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Abstract 

Aquifer recharge and recovery systems (ARRS) in natural or engineered aquifers are 

gaining attention worldwide due to climate changes and associated rising demands 

for larger system storage capacity for potable water needs. ARRS can broadly be 

analysed as seepage depth filters whereby engineering predictions of their complex 

physical clogging behavior continue to be challenging, which has since hindered the 

predictive maintenance of these large-scale systems. Upon detections of their 

stagnated low-flux condition in ARRS, i.e. breakthrough stage, immediate 

maintenance must be carried out which can be both expensive and time-consuming 

to restore their normal operations. To address this current problem statement, we first 

leverage the homogenization theory with the multiscale perturbation analysis as the 

feature engineering step to reduce the complexity of the physical clogging behavior in 

ARRS. The analytical approach systematically derives a unique homogenized 

representation, by volume-averaging the fluid and transport properties inside a pre-

defined periodic cell domain, which then quantifies the clogging dynamics at the 

macroscale. Following which, a series of physical parameters is identified from the 

derived homogenized representation to build a pre-processed input layer into our own 

multi-layered neural network (NN) architecture for predictive analysis. Measured data 

extracted from the literature is then used to train and verify the NN model. By far, the 

model yields an average error deviation of 20% between the model’s predictions and 

the respective measurements for an optimized set of hyperparameters tested. We then 

quantitatively discuss how a trained NN model can be adhered to predict the timing 

for a concerned ARRS to reach its breakthrough stage for a range of operational 

conditions. Finally, for the first time in the literature, we also demonstrate how the 

homogenized representation can be useful to determine an arbitrary filter’s critical 



 

reaction rate and diffusion coefficient which are responsible for the filter’s physical 

clogging behavior over time.  
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1. Introduction 1 

1.1 Background 2 

With an increasing global population and uncertainties due to climatic changes [1-2], 3 

i.e. droughts, excessive rainfalls etc., there is now a greater demand for aquifer 4 

recharge and recovery systems (ARRS) in natural or engineered aquifers worldwide 5 

[3] to contribute stable supplies of potable water to local communities. ARRS can store 6 

massive volumes of stormwater for future uses and provide the following 7 

environmental benefits [2-4]: (a) pre-treatment of infiltrations with minimum energy 8 

requirements; (b) reduction in seawater intrusions; and (c) minimization in land 9 

subsistence. In comparison to open-surface storages, ARRS also minimizes the 10 

evaporation rate and avoids additional site-constructions. Countries which are 11 

currently deploying ARRS include the United States, Australia, Netherlands and Israel 12 

[3]. In addition, ARRS are most suitable for deployment in arid locations, near coastal 13 

regions, and regions having significant wet and dry weather conditions [3,5].  14 

ARRS can generally be analysed as seepage depth filters whereby creeping flow 15 

condition occurs inside the global pore spaces inherent to any random porous media 16 

system. Notwithstanding the benefits provided by ARRS, there are still two compelling 17 

problems faced by engineers today [3,5], namely: (a) the complex clogging of these 18 

systems during operations due to the infiltration and physical trapping of turbidity 19 

particles, biofouling due to microbial growth, and precipitation of particles due to pH 20 

changes and redox conditions; and (b) the pollution of the stored groundwater due to 21 

the injection of contaminated waters or the unexpected leakage of the initially removed 22 

contaminants within the filter. For the latter problem, a source optimal control model 23 

was developed most recently to simulate the flow and transport processes in porous 24 

media of groundwater systems which link the predictions to pollutant concentration 25 

deviation, abatement cost and pollution tax [6]. Issue (a) has been an ongoing 26 

research which, however, still remains difficult to address effectively [3, 7] and thus 27 

establishes the problem statement in this study.  28 

  29 

1.2. Problem statement 30 
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At present, engineers are still unable to predict the timing, with sufficient accuracy, for 31 

a concerned ARRS system to reach its maximum clogging stage, i.e. stagnated global 32 

permeability within the filter, based on the known parameters during the early stages 33 

of operations as illustrated in Figure 1. This behavior is commonly known as the filter’s 34 

breakthrough stage. Upon detections of breakthrough, the concerned ARRS 35 

undergoes maintenance which can be operationally expensive. Examples of the 36 

maintenance acts include scrubbing, well jetting, vacuum pumping [3,8], mechanical 37 

surging and heating [3,9]. Hence, maintenance of ARRS can be both time- and cost-38 

intensive in terms of the labour and machinery required, and logistical problems can 39 

occur in unexpected breakthrough events. Lengthy downtime for ARRS is particularly 40 

undesirable as it affects the supplies of potable water, especially for arid regions. 41 

These concerns underline the need for an engineering model which can perform 42 

predictive maintenance of ARRS with sufficiently good accuracy.  43 

Overall, the model needs to be able to estimate the operational clogging rate inside 44 

ARRS which, however, remain challenging due to the complex random packing of the 45 

porous media inside the depth filters. The random packing complicates the inherent 46 

fluid dynamics and transport of the influent’s contaminants within the filter’s open 47 

spaces. Prediction of the physical clogging rate during the early stages of operations 48 

is desirable as it enables the model to extrapolate the effects of the continuous 49 

clogging on the filter’s global permeability coefficient for determining the best possible 50 

timing to perform maintenance. Experiments have since been carried out to analyse 51 

the clogging behavior in lab-scale soil filter setups which emulated ARRS [10-14]. In 52 

those works, the authors examined varying types of contaminants treated by soil filters 53 

and discussed the complexity of the specific type of clogging behavior involved. 54 

However, an engineering model having the above-described predictive capability is 55 

still missing in today’s context which thus constitutes the focus of this study.  56 

 57 

1.3. Scope and objective of study 58 

Machine learning (ML) has garnered increasing attention due to significant 59 

improvements to their inherent algorithms which can improve the predictive controls 60 

of various water-related industrial applications. Several examples include drinking 61 

water networks [15] and in-situ bioremediation for petroleum contamination [16]. To 62 
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further harness ML’s advantages, we recognize an important opportunity to couple ML 63 

with traditional analytical methods which may better address complex engineering 64 

problems. An excellent example is the most recent work by [17] whereby the authors 65 

developed a novel proof-of-concept neural ordinary differential equation (ODE) to 66 

model complex time-series problems with deep learning. Their work has since gained 67 

attention due to the revolution made to traditional neural networks modelling. In our 68 

analysis, we leverage the homogenization theory with the multiscale perturbation 69 

analysis as the feature engineering step to first reduce the complexity of the physical 70 

clogging behavior in ARRS which then enable us to pre-identify a series of physical 71 

parameters required to build the engineering predictive model for ARRS. We 72 

hypothesize that the proposed approach is most suitable to address engineering 73 

problems having limited dataset.  74 

Generally, the homogenization theory involves the derivations of average 75 

homogenized representations, having rapidly varying coefficients, which quantify the 76 

macroscopic behavior with a sufficiently small microstructure, i.e. a periodic cell 77 

domain. To systematically derive the homogenized representations, we adhere to the 78 

multiscale perturbation analysis for averaging the microscale variations inside the 79 

periodic cell by using a sufficiently small parameter to perform the asymptotic 80 

expansions of the concerned fluid and transport parameters. Consequently, the 81 

macroscale behavior is then encapsulated within the cell domain which thus reduces 82 

the inherent complexity of the original problem.  83 

For porous media flow systems, the same analytical method systematically captures 84 

the macroscale seepage filtration behavior to within a pre-defined microscale cell 85 

problem, which contains singular or multiple arbitrary media grains, while imposing the 86 

periodic boundary conditions for the fluid and transport properties within the same cell 87 

to derive the homogenized representations. We then pre-identify the important 88 

physical parameters from the homogenized representation which are associated with 89 

the seepage filtration problem in ARRS. Dimensional analysis is carried out with those 90 

identified parameters to build the pre-processed input layer into our own multi-layered 91 

neural network (NN) architecture for supervised model-based learning to predict the 92 

breakthrough time of a concerned ARRS and thus achieve predictive maintenance. 93 

To the best of our knowledge, the proposed methodology has not been performed 94 
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before for ARRS systems, or for environmental and chemical engineering applications 95 

in general.  96 

 97 

1.4 Literature review 98 

In the following, we describe previous research studies which used the 99 

homogenization theory with the multiscale perturbation analysis to model the flow and 100 

transport behaviours in porous media systems, and how their research generally 101 

differs from ours in this study.  102 

Notably, [18-19] derived the homogenized Darcy’s Law equation for saturated porous 103 

media by considering the flow past a periodic array of rigid media, followed by the 104 

numerical computation of the hydraulic conductivity, i.e. permeability tensor, inside the 105 

periodic cell domain. [20-22] derived the convective-dispersive equations exactly and 106 

analysed the dispersion of a passive solute in seepage flow inside a spatially periodic 107 

domain. [23] adopted similar methodologies to analyse the transport of volatile organic 108 

compounds during soil vapor extraction, while [24] extensively computed the 109 

permeability and dispersion of heat or solute in the periodic cell. [25] derived the 110 

characteristic models for four varying flow phenomena inside the microscale domain 111 

to analyse the formation damage in the macroscopic porous media due to erosion and 112 

deposition of solid particles. [26] investigated the transport of contaminants in fractured 113 

porous media under varying local Peclet (𝑃𝑒) numbers, based on the assumption that 114 

both convection and molecular diffusion were of equal importance inside the periodic 115 

domain. More recently, the effects of non-uniform flow and dispersion were also 116 

analysed in heterogeneous porous media by [27] which involved the Fourier series 117 

analysis. Likewise, [28] numerically resolved a system of homogenized equations, via 118 

the finite-element method, to compute the fluid permeability through a periodic array 119 

of cylinders having varying densities and angles. The above-mentioned studies have 120 

since provided an extensive quantitative understanding of the flow and transport 121 

mechanisms in porous media systems which can be useful for the engineering designs 122 

of depth filters in general. However, accounting for the dynamic clogging condition is 123 

still missing in those models.    124 
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[29-30] adopted an extensive sequential homogenization technique to build 125 

macroscopic engineering models which quantify the reactive transport in porous media 126 

systems including polydisperse media. Notably, these models can derive suitable 127 

effective homogenized equations for varying Peclet and Damköhler numbers in 128 

relations to contaminants hydrology. Likewise, however, their analyses have not yet 129 

been extended to the actual operational conditions of large-scale filters such as ARRS 130 

in terms of model calibration or estimations of field parameters. Hence, using their 131 

models to perform the predictive maintenance of real-world depth filter systems (lab-132 

