers
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Figure 3.9:

time for NMPC in without learning case is

4.21

ms, while the average execution

times for NMPC and NMHE in the case with learning are

4.33

ms and

7.591

ms,

respectively.

Case Scenario 3: Wind Gust Disturbance
The third experiment mimics one of the most commonly occurring disturbances
during outdoor ights, i.e., wind gust.

Although all our experiments are per-

formed indoors, recall that the main goal of this work is to bring the robot from
an engineered (well-known) indoor environment to a less known outdoor world.
In that vein, articial wind gust disturbances are introduced with the help of two
industrial fans that are placed perpendicular to each other at a distance of
from the origin.
(each fan) along

Overall, they generate disturbances of magnitude

+x

and

−y

3.3-3.7

2.5m
m/s

directions, as can be visualized from Fig. 3.6. For a
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better judgment on the learning ability of the NMPC-NMHE framework, the experiments are conducted with two trajectories, namely, slanted circle, and hover at

z -position.

the origin with sinusoidally varying

Moreover, in this experiment, since

the disturbances are explicitly introduced along
tudes of disturbance forces (F

p

NMPC

= p

NMHE

xdist

,

F ydist )

= [m, F xdist , F xdist ]T .

x

and

y

directions, the magni-

are also estimated along with the mass:

Next, the trajectory tracking results for

slanted circle and hover trajectories are sequentially presented.
Slanted Circular Trajectory
Position tracking performance of both the controllers for a slanted circular trajectory of radius

1m

can be seen in Figs. 3.10a and 3.10b. To quantitatively analyze

the tracking accuracy, the Euclidean errors are also plotted in Fig. 3.10c. From the
gure, it is evident that Euclidean error for the NMPC-NMHE framework is always
lower in comparison to the conventional NMPC. Besides, the mean Euclidean error
values for without and with learning cases are
which eventually implies an improvement of

Remark 10.

0.2078m

5.63

and

0.1515m,

respectively,

cm due to learning.

Looking at these error values, one may question the magnitude of

improvement that a learning-based framework brings to this application.

Recall

that when a robot encounters wind gust disturbance, estimated disturbance forces
are fed to NMPC with some time-lapse. Consequently, before NMPC could perform the necessary corrections, tricopter proceeds further on its course, making the
estimated values obsolete for the current corrections. In other words, there lies a
time-lag between the estimation and the corrective action taken by the controller,
thereby making learning less eective within the scope of this trajectory. Nevertheless, to validate the prociency of learning, these experiments are performed again
for a hover with varying

z -position

trajectory, the results of which are discussed

later.

The control outputs for conventional NMPC and NMPC-NMHE framework for a
slanted circular trajectory are presented in Figs. 3.10e and 3.10f, respectively. From
these gures, it is again evident that the NMPC commands for both the cases are
well within the specied bounds. Figure 3.10d depicts the performance of NMHE
in estimating the tricopter mass along with the introduced disturbance forces. The
constrained estimation ability of NMHE is again validated here, as none of the
specied bounds are ever violated, even when the estimated values for disturbance
forces reached the bounds.
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Case Scenario 3a: trajectory tracking control performance of a
tilt-rotor tricopter in the presence of wind gust disturbance for a slanted circular
reference. In (D), it is observed that none of the constraints are violated that
again validates the bounded learning capability of NMHE.
Figure 3.10:

Remark 11.

Since the disturbance forces are induced via same wind speed for

both the fans, the estimator is expected to produce less oscillating estimation
values.

However, it is pointed out that due to the circular motion of the robot,

the eective disturbance forces vary with time. This assertion is validated by the
estimation results of the hover trajectory that are presented later in this section.

Furthermore, the average execution time for NMPC in without learning case is

4.212

ms, while the average execution times for NMPC and NMHE in the case

with learning are

4.92

ms and

6.694

ms, respectively.

Hover Trajectory
As asserted before, due to the time-varying nature of the wind gust disturbance
while ying a circular trajectory, NMHE does not have enough time to learn the
true disturbance values.
is observed.

As a result, only a limited performance improvement

Therefore, to validate the ecacy of learning in dealing with the

induced wind gust disturbances, these experiments are performed again for a hover
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trajectory, involving a motion only along the

z -direction.

trajectory, it is expected that the stationary (along

x

While selecting the hover

and

y

directions) nature of

this trajectory would provide ample time to NMHE for learning the disturbance
forces, such that, a signicant improvement in tracking would be observed.
Position tracking results for a hover with changing

z -position

reference by both

types of NMPCs can be seen in Figs. 3.11a and 3.11b. As expected, there lies a
steady oset along

+x and −y directions for conventional NMPC, while the NMPC

within NMPC-NMHE framework compensates for it.

Moreover, the corrective

actions of learning-based NMPC are more visible in Fig. 3.11c, where the Euclidean
errors for both without and with learning NMPCs are presented.

In addition,

the mean Euclidean error values for without and with learning cases are
and

0.1047m,

0.1760m

respectively, which eventually showcases an improvement of

7.13

cm brought by learning for this scenario. Furthermore, the estimation results of
NMHE within the NMPC-NMHE framework are shown in Fig. 3.11d. One may
observe a comparatively less oscillating estimation of disturbance forces for this
hover trajectory, which is in contrast with the estimation results for the previous
trajectory. As a summary, the mean Euclidean and absolute

z -position error values

for all the aforementioned test case scenarios, obtained with both types of NMPCs
are listed in Table 3.2.
Finally, to further support the claim that learning-based NMPC improves the tracking performance in presence of wind gust disturbance,

10

experiments each with

three dierent levels of wind speeds are performed and their respective mean Euclidean error values are illustrated in the form of a box plot in Fig. 3.11e.

As

expected, the mean Euclidean error for both type of NMPCs increase with the increasing wind speed. However, the error rise for the NMPC-NMHE framework with
increasing wind speed is minimal compared to the one for conventional NMPC. This
is in accordance with our intuition as the learning helps NMPC to adapt according

Table 3.2: Mean Euclidean and absolute z -position errors for the three case
scenarios. (N.A.: not applicable)

Case study
1
2
3a
3b

Euclidean error (cm)

z -position

error (cm)

NMPC

NMPC-NMHE

NMPC

NMPC-NMHE

17.72
18.52
20.78
17.70

15.93
13.80
15.15
10.47

5.61
10.91

1.09
4.59

N.A.

N.A.

N.A.

N.A.
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Case Scenario 3b: trajectory tracking control performance of a
tilt-rotor tricopter in the presence of wind gust disturbance for a hover with
varying z -position reference. It is to be noted that in (D), smoother estimation
performance is observed in contrast with Fig. 3.10d. Furthermore, in (E), 10
tests for each speed level are performed, wherein the wind speed ranges for each
level are, Level 1: 2.4 − 3.0 m/s; Level 2: 3.3 − 3.7 m/s; Level 3: 3.8 − 4.2 m/s.

Figure 3.11:

to the environment, hence results in a lower error rise even with the increasing
magnitude of disturbances.

Remark 12.

One may think that the wind speeds which are utilized for testing

may not be too strong.

However, it is emphasized that these speeds are strong

enough to employ a signicant gust-force on the considered aerial robot. This is due
to the high ratio of the applied wind gust disturbance magnitude in comparison to
the tricopter size/mass. Moreover, it is to be noted that the closed-loop framework
should be able to handle any wind gust magnitude, provided that the actuators
(rotors) can handle the disturbance force and the NMHE is designed with the
appropriate constraint values.

3.4.2

Cascade Control for the Uncertain System Model

The second case study investigates the eect of uncertainty in the two intrinsic
parameters, namely, thrust and drag-moment coecients, thereby resulting in a
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time-varying model.

Note that it is important to estimate these parameters be-

cause apart from system identication errors, they can vary in-ight due to wind
disturbance or propeller degradation. In that vein, a cascade NMPC structure is
employed, wherein the two NMPCs (H-NMPC and L-NMPC) perform position and
attitude tracking, while NMHE learns online the two uncertain parameters.

Remark 13.

Recall the advantages of utilizing a cascade structure over a full-

state controller:

(i) ability to distribute the overall control task that facilitates

their execution on (cheap) individual processors, and (ii) exibility to run the two
loops at dierent frequencies. The second aspect is crucial for realtime control of
aerial robots as the stability-ensuring low-level controller has to run at a higher
rate.

3.4.2.1 Problem Statement
A Talon tilt-rotor tricopter model is considered in this study. For the conguration
shown in Fig. 2.4, the overall system model in discrete form, similar to (2.33), is
written as:

xk+1 = fd (xk , uk , p) + ω k ,

zk = xk + ν k ,

(3.8)

wherein all the uncertainties are expressed together in the form of zero-mean, Gaussian process noise

ω ∼ N (0, Σω ).

[x, y, z, u, v, w, φ, θ, ψ, p, q, r]T ,

the control vector is

the unknown parameter vector is
tion is fd ( · ,

Also, the corresponding state vector is

p = [KF , Kτ ]T .

· , · ) : R12 × R4 × R2 7→ R12 .

x ∈ R12 =

u ∈ R4 = [Ω1 , Ω2 , Ω3 , µ]T ,

and

Accordingly, the nominal func-

Moreover, the intrinsic model parameters

utilized in this study are listed in Table 3.3.

3.4.2.2 Receding Horizon Control and Estimation
In order to handle the additional nonlinearities of the tilt-rotor tricopter, a cascade NMPC structure is utilized in this application, as depicted in Fig. 3.12. The
H-NMPC that tracks a given position reference, computes the optimized control
inputs in terms of the attitude angles and the total required thrust. The desired
attitude commands are subsequently passed to the L-NMPC that solves an attitude
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Table 3.3:

Tilt-rotor tricopter intrinsic parameters.

Parameter

Description

Value

m
l1
l2
l3
Ixx
Iyy
Izz
Ixz
JP
KF
Kτ

Mass of tricopter

1.412 kg
0.357 m
0.2845 m
0.149 m
0.0149 kg-m2
0.0219 kg-m2
0.0344 kg-m2
0.0202 kg-m2
6 × 10−5 kg-m2
6.85 × 10−6 N-s2
3.35 × 10−7 Nm-s2

Moment arm
Moment arm
Moment arm

FBx
MOI about FBy
MOI about FBz
MOI about FBxz
MOI about

MOI of propeller
Force coecient
Drag-moment coecient

tracking problem. Therefore, the control outputs of L-NMPC are the actuator commands that are given to the tricopter after a summation with the thrust command
of H-NMPC, as also visualized in Fig. 3.12.

High-level NMPC Design
Similar to the previous case study, the position tracking H-NMPC is designed with
the following state, control, and measurement vectors:

x

H-NMPC

= [x, y, z, u, v, w]T ,

z

H-NMPC

=x

H-NMPC

u

H-NMPC

= [φ∗ , θ∗ , ψ ∗ , Fz∗ ]T ,

,

while the following state and control references are utilized in the OCP:

x

r
H-NMPC

r

= xNc ,

= [x , y , z , 0, 0, 0]T ,
r

H-NMPC

r

r

r

u

H-NMPC

= [−0.0414, 0, 0, 0.5mg]T .

Note that the H-NMPC's control outputs are denoted with a superscript

( · )∗

to

dierentiate them from the actual response of the tricopter. Also, to realize a stable
response from L-NMPC, the following constraints are dened:

0.01mg

(N)

≤ Fz∗ ≤ mg

(N),

−45(◦ ) ≤ φ∗ , θ∗ ≤ 45(◦ ),

(3.9)
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framework.
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𝑇

𝑇
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Tricopter
Dynamics

𝑇

Estimator

(NMHE)

zNMHE

Closed-loop control diagram for the learning-based cascade NMPC

along with the weight matrices that are obtained via the trial-and-error method as
follows:

Wx,

H-NMPC

= diag(35, 35, 20, 3.5, 5, 3),

WNc ,

H-NMPC

= diag(50, 50, 30, 4, 6, 4).

Furthermore, the prediction window

Remark 14.
Fig. 3.12.

Wu,

Nc = 30,

H-NMPC

= diag(30, 30, 50, 0.005),

is selected for the H-NMPC.

One may notice a control allocation block after the H-NMPC in

It computes the rotor velocities that are required to climb/descent,

based upon the total thrust commanded by the H-NMPC:

r
Ω∗1 =
where

Fz∗
,
3KF

r
Ω∗2 =

Fz∗
,
3KF

s
Ω∗3 =

µ is the current tilt angle for the back rotor.

Fz∗
,
3KF cos(µ)

(3.10)

Note that the above expressions

are computed utilizing the external force denitions in (2.30) and (2.32).

Low-level NMPC Design
The state, control and parameter vectors for attitude tracking L-NMPC are composed of:

x

L-NMPC

z

L-NMPC

= [φ, θ, ψ, p, q, r]T ,

u

=x

p

L-NMPC

,

L-NMPC

L-NMPC

+
+ T
+
= [Ω+
1 , Ω2 , Ω3 , µ ] ,

= [KF , Kτ ]T ,
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where

Ω's

are in rad/s and

µ

is in radian. The state and control reference trajec-

tories selected for L-NMPC are as follows:

x

r

r

L-NMPC

= xNc ,

L-NMPC

= [φ∗ , θ∗ , ψ ∗ , 0, 0, 0]T ,

r

u

L-NMPC

= [595, 605, 544, 0.173]T .

Additionally, the following control constraints are imposed in L-NMPC such that
even after a full actuation command from the L-NMPC, the tricopter still has some
room to follow H-NMPC's climb/descent command without saturating the rotors:

+
+
0(rad/s) ≤ Ω+
1 , Ω2 , Ω3 ≤ 700(rad/s),

−25(◦ ) ≤ µ+ ≤ 25(◦ ).

(3.11)

Also, the L-NMPC is designed with the weight matrices:

Wx,

L-NMPC

Wu,

L-NMPC

= diag(25, 35, 22, 0.2, 0.2, 0.2),

WNc ,

L-NMPC

= diag(30, 40, 25, 1, 1, 1),

= diag(1 × 10−4 , 1.3 × 10−4 , 1.3 × 10−5 , 20).

which are obtained by the trial-and-error method. Moreover, the same prediction
window length as H-NMPC (Nc

= 30)

is utilized for L-NMPC.

NMHE Design
For the considered tricopter model, NMHE is designed to perform simultaneously
state and parameter estimation with the same state, control, and parameter vectors
as specied for (3.8). Besides, the following weight matrices are selected for the
optimization problem of NMHE:
1

PL = diag([0.12 ]12 , [0.0322 ]2 )− 2 ,
1

Wν = diag([0.0322 ]3 , [0.0452 ]3 , [0.0222 ]3 , [0.2242 ]3 , [0.0032 ]3 , 0.0022 )− 2 ,
1

Wω = diag([0.12 ]2 , [0.142 ]7 , [0.172 ]3 , [0.892 ]2 )− 2 ,
wherein vector

[ · ]i ∈ Ri .

Note that the above values of weight matrices are decided

based upon the denition in (3.3) while exploiting the availability of the true values
of noise covariance matrices (Σω and
the state vector

10−7 ]T .

x̄L = 010 ∈ R10

Σν ).

Also, the arrival cost is initialized with

and the parameter vector

p̄L = [5 × 10−6 , 3 ×

Moreover, the following constraints are imposed for achieving a constrained
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estimation of the unknown parameters:

4.11 × 10−6 (N-s2 ) ≤ KF ≤ 9.59 × 10−6 (N-s2 ),

(3.12)

2.47 × 10−7 (Nm-s2 ) ≤ Kτ ≤ 5.75 × 10−7 (Nm-s2 ).
Furthermore, the estimation window length

M

is selected to be

30

for computa-

tional tractability, thus facilitating the realtime applicability of the framework.

3.4.2.3 Numerical Results
Next, the simulation results are presented for the proposed learning-based cascade
NMPC which is employed for trajectory tracking of a tilt-rotor tricopter. In this
application, the

ACADO generated C codes are utilized to create MATLAB/Simulink

based S-functions. Moreover, all the simulations are performed with a xed sampling time of

∆t = 0.01s in MATLAB/Simulink installed on hardware consisting of

3.4-GHz Intel Core i7 processor and 8 GB RAM. For initializing the simulations,
the tricopter is considered to be on the ground with zero state and control vectors,
and with the parameters given in Table 3.3.
The subsequent part provides position tracking results for a square-shaped reference trajectory of

1.5m

length, as shown in Fig. 3.13.

The motivation behind

incorporating this aggressive trajectory is to further excite the existing nonlinear
and highly coupled dynamics of the tilt-rotor tricopter and thus, examine the ability of cascade NMPC in handling it. In addition, NMHE is employed to learn the
change in tricopter dynamics, which is explicitly induced by varying the aerodynamic parameters

KF

and

Kτ

by

±20% from their true values (listed in Table 3.3).

The tracking performance of cascade NMPC for the square-shaped trajectory can
be visualized in Figs. 3.13a and 3.13b. The incurred absolute tracking errors along

x, y , and z directions are 0.2204m, 0.1202m, and 0.2639m, respectively.

In addition,

the Euclidean error plot is shown in Fig. 3.13c, wherein the mean value over the
entire trajectory is

0.4278m.

