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On the Robustness of Complex Systems with
Multipartitivity Structures under Node Attacks

Qing Cai, Sameer Alam, Member, IEEE, and Jiming Liu, Fellow, IEEE

Abstract—Complex systems in the real world inevitably suffer
from unpredictable perturbations which can trigger system
disasters wreaking significant economical losses. To exploit the
robustness of complex systems in face of disturbances is of
great significance. One of the most useful methods for system
robustness analysis comes from the field of complex networks
characterized by percolation theories. Many percolation theories
therefore have been developed by researchers to investigate the
robustness of diverse complex networks. Nevertheless, extant
percolation theories are primarily devised for multilayer or
interdependent networks. Little endeavor is dedicated to systems
with multipartitivity structures, i.e., multipartite networks, which
are an indispensable part of complex networks. This paper fills
this research gap by theoretically examining the robustness of
multipartite networks under random or target node attacks. The
generic percolation theory for robustness analysis of multipartite
networks is accordingly put forward. To validate the correctness
of the proposed percolation theory, we carry out simulations on
computer generated multipartite networks with Poisson degree
distributions. The results yielded by the proposed theory coincide
well with the simulations. Both theoretical and simulation results
suggest that complex systems with multipartitivity structures
could be more robust than that with multilayer structures.

Index Terms—Complex systems, multipartite networks, perco-
lation theory, network robustness, phase transition

I. INTRODUCTION

H ISTORICALLY, a dramatic blackout occurred to Italy
in 2003 [1]. It was reported that some power grid

transmission lines were damaged because of a storm. Due
to the disconnections of those power lines, the power con-
trol centres which rely on them stopped working and their
power control and supply tasks failed. The dysfunction of
those centres further triggered the cascading failures of other
power grids and eventually a large area of blackout happened
which caused immeasurable economical losses [2]. In reality,
apart from power supplier systems, complex systems such
as Internet communication systems, mobile device communi-
cation systems, metropolitan transportation systems, etc., are
ubiquitous and are playing a fundamental role in our daily lives
[3–6]. Complex systems facilitate our lives unprecedentedly
[7]. However, nowadays with the ever increasing demands of
humans, the structures of complex systems are becoming more
and more intricate [8–11]. The historical event of Italian black-
out enlightens us that ensuring the stabilities of those systems
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in the presence of external and/or internal perturbations is of
great significance, as failures of a small portion of system
components can wreak havoc to the entire system [12–14].

Stabilities of complex systems have long being studied
[15, 16]. Hitherto, many theories and technologies have been
devised towards that goal [17–19]. Amongst the extant av-
enues, one of the most applied techniques comes from the
field of network science [20–23]. Note that many systems
in reality can be depicted by complex networks composed
of nodes and edges where the nodes represent the system
components while the edges denote the interactions between
the components [6, 24–26]. Network modelling and analysis
avail system control [27–30]. Complex networks not only can
provide a holistic perspective towards problem solving but
also can help unravel the fundamental principles governing
complex systems [29, 31, 32]. Network theories and methods
have been extensively applied to a number of fields and have
proven to be effective [33–36].

Researches on network robustness aim to quantify the
extent to which a network can withstand perturbations [37–
40]. Tremendous endeavors have been made towards network
robustness analysis [21, 22, 41–43] and a body of them
are characterized by percolation theories together with the
concept of largest connected component [44, 45]. Network
robustness analysis based on percolation theories is appealing
as it can mathematically explain the robustness behaviours of
complex networks. In the subsections to come are the survey
on percolation theories for network robustness analysis and
the contribution and organization of this paper.

A. Literature Survey

1) Percolation on Single Layer Networks Studies on
network robustness have long been exploited [46]. Primitive
studies on percolation theories for complex networks were
mainly single networks oriented [37, 38, 47]. Percolation
on networks is dedicated to mathematically measuring the
robustness of networks in face of perturbations. Because
perturbations could occur to either the nodes or the edges
or even clusters each of which contains nodes and edges
of a focal network, extant percolation theories thus can be
categorized into three classes which are respectively termed as
site percolation [48–50] and bond percolation [45, 51] in the
literature and community percolation1 [56–58]. In this paper

1Plenty of complex networks display community structures [52–55]. A
network community is generally referred to as a subgraph that is densely
interconnected but sparsely connected to the rest of a network. The term
‘community percolation’ is utilized here for the first time just to keep in
accordance with the terms ‘site-’ and ‘bond-’ percolation.
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we only focus on site percolation on networks. For one thing,
site percolation is more extensively studied in the literature
than the other two situations. For another thing, the outcome
of site percolation will provide technical supports to the studies
on the other two situations.

Given a network denoted by G = {V,E} with V and E
respectively being the sets of nodes and edges of G. Assume
that 1 − p fraction of nodes of G are under attacks and
therefore are removed, percolation theory aims to work out
the relation between P∞, i.e., the fraction of nodes in the
largest connected component (LCC2) of G, p, and the degree
distribution P (k) of G. There exists a critical value pc, once
the node removal fraction surpasses 1 − pc, will lead to the
collapse of G, i.e., P∞ = 0. Percolation theory has discovered
that, if network G is under random attacks, i.e., each node has
the same probability 1−p to be removed, then the critical value
pc has the simple form as pc = 〈k〉 /

(〈
k2
〉
− 〈k〉

)
, where

〈k〉 =
∑
kP (k) and

〈
k2
〉

=
∑
k2P (k) are respectively the

first and second moments of P (k).
For a single layer network, if one draws the values of P∞

with respect to p, then a continuous curve will be observed
in which P∞ approaches zero continuously at the critical
point pc. Therefore, single layer networks are robust to node
perturbations [7, 24]. Since the expression of pc involves the
second moment, the robustness of single layer networks is said
to present second-order phase transition [44].

2) Percolation on Multilayer Networks Note that complex
networks in reality are not independent but on the contrary in-
terdependent [44, 59]. Complex networks often are structured
in a multilayer way [60–62]. Multilayer networks increase the
complexity of networks. Intuitively, complexity augments the
stability of a network thereby eliciting the taken-for-granted
assertion that multilayer networks are more robust to network
perturbations than single layer networks do. Nevertheless, this
assertion has proven to be wrong by the seminal work in [2]
in which multilayer networks are reported to be vulnerable to
perturbations.

The distinguished work of [2] investigated the robustness of
two-layer networks with one-to-one (O2O) correlations, i.e.,
one node in one network relies and only relies on one node in
its coupled network. Given a two-layer network consisting of
networks G1 and G2 with O2O correlations. Assume that G1

and G2 have the same network size and degree distribution.
When randomly removing 1 − p fraction of nodes from G1,
the corresponding percolation theory has found the simple
form of the critical value pc as pc = 2.4554/ 〈k〉. Multilayer
networks are universally reported to present first-order phase
transition in which P∞ approaches zero discontinuously at the
critical point pc [44]. Multilayer networks are therefore fragile
to perturbations.

