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Abstract: In this paper, we propose an efficient extension of the standard empirical mode decomposition (EMD) for complex-
valued univariate signal decomposition. The key idea of the extension is to convert a complex-valued univariate signal into a
longer real-valued signal by augmenting the real part with the flipped imaginary part, and then to decompose it into intrinsic
mode functions (IMFs) using the EMD once only. The bivariate IMFs are then retrieved from the obtained IMFs. Our empirical
results on synthetic data show that the proposed method significantly outperforms the traditional bivariate EMD (BEMD) method
in terms of the computational efficiency while producing a comparable extraction error. Moreover, the proposed method shows
better micro-Doppler signature analysis performance on physically measured continuous-wave radar data than that of the BEMD.

1 Introduction

The empirical mode decomposition (EMD) [1] is a powerful tool for
time-frequency signal analysis. It decomposes a real-valued univari-
ate signal into a set of amplitude and frequency modulated (AM-FM)
functions called the intrinsic mode functions (IMFs). Different from
the Fourier analysis, the basis function for EMD decomposition is
not predefined. Instead, the EMD removes the lower frequencycom-
ponent from the input signal adaptively and locally at each iteration.
Due to these properties, the EMD has successfully been deployed in
analysis of nonlinear and nonstationary signals (e.g., speech signal
[2, 3] and biomedical signal [4, 5]).

One of the main research streams on the EMD is to extend its
capability to deal with bivariate (including complex-valued univari-
ate) [6–10], trivariate [11, 12] or even multivariate [13–18] signals.
For the case of bivariate signals, several methods have beenrecently
proposed namely, complex EMD (CEMD) [6], rotation-invariant
EMD (RI-EMD) [7], bivariate EMD (BEMD) [8], nonuniformly
sampled BEMD (NS-BEMD) [9] and dynamically-sampled BEMD
(DS-BEMD) [10]. In the CEMD, the complex values are firstly con-
verted into an analytic form of signal based on the Hilbert transform
[1]. The standard EMD is then applied to the positive and negative
frequency components of the analytic form. Due to the possibility of
having an inconsistent number of IMFs for each channel [10, 16, 19],
the application of the CEMD is limited. Moreover, such channel-
wise decomposition cannot guarantee that the same-indexedIMFs
contain similar scales across data channels [16, 19].

Different from the CEMD, both the RI-EMD and BEMD are full
bivariate extensions of the EMD method [10]. A bivariate/complex-
valued univariate signal is firstly projected onto a set containing
multiple directions. A tube-like 3D signal envelope is thencomputed
by interpolating the extrema of these projections. The local mean
of the envelope is finally computed similar to that of the standard
EMD. The number of directions taken to project the bivariatesignal
is the main difference between the RI-EMD and the BEMD meth-
ods [10]. The RI-EMD takes two directions while the BEMD can
take any number of directions. Because of the flexibility, the BEMD
is more appropriate for real-world signals than the RI-EMD.The
last two methods, NS-BEMD and DS-BEMD, are extensions of the
BEMD method in terms of the selection process of the directions for
projection.

Although the BEMD hasshown promising performance in
decomposing thebivariate signals [20, 21], it is well known that the
BEMD suffers from high computational cost [14, 15]. This is due to

the nature of projecting bivariate signals, where the number of direc-
tions becomes a tradeoff between the decomposition accuracy and
the computational cost [10].

In this paper, we propose an efficient extension of the standard
EMD for complex-valued univariate signal decomposition. The key
idea is to augment the real part with the flipped imaginary part of the
input complex-valued univariate signal, and then use the EMD on
the resultant longer real-valued signal once only. The IMFsobtained
from the EMD decomposition are then converted to bivariate IMFs
(BIMFs). We note here that the proposed method is different from
the channel-wise EMD decomposition proposed in [6] and men-
tioned in [16]. Particularly, the same number of mode functions for
each real and imaginary channel is guaranteed since only oneEMD
is performed. Moreover, the same-indexed BIMF over the realand
the imaginary parts will have a similar scale.

The main contributions of this paper can be enumerated as fol-
lows: i) proposal of an efficient extension of the standard EMD
method for complex-valued univariate signal decomposition; ii) pro-
vision of extensive empirical results to validate the proposed method;
iii) provision of analysis results showing that some uniquesignal
characteristics may not appear on both the real and the imaginary
channels simultaneously. In such a case, the proposed treatment
of signal features can have a better resolution than that of the
conventional approach.

The paper is organized as follows: the background knowledgeon
the EMD and the BEMD methods is provided in Section 2 for imme-
diate reference. In Section 3, we introduce the proposed extension
of the standard EMD method for complex-valued univariate signal
decomposition. Section 4 presents our experimentalsettings and
numerical results with discussions followed by experimental results
on physically measured radar signals in Section 5. Some concluding
remarks are presented in section 6.

2 A brief review of EMD and BEMD

The main idea of the EMD is to treat a real-valued univariate signal
as fast oscillations being superimposed on slow oscillations. As an
extension of the notion, the BEMD treatsa bivariate signal as fast
rotations being superimposed on slow rotations. The EMD andthe
BEMD methods are briefly reviewed in this section.
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2.1 EMD

Given a real-valued univariate signalx ∈ R1×d , the standard EMD
decomposes it into a set of oscillating waveforms centered at zero [1]
as:x = ∑L

l=1 ml +qL, whereml ∈ R1×d , l = 1, · · · ,L, denotes thel-
th IMF andqL ∈ R1×d is the residual resulted after theL-th IMF is
computed. Every IMF satisfies the following two conditions [1]: (i)
The number of local extrema and zero-crossings are either equal or
differ by at most one; and (ii) at any pointof time, the mean value of
the envelope defined by the local maxima and the envelope defined
by the local minima is zero. The process for computing a set ofIMFs
is called a ‘sifting process’ which is summarized in Algorithm 1.