Note that these error values are computed considering

the NMHE's estimates.
The control outputs for the high- and low-level NMPCs are shown in Figs. 3.13e
and 3.13f, respectively. As evident, none of the constraints are violated by both
H-NMPC and L-NMPC, which essentially supports the realtime applicability of
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Figure 3.13:

the presented control framework. It is to be noted that

ψ

response is omitted in

Fig. 3.13e for a concise representation. Additionally, the mean absolute error values
for L-NMPC in following the
and

1.34◦ ,

φ∗ , θ ∗

and

ψ∗

commands of H-NMPC are

2.32◦ , 4.05◦

respectively.

The results of parameter estimation by NMHE for square-like varying parameters
are shown in Fig. 3.13d. Owing to the learning ability of NMHE, both the parameters are well assessed, without any constraint violation, even when they are aggressively varying. Besides, one may appreciate the noise ltering ability of NMHE in
Figs. 3.13b and 3.13c, as it successfully caters to the present measurement noise.
Lastly, the average execution times taken by NMHE, H-NMPC and L-NMPC are

2.0 ms, 0.6 ms and 0.7 ms, respectively.

Moreover, the combined average execution

time of the closed-loop is approximately
the adopted sampling time of
the closed-loop framework.

10

3.3

ms, which is substantially less than

ms, and thus, validates the realtime feasibility of
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3.5. Conclusions

Conclusions

An instantaneous learning-based NMPC employed for the trajectory tracking of a
tricopter aerial robot without violating the system constraints has been illustrated
in this chapter. The proposed learning-based framework has been evaluated for two
case studies. wherein the eect of three disturbance sources is individually analyzed
in the rst, while the eect of an uncertain model due to time-varying parameters is
illustrated in the second. In the rst case study, the high-level NMPC adapts itself
to the changing working conditions owing to the learning of disturbance parameters
by NMHE. As a result, z-directional tracking improvements of
have been realized for scenarios

1

and

2,

85.7%

and

respectively, whereas in scenario

57.9%

3, 40.5%

improvement in terms of the Euclidean error has been obtained for the hover with
varying

z -position

reference. Moreover, owing to the fast C++ based execution of

NMPC and NMHE codes, a complete onboard implementation of the closed-loop
has been realized on a low-cost embedded processor. Similarly, in the second case
study, the simulation results have manifested a sucient tracking improvement due
to learning. Furthermore, thanks to the RTI scheme of
execution time below
the second case study.

4

ACADO

toolkit, a combined

milliseconds has exhibited the realtime feasibility within

Chapter 4

Simple Learning Strategy for
Feedback Linearization Control
Method

Recall that for the safe operation of aerial robots in urban environments, a precise
path tracking is of extreme importance.

While the imprecise modeling or vary-

ing operational uncertainties degrade the performance of model-based controllers,
learning algorithms are incorporated to make the former adaptive to the changing
environment.

In line with this motivation, another type of instantaneous learn-

ing technique, i.e., simple learning for feedback linearization control algorithm is
presented in this chapter.
In the proposed simple learning-based FLC framework, the controller gains and
the disturbance estimate are updated in the feedback control law by minimizing
a cost function which is dened based on the closed-loop error dynamics of the
nominal system. As a result, the SL-FLC framework maintains the nominal control
performance in the absence of uncertainties and disturbances, while exhibiting
robust control performance in their presence. Besides, it also ensures the desired
closed-loop error dynamics in the presence of uncertainties and disturbances. The
stability of the proposed approach is proven for a second-order uncertain nonlinear
system. Also, it is illustrated that the SL strategy can nd the global optimum
point, and the controller gains and disturbance estimate converge to a nite value,
thus resulting in a bounded control signal at the steady-state.
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4.1. Literature Overview

The outline of this chapter is as follows:

Section 4.1 presents a brief literature

overview discussing the widely utilized control techniques for uncertain nonlinear
systems along with the learning algorithms that are commonly incorporated within
the FLC scheme. Then, Section 4.2 describes the FLC's problem formulation followed by the deduction of the proposed learning strategy in Section 4.3. Thereafter,
the simulation and experimental validations are presented in Sections 4.4 and 4.5,
respectively. Finally, some conclusions are drawn in Section 4.6.

4.1

Literature Overview

Recall that the performance of the traditional FLC method is sensitive to uncertainties and disturbances in the system dynamics such that the closed-loop error
dynamics of the system cannot converge to zero [115, 116].

To circumvent this,

FLC with an integral action (FLC-I) scheme has been proposed in the literature
to ensure robust control performance. While it can only handle time-invariant uncertainties, it also deteriorates nominal control performance in their absence [115].
To overcome the limitations of the traditional FLC method, several learning approaches have been utilized within the feedback linearization framework. In [117],
an articial NN with a nonlinear autoregressive-moving average model has been
developed to learn the feedback linearized inputs for a nonlinear plant. In [118], the
Gaussian process method has been used to identify a model for the FLC scheme
with limited prior knowledge of the system. Also, a dynamic linearization method
has been developed for discrete-time nonlinear systems in the literature [119123].
To summarize, this method builds a linearized model that is equivalent to the
real nonlinear system at each operation point of the closed-loop system dynamics.
Since robots usually encounter varying working conditions, the aforementioned
techniques may not be good candidates. This is because these techniques utilize
the data which is generated in advance, which may no longer fully represent the
system during operation. For instance, the total mass of an aerial robot can vary
so that the system model changes over time.
Another nonlinear control approach using dynamic NN-based input-output feedback linearization has been proposed in [124].

In this approach, the controller

generates a control signal that can eliminate the system's nonlinearities utilizing

65

Chapter 4. Simple Learning Strategy for FLC Method

the trained dynamic NN. The controller gains and the weights of the dynamic NN
are selected by using particle swarm optimization (PSO) algorithm. Whereas PSO
requires powerful computing platforms to obtain the optimal controller gains in a
realtime operation, the proposed simple learning strategy can obtain the optimal
controller gains in less than a millisecond on an inexpensive computing platform.
This aspect is crucial for fast robotic applications, wherein there is a tendency
to use cost-eective processors for which computationally ecient algorithms are
needed.
Besides, both direct [41] and indirect [40] adaptive control approaches have been implemented for the control of aerial robots under uncertain conditions. However, an
accurate system model is required as they aim to match the performance of a given
(or estimated for indirect method) reference model. To overcome this requirement,
some nonlinear adaptive methodologies have been proposed.

For instance, [125]

compares an adaptive SMC with the traditional FLC method for tracking control
of a quadrotor.

While the adaptive SMC shows improved tracking performance

over the traditional FLC method, it assumes innite switching times in the inputs
which are unrealizable in reality, and thus, may lead to chattering eects. Another
approach has been proposed in [126], wherein an adaptive backstepping technique
is utilized for tracking control of a quadrotor with uncertain mass. Nevertheless,
the proposed approach, like the indirect method, only corrects the parameter errors
which may not be sucient to bring down the tracking error in many applications.

4.2

Feedback Linearization Control

The considered second-order uncertain nonlinear system is of the following form:

where

ω(t)

x = [x1 , x2 ]T ∈ R2

ẋ1 = x2 ,

(4.1a)

ẋ2 = f (x, u) + ∆(x) + ω(t),

(4.1b)

is the state vector,

is the time-varying external disturbance.

u ∈ R

Also,

is the control input, and

f (x, u) ∈ R

and

are smooth, continuous dierentiable and nonlinear functions, wherein

∆(x) ∈ R
∆(x) ∈ R

represents the modeling uncertainties. The objective is to nd a control action
such that the system tracks the reference trajectory

r(t) = [r1 (t), r2 (t)]T ,

u

where
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r2 = ṙ1 ,

with an acceptable accuracy while all the states and the control remain

bounded.

4.2.1

Traditional FLC Method

To facilitate the tracking of the given reference trajectory, the traditional FLC
method results in the following control law:

FLC

u = β(x, ub
where

FLC

ub

and

uf

, uf ),

(4.2)

are the feedback and feedforward control actions that are ex-

pressed as follows:

FLC

ub

= ke = k1 e1 + k2 e2 ,

(4.3)

uf = ṙ2 .

(4.4)

In the above equations, the tracking error vector is represented by
wherein

e1 = r1 − x1

and

e 2 = r 2 − x2 ,

and

k = [k1 , k2 ], ki > 0

sents the control gain vector. The feedback function

FLC

β(x, ub

e(t) = [e1 (t), e2 (t)]T
for

, uf )

i = 1, 2,

repre-

is chosen such

that:
FLC

f (x, β(x, ub

FLC

, uf )) = ub

+ uf ,

(4.5)

and consequently, the closed-loop error dynamics take the following form:

ė2 + k2 e2 + k1 e1 = −d(t).
Here, the term

d(t)

(4.6)

represents a lumped disturbance parameter that comprises of

modeling uncertainties and external disturbance in the closed-loop error dynamics
and is expressed as:

d(t) = ∆(x) + ω(t).

(4.7)

Assumption 1. The lumped disturbance parameter in (4.6) is bounded such that
d∗ = sup|d(t)|

exists.

t>0

Recall that, since

ki > 0

for

i = 1, 2,

are globally exponentially stable at

the closed-loop error dynamics for

e1 = e2 = 0.

d(t) = 0
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Remark 15.

It is to be noted that the current chapter assumes that the distur-

bances consist of a constant and vanishing perturbation terms. The cases where
the disturbance includes non-vanishing perturbation terms are left as future work.

Remark 16. Equation (4.6) demonstrates that it is not possible to drive the error
dynamics to the desired equilibrium point utilizing the FLC law proposed in (4.2).
The reason being is the nonzero right-hand side in (4.6) that is due to the presence
of modeling uncertainties in the system model and/or external disturbances. This
illustrates why the traditional FLC method is sensitive to disturbances.

4.2.2

FLC with Integral Action

To make the FLC robust against modeling uncertainties as well as disturbances, an
integral action can be added to the control law of the traditional FLC method. The
resulting control law for FLC-I method would look similar to (4.2) except that the
feedback control expression is modied to include the eect of the integral action:

FLC-I

ub

Z
= ke = k1 e1 + k2 e2 + k

t

e1 dt,

int

(4.8)

0
where

e = [e1 , e2 , e1 ]T

and

k = [k1 , k2 , k ] are the updated error and (positive) conint

trol gain vectors, respectively. Additionally, it is assumed that all the assumptions
utilized in the traditional FLC's case are valid.
Applying the control law for FLC-I method to the uncertain nonlinear system in
(4.1), the closed-loop error dynamics can be obtained as follows:

˙
ë2 + k2 ė2 + k1 ė1 + k e1 = −d(t),
int

(4.9)

The above equation implies that if the modeling uncertainties and external disturbances have a steady-state value, i.e.,

˙ = 0,
d(t)

then the state can be driven to the

desired equilibrium point.

Remark 17.

Equation (4.9) shows that if the modeling uncertainties and exter-

nal disturbances have a steady-state value, i.e, they are time-invariant, then the
FLC-I method would successfully eliminate the steady-state error in the system.
However, note that adding an integral action may result in a degraded performance
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in comparison to the nominal performance as achieved with the traditional FLC
method in the absence of uncertainties [115].

4.3

Simple Learning Strategy

The SL strategy for the FLC method is designed according to the desired closedloop error dynamics of the nonlinear system. To make the FLC method adaptive,
the SL strategy updates the controller gains and disturbance term within the FLC
formulation by minimizing a cost function which is dened as the square of the
closed-loop error dynamics.

Consequently, the updated feedback control law is

written as follows:
SL-FLC

ub
where

ˆ
= ke − dˆ = k1 e1 + k2 e2 − d,

dˆ represents the estimated disturbance term.

(4.10)

The closed-loop error dynamics

can be written as:

4.3.1

ė1 = e2 ,

(4.11a)

ˆ
ė2 = −k1 e1 − k2 e2 − d + d.

(4.11b)

Update Rules

The requirement to realize robust control performance by the FLC method is that
the desired closed-loop error dynamics, dened as:

c(e, k
should converge to zero.
on

ˆ e1 , e2 ,
k1 , k2 , d,

and

d,

des

Since

des

des

) = ė2 + k2 e2 + k1 e1 ,
ė2 = −k1 e1 − k2 e2 − d + dˆ, c(e, k

(4.12)

des

)

depends

i.e., the controller gains, disturbance estimate, error

variables, and the disturbance. This forms the working principle within the SLFLC algorithm i.e., to minimize a cost function that is dened based on the closedloop error dynamics such that the system error and disturbance estimation error
can instantaneously converge to zero. In that vein, the following closed-loop error
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function (or cost function) is minimized which is the square of the desired closedloop error dynamics dened in (4.12):

C(e, k

des

)=

1
c(e, k
2

des

2
) .

(4.13)

The above equation implies that if the closed-loop error function
to zero, then the robust control performance condition, i.e.,
such that the error will converge to zero.

C( · , · ) converges

c( · , · ) = 0, is satised

In this chapter, a rst-order iterative optimization algorithm, i.e., gradient descent
is favored to minimize the closed-loop error function
putational requirements.

C( · , · )

due to its lower com-

Recall that in a gradient descent approach, steps are

taken proportional to the negative of the gradient of the closed-loop error function (∇C( · ,

· )),

to nd the minimum.

closed-loop error function

C( · , · )

Since the expression for the proposed

comprises of the errors, controller gains, and

disturbance estimates, its partial derivative is required for gradient computation.
Hence, the following rule is utilized for updating the controller gains of the feedback
linearization controller:

k̇i = −αi
where

∂C(e, k
∂ki

αi > 0 is the learning rate for the i

th

des

)

,

(4.14)

controller gain. Utilizing the chain rule

in (4.14), the expression can be rewritten as follows:

k̇i = −αi c(e, k

des

∂c(e, k
∂ki

)

des

)

.

(4.15)

It is implicit from the system denition in (4.1) that the controller gains appear only
with

ė2

within the expression for the desired closed-loop error dynamics

c(e, k

des

).

Thus, (4.15) can be rewritten as:

k̇i = −αi c(e, k

des

)

∂ ė2
,
∂ki

(4.16)

which eventually reduces to the following form. utilizing (4.11b):

k̇i = αi c(e, k

des

)ei .

(4.17)
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Similarly, incorporating the gradient descent approach, the update rule for the
disturbance estimate is written as:

∂C(e, k
˙
dˆ = −αdˆ
∂ dˆ
where

des

)

,

(4.18)

αdˆ > 0 is the learning rate for the disturbance estimate dˆ.

Again, after using

the chain rule and subsequently performing some algebraic manipulations, one can
compute the nal expression for the update rule as:

˙
dˆ = −αdˆc(e, k

des

).

(4.19)

It is emphasized that within (4.17) and (4.19), the controller gains and disturbance
estimate are updated until the condition

Remark 18.

c(e, k

des

)=0

is fullled.

It is possible to design a nonlinear disturbance observer to estimate

the lumped disturbance

d(t)

following the methodology in [127]. The disturbance

estimator design in this chapter is based on a gradient descent rule while, in general, nonlinear disturbance observers are designed based on Lyapunov techniques.
In essence, both approaches follow the same control design strategy: (i) design a
controller to achieve stability and other performance specications (e.g., asymptotic
tracking) assuming that the disturbance is measurable and available for feedback,
(ii) design a disturbance estimator, and (iii) use the disturbance estimate in place
of the disturbance in the control law. Furthermore, unlike any (nonlinear) disturbance observer-based control paradigm, the proposed control framework updates
the controller gains of the underlying FLC method which further exhibits robust
control performance in the presence of disturbances.

4.3.2

Stability Proof

In this chapter, a Routh-Hurwitz criterion-based stability analysis is utilized to
prove the closed-loop system stability with the SL algorithm.

In that vein, the

closed-loop dynamics can be rewritten utilizing (4.11a) and (4.11b) as follows:

ë1 + k2 ė1 + k1 e1 − dˆ + d = 0.

(4.20)
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Time dierentiating the above equation and using the fact that

d˙ = 0, the following

expression is obtained,

e 1 + k2 ë1 + k1 ė1 + k̇2 ė1 + k̇1 e1 − dˆ˙ = 0.

...

Utilizing (4.12), (4.17), and (4.19), the expressions for

des

k̇i

and

(4.21)

˙
dˆ can

be derived as:

des

k̇i = αi (ë1 + k2 ė1 + k1 e1 )ei ,
˙
dˆ = −αdˆ(ë1 + k2 ė1 + k1 e1 ).
des

(4.22)

des

(4.23)

Plugging the above expressions into the closed-loop dynamics and assuming

[e1 ė1 ë1 ]T

η=

denotes the state, yields the following:
...

e 1 + b1 (η)ë1 + b2 (η)ė1 + b3 (η)e1 = 0,

(4.24)

where,

b1 (η) = k2 + αdˆ + β(η),
des

b3 (η) = k1 (αdˆ + β(η)),

des

b2 (η) = k1 + k2 (αdˆ + β(η)),
β(η) = α1 e21 + α2 ė21 .

(4.25)

The closed-loop dynamics (4.21) can now be expressed in a pseudo-linear form [128]
as:

η̇ = A(η)η,

(4.26)

where,

Clearly,

bi (η) > 0,



0

1

0




A(η) = 


0

0

1


.


for

−b3 (η) −b2 (η) −b1 (η)

i = 1, 2, 3,

and

can be shown that the eigenvalues of

∀η .