scale, pilot-scale, or industrial-scale) may still be a major limitation.  133 

Only in recent years, the analytical technique is being adhered to model depth filter’s 134 

clogging condition by estimating the transient variations to the microscale fluid 135 

properties within the periodic cell domain. For example, [31] analysed the transport of 136 

colloids and investigated the variation to the microstructure during the attachment and 137 

detachment of colloidal particles in a two-dimensional (2D) saturated porous media 138 

structure by coupling the surface reaction rate and Nernst-Planck equations. [32] 139 

demonstrated how a decreasing porosity gradient along the filter’s depth can maximise 140 

its trapping capability. They later modelled the changes to the microscale media 141 

properties to quantify the filter’s blockage [33]. The theoretical novelty of these works 142 

is well-appreciated as they can analytically estimate the porosity distribution which can 143 

achieve homogeneous clogging inside the filter. Cross-validation or calibration of their 144 

analytical predictions with available measured data has, however, not been carried out 145 

by far which is required for extending the model’s usefulness for practicality. [34] 146 

investigated the effects of varying microstructure on the filter’s removal performance 147 

and effective homogenized parameters for a range of filtration scenarios such as 148 

constant-flux and constant-pressure flow cases. The authors, however, acknowledged 149 

that it still remains difficult to use their analytical model to predict experimental data 150 

which includes determining the filter’s realistic parameters such as the adsorption 151 

coefficient etc.  152 

In our study, we model the physical clogging behavior of ARRS systems as an 153 

idealized deposition of turbidity particles at the boundaries of collector spheres under 154 

periodic flow conditions. At any specific time, the assumed deposition stage results in 155 

larger collector spheres which reduce the periodic cell’s porosity, and hence the 156 
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macroscale filter’s permeability due to the imposed homogenization theory. The major 157 

difference of our research with previous notable works [29-30, 32-33] is that we avoid 158 

solving for the homogenized parameters (permeability, diffusion coefficient etc.) 159 

exactly, or via traditional numerical means such as using computational fluid dynamics 160 

(CFD), which often require the user to adopt an idealized cell domain that may not be 161 

emulative of real-world depth filters generally. Instead, we maintain an arbitrary 162 

arrangement of the media grains inside the periodic cell domain and adopt measured 163 

data to perform supervised model-based learning with the derived homogenized 164 

representation for quantifying the physical clogging behavior of ARRS. Subsequently, 165 

we demonstrate how the built engineering model can be useful to decision-makers to 166 

predict the timing for a concerned ARRS to reach its breakthrough stage for predictive 167 

maintenance, and how the derived homogenized representation can be useful to 168 

estimate the filter’s realistic parameters responsible for its physical clogging stage over 169 

time.  170 

This paper is structured as follows. Section 2 describes the developmental details of 171 

the theoretical model to emulate the physical clogging condition in seepage filters 172 

(ARRS). The key homogenized equations are then derived in Section 3. Details 173 

relating to the pre-processing step and the multi-layered neural network model are 174 

provided in Section 4. In Section 5, supervised model-based learning with the 175 

homogenized representation is carried out with measured data from the literature to 176 

build the engineering model which can perform the predictive maintenance of ARRS 177 

systems. The model then uses available data to iterate the critical reaction rate and 178 

diffusion coefficient responsible for the physical clogging behavior inside the 179 

concerned filter. Quantitative details are also provided to demonstrate how engineers 180 

can use the model to estimate the timing for a concerned ARRS to reach its 181 

breakthrough stage for a range of operational conditions. Finally, Section 6 provides 182 

an overview of our study.  183 

 184 

2. Development of theoretical model 185 

2.1. Seepage filtration model  186 
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In actuality, porous media grains, i.e. sand, soil materials [35], are randomly packed 187 

inside the macroscale aquifer which complicate the fluid dynamics and contaminants’ 188 

transport within the available void spaces of the system. To reduce the overall 189 

complexity of the seepage filtration problem as part of the proposed feature 190 

engineering extraction step, we model the aquifer as a network of non-overlapping 191 

three-dimensional (3D) rigid collector spheres which emulate the deployed media. For 192 

the homogenization theory to be valid, we assume a periodic microstructure (Figure 193 

2) which is arbitrarily represented by a 3D box having 𝑂(𝑙), whereby 𝑙 is the 194 

characteristic size of the media grains and is very much smaller than the characteristic 195 

aquifer’s depth of 𝐿. We note that this configuration differs substantially from idealized 196 

packing geometries adopted in previous notable works whereby the homogenized 197 

parameters such as the effective diffusion coefficients, permeability etc. can be 198 

determined exactly or numerically [29-30, 32-33] for modelling the clogging condition. 199 

Instead, our current packing geometry aligns more towards the random configuration 200 

adhered in the recent work of [34] for examining the fluid and mass transport problems. 201 

In our analysis, a very small length scale ((𝜀 =
𝑙

𝐿
) ≪ 1) is defined to perform the 202 

multiscale perturbation analysis which systematically discretizes the macroscale 203 

problem into a series of smaller scale problems for simplifications. Generally, the 204 

characteristic size (𝑙) of each periodic cell is computed as follows: 205 

𝑙 = √
𝑉𝑠

1 − 𝜃0

3

   (2.1) 206 

where 𝑉𝑠 is the total defined volume of collector spheres present in each cell domain 207 

which depends directly on the sphere’s initial diameter size (𝑑0
∗), and 𝜃0 is the filter’s 208 

initial clean bed porosity value.  209 

The solid spheres within each periodic cell domain are defined as Ω𝑠 ⊂ ℝ3. The 210 

interface between the solid and fluid phases is defined as Ω𝑓𝑠 ⊂ ℝ3. Coupling both 211 

phases then results in the whole periodic cell which is defined as Ω ⊂ ℝ3. To maintain 212 

a disordered arrangement of the collector spheres in each cell domain, the average 213 

pore-scale separation between the grains/collector spheres (µ) must be much smaller 214 

than 𝑙 [37] as shown in Figure 2. This assumption is valid for real-world seepage filters 215 

as the media grains are usually randomly compacted under fully-saturated conditions. 216 
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We underline that the current packing configuration in Figure 2 is only arbitrary, i.e. 217 

random, as there can be many different packing variations inside the periodic cell 218 

domain. However, regardless of the packing choice, the pore-scale fluid properties 219 

(pressure, velocity and concentration) are assumed to be spatially periodic from cell 220 

to cell while varying slowly over 𝐿. Finally, the physical trapping of fine turbidity 221 

particles over time is modelled by idealized transient increases in the sizes of the 222 

collector spheres along the macroscale media depth. 223 

The fluid motion at very low microscale Reynolds numbers (≪ 1) in the available pore 224 

space of each periodic cell domain is governed by the incompressible unsteady-state 225 

Stokes’ equation in (2.2) and mass continuity equation in (2.3) respectively.  226 

𝜕𝑢𝑖
∗

𝜕𝑡∗
= −

𝜕𝑝∗

𝜕𝑥𝑖
∗

+
𝜕

𝜕𝑥𝑗
∗

(ʋ
𝜕𝑢𝑖

∗

𝜕𝑥𝑗
∗
) , 𝑥∗  ⊂  Ω𝑓     (2.2) 227 

𝜕𝑢𝑖
∗

𝜕𝑥𝑖
∗

= 0, 𝑥∗  ⊂  Ω𝑓   (2.3) 228 

where 𝑥∗ is the position vector, 𝑢∗ the velocity vector, ʋ the fluid kinematic viscosity, 229 

and 𝑝∗ the fluid pressure.  230 

As discussed, the clogging behavior inside the macroscale filter is due to the complex 231 

trapping, i.e. deposition, of fine turbidity particles present in the recharge. These 232 

particles are initially transported inside the pore spaces of the filter via advection and 233 

diffusion:  234 

𝜕𝑐∗

𝜕𝑡∗
+  

𝜕(𝑐∗𝑢𝑖
∗)

𝜕𝑥𝑖
∗

=
𝜕

𝜕𝑥𝑖
∗

⋅ (𝐷𝑝
∗

𝜕𝑐∗

𝜕𝑥𝑖
∗
) , 𝑥∗  ⊂  Ω𝑓     (2.4) 235 

where 𝑐∗ is the concentration of fine turbidity particles and 𝑡∗ is time. 𝐷𝑝
∗ in (2.4) 236 

represents an unknown coefficient responsible for the complex diffusion of the turbidity 237 

particles inside the seepage filter, due to both their molecular diffusion and the zig-zag 238 

trajectories inherent to the randomly packed filter. For random media packing, the zig-239 

zap effect has been confirmed to be dominant [38-39]. By far, there have been 240 

selected studies in the literature which provided quantitative representations to 241 

estimate 𝐷𝑝
∗ for depth filters settings [40-41]. It is worth noting that [40-41] only used a 242 

singular media grain (collector sphere) to model the diffusion transport mechanism. 243 
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To the best of our knowledge, a generalised equation to predict the complex 𝐷𝑝
∗ value 244 

inside real-world seepage filters having random packing arrangement is not available 245 

at present.   246 

In terms of interfacial mass transport, we assume that the turbidity particles undergo 247 

a first-order deposition process at the sphere’s boundary (𝑆∗), as defined in (2.5), due 248 

to the complex diffusion mechanism occurring inside the available pore spaces of the 249 

periodic cell domain.  250 

−

𝜕𝑆∗

𝜕𝑥𝑖
∗

|𝛻𝑆∗|
· (𝐷𝑝

∗
𝜕𝑐∗

𝜕𝑥𝑖
∗
) = 𝑘𝑓𝑠𝑐∗, 𝑥∗  ⊂  Ω𝑓𝑠    (2.5) 251 

where 

𝜕𝑆∗

𝜕𝑥𝑖
∗

|𝛻𝑆∗|
  is the outward normal vector acting on the sphere’s boundary, and 𝑘𝑓𝑠 the 252 

unknown reaction rate [𝐿𝑇−1] responsible for the interfacial transport.  253 

As the size of collector spheres (𝑑∗) grows along the macroscale media depth due to 254 

the deposition process, i.e. clogging, there will be a resulting outward normal velocity 255 