Algorithm 1 Empirical mode decomposition

1: Input : A real-valued univariate signalx ∈ R1×d

2: Initialize: x̃← x andl← 1
3: do
4: Identify the entire local extrema of̃x
5: Constructa lower envelopẽxmin (cf. upper envelopẽxmax)

by interpolating between the adjacent minima (cf. maxima)
6: Compute the envelope mean:x̃mean← (x̃min + x̃max)/2
7: if d← x̃− x̃mean satisfies a stopping criterion [1]then
8: ml ← d becomes thel-th IMF
9: else

10: Go to Line #4 with̃x← d
11: end if
12: ql ← x̃−ml becomes thel-th residual
13: x̃← ql andl← l +1
14: while the residualql becomes a monotonic function
Note: ‘A← B’ indicates that ‘B’ is assigned to ‘A’.

2.2 BEMD

Similar to the EMD method, the BEMD decomposes a real-valued
bivariate signals ∈ R2×d (or a complex-valued univariate signal
s ∈ C1×d where its real and imaginary part respectively forms an
individual data channel) into a set of rotational components namely,
BIMFs ck, k = 1, · · · ,K, as [8]:s=∑K

k=1 ck +pK , wherepK indicates
the residual obtained after theK-th BIMF is computed. As shown in
Algorithm 2, once the mean of the envelope curve is obtained (see
Lines #7 to #14 of Algorithm 2) the similar sifting process to that of
the EMD process is performed.

Algorithm 2 Bivariate EMD

1: Input : A complex-valued univariate signals ∈ C
1×d (or real-

valued bivariate signals ∈ R2×d)
2: Initialize: s̃← s andk← 1
3: do
4: Project̃s onto a set of directionsθv = ( 2πv

V ), v = 1, · · · ,V :
pθv

(t) = Re(e−iθv s(t))
5: Extract the locations{tv

i } of the extrema ofpθv
(t) for ∀v

6: Interpolate the set{(tv
i ,s(t

v
i ))} to obtain the envelope curve

in directionpφv(t)
7: Compute the mean:̃smean← 1

N ∑k e(t)
8: if d← s̃− s̃mean satisfies a stopping criterion [1]then
9: ck← d becomes thek-th BIMF

10: else
11: Go to Line #4 with̃s← d
12: end if
13: pk← s̃−ck becomes thek-th residual
14: s̃← pk andk← k+1
15: while the residualpk becomes a monotonic function
Note: ‘A← B’ indicates that ‘B’ is assigned to ‘A’.

3 Proposed method

In this section, we propose an extension of the EMD method namely,
an augmented EMD (AEMD) for complex-valued univariate signal
decomposition. The input complex-valued signal is converted into a
longer real-valued signal by concatenating the real and theimaginary
parts, and then decompose the concatenated signal into a setof IMFs
using the standard EMD once only. The BIMFs are then retrieved
from the obtained IMFs. The following subsections provide details
of the proposed method.

3.1 Augmented EMD

3.1.1 Signal augmentation: Let s = [s1,s2, · · · ,sd ] ∈ C
1×d be

a complex-valued univariate signal to be decomposed into a set of
BIMFs. The proposed method starts with constructing an exchange
matrix E ∈ Nd×d as [22]:

E(a,b) =

{
1, if b = d−a+1
0, if b 6= d−a+1 (1)

where (a,b) denotes a matrix coordinate. Note that theE is a
column-reversed version of the identity matrix [22]. Usingthis
exchange matrix, the input signals is converted to ˜s as follows:

s̃ = [Re(s), (Im(s)+η)E] , (2)

where s̃ ∈ R1×2d , the operation[·, ·] indicates a row vector con-
catenation,Re(s) and Im(s) respectively denote the real and the
imaginary part ofs. Here,(Im(s)+η)E ∈ R1×d indicates the time
(i.e., left-right) flippedIm(s) after shifting by a constantη, which is
defined as follows:

η =

{
|Re(s)− Im(s)|, if Re(s)≥ Im(s)
−|Re(s)− Im(s)|, if Re(s)< Im(s)

, (3)

whereRe(s) denotes the mean ofRe(s) and| · | denotes the magni-
tude operation. This step is to reduce the mean difference ofthe real
and the imaginary parts while maintaining the local signal trend.

3.1.2 Signal discontinuity detection: As mentioned earlier in
this section, the augmented signal ˜s obtained using (2) is to be
decomposed into a set of IMFs using the standard EMD method.
However, it is worth noting here that the augmented signal may or
may not contain a large signal discontinuity. This is because the s̃
is a simple concatenation of the real part and the flipped imaginary
part. As illustrative examples, Fig. 1 (a) and (b) respectively show
the augmented signal obtained using synthetic signalss21 (9) and
s22 (10).

In Fig. 1 (a), the ending point of the real part and the starting point
of the imaginary part look quite close to each other. Moreover, both
the real and the flipped imaginary parts are of the same frequency. In
such a case, the proposed augmentation may not causea large signal
discontinuity. On the other hand, the concatenated signal shown in
Fig. 1 (b) contains a large discontinuity in the amplitude aswell as
in the frequency. Since such discontinuity may affect the extracted
IMFs, we propose to remove it. Particularly, if the input signal s sat-
isfies either of the following two conditions, we proceed to Section
3.1.3, otherwise to Section 3.1.4.