By applying Routh-Hurwitz criterion, it

A(0)

are in the open left half-plane (i.e., the

closed-loop system is asymptotically stable) if

b1 (0) = k2 + αdˆ,

(4.27)

b1 (0)b2 (0) > b3 (0),
des

b2 (0) = k1 + k2 αdˆ,

des

where,

b3 (0) = k1 αdˆ,

(4.28)

or equivalently if:

k2 αd2ˆ + (k1 + k2 k2 − k1 )αdˆ + k1 k2 > 0.
des

des

des

(4.29)
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In what follows,

des

ki , ki

, and

αdˆ

are chosen such that this stability condition is

satised.

Remark 19.

In this chapter, it is assumed that the average rate of change of the

e1

induced disturbances is much lower than the states

4.3.3

and

e2 .

Global Minimum

The most important concern in SL strategy is that the closed-loop error dynamics
may attain some local minima. Hence, this subsection provides an analytical proof
to show that there exist no local minima for the considered formulation of the SL
strategy. In particular, it is shown that the second derivatives of the cost function
with respect to the variables

ki and dˆ have the same sign.

That is, the cost function

does not have a change in the curvature sign through the variables implying that
there is no local minima through these variables.
Utilizing the method in previous subsection, the second derivative of the cost function

C

with respect to

ki

is obtained as follows:

∂ 2 C(e, k
∂ki2

des

)

= −ei

∂(c(e, k
∂ki
|
{z

des

−ei

)

= (ei )2 .

(4.30)

}

Similarly, the second derivative of the cost function with respect to the disturbance
estimate

dˆ is

computed as follows:

∂ 2 C(e, k
∂ dˆ2

des

)

=

∂(c(e, k
ˆ
| ∂{zd
1

des

)

= 1.

(4.31)

}

Equations (4.30) and (4.31) show that the sign of the curvature of the cost function
for the controller gains and the disturbance estimate is always positive; thus, there
exist no local minima such that the closed-loop error dynamics reach to the global
minimum. After reaching the global minimum, since

αi

and

αd

are constant and

positive, the controller gains update law in (4.17) and the disturbance estimate
update law in (4.19) converge to a nite value. Furthermore, a nite value for the
coecients in steady-state results in a bounded control action.
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4.4

Simulation Study

This section illustrates the implementation of the proposed SL-FLC framework
together with the traditional FLC and FLC-I methodologies on a simulation example.

The main purpose of this simulation study is to demonstrate that the

SL-FLC framework can ensure the desired closed-loop error dynamics in the presence of model uncertainties and external disturbances. Moreover, the second-order
dynamical system considered for the simulation study is of the form (4.1), wherein
the model function is of the following form:

f (x, u) = x32 + u.

The entire simulation runs for a total of
initial conditions on the states are

5s
T

x = [5, 0]

(4.32)

with a sampling time of

0.01s.

The

r

is set

, whereas the reference signal

to zero throughout the simulation time. The controller gains for the desired closedloop error dynamics (c

= [25, 10]T .
as
as

= ë1 + k2 ė1 + k1 e1 )
des

des

are selected as

k

des

= [k1 , k2 ]T
des

des

Moreover, the initial conditions for the controller gains are selected

k(0) = [9, 3]T , while the initial condition for the disturbance estimate is taken
ˆ
d(0)
= 0. Furthermore, the learning rates αi and αd are set to 0.75 and 3,

respectively.
To illustrate the desired closed-loop error dynamics ensuring-capability of the SL1

FLC framework, i.e., realizing the nominal control performance (NCP) , the SLFLC framework controls the aforementioned system in the presence of model uncertainties and external disturbance. Besides, its control performance is compared
with the traditional FLC and FLC-I methodologies. In terms of the uncertainties,
an external force

ω(t) = 5, is imposed as the external disturbance while there exist

modeling uncertainties in the form:

∆(x) = (x1 )2

on the system.

Additionally,

utilizing the lumped disturbance denition in (4.7), the disturbance imposed on
the system is

d(t) = 5,

after the states converge to zero.

The performance of all the controller are shown in Figs. 4.1a and 4.1b. Note that
NCP depicts the nominal control performance in the absence of any uncertainty and
disturbance, while the FLC method, FLC-I method, and SL-FLC framework show

1 Note

that NCP refers to the control performance of the system controlled by traditional FLC
method in the absence of model uncertainties and external disturbance
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Tracking performance of NCP, traditional FLC method, FLC-I
method, and SL-FLC framework for a second-order dynamical system in the
presence of modeling uncertainties and external disturbance. From the results, it
is evident that even in the presence of disturbance, the SL-FLC framework can
match the nominal control performance.

Figure 4.1:

the control performance in the presence of model uncertainties and external disturbance. As visualized from the gures, while the FLC and FLC-I methodologies
are unable to ensure the nominal control performance (i.e., the desired closed-loop
error dynamics), the SL-FLC algorithm ensures it in the presence of disturbances.
Moreover, the FLC method is not robust to disturbances as stated in Remark 16
while the FLC-I method provides robust control performance against disturbance.
However, the FLC-I method causes undesired eects such as overshoots and large
settling time as stated in Remark 17.
The absolute values of the errors and error rates are shown in Fig. 4.1c. The SLFLC framework realizes a similar performance as that of the NCP which validates
that it ensures the nominal control performance in the presence of model uncertainties and external disturbance. Moreover, the error of the system controlled by the
FLC method cannot converge to zero, whereas the error of the system controlled
by the FLC-I method can converge to zero with a large settling time. In addition,
the phase portraits for all the controllers are shown in Fig. 4.1d. It is visualized
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that the phase portrait for the SL-FLC framework converges to the nominal phase
portrait (i.e., NCP) in the presence disturbances. This again implies that the SLFLC framework is capable of ensuring the desired closed-loop error dynamics of
the system in the presence of modeling uncertainties and external disturbance.
The time updates of the controller gains and disturbance estimate for the SL-FLC
framework are presented in Fig. 4.1e. As observed, the controller gains converge
to constant values while the disturbance estimate reaches the true value

d(t) = 5,

in the steady-state. Furthermore, the control inputs for the NCP, FLC method,
FLC-I method, and SL-FLC framework are shown in Fig. 4.1f.

Note that, in

steady-state response, the control signal for the NCP is equal to zero since there
exists no disturbance, whereas for the others the control signals are nonzero due
to the external disturbance imposed on the system.

4.5

Experimental Validation

This section exhibits the experimental validation of the proposed SL-FLC framework on an aerial robot. First, it briey describes the considered robot along with
its model.

Then, it illustrates the design of the SL-FLC framework as a high-

level controller for position tracking. Thereafter, it presents the tracking results of
the SL-FLC framework and the traditional FLC method for the three disturbance
scenarios.

4.5.1

Aerial Robot

To test the ecacy of the proposed algorithm, the same 3D printed tilt-rotor tricopter shown in Fig. 2.4 is incorporated, as utilized in Section 3.4.1.1. Moreover,
the combined discrete-time nonlinear model at high-level is of the form:

xk+1 = fd (xk , uk ) + ω k ,

z k = xk + ν k ,

(4.33)

wherein all the uncertainties are expressed together in the form of process noise

ω.

Also, the state vector

[φ, θ, Fz ]T ,

x ∈ R6 = [x, y, z, u, v, w]T ,

and the nominal function

the control vector

fd ( · , · ) : R6 × R3 7→ R6 .

u ∈ R3 =
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4.5.2

SL-FLC Framework Design

Three SL-FLC frameworks are independently employed to achieve a precise tracking performance by the tricopter. The overall control framework is illustrated in
Fig. 4.2. In principle, they simultaneously perform position as well as velocity control along the three

x, y ,

and

axes. Once the position reference (xpos ) is given to
r

z

the controller, the desired velocities (xvel
r

= [u , v , w ]T )

x

of change of the position setpoints, i.e.,

r

r
vel

r

= ẋ

r

r

2

pos

are computed as the rate

. Subsequently, these velocity

references along with the position reference are utilized in computing the nal attitude angles and throttle commands (uSL-FLC

= [φ

des

,θ

des

, Fz ]T )
des

that are given

to the low-level controller. Note that the low-level controller is designed with the
similar P-PID architecture as illustrated in Section 3.4.1.2.

Moreover, using the

force equations given in (2.28), the update rules for the three feedback linearization
controllers are obtained as follows:

θ

 n
o
1
ˆ
= sin
qw − rv + u̇ + ku (u − u) + kx (x − x) − du ,
(4.34)
g

n
o
1
−1
ˆ
pw − ru − v̇ − kv (v − v) − ky (y − y) + dv , (4.35)
= sin
gcos(θ )
n
o
= m pv − qu + gcos(φ )cos(θ ) + ẇ + kw (w − w) + kz (z − z) − dˆw ,
−1

des

r

r

r

r

des

φ

r

r

des

des

des

Fz

des

r

r

r

(4.36)

where

kx , ky , kz

and

ku , kv , kw

are the controller gains for position and velocity,

respectively. In addition, the terms

dˆu , dˆv , dˆw

are the disturbance estimates along

the three axes.
Recall that the proposed SL strategy makes the FLC method adaptive to the changing operational conditions.

It updates the controller gains and the disturbance

estimates according to the expressions in (4.17) and (4.19), respectively, while utilizing the position error, and the velocity errors along with their rst derivatives.
Moreover, for this application, the expressions for the desired closed-loop error
dynamics along the three axes reduce to:

des

) = ëx + ku ėx + kx ex ,

des

) = ëy + kv ėy + ky ey ,

des

) = ëz + kw ėz + kz ez ,

cx (e, k
cy (e, k
cz (e, k
2 It

des

des

(4.37)

des

des

(4.38)

des

des

(4.39)

is to be noted that the position derivatives are ltered to ensure smooth velocity references.
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Realtime implementation: block diagram of the overall implementation, wherein the block naming `Raspberry Pi 3' represents the on-board
computer which executes the proposed SL-FLC framework. Also, the control
output of the low-level controller in Pixhawk is: u
= [Ω1 , Ω2 , Ω3 , µ]T .
T
Notation: z
= [x, y, z, u, v, w, p, q, r] ; z
= [x, y, z, u, v, w]T ; k
=
T
T
ˆ
ˆ
ˆ
[kx , ky , kz , ku , kv , kw ] ; d̂ = [du , dv , dw ] .
Figure 4.2:

P-PID

FLC

SL

SL

SL

where

ex , ey , ez

are the translational position error,

velocity error and
terms

des

kx

,

des

ky

,

ëx , ëy , ëz

des

kz

and

des

ku

,

ėx , ėy , ėz

are the translational

are the translational acceleration error.
des

kv

,

des

kw

Also, the

are the desired FLC gains for position and

velocity, respectively.

Remark 20.

To obtain the above update rules, the external forces

Fx

and

Fy

are

taken to be zero within the force equations (2.28).

Remark 21.
occurs.

Due to a time-varying trajectory, a nonzero tracking error always

Therefore, to avoid the continuous update of the controller gain values

for insignicant errors, a dead-zone (or saturation zone) is implemented. That is,
below a certain threshold, the tracking errors (and their derivatives) are taken to
be zero within the cost function. In practice, the threshold must be selected to be
less than the desired accuracy but more than the noise on the measurements.

Remark 22.

In this thesis, two InLC-type frameworks are illustrated, namely,

NMPC-NMHE and SL-FLC. The former incorporates NMHE to estimate the model
parameters which subsequently update the controller denition. On the other hand,
the latter is similar to a direct-type adaptive controller, wherein the controller
parameters along with the disturbance estimate are updated to achieve the desired
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closed-loop error dynamics. Both have their own merits and demerits. For instance,
since NMHE solves a dynamic optimization problem over a nite horizon, it is
computationally expensive yet it can accommodate system constants.

Whereas,

the SL strategy solves a static optimization problem via gradient descent approach,
which makes it computationally less demanding. However, according to the current
formulation, the constants cannot be incorporated systematically. Besides, since it
updates the controller parameters based on the trajectory error, implementation
of a dead-zone is mandatory, as also discussed in Remark 21.

4.5.3

Tracking Results

Next, the realtime tracking results of the proposed SL-FLC framework are illustrated.

In addition to the tracking performance, its robustness to varying un-

certainties is also analyzed that are explicitly induced in the form of:

(i) mass

variation, (ii) ground eect, and (iii) wind gust. To appreciate the importance of
learning, all the experiments are performed with two types of controllers, namely,
the traditional FLC method (without learning) and the FLC method incorporating
the SL algorithm (i.e. SL-FLC framework).
All the control codes are written in C++ for their ecient execution on-board the
Raspberry Pi 3 in a ROS environment. The average sampling frequency achieved
for the controllers throughout each experiment is about 100-Hz. Additionally, the
same OptiTrack motion capture system is utilized for indoor experiments, as also
depicted in Fig. 4.3. Moreover, a modied version of the block diagram as shown
previously in 3.5, illustrating the overall realtime implementation can be visualized
in Fig. 4.2.
The following gains for the desired closed-loop error dynamics are obtained by
the trial-and-error procedure which are directly used within the traditional FLC
method:
des

ky = 4.7,

des

kv = 4.1,

kx = 4.5,
ku = 4.0,

des

kz

des

des

kw = 3.8.

des

= 8.0,

(4.40)

79

Chapter 4. Simple Learning Strategy for FLC Method

On the other hand, the controller gains and learning rates utilized for initializing
the SL-FLC framework are as follows:

kx (0) = 4.3,

ky (0) = 4.5,

kz (0) = 7.7,

ku (0) = 3.8,

kv (0) = 3.9,

kw (0) = 3.6,

αx = 0.02,

αy = 0.02,

αz = 0.03,

αu = 0.02,

αv = 0.02,

αw = 0.03.

(4.41)

(4.42)

The above control gains and learning rates are also obtained via the trial-and-error
procedure such that a stable response is obtained. In the subsequent part, each
of the three experiments is discussed in detail.

It is emphasized that dierent

trajectories are utilized for all experiments in order to exhibit the robustness of the
control framework towards various trajectories.

Case Scenario I - Mass Variation
The rst experiment discusses a package delivery problem as depicted in Fig. 4.4.
Unlike the previous payload dropping experiment, presented in case
tion 3.4.1.3, a time-based 8-shaped trajectory of length
and

1.3m

along

y -direction

x(0) = [0, 0, 1.5, 0, 0, 0]T .

2.6m

along

1

of Sec-

x-direction

is incorporated, while the tricopter is initialized with

Moreover, for both traditional FLC method and SL-FLC

framework, rst a complete 8-shaped trajectory is tracked by the tricopter with a
full payload, followed by the dropping of each payload block once per lap at xed
time intervals in the increasing order of their mass:

86g → 114g → 114g → 143g .

In addition to the controller tuning based (4.40) - (4.42), the initial disturbance
vector and the corresponding learning rates are selected to be:

dˆu (0) = 0.15,
αdˆu = 0.2,

dˆv (0) = −0.02,

αdˆv = 0.2,

dˆu (0) = −0.3,

αdˆw = 0.25.

Note that the above initial disturbance values result in an oset-free hover tracking
of the tricopter by the traditional FLC method.
Position tracking performance of the traditional FLC method and the SL-FLC
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Figure 4.3: Experimental setup:
3D-printed tilt-rotor tricopter in
the motion capture system lab
along with two industrial fans.

Package delivery problem in case scenario I.
Figure 4.4:

framework can be seen in Figs. 4.5a and 4.5b.

As visualized, tracking along

z-

direction for the SL-FLC framework is much precise when compared to the traditional FLC method. This is in accordance with our anticipation as the SL algorithm
appropriately updates the control and disturbance parameters to compensate for
the disturbances due to sequential payload drops. As a result, the plant-model uncertainties that arise at the dropping instant diminish with time which eventually
results in a precise tracking performance by the SL-FLC framework. Apart from
the qualitative comparison, the Euclidean error and the absolute error along

z-

direction (zerror ) are depicted in Fig. 4.5c for both the controllers. While the mean
values for Euclidean error and

z

error

in case of the traditional FLC method are

0.1573m and 0.1103m, respectively, the corresponding mean values for the SL-FLC
framework are

0.0923m

and

0.0220m.

This implies that the SL algorithm helped

the FLC method to reduce the Euclidean error by

6.5

cm and

z

error

by

8.83

cm,

over the traditional FLC method.
The velocity tracking performance is presented in Fig. 4.5d. It is seen that both the
controllers resulted in a similar performance. Mostly, the responses are overlapping
but a slight more oscillatory behavior is observed with the SL-FLC framework.
This oscillatory response of the SL-FLC framework can be explained due to the
transition (or learning) phase. Besides, the control outputs for both the controllers
are presented in Figs. 4.5e and 4.5f, wherein a similar performance by both the
controllers is observed. Another point to take note in Figs. 4.5e and 4.5f is that
the low-level controller of Pixhawk is well-tuned such that it is able to accurately
follow the references from high-level FLC method.

Finally, the variation of the

control gains for position and velocity within the SL-FLC framework are plotted in
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Figs. 4.5g and 4.5h, respectively. While there is no substantial change for position
gains (except an abrupt change in the beginning), there is a signicant increase in
the velocity gains, especially

kw , with each payload drop.

Similarly, the disturbance

estimates that are presented in Fig. 4.5i, get accurately estimated throughout the
experiment such that the SL-FLC framework results in a precise trajectory tracking
performance.

Remark 23.