(an unknown quantity) acting at the boundary of each growing sphere as defined in 256 

the following: 257 

−

𝜕𝑆∗

𝜕𝑥𝑖
∗

|𝛻𝑆∗|
(

𝜕𝑑∗

𝜕𝑡∗
) = 𝑢𝑖

∗, 𝑥∗  ⊂  Ω𝑓𝑠    (2.6) 258 

To couple the growth of the sphere’s initial diameter along the media depth to the 259 

accumulation of turbidity particles around the sphere’s boundary, we adhere to the 260 

following volume conservation principle:  261 

𝜕𝑑∗

𝜕𝑡∗
= −

1

𝜌𝑝

𝜕𝑆∗

𝜕𝑥𝑖
∗

|𝛻𝑆∗|
· (𝐷𝑝

∗
𝜕𝑐∗

𝜕𝑥𝑖
∗
) , 𝑥∗  ⊂  Ω𝑓𝑠    (2.7) 262 

where 𝜌𝑝 is the bulk density of the deposits of turbidity particles.  263 

(2.2 – 2.4) are well-known representations which are commonly known as the Navier-264 

Stokes fluid flow and mass transport equations respectively. We still retain these 265 

fundamental equations in the above derivations for the following reasons: 266 
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i. (2.2 – 2.3) quantify the creeping flow condition inherent to the filter’s global void 267 

spaces 268 

ii. (2.4) quantifies the general mass transport of turbidity particles inside the void 269 

spaces of the porous media system before undergoing an assumed first-order 270 

deposition process at the surface boundaries of the collector spheres in (2.5) 271 

iii. Upon particles’ deposition, the overall diameters of the collector spheres grow 272 

over time as represented in (2.6), which growth rate is estimated by the volume 273 

conservation principle in (2.7) 274 

We do note that (2.5 – 2.7) are not commonly used in standard model derivations for 275 

modelling the filter’s physical clogging condition. The closest forms are found in [29-276 

30, 32-33] which, however, have not been cross-validated with measured data or 277 

being used for predictions with real-world operational conditions. Finally, the following 278 

additional assumptions are adhered for our conceptual model: (i) macroscale pressure 279 

gradient acting upon the seepage filter is balanced by the viscous resistance around 280 

each growing microscale collector sphere during the transient clogging build-up; and 281 

(ii) detachment of the deposited turbidity particles inside the seepage filter is not 282 

considered over time.   283 

 284 

2.2. Normalization procedures 285 

In this section, we provide the important scaling variables to normalize the 286 

fundamental equations of (2.2 – 2.7) and the required length- and time-scales to 287 

quantify the macroscale physical clogging behavior in ARRS. Major differences of our 288 

analysis from previous notable studies will also be indicated along the subsequent 289 

discussions.  290 

To first perform the normalization procedures, we adopt the following scaling variables: 291 

(i) 𝑐∗  =  𝑐𝑜𝑐; (ii) 𝑡∗  =  𝑇𝑡; (iii) 𝑢𝑖
∗  =  𝑈𝑢𝑖; (iv) 𝑥𝑖

∗  =  𝑙𝑥𝑖; (v) 𝑝∗  =  𝑃𝑝; and (vi) 𝑑∗  =  𝑙𝑑 ; 292 

whereby 𝑇, 𝑈 and 𝑃 are the respective scales for the time, velocity and pressure 293 

parameters. 𝑐𝑜 is the influent concentration of fine turbidity particles. Three basic 294 

macroscopic time scales are also defined as follows: (a) convection time scale (𝑇𝑐) in 295 

(2.8); (b) reaction time scale (𝑇𝑅) in (2.9); and (c) diffusion time scale (𝑇𝐷) in (2.10); 296 
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𝑇𝑐 =
𝐿

𝑈
   (2.8) 297 

𝑇𝑅 =
𝐿

𝑘𝑓𝑠
   (2.9) 298 

𝑇𝐷 =
(𝐿)2

𝐷𝑝
∗

   (2.10) 299 

As stated above, we expect a balance between the macroscale pressure gradient 300 

acting upon the seepage filter and the viscous flow resistance around each growing 301 

microscale collector sphere in (2.11). Since 𝑑∗ = 𝑂(𝑙), we can represent the 302 

characteristic length of each collector sphere as 𝑙 to facilitate the subsequent analysis, 303 

i.e.  304 

𝑃

𝐿
~ 𝑂 (

ʋ𝑈

𝑙2
)   (2.11) 305 

From (2.11), the scaling variable 𝑃 has the ordering importance of  
ʋ𝑈𝐿

𝑙2
. The 306 

dimensionless microscale Reynolds number (𝑅𝑒𝑙) and Peclet number (𝑃𝑒𝑙) are also 307 

defined in (2.12) and (2.13) respectively as follows:   308 

𝑅𝑒𝑙 =
𝑈𝑙

ʋ
   (2.12) 309 

𝑃𝑒𝑙 =
𝑈𝑙

𝐷𝑝
∗

   (2.13) 310 

We also propose a relationship between the dimensionless macroscale (𝐷𝑎,𝐿) and 311 

microscale Damköhler (𝐷𝑎,𝑙) number in the following: 312 

𝐷𝑎,𝐿 =
𝑇𝐷

𝑇𝑅
=

𝑘𝑓𝑠𝑙

𝜀𝐷𝑝
∗

 =
𝐷𝑎,𝑙

𝜀
 (2.14) 313 

𝐷𝑎,𝑙 in (2.14) is defined as the ratio between the rate of particles deposition at the 314 

boundary of each sphere multiplying the characteristic length of the periodic cell 315 

domain, and the complex diffusion coefficient responsible for the deposition process. 316 

The macroscale convection time scale of 𝑇𝑐 of (2.8) is used to normalize the mass 317 

transport problem in (2.4) and (2.6 – 2.7) as we are affirmative that the physical 318 
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clogging behavior occurs over the convection time scale as evident from earlier 319 

experimental studies [10-14]. In the previous works of [32-33], the authors instead 320 

used the contaminant’s reaction time inside the fluid phase which is expected to be 321 

much longer than the fluid residence time. Hence, our homogenized representation 322 

derived in this study will be different from theirs.  323 

As the collector spheres grow slowly over time, the cell’s porosity will reduce 324 

concurrently which affect the seepage velocity. However, we avoid using any time 325 

scaling for the flow problem as we are considering quasi-steady-state creeping flow 326 

conditions in this analysis. As discussed previously, we adopt the spatial scaling of 327 

𝑥𝑖
∗ = 𝑙𝑥𝑖 to normalize the spatial terms of (2.2 – 2.7).  By performing the above 328 

normalizations, the final respective dimensionless forms for (2.2) to (2.7) are defined 329 

as follows: 330 

𝜀2
𝜕𝑢𝑖

𝜕𝑡
= −

𝜕𝑝

𝜕𝑥𝑖
+ 𝜀

𝜕

𝜕𝑥𝑗
(

𝜕𝑢𝑖

𝜕𝑥𝑗
) , 𝑥 ⊂  Ω𝑓     (2.15𝑎) 331 

𝜕𝑢𝑖

𝜕𝑥𝑖
= 0, 𝑥 ⊂  Ω𝑓   (2.15𝑏) 332 

𝜀
𝜕𝑐

𝜕𝑡
+

𝜕(𝑐𝑢𝑖)

𝜕𝑥𝑖
= 𝑃𝑒𝑙

−1 𝜕

𝜕𝑥𝑖
(

𝜕𝑐

𝜕𝑥𝑖
) , 𝑥 ⊂  Ω𝑓     (2.15𝑐) 333 

−

𝜕𝑆
𝜕𝑥𝑖

|𝛻𝑆|
⋅ (

𝜕𝑐

𝜕𝑥𝑖
) = 𝜀𝐷𝑎,𝐿𝑐, 𝑥 ⊂  Ω𝑓𝑠     (2.15𝑑) 334 

−𝜀

𝜕𝑆
𝜕𝑥𝑖

|𝛻𝑆|

𝜕𝑑

𝜕𝑡
= 𝑢𝑖 , 𝑥 ⊂  Ω𝑓𝑠     (2.15𝑒) 335 

𝜀
1

𝛽

𝜕𝑑

𝜕𝑡
= −

𝜕𝑆
𝜕𝑥𝑖

|𝛻𝑆|
⋅ (

𝜕𝑐

𝜕𝑥𝑖
) , 𝑥 ⊂  Ω𝑓𝑠     (2.15𝑓) 336 

where 𝛽 =
𝑐𝑜𝐷𝑝

∗

𝜌𝑝𝑈𝑙
. Note that again this unique parameter differs from that of [31-33] due 337 

to the different timescale used for normalization in our study.  338 

The derived ordering importance in (2.15a) is based on (2.11), and its inherent 𝑅𝑒𝑙 339 

number is already taken to be sufficiently small from the use of (2.2) previously due to 340 

creeping flow conditions (𝑅𝑒𝑙 ≪ 1) assumptions for seepage filters. In the later section, 341 
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we shall demonstrate the following perturbation links to quantify the physical clogging 342 

stage: (a) between the flow and transport problems as represented by (2.15a – b) and 343 

(2.15c) respectively; (b) between the growth rate of the collector sphere in (2.15f) and 344 

the deposition rate of turbidity particles at the sphere’s boundary in (2.15d); and (c) 345 

between the outward velocity acting at the sphere’s boundary in (2.15e) and the flow 346 

problem in (2.15a – b). Finally, we compact the original complexity of the physical 347 

clogging problem by homogenizing (2.15a – f) via the multiscale perturbation analysis. 348 

Prior to performing the above-mentioned details, we first extensively discuss the key 349 

assumptions adhered in our analysis, namely: (a) the use of the periodic cell domain; 350 

(b) the localization principle; (c) discretization of the macroscale problem into a 351 

sequence of smaller-scale problems; and (d) the types of scaling techniques adopted.  352 

 353 

2.3. Key assumptions   354 

2.3.1. Periodic cell domain 355 

The complex macroscale system is hierarchical and a sufficiently small portion of the 356 

macroscale problem is defined with a periodic unit-cell in our study (Figure 2) as 357 

demonstrated earlier. To fulfil the periodic boundary condition for the cell, rapid 358 

variations to the pore-scale fluid properties are averaged out within the cell domain 359 

having a small length scale (𝑙) while the same fluid properties vary slowly over the 360 

macroscale length scale. By assuming periodic conditions, the effective fluid 361 

parameters associated with the macroscale problem can then be derived 362 

systematically from the cell problem via the volume averaging technique. The unit-cell 363 

is a convenient choice for volume averaging as it reduces the complexity of 364 

mathematical derivations and splits the macroscale problem into a hierarchy of scales 365 

which then allows the decomposition of the concerned parameters into high and low 366 

spatial frequency components.  367 

We do highlight that the choice of the unit cell often invites debate as balancing the 368 

need to capture the important features of the macroscale problem while avoiding the 369 

need to solve highly complex formulations is difficult. One major disadvantage of using 370 

the periodic boundary conditions is the inability to capture anisotropic features. 371 