• Is | f0− f1| ≥ max[ f0, f1]
10 ? Here, the symbolsf0 and f1 respectively

indicate the estimated instant frequency [23] at the edge point of
Re(s) andIm(s).
• Is |Re(sd)− Im(sd) | ≥ max[Re(s), Im(s)]

10 ? Recall thatsd denotes the
last element ofs ∈ C1×d .

3.1.3 (Conditional step) Removal of the signal discontinu-
ity based on an interpolation using a chirp signal: Signal
smoothing in time-/frequency-domain [24, 25] and linear/nonlinear
interpolation [25] are among the most popular choices to handle the
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Fig. 1: An illustration of the proposed signal augmentation and the
potential issue of a signal discontinuity.
(a) Obtained using a synthetic signals21 shown in (9)
(b) Obtained using a synthetic signals22 shown in (10)

discontinuity issue. However, the former is an inappropriate option
to be incorporated with theAEMD because of the locality and adap-
tivity properties of the EMD method (see Section 2.1 for details).
The main reason is that the smoothing changes the original signal
around the edge where the two data channels are joined together.
Since the decomposition error in an IMF is propagated to the fol-
lowing IMF with a large impact (see Section 3.2 for our empirical
analysis), touching the original data triggers a significant error in the
extracted IMFs.

Our proposed resolution belongs to the latter approach, interpola-
tion, but different from those existing techniques in the literature.
Essentially, we propose to interconnect one end of both realand
imaginary parts using a frequency modulated sinusoidal wave (a.k.a.
a chirp signal)v. It is emphasized here that padding a sinusoidal sig-
nal is a natural approach to EMD since the core idea of EMD is to
treat a signal as fast oscillations being superimposed on slow oscil-
lations. The sinusoidal padding can thus be regarded as bringing the
zero-padding effect as in other signal processing techniques (e.g., fil-
tering) to the extracted IMFs. Moreover, the frequency modulation
plays an important role in compensating the frequency differences
existing between the real and the imaginary parts. The chirpsignal
v = [v(1),v(2), · · · ,v(P)]T is defined as follows:

v(t) = {Acos(2π f (t)t)}P
t=1, (4)

where f (t) = k
2t + f0 denotes the time-varying frequency,k =

f1− f0
P indicates the changing rate of the frequency,f0 and f1

respectively indicate the frequencies at the beginning (i.e., t =
1) and at the end (i.e.,t = P) of the signal. TheP is fixed to
an empirical value 1,000 if the sampling ratefs ≥1KHz, other-
wise P = fs. This P setting is observed to contain an enough
number of oscillations. The amplitudeA is defined asA =
max[|smax|, |smin|] where smax = max[max(Re(s)) , max(Im(s))],
smin = min[min(Re(s)) ,min(Im(s))].

Both ends of the generated chirp signalv are then adjusted to
ensure the local signal continuity as detailed in Algorithm3 and
shown in Fig. 2. The main idea here is to represent the signal conti-
nuity by locally computed signal slopes (e.g.,ma, mv andmb shown

in Lines #2, #4,#11 and #14 of Algorithm 3). We then segment
ṽ ∈ R1×p, which is adjusted to bothRe(s) and(Im(s)+η)E, from
v∈R1×P wherep≤ P (see Line#23of Algorithm 3 for detail). As a
result of this boundary adjustment step, the two signal discontinuities
observed from the left panel of Fig. 2 are effectively alleviated as
shown in the right panel of Fig. 2, respectively. With the segmented
ṽ, (2) is now re-defined as follows:

s̃ = [Re(s), ṽ, (Im(s)+η)E] , (5)

wheres̃ ∈ R1×(2d+p).
Recall that this interpolation is a conditional step. As aforemen-

tioned, if the concatenated signal ˜s ∈ R1×2d by (2) does not contain
a large discontinuity, then it is utilized for computing theBIMFs
as described in the following subsection. Otherwise, the BIMFs are
computed using the signal ˜s ∈ R1×(2d+p) obtained by (5).

Algorithm 3 EdgeAdjust(Re(s), v, (Im(s)+η)E)

1: Input : a← Re(s) ∈ R1×d , v ∈ R1×P, andb← (Im(s)+η)E ∈
R1×d ⊲ For simplicity,Re(s) and(Im(s)+η)E are respectively
denoted asa ∈ R1×d andb ∈ R1×d within this algorithm

2: ma = a(1,d)−a(1,d−1) ⊲ Compute the slope ofa
3: for i← 2 to P step1 do
4: mv = v(1, i)−v(1, i−1) ⊲ Compute the slope ofv
5: if ma, mv ≥ 0 && v(1, i)> a(1,d) then
6: i f rom← i; BREAK
7: else ifma, mv < 0 && v(1, i)< a(1,d) then
8: i f rom← i; BREAK
9: end if

10: end for
11: mb = b(1,2)−b(1,1) ⊲ Compute the slope ofb
12: di f f ← 100 ⊲ Variable initialization
13: for i← P to i f rom step−1 do
14: mv = v(1, i)−v(1, i−1) ⊲ Compute the slope ofv
15: if mb, mv ≥ 0 && di f f > abs(b(1,1)−v(1, i)) && v(1, i)<

b(1,1) then
16: ito← i
17: di f f ← abs(b(1,1)−v(1, i))
18: else if mb, mv < 0 && di f f > abs(v(1, i)− b(1,1)) &&

v(1, i)> b(1,1) then
19: ito← i
20: di f f ← abs(v(1, i)−b(1,1))
21: end if
22: end for
23: Output: ṽ ∈ R1×p← v(1, i f rom : ito)
Note 1: ‘A← B’ indicates that ‘B’ is assigned to ‘A’.
Note 2:a(1,x) indicates a vector coordinate (e.g., thex-th element of the vectora).