The work in [2] sparked the research enthusiasm on the
robustness of multilayer networks [63–65]. To cite some
examples, the work in [44] perfected the percolation theories to
the case of multilayer networks organized in diverse structures;
the work in [48, 66] exploited the case of multilayer networks

2The LCC of a network G refers to the connected subnetwork of G that
contains the largest number of nodes.

with one-to-many (O2M) correlations, i.e., one node in one
network relies on multiple nodes in its coupled network; the
work in [67] investigated the situation of directed multilayer
networks; the work in [68] probed the percolation on dynamic
multilayer networks; the work in [45] allied site and bond
percolation; the latest work in [69] studied the percolation on
multilayer networks under recovery strategies. Other work can
be found in [70–73].

B. Contribution and Paper Organization

Contribution Albeit the mature of percolation theories for
multilayer networks, little attention is paid to multipartite
networks which are an essential part of complex networks
[74, 75]. Multipartite network modelling avails problem solv-
ing in various fields like economy [74], ecology [76], biology
[77], to name but a few. Understanding the robustness proper-
ties of multipartite networks is pivotal to system control and
society development, while existing percolation theories are
not amenable to multipartite networks. To fill this research
gap, this paper studies the robustness of multipartite networks
under node attacks. The main contributions of this paper are
summarized in what follows:

1) This paper introduces a generic node attack model
for multipartite networks. The introduced attack model
covers situations of random attacks and target attacks.

2) This paper establishes the network cascading model
for depicting the dynamical process on multipartite
networks subject to node failures.

3) This paper develops a network surrogate model. When
a multipartite network is under target attacks, the de-
veloped model is then used to generate a surrogate
multipartite network, such that the target attacks to
the original multipartite network is converted into the
random attacks to the surrogate multipartite network.

4) This paper proposes the generic percolation theory for
analyzing the robustness of multipartite networks. The
proposed theory reveals the first-order phase transition
phenomenon on the robustness of multipartite networks.

Organization The paper is structured as follows. Section II
presents the problem to be addressed as well as the research
motivations. Section III delineates in detail the proposed
dynamic model and percolation theory for computing the ro-
bustness of multipartite networks under node attacks. Section
IV verifies the correctness of the proposed theory by carrying
out simulations on artificial multipartite networks. SectionV
concludes the paper.

II. PROBLEM DEFINITION AND MOTIVATION

A. Problem Definition

This paper is dedicated to analyzing the robustness of
multipartite networks under node attacks. To begin with, we
first give the following related definitions.

Definition 1 (Degree k) For a given network, the degree k of
a node is defined as the number of edges attached to it.



3

Definition 2 (Degree Distribution P (k)) For a given network,
the degree distribution, denoted by P (k), is defined as the
distribution of the probability for a node to have degree k.

Definition 3 (Multipartite Network) Given a network G =
{V,E}. Let eab be the edge between nodes a and b. Assume
that the node set V ⊂ G is composed of L subsets, i.e., V =
{V1, V2, ..., VL}. Let ni = |Vi| be the number of nodes in Vi
and N =

∑
ni be the total number of nodes in G. If the

following conditions are satisfied:

 Vi ∩ Vj = ∅, ∀i, j ∧ i 6= j
∃eab, if a ∈ Vi ∧ b ∈ Vj ∧ j = {i− 1, i+ 1}
¬∃eab, if a, b ∈ Vi for ∀i ∈ {1, L}

,

(1)
then G is said to be a multipartite (or L-partite) network.
Specifically, G is called a bipartite network when L = 2.

Definition 4 (Degree Distribution Pij(k)) For an L-partite
network G, define Pij(k) as the degree distribution of the
nodes in Vi ⊂ Gij with Gij ⊂ G being the bipartite network
that contains node sets Vi and Vj for j = {i− 1, i+ 1}.

Remark 1 Vi of an L-partite network also can be called a
partite set. If a network G is composed of L sub-networks,
i.e., G = {G1,G2, ...,GL}, and if an edge can appear between
two arbitrary nodes of G, then G is referred to as a multilayer
network (see [64, 65] for rigorous mathematical definitions).

Following the work in [2, 44, 67], we adopt the concept
of LCC to assess the robustness of multipartite networks.
The robustness of multipartite networks under node attacks
is mathematically defined as follows.

Definition 5 (Network Stage) For a given network G, a
network stage refers to the remaining part of G after removing
some nodes and edges from G.

Definition 6 (Robustness of Multipartite Networks) Given an
L-partite network G. Assume that G is under attack and a
fraction of nodes are removed from G. Consider a network
cascading model which defines the way how failures propagate
on G. Based on the cascading model, G reaches a stable stage
in which no further failures are possible. Consider the LCC
in the stable stage of G and define the robustness of G as

P∞ = |LCC|/N
P∞i = |LCCi|/ni

, (2)

with LCCi ⊂ LCC being the node set that only contains nodes
from Vi, and | · | being the number of nodes in a node set.

Example 1 To better illustrate the definition of the robustness
of multipartite networks, here we present a simple example
shown in Fig. 1. The left panel of Fig. 1 displays a tripartite
network G with three partite sets V1, V2 and V3. Assume that
1 − p1 (p1 = 1/3) fraction of nodes are removed from V1.
Without loss of generality, we consider the case where nodes
A1 and A2 are removed from V1. Consider a cascading model
which defines that nodes in Vi for all i ∈ [2, L − 1] will be
disconnected from G if nodes in Vi only have connections
with nodes in either Vi−1 or Vi+1. Based on this cascading

model, G reaches a stable stage as shown in the middle of Fig.
1. In the stable stage, the LCC contains four nodes, namely
A3, B4, C1 and C3. Then the robustness of G is calculated as
P∞ = 4/10, P∞1 = 1/3, P∞2 = 1/4 and P∞3 = 2/3.

B1

B2

B3

C1

C2

C3

A1

A2

A3 C3

C1

A3

B4

stable stage robustness

P1 = 1/3

P2 = 1/4

P3 = 2/3

P = 4/10

V1 V2 V3

nodes A1 and A2 are attacked

Fig. 1. A graphical example to the robustness definition for multipartite
networks.

Definition 6 provides the way how we quantify the robust-
ness of multipartite networks. With all the above definitions
we define our research problem in what follows.