It is to be noted that the eect of mass disturbance is not visible in

the controller gains for position. The reason for this behavior is that the induced
force disturbance is only acting along the force equations (given in (2.28)), which
govern the velocity response of the system.
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In order to illustrate that the viability of the proposed SL-FLC framework is not
only limited to small weight variations, additional statistical tests are performed.
Within each test, four dierent levels of weight drops, with each successive drop
larger than the previous, are executed while the tricopter is hovering at a stationary
point (xpos
r

= [0, 0, 1.5]T ).

Moreover, for each weight drop level, the experiments are

repeated ten times while the mean Euclidean error values for both the controllers
are recorded in a box plot which is presented in Fig. 4.6a. It is evident that the mean
Euclidean error for the traditional FLC method increases with the rising weight
drop level, whereas the error rise for the SL-FLC framework remains comparably
negligible. This again is per expectation as the learning helps the FLC method to
adapt according to changing environment even when the magnitude of change is
abruptly varying.

Remark 24.

In Fig. 4.6a, one may expect to see a constant mean Euclidean error

with the SL-FLC framework for all levels of weight drop. However, it is to be noted
that rising mean Euclidean error for the SL-FLC framework is essentially due to the
error at the dropping instant. That is, for heavier weight drops, the instantaneous
error at the dropping instant gets higher which subsequently diminishes over time.
Therefore, the overall mean Euclidean error increases by a small amount with the
increasing weight drop level. This argument is further validated in the box plot for

Mean Euc. error (m)

FL

SL-FLC

Steady-state mean Euc. error (m)

steady-state mean Euclidean error presented in Fig. 4.6b.

FL

SL-FLC

Mean Euclidean error for the entire (b) Mean Euclidean error at the steadyight.
state.
(a)

Statistical results for four levels of abrupt weight drops, wherein
ten tests for each weight level are performed.
Figure 4.6:
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Case Scenario II - Ground Eect
The second experiment analyzes the ground eect disturbance that is commonly
encountered during takeo, landing and ground proximity ying. Similar to the
case

2

of Section 3.4.1.3, the tricopter tracks a circular trajectory of

incorporating two height levels, namely,

0.8m

and

0.125m,

1m

radius

as can be visualized in

Fig. 4.7a. In the beginning, tricopter starts to follow the circular trajectory with
state vector

x(0) = [0, 0, 0.8, 0, 0, 0]T

while under negligible inuence of the ground

eect. Then, on the circular path, it gradually descends to

z = 0.125m

where the

ground eect gets dominating. After completing about half-a-circle, it climbs back
to

z = 0.8m

and subsequently, repeats the lap for another time.

Both the controllers are tuned utilizing the control gains as specied in (4.40) and
(4.41), and the SL-FLC framework is designed with the controller learning rates
given in (4.42).

Additionally, for this scenario, the initial value for disturbance

vector and corresponding learning rates in the SL-FLC framework are selected to
be:

dˆu (0) = 0.15,
αdˆu = 0.2,

dˆv (0) = −0.02,

αdˆv = 0.2,

dˆu (0) = −0.3,

αdˆw = 0.5.

Note that to increase the ground clearance for the tricopter, the foam attached to
its landing skid is removed which further reduced its empty weight to

m = 1.410

kg. This is the reason why a new disturbance vector is obtained.

Remark 25.

In terms of the disturbance learning rates, a higher value for

αdˆw

is

utilized as the disturbance due to ground eect is expected to vary at a higher rate
in comparison to the previous case scenario.

The position tracking performance for the traditional FLC method and the SLFLC framework are presented in Figs. 4.7a and 4.7b.

As anticipated, when the

tricopter is not exposed to ground eect both result in similar tracking performance.
However, the SL-FLC framework dominates the traditional FLC method under the
ground eect inuence, primarily in terms of

z -directional tracking.

is best visualized from the Euclidean error and
Particularly in the

z

error

z

error

The superiority

plots presented in Fig. 4.7c.

plot, it is seen that the error for the traditional FLC

method is always more in comparison to the SL-FLC framework. Although there
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areas I, III, and V are the regions without ground eect inuence while areas II
and IV are with the inuence of ground eect.
Figure 4.7:

are instances (mainly during descending and climbing) when the errors for both
the controllers get almost the same, these instances are mostly associated with the
transition response of the SL-FLC framework.

That is, since the learning is in

progress for the SL-FLC framework during that phase, the tracking performance
degrades a bit.

Moreover, the mean values for Euclidean error and

0.0803m

traditional FLC's case are

and

0.0369m,

and

1.56

cm in terms of

z

error

.

error

in the

respectively, while for the SL-

FLC framework, the respective mean error values are
the SL algorithm resulted in an improvement of

z

0.0783m and 0.0213m.

Hence,

0.2 cm in terms of Euclidean error

At rst glance, these numbers may appear less.

However, if one may look closely at Fig. 4.7c, it is evident that within the ground
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eect zone (represented by areas II and IV), the maximum
FLC method reaches until
stays below

2.5

cm.

7

z

error

for the traditional

cm, whereas for the SL-FLC framework

z

always

error

This dierence could be very crucial in certain situations,

for instance, search and rescue, where a precise path tracking is required from the
robot while staying very close to the ground.
Even in this case scenario, the velocity tracking results for both the controllers,
presented in Fig. 4.7d, are similar.

Their plots are mostly overlapping but with

a bit more oscillatory response from the SL-FLC framework.

In terms of the

control outputs, again a similar performance is observed by both, as also visualized
from Figs. 4.7e and 4.7f. Furthermore, the variation of the position and velocity
control gains are presented in Figs. 4.7g and 4.7h. Although the position control
gains do not change much during the trajectory (same reason as Remark 23),
the velocity control gains get updated whenever a disturbance is induced.
that even though there is no explicit induction of the disturbance along

x

Note
and

y

directions, the velocity control gains are also updated to achieve a precise tracking
performance. Finally, disturbance estimates from the SL algorithm are presented
in Fig. 4.7i.

They vary with the induced disturbance to result in an oset-free

tracking. Moreover, from the plot of

dˆw ,

it is deduced that whenever the tricopter

enters the ground eect zone, the magnitude of

dˆw

increases and decreases for vice-

versa. This is also per intuition as the robot is expected to experience a positive
force along

z -direction

under the ground eect inuence.

Case Scenario III - Wind Gust
The third experiment examines the wind gust disturbance that is also frequently
experienced during outdoor ights. In a similar way to the case

3 of Section 3.4.1.3,

the wind gust disturbance are articially induced with the help of two industrial
fans that are placed perpendicular to each other at a distance of
origin, as can be seen in Fig. 4.3.
speeds in the range of

2.2

m from the

For this experiment, they produce wind with

4.2-4.8 m/s (each fan) along −x- and +y -directions.

To test

the ecacy of SL-FLC framework in compensating for the wind gust disturbance,
the trajectory tracking performance analyzed for a hover with varying
reference. At the start, the state of the tricopter is
then, the

z -position

z -position

x(0) = [0, 0, 1.3, 0, 0, 0]T ,

reference varies sinusoidally with magnitude

±0.5m.

and

Note
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that the wind gust disturbance is induced from the very beginning for both the
controllers.

Remark 26. It is worth to mention that due to a changing z -position reference, the
overall magnitude of wind gust disturbance acting on the tricopter varies with time.
However, it is emphasized that the average change in the wind gust disturbance is
much slower than the states

e1

and

e2 .

Consequently, our assumption

d˙ = 0

is still

valid.

Again, both the controllers are tuned utilizing the control gains in (4.40) and
(4.41), and the SL-FLC framework is designed with the controller learning rates
given in (4.42). In addition, the initial value for the disturbance vector and the
corresponding learning rates in the SL-FLC framework are selected to be:

dˆu (0) = 0.15,
αdˆu = 0.4,

dˆv (0) = −0.02,

αdˆv = 0.4,

dˆu (0) = −0.3,

αdˆw = 0.4,

which are obtained by the trial-and-error procedure.

Remark 27.

During the tuning phase for the SL-FLC framework, it is observed

that for low values (less than

0.2)

of disturbance learning rates, the disturbance

estimation is unable to follow the variation within the induced wind gust disturbance due to which the overall control performance is poor. On the other hand,
for the values higher than

0.5,

the disturbance estimation follows the variation of

wind gust disturbance but with high-frequency oscillations. Hence, the values in
between these extreme limits are utilized in the experiment.

Position tracking results for both, traditional FLC method and SL-FLC framework,
in the presence of wind gust disturbance are presented in Figs. 4.8a and 4.8b. As
anticipated, the SL algorithm helps the FLC method to predict and compensate
for the acting wind gust disturbance. Consequently, the tricopter is able to closely
follow the commanded trajectory.
set (along

−x-

and

+y -directions)

On the other hand, there lies a constant oin tracking performance by the traditional FLC

method, which is mainly because of the induced plant-model uncertainties. Additionally, the superior tracking by the SL-FLC framework is even more explicit in
Fig. 4.8c, where the Euclidean errors for both the controllers are shown. As can
be seen, the Euclidean error for the SL-FLC framework stays substantially below
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Case Scenario III: trajectory tracking performance of the tilt-rotor
tricopter in presence of wind gust disturbance for a hover with varying z -position
reference.
Figure 4.8:

the Euclidean error for the traditional FLC method throughout the experiment.
Moreover, the mean Euclidean error values for the traditional FLC method and
the SL-FLC framework are

0.1713m

illustrates an improvement of

Remark 28.

and

0.0725m,

respectively, which eventually

9.88 cm due to the SL algorithm for this case scenario.

In Fig. 4.8c, one may notice two instances (marked by two black

ellipses) when the error for both the controllers become almost the same.

It is

emphasized here that at these instants the tricopter is at the maximum height,
which is outside the fans' inuence, as can also be seen in Fig. 4.8a.

The velocity tracking performance for both the controllers is presented in Fig. 4.8d.
Yet again, nothing much is deducted from the gure as both the plots are almost
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overlapping throughout the trajectory.

Next, the control outputs for the tradi-

tional FLC method and the SL-FLC framework are presented in Figs. 4.8e and
4.8f, respectively.

In terms of controller gains for the SL-FLC framework, the

position control gains are presented in Fig. 4.8g while the velocity control gains
are shown in Fig. 4.8h. Although there is no change in the position control gains
(same reason as Remark 23), the velocity control gains get updated throughout
to realize an accurate tracking performance. In addition, the disturbance estimation performance by the SL algorithm, depicted in Fig. 4.8i, further facilitates a
minimum-error trajectory tracking by the SL-FLC framework.

Remark 29.

Although the wind gust disturbance is introduced along

+y -directions,

some of its inuence is also experienced along

z -direction

−x-

and

(due to a

non-stationary trajectory). As a result, a non-zero disturbance value is estimated
along

z -direction

in Fig. 4.8i.

Finally, in order to validate the claim that SL algorithm helps to improve the tracking performance in presence of wind gust disturbance which is primarily stochastic
in nature, some statistical results are also obtained. In essence, the tracking performance of each controller is tested for three dierent levels of fan speeds, whereby
each individual experiment is repeated ten times. From every single test, the mean
Euclidean error values for both the controllers are recorded and later accumulated
to obtain a box plot which is shown in Fig. 4.9. As visualized, the mean Euclidean
error values for both the controllers increase with the rising fan speed level. However, the error rise for the SL-FLC framework is negligible when compared to the
traditional FLC method.

This behavior is in accordance with the expectation,

as the SL algorithm within the SL-FLC framework helps to compensate for the
induced disturbance irrespective of its magnitude.

Remark 30.

Note that the control gains in Fig. 4.8h get updated continuously

even without much change in the disturbance value. The reason for this continuous
update is a low-value selection for the dead-zone threshold (Remark 21), which is
kept the same for all the experiments. Nevertheless, while the increase is less in
comparison to the overall magnitude of the control gains, this continuous update
can itself be avoided by selecting a higher value for the dead-zone threshold.
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SL-FLC

Mean Euc. error (m)

FL

Mean Euclidean error for three wind speed levels, wherein ten tests
for each speed level are performed.
Figure 4.9:

4.6

Conclusions

A simple learning strategy for feedback linearization-based control of uncertain
nonlinear systems has been proposed in this chapter. The ecacy of the proposed
SL-FLC framework has been rst validated via a simulation study where the control
problem of a second-order dynamical system is considered. The obtained results
have illustrated that the SL-FLC framework can ensure the desired closed-loop
error dynamics in the presence of modeling uncertainties and external disturbance.
Secondly, the performance of the SL-FLC framework has been experimentally validated for the position tracking of a 3D-printed tilt-rotor tricopter, wherein the
disturbances in the form of mass variation, ground eect, and wind gust are explicitly induced. Thanks to the SL algorithm, the SL-FLC framework has resulted in

z -directional

tracking improvements of

80.05%

and

42.27%

for the case scenarios

I and II, respectively, over the traditional FLC method. In addition, the tracking
improvement of

57.68%

in terms of the Euclidean error has also been achieved for

the case scenario III. Furthermore, the additional statistical results presented for
the case scenarios I and III have illustrated a consistent tracking improvement even
with the increasing magnitude of disturbances.

Chapter 5

Iterative Learning-based Nonlinear
Model Predictive Control for Precise
Visualization of Geological Outcrops

This chapter presents the iterative learning control approach. As the name implies,
ILC is based on the iterative learning paradigm that encompasses multiple system
repetitions to identify/learn the unknown system model. Once the model is identied, it subsequently gets updated within the controller denition, thereby improving the tracking accuracy. Amongst numerous nonlinear regression approaches, for
instance, neural networks, support vector regression (SVR), and Gaussian process,
the GP-based regression is preferred in this chapter.

The main reason for this

selection is its ability to produce the distribution for the prediction in addition to
the prediction value.
The proposed ILC approach is evaluated for the virtual outcrop modeling problem.

In essence, a virtual outcrop model is a digital 3D representation of the

outcrop surface, which plays a vital role in geoscience. While manual visualization
is cheaper in comparison to airborne laser scanning (e.g.
lidars), there are numerous challenges.

using helicopter-based

Firstly, the images are mostly taken in

ights over a straight path due to which the camera focus has to be consistently
adjusted, thereby resulting in distorted images. Secondly, a specic overlap value
(50

− 60%)

is required to be maintained in the oshore environment which is fre-

quently windy, hence giving a hard-time even to a skilled pilot. Thirdly, the pilot
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has to consistently steer (yaw) to always face the outcrop. What is more, since the
outcrop generation process usually requires minutes to hours, depending on the
size, hiring a skilled pilot itself gets costly.
Motivated by the aforementioned challenges, a fully autonomous visualization solution is proposed in this chapter. The rst aspect of the solution is the navigation
algorithm that generates a suitable mapping path while maintaining a specic
distance to the outcrop.

This circumvents the continuous focusing of the cam-

era, thereby resulting in consistent-quality images. Additionally, utilizing the data
from the two inclined distance sensors, the navigation algorithm commands the yaw
angle such that the robot always faces the outcrop.

The second aspect involves

the precise tracking of the generated path in the presence of wind disturbances
for which the NMPC is incorporated in conjunction with a GP-based regression
technique. Although the performance of NMPC is expected to degrade due to the
oshore working environment, thanks to the accurate learning of disturbance forces
by the GP, the optimal performance of NMPC is restored. Moreover, this accurate
learning ability is mainly credited to the long-short term memory feature of the
designed GP model.
The outline of this chapter is as follows: Section 5.1 overviews other works based on
the iterative learning concept. The customized quadrotor robot and the underlying model is described in Section 5.2. Then, Section 5.3 discusses the fundamental
formulations for GP-based regression followed by the illustration of the incorporated ILC framework in Section 5.4. Thereafter, the simulation and real-world test
results are elaborated in Section 5.5. Lastly, some conclusions are drawn in Section
5.6.

5.1

Literature Overview

Neural networks have been widely explored for modeling the nonlinear dynamics
within numerous learning-based control applications.

For instance, an adaptive

NN-based controller design is proposed to achieve a recongurable ight control
system in [129].

A deep NN-based quadrotor model has been demonstrated to

synthesize control for trajectories not used while training in [130]. In [131], a hybrid
articial NN-assisted proportional-derivative controller has been demonstrated for
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the learning control during dierent ight phases, namely, fast and agile ight,
motor failure, and safe landing.

Although the NN-based model can learn the

system uncertainty, it does not provide any distribution for the prediction rather
than just the prediction value in contrast to the GP-based regression.
Kernels-based SVR has also been demonstrated along with MPC for the lateral
control of a xed-wing aerial robot in [132]. While SVR is less aected by the unstructured data noise, obtaining the suitable kernel hyperparameters is challenging.
Whereas, the kernel hyperparameters can be learned from the data through evidence maximization for the GP-based regression.
A recent GP-based iterative learning control implementation includes [133], wherein,
a GP is used to model the uncertainties in a ground robot that is operating on uncertain terrain. However, unlike the disturbances considered in this thesis, the level
of stochasticity involved is signicantly low (if not zero), as the terrain topography remains the same over each successive trial. Furthermore, a GP is utilized to
learn the full quadrotor model using a huge dataset in [134]. While learning the
full model from the beginning would work in the case without uncertainty, the GP
model will run into computational issues for the cases with uncertain dynamics.
This is because the inversion of the kernel matrix has to be performed every time
a new dataset is observed.