3.1.4 BIMFs retrieval from IMFs: As a result of the signal aug-
mentation shown in (2) and (5), the complex-valued signals now
becomes a real-valued signal ˜s ∈ R1×(2d+p) by (5) (or s̃ ∈ R1×2d

by (2)). The augmented signal ˜s is then input to the standard EMD,
whereL number of IMFsM =

[
mT

1 , · · · ,mT
L

]T ∈ RL×(2d+p) if s̃ ∈
R1×(2d+p) by (5) (or M ∈ RL×2d if s̃ ∈ R1×2d by (2)) is obtained.
Here, the firstd columns ofM are the IMFs obtained using the real
part ofs, while the middlep columns and the lastd columns are the
EMD resultsobtained usingthe padded chirp signal and the imag-
inary part, respectively. To separate these three sets of IMFs,M is
divided into three subsetsMreal , Mchirp andMimag as follows:

Mreal = [M1,M2, · · · ,Md ] ∈ R
L×d ,

Mchirp =
[
Md+1,Md+2, · · · ,Md+p

]
∈ R

L×p,

Mimag =
[
M(d+p)+1,M(d+p)+2, · · · ,M2d+p

]
∈ R

L×d ,

(6)
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Fig. 2: An illustration of the proposed signal augmentation and discontinuity removal steps on a synthetic signals22 in (10).

whereMi ∈RL×1 denotes thei-th column vector ofM. Note that the
Mchirp is not obtained if ˜s ∈ R1×2d by (2) is decomposed (see Lines
#14–#16 of Algorithm 4). The BIMFs of the proposed AEMD are
then subsequently obtained as follows:

C = Mreal + j ·
(

Mimag ·E
)
∈ C

L×d , (7)

where j =
√
−1 and thel-th row vector ofC corresponds to thel-

th BIMF. TheMimag is multiplied by the exchange matrixE again
to retrieve the original time order of the imaginary part, which was
flipped over in (2) and (5). Note that theMchirp is not used in
computing the BIMFs.

As aforementioned, it is worth emphasizing here that the proposed
method is different from decomposing the real and the imaginary
parts of a complex-valued signal individually. Essentially, as pointed
out by [16, 19], such channel-wise EMD decomposition cannotguar-
antee an equal number of IMFs over the data channels. Moreover,
there is no guarantee that the same-indexed IMFs contain similar
scales of information across the data channels. Different from the
channel-wise decomposition, the proposed method is free from such
concerns.

Apart from the channel-wise decomposition issue, adoptingthe
standard EMD to decompose the augmented signal ˜s may raise sev-
eral concerns such as the mode-mixing problem, the over sifting
problem and the signal boundary issue. These are well-knownlimi-
tations of the standard EMD method. However, as aforementioned,
the main objective of this work is to extend the standard EMD for
efficient decomposition of complex-valued univariate signals. The
proposed method shall be improved to handle these problems in our
future work. The processing steps of the proposed AEMD method is
summarized in Algorithm 4.

3.2 Local decomposition property of EMD

Recall that in (2) and (5) the real part and the time flipped imaginary
part of s are concatenated with continuity checking to ˜s. The EMD
is then used to decompose the ˜s into a set of IMFs. We note here that
our proposed idea is valid since the EMD decomposes the signal
locally and adaptively. In this subsection, we empiricallyshow the
validity as well as the limitation of the proposed idea on a physically
measured radar echo signal.

Let x be the real part of a complex-valued radar echo signals
returned from a helicopter mini-UAV (50 ms long, see Section5 for

Algorithm 4 Augmented EMD

1: Input : A complex-valued univariate signals ∈ C1×d

2: Construct an exchange matrixE using (1)
3: Calculate the mean differenceη using (3)
4: s̃ ∈ R1×2d ← [Re(s), (Im(s)+η)E] ⊲ Signal augmentation
5: if the s̃ contains a large discontinuity (see Section 3.1.2)then
6: Generate a chirp signalv using (4)
7: ṽ ∈ R1×p← EdgeAdjust(Re(s),v,(Im(s)+η)E) in Algo. 3
8: s̃ ∈ R

1×(2d+p)← [Re(s), ṽ, (Im(s)+η)E]
9: M =

[
mT

l , · · · ,mT
L

]T ∈ RL×(2d+p)← EMD(s̃) in Algo. 1
10: Mreal ∈ RL×d ← [M1, · · · ,Md ] ⊲ Mi denotes thei-th

column vector ofM
11: Mchirp ∈ RL×p←

[
Md+1, · · · ,Md+p

]

12: Mimag ∈ RL×d ← [M(d+p)+1, · · · ,M2d+p]
13: else
14: M =

[
mT

l , · · · ,mT
L

]T ∈ RL×2d ← EMD(s̃) in Algo. 1
15: Mreal ∈ RL×d ← [M1, · · · ,Md ]
16: Mimag ∈ RL×d ← [Md+1, · · · ,M2d ]
17: end if
18: Output: C ∈ CL×d ←Mreal + j ·

(
Mimag ·E

)
⊲ The i-th row

vector ofC corresponds to thei-th BIMF
Note: ‘A← B’ indicates that ‘B’ is assigned to ‘A’.

more details). The EMD is performed on i) the entire 50ms longsig-
nal, denoted asx1:50, and ii) a 20ms long segment (from 15ms to
35ms) of the signal, denoted asx15:35, respectively. The two sets of
IMFs, m1:50

l obtained fromx1:50 and m15:35
l obtained fromx15:35,

are then directly compared to each other. Particularly, theabsolute
distance betweenm15:35

l and a (15ms to 35ms) subset ofm1:50
l is

computed forl = 1, · · · ,4, as shown in Fig. 3. Note that a zero-
padding is applied to the first 15ms and the last 15ms in Fig. 3 to
increase the readability of the results.