Definition 7 (Research Problem) For an L-partite network G
with known degree distributions Pij(k), we remove 1 − pi
fraction of nodes from Vi for ∀i ∈ [1, L] with pi ∈ [0, 1].
The robustness analysis of G is to work out the mathematical
relationship between P∞i , Pij(k) and pi with respect to a
given network cascading model.

B. Motivation

In the literature, a handful of simulation-based studies have
been done to investigate the robustness of multipartite net-
works [38, 57]. Simulation-based studies, although character-
ized by their simplicities in terms of idea and implementations,
do not serve our research problem as given in Definition 7,
since they figure out the relationship between P∞i , Pij(k)
and pi based on simulations but not in a mathematical way.
With regard to this, we need to turn to the theoretical studies
characterized by percolation theories for multipartite networks.
The work in [77–79] theoretically investigated the robustness
of L-partite networks. However, the percolation theories devel-
oped in those studies only deal with L-partite networks with
L = 2, i.e., bipartite networks. How multipartite networks
behave in face of disturbance is unknown and how to develop
the corresponding percolation theory is still challenging.

In order to solve our research problem, a promising way
is to draw inspirations from well studied percolation theories
for multilayer networks. Note that the development of per-
colation theories heavily relies on network dynamic models
for describing the cascading failures on complex networks. In
the literature, there are three representative network models
for multilayer networks. Fig. 2 summarizes the core ideas of
those three models.

Fig. 2(a) details the principle of the cascading model pro-
posed in [2]. The two-layer network (consists of subnetworks
A and B) displayed in Fig. 2(a) is O2O correlated. This model
assumes that 1) if one node fails, then its coupled node will
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A A
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B

Fig. 2. Illustrations to the state-of-the-art network cascading models for
analyzing the robustness of multilayer networks under node failures. (a) The
model proposed in [2]. (b) The model proposed in [48]. (c) The model
proposed in [67].

also fail; 2) for each subnetwork nodes outside its LCC will
be disconnected. As shown in Fig. 2(a), initially node A5 is
under attack. In stage 1, node A5 is removed and node B5 is
also removed due to the removal of A5. Based on the model’s
assumptions, in stage 2, nodes A3 and B3 are disconnected,
and in the stable stage only four nodes are remained.

Because the model shown in Fig. 2(a) requires the subnet-
works to be O2O correlated while realistic networks normally
are O2M correlated, the work in [48] therefore established
another model with its core idea being graphically explained
in Fig. 2(b). This model allows one node to have multiple
dependencies in its coupled network. A directed edge in the
model points from the supplier node to the dependent node.
Initially, node A1 is under attack. This model posits that a
node without supplies or a node outside the LCC will be
regarded as dysfunctional. Based on this assumption, in stage
1, node A1 together with its edges are removed and node A6
is disconnected as it is outside the LCC. In stage 2, B1 and
B2 are disconnected as they have no suppliers. In the stable
stage, only six nodes are remained as shown in the r.h.s of
Fig. 2(b).

Both the models shown in Figs. 2(a) and (b) address undi-
rected networks3 while many networks in reality are directed.

3The edge directions displayed in the model shown in Fig. 2(b) only
represent the interdependency relations between two coupled networks, while
each subnetwork itself is undirected.)

With regard to this, the work in [67] exploited the robustness of
directed multilayer networks with its established model being
depicted in Fig. 2(c). This model allows intra- and inter-layer
edges to be directed. A directed edge points from the supplier
node to the dependent node. This model possesses the same
hypothesis as that of the model shown in Fig. 2(b). Initially
the nodes in red are attacked. Based on its assumption, the
focal directed two-layer network reaches the stable stage as
displayed in the r.h.s of Fig. 2(c).

By comparing Fig. 1 and Fig. 2 we could observe that the
three models analyzed above are not amenable to multipartite
networks. The models presented in Figs. 2(a) and (c) share
one thing in common that they are O2O correlated multilayer
networks oriented. As a consequence, the percolation theories
devised in [2, 67] are not applicable to multipartite networks.

The model illustrated in Fig. 2(b) deals with multilayer
networks with O2M correlations which is very close to the
situation of multipartite networks. However, for a multipartite
network there are no “intra-layer” edges. This structural differ-
ence renders direct technology transfers from the correspond-
ing percolation theory infeasible. Meanwhile, the percolation
theory developed in [48] only analyzes two-layer networks.
How to develop percolation theories for networks with more
than two layers is still challenging [44]. New percolation
theory for multipartite networks is therefore desirable.

III. MODEL AND THEORY

A. Node Attack Model

Note that the components of a network could suffer from
random failures or target attacks. Following [80, 81] we there-
fore introduce the following node attack model to calculate the
node removal probability for a multipartite network4

wα,l =
(kil + 1)α∑nl
i=0(kil + 1)α

, (3)

with α being a constant, l being the l-th node set to be
investigated, kil being the degree of node i ∈ Vl and nl = |Vl|.

Remark 2 The parameter α determines the probability for a
node to be removed. Based on Eq. 3 we have:
1) If α > 0, then a node with larger degree has higher
probability to be removed.
2) If α < 0, then a node with smaller degree has higher
probability to be removed.
3) If α = 0, then every node has the same probability to be
removed, which corresponds to the situation that a network is
under random node attacks.

B. Cascading Failure Model

One can notice from what are described in Section II that
one of the most significant components for network robustness
analysis lies in the network cascading model. Because the

4If node attacks occur to the whole network, then the summation in the
denominator of Eq. 3 should run over all the nodes of the network, i.e., nl

should be replaced by N .
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structures of multipartite networks differ from that of mul-
tilayer networks, therefore the models exhibited in Fig. 2 are
impracticable to be directly applied to multipartite networks.

Inspired by the cascading models displayed in Fig. 2, here
we put forward a cascading model for multipartite networks
with its main idea being delineated in Fig. 3.

B1
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B3

B4

C1

C2

C3

A1

A2

A3

initial attack stage 1 stable stage

V1 V2 V3

B5

B1

B2

B3
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C2

C3

A1

A3

B5

B1

B2

B3

C1

C2

A1

B1

B2 C1A1

V1 V2 V3 V1 V2 V3

V1 V V

stage 2

Fig. 3. Schematic of the proposed cascading model for analyzing the
robustness of multipartite networks. Originally, node A2 from V1 of a tripartite
network G is under attack. The removal of node A2 breaks the bipartite
network G12 comprised of node sets V1 and V2 into 3 parts. In compliance
with the LCC concept, nodes A3, B4 and B5 are further removed as there are
not in the LCC of G12, which further fragments the bipartite network G23

comprised of node sets V2 and V3 into 2 parts. Eventually, only nodes A1,
B1, B2 and C1 survive as no failures are possible.