5.2

Problem Statement

To conduct the oshore visualization, an o-the-shelf quadrotor platform `DJI Matrice 100' having an `x-conguration' is utilized, as shown in Fig. 5.1. For outdoor
localization, an RTK GPS system with `SIRIUS RTK GNSS Base (M8P)' from
Drotek as the base module and `NEO-M8P RTK receiver' from CsgShop as the
rover module, are incorporated. Additionally, a `LIDAR-Lite v3' and a `PX4ow'
optical sensor are added to achieve precise position feedback.

For visualization

of the outcrop, three `TeraRanger Evo 60m' distance sensors from Terabee are
utilized, wherein one is mounted along the body
inclined by

±10 deg

x-axis

while the other two are

yaw angle on each side of the rst. In essence, they perform

two tasks: rstly, to get the feedback of wall distance and secondly, to compute the
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DJI Matrice 100 aerial robot with onboard electronics. To be
able to command it in ROS environment, its ight controller is replaced with a
Pixhawk ight controller that performs the low-level stabilization tasks.
Figure 5.1:

desired yaw angle based on the dierence in the value of two inclined sensors. Furthermore, a wind sensor `FT205' from FT Technologies is mounted on the robot to
record the realtime wind speed and directional data.

1

For executing the controller

codes onboard, an Nvidia `Jetson TX2' with `Orbitty' carrier board is utilized in
the system. Overall, the total takeo mass (m) of the whole robotic platform is
around

3.8

kg.

The incorporated discrete-time nonlinear model of the quadrotor at high-level,
utilizing the previous denition in (2.33), is of the form:

xk+1 = fd (xk , uk ) + gd (xk , uk ) ,
| {z }
| {z }
a priori model

where

zk = xk + ν,

(5.1)

unknown model

x ∈ R6 = [x, y, z, u, v, w]T , u ∈ R4 = [φ, θ, ψ, Fz ]T ,

system states, inputs, and measured outputs, respectively.

and

z ∈ R6

are the

Due to the involved

time-varying uncertainties, the overall model is again considered to be comprised

1 It

is to be noted that the wind sensor provides the ground truth data but it is not used in
the controller design.
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of a priori -known nominal function

known function

fd ( · , · ) : R6 × R4 7→ R6

gd ( · , · ) : R6 × R4 7→ R6 .

and an uncertain/un-

While the nominal function

fd (xk , uk )

is generally obtained using the rst principle approach (as illustrated in Section
2.3), the function

gd (xk , uk )

is essentially a disturbance model that represents the

discrepancy between the known nominal function and actual/observed system behavior. Moreover, for the considered robotic application it is expressed as:

gd (xk , uk ) = [0, 0, 0, Fkxdist , Fkydist , Fkzdist ]T ,
where

Fkxdist , Fkydist , and Fkzdist

(5.2)

are the respective disturbance forces along the three

directions.

5.3

Gaussian Process

A Gaussian process is usually regarded as a distribution over functions. In other
words, a given multivariate Gaussian distribution dened over a vector

g ∈ Rn , for

g ∼ N (µ, Σ), transforms into a GP for an innitely long and dense vector g.
sequently, the vector

g

becomes a function

g( · ) : R 7→ R,

Con-

and the corresponding

GP describes a distribution over such function. More formally, a Gaussian process
is dened as a collection of (possibly innite) random variables, any nite number
of which are jointly Gaussian distributed [135]. In general, GP has an associated
continuous index variable

a, which is time for classical GPs.

ter, the index set is considered to be a

R

D

D−dimensional

However, in this chap-

vector space dened over

.

In a nonparametric (scalar) regression procedure, the goal is to obtain an approximation for a (non)linear map,
to the function value

g(a).

g(a) : RD 7→ R,

from an input (or index) vector

a

One of the artices is by assuming Gaussian distribu-

tions for the function values

g(a)

and the corresponding index vector

a.

Since this

is also the basis for a Gaussian process, GP-based regression is often utilized for
nonparametric regression.
While a multivariate Gaussian distribution
mean vector

µ

and the covariance matrix

fully dened by a mean function

m( · )

g ∼ N (µ, Σ)

Σ,

a GP

is fully specied by the

g ∼ GP(m( · ), k( · , · ))

and covariance function

k( · , · )

is also

that are
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expressed as follows:

m(a) , Eg [g(a)],

(5.3)

k(a, a0 ) , covg [g(a), g(a0 )] = Eg [(g(a) − m(a))(g(a0 ) − m(a0 ))],
where

a and a0 are two arbitrary index points.

(5.4)

Recall that within the GP denition,

the mean function refers to the (average) function shape, whereas the covariance
function signies the covariance between the function values which is computed
based on the correlation of the corresponding inputs in the index set.

5.3.1

Gaussian Process Prior

The regression process is about making an inference of the underlying function

g(a),

which is observed with a zero-mean Gaussian noise (ν

∼ N (0, σν2 ))

as:

ge(a) = g(a) + ν,
given a set of input vectors

T

N

[e
g (a1 ), · · · , ge(aN )] ∈ R
{ai , ge(ai )}N
i=1

A = [a1 , · · · , aN ] ∈ RD×N ,

, and a GP model

p(g|D, θ) =
p(g|θ)

the term

θ

measured outputs


g(a) ∼ GP m( · ), k( · , · ) .

Also,

e =
g
D=

is the combined dataset that is obtained for notational convenience.

Utilizing the Bayesian setting, inference of

where

(5.5)

is the GP prior and

g( · )

can be formulated as:

p(e
g|g, A, θ)p(g|θ)
p(e
g|A, θ)

p(g|D, θ)

(5.6)

represents the GP posterior, whereas

is the hyperparameter vector for the underlying GP. Since no prior

knowledge is generally available for the wind disturbance, a suitable GP prior is a
zero-mean function:

m(a) = 0,

along with a squared-exponential (SE) covariance

function:

0

k(a, a ) =

σg2 exp



1
0 T −1
0
− (a − a ) Λ (a − a ) ,
2

(5.7)
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where the term
respect to

a.

Λ=

diag([λ1 , · · ·

, λD ]),

species the rate of change of

g(a)

with

Additionally, by incorporating noisy measurements, the above covari-

ance denition changes to:

e
kaa0 = cov(e
g (a), ge(a0 )) = k(a, a0 ) + δaa0 σν2 ,
where

δaa0

(5.8)

denotes the Kronecker delta symbol dened as:

δ

aa0

=


1,

for

0,

otherwise.

a and a0

to be the same points,

As seen from the denitions in (5.7) and (5.8), the covariance function is parameterized by: length scales (λ1 , · · ·

, λD ),

2
process variance (σg ), and measure-

2
ment noise variance (σν ). They are collected together in a hyperparameter vector
θ = [λ1 , · · · , λD , σg2 , σν2 ] that is usually learned from the data by solving the following evidence maximization (or maximum log-likelihood) problem utilizing the
gradient ascent methods [135]:

1 T e −1
1
e AA (θ)| − 1 Dlog(2π),
e KAA (θ)e
max − g
g − log|K
θ
2
2
2
where the covariance matrix

2
given as: k(ai , aj ) + σν
the matrix

e AA
K

e AA = KAA + σ 2 IN ∈ RN ×N ,
K
ν

∀ i, j ∈ [1, N ].

(5.9)

and its element are

It is to be noted that in the above equation,

is explicitly shown to be a function of

θ.

This dependence is

avoided hereon for notational simplicity.

5.3.2

Prediction: Deterministic Inputs

Once the GP prior is dened for the set of past observations

D,

a distribution for

D

p(g(a∗ )) (or the function value g(a∗ )) at a given test input a∗ ∈ R

, can be obtained

utilizing the GP framework. To do that, rst the joint probability distribution of
the past measurements and the function value at the test point is obtained as:



e
g
g(a∗)





e AA
K
kTa∗ A
∼ N 0N +1 ,
,
ka∗ A k(a∗ , a∗ )

(5.10)
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where

0N +1 ∈ RN +1

represents a zero vector and the vector

covariances between the test input

D

is expressed as:

a∗

ka∗ A

that contains the

and all the other observed data points in

ka∗ A = [k(a∗ , a1 ), · · · ,k(a∗ , aN )].

Subsequently, by utilizing the

conditioning property of the joint Gaussian distributions, the distribution for GP
posterior at the given test input is:

p(g(a∗ )|D, θ) ∼ N (m+ (a∗ ), k + (a∗ , a∗ )),

where

the mean and covariance functions are expressed as follows (cf. [135]):

e −1 g
m+ (a∗ ) = ka∗ A K
AA e,

(5.11)

e −1 kT .
k + (a∗ , a∗ ) = k(a∗ , a∗ ) − ka∗ A K
AA a∗ A

(5.12)

e AA in the above equation is of size (N ×N ).
Remark 31. The covariance matrix K

As a result, computing its inverse requires

O(N 3 )

operations, which may lead to

computational issues for systems with a large dataset.

However, note that the

inverse has to be computed only once for a given dataset to make predictions.

5.3.3

Prediction: Uncertain Inputs

The above procedure for obtaining the GP posterior is valid when the test input is
deterministic; in other words, while predicting one-step ahead. However, when the
multi-step predictions are required, the conventional way of recursively performing
predictions using (5.11) and (5.12) results in a subgrade performance.

This is

mainly because the recursive multi-step ahead predictions neglect the additional
uncertainty induced with each successive prediction, which is vital in time-series
regression [136]. Nevertheless, this uncertainty propagation problem is dealt with
by considering

a∗

to be a Gaussian random variable

measured value

e
a∗

and

Σa∗

a∗

with a

being the corresponding measurement noise variance.

Then, to obtain the exact predictive distribution
over

a∗ ∼ N (e
a∗ , Σa∗ ),

p(g(a∗ )|e
a∗ , Σa∗ ),

marginalization

is performed as:

Z
p(g(a∗ )|e
a∗ , Σa∗ ) =

p(g(a∗ )|a∗ )p(a∗ )da∗ .

(5.13)

The above integral is analytically intractable while the resulting distribution is
normally non-Gaussian. The easiest way out is to consider the distribution to be
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Gaussian anyway and subsequently, utilize the exact moment matching technique
to obtain the underlying distribution. Finally, the mean

m
e+
∗

and variance

+
e
k∗∗

2

at

an uncertain input for a zero-mean function and a squared-exponential covariance
function can be obtained as (cf. [137]):

e −1 e,
m
e+
∗ = K∗A KAA g
s

(5.14)

(



N X
N
X

T
|Λ|
1
−1
Qai aj exp − ai − aj (2Λ) ai − aj
|Λ + 2Σa∗ | i=1 j=1
2

T 
−1 
!)
1 ai + aj
1
ai + aj
2
−
−e
a∗
Λ + Σa∗
−e
a∗
− (m
e+
∗) ,
2
2
2
2

+
e
= σg2 − σg4
k∗∗

exp

(5.15)

where the respective elements of the vector

K∗A

and matrix

Q

are expressed as:

s

K∗ai
Qai aj



1
|Λ|
T
−1
=
exp − (e
a∗ − ai ) (Λ + Σa∗ ) (e
a∗ − ai ) ,
|Λ + Σa∗ |
2


T
−1
−1
−1
e
e
e
= Kai aj − Kai aj ge(ai ) Kai aj ge(ai ) .
σg2

Remark 32.

g(a),

unknown function

k(a, a ) ∈ R

(5.17)

Note that the presented GP framework only considers the case of

scalar function

0

(5.16)

although a vector function is required to approximate the

gd (x, u).

However, in that case, the scalar covariance function

has to be replaced with a matrix covariance function

which would result in a covariance matrix

e AA
K

of size (6N

K(a, a0 ) ∈ R6×6 ,

× 6N ).

Since this

matrix is too big for an ecient inversion, independent GPs are designed along
each dimension of

5.4

gd (x, u)

for computational tractability.

Iterative Learning-based NMPC

In this work, the aim is to nd a GP-based approximation for the uncertain function

gd (xk , uk )

and the associated condence intervals, utilizing the available measure-

ment data. This information subsequently updates the model within the NMPC
which is employed for trajectory tracking. As the estimate for

gd (xk , uk )

becomes

2 The main idea behind moment matching is to approximate any complicated distribution
with an easier (Gaussian in this case) distribution having the exact same moments. Mean  rst
moment, variance  second moment, skewness  third moment, and so on.
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xr

High-level
Controller

uNMPC

(NMPC)

Low-level
Controller

uP−PID

(P-PID)
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Figure 5.2: The proposed learning-based control framework, wherein the
reference vector from the navigation algorithm is represented by x =
[x , y , z , u , v , w , ψ ]T , u
= [Ω1 , Ω2 , Ω3 , Ω4 ]T is the control output of Pixhawk, and x = [u, v, w]T is the linear velocity and p, q, r are the rotational
rates of the aerial robot.
r

r

r

r

r

r

r

r

P-PID

vel

precise, the tracking performance of the controller improves signicantly. Moreover,
the overall control scheme is summarized in Fig. 5.2.

5.4.1

GP-based Disturbance Regression

x
y
z
In this chapter, three individual GPs (GP dist , GP dist , and GP dist ) are employed
to learn the respective wind disturbance forces, namely,

F xdist , F ydist ,

and

F zdist .

Note that all the three GPs are identically designed except for the features that are
stated otherwise. Since the disturbance forces are primarily stochastic, a mixture
model is adopted to achieve a long-short term memory feature. In essence, each
sub

GP model consists of two sub-GP models. The rst sub-GP model (GP1

) that

represents the long-term memory is designed with the data collected for the rst

15s.

sub

Whereas, the second sub-GP (GP2

over a past window with

200

) is designed based on the data collected

samples. Additionally, this window moves forward in
sub

time, granting the short-term memory feature to the GP2
GP (GP

merged

. Finally, the overall

) is constructed by concatenating the two sub-GPs, as also shown in

Fig. 5.3.
Recall that for training a GP, rstly, a suitable selection of input and output/target
data is required, and subsequently, the optimized hyperparameters are obtained.
In that vein, to approximate the function

gd (x, u) that represents the mismatch be-

tween the nominal model and the measurements, the dierence
is regarded as the appropriate input.
as:

ξ k = zk − fd (x, u),

Hence, the input to each GP is expressed

ak = [ξ k−1 , ∆ξ k−1 , · · · , ξ k−5 , ∆ξ k−5 ]T ,

where the term

∆ξ

represents the rate
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GPsub
1

GPsub
2

GPmerged

The proposed GP model with the LSTM feature to estimate the
disturbance forces. It comprises two sub-GPs (GP1 and GP2 ) that are concatenated to result in the nal GP model (GP
).
Figure 5.3:

sub

sub

merged

of change of the dierence

ξ.

Moreover, it is to be noted that

ξ

signies the dier-

ence along the respective direction for the individual GP. On the other hand, the
dierence at the current time instant

ξk

is selected to be the target value for the

underlying GP. Furthermore, utilizing the conjugate gradient method, the hypersub

parameters are optimized over the data obtained in GP1

, wherein

200

gradient

updates are performed.
In terms of prediction, the mean and variance of each GP are obtained over a
window

[k, k + Nc + 1], where k

is the current time instant and

Nc

is the prediction

horizon for NMPC. While the formulations in (5.11) and (5.14) are used to compute
the mean at instant

k

and for the rest of the window, respectively, the variance for

the entire window is computed utilizing the expression (5.12).

This is primarily

due to the computational issues with the other expression in (5.15). Furthermore,
the external disturbance forces at the instant

k

are selected to be the respective

mean values at that instant from the corresponding GP.

5.4.2

High-level NMPC Design

The high-level NMPC is designed to track the trajectory generated by the navigation algorithm. In contract to the denition in (3.1), the OCP is modied to cater
to the disturbance estimates such that the optimal control outputs from NMPC
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minimizes their overall magnitudes. Hence, the modied OCP is expressed as:

min

xk ,uk

(j+N −1
c

X
1
2

k=j



)

kxk − xk k2Wx + kuk − uk k2Wu + kpk k2Wp + xNc − xNc
r

r

r

2
WNc
(5.18a)

s.t.

xj = x̂j ,

(5.18b)

k = j, · · · , j + Nc − 1,

(5.18c)

,

k = j, · · · , j + Nc ,

(5.18d)

,

k = j, · · · , j + Nc − 1,

(5.18e)

xk+1 = fd (xk , uk ) + gd (xk , uk ),
xk,

min

uk,

min

≤ xk ≤ xk,

max

≤ uk ≤ uk,

max

where the additional term

Wp ∈ R3×3

pk ∈ R3

incorporates the disturbance estimates and

is the corresponding weight matrix.

The overall NMPC design is similar to the one utilized in Section 3.4.1. In summary,
the state, control and measurement vectors are comprised of:

x

NMPC

= [x, y, z, u, v, w]T ,

z

NMPC

=x

NMPC

while the parameter vector

p

u

NMPC

= [φ, θ, ψ, Fz ]T ,

,

is expressed as:

pk = [Fkxdist , Fkydist , Fkzdist ]T .
The following state and control trajectories, obtained by the trial-and-error method,
are given as references for the optimization problem:

x = xNc = [x , y , z , u , v , w ]T ,





T
1.7F0ydist
−1.7F0xdist
zdist
−1
−1
u = sin
, sin
, ψ , 1.2mg − 3.65F0
,
Fz
Fz
r

r

r

r

r

r

r

r

r

where

r

ψ

r

(5.19)
(5.20)

is the reference yaw commanded by the navigation algorithm. Note that

the subscript

0

within the disturbance variables denition signify their values at

the beginning of the prediction horizon. Additionally, the following constraints are
dened in the optimization problem:

0.3mg

(N)

≤ Fz ≤ 2mg

(N),

−40 (◦ ) ≤ φ, θ ≤ 40 (◦ ).