In Fig. 3, some differences (i.e., non-zero values) are observed
around the signal boundaries (e.g., 15ms and 35ms). Note here that
the boundaries can be regarded as time points where two signals are
joined together. The differences indicate the error of extracting mode
functions. As expected, no such difference is observed if nosuch
boundary exists (e.g., around 20ms to 30ms in the figure). It is also
observed from the figure that the difference in an IMF is propagated
to the subsequent IMF with a large impact. However, the differences
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Table 1 Computational complexity for processing one sifting iteration. Symbol
ml,r indicates the l-th IMF computed at the r-th iteration, L denotes the number of
IMFs, MEMD (ml,r) and MBEMD (ml,r,v) respectively denote the number of extrema
detected in ml,r using the standard EMD and the BEMD and V indicates the
number of directions for projection.

Method Numerical complexity F (ml,r+1)
for processing one sifting iteration

EMD 18d +15MEMD (ml,r)

BEMD d (11V +2)+15∑V/2
v=1 MBEMD(ml,r ,v)

AEMD 18(2d)+15MEMD (ml,r) if s̃ ∈ R1×2d

18(2d + p)+15MEMD (ml,r) if s̃ ∈R1×(2d+p)

(extraction error) can be ignored as they are insignificant in real-
world applications (e.g., radar signal processing) and appear only at
one end of the signal. These results and observations lead usto the
conclusion that decomposing an augmented signal using the EMD
method produces similar IMFs to those by decomposing the signals
individually without augmentation.

3.3 Numerical complexity analysis

The main advantage of the proposed AEMD over the BEMD is its
high computational efficiency. To gain a better understanding about
the advantage, in this section, the standard EMD, BEMD and AEMD
methods are analyzed in terms of their numerical complexityfor pro-
cessing one sifting iteration [15]. Particularly, as shownin Table 1,
the numerical complexity of the EMDs is defined in terms of the
number of floating point operations in which only the multiplications
are considered [15].

It is observed from Table 1 that the complexity of the BEMD is
significantly affected by the number of projection directionsV on top
of the signal lengthd and the number of extremaMBEMD(ml,r ,v)
detected in thel-th IMF at the r-th iteration. Since the standard
EMD is free from such projection operation, its numerical complex-
ity is only influenced by the lengthd and the number of extrema
MEMD(ml,r). Recall that the main idea of the AEMD is to decom-
pose the augmented signal ˜s using the standard EMD. Thus, its
complexity is equal to that of the EMD except for the signal length
which becomes either 2d or 2d + p as shown in the last two rows
of Table 1. Though the AEMD requires two more processing steps
(e.g., signal augmentation and BIMFs retrieval) than the BEMD,
their computational loads are negligible compared to the sifting
process.

The total computational cost of these EMDs is defined over the
entire number of IMFsL and the number of iterationsR for a sifting
process as follows [15]:

C =
L

∑
l=1

R

∑
r=1

F
(
ml,r

)
. (8)

4 Empirical performance evaluation on synthetic
signals

The main goal of this section is to verify the effectiveness and
efficiency of the proposed AEMD method in extracting BIMFs

from complex-valued univariate signals. To achieve this goal, two
complex-valued synthetic signals are utilized in this experimental
study. For performance comparison, the obtained evaluation results
are compared with those by the conventional BEMD method. The
AEMD method is then compared with two multivariate extensions of
the EMD namely, the turning tangent EMD (2T-EMD) [14] and the
eXtended EMD (X-EMD) [15] in terms of the best BIMFs extraction
error. The following subsections detail the data, the evaluation setup
and the obtained results.

4.1 Synthetic data: complex-valued univariate signals

As aforementioned, two complex-valued synthetic signals,s21 and
s22 adopted from [15], are utilized in this experimental study.The
former signal is defined as follows [15]:

s21 = d(21)
1 +d(21)

2

=
{

e
jπ
4 et sin(80πt +1.5)

}
+
{

e
− jπ

4 sin
(

2π [2.5(1+ t)]2
)}

,

(9)

whered(21)
1 andd(21)

2 are two AM-FM planar components which are
orthogonal to each other, andt indicates the time index. Similarly,
the latter signal (see Fig. 5 (a)) is defined as follows [15]:

s22 = d(22)
1 +d(22)

2 +d(22)
3

=
{

0.3cos(56πt)+0.8 j sin(54πt)
}

+
{

1.7cos(20πt)+3.2 j sin(22πt)
}

+

{
e0.23t−0.46

[
2.5cos

(
π (0.82t +4.49)2

)
+

1.1 j sin
(

π (0.82t +4.49)2
)]}

,

(10)

whered(22)
1 , d(22)

2 andd(22)
3 are three different AM-FM components

rotating elliptically as respectively shown in Fig. 5 (b), (c) and (d)
(see the red dashed line).

The individual components,d(21)
l wherel ∈ {1,2} shown in (9)

and d(22)
l where l ∈ {1,2,3} shown in (10), are the groundtruth

BIMFs. Following the protocols on the synthetic signals reported
in [10, 15], both signalss21 and s22 are defined on a time interval
T = [0;1] and sampled atfs = 1kHz.