Overall, the average quantities defined inside a periodic cell domain correspond to the 372 
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volume averaging procedure over the same cell which is independent of the averaging 373 

support and its geometry. Alternatively, a non-periodic cell can be used whereby the 374 

values or/and fluxes of the fluid parameters jump at the cell’s boundaries. However, 375 

this may result in errors for problems close to the percolation threshold.  376 

In summary, imposing the periodic boundary conditions for the unit cell must have two 377 

key pre-requisites: (a) the size of the unit cell must be sufficiently small, i.e. 𝜀 ⟶ 0, for 378 

very weak or negligible variations of the fluid properties and their respective fluxes 379 

within the cell; and (b) any rapid fluctuations to the values and fluxes of the fluid 380 

properties must be averaged out within the unit-cell to maintain continuity/conservation 381 

at the boundaries of the same cell. 382 

2.3.2. Localization principle 383 

The localization principle lies with constructing a homogenized model which is local in 384 

both space and time, whereby the fluid properties vary slowly over the macroscale 385 

space and time by using small dimensionless perturbation parameters respectively. 386 

This localization assumption is most important for the upscaling procedure with the 387 

homogenization theory but also imposes the largest constraints on the perturbation 388 

parameters whereby they approach the value of zero. Applying the localization 389 

principle to the fluid properties results in their average quantities defined within the 390 

periodic cell after volume integration over a suitable local variable which is usually the 391 

length scale of the concerned unit cell.  392 

Typically, the addition between the average quantities and appropriate perturbation 393 

decompositions is used to separate the low- and high-spatial frequencies of the fluid 394 

properties. Depending on the user and the nature of the problem, this constraint can 395 

be relaxed to an extent to derive more complex and difficult formulations which can 396 

have a broader domain of validity. However, additional computational cost must be 397 

incurred to solve the more difficult formulations. In our analysis, we avoid making 398 

assumptions about the unknown homogenized parameters, and instead adopt 399 

supervised model-based training to calibrate the unknown parameters with available 400 

measured data.   401 

2.3.3. Discretization of macroscale problem into sequence of smaller-scale problems 402 
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By considering the limit of  𝜀 ⟶ 0, the macroscale problem is systematically 403 

discretized into a sequence of smaller scale problems. For example, from macroscale 404 

to microscale to mesoscale etc. A sufficiently small value of 𝜀 enables the user to 405 

clearly separate the complex macroscale problem into distinct scales for systematic 406 

analysis before appropriate upscaling, via the volume averaging technique, for 407 

engineering predictions. The selection of the 𝜀 value often requires a good mix of 408 

domain knowledge, intuition and a clear understanding of the engineering problem for 409 

appropriate downscaling.  410 

2.3.4. Scaling techniques 411 

The multiscale perturbation analysis requires careful selections of the scaling variables 412 

to formulate the dimensionless terms, prior to the homogenization step, as each 413 

combination results in a different set of effective homogenized equations which are 414 

representative of the macroscale behavior. Furthermore, each scaling decision needs 415 

an appropriate timescale relationship, i.e. diffusion, advection or reaction related etc., 416 

with the macroscale length scale. Generally, for mass transport problems in porous 417 

media which are governed by advection and diffusion mechanisms, the following 418 

example cases can be proposed with respect to the microscale Peclet number (𝑃𝑒𝑙) 419 

and macroscale Peclet number (𝑃𝑒𝐿) whereby both scales are uniquely separated 420 

by 𝜀. 421 

• If diffusion dominates within the local cell problem, i.e. 𝑃𝑒𝑙 = 𝑂(ɛ2), then it will 422 

also dominate at the macroscale 𝑃𝑒𝑙 = 𝑂(ɛ) whereby only tortuosity effects are 423 

important.  424 

• If diffusion dominates within the local cell problem, i.e. 𝑃𝑒𝑙 = 𝑂(ɛ), then both 425 

advection and diffusion are equally important at the macroscale 𝑃𝑒𝑙 = 𝑂(1) 426 

whereby an advection-dispersion equation exists having only tortuosity effects.  427 

• If diffusion and advection are in balance within the local cell problem, i.e. 𝑃𝑒𝑙 =428 

𝑂(1), then advection dominates at the macroscale 𝑃𝑒𝑙 = 𝑂(ɛ−1) whereby an 429 

advection-dispersion equation exists having both hydrodynamic dispersion and 430 

tortuosity effects. 431 

 432 

3. Homogenization procedures 433 
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We first introduce the multiple-scale coordinates of 𝑥 and 𝑥’ = 𝜀𝑥, whereby 𝑥 is the fast 434 

variable defined within the periodic cell and 𝑥’ is the slow variable spanning across the 435 

macroscale seepage filter. The perturbation expansions for the fluid parameters 436 

(which are all cell-periodic) are expressed as follows 437 

𝐺 = 𝐺(0) + 𝜀𝐺(1) + 𝜀2𝐺(2) + ⋯ (3.1) 438 

where 𝐺 can be 𝑝, 𝑐 and 𝑢𝑖.  439 

The following spatial derivative is adopted to perform the multiscale perturbation 440 

expansion of (2.15a – f).  441 

𝜕

𝜕𝑥𝑖
→

𝜕

𝜕𝑥𝑖
+ 𝜀

𝜕

𝜕𝑥𝑖
′
   (3.2) 442 

To homogenize the fluid flow and transport problems with the multiscale perturbation 443 

analysis, readers are referred to Supplementary Section A and our previous paper [41] 444 

for the detailed mathematical details involved to derive the respective homogenized 445 

representations which are shown in the next two sub-sections. These equations 446 

effectively quantify the core physics of the fluid and mass transport problems 447 

responsible for the physical clogging behavior at the macroscale.  448 

 449 

3.1. Fluid flow problem 450 

For the fluid flow problem, the homogenized effective equation in (3.3), derived at the 451 

ordering importance of 𝜀, relates the spatial variation of the dimensionless seepage 452 

velocity (RHS of (3.3)) to the direct multiplication between the growth rate of the 453 

collector sphere, i.e. the dimensionless outward velocity acting at the sphere’s 454 

boundary, and the slowly changing cell’s porosity (LHS of (3.3)).   455 

|𝑆(𝑥, 𝑡)|

|Ω|𝑉
(

𝜕𝑑

𝜕𝑡
)    =  

𝜕𝑢𝑖
(0)

𝜕𝑥𝑖
′

=  − 
𝜕

𝜕𝑥𝑖
′

(�̃�𝑖𝑗(𝑥, 𝑡)
𝜕𝑝(0)

𝜕𝑥𝑗
′

)      (3.3) 456 

where 𝑆(𝑥, 𝑡) is the slowing changing boundary of the sphere over space and time 457 

which affects the volume of fluid inside the cell domain, |Ω|𝑉 the fixed volume of the 458 

cell domain, and �̃�𝑖𝑗(𝑥, 𝑡) the slowly changing permeability of the cell problem over 459 
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space and time. Overall, (3.3) demonstrates the direct perturbation link between the 460 

outward velocity acting at the sphere’s boundary in (2.15e) and the flow problem in 461 

(2.15a – b) at the ordering importance of 𝜀 for the filter’s physical clogging stage.  462 

 463 

3.2. Mass transport problem 464 

From the direct coupling of (2.15d) and (2.15f), it is obvious that the growth rate of the 465 

collector sphere is only directly linked to the deposition rate of turbidity particles 466 

(quantified by 𝐷𝑎,𝐿) at the ordering importance of 𝜀. Again, by using (3.1) and (3.2) to 467 

perform the multiscale perturbation expansion of (2.15c) while relating to (2.15d) and 468 

(2.15f), we derive (3.4) and (3.5) (see Supplementary Section A) for the ordering 469 

importance of 𝜀 and 𝜀2 respectively.  470 

𝜃(𝑥, 𝑡)
𝜕𝑐(0)

𝜕𝑡
+ �̃�𝑖

(0)(𝑥, 𝑡)
𝜕𝑐(0)

𝜕𝑥𝑖
′

= −𝑃𝑒𝑙
−1 |𝑆(𝑥, 𝑡)|

|Ω|𝑉

1

𝛽

𝜕𝑑

𝜕𝑡
,     (3.4) 471 

𝜃(𝑥, 𝑡)
𝜕𝑐(1)

𝜕𝑡
+ �̃�𝑖

(0)(𝑥, 𝑡)
𝜕𝑐(1)

𝜕𝑥𝑖
′

+ �̃�𝑖
(1)(𝑥, 𝑡)

𝜕𝑐(0)

𝜕𝑥𝑖
′

472 

= 𝑃𝑒𝑙
−1𝜃(𝑥, 𝑡)

𝜕

𝜕𝑥𝑖
′

(
𝜕𝑐(0)

𝜕𝑥𝑖
′

) − 𝑃𝑒𝑙
−1 |𝑆(𝑥, 𝑡)|

|Ω|𝑉
𝐷𝑎,𝐿𝑐(1),   (3.5) 473 

From these equations, it can be observed that the perturbation link between the 474 

respective homogenized transport and flow problems is achieved via the slowly 475 

changing seepage flow velocity parameter, i.e. �̃�𝑖
(0)(𝑥, 𝑡).  We then consider the linear 476 

time-derivative of the averaged concentration parameter, i.e. �̃�  = 𝜃(𝑥, 𝑡)(𝑐(0) + 𝜀𝑐(1) +477 

⋯ ), as: 478 

𝜕�̃�

𝜕𝑡
= 𝜃(𝑥, 𝑡)

𝜕𝑐(0)

𝜕𝑡
+ 𝜀𝜃(𝑥, 𝑡)

𝜕𝑐(1)

𝜕𝑡
+ 𝑂(𝜀2)   (3.6) 479 

By using the above (3.4) and (3.5), we arrive at the final form of (3.7), accurate up 480 

to 𝑂(𝜀2), for (3.6) which quantifies the averaged behavior of turbidity particles 481 

(transport and trapping) inside seepage filters.  482 

𝜕�̃�

𝜕𝑡
= −

𝜕(�̃�𝑖𝑐)

𝜕𝑥𝑖
′

− 𝐷𝑎,𝐿𝑃𝑒𝑙
−1 |𝑆(𝑥, 𝑡)|

|Ω|𝑉
𝑐 + 𝜀𝑃𝑒𝑙

−1𝜃(𝑥, 𝑡)
𝜕

𝜕𝑥𝑖
′

(
𝜕𝑐

𝜕𝑥𝑖
′
) + 𝑂(𝜀2),      (3.7) 483 
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At this stage, 𝐷𝑎,𝐿 and 𝑃𝑒𝑙
−1 remain important unknowns in (3.7) for real-world 484 

seepage filters. During the depth filtration process, we expect the trapping of turbidity 485 

particles to be most significant near to the injection point. Hence, spatial variation to 486 

the seepage velocity is also expected which further modifies (3.7) into: 487 

𝜕�̃�

𝜕𝑡
= −�̃�𝑖(𝑥, 𝑡)