Remark 3 The proposed model depicted in Fig. 3 takes a
bipartite network contained in a multipartite network as a fun-
damental unit. Specifically, for an L-partite network the pro-
posed model sequentially calculates the LCC of the bipartite
network consisting of node sets Vi and Vi+1, ∀i ∈ [1, L− 1].
This process is repeated until the focal network reaches a
stable stage in which further nodes and edges removals are
impossible. The rationale of the devised model is built on the
hypothesis that the failures of nodes in Vi of a multipartite
network only affect nodes in its adjacent node sets Vi−1 and
Vi+1.

C. Network Surrogate Model

Directly calculating the robustness of complex networks
in face of target node attacks is difficult, as it can be seen
from Eq. 3 that nodes with different degrees have different
probabilities to be removed. In the literature there exists an
effective proxy which transfers the target node attack problem
into the random attack situation which is relatively much easier
to be addressed [80]. In line with this idea, here we exploit
the robustness of multipartite networks under target node
attacks by introducing a network surrogate model whereby
the intentional node attack situation is converted into the case
scenario of random attacks.

Example 2 Fig. 4 delineates the idea of the introduced
surrogate model. In Fig. 4, a tripartite network G is under
intentional attack and assume that node B4 from node set B is
removed. The remaining part of G is denoted by Gr. Assume
that there exists another tripartite network G̃ as exhibited in
Fig. 4. Next we randomly remove the same amount of nodes
from the same node set of G̃ as that we did to G. Specifically,
we randomly remove one node (assume B3) from G̃ and the
remaining part of G̃ is G̃r. As we can see from Fig. 4 that G̃r
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Fig. 4. An example to illustrate the introduced network surrogate model for
analyzing the robustness of multipartite networks under target node attacks.

has the same degree sequences as Gr does. Then we say that
G̃ is the surrogate network of G. More generally, we define
the surrogate network for our studied problem as follows.

Definition 8 (Surrogate Network) Given an L-partite network
G with N nodes and assume that 1 − pi fraction of nodes
are removed from Vi ⊂ G for ∀i ∈ [1, L] based on the
node attack model presented in Eq. 3. We use token Gr to
denote the surplus part of G. Assume that there exists an L-
partite network G̃ and assume that 1 − pi fraction of nodes
are randomly removed from Vi ⊂ G̃ for ∀i ∈ [1, L]. Let G̃r be
the remaining part of G̃. We define G̃ as the surrogate network
of G if the following conditions are satisfied:

P̃ rij(k) = P rij(k), ∀i ∈ [1, L] ∧ j = {i− 1, i+ 1}
|Vi ⊂ G| = |Vi ⊂ G̃|, ∀i ∈ [1, L]

, (4)

where P rij(k) is the degree distribution of the nodes in Vi with
Vi ⊂ Gij ⊂ Gr, and P̃ rij(k) is the degree distribution of the
nodes in Vi with Vi ⊂ G̃ij ⊂ G̃r.

Definition 9 (Generating Function) Given a degree distribution
function Pij(k), define its generating function as Gij(z) =∑∞
k=0 Pij(k)zk, with z being an arbitrary placeholder.

Remark 4 The first condition of Eq. 4 can be represented in
the form of generating functions as

G̃rij(z) = Grij(z), ∀i ∈ [1, L] ∧ j = {i− 1, i+ 1}, (5)

with G̃rij(z) =
∑nj
k=0 P̃

r
ij(k)zk and Grij(z) =

∑nj
k=0 P

r
ij(k)zk.

Generating functions are widely used for deriving the perco-
lation theories for analyzing network robustness [67, 69]. We
therefore will make heavy use of generating functions in the
rest of the paper to simplify the mathematical deductions.

Theorem 1 Consider an L-partite network G as well as its
surrogate network G̃. The robustness analysis of G subject to
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target node attacks with respect to the attack model presented
in Eq. 3 is equivalent to the robustness analysis of G̃ subject
to random node attacks.

The proof of Theorem 1 is presented in Appendix.

D. Derivation of the Surrogate Network

The equivalent condition formulated in Eq. 5 determines the
properties of the surrogate network G̃ in terms of generating
functions. In what follows we will present the detailed math-
ematical calculations for deriving the surrogate network. We
start by first calculating the l.h.s of Eq. 5, i.e., G̃rij(z). We
start by presenting the following Lemma.

Lemma 1 Consider a bipartite network G̃ with V1 and V2

respectively being its two node sets. Let P̃1(k) and P̃2(k)
respectively be the degree distributions of nodes in V1 and
V2. If 1−p1 fraction of nodes are randomly removed from V1,
then the generating functions satisfy the following conditions

G̃r1(z) = G̃1(z)

G̃r2(z) = G̃2 (1− p1 + p1z)
. (6)

The proof of Lemma 1 is presented in Appendix.

Theorem 2 Consider an L-partite network G̃ with Vi being
its i-th nodes set and P̃ij(k) being the degree distribution of
nodes in Vi ⊂ G̃ij ⊂ G̃ for j = {i−1, i+1}. If 1−pi fraction
of nodes are randomly removed from Vi for ∀i ∈ [1, L], then
the generating functions satisfy the following conditions

G̃rji(z) = G̃ji (1− pi + piz)

G̃rij(z) = G̃ij (1− pj + pjz)
. (7)

The proof of Theorem 2 is omitted as it can be easily derived
from Lemma 1.

In the next, we will delineate in detail the calculation of the
r.h.s of Eq. 5, i.e., Grij(z). To do so, we have to derive the
degree distribution P rij(k). In order to work out P rij(k), we
provide the following definition and lemma.

Definition 10 (Function Fi(z)) Given a degree distribu-
tion function Pi(k). Let α be a constant and z be an
arbitrary placeholder. Define function Fi(z) as Fi(z) =∑∞
k=0 Pi(k)z(k+1)α .

Lemma 2 Consider an L-partite network G with Vi being its i-
th nodes set and Pi(k) being the degree distribution of nodes
in Vi ⊂ G for ∀i = [1, L]. If 1 − pi fraction of nodes are
intentionally removed from Vi ⊂ G for i ∈ [1, L] based on Eq.
3, then the degree distribution of the remaining nodes in Vi,
denoted by P ri (k), satisfies the following condition

P ri (k) =
1

pi
Pi(k)H(k+1)α

i , (8)

where Hi = F−1
i (pi) with F−1

i (·) being the inverse of Fi(·).

The proof of Lemma 2 is presented in Appendix.

Lemma 2 provides the way to calculate the degree distri-
bution P ri (k). Keep in mind that our purpose is to figure out

P rij(k) so as to derive the expressions of Grij(z). To figure out
P rij(k), we give the following definition and lemma.