4.2 Experimental settings

The proposed AEMD method has an adjustable parameter namely,
the number of iterationsR as a stopping criterion of the EMD sifting
process (see Algorithm 1). Since thisR setting is closely related to
the mode function extraction accuracy, the proposed methodshall be
evaluated over variousR∈ {10,25,50,75,100} settings. The BEMD
method is evaluated at different number of projection directions
V ∈ {4,8,16,32,64} as in [10]. Similar to the proposed method, the
BEMD method shall also be evaluated overR∈ {10,25,50,75,100}.

The BIMFs extraction performance of the AEMD and BEMD
methods is evaluated quantitatively and qualitatively. Under the for-
mer evaluation, the BIMFs extraction accuracy is computed by the
following quadratic error [15]:

εl =
L

∑
l=1

‖cl − ĉl‖2
‖cl‖2

, (11)

where‖ · ‖ indicates the Euclidean norm,cl andĉl respectively indi-
cate thel-th groundtruth and the estimated BIMF. We then compute
the numerical computational complexity for processing onesifting
iteration. These obtained numerical quantities are then investigated
in a qualitative manner in which the groundtruth (see Section 4.1 for
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Fig. 4: Comparison between the AEMD and BEMD methods in
terms of the BIMFs extraction error
(a) Quadratic errorεl evaluated on signals21 and (b) Quadratic errorεl evaluated on
signals22

details) and the obtained BIMFs are visually compared. All experi-
ments are performed on a PC of 3.2GHz CPU with 16GByte RAM
under the Matlab platform [26]. The Matlab source code for EMD
and BEMD used in our experiments is obtained from [27].

4.3 Results and Discussions

4.3.1 Quantitative performance evaluation: Fig. 4 (a) and (b)
show the BIMFs extraction error of the compared methods evalu-
ated on signalss21 ands22, respectively. From these two subplots, it
is observed that the BIMFs extraction error of the AEMD method
decreases as the number of iterationsR increases. For example,
among the evaluatedR ∈ {10,25,50,75,100} settings, the AEMD
method achieves the highest (i.e., the worst) and lowest (i.e., the best)
errors atR = 10 and 100, respectively.

From Fig. 4 (a) and (b), it is also observed that the AEMD method
produces comparable (see Fig. 4 (a)) or even lower (see Fig. 4(b))
BIMFs extraction errors than that of the compared BEMD method.
The lowest error achieved by the AEMD method (atR = 75 and 100)
is about 2.6e−4 higher than that of the BEMD method (atV = 8 and
at R = 100) on thes21 signal (see Fig. 4 (a)). As shown in Fig. 4 (b)
obtained on thes22 signal, the AEMD method achieves the lowest
error 3.62e−2 at R = 100, which is about 5.41e−2 lower than that
of the best performance of the BEMD method (atV = 16 and at
R = 10).

Besides the errors discussed above, as shown in the last column
of Table 2, the proposed AEMD method significantly outperforms
the BEMD method in terms of the computational complexity (8). As

aforementioned, the high computational complexity of the BEMD is
due to its nature of projecting samples ontoV projection directions
(see Section 3.3 and Table 1 for details).

4.3.2 Qualitative performance evaluation: From our quan-
titative evaluation study provided in the previous subsection, the
proposed method appears to have minor extraction errors (see Fig.
4). To gain a better understanding on the obtained quantities, it is
worth exploring into from where the error occurs and how severe the
error is. In this subsection, we evaluate the BIMFs extraction perfor-
mance of the AEMD method measured on thes22 signal, by means
of comparing the extracted BIMFs and the groundtruth BIMFs visu-
ally. Due to space constraint, the qualitative analysis result on thes21
signal is not provided here.

Fig. 5 (b), (c) and (d) respectively show the groundtruth BIMFs
(dashed red line) and the extracted BIMFs (solid blue line) by the
proposed method ond(22)

l wherel ∈ {1,2,3}. Based on the results
shown in Fig. 4 (b), the stopping criterion for the AEMD is setto
R = 100 in which the best extraction accuracy was achieved.

As shown in Fig. 5, the AEMD produces almost no error for the
time interval T ∈ [0;0.9]. Only a minor discrepancy between the
estimatedBIMFs andthe groundtruth BIMFs is observed from the
remaining time intervalT ∈ [0.9;1]. The main source of such errors
is decomposing the augmented signal ˜s (see (2) and (5)) using a sin-
gle EMD. Even though a discontinuity alleviated sinusoidalsignal is
padded in (5), joining signals still triggers a minor difference. This
trend of results is also congruent to our case study results provided
in Section 3.2. However, we emphasize here that such error isminor
and tolerable. Particularly, in real-world scenarios (seeour results
and discussion from Section 5), such error is negligible.

4.3.3 Analysis on SNR: Both the quantitative evaluation (see
Section 4.3.1) and the qualitative evaluation (Section 4.3.2) assume
that the signals are noise-free. In this sub-section, both the BEMD
and AMED methods are evaluated in terms of their sensitivityto
noise using the synthetic signals21. Particularly, the white Gaus-
sian noise is added tos21 to make its signal-to-noise ratio (SNR)
∈ {5,10, · · · ,50}dB. As shown in Fig. 6 (a) and (b), the BIMFs
extraction error of the BEMD and AEMD methods are represented in
a form of box plot over the SNRs. Note that the boxplot shown inFig.
6 (a) is obtained over combinations ofV ∈ {4,8,16,32,64} andR ∈
{10,25,50,75,100} while the plot shown in Fig. 6 (b) is obtained
overR ∈ {10,25,50,75,100}. This is because the parameter settings
which produce the bestεl vary over SNRs.

It is observed from the two subplots that both methods work well
at high SNRs (e.g.,≥ 40dB). The proposed AEMD method produces
almost no error while the BIMFs obtained by the BEMD contains
minor errors. At SNR= 35dB, the gap in error between the BEMD
and AEMD methods increases significantly. To gain a better under-
standing about the results,we analyze the extractedd(21)

1 (see Fig.