𝜕𝑐

𝜕𝑥𝑖
′

− 𝑐
|𝑆(𝑥, 𝑡)|

|Ω|𝑉

𝜕𝑑

𝜕𝑡
− 𝐷𝑎,𝐿𝑃𝑒𝑙

−1 |𝑆(𝑥, 𝑡)|

|Ω|𝑉
𝑐 + 𝜀𝑃𝑒𝑙

−1𝜃(𝑥, 𝑡)
𝜕

𝜕𝑥𝑖
′

(
𝜕𝑐

𝜕𝑥𝑖
′
)488 

+ 𝑂(𝜀2),      (3.8) 489 

For one-dimensional seepage filter which results have been reported in the literature, 490 

we can assume quasi-steady-state clogging condition and compare the terms in (3.8) 491 

at the leading order to obtain: 492 

0 = −�̃�𝐾(𝑥𝐾, 𝑡)
𝜕𝑐

𝜕𝑥𝐾
′

− 𝑐
|𝑆(𝑥𝐾, 𝑡)|

|Ω|𝑉

𝜕𝑑

𝜕𝑡
− 𝐷𝑎,𝐿𝑃𝑒𝑙

−1 |𝑆(𝑥𝐾, 𝑡)|

|Ω|𝑉
𝑐,      (3.9) 493 

where 𝑥𝐾 is along the seepage direction towards the discharge point of the filter. Using 494 

(A14) in its averaged form for unidirectional flow, (3.9) becomes: 495 

0 =  �̃�(𝑥𝐾, 𝑡)
𝜕𝑝

𝜕𝑥𝐾
′

𝜕𝑐

𝜕𝑥𝐾
′

−
|𝑆(𝑥𝐾, 𝑡)|

|Ω|𝑉
(

𝜕𝑑

𝜕𝑡
+ 𝐷𝑎,𝐿𝑃𝑒𝑙

−1) 𝑐,      (3.10) 496 

where �̃� is the average permeability coefficient of the one-dimensional seepage filter 497 

which changes slowly over space and time.  498 

(3.10) generally represents an inhomogeneous first-order differential equation for 𝑐 in 499 

the following form: 500 

0 = �̃�(𝑥𝐾, 𝑡)
𝜕𝑝

𝜕𝑥𝐾
′

𝜕𝑐

𝜕𝑥𝐾
′

− 𝐴(𝑥𝐾, 𝑡)𝑐,      (3.11) 501 

where 𝐴(𝑥𝐾 , 𝑡) =
|𝑆(𝑥𝐾,𝑡)|

|Ω|𝑉
(

𝜕𝑑

𝜕𝑡
+ 𝐷𝑎,𝐿𝑃𝑒𝑙

−1) which is directly associated with the physical 502 

parameters responsible for operating seepage filters.  503 

Integrating (3.11) and adhering to the influent’s boundary condition of 𝑐(0) = 1 yields: 504 

�̃�(𝑥𝐾, 𝑡) =
𝐴(𝑥𝐾, 𝑡)

𝑙𝑛(𝑐)
𝜕𝑝

𝜕𝑥𝐾
′

𝑥𝐾
′ + 𝐶1 = −

𝑚(𝑥𝐾, 𝑡)

𝜕𝑝
𝜕𝑥𝐾

′

𝑥𝐾
′ + 𝐶1,      (3.12) 505 
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where 𝑚(𝑥𝐾, 𝑡) is the lumped calibration function of −
𝐴(𝑥𝐾,𝑡)

𝑙𝑛(𝑐)
 which in turn comprises 506 

of 𝐷𝑎,𝐿, 𝑃𝑒𝑙
−1 and |𝑆(𝑥𝐾, 𝑡)|, and 𝐶1 is an unknown integration constant which varies 507 

between 0 and 1 since �̃�(𝑥𝐾, 𝑡) is a dimensionless parameter and too varies between 508 

0 and 1. Note that 𝑙𝑛(𝑐) is always negative, i.e. 𝑐 < 1, at the filter’s discharge point 509 

during its effective physical clogging stage, and 
𝜕𝑝

𝜕𝑥𝐾
′
 is also a negative quantity along 510 

the media depth as gravitational force dictates the driving force for the depth filtration 511 

process.  512 

By leveraging the homogenization theory with the multiscale perturbation analysis 513 

systematically, the calibration function of 𝑚(𝑥𝐾, 𝑡) is derived in (3.12) which compacts 514 

the complexity of the physical clogging problem inside the one-dimensional (1D) 515 

seepage filters. In the subsequent sections, we focus on the maximum dimensionless 516 

media depth, i.e. 𝑥𝐾 = 𝜀−1, and demonstrate how supervised model-based learning is 517 

adhered to train 𝑚(𝜀−1, 𝑡) with available dataset for 1D seepage filters from the 518 

literature.  519 

 520 

4. Results and discussions 521 

4.1. Supervised model-based learning 522 

We further pre-process (3.12) via dimensional analysis to build a pre-processed input 523 

layer into our own multi-layered neural network (NN) architecture for supervised 524 

model-based learning. The entire pre-processing procedure involved to reduce the 525 

initial unknown input layer, relating to the physical clogging problem of ARRS, to five 526 

unique input nodes for our selected NN model is illustrated in Figure 4.  527 

4.1.1. Pre-processing step with dimensional analysis 528 

The unknown field parameters of 𝐷𝑎,𝐿, 𝑃𝑒𝑙
−1, |𝑆(𝑥𝐾, 𝑡)| and 

𝜕𝑑

𝜕𝑡
 in (3.12) are associated 529 

with the known physical parameters for seepage filters, namely: (i) initial grain size 530 

(𝑑0
∗); (ii) media depth (𝐿𝑚); (iii) hydraulic loading rate (𝑉𝑠); (iv) influent’s concentration 531 

(𝑐0); (v) size of turbidity particles (𝑑𝑝); (vi) density of turbidity particles (𝜌𝑝); (vii) 532 

gravitational acceleration (𝑔); (viii) kinematic viscosity (𝜈); and (ix) filtration time (𝑡∗). 533 
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Readers are referred to Table 1 which explains the inclusion of each parameter in 534 

affecting �̃�(𝑥𝐾, 𝑡). Adopting the repeating variables of 𝜌𝑝, 𝑔 and 𝐿𝑚 for the Buckingham 535 

pi-group theorem, the following pi-terms are obtained as:   536 

𝜋1 = �̃�(𝑥𝐾, 𝑡), 𝜋2 =
𝑑0

∗

𝐿𝑚
, 𝜋3 =

𝑉𝑠

(𝐿𝑚)0.5𝑔0.5
, 𝜋4 =

𝑐0

𝜌𝑝
, 𝜋5 =

𝑡∗𝑔0.5

(𝐿𝑚)0.5
,537 

𝜋6 =
𝑑𝑝

𝐿𝑚
, 𝜋7 =

𝜈

(𝐿𝑚)1.5𝑔0.5
      (4.2) 538 

At this stage, access to large volumes of real-time operational data for field 539 

applications of ARRS is difficult as they are usually not available to the public. Hence, 540 

we extract available dataset from the literature for the experimental analysis of ARRS 541 

[11-12] as summarized in Figure 3a and Table 2. Closer examination of the raw 542 

dataset in the Figure 3a indicates a characteristic exponential decay for �̃�(𝜀−1, 𝑡), 543 

particularly for the dataset of [11] (Figures 3a to 3c in their paper). Such characteristic 544 

profile hinders data extrapolation for the later stages of operations if the predictive 545 

model is only trained by dataset associated with the early stages of operations. To 546 

address this, we linearize the general problem (Figure 3b), to the best possible extent, 547 

by taking the natural logarithm of both sides in (3.12) to obtain: 548 

𝑙𝑛 (�̃�(𝑥𝐾, 𝑡)) = 𝑙𝑛 (−
𝑚(𝑥𝐾, 𝑡)

𝜕𝑝
𝜕𝑥𝐾

′

𝑥𝐾
′ + 𝐶1) = 𝐵(𝑥𝐾, 𝑡),      (4.3) 549 

For convenience, we consider the lumped term of 𝑙𝑛 (−
𝑚(𝑥𝐾,𝑡)

𝜕𝑝

𝜕𝑥𝐾
′

𝑥𝐾
′ + 𝐶1) as 𝐵(𝑥𝐾, 𝑡) 550 

which is also related to the same physical parameters of the above-mentioned (i) to 551 

(ix) for �̃�(𝑥𝐾, 𝑡). Hence, we retain the dimensionless pi-terms from (4.2) to 552 

model 𝐵(𝑥𝐾, 𝑡). The following assumptions are also adhered to establish the 553 

respective quantitative relationship between each independent pi-term and 𝐵(𝑥𝐾, 𝑡) 554 

whereby each condition generally leads to higher 𝑙𝑛(�̃�) values over time, i.e. gradual 555 

reduction of �̃�, in (4.3).  556 

i. Invert 
𝑑0

∗

𝐿𝑚
 as smaller grains tend to result in higher trapping efficacy of the 557 

turbidity particles inside the seepage filter  558 
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ii. Higher 𝑉𝑠 values increase the mass flux of turbidity particles into the filter which 559 

result in greater mass of particles to be trapped per unit time 560 

iii. Higher 𝑐0 values have the tendency for higher mass/volume of turbidity particles 561 

to be trapped inside the filter 562 

iv. Smaller 𝜌𝑝 values usually result in greater number of turbidity particles to be 563 

trapped inside the filter for each mass/volume of influent filtered 564 

v. Invert 
𝑑𝑝

𝐿𝑚
 as smaller-sized turbidity particles tend to result in greater number of 565 

particles to be trapped inside the filter for each mass/volume of influent filtered 566 

vi. Invert 
𝜈

(𝐿𝑚)1.5𝑔0.5 as lower fluid viscosity tends to result in higher removal efficacy 567 

of turbidity particles inside the filter for each mass/volume of influent filtered 568 