Definition 11 (The t-th Moment of a Degree Distribution)
For a given degree distribution P (k), define its t-th moment
as 〈kt〉 =

∑∞
k=0 k

tP (k).

Lemma 3 Consider an L-partite network G with Vi being its i-
th nodes set and Pij(k) being the degree distribution of nodes
in Vi ⊂ Gij ⊂ G for ∀i = [1, L] and j = {i − 1, i + 1}. If
1−pi fraction of nodes are intentionally removed from Vi ⊂ G
for i ∈ [2, L− 1] based on Eq. 3, then the degree distribution
of the remaining nodes in the node set Vi ⊂ Gij ⊂ G, , i.e.,
P rij(k), is calculated as

P rij(k) =
1

pij
Pij(k)H(k+1)α

ij , (9)

with pij = p
〈kij〉/〈ki〉
i , Hij = F−1

ij (pij) and Fij(pij) =∑∞
k=0 Pij(k)p

(k+1)α

ij .

The proof of Lemma 3 is presented in Appendix.

Theorem 3 Consider an L-partite network G with Vi being
its i-th nodes set and Pij(k) being the degree distribution of
nodes in Vi ⊂ Gij ⊂ G for ∀i = [1, L] and j = {i−1, i+1}. If
1−pi fraction of nodes are intentionally removed from Vi ⊂ G
for ∀i ∈ [1, L] based on Eq. 3, then the generating functions
Grji(z) and Grij(z) are calculated as

Gr
ji(z) =

1

pji

∞∑
k=0

k∑
m=0

Pji(k)H
(k+1)α

ji

( k
m

)
(1− qij)m qk−m

ij zk

Gr
ij(z) =

1

pij

∞∑
k=0

k∑
m=0

Pij(k)H
(k+1)α

ij

( k
m

)
(1− qji)m qk−m

ji zk

,

(10)
with qij and qji respectively being calculated as

qij =
∑∞

k=0 kPij(k)H(k+1)α

ij /
(
pi
∑∞

k=0 kPij(k)
)

qji =
∑∞

k=0 kPji(k)H(k+1)α

ji /
(
pj
∑∞

k=0 kPji(k)
) . (11)

The proof of Theorem 3 is presented in Appendix.

E. Robustness of the Surrogate Network

The above section has elaborated the calculation of the
generating functions for the surrogate multipartite network G̃.
In the section to come we elucidate our proposed percolation
theory for analyzing the robustness of the surrogate network
G̃ under random node failures. To achieve this goal, we give
the following definition and theorem.

Definition 12 (Probability Variable fij) Given an L-partite
network G̃ with Vi being its i-th node set. Assume that there
is a node B in Vi and B has a neighbouring node A in Vi−1

and a neighbouring node C in Vi+1. Define a set of probability
variables fij for j = {i−1, i+1}. We respectively define fi,i−1

and fi,i+1 as the probabilities that node B is not connected to
the LCC via its neighbouring nodes A and C. If i = 1, then
define f10 = 0. If i = L, then define fL,L+1 = 0.

Theorem 4 Consider an L-partite network G̃ with Vi being
its i-th nodes set and P̃ij(k) being the degree distribution of
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nodes in Vi ⊂ G̃ij ⊂ G̃ for j = {i − 1, i + 1}. Define a set
of probability variables fij . If 1 − pi fraction of nodes are
randomly removed from Vi for ∀i ∈ [1, L], and if the network
cascading model as shown in Fig. 3 is of concern, then the
robustness of G̃ is calculated as

P∞i = pi

[
1− G̃i,i−1(fi,i−1)

][
1− G̃i,i+1(fi,i+1)

]
, (12)

with fij satisfying the following generic relation

fij = 1− pj
[
1− G̃ji

′
(fji)

G̃ji
′
(1)

][
1−

˜Gj,j+∆

′
(fj,j+∆)˜Gj,j+∆ (1)

]
. (13)

If ∀i ∈ [1, L − 1] and j = i + 1, then ∆ = 1. If ∀i ∈ [2, L]
and j = i− 1, then ∆ = −1.

The proof of Theorem 4 is presented in Appendix.

IV. SIMULATIONS

A. Multipartite Network Data

In this section we will validate the effectiveness and cor-
rectness of the proposed models and theory for analyzing
the robustness of multipartite networks. To do so, here we
generate multipartite networks for simulation purpose. The
detailed steps for generating an L-partite network is given as
follows.

1) Define an integer vector n = (n1, n2, ..., nL);
2) Create L empty node sets {V1, V2, ..., VL} with |Vi| =

ni being the number of nodes in node set Vi;
3) Define an integer vector d = (d1, d2, ..., dL−1);
4) For i = 1 to L− 1 do the following:
5) For any pair of nodes with one from Vi and the other

one from Vi+1 we connect them with an edge if rand <
ri = di

ni+ni+1
where rand ∈ [0, 1] is a random number.

B. Degree Distribution Analysis

In this part we analyze the degree distributions Pij(k) of
the above generated multipartite network. It is easy to figure
out Pij(k) as follows

Pij(k) =

(
nj
k

)
rki (1− ri)nj−k ≈ e−〈kij〉

〈kij〉k

k!
, (14)

where 〈kij〉 = njri =
nj

ni+nj
di.

Eq. 14 indicates Pij(k) follows the Poisson degree dis-
tribution. As the robustness analysis process involves the
calculation of Pi(k), we analogously could figure out Pi(k)
as

Pi(k) ≈ e−〈ki〉
〈ki〉k

k!
, (15)

where 〈ki〉 = 〈ki,i−1〉+ 〈ki,i+1〉.

C. Robustness Analysis in the Case of α = 0

In the case of α = 0, the node attack model presented in Eq.
3 becomes the random attack situation. We thus could directly
apply Theorem 4 to calculate the robustness of a multipartite
network under random node failures.

Without loss of generality, here we only investigate mul-
tipartite networks with L = 3, i.e., tripartite networks. For
a Poisson degree distribution P (k) = e−〈k〉 〈k〉

k

k! , we have
G(z) = e〈k〉(z−1). Therefore, based on Theorem 4 we have

P∞1 = p1

(
1− e〈k12〉(f12−1)

)
P∞2 = p2

(
1− e〈k21〉(f21−1)

) (
1− e〈k23〉(f23−1)

)
P∞3 = p3

(
1− e〈k32〉(f32−1)

) , (16)

with the corresponding variables being calculated as

f12 = 1− p2

(
1− e〈k21〉(f21−1)

) (
1− e〈k23〉(f23−1)

)
f21 = 1− p1 + p1e〈k12〉(f12−1)

f23 = 1− p3 + p3e〈k32〉(f32−1)

f32 = 1− p2

(
1− e〈k23〉(f23−1)

) (
1− e〈k21〉(f21−1)

) . (17)

Note that P∞ can always be obtained by the generic
expression of P∞ =

∑ ni
N P

∞
i .