(5.21)
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Moreover, the selected weight matrices for the optimization are:

Wx = diag(25, 25, 30, 1.5, 1.5, 1.3),

Wu = diag(35, 35, 80, 0.015),

Wp = diag(1/k0+,xdist , 1/k0+,ydist , 1/k0+,zdist ),

WNc = 1.5Wx ,

wherein the matrices

Wx

and

Wu

are obtained utilizing the algorithm proposed in

Authors' previous work [138]. Whereas, the matrix

Wp is selected to be the inverse

of the obtained variance values at the beginning of the prediction horizon window.
Furthermore, the prediction horizon

Nc = 30

is selected for the computational

tractability of the control framework.

Remark 33.

Note that there is a version of MPC, known as the stochastic MPC,

that can cater to uncertainties within the problem formulation. In essence, it considers a probabilistic description of the uncertainties and also brings in the probability of constraints violation via the chance constraints. Although the stochastic
MPC facilitates limited constraint handling for uncertainties, there lies a major
problem of ensuring recursive feasibility.

This is mainly because of a nite con-

straint violation probability which contradicts the assumption that the optimal
control sequence will remain feasible in the next sampling time. On the contrary,
the approach presented in this chapter is a sample-based method, wherein the
uncertain distribution is approximated before-hand such that the resulting optimization problem becomes deterministic.

5.5

Case Study: Visualization of Chalk Quarry

In this chapter, the outcrop to be visualized is the Rødal chalk quarry in Aalborg,
Denmark. For scanning the chalk wall, the navigation algorithm generates a trajectory with a ight speed of

0.5 m/s while maintaining 4.5m distance from it.

For

thoroughly investigating the performance of the GP-based regression in learning
the wind disturbances, the testing is rst performed in a Gazebo simulation environment followed by real-world testing. Moreover, the tracking performance of
NMPC for both, with and without learning cases are presented.
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5.5.1

Simulation Testing

The motivation to test in a Gazebo environment is to create various wind scenarios
that cannot be realized on the same day in the real-world. In that vein, the following
function is used to generate the wind disturbance that satisfactorily replicates the

: sin, c : cos):

real wind (s

(



F(t) = δ fm 0.5s4

where



4πt
T



+ c3



πt
T



+ s2



2πt
T




+s

2πt
T



)
+ σω2 ,

(5.22)

F(t) ∈ R3 represents the generated forces along x, y , and z directions, δ ∈ R3

is a directional vector that species the respective force components along the three
directions,

fm

is the mean force value,

T

is the time-period, and

standard deviation of the added white Gaussian noise (ω

σω

represents the

∼ N (0, σω2 )).

The tracking results for the generated wind disturbance are presented in Fig. 5.4,
wherein the utilized values are:

δ = [0.5, 0.5, 0]T , fm = 3N, T = 10s, σω = 0.3.

These values are selected based on the wind that is frequently encountered in Aalborg. Below, the tracking performance of NMPC incorporating the GP-based regression (GP-NMPC framework) is compared with the conventional NMPC (without learning). Besides, to evaluate the learning performance of GP-based regression
over an estimator, the tracking results are also obtained with the NMHE that is
employed in a similar way with NMPC. While most of the NMHE design is the
same as utilized in Section 3.4.1, the fourth term of the control reference trajectory vector from (5.19) is changed to

u (4) = 1.2mg − 2F0zdist ,
r

for NMHE-NMPC

framework. Moreover, since the designed NMHE can only predict the disturbance
value at the next time instant, the same value is replicated over the whole prediction horizon, as required by the NMPC's optimization problem. Lastly, the term

pk

is not considered in the problem formulation (5.18a) within the NMHE-NMPC

framework.
The overall commanded trajectory along with the tracking performance of all the
controllers can be seen in Figs. 5.4a and 5.4b.

For a quantitative comparison,

the absolute errors and the Euclidean errors from each controller are presented
in Figs. 5.4c and 5.4d, respectively.
along
cm,

x, y ,

2.93

and

z

In terms of the respective absolute errors

directions, the convectional NMPC results in

cm, the NMHE-NMPC framework results in

36.29

42.62

cm,

cm,

22.36

25.63

cm,

2.39
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Simulation tracking results in the presence of wind disturbance generated using (5.22). The GP-NMPC framework results in the minimum tracking
error in comparison to all the other controllers. This is primarily due to the
superior learning ability of the designed GP model that incorporates the LSTM
feature.
Figure 5.4:

27.48

cm, whereas the GP-NMPC framework results in the lowest error values of
cm,

20.0

cm,

1.97

cm.

On the other hand, the mean values of the Euclidean

errors incurred by conventional NMPC, NMHE-NMPC, and GP-NMPC are
cm,

46.31

cm, and

35.63

cm, respectively. This implies an improvement of

over the conventional NMPC and

23%

55.29

35.6%

over the NMHE-NMPC framework. While

the tracking improvement over conventional NMPC is intuitive (since there is no
learning involve), the signicant improvement over the NMHE-NMPC framework
is primarily due to the LSTM feature that gives substantial information to GP for
predicting future disturbance values. Recall that, although NMHE uses past data
over a window for estimating the disturbance value, the information captured is
still not enough to predict well the disturbances that involve a substantial level of
stochasticity.
between

Furthermore, one may notice a sudden rise in the Euclidean error

30−65s in Fig. 5.4d.

It is to be noted that during that duration, the aerial

robot is ying against the wind which makes it harder for conventional NMPC
and NMHE-NMPC framework to track the commanded trajectory. Whereas for
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the GP-NMPC framework, the Euclidean error increases at rst but it decreases
quickly thereafter, once the GP can learn the rise in the disturbance values.
The learned disturbances from NMHE and GP-based regression together with the
true values are shown in Fig. 5.4e. As can be seen, the learned disturbance values
from GP are signicantly more accurate compared to NMHE. This improved prediction can again be credited to the LSTM feature of the designed GP. Another
point to take note in Fig. 5.4e is that the estimation from NMHE shows more noise
reduction capability in comparison to GP. However, this issue can be resolved by

2
conservatively selecting the hyperparameter related to the measurement noise (σν ).
Now, in order to evaluate the robustness of the GP-NMPC framework to various
levels of wind disturbances, some statistical analysis is performed, as shown in
Fig. 5.4f; wherein, the mean and time-period are varied between
respectively, while

σω = 0.3

1−5N and 2−20s,

is maintained. It is to be noted that these values are

selected based on the wind data over the recent past in Aalborg [139]. The rst
point to take note in Fig. 5.4f is that for conventional NMPC and NMHE-NMPC
framework, the Euclidean error values increase with the disturbance mean, while
in the case of GP-NMPC framework, the error rise is negligible (less than
except for

T = 2s);

2

cm

besides, the overall error value itself being substantially less.

This signies the robustness of GP-based regression to the increasing disturbance
level to which NMHE signicantly gets aected (error is around
average).

7−8

cm on

Secondly, it can be seen that the error for conventional NMPC and

NMHE-NMPC framework rises with the time-period with their maximum values
at

T = 15s,

incurred at

whereas, in the case of the GP-NMPC framework, maximum error is

T = 2s.

While the former is occurring due to the disturbance getting

more time to act on the robot, in the latter case, GP does not get enough time
to react to the abruptly varying disturbance thus results in a higher error value.
Lastly, it can be visualized that the magnitude of average Euclidean error decreases
for all the controllers at

T = 20s.

The plausible reason for this behavior could be

that from this time-period on, the disturbance change is slow enough to which the
controllers have sucient time to respond.
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5.5.2

Real-world Testing
3

This section presents the tracking results from the real-world test

that is con-

ducted in the Rødal chalk quarry, shown in Fig. 5.5a. During the experiment, the
controller codes are executed onboard TX2 with a sampling frequency of

50-Hz,

while the GP codes are running on a laptop having an Intel i7 processor and
GHz RAM, with approximately

17-Hz sampling frequency.

16

Moreover, all the codes

are communicating with each other over ROS topics. It is to be noted that in the
real-world experiment, the aerial robot ies with conventional NMPC for the rst

42s, wherein it collects the data for GP-based regression, and subsequently switches
to the GP-NMPC framework. This is done to achieve a similar wind condition that
would be dicult to ensure in case of sequential tests.
The overall commanded trajectory, as well as the tracking performance of conventional NMPC and GP-NMPC framework, can be visualized in Figs. 5.5b and 5.5c,
wherein, `blue' and `red' colors represent the trajectory tracked by conventional
NMPC and GP-NMPC framework, respectively. For the quantitative comparison,
the absolute errors and Euclidean errors are presented in Figs. 5.5d and 5.5e, respectively.

While the respective absolute errors along

24.07

conventional NMPC are

cm,

35.45

cm,

framework, the error values are reduced to

19.53

23.75

improvement along

x-direction

and

z

directions by

cm, in case of the GP-NMPC

cm,

substantial tracking improvement is achieved along

x, y ,

y

26.38

and

z

cm,

8.09

cm. While a

directions, the tracking

may seem negligible. However, this is mainly due

to the rough wall surface that resulted in sudden movements and partially due
to the wind direction.

On the other hand, the mean Euclidean error values in-

curred by conventional NMPC and GP-NMPC framework are

50.24

cm and

39.10

cm, respectively. Consequently, the GP-based regression of the wind disturbances
resulted in a tracking improvement of

22.2%

over the conventional NMPC.

Finally, the learned disturbance values by GP-based regression at
of the window) and
Fig. 5.5f.

k = Nc + 1

Besides, the

95%

evaluate the predictions.

(end of the window) are presented together in

condence interval (at

k = 0)

3 The

is also presented to

As can be seen, the predicted values are signicantly

noisy, resulting in the wider condence intervals (especially for
some pattern is visible for

k = 0 (beginning

F ydist

and

F zdist .

F ydist ), even though

The main reason for obtaining such

day of the experiment was less windy, with an average speed of around 2 − 3 m/s, in
comparison to the usual days in that chalk quarry.
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Figure 5.5:

noisy estimates is essentially the noisy feedback data that is provided to the GPs
for regression. A possible way to correct it by collecting more data for GP

sub1

and

subsequently, performing higher gradient updates for hyperparameter optimization.
Another reason for not obtaining a wind pattern within the predicted values could
be the low magnitude of wind disturbance in the rst place. As already seen in
Fig. 5.4f, the regression performance from GP gets degraded for low disturbance
magnitudes (case with

fm = 1N and T = 2s).

Since the GP is trained with the data

that is based on the dierence of measurements and the nominal model, for the case
with a lower dierence but noisy measurements, the learning may get dominated
by the noise itself. Nevertheless, better GP training along with the selection of a
more windy day would result in a signicantly improved tracking performance by
the GP-NMPC framework over the conventional NMPC, as also validated by the
simulation results.
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Conclusions

In this chapter, the iterative learning control framework has been utilized to tackle
the challenges associated with manual visualization via aerial robots for generating
virtual outcrops in oshore environments.

In essence, the proposed GP-NMPC

framework employs a GP-based regression algorithm to learn the wind disturbance
forces which are later utilized to update the model of a position tracking NMPC.
Both the simulation and the real-world testings have validated a precise tracking performance by the GP-NMPC framework over its conventional counterpart.
Moreover, the simulation tests have also manifested the superior learning ability of
the GP-based regression over the NMHE.

Chapter 6

Automated Tuning of Nonlinear
Model Predictive Controller

The model predictive controller has shown remarkable success for the control and
path planning of numerous robotic systems. However, the non-trivial weight tuning process is a major concern for its safe realtime implementation, especially over
aerial robots. In essence, an MPC design process involves formulating a cost function for the application-related optimization problem, followed by a suitable selection of some weighting parameters. These weighting parameters, commonly known
as MPC weights, reect the relative importance of each element in the underlying
optimization problem.

In most cases, users prefer the trial-and-error method to

obtain these weighting parameters either on a real robot or in simulation. Whereas
the former might be dangerous, the latter requires an accurate system model.
To tackle the aforementioned challenges, this chapter presents an active explorationbased tuning methodology.

The proposed auto-tuning mechanism signicantly

reduces the time and eort for MPC implementation and hence, can be fairly useful for unskilled MPC users. Previously, the authors' have developed and tested
another automated (N)MPC tuning framework in [138].

However, that method

utilizes a Gazebo model (system model from the rst principle) of the robotic
platform of interest for training, which can be dicult to create for novice users.
Hence, the proposed deep neural network (DNN) model in this chapter replaces
the former Gazebo model. Accordingly, the weight sets that are tuned over a high
delity DNN model circumvents dangerous trials over real robots; while being real
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ight-worthy at the same time, which facilitates their direct deployment over the
real robots. Furthermore, to cater to several operational uncertainties  decreasing
battery voltage, communication delays  that may not be captured within the DNN
model, ne-tuning of the weight sets is also performed over the real robot. This
essentially demonstrates the real ight tuning feasibility of the proposed algorithm.
Lastly, a comparison with the manual tuning procedure through a user-based study
is performed. During the tuning process, users implicitly apply various strategies.
Naively, they start by recognizing the dominating parameters and their eect on
the performance, followed by the appropriate weight set selection. In essence, they
optimize performance by exploring the selection space in a Bayesian way.

It is

emphasized that unlike the existing tuning guidelines (discussed next) in the literature, this chapter provides a complete tuning framework that begins with the
robot modeling and nally, results in the real ight-worthy weight sets.
The outline of this chapter is as follows: Section 6.1 overviews other MPC tuning
methods from the literature. The utilized robotic platform is introduced in Section
6.2 followed by its NMPC problem formulation in Section 6.3. Then, Section 6.4
illustrates the proposed tuning approach in detail. The implementation results for
the proposed tuning methodology are discussed in Section 6.5, while the tracking
results of the explored MPC weight sets in real ights are exhibited in Section 6.6.
Lastly, some conclusions are drawn in Section 6.7.

6.1

Literature Overview

Several systematic auto-tuning guidelines are proposed for the MPC weight tuning
in the literature. In [140], some static tuning rules are obtained by rst identifying the dominating tunable parameters and later analyzing their inuence on the
closed-loop MPC behavior. In [141], a simplied tuning expression is obtained for
unconstrained linear MPC. In [142], a controller matching technique is utilized for
selecting MPC weights. However, these approaches are restricted to linear systems.
In [143], an objective function is proposed to tune a continuously linearized MPC
for wind turbines. While linearized models are sucient to describe the dynamics within wind turbines, they may result in suboptimal performance for robotic
systems, especially aerial robots, due to their cross-coupled, nonlinear dynamics.
In [144], nonlinear process models are utilized for an oine, optimization-based
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tuning procedure for MPC. Nevertheless, this method requires a precise nonlinear model of the system. Besides, an online, adaptive tuning strategy is proposed
in [145], wherein analytical expressions for closed-loop response sensitivity to the
tunable MPC parameters are obtained. Yet, this methodology may not be feasible
for many robotic systems because of their complex, nonlinear dynamics.
Machine learning techniques are also incorporated for MPC tuning. As an extension to the work in [145], a fuzzy logic-based online tuning method for NMPC
is proposed in [146].

The restricted gradient computation, which is required to

determine the time propagation of the NMPC tuning parameters, is substituted
by fuzzy logic.

Although fuzzy logic facilitates its implementation for nonlinear

systems, it requires notable experience with the underlying system. Another machine learning technique for MPC tuning is reinforcement learning (RL), whose two
recent implementations are presented in [147] and [148]. The RL technique is utilized to tune NMPC for position tracking in the former and collision-free trajectory
planning in the latter. Although both approaches show satisfactory performance
in simulation, their real-world applicability is not yet demonstrated. Besides, there
also exist works in the literature that demonstrate RL-based (online) tuning of
PID controllers [149152]. However, in most of these implementations, the tuning
starts from some precomputed gains via the Ziegler-Nichols (Z-N) strategy. Since
the Z-Nlike strategy is not available for MPC, the proposed active-exploration
approach obtains the ight-worthy MPC weight sets from scratch.

6.2

Quadrotor Aerial Robot

In this chapter, a microscale quadrotor platform with `x-conguration' is utilized,
having arm lengths

l1 = 0.073m

and

l2 = 0.098m,

as displayed in Fig. 2.3. The

overall frame comprises of o-the-shelf carbon ber arms that are assembled inhouse. A Pixhawk ight controller is utilized for the low-level stabilization control,
whereas an Odroid XU4 computer executes all the control codes onboard.
total takeo mass (m) including all the onboard electronics is equal to

0.89

The

kg.
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The incorporated discrete-time nonlinear model of the quadrotor at high-level can
be written as:

xk+1 = fd (xk , uk ),
where

x ∈ R6 , u ∈ R4 ,

and

z ∈ R6

z k = xk + ν k ,

(6.1)

are the corresponding state, control, and

measurement vectors, as dened before in Section 5.2. Note that the above equation
is the modied version of (2.33), wherein the model uncertainties and dependence
on model parameters are neglected. Furthermore, the nominal function is fd ( · ,

R6 × R4 7→ R6 .