In summary, 𝐵(𝑥𝐾, 𝑡) can be modelled as follows: 569 

𝐵(𝑥𝐾, 𝑡) = 𝑓 (
𝐿𝑚

𝑑0
∗ ,

𝑉𝑠

(𝐿𝑚)0.5𝑔0.5
,

𝑡∗𝑔0.5

(𝐿𝑚)0.5
,
𝑐0

𝜌𝑝
,
𝐿𝑚

𝑑𝑝
,
(𝐿𝑚)1.5𝑔0.5

ʋ
)      (4.4) 570 

In (4.4), there are two possible ways to build the pre-processed input layer into our 571 

own multi-layered NN architecture for supervised model-based learning of the filter’s 572 

physical clogging problem, namely: (a) establish six independent nodes whereby each 573 

node represents a unique dimensionless pi-term; or (b) formulate the simplest 574 

monomial form for (4.4) in (4.5) whereby it represents a unique input node into the NN 575 

model.  576 

𝐵(𝑥𝐾, 𝑡) = 𝑛1 (
𝐿𝑚

𝑑0
∗ ·

𝑉𝑠

(𝐿𝑚)0.5𝑔0.5
·

𝑡∗𝑔0.5

(𝐿𝑚)0.5
·  

𝑐0

𝜌𝑝
·  

𝐿𝑚

𝑑𝑝
·  

(𝐿𝑚)1.5𝑔0.5

ʋ
)

𝑛2

      (4.5) 577 

whereby 𝑛1 and 𝑛2 are unknown calibration constants with specific emphasis of 𝑛1 578 

being the weighted average of the compacted representation as the only input feature. 579 

We note that (4.5) can have a biased constant term after calibration with the NN 580 

module. In the next sub-section, we explain the selection of the NN architecture in our 581 

study.  582 

4.1.2. Selection of multi-layered neural network (NN) architecture 583 

At this stage, the limited training dataset extracted prevents us from using 584 

convolutional or recurrent neural network architectures in a satisfactory manner. Both 585 



22 
 

architectures are more suitable for deep learning purpose which is out-of-scope in our 586 

present study. Hence, we restrict our supervised model-based learning to a relatively 587 

small neural network structure (see Table 3 for descriptions) having three hidden 588 

layers whereby each has three, three and two nodes respectively, while the pre-589 

processed input layer is based on (4.5) as discussed earlier. We note that the current 590 

selection of the NN model is only based on trial and error and varying the size of the 591 

hidden layer extensively is not the focus. Rather, we vary the respective values of the 592 

hyperparameters (training period, learning rate, number of epochs and number of mini 593 

batches) for the selected NN structure to determine the most suitable combination to 594 

analyse the filter’s physical clogging problem.  Finally, the current NN algorithm uses 595 

the Xavier Initialization as it maintains enough activation values and backpropagation 596 

gradients during the training step. Hence, the solution converges more quickly as 597 

compared to that of the standard random initialization which tends to converge more 598 

slowly and can easily fall into an ineffective local minimum during the early stages of 599 

the training step.  600 

At the same time, we avoid directly using simple regression analysis or least squares 601 

method to fit the available measured data for the 𝑙𝑛(�̃�) parameter in (4.3) as both 602 

techniques result in an empirical equation which, however, does not link the calibrated 603 

coefficients to the known physical parameters associated with the filter’s physical 604 

clogging problem. Hence, predictive maintenance is not possible as the resulting 605 

equation is unable to relate the hybrid variations of the physical parameters to the 606 

breakthrough timings for a given ARRS. On the contrary, the NN algorithm, having an 607 

optimized set of hyperparameters, enables us to vary the pre-processed input layer 608 

flexibly and predict their respective effects on the filter’s breakthrough timing. This 609 

advantage of combining the analytical feature engineering step with the selected NN 610 

architecture will be demonstrated in the later sections.  611 

4.1.3. Training dataset 612 

Prior to the training step, the number of measured data points is limited as evident in 613 

Figure 3 which hinders the initial model-based learning. To increase the size of the 614 

training dataset, we adhere to the following procedures (commonly known as “handling 615 

the missing data” step in machine learning) to impute logical values into the pool of 616 

training data.  617 
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i. Extract the available data points for 𝑙𝑛 (�̃�(𝜀−1, 𝑡)) at the maximum media depth 618 

associated with a defined training period from each experiment   619 

ii. Perform linear regression analysis of 𝑙𝑛 (�̃�(𝜀−1, 𝑡)) over time of the defined 620 

training period as extracted from step (i)  621 

iii. Check the respective high coefficient of determination (𝑅2) values; ensure that 622 

𝑅2 should be of minimum value of 0.90. If so, proceed to step (v) 623 

iv. Attempt a higher-order regression analysis or other types of machine learning 624 

models (decision trees, support vector machines etc.) of the measured data and 625 

perform step (ii – iii) again using the alternate machine learning model 626 

v. Adopt the derived fitting model from step (ii) to impute more data values for 627 

𝑙𝑛 (�̃�(𝜀−1, 𝑡)), via interpolation, associated with the same training period defined 628 

from step (i) 629 

In our analysis, we adhere to the above steps (i – v) to generate a minimum of 1000 630 

training data points for each of the referenced experiments of [11-12] as shown in 631 

Figures 5 and 6 respectively. We note that the current training period constitutes from 632 

the first 30 to 35% of the total operational period for each referenced experiment. The 633 

generated data is then adhered to train the NN model (Figure 4) for performing 634 

supervised model-based learning of the physical clogging problem in the referenced 635 

experiments. We emphasize that the above procedure to impute more training data, 636 

via regression analysis, does not directly contribute to building up the predictive model 637 

as the empirical coefficients derived in Figures 5 and 6 cannot be linked with the known 638 

physical parameters in (4.4) as discussed.  639 

 640 

4.2. Training and testing steps 641 

4.2.1. Variations of hyperparameters 642 

To first determine the optimized set of hyperparameters to train the proposed multi-643 

layered NN predictive model in Figure 4, we vary the following parameters (see Table 644 

3), namely: (a) the learning rate (𝛼1) of values 0.01, 0.001 and 0.0001; (b) the sizes of 645 

mini-batches (𝛼2) of values of 4, 8 and 16; and (c) the number of epochs (𝛼3) of values 646 

100, 300 and 500. For this purpose, we only examined the extensive variations of the 647 
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hyperparameters using the measured data from [11] (Figure 4c in their paper) and [12] 648 

(Figure 3b in their paper). For the latter component, we only use the raw dataset from 649 

their actual Figure 3b to examine the hyperparameters’ variations as the other dataset 650 

from Figures 3a and 3c in their paper [12] were also derived from the same filter 651 

configuration previously. Hence, the optimized set of hyperparameters determined for 652 

[12] (Figure 3b in their paper) from our analysis should also work for the other dataset 653 

derived from the same filter setup (Figures 3a and 3c in their paper).  654 

For each combination of the varied hyperparameters, the model is being trained for 655 

several times with continuous updating of its model parameters from the previous step 656 

till the RMSE value from the validation step is sufficiently small, i.e. ideally less than 657 

10% error deviation. We note that 80% of the training dataset, after imputation, is fixed 658 

to train the NN model while the remaining 20% is used for validation during the same 659 

training period. In Tables 4a and 4b, we list the respective RMSE values computed for 660 

the comparison between the model predictions and the respective measured data from 661 

the entire training period (training plus validation steps) for the respective experimental 662 

works of [11] (Figure 4c in their paper) and [12] (Figure 3b in their paper). At present, 663 

the combination of 𝛼1 = 0.001, 𝛼2 = 4 and 𝛼3 = 300 results in the lowest possible 664 

RMSE value from Tables 4a and 4b respectively. Hence, the combination set is taken 665 

to be the optimized set of parameters to train the selected NN model in Figure 4.  666 

4.2.2. Variations of training periods 667 

To justify the initial selection of the 30% to 35% of the total operational period for 668 

model-training in each referenced experiment, we further shorten the training period 669 

to 10% and 20% respectively and determine the associated RMSE values computed 670 

for the entire training period (10% and 20% of total operational period) and the 671 

subsequent testing period (remaining 90% and 80% respectively). Tables 5a and 5b 672 

show that the RMSE values from the training and testing steps, from the respective 673 

referenced experiments, gradually reduce with an increasing training period as 674 

expected. However, training the NN model with dataset from a large percentage of the 675 

entire operational period invalidates the overall objective of building an engineering 676 

model which can achieve predictive maintenance for ARRS. On the other hand, too 677 

short of a training period (10% and 20%) results in high inaccuracies in the subsequent 678 

testing stages as shown in Tables 5a and 5b. Hence, at this stage, the selected 30% 679 



25 
 

to 35% initial training period is most appropriate to maintain a balance between the 680 

computed RMSE from the later testing period and the need to predict the filter’s 681 

breakthrough timing at a reasonably early stage of its operations.  682 

4.2.3. Predictive capabilities of NN model 683 

Subsequently, we adopt the optimized combination of hyperparameters (𝛼1 = 0.001, 684 

𝛼2 = 4 and 𝛼3 = 300) to train the model’s predictive accuracy for the remaining 65% 685 

to 70% of the total operational periods in the respective referenced experiments. 686 

Figure 7a shows reasonable agreement (~17.0% error deviation) with the bulk of the 687 

raw dataset [11] (Figure 4c in their paper) as the best-fit linear trend for 𝑙𝑛 (�̃�(𝜀−1, 𝑡)) 688 

remained relatively constant over the entire experimental run. The sudden jump in the 689 

values for 𝑙𝑛 (�̃�(𝜀−1, 𝑡)) in the time range of 10 ≤ 𝑡 ≤ 15 in Figure 7a could be caused 690 

by the unexpected rapid detachment of the initially trapped contaminants inside the 691 

experimental filter which resulted in a rise in its global porosity, and hence its average 692 

permeability. On the contrary, the average error deviations for Figures 7b to 7d 693 

(24.2%, 24.6% and 16.3% respectively) are generally higher than that of Figure 7a 694 

due to the stagnating tail-end which may be indicative of a dominant balance between 695 

the trapping and detachment rates of contaminants, hence leading to minimum 696 

transient changes to the filter’s average permeability. At this stage, however, the 697 

present model does not account for the above-mentioned scenarios due to the 698 

adhered assumptions to build the theoretical model in Section 2 previously.  699 

4.2.4. Limitations of NN model 700 

The compelling limitation to the current engineering model is its need to have at least 701 