For a given tripartite network, in the simulations we ran-
domly remove 1 − p1, 1 − p2 and 1 − p3 fraction of nodes
respectively from V1, V2 and V3. Subsequently, we let the
cascading failures propagate on the network based on the
dynamic model exhibited in Fig. 3. We then find out the LCC
and count the number of remaining nodes in each partite set.
Eventually we visualize the fraction P∞i with respect to p1,
p2 and p3. Without loss of generality, we only demonstrate
part of the simulations in which we set p1 = p2 = p3 = p.
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Fig. 5. Theoretical and simulation results on the robustness of tripartite
networks with respect to the established cascading model and the introduced
node attack model with α = 0. A fraction 1− p of nodes are removed from
Vi, ∀i ∈ [1, 3], of a focal tripartite network. The parameter settings for each
tripartite network are n1 = n2 = n3 = 1× 104 and d1 = d2 = d with the
value of d being prescribed in the figure’s legend. The values of P∞i and
P∞ are shown with respect to p ∈ [0, 1] at an interval of 0.025.

We generate a network for 10 times. For each generated
network, we carry out the node removal process for 50
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independent trails. Thus, the simulation results are averaged
over 500 trails. As long as the values of p and d are known,
then we could figure out the robustness of a focal tripartite
network based on Eqs. 16 and 17. During the calculation,
we make heavy use of numerical analysis. Fig. 5 displays
the theoretical and experimental results on the robustness of
tripartite networks subject to random node attacks. It can be
seen from the figure that the theoretical results coincide quite
well with the experimental results. We can clearly see from
the figure that the robustness of the tested tripartite networks
present first-order phase transition phenomenon which indi-
cates that tripartite networks are fragile to node failures. Fig.
5 also indicates that a large degree will augment the robustness
of tripartite networks.

D. Robustness Analysis in the Case of α = 1

In the case of α = 1, the equations presented in Theorem
3 have simplified forms. Then based on Theorems 2, 3 and
4 we can calculate the robustness of multipartite networks to
target node attacks. In the following we also only investigate
tripartite networks.

Consider the case that every node set of a tripartite network
with Poisson degree distributions is under target attacks.
Specifically, we intentionally remove 1 − p fraction of nodes
from Vi, ∀i ∈ [1, 3], of a tripartite network. Then Theorems
2, 3 and 4 lead to

P∞1 = p
(
1− eH1H21〈k12〉(f12−1)

)
P∞2 = p

(
1− eH21H1〈k21〉(f21−1)

)(
1− eH23H3〈k23〉(f23−1)

)
P∞3 = p

(
1− eH23H3〈k32〉(f32−1)

) ,

(18)
with the four variables being respectively calculated as

f12 = 1− p
(
1− eH21H1〈k21〉(f21−1)

) (
1− eH23H3〈k23〉(f23−1)

)
f21 = 1− p+ peH21H1〈k12〉(f12−1)

f23 = 1− p+ peH23H3〈k32〉(f32−1)

f32 = 1− p
(
1− eH23H3〈k23〉(f23−1)

) (
1− eH21H1〈k21〉(f21−1)

) ,

(19)
where H1 = W

(
p 〈k12〉 e〈k12〉

)
/ 〈k12〉 with W (·) being the

Lambert W function; H21 = W
(
p21 〈k21〉 e〈k21〉

)
/ 〈k21〉;

H23 = W
(
p23 〈k23〉 e〈k23〉

)
/ 〈k23〉 with p21 and p23 re-

spectively being calculated as p21 = p〈k21〉/〈k2〉 and p23 =
p〈k23〉/〈k2〉; and H3 = W

(
p 〈k32〉 e〈k32〉

)
/ 〈k32〉.

Fig. 6 displays the theoretical and simulation results on the
robustness of tripartite networks subject to target node attacks.
Once again the robustness curves drawn in Fig. 6 validate the
correctness of our proposed percolation theory. The results
recorded in Fig. 6 indicate that the robustness of multipartite
networks presents first-order phase transition phenomenon. By
comparing Figs. 6 and 5 we can observe that multipartite
networks are extremely vulnerable in face of target attacks.

E. Robustness Analysis in the Case of L > 3

The above simulations are carried out on L-partite networks
with L = 3. Here we investigate the robustness of L-partite
networks with L > 3.
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Fig. 6. Theoretical and simulation results on the robustness of tripartite
networks with respect to the established cascading model and the introduced
node attack model with α = 1. A fraction 1− p of nodes are removed from
Vi, ∀i ∈ [1, 3], of a focal tripartite network. The parameter settings for each
tripartite network are n1 = n2 = n3 = 1× 104 and d1 = d2 = d with the
value of d being prescribed in the figure’s legend. The values of P∞i and
P∞ are shown with respect to p ∈ [0, 1] at an interval of 0.025.

Without loss of generality, we consider the situation where
the node attacks occur to every partite set of an L-partite
network. Specifically, we remove 1−p fraction of nodes from
Vi for all i ∈ [1, L] based on the node attack model formulated
in Eq. 3.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Fig. 7. Theoretical and simulation results on the robustness of L-partite
networks with respect to the established cascading model and the introduced
node attack model with α = 0 for the left panel and α = 1 for the right
panel. A fraction 1− p of nodes are removed from Vi, ∀i ∈ [1, L] of a focal
L-partite network. For each L-partite network, ni is set to be ni = 1× 104,
∀i ∈ [1, L], and dj is set to be dj = 12, ∀j ∈ [1, L − 1] . The values of
P∞ are shown with respect to p ∈ [0, 1] at an interval of 0.025.

In the simulations, for an L-partite network we range L from
4 to 7 with an interval of 1. Fig. 7 presents the theoretical
and simulation results on the robustness of L-partite networks
subject to target node attack based on model given in Eq.
3 respectively with respect to α = 0 and α = 1. The
theoretical results are obtained by numerically solving the
generic percolation theory presented in subsection III-D.

We can clearly see from Fig. 7 that, no matter whether
an L-partite network is under random node failures or under
target attacks, its robustness always displays first-order phase
transition phenomenon. The theoretical results yielded by our
proposed theory comply well with the simulations.
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An interesting yet surprising phenomenon is discovered
from Fig. 7. The robustness of an L-partite network is not
sensitive to the variable L as the robustness curves recorded
in Fig. 7 are very close to each other regardless of the value
of L. Note that it has been widely reported that the robustness
of interdependent L-layer networks deteriorates rapidly with
the increase of L. The above phenomenon suggests that mul-
tipartite networks are more robust than multilayer networks.