6.3

·) :

Position Tracking Nonlinear Model Predictive
Controller

For the considered quadrotor model, the OCP formulation of high-level NMPC
is the same as utilized in (3.1) except that the following model equation replaces
(3.1b).

k = j, · · · , j + Nc − 1.

xk+1 = fd (xk , uk ),

s.t.

(6.2)

Moreover, it is to be noted that the high-level model in the above equation is
obtained using the rst principle approach.
In summary, the state, control, and measurement vectors are composed of:

x

NMPC

= [x, y, z, u, v, w]T ,

z

NMPC

=x

NMPC

u

NMPC

= [φ, θ, ψ, Fz ]T ,

,

while the following state and control trajectories, obtained by the trial-and-error
method, are given as the corresponding references:

x = xNc = [x , y , z , u , v , w ]T ,
r

r

r

r

r

r

r

r

u = [0, 0, 0, 1.2mg]T .
r

The control outputs from NMPC are passed to the Pixhawk with the control vector

u

P-PID

= [Ω1 , Ω2 , Ω3 , Ω4 ]T .

The overall control scheme is summarized in a block

diagram shown in Fig. 6.2. Additionally, the following constraints are dened in
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the optimization problem:

0.5mg

(N)

≤ Fz ≤ 1.8mg

(N),

−35 (◦ ) ≤ φ, θ ≤ 35 (◦ ).

(6.3)

Moreover, within the optimization problem of NMPC, the diagonal elements of
state and control weighting matrices represented as

Wx

and

Wu ,

respectively, are

tuned utilizing the proposed framework. In essence, these weighting matrices penalize the deviations of predicted state and control trajectories from their specied
references. Also, the terminal weight matrix is selected as:
with the prediction window length of

Nc = 30

WNc = 1.3 × Wx

for stability reasons.

along

Note that

while the proposed tuning algorithm can be utilized to obtain the terminal weight
matrix, it is preselected for simplicity.

6.4

Proposed Auto-Tuning Approach

The proposed approach brings together concepts from reinforcement learning, conventional trial-and-errorbased MPC tuning, and DNN-based system modeling.
The presented methodology can be viewed as an advanced version of a traditional trial-and-errorbased tuning process. It enhances the baseline trial-and-error
method in two key aspects: eliminating the need for numerous trials on a real robot
by utilizing a DNN model of it, and expediting the tuning process by beneting
from the active exploration paradigm which is inspired from RL. One may recall
the reason to adopt DNN-based robot modeling over the model-based approaches.
Being a data-based approach, the former does not require the non-trivial rst principle model which is dicult to obtain for novice users.
In summary, RL is a nature-inspired, experience-based, learning method having
three main elements: state, action, and reward. Each trial begins with the agent
making a selection among possible actions while observing the state of the system.
Thereafter, a reward is given as a consequence of that action, which is utilized in
deciding the next trial. Eventually, the goal of the agent is to nd those actions
that maximize the overall reward [153].

116

6.4.1

6.4. Proposed Auto-Tuning Approach

DNN-based System Modeling

Creating the overall tuning framework starts with obtaining a DNN model of the
robot of interest.
robot at

50Hz.

In that vein, the ight data is collected from the real aerial

Recall that the aerial robot needs a stable position controller to

follow a reference trajectory. Since a test NMPC (pre-trained via the trial-and-error
method) is already available for the quadrotor, it has been utilized for collecting the
ight data. However, one can use any position controller including standard PIDs
that are already implemented in Pixhawk ight controller.

Within the collected

data, the twelve states of the quadrotor  position, linear velocity, attitude, angular
velocity over three axes  and 4 control inputs of the high-level controller  roll
angle, pitch angle, yaw angle, thrust  for a nite duration in the past (0.8s) are
regarded as inputs, whereas the resultant states of the quadrotor at the current
time instant are regarded as outputs. This data representing input-output relations
of the quadrotor is fed into a DNN whose architecture is depicted in Fig. 6.1.
The utilized DNN comprises of ve main lanes for ve inputs. `Position', `linear
velocity', `attitude', and `angular velocity' are taken in the rst four lanes separately
and fed through two consecutive, fully connected layers of size

16

on each lane.

Then, the outputs of these lanes are combined and fed through two consecutive
layers of size

32

32.

Meanwhile, `controls' is fed through two consecutive layers of size

in the fth lane.

Then, the output of the combination of the rst four lanes

and the output of the fth lane are combined in a layer of size
fully connected to the last layer of size

12

32.

This layer is

which yields the twelve states of the

quadrotor. All layers except the last layer apply rectied linear unit. Finally, this
network is trained using the Adam optimizer [154] in PyTorch with default settings
through

510, 000

data samples over

6500

epochs. Since the data used for training

is obtained from the real robot over a variety of trajectories resulting in persistent
excitation, the DNN represents the real robot's dynamics fairly well. In this way,
it is assured that all the MPC weight sets obtained over the DNN-based model can
be directly tested on the real robot, hence are real ight-worthy.

Remark 34.

It is to be noted that other networks could also be utilized for robot

modeling as the network architecture does not play a vital role within the proposed
algorithm. Besides, one can also adopt other data-based modeling approaches such
as GP regression.

Essentially, the choice depends on the ease of modeling and
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Figure 6.1:

Utilized DNN for modeling the quadrotor aerial robot.

the available training resources, including the amount of data and computational
power.

6.4.2

Active Exploration of Weight Sets

The obtained DNN model can also be used for conventional trial-and-errorbased
tuning.

However, it might take a considerable amount of time and eort from

the users to try dierent weight sets, observe their performance on the model, and
tweak them till nding decent weight sets. Thus, this process is automated by beneting from the active exploration paradigm which is inspired by the conventional
RL technique [153].
In the proposed auto-tuning method, dierent weight sets are deployed by adopting the exploration-exploitation concept from RL. Exploration refers to deploying
a random MPC weight set while exploitation represents deploying a similar

1

one

to the best MPC weight set obtained until the current trial.

The balance be-

tween exploration and exploitation is governed by a parameter

.

By employing

exploitation besides exploration, the grades (analogous to rewards in RL) of the
previously deployed weight sets are utilized to interpret their neighborhood in the

1 Similarity

is governed by a parameter λ which represents the neighborhood radius of a weighting parameter as a percentage of its magnitude.
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search space.

This strategy caters to a more ecient exploration of the search

space and yields better MPC weight sets in a shorter duration, as validated in the
subsequent section.
The overall tuning procedure undertakes a few steps, as shown in Fig. 6.2. Throughout the process, each trial run starts with the `Trial Conguration' module, wherein
the `Weight set selection' and `Stable ight mode' submodules give necessary instructions to the NMPC. Taking these as inputs, NMPC controls the quadrotor
model over the commanded trajectory while its performance is being observed simultaneously. Once the ight is completed, the performance of the NMPC with
the utilized weight set is graded based on the ve criteria (elaborated later). Subsequently, the trial is nalized by updating the weight set cluster. Thereafter, a new
trial begins with the selection of a new weight set within the `Trial Conguration'
module, and thus, closes the loop.

The tuning procedure is also summarized in

Algorithm 1. In the next section, each of these steps is illustrated in detail.

6.4.3

Overall Framework with Implementation Details

A critical issue for the successful implementation of the proposed approach is to dene reasonable bounds to the weight set cluster. For this application, these bounds
are specied as the following order of magnitude for each weighting parameter:


Wx ∈ Wx = diag [O(102 )]1×3 , [O(101 )]1×3 ,

Wu ∈ Wu = diag [O(102 )]1×3 , O(10−2 ) ,
where

O represents the order of magnitude, and Wx

search spaces in

R++ .

and

Wu

(6.4)

are the corresponding

Note that to expedite the tuning process, the integer values

for the weighting parameters are explored rst, and are subsequently scaled by the
corresponding factors such that they lie within the specied bounds.
During auto-tuning, three essential ight congurations are considered that show
the characteristics of common ight envelopes for quadrotors: `hover', `move-to-asetpoint', and `follow-sequential-setpoints'. In hover mode, the robot tries to maintain its original position in the air. In move-to-a-setpoint mode, it tries to navigate
to a predened setpoint as fast as possible.

In aptly named follow-sequential-

setpoints mode, the robot tracks a sequence of setpoints.
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Performance Observation

Trial Configuration
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Figure 6.2:

Remark 35.

Proposed (N)MPC weight tuning framework.

Considering the common waypoint based operations of quadrotors,

the rst two modes may seem sucient. However, as observed during the trials,
successfully achieving these two ight modes may not guarantee a stable ight with
certain MPC weights. That is, sequential waypoint performance plays an important
role in assessing the weight set quality. Therefore, the follow-sequential-setpoints
mode is included as the third ight conguration.

The criteria to assess dierent weight sets are position error (e), derivative of
position error (ė), jerk (j ), steady-state error (ess ), and settling time (ts ). After a
ight trial, a weight set gets a sub-grade for each of these criteria by:



Gc, ,


c
,
Gc =
c




−Gc, ,
max

tol,init

max

where

c

is the corresponding criteria,

current tolerance values for it.

c

for

Gc,

for

c≤c

for

c

tol,init

tol

and

max

≤ Gc
(6.5)

tol

< c,
c

tol

are the respective initial and

These sub-grades together form the grade

G

as

follows:

1
 sum(Ge , Gė , Gj , Gess , Gts ),
G= n

−Gc, ,
max

wherein,

Gts

n = 13,

100

Ge , · · · , Gts ∈ R+

Gc,

max

(6.6)

otherwise,

represents the number of criteria, the terms

represent the sub-grades and

set to

for

Ge , Gė , Gj , Gess ,

is the maximum sub-grade value which is

in this chapter. Moreover, the following expressions are dened for the
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Algorithm 1: Auto-tuning approach
Result: Real ight-worthy weight sets
Specify maximum episodes,

,

and

λ

Specify the search space bounds as in (6.4)
Initialize the tolerance values as in Table 6.1

while episode < maximum episodes do
∗ ∼ rand([0, 1])
if ∗ <  then
∗
Wx,u ∼ rand(Wx,u
, λ2 )

else

Wx,u ∼ rand([Wx , Wu ])

end
foreach ight mode do

.

Randomly select within

.

Sample

.

Randomly sample

Wx,u

within

λ

[0, 1]

radius of

Wx,u

∗
Wx,u

within (7)

Observe ight performance over the DNN model

G using (6.5) and (6.6)
< 0 then
episode ← episode + 1 . Continue

Compute

if

G

end
end

Wx,u to the lookup
Nw ← Nw + 1
Update c
based on (6.8)

Append

with next episodic trial

table

tol

end

weight set with maximum grade value in the lookup table:

∗
Wx,u
= [Wx∗ , Wu∗ ] =

Besides, the relation between

c

tol,init

c
where

Nw

tol

and

c

tol

max
Wx ,Wu

G.

(6.7)

is dened as:

= (e−Nw /50 )c

tol,init

,

(6.8)

is the number of available weight sets with a positive grade in the lookup

table. The motive behind this tolerance decaying approach is to always look for
better weight sets that can satisfy stricter criteria.
parameters

c

tol,init

In this chapter, the initial

for the three dierent ight modes are selected as in Table 6.1,

considering the usual values observed during common operations of quadrotors.
However, since an exponential decay is incorporated on

c

tol,init

as described in (6.8),

the initial value selection is exible as long as the values comply with safe ight
conditions.
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Table 6.1:

Tolerance values for each conguration

Characteristics
Position
error (m)
Derivative of
position
error (m/s)

3
Jerk (m/s )

Steady-state
error (m)
Settling time (s)

6.5

Initial tolerance values for a stable ight.
Move-to-a-

Follow-sequential-

setpoint

setpoints

0.15

0.3

0.35

0.15

0.3

0.35

0.15

0.3

0.35

0.025

0.4

0.5

0.025

0.4

0.5

0.03

0.45

0.55

0.5

2

2

0.5

2

2

1

3

3

0.15

0.15

0.15

0.15

0.15

0.15

0.15

0.15

0.15

1.5

4.5

4.5

Hover

ex
ey
ez
e˙x
e˙y
e˙z
jx
jy
jz
essx
essy
essz
ts

Tuning Approach in Action

In this section, the implementation results for the proposed active explorationbased tuning methodology are presented. Firstly, each design setting is discussed
over batched tuning sessions in simulation and then the best setting which caters to
the requirements is selected. Subsequently, the weight sets from simulation-based
tuning are ne-tuned in real ights. Note that, while the simulation tuning sessions are performed on a workstation computer with 2.6GHz Intel Core i9-7980XE
(octadeca-core) processor with 128GB RAM, the real ight tuning is performed on
a laptop having Intel Core i7-8750H processor and 16GB RAM.

6.5.1

Benchmark Study for Simulation-based Tuning

A benchmark study is conducted to justify the design choices for the proposed
auto-tuning method.

For each design choice, a batch of ten tuning sessions is

performed to have generalized results. Firstly, a heuristic to expedite the tuning
process is examined: the weighting parameters along

x

and

y

body axes are close

to each other since quadrotors are symmetrical with respect to these axes. Hence,
the respective weights along these axes are generated within each other's

10%

of

magnitude neighborhood. As can be seen in Table 6.2, without the heuristic, no
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positively graded weight set is explored in more than half of the sessions even in

1000

episodes setting.

By exploiting this heuristic, on the other hand, desirable

weight sets are obtained in most of the sessions for
sessions for even

100

500

episodes and some of the

episodes. Therefore, this heuristic is employed for the rest of

the results presented in this chapter.
Table 6.3 presents the number of sessions in which no positively graded weight set
is explored. For both active (
and random (

= 1)

= 0.5, λ = 20%

explorations,

100

 the exploration neighborhood )

episodes seem to be less to explore desirable

weight sets. There are seven failed sessions out of ten sessions for active exploration
in this case.

For the

1000

episodes, on the other hand, there is only one failed

session (90% success) both for active and random exploration. There are only two
failed sessions when the episode number is

500,

setting is selected for the tuning purposes since
the duration of

500

which implies

1000

80%

success. This

episodes take around twice

episodes while the success rate improvement is only

10%.

Next, Table 6.4 presents the average and the maximum number of positively graded
weight sets. The proposed active exploration outperforms the random exploration
by yielding a higher number of positively graded weight sets. It caters for obtaining
substantially more weight sets in a similar amount of time. A remark here is that
the number of weight sets obtained does not change signicantly when the episode
number is increased from

500

to

1000

while the overall tuning duration increases

approximately two times. This result further supports the previous episode number
selection of

500

due to the trade-o between the tuning duration and success rate.

Furthermore, Table 6.5 presents the average and the maximum grade values for the
positively graded weight sets obtained over ten sessions. In all the three episode
settings, average and maximum grade values are higher for active exploration. In

6.2:
Number of sessions without any positively graded
weight set by using or omitting the
heuristic.
Table

Episodes

Without
heuristic

With
heuristic

100
500
1000

10
7
7

7
2
1

6.3:
Number of sessions without any positively graded
weight set with active exploration
( = 0.5) and random exploration
( = 1).
Table

Episodes
100
500
1000

 = 0.5
7
2
1

=1
8
4
1
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Table 6.4: Number of weight sets obtained with active exploration ( = 0.5)
and random exploration ( = 1) averaged over ten batched sessions.

Episodes
100
500
1000

Mean

 = 0.5

=1

Average

Maximum

Average

Maximum

1.4
12.7
15.5
9.87

6
24
23
17.67

0.2
1
1.3
0.83

1
2
3
2

Grade values averaged over ten batched sessions for the positively
graded weight sets obtained with active exploration ( = 0.5) and random exploration ( = 1). One may notice the same average and maximum grades for
 = 1 with 100 episodes. This is due to the single positively graded weight set as
resulted by the corresponding setting (Table 6.4).
Table 6.5:

Episodes
100
500
1000

Mean

 = 0.5

=1

Average

Maximum

Average

Maximum

10.5226
9.0791
9.0089
9.5371

10.7634
10.2100
10.2899
10.4211

7.1828
8.6367
8.6427
8.1541

7.1828
9.2077
9.1658
8.5188

other words, the weight sets obtained via active exploration satisfy stricter criteria
(e,

ė, j , ess , ts ),

and hence, they are better in quality. All these results prove the

superiority of the proposed tuning method over a random trial-and-error method.
Additionally, Table 6.5 presents the average and maximum grade values for the
positively graded weight sets obtained over ten sessions. In all the three episode
settings, average and maximum grade values are higher for active exploration. In
other words, the weight sets obtained via active exploration yield less values for
the aforementioned ve characteristics (e,

ė, j , ess , ts ),

and hence, they are better

in quality. All these results prove the superiority of the proposed tuning method
over a random trial-and-error method.