6 (c) and (d)) and d(21)
2 (Fig. 6 (e) and (f)) by the BEMD and

AEMD, respectively. The BEMD result as shown inFig. 6 (c) and
(e) containsevere error in the time interval ofT ∈ [0;0.8]. Contrar-
ily, the proposed method(Fig. 6 (d) and (f)) shows such error only
in the earlier time interval ofT ∈ [0;0.2]. The estimatedd(21)

2 (Fig.

6 (e) and (f)) contain more error than that of d(21)
1 (Fig. 6 (c) and

(d)) which is congruent to the results of Fig. 3.At low SNRs (e.g.,
≤ 30dB), both methods seem to be largely affected by the noise.

4.3.4 Summary of the results and observations: A summary
of the results shown in Fig. 4 is provided in Table 2. To increase the
representational clarity of Table 2, only the best BIMFs extraction
errors of both AEMD and BEMD methods are tabulated together
with the corresponding computational complexityC obtained using
(8). Besides the results summary, our observations are summarized
as follows:

• The proposed AEMD method showed comparable BIMFs extrac-
tion error to that of the BEMD method (see Fig. 4). However, the
AEMD has significantly outperformed the BEMD in terms of the
computational efficiency (see the last column of Table 2).
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3 by the proposed AEMD

Table 2 Summary of the BIMFs extraction error in terms of the best extraction
accuracy and the computational complexity C calculated using (8)

Method The best BIMFs extraction error, εl Computational complexity
computed on s21 computed on s22 C computed on s21

BEMD
1.17e−3 9.03e−2 1.90e+7

(V = 8, R = 100) (V = 16, R = 10) (V = 8, R = 100)

AEMD
1.43e−3 3.62e−2 0.57e+7, 0.76e+7

(R = 75,100) (R = 100) (R = 75,100)

• Our qualitative evaluation study showed that the BIMFs extraction
error of the AEMD method was mainly occurred from one end of
the signal (see Fig. 5). This was due to the nature of decomposing a
concatenated signal (see Section 3.2).
• At high SNRs (e.g.,≥ 35dB), the AEMD appeared to be less sen-
sitive to noise than that of the BEMD. However, both methods were
largely affected by the noise when the SNR is low (e.g.,≤ 30dB).
• Table 2 showed the sensitivity of the BEMD method to both
parameters settings (i.e., the stopping criterionR and the number
of projection directionsV ). On the contrary, the proposed method
appeared to be less sensitive to the parameter setting.

4.4 Comparison with multivariate extensions of the EMD
method: 2T-EMD and X-EMD

As shown in Table 3, the BIMFs extraction error of the proposed
method is now compared with that of the 2T-EMD and the X-
EMD. Though both methods are extensions of the standard EMD
for multivariate signals, only the bivariate case is considered in

Table 3 Comparison with multivariate variants of EMD: 2T-EMD [14] and X-
EMD [15]

Sig- εl with time interval T = [0;1] εl with T = [−1;0]∪ [1;2]
nal 2T-EMD∗ X-EMD∗ Proposed 2T-EMD∗ X-EMD∗ Proposed
s21 4.20e−3 4.46e−3 6.32e−3 4.76e−1 5.52e−1 5.04e−1
s22 4.35e−3 3.94e−3 1.86e−1 4.25e−2 4.21e−2 1.45e−1

∗ The BIMFs extraction error εl of 2T-EMD and X-EMD are directly taken from
[15]. These error values were obtained under similar evaluation settings with
those of ours.

this comparison study. Since both 2T-EMD and X-EMD methods
were evaluated on the synthetic signalss21 (9) ands22 (10) under
the similar experimental settings (see [15] for details) with those
of ours, their quadratic errorεl (11) shown in Table 3 are directly
taken from [15].According to [15], for a fair comparison, the
quadratic errors of the proposed method shown in Table 3 are
obtained using a modified Cauchy-like criterion as a stopping
rule of the sifting process. Particularly, the sifting process of the
EMD method is stopped if 90% of values‖ ml,r+1(t)−ml,r(t) ‖
/ ‖ml,r(t) ‖ for t = 1,2, · · · ,2d, are lower than 10−2 [15]. Differ-
ent from the results provided in Section 4.3.1, Table 3 contains one
more set of results (see the last three columns of the table) obtained
at time intervalT = [−1;0]∪ [1;2]. This is a more difficult scenario
than that of the continuous time intervalT = [0;1].

It is observed from Table 3 that thequadratic errors of the pro-
posed method arecomparable tothose of the 2T-EMD and X-EMD
for signal s21. For signals22, the AEMD achieves slightly higher
errors for both time intervals than those of the 2T-EMD and X-EMD.
It is worth noting here that the physical meaning of the differences

IET Research Journals, pp. 1–10
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Fig. 6: Effects of the SNR on the BIMFs extraction errorεl obtained using the signals21
(a) BIMFs extraction accuracy over SNRs by the BEMD,(b) BIMFs extraction accuracy over SNRs by the AEMD,(c) estimatedd(21)

1 by the BEMD, (d) estimatedd(21)
1 by the

AEMD, (e) estimatedd(21)
2 by the BEMD, and (f) estimatedd(21)

2 by the AEMD.

in error are insignificant. As discussed in Section 4.3.2, the majority
of the error of the AEMD method comes from the signal boundaries,
which can be ignored in real-world applications.