V. CONCLUSION

Real-world complex systems will inevitably suffer from
versatile perturbations and component failures can happen.
Because a complex system usually contains a large body of
interdependent components, therefore failures of some com-
ponents will trigger the dysfunction of other components and
cascading failures might propagate and bounce back. Note that
cascading failures on a system could make the entire system
out of control and breakdown. In order to avoid and mitigate
system disasters, it is therefore of paramount importance to
best understand the robustness of complex systems in face of
disturbances.

The robustness of complex systems has been extensively
studied in the past decade from the perspective of complex
networks. As a consequence, manifold methods based on net-
work theories have been developed, and amongst which are the
percolation theories. Due to the multilayer nature of real-world
complex systems, percolation theories for multilayer networks
have been widely investigated. However, few attention is paid
to complex systems with multipartitivity structures which are
depicted by multipartite networks. Multipartite networks are
an indispensable component of complex networks and could
have profound real-world applications.

In this paper we showed that existing percolation theories
can hardly be applied to multipartite networks. With regard to
this, we investigated the robustness of multipartite networks.
We established the dynamic model for charactering the cas-
cading failures in multipartite networks. We finally developed
the generic percolation theory for quantitatively analyzing
the robustness of multipartite networks under node attacks.
The proposed theory was validated through simulations on
multipartite networks with Poisson degree distributions. In-
terestingly we discovered that multipartite networks are more
robust than multilayer networks in face of node failures. The
work presented here not only perfects percolation theories one
step forward, but also sheds new light on robust structure
design and risk evaluation of complex networks and networked
systems.
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VI. APPENDIX

Proof (Proof of Theorem 1) After removing 1− pi fraction
of nodes from Vi ⊂ G for ∀i ∈ [1, L] based on Eq. 3, we
get Gr, i.e., the remaining part of G. Similarly, after randomly
removing 1−pi fraction of nodes from Vi ⊂ G̃ for ∀i ∈ [1, L]

we have G̃r.
From Definition 7 we know that Gr has the same number of
nodes with G̃r does. Moreover, we have P̃ rij(k) = P rij(k),
∀i ∈ [1, L]. Theorem 1 then can be proved by either of the
following ways.
(i) The calculation of the LCC of network Gr or G̃r is only
related to its degree distribution (see [7], pages 1146-1148),
therefore the number of nodes in the LCC of Gr is the same
as that of G̃r. According to Definition 5, the robustness of G
is thus the same as that of its surrogate network G̃.
(ii) Although G is subject to target attacks while G̃ is under
random attacks, G̃r has the same number of nodes as well
as the same degree distributions with Gr does. According to
the network model depicted in Fig. 3 we can see that, the
robustness calculations of G and G̃ are only concentrated on
their remaining parts Gr and G̃r. Since Gr and G̃r possess
the same properties, the LCC of Gr therefore has the same
properties with that of G̃r, and as a result the robustness of G
is equal to that of G̃.

Proof (Proof of Lemma 1) We first consider the situation
that we remove nodes from V1 but keep the edges attached to
the removed nodes. From Definition 1 we see that nodes in
V1 are isolated from each other as they only have connections
to nodes in V2. Therefore, the process of randomly removing
1 − p1 fraction of nodes from V1 is equal to the process of
uniformly removing elements from the degree sequence of
nodes in V1. As a result, randomly removing nodes from V1

will not alter P̃1(k), i.e., we have P̃1(k) = P̃ r1 (k). Thus, we
have

G̃r1(z) =

n2∑
k=0

P̃ r1 (k)zk =

n2∑
k=0

P̃1(k)zk = G̃1(z). (20)

We then consider the situation that we remove the edges
attached to the removed nodes. It is obvious that the edge
removal does not change P̃1(k) but P̃2(k). Note that each
node in V1 has the same probability, i.e., 1−p1, to be removed.
Since nodes in V1 are connected to nodes in V2, thus an edge
attached to a node in V2 has the same probability 1 − p1

to be deleted. Consequently, P̃ r2 (k) can be calculated by the
following Bernoulli distribution

P̃ r2 (k) =

k∑
m=0

P̃2(k)

(
k

m

)
(1− p1)

m
pk−m1 , (21)

and based on which we further have

G̃r2(z) =

n1∑
k=0

k∑
m=0

P̃2(k)

(
k

m

)
(1− p1)

m
pk−m1 zk

= G̃2 (1− p1 + p1z)

. (22)

Proof (Proof of Lemma 2) We first consider the situation that
we intentionally remove 1−pi fraction of nodes from Vi ⊂ G
based on Eq. 3 but keep the edges attached to the removed
nodes.
For the remaining nodes in Vi, let npii (k) be the number of
nodes with degree k. Thus, we have the following relationship

npii (k) = ni · pi · P ri (k). (23)

Suppose we continue to intentionally remove one node from
Vi. In this case, npii (k) changes to be npi−1/ni

i (k) which can
be calculated as

n
pi−1/ni
i (k) = npii (k)− P ri (k)(k + 1)α∑ni+nj

k=0 P ri (k)(k + 1)α
. (24)

The above equation also could be rewriten as follows

− 1

ni
· n

pi−1/ni
i (k)− npii (k)

− 1
ni

= − P ri (k)(k + 1)α∑ni+nj
k=0 P ri (k)(k + 1)α

.

(25)
In the limit of ni, nj → ∞, we could rewrite Eq. 25 in the
form of derivative. More specifically we have

dnpii (k)

dpi
=

niP
r
i (k)(k + 1)α∑∞

k=0 P
r
i (k)(k + 1)α

. (26)

By simultaneously calculating the derivatives of the l.h.s and
the r.h.s of Eq. 23 we have

dnpii (k)

dpi
= niP

r
i (k) + nipi

dP ri (k)

dpi
. (27)

Integrating Eqs. 26 and 27 we get

pi
dP ri (k)

dpi
+ P ri (k) =

P ri (k)(k + 1)α∑∞
k=0 P

r
i (k)(k + 1)α

. (28)

Eq. 28 is the first-order nonlinear differential equation of
P ri (k). Based on Definition 8, we directly work out the
solution P ri (k) to be the one presented in Eq. 8.