6.5.2

Fine-tuning in Real Flight

Although the DNN model represents the robot's dynamics with high delity, certain
operational uncertainties are challenging to capture. The underlying reason is their
highly stochastic nature, which would require an indenite amount of data for
training. In this vein, one could decide to collect hours-and-hours of operational
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data for creating a highly accurate DNN model and just perform DNN-based MPC
tuning. On the other hand, another approach is to create a fairly accurate DNN
model with a moderate amount of data and perform MPC tuning over it; followed
by repeating the tuning procedure over the real robot to further improve the quality
of the obtained weight sets. In this chapter, the latter is utilized, even though it is
the user's preference.
For ne-tuning in real ights, Firstly, new grade values are obtained for all the
positively graded weight sets from simulation-based tuning. This step is conducted
to account for possible real-world operational uncertainties. As expected, only
out of

19

17

weight sets yield new grade values as positive. In other words, there are

some weight sets, which can fulll the design criteria (Table 6.1) over the DNN
model but are unable to do so over the real robot. Then, the real ight tuning is
performed over

30

episodes with

=0

and

λ = 10%

using the new grades. These

hyperparameters are conservative versions of the ones selected for simulation-based
tuning. Note that selecting

=0

a random weight set, whereas,

makes sure that there will not be any trial with

λ = 10%

focuses the search closer to the desirable

weight sets obtained from simulation-based tuning.

Throughout the real ight

tuning, the average and maximum grade values increase from

9.68

and

6.6

13.33.

9.34

and

12.36

to

This result demonstrates the successful ne-tuning in real ights.

Trajectory Tracking Results

This section presents evaluative results for the weight sets obtained using the proposed auto-tuning method. The weight set with the highest grade from simulationbased tuning are deployed in the position tracking NMPC for tracking two types
of trajectories: hover (x
being

0.6m-1.2m

= 0, y = 0, z = 1.2m),

and sequential-setpoints (setpoints

apart). Weight set having the highest grade from the real ight

tuning is also utilized for tracking the same trajectories.

Then, a performance

comparison is conducted to further justify the ne-tuning in real ights.
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6.6.1

Simulation-based Tuning

The best weight set from simulation-based tuning is:

Wx = diag(16, 11, 13, 2.0, 2.1, 2.3),

Wu = diag(17, 13, 76, 0.058).

For hovering, this weight set results in a precise tracking with mean Euclidean
error values of

3−4

cm over both the DNN model and real robot.

As for the

sequential-setpoints tracking, it again yields precise tracking with mean Euclidean
error values of

21 cm (Fig. 6.3).

Similar performance obtained over the DNN model

and real robot for both the trajectories further validates the high delity of the
DNN model.

Remark 36.

The error values for sequential-setpoints are signicantly higher as

compared to the ones obtained for hovering. The main reason behind this is the
underlying jumps of

1.2m

that the robot has to execute in order to reach the

commanded setpoint as fast as possible.

The above experiments are repeated with the ten best weight sets from simulationbased tuning to assess the overall quality.

Their corresponding mean Euclidean

error values are presented on the left side of Fig. 6.5. The average and maximum
error values over the DNN model are
values over the real robot are

2.98

cm and

3.49

5.11 cm and 7.94 cm.

cm for hovering. The same

A similar result is obtained for

sequential-setpoints. The respective average and maximum error values rise from

22.12

cm and

26.61

cm over the DNN model to

22.21

cm and

28.27

cm over the

real robot. The error values rise slightly in the case of the real robot because of
the operational uncertainties that are possibly not captured by the DNN model.

6.6.2

Real Flight Tuning

The best weight set from real ight tuning is:

Wx = diag(17, 11, 14, 1.5, 1.8, 1.9),

Wu = diag(20, 15, 68, 0.064).

For hovering, this weight set results in a precise tracking with mean Euclidean
error values of

3−4

cm over both the DNN model and real robot.

As for the
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Figure 6.3: Euclidean errors for hover (left) and sequential-setpoints (right) by
the weight set from simulation tuning.
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the weight set from real ight tuning.
Figure 6.4:

sequential-setpoints tracking, it again yields precise tracking performance with the
mean Euclidean error values of around

18

cm (Fig. 6.4) which are slightly less as

compared to the ones in the former subsection. This implies the improvement by
ne-tuning in real ights.
Again, the above experiments are repeated with the ten best weight sets from
real ight tuning and complete the right side of Fig. 6.5. While the average and
maximum error values for hovering with the DNN model are
they increase slightly over the real robot to

2.63 cm and 2.85 cm,

4.54 cm and 6.12 cm.

setpoints the average and maximum error values changes from
cm over the DNN model to

18.49

cm and

21.7

As for sequential-

19.43

cm and

21.16

cm over the real robot.

An important remark in Fig. 6.5 is that the respective average and maximum
mean Euclidean error values obtained over the real robot reduce from

5.11 cm and

7.94

11.15%

cm to

22.92%

4.54

cm and

6.12

cm by real ight tuning, which implies

improvement in these values.

these numbers reduce from

and

For the sequential-setpoints tracking case,

22.21 cm and 28.27 cm to 18.49 cm and 21.7 cm, which
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Figure 6.5: Boxplot of mean Euclidean error obtained by the weight sets having
top ten grade values in the lookup tables from simulation (left) and real ight
(right) tuning.
suggests a performance improvement by

16.75%

and

23.24%

in terms of average

and maximum mean Euclidean errors. These small improvements exhibit both the
high delity of the DNN model and reveal the possible benets of ne-tuning in
real ights.

6.6.3

User-based Tuning Study

To further analyze the proposed auto-tuning method's ecacy, a user-based tuning
study is conducted for comparison. Ten users with dierent quadrotor experience
2

are given the task of tuning NMPC over a Gazebo model

of the quadrotor for

two hours. Two weight sets are recorded from each user: one after the rst hour
and one after the second hour of tuning. Then, trajectory tracking is performed
with over the DNN model

3

to evaluate the performance of these weight sets. The

resulting mean Euclidean errors are listed in Table 6.6 along with the observed
number of oscillations, depicting the oscillatory behavior of a particular weight set.

2 The

Gazebo simulation platform is utilized as it has a graphical user interface. In other
words, the vehicle's response can be observed visually as being similar to the manual tuning in
real ights.
3 These weight sets are not tested on the real robot for safety.
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It is to be noted that oscillation is characterized as an abrupt change of more than

3

cm in the Euclidean error response. As can be seen, most users resulted in high

Euclidean errors with moderate to high oscillations, implying an eventual crash
of the robot.

Whereas, three users obtained the real ight-worthy weight sets

(marked with bold-font) which accounts for only

15%

success.

It is emphasized

that most users could obtain some meaningful weight sets in a limited time as
they could try abrupt values over the simulation model which otherwise might
not be possible over the real robot.
a general case takes around
observations.

3-4

Essentially, the proper tuning procedure in

hours (or even more) as noticed during informal

Another point to take note in Table 6.6 is that for almost half of

the users, the tracking performance decreased from the rst to the second hour
of tuning. This is counterintuitive as one expects to perform better after gaining
some experience with the system. Nevertheless, utilizing the relation in (6.8), the
proposed algorithm always looks for the weight sets which could perform better by
satisfying stricter criteria.
For a quantitative comparison, the best weight sets from user-based tuning (User

8

after the rst hour) and simulation-based tuning are deployed for hover and

Mean Euclidean error and the corresponding oscillatory response for
the weight sets obtained by user-based tuning, wherein eEuc
mean and ω represent
the mean Euclidean error and number of oscillations, respectively. Accordingly,
the weight sets whose results are marked with bold-font are regarded as real
ight-worthy.
Table 6.6:

First hour
User

1
2
3
4
5
6
7
8
9
10

Second hour

Sequential-

Hover

eEuc
mean
(cm)

ω

12.70
30.64
15.10
10.74
13.29
3.96
5.28
3.41
8.50
3.02

31
20
34
20
36
2
0
3
16
0

setpoints
Euc
emean
(cm)
5

1.21×10
3.09×104
7.21×104
25.74
7.82×104
24.87
35.11
22.01
4.36×106
38.26

Sequential-

Hover

ω

eEuc
mean
(cm)

ω

176
220
138
50
146
37
5
21
250
32

4.83
34.51
14.42
10.09
6.24
12.46
9.70
2.69
4.20
8.23

1
20
29
18
0
19
6
0
1
10

setpoints
Euc
emean
(cm)
4

1.10×10
89.47
1.03×105
38.13
23.41
33.78
31.88
23.62
36.55
26.78

ω

204
34
232
47
17
45
31
44
29
35
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Figure 6.6: Euclidean errors for hover (left) and sequential-setpoints (right) by
the weight sets from simulation and user-based tuning.
sequential-setpoints tracking of the DNN model. The comparison plots are given
in Fig. 6.6. While the corresponding mean Euclidean error values for user-based
weight set are

3.41

cm and

22.01

resulting in the error values of

cm, the proposed algorithm outperforms it by

2.85

cm and

21.16

cm, respectively.

Besides, in

terms of the number of oscillations, the user-based weight set exhibits

3 and 21 for

hover and sequential-setpoints, respectively, whereas the simulation-based weight
set exhibits

0 and 9, respectively.

These values are signicantly less when compared

to the user-based weight set, thereby implying a safer weight set. All these results
signify that the proposed method can realize better weight sets in a limited time
(less than an hour) that an average user cannot obtain even after two hours.

6.7

Conclusions

This chapter caters to one of the arduous yet unavoidable tasks associated with
the realtime implementation of MPC over robots.

A novel, active exploration-

based tuning framework has been presented for obtaining MPC weight sets which
otherwise are obtained by the trial-and-error methods.

To avoid the weight set

trials on the real robot, which could jeopardize the safety of the system, a DNN
model has been incorporated. Thanks to its high delity representation of the real
robot's dynamics, it has facilitated the direct utilization of the obtained weight
sets over the real robot. Besides, the ne-tuning possibility over the real robot has
also been demonstrated in this chapter. Extensive statistical analysis, real ight
trajectory tracking results, and a comparative user study validate that this chapter
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could help researchers with the realtime implementation of their MPCs by saving a
considerable amount of tuning time without compromising the safety of the robot.

Chapter 7

Conclusion and Future Scope

7.1

Conclusions

In this thesis, the challenges associated with the precise tracking control of multirotor aerial robots in uncertain environmental conditions have been addressed.
These robotic platforms are strongly coupled, inherently nonlinear, and open-loop
unstable which imply a challenging control problem. In addition, their operation
in unknown environments results in an uncertain model which negatively aects
the tracking accuracy for model-based controllers.

Besides, most of the control

algorithms require a tuning phase that is tedious for novice users and dangerous
to be carried out directly on real robots. In essence, the main motivation in this
thesis has been to realize an aerial robot that can learn from its past interactions
with the environment, and thus, can perform suciently well in unknown working
conditions for which it has not been trained.

Accordingly, the main tasks have

been distributed along four objectives: (i) design control algorithms to explicitly
cater to the nonlinear dynamics of the aerial robots without linearization, (ii) accommodate fast solution methodologies to facilitate the implementation of NMPC
over low-cost embedded processors, (iii) develop reliable online learning algorithms
to account for the uncertain dynamics due to operation in unknown environment,
and (iv) develop a safe automated tuning framework for the underlying control
algorithm.
In order to achieve the rst objective, two control approaches have been adopted.
First is the NMPC that directly accommodates the nonlinear dynamics along with
131
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system constraints in the problem formulation. Its ecacy has been illustrated for
the tracking control of two types of multirotor aerial robots, namely, quadrotor and
tilt-rotor tricopter. The second control approach is the FLC method that reduces
the nonlinear system into its linear equivalent. Its tracking performance has been
demonstrated for the trajectory tracking application of the tilt-rotor tricopter.
The adopted fast solution methods and ecient C++ scripts have resulted in
successful onboard implementations of the control algorithms, further realizing
the second objective. In particular, the adopted direct multiple shooting method
along with the GGN-based Hessian approximation and the special RTI scheme
has facilitated the implementation of NMPC and NMHE algorithms on a low-cost
embedded processor, i.e., Raspberry Pi 3.
To realize the third objective, two model learning approaches, namely, instantaneous learning and iterative learning, have been demonstrated.

In terms of the

InLC scheme, two control frameworks have been developed. The rst one employs
an NMHE to estimate the time-varying model parameters that makes the NMPC
adaptive to the changing working conditions. Thanks to the constrained learning
ability of NMHE, superior tracking performance of the NMPC-NMHE framework
over the conventional NMPC has been illustrated from the two case studies. The
second control framework incorporates an SL strategy to circumvent the limitations of the traditional FLC method by updating the controller gains and the
disturbance estimate according to the changing environment. The tracking results
have exhibited that unlike the traditional FLC method, the SL-FLC framework
ensures the nominal control performance in the presence of modeling uncertainties
and external disturbance.
In terms of the second model learning approach, i.e., the ILC scheme, a GP-based
regression has been adopted to learn the disturbance forces that are encountered
in an oshore visualization operation of the aerial robot.

Essentially, updating

these disturbance forces in NMPC's model denition facilitates its adaptive nature.
This results in improved overall tracking accuracy over the conventional NMPC,
which has been depicted by the simulated as well as the real-world test results.
Furthermore, thanks to the LSTM feature of the designed GP model, a superior
learning performance over the NMHE has been realized.
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Lastly, an active exploration approach has been proposed for achieving the fourth
objective.

The proposed auto-tuning approach extends the basic trial-and-error

method and tunes the weight sets more intelligently by beneting from the retrospective knowledge gained in previous trials. Moreover, a DNN-based robot model
has been incorporated to circumvent the tuning over the real robot, hence ensures
a safe tuning process. Additionally, owing to the high-delity representation of the
DNN model, an impeccable sim-to-real transition has been exhibited by directly
deploying the weight sets from simulation tuning over the real robot.
Overall, the main goal of this work has been to facilitate a safe transition of aerial
robots from a controlled lab environment to the uncertain real-world.

In that

vein, both the proposed control frameworks (InLC and ILC) render them to learn
from their interactions with the environment, thereby gracefully accommodating
the underlying uncertainties.

Besides, the auto-tuning methodology circumvents

the unsafe manual-tuning process while resulting in the ight-worthy controller
parameters. All this work has been a small step towards a greater vision, which
is designed with more adaptive control structures  also with the help of articial
intelligence and machine learning methods , it is not so far-fetched that the robots
of the future could learn from their own experience, interact with the environment,
and eventually, adapt to dierent working conditions".

7.2

Future Scope

The RTI scheme that has been discussed in Chapter 2, utilizes a GGN approximation to obtain a solution to the reduced SQP of type (2.23). In essence, for a least
square problem, the GGN method approximates the Hessian of the Lagrangian
utilizing a residual function, shown in (2.26). However, this approximation works
well for the applications with a low magnitude of the residual function, i.e., moderately nonlinear problems. Since the aerial robots are signicantly nonlinear, the
underlying approximation may fail, especially during their agile operations. Therefore, there is a need to obtain better approximations for the Hessian in the case of
highly nonlinear problems like tracking control of aerial robots.
Chapter 3 has illustrated the implementations of NMPC and NMHE over a lowcost embedded processor, i.e., Raspberry Pi 3. However, the sampling frequency
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that could be achieved, especially for NMHE, is barely sucient for sustaining the
closed-loop.

Therefore, to support fast robotic applications, additional research

eorts can be spent to develop ecient solution techniques that could solve the
OCPs of NMPC and NMHE even faster.

Additionally, the feasibility of eld-

programmable-gate-arrays (FPGAs), which have already been utilized with linear
MPCs in [155, 156], could also be explored for aerial applications of NMPC. Essentially, an FPGA represents recongurable hardware that contains a far more
xed/oating-point arithmetic-logic units than are present in any common central
processing unit.

Hence, this exibility and a higher number of processing units

in a single chip make them a strong candidate for fast NMPC applications. Although a simulated aircraft trajectory planning implementation of NMPC utilizing
a 3D kinematic model is reported in [157], the real implementation incorporating
the dynamic model is still missing.

Furthermore, the implementation of NMPC

over ultra low power processors, for instance, a parallel ultra-low-power-platform
(PULP), which are essential for micro-aerial robotic applications can also be exploited in the future.
Chapter 4 has presented an SL strategy to circumvent the limitation of a traditional
FLC method for an uncertain nonlinear system. The updated feedback control law
incorporating the SL strategy in (4.10), assumes that the disturbances consist of a
constant and vanishing perturbation terms, whereby its average rate of change is
much lower than the error states. Since the wind disturbance may continuously vary
during the oshore operation of the aerial robots, the SL algorithm can further be
investigated for non-vanishing perturbation terms. Besides, the SL-FLC framework
can also be experimentally compared with its other InLC counterpart, i.e., the
NMPC-NMHE framework.
Chapter 5 has demonstrated a GP-based regression technique to estimate the
wind disturbance forces that are encountered during the oshore operation.

In

this thesis, a zero-mean along with a commonly used SE covariance function has
been adopted as a suitable GP prior. Although the wind disturbance is primarily
stochastic, it does exhibit some pseudo-periodic behavior over short time-scales.
Hence, there is a possibility to investigate the usage of pseudo-periodic covariance
functions within the GP-based wind disturbance modeling.
A DNN-based robot model has been adopted in Chapter 6 to ensure the safety
of the robot during the tuning phase.

While the incorporated DNN model has
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represented the robot's dynamics fairly well, it may be tedious to obtain in the rst
place. Therefore, there is a possibility to explore the usage of dierent modeling
techniques, for instance, GP-based modeling. Furthermore, at the end of the tuning
process, the nal weight has been selected based on the highest grade value in the
lookup table. Although this selection results in stable tracking performance, the
desired ight behavior, i.e., agile or smooth, remains unaccounted. Therefore, the
overall framework can be extended to accommodate the user's choice of the required
ight characteristics.
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