5 m-DS analysis on measured radar echo data
from a mini-UAV

Both the BEMD and AEMD methods are now evaluated under the
radar micro-Doppler signature (m-DS) analysis platform. Aradar
echo signal (of 50ms long) returned from a helicopter mini-UAV

is utilized in this study. The radar echo signal, which is complex-
valued, was collected using an X-band continuous wave radaroper-
ating at 9.7GHz radio frequency and at 192KHz sampling rate.To
reduce its sampling rate, the signal is decimated by a factorof two.
For the stopping criteria, we setR = 50 iterations in which both
methods produce similar BIMF extraction error as shown in Fig. 4
(a). For the BEMD,V = 32 directions are utilized.

The goal of this m-DS analysis study is to observe whether
the blade flash effect [28] can be clearly captured by the BIMFs.
The blade flash effect is a unique characteristic of the radarm-DS
returned from rotating blades [28]. Since several physicalparameters
(e.g., the number of blades and its length, rotation speed etc.) of the
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Micro-Doppler Signature (dB): 4th BIMFs by BEMD
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Fig. 7: The m-DS analysis result (in spectrogram) of the BEMD. For the spectrogram, the short time Fourier transform (STFT) is computed
using a sliding Hamming window of length 28 with 90% overlapping.
(a) The original signal,(b) The second BIMF extracted by the BEMD,(c) The third BIMF extracted by the BEMD,(d) The fourth BIMF extracted by the BEMD

Micro-Doppler Signature (dB): Original signal

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

Time (s)

-20

-15

-10

-5

0

5

10

15

20

D
op

pl
er

 (
K

H
z)

-60

-55

-50

-45

-40

-35

-30

-25

-20

(a)

Micro-Doppler Signature (dB): 2nd BIMFs by AEMD

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

Time (s)

-20

-15

-10

-5

0

5

10

15

20

D
op

pl
er

 (
K

H
z)

-60

-55

-50

-45

-40

-35

-30

-25

-20

(b)

Micro-Doppler Signature (dB): 3rd BIMFs by AEMD

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

Time (s)

-20

-15

-10

-5

0

5

10

15

20

D
op

pl
er

 (
K

H
z)

-60

-55

-50

-45

-40

-35

-30

-25

-20

(c)

Micro-Doppler Signature (dB): 4th BIMFs by AEMD

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

Time (s)

-20

-15

-10

-5

0

5

10

15

20

D
op

pl
er

 (
K

H
z)

-60

-55

-50

-45

-40

-35

-30

-25

-20

(d)

Fig. 8: The m-DS analysis result (in spectrogram) of the AEMD. See the Fig. 7 caption for the spectrogram parameters.
(a) The original signal,(b) The second BIMF extracted by the AEMD,(c) The third BIMF extracted by the AEMD,(d) The fourth BIMF extracted by the AEMD

aerial target can be retrieved from the blade flash patterns [29, 30], it
is important to extract complete blade flashes clearly from the radar
signal. We use the spectrogram [28] to visualize the m-DS analysis
performance as shown in Fig. 7 (a) and Fig. 8 (a) which are obtained
using the original radar signal (i.e., no EMD). Note that both sub-
figures show four blade flashes (which appear as vertical barsof
orange color) returned from a helicopter rotor with two blades while
it rotates for two cycles.

Figs. 7 and 8 show two sets of spectrograms obtained using
the BEMD and the AEMD, respectively. Particularly, spectrograms
shown in (b), (c) and (d) of Figs. 7 and 8 respectively correspond to
the second, the third and the fourth BIMF. As shown in Figs. 7 and
8, the blade flashes are captured at different orders of the BIMF.
Particularly, the BEMD captures all the four blade flashes atthe
fourth BIMF (see Fig. 7 (d)) while the AEMD captures them at the
third BIMF (see Fig. 8 (c)). It is noted from Fig. 7 that, however,
the BEMD results contain the mode mixing problem. For example,
the result shown in Fig. 7 (c) contains two of the four blade flashes
shown in Fig. 7 (d).

We now analyze the m-DS results of the AEMD method. As
shown in the first row of Fig. 9, the real part of the input radarsig-
nal contains relatively weak blade flash responses comparing with
that of the imaginary part. Due to such a weak response, as shown
in the middle row of Fig. 9, the left most blade flash response has
been missed from the third IMF obtained using the real part sig-
nal. However, since the third IMF of the imaginary part as shown in
the middle row contains all the four responses clearly, the resulted
BIMF3 (see the bottom row of Fig. 9) and the spectrogram (Fig.
8 (b)) lose no blade flash information. These results and observa-
tions show that the proposed treatment of signal features byAEMD
can handle weak responses either in real or imaginary part better
than the conventional bivariate treatment of signal features. More-
over, the AEMD extracts the BIMFs at only 0.36s while the BEMD
takes 20.66s, which is about 57 times slower than the AEMD.

6 Conclusion

In this paper, we proposed a novel extension of the standard EMD
method, called the AEMD, for complex-valuedunivariate signal
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Fig. 9: The m-DS analysis performance of the proposed AEMD
method.

decomposition. Essentially, a conversion of thecomplex-valued
input signal to an augmentedreal-valued signal was performed by
concatenating the time flipped imaginary part to the real part of the
original signal. To reduce the effect of amplitude gap triggered by
the difference in the edges of the two signals, a sinusoidal signal was
appended in between the real andthe imaginary parts for discon-
tinuity compensation. The augmented signal was then decomposed
into a set of IMFs using the standard EMD method once only. The
BIMFs were subsequently obtained by combining both the realand
the imaginary parts of the IMFs. From our empirical experiments
conducted on both synthetic and real radar measurement data, the
proposed method was observed to outperform the standard BEMD
method in terms of the computational complexity while producing
the comparable BIMFs extraction error.
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