Proof (Proof of Lemma 3) We see from Lemma 2 that the
expression of P ri (k) is mainly characterized by the proportion
pi. Because we have intentionally removed 1− pi fraction of
nodes from Vi ⊂ G, if we can figure out the equivalent fraction
1−pij of the nodes from Vi ⊂ Gij for j = {i−1, i+1}, then
we could figure out P rij(k) in the same manner as presented
in the Proof of Lemma 2.
Note that the number of edges in bipartite network Gij is
|Eij | = ni 〈kij〉 where 〈kij〉 =

∑∞
k=0 kPij(k) is the mean

degree of the nodes in Vi ⊂ Gij . The total number of edges
in bipartite networks Gi,i−1 and Gi,i+1 is |Ei| = ni 〈ki〉.
Therefore, the equivalent fraction pij could be calculated as
follows

pij = p
|Eij |/|Ei|
i = p

〈kij〉/〈ki〉
i . (29)

As a consequence, intentionally removing 1 − pi fraction of
nodes from Vi ⊂ G for i ∈ [2, L − 1] based on Eq. 3 is
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equal to intentionally removing 1−pij fraction of nodes from
Vi ⊂ Gij ⊂ G.
Analogous to the Proof of Lemma 2, we then have P rij(k) =
1
pij
Pij(k)H(k+1)α

ij , with Hij = F−1
ij (pij) and Fij(pij) =∑∞

k=0 Pij(k)p
(k+1)α

ij .

Proof (Proof of Theorem 3) Consider the situation that we in-
tentionally remove 1−pj fraction of nodes from Vj ⊂ G based
on Eq. 3 but keep the edges attached to the removed nodes.
According to Lemma 3 we have P rji(k) = 1

pji
Pji(k)H(k+1)α

ji .
Analogously, when intentionally removing 1 − pi fraction of
nodes from Vi ⊂ G based on Eq. 3 but keeping the edges
attached to them, based on Lemma 3 we have P rij(k) =
1
pij
Pij(k)H(k+1)α

ij .
Now consider the situation that we remove the edges associ-
ated to the removed nodes from Vi and Vj . Note that nodes in
Vi are connected to nodes in Vj . Therefore, the edge removals
will further change P rji(k) and P rij(k).
Before node deletions occur, there are totally |Eij | =
ni
∑
kPij(k) edges connecting nodes in Vj and Vi. After the

node deletions happen, the number of remnant edges becomes
|Erij | = ni

∑
kP rij(k). Consequently, we can get the following

edge proportion

qij =
|Erij |
|Eij |

=

∑∞
k=0 kPij(k)H(k+1)α

ij

pi
∑∞
k=0 kPij(k)

. (30)

Analogously, we can have another edge proportion

qji =
|Erji|
|Eji|

=

∑∞
k=0 kPji(k)H(k+1)α

ji

pj
∑∞
k=0 kPji(k)

. (31)

The proportion qij represents the fraction of edges attached to
the remaining nodes in Vi that belongs to bipartite network Gij .
Putting it another way, when we remove the edges attached to
the removed nodes in Vi, a fraction 1 − qij of edges will be
randomly removed from Vj ⊂ Gij . By the same token, when
we remove the edges attached to the removed nodes in Vj ,
a fraction 1 − qji of edges will be randomly removed from
Vi ⊂ Gij .
Analogous to Lemma 1, after deleting the edges attached to
the removed nodes from Vi and Vj , we can figure out the new
degree distributions of P rji(k) and P rij(k) as

{
P rji(k)← P rji(k)

∑k
m=0

(
k
m

)
(1− qij)m qk−mij

P rij(k)← P rij(k)
∑k
m=0

(
k
m

)
(1− qji)m qk−mji

(32)

Then by substituting the above equation into the expressions
of Grji(z) and Grij(z) we have Theorem 3.

Proof (Proof of Theorem 4) Let us consider the event that
node B is connected to the LCC via its neighbouring nodes.
From Fig. 3 we know that this event only happens when node
B is simultaneously connected to the LCC via its neighbours
in Vi−1 and Vi+1. Assume that B has k neighbours in Vi−1

and k neighbours in Vi+1. Therefore, the probability for B to
belong to the LCC is written as (1− fki,i−1)(1− fki,i+1). With
this in hand, we could formulate the relations between P∞i ,
pi and P̃ij(k) as follows

P∞i = pi

[
1−

∞∑
k=0

˜Pi,i−1(k)f
k
i,i−1

][
1−

∞∑
k=0

˜Pi,i+1(k)f
k
i,i+1

]
= pi

[
1− ˜Gi,i−1(fi,i−1)

][
1− ˜Gi,i+1(fi,i+1)

] .

(33)
Variable fi−1,i denotes the probability for the event that,
a node A in Vi−1 is not connected to the LCC via its
neighbouring node B in Vi, to happen. Note that the event
that node A is not connected to the LCC via its neighbouring
node B could happen under two scenarios:
S1) node B is removed from the network and A definitely does
not belong to the LCC;
S2) node B is remained in the network but B itself is not
connected to the LCC via its own neighbours.
It is apparent that the case scenario S1 happens with a
probability 1 − pi. Now let us consider the case scenario
S2. As we know that node B could simultaneously have
neighbours in partite sets Vi−1 and Vi+1, therefore if B does
not belong to the LCC, then B should not be connected to
the LCC via node A and C. Analogously, we assume that B
has k neighbours in Vi−1 and k neighbours in Vi+1. Thus,
the probability for B not to be connected to the LCC can be
written as fki,i−1 + fki,i+1 − fki,i−1 · fki,i+1. Therefore, we have

fi−1,i = 1− pi + pi

[ ∞∑
k=0

˜P ex
i,i−1(k)f

k
i,i−1 +

∞∑
k=0

˜P ex
i,i+1(k)×

fki,i+1 −
∞∑

k=0

˜P ex
i,i−1(k)f

k
i,i−1 ·

∞∑
k=0

˜P ex
i,i+1(k)f

k
i,i+1

]
⇒ fi−1,i = 1− pi

[
1− ˜Gex

i,i−1 (fi,i−1)

][
1− ˜Gex

i,i+1 (fi,i+1)

] ,

(34)
where P̃ exi,i−1(k) and P̃ exi,i+1(k) are, in the literature, generally
referred to as the excess degree distributions [7, 24].
The excess degree distribution P̃ exi,i−1(k) denotes the proba-
bility for node B to have k neighbours in Vi−1. P̃ exi,i−1(k) is
generally calculated as

P̃ exi,i−1(k) =
(k + 1)P̃i,i−1(k + 1)〈 ˜ki,i−1

〉 . (35)

Substituting the above equation into the generating function
we have

G̃exi,i−1 (fi,i−1) =
G̃i,i−1

′
(fi,i−1)

G̃i,i−1

′
(1)

. (36)
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