30% to 35% of the training dataset to perform the supervised model-based training as 702 

illustrated in Figure 7. The relative extensive training period may not be viewed as 703 

sufficiently early for predictive maintenance to occur. To address this limitation, the 704 

following are viable improvements to be further explored: (a) further reduce the 705 

complexity of the multiple unknowns in 𝐵(𝑥𝐾 , 𝑡) in (4.3). For example, quantifying the 706 

growth rate of the collector spheres with greater precision by using a closer 707 

representation of the actual clogging behavior, and its subsequent effects on the 708 

periodic cell’s porosity and hence the global average permeability over time; (b) 709 
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increase data collection associated with the early periods of operations for ARRS and 710 

perform additional rounds of supervised training which may reduce the time length 711 

required for effective training; and (c) introducing a unique parameter to the model 712 

formulation which accounts for the possible detachment of the initially trapped 713 

contaminants over time.  714 

 715 

4.3. Predictive maintenance of ARRS  716 

4.3.1. Effects of variations in 𝑐0 and 𝑑𝑝  717 

To illustrate the concept of predictive maintenance, we adhere to the trained NN model 718 

built from the dataset of [12] (Figure 3d in their paper) as the model demonstrates the 719 

best accuracy as shown in Figure 6d relative to that of Figures 6b and 6c. We first 720 

examine the varying effects of 𝑐0 and 𝑑𝑝 on the timing (𝑡𝑐) for the seepage filter to 721 

reach its breakthrough stage at the maximum media depth. As discussed previously, 722 

stagnation in the filter’s average permeability coefficient may imply that the removal 723 

rate of turbidity particles inside the ARRS is balanced off by its detachment rate as 724 

there is likely no more transient changes to the filter’s global porosity. For the 725 

simulation runs, all other operational conditions of 𝑉𝑆, 
𝜕𝑝

𝜕𝑥3
′, ʋ and 𝜌𝑝 are maintained 726 

from that in Table 2. Using the trained NN model derived for Figure 7d earlier, Table 727 

6 lists the respective values of 𝑡𝑐 for each unique combination of 𝑐0 and 𝑑𝑝 values as 728 

shown. Generally, the simulation results indicate close weightages to the effects 729 

contributed by 
𝑐0

𝜌𝑝
 and 

𝐿𝑚

𝑑𝑝
 whereby higher 𝑐0 and lower 𝑑𝑝 values result in the seepage 730 

filter reaching its stagnation zone at a faster rate, i.e. smaller 𝑡𝑐 values, as expected 731 

from the explanations in Table 1.  732 

 733 

4.3.2. Effects of variation in 𝑉𝑆 734 

Engineered aquifers enable operators to vary the system’s hydraulic loading rates to 735 

meet the required productivity rate of potable water downstream. Intuitively, higher 𝑉𝑠 736 

generally results in faster rate of physical clogging inside ARRS which can then 737 
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expedite the timing of which maintenance must be carried out. Likewise, we adopt the 738 

same trained NN model from Figure 7d to examine the varying effects of 𝑉𝑠 on 𝑡𝑐 for 739 

treating both low- and high-concentrated influents of 0.001𝑘𝑔/𝑚3 and 0.100𝑘𝑔/𝑚3 740 

having the average 𝑑𝑝 of 50µ𝑚. All other operational conditions are again unchanged 741 

from Table 2. The range of 𝑉𝑠 examined is between 0.200𝑚/ℎ to 0.300𝑚/ℎ with a step 742 

size of 0.01𝑚/ℎ, which then enables us to maintain the creeping flow conditions (𝑅𝑒𝑙 ≪743 

1) inside the same seepage filter of. Table 7 shows that the correlation between 𝑉𝑠 and 744 

𝑡𝑐 is less obvious when all other conditions are constant. The results indicate that a 745 

common high 𝑐0 results in close 𝑡𝑐 values for all 𝑉𝑠 variations, hence confirming that 𝑐0 746 

is relatively more influential than 𝑉𝑠 in affecting 𝑡𝑐. On the other hand, for the treatment 747 

of low concentrated influents, the effects of 𝑉𝑠 are more prominent whereby higher 𝑉𝑠 748 

generally results in lower 𝑡𝑐 as listed in Table 7. Overall, the same procedures can be 749 

applied to adopt the trained NN model for examining the varying effects of ʋ and 𝜌𝑝 on 750 

𝑡𝑐 while keeping the other physical parameters constant.  751 

In summary, after satisfactory model verification from the testing period, the trained 752 

NN model can be useful for environmental engineers to predict the timing for a 753 

concerned seepage filter (ARRS) to reach its breakthrough stage for any other 754 

combinations of  
𝐿𝑚

𝑑0
∗ , 

𝑉𝑠𝑡∗

𝐿𝑚
, 

𝑐0

𝜌𝑝
, 

𝐿𝑚

𝑑𝑝
 and 

(𝐿𝑚)1.5𝑔0.5

ʋ
 in (4.5). By doing so, ample time is then 755 

provided to engineers to better manage the logistics (manpower, allocation of 756 

machinery, back-up plans etc.) involved in predictive maintenance. We do, however, 757 

note that some additional analysis should be done to account for the risk of the current 758 

error deviation on the respective predicted 𝑡𝑐 values.  759 

 760 

4.4. Estimations of filter’s complex parameters  761 

As a recap, �̃�(𝑥𝐾, 𝑡) can be expressed as: 762 

�̃�(𝑥𝐾, 𝑡) = −

1
𝑙𝑛(𝑐)

|𝑆(𝑥𝐾, 𝑡)|
|Ω|𝑉

(
𝜕𝑑
𝜕𝑡

+ 𝐷𝑎,𝐿𝑃𝑒𝑙
−1)

𝜕𝑝
𝜕𝑥𝐾

′

𝑥𝐾
′ + 𝐶1,     (5.1) 763 
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In (2.5), we assume a first-order deposition process (reaction rate) of the turbidity 764 

particles at the boundary of each collector sphere along the macroscale media depth. 765 

Hence, the growth rate of the collector spheres can be approximated to follow first-766 

order trend too. At this stage, |𝑆(𝑥𝐾, 𝑡)| in (5.2) depends directly on the user’s choice 767 

for the number of collector spheres (𝑛) in each periodic cell domain which then affects 768 

the total volume of spheres with respect to (2.1), while 𝑙𝑛(𝑐) is known temporal profile 769 

for the following reasons: (a) effective clogging stage during operations whereby the 770 

removal efficacy of turbidity particles can be estimated beforehand, or (b) based on 771 

previous or current data. At the same time, 
𝜕𝑝

𝜕𝑥𝐾
′ is also known beforehand as ARRS is 772 

usually operated under constant-pressure condition as shown in Table 2. Overall, (5.2) 773 

shows that the complexity of the physical clogging problem in ARRS can further be 774 

reduced to an unknown 𝑘𝑓𝑠(𝑥𝐾) parameter which is expected to vary along the media 775 

depth inside the depth filter.  776 

To simplify (5.2) as our first approximations, 
𝜕𝑑

𝜕𝑡
 is taken to be sufficiently small by 777 

assuming that effective clogging occurs over a long operational period whereby the 778 

collector spheres grow slowly over time. By focusing on the maximum media depth 779 

of 𝑥𝐾 = 𝜀−1, it can easily be shown that 𝑘𝑓𝑠(𝜀−1) must become a time variable in order 780 

for �̃�(𝜀−1, 𝑡) to reduce gradually over time during the effective physical clogging stage 781 

whereby 𝑙𝑛(𝑐) is a known value under constant-pressure flow conditions. At the same 782 

time, 
|𝑆(𝑥𝐾,𝑡)|

|Ω|𝑉
 can be approximated as (1 − 𝜃𝑡∗) whereby 𝜃𝑡∗ is the reducing porosity of 783 

the periodic cell domain over time. By doing so, (5.2) is modified into (5.3). In the 784 

following, we are concerned with critical (𝑘𝑓𝑠,𝑐) reaction rate responsible for the filter’s 785 

effective clogging behavior at the maximum media depth in the same referenced 786 

experiments of [11] (Figure 4c in their paper) and [12] (Figures 3a to 3c in their paper).  787 

�̃�(𝜀−1, 𝑡) = −

1 − 𝜃𝑡∗

𝑙𝑛(𝑐)
𝑘𝑓𝑠(𝜀−1, 𝑡) 

𝑈𝜀

𝜕𝑝
𝜕𝑥𝐾

′

𝜀−1 + 𝐶1     (5.3) 788 

where 𝐶1 represents the initial dimensionless average permeability coefficient having 789 

the value of unity.  790 
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For sand and soil filters, it is typical to assume that the critical porosity (𝜃𝑐) is close to 791 

0.1 [32-33] which directly leads to stagnation in the filter’s average permeability 792 

coefficient. In this analysis, the critical permeability coefficient (dimensionless value) 793 

is taken to be 0.2 for the referenced experiments with respect to Figure 3a. Table 8 794 

lists the respective 𝑘𝑓𝑠,𝑐 values approximated from (5.3) for the referenced 795 

experiments. Since diffusion is assumed to be the dominant transport mechanism 796 

leading to the physical clogging (deposition) of the turbidity particles at both the 797 

microscale and macroscale, the microscale Damköhler (𝐷𝑎,𝑙) and macroscale 798 

Damköhler (𝐷𝑎,𝑙) numbers from (2.14) are taken to be ordering importance of 𝜀2 and 799 

𝜀 respectively. By doing so, we can approximate the unknown diffusion coefficient 800 

values, as also indicated in Table 8, in the original forms of (2.4 – 2.5, 2.7) by using 801 

the relationship from (2.14). At the same time, to justify that diffusion is the focus 802 

mechanism at the microscale, very small microscale Peclet numbers (𝑃𝑒𝑙), of orders 803 

of magnitude close to 10−8, are estimated from (2.13) by using the approximated 804 

diffusion values as indicated in Table 8. The predictions are intuitive by far as we would 805 

expect 𝑃𝑒𝑙 to be much less than the value of unity for creeping flow conditions, i.e. 806 

𝑅𝑒𝑙 ≪ 1, inside the periodic cell domain.   807 

  808 

5. Closing remarks 809 

In light of climate change and the rising populations globally, aquifer recharge and 810 

recovery systems (ARRS), i.e. seepage filters, in natural or engineered aquifers are 811 

garnering increasing attention worldwide to expand the water storage capacity in local 812 

communities. Besides their abilities to store stormwater for future uses, they can 813 

provide other benefits such as pre-treatment of low energy requirements and 814 

minimizing land subsistence. However, the complex physical clogging behavior 815 

resulting from the infiltration step remains intractable to handle till today which thus 816 

stymies the predictive maintenance of ARRS. Consequently, this may affect the 817 

supplies of potable water in the events of unexpected maintenance. The concern 818 

generally derives from the current inability to forecast the timing for ARRS to reach its 819 

breakthrough stage based on the known physical parameters associated with seepage 820 

filtration a priori.  821 
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To address the overall problem statement, we combine the homogenization theory 822 

with the multiscale perturbation analysis as the feature engineering step to first 823 

compact the complexity of the physical clogging problem in ARRS. Systematically, the 824 

homogenized representation, which quantifies the macroscale clogging behavior in 825 

ARRS, enables us to extract the relevant features to predict the timing, via supervised 826 

model-based learning, for the concerned ARRS to reach its breakthrough stage. Prior 827 

to the training step, the pool of training data is limited. Hence, we propose a series of 828 

steps to impute more training data, via interpolation with regression analysis, for 829 

training a multi-layered neural network (NN) architecture which has a pre-processed 830 

input layer by performing dimensional analysis with the extracted input features from 831 

the earlier analytical step.  832 

For each referenced experiment from the literature, the NN model is best trained with 833 

dataset associated with the first 30 to 35% of the total operational period. After training, 834 

the model’s predictive capability is then verified for the remaining 65 to 70% of the 835 

same total period. By far, the overall agreement is relatively satisfactory with an 836 

average deviation of 20% for the referenced experiments. Following which, we 837 

propose how the homogenized representation is useful to estimate an arbitrary filter’s 838 

critical reaction rate and diffusion coefficient values which are responsible for its 839 

physical clogging occuring over time. 840 
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TABLE 1.  1007 

Parameter Association with 𝑚(𝑥𝐾, 𝑡) Explanations 

𝑑0
∗ Embedded within 𝑃𝑒𝑙

−1 and |𝑆(𝑥𝐾, 𝑡)| 

Affects flow pattern inside porous media and growth rate of collector spheres 

whereby smaller grains result in lower microscale Reynolds number and 

improves the filter’s trapping efficacy. Vice versa for bigger grains.   

𝐿𝑚 Embedded within 𝐷𝑎,𝐿 

Affects the volume of deposited turbidity particles inside porous media whereby 

larger media depth generally leads to higher volume of deposited turbidity 

particles for an unknown deposition rate. Vice versa for smaller media depths. 

𝑉𝑠 Embedded within 𝑃𝑒𝑙
−1 

Affects flow pattern inside porous media whereby lower hydraulic loading rate 

result in lower microscale Reynolds number and improves the filter’s trapping 

efficacy. Vice versa for higher hydraulic loading rate.   

𝑐0 Embedded within |𝑆(𝑥𝐾 , 𝑡)| 

Affects growth rate of collector spheres whereby higher influent concentration 

of turbidity particles results in higher growth rate of spheres for a given trapping 

efficacy. Vice versa for smaller influent concentrations.  

𝜌𝑝 Embedded within 𝐷𝑎,𝐿 

Affects the complex diffusion coefficient of the turbidity particles whereby higher 

bulk particle density generally leads to higher probability of contact of the 

particles with the media grains. Vice versa for lower bulk particle density.  

𝑑𝑝 Embedded within 𝐷𝑎,𝐿 

Affects the complex diffusion coefficient of the turbidity particles whereby larger 

turbidity particles generally leads to higher probability of contact of the particles 

with the media grains. Vice versa for smaller turbidity particles. 

𝑡 Embedded within |𝑆(𝑥𝐾 , 𝑡)| Affects the growth rate of collector spheres 

𝜈 Embedded within 𝐷𝑎,𝐿 

Affects the complex diffusion coefficient of the turbidity particles whereby lower 

fluid viscosity generally leads to higher probability of contact of the particles 

with the media grains. Vice versa for higher fluid viscosity. 

𝑔 Embedded within 𝐷𝑎,𝐿 Dictates the gravitational force acting on the turbidity particles 
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TABLE 2. 1009 

Run 

no. 

𝑑0
∗ 

(𝑚𝑚) 

𝐿𝑚 

(𝑚) 

𝑉𝑆 

(𝑚/ℎ) 
𝑑𝑝(µ𝑚) 

𝜕𝑝

𝜕𝑥3
′ 

(dimensionless) 

𝑐0 

(𝑘𝑔/𝑚3) 

ʋ 

(𝑚2/𝑠) 

𝜌𝑝 

(𝑘𝑔/𝑚3) 

𝑅𝑒𝑙 

(dimensionless) 
References 

1 0.130 0.250 0.286 0.450 1.25 × 10−4 0.100 
9.33

× 10−7 
1030 𝑂(10−2) ≪ 1 

Zhou et al., 

2009 

2 0.100 0.500 0.271 
44.3, 62.5, 

38.5 
2.00 × 10−4 0.100 

8.92

× 10−7 
2650 𝑂(10−3) ≪ 1 

Wang et al., 

2012 
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TABLE 3. 1011 

Hyper-parameter Value 

Number of hidden layers 3 

Size of hidden layer (nodes) 3, 3, 2 (sequentially) 

Learning rate (𝛼) 0.01, 0.001, 0.0001 

Size of mini batches 4, 8, 16 

Number of epochs 100, 300, 500 

Activation function Rectified Linear Unit 
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TABLE 4a. 1013 

Combination 

𝛼1  

(learning 

rate) 

𝛼2  

(sizes of 

mini-batches) 

𝛼3  

(number of 

epochs) 

RMSE 

(training) 

1 0.01 4 100 0.249 

2 0.001 4 100 0.249 

3 0.0001 4 100 0.0302 

4 0.01 8 100 0.249 

5 0.001 8 100 0.249 

6 0.0001 8 100 0.0300 

7 0.01 16 100 0.249 

8 0.001 16 100 0.0302 

9 0.0001 16 100 0.0303 

10 0.01 4 300 0.249 

*11 0.001 4 300 0.0302 

12 0.0001 4 300 0.0302 

13 0.01 8 300 0.249 

14 0.001 8 300 0.0302 

15 0.0001 8 300 0.0303 

16 0.01 16 300 0.249 

17 0.001 16 300 0.0302 

18 0.0001 16 300 0.0302 

19 0.01 4 500 0.249 

20 0.001 4 500 0.0302 

21 0.0001 4 500 0.0302 

22 0.01 8 500 0.249 

23 0.001 8 500 0.0302 

24 0.0001 8 500 0.0302 

25 0.01 16 500 0.249 

26 0.001 16 500 0.0302 

27 0.0001 16 500 0.0302 

 * lowest possible RMSE 1014 

1015 
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TABLE 4b. 1016 

Combination 

𝛼1  

(learning 

rate) 

𝛼2  

(sizes of 

mini-batches) 

𝛼3  

(number of 

epochs) 

RMSE 

(training) 

1 0.01 4 100 0.134 

2 0.001 4 100 1.14 

3 0.0001 4 100 1.14 

4 0.01 8 100 1.14 

5 0.001 8 100 0.136 

6 0.0001 8 100 1.14 

7 0.01 16 100 0.0793 

8 0.001 16 100 0.0805 

9 0.0001 16 100 1.14 

10 0.01 4 300 1.14 

*11 0.001 4 300 0.0744 

12 0.0001 4 300 1.14 

13 0.01 8 300 1.14 

14 0.001 8 300 0.0857 

15 0.0001 8 300 1.14 

16 0.01 16 300 1.14 

17 0.001 16 300 1.14 

18 0.0001 16 300 0.0998 

19 0.01 4 500 1.14 

20 0.001 4 500 1.14 

21 0.0001 4 500 1.14 

22 0.01 8 500 1.14 

23 0.001 8 500 1.14 

24 0.0001 8 500 1.14 

25 0.01 16 500 1.14 

26 0.001 16 500 1.14 

27 0.0001 16 500 1.14 

 * lowest possible RMSE 1017 

 1018 

1019 
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TABLE 5a.  1020 

Training period (%) 
RMSE 

(training step) 
Testing period (%) 

RMSE 

(testing step) 

10 0.0351 90 0.742 

20 0.0316 80 0.219 

35 0.0302 65 0.170 

 1021 

TABLE 5b.  1022 

Training period (%) 
RMSE 

(training step) 
Testing period (%) 

RMSE 

(testing step) 

10 0.102 90 0.604 

20 0.0812 80 0.499 

35 0.0744 65 0.246 

  1023 
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TABLE 6. 1024 

Combination 𝑐0(𝑘𝑔/𝑚3) 𝑑𝑝 (µ𝑚) 𝑡𝑐 (ℎ) 

1 0.100 10 ~ 9 

2 0.100 20 ~ 18 

3 0.100 30  ~ 27 

4 0.100 40  ~ 36 

5 0.100 50  ~ 44 

6 0.100 60 ~ 54 

7 0.100 70 ~ 62 

8 0.100 80 ~ 72 

9 0.100 90 ~ 81 

10 0.100 100 ~ 90 

11 0.001 10 ~ 900 

12 0.001 20 ~ 1800 

13 0.001 30  ~ 2700 

14 0.001 40  ~ 3500 

15 0.001 50  ~ 4500  

16 0.001 60 ~ 5400 

17 0.001 70 ~ 6300 

18 0.001 80 ~ 7200 

19 0.001 90 ~ 8000 

20 0.001 100 ~ 9000 
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TABLE 7. 1027 

Combination 𝑐0(𝑘𝑔/𝑚3) 𝑑𝑝 (µ𝑚) 𝑉𝑠 (𝑚/ℎ) 𝑡𝑐 (ℎ) 

1 0.100 50 0.200 ~44 

2 0.100 50 0.210 ~42 

3 0.100 50 0.220 ~40 

4 0.100 50 0.230 ~40 

5 0.100 50 0.240 ~38 

6 0.100 50 0.250 ~36 

7 0.100 50 0.260 ~34 

8 0.100 50 0.270 ~33 

9 0.100 50 0.280 ~32 

10 0.100 50 0.290 ~31 

11 0.100 50 0.300 ~30 

12 0.001 50 0.200 ~4400 

13 0.001 50 0.210 ~4300 

14 0.001 50 0.220 ~4200 

15 0.001 50 0.230 ~4100 

16 0.001 50 0.240 ~4000 

17 0.001 50 0.250 ~3900 

18 0.001 50 0.260 ~3900 

19 0.001 50 0.270 ~3800 

20 0.001 50 0.280 ~3700 

21 0.001 50 0.290 ~3700 

22 0.001 50 0.300 ~3600 
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TABLE 8.  1030 

Referenced experiment 𝑘𝑓𝑠,𝑐 (𝑚𝑠−1) 𝐷𝑓𝑠,𝑐 (𝑚2𝑠−1) 𝑃𝑒𝑙 

Zhou et al. (2009, Figure 4c) 5.54 × 10−5 2.66 × 10−2 3.88 × 10−7 

Wang et al. (2012, Figures 

3a to 3c) 
1.06 × 10−5 2.64 × 10−2 2.85 × 10−7 
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