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“Reality is that which, when you stop believing in it, doesn’t go away.”

—Phillip K. Dick





Abstract

A fundamental part of the design of new materials lies in the study and control

of the phase transitions of solids. This control implies tweaking the free energies

of the different phases of the material, in order to stabilize those we are interested

in or destabilize those we are not. Although classically it has been understood

that the formation of new solids is driven by enthalpic factors, entropy supposes

a new and promising tool in the field. This kind of approach offers us a simpler

design of assembly particles and a more reliable process. In this thesis we study the

effect entropy can have in the self-assembly of colloids, by applying this approach

to two experimental colloidal systems (mDNACCs and 2D hard spheres), as well

as presenting a new computational method designed for the study of the assembly

of spherical colloids.
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5.4 Successive repulsive potentials ûk(x) obtained . . . . . . . . . . . . 79

5.5 Results for the final ML+KL optimization of a Boltzmann generator
using the information collected during the sampling process:a) Non
normalized (log(pX(x))) free energy surface, b) Normalized (u(x)−
log(pX(x))) free energy surface, c) and d) a collection of equilibrium
configurations in Cartesian space taken from MC simulations and
their respective representation in the latent space . . . . . . . . . . 80

A.1 Packing fraction η as functions of density ρσ2
0 for PHDS with ν/σ0 =

0.082 (black), 0.083 (red), and 0.0835 (green). Errors are smaller
than the symbols. . . . . . . . . . . . . . . . . . . . . . . . . . . . 89





Chapter 1

Introduction

1.1 Preface

It has been said that technology is currently determined by the state of Material

Science. Material properties such as the strength of steel or the highest working

temperatures of superconductors are hard limits that no amount of engineering can

surpass. Therefore, the need of our society for improved materials and techniques

to synthesize them never stops.

A fundamental part of the design of new materials lies in the study and control

of the phase transitions of solid matter. This allows us to determine in which

conditions a certain crystal will form and how we should modify the different control

parameters (temperature, pressure, interactions between composing particles) in

order to stabilize it. The subject of this thesis is precisely the study of phase

transitions and to explore how we can control them.

As we know, at constant pressure and temperature the most stable conformation

of a material will be that with the lowest free energy. In turn, this free energy

has both an enthalpic and an entropic contribution. Classically, the most common

approach to stabilize new crystals has been to use enthalpy, as indeed most of

the crystallizations we observe in our day to day lives (the freezing of water, the

precipitation of a non soluble salt, etc) are driven by enthalpy. Entropy, we believe,

tends to favour more disordered forms of matter, such as liquids and gases.

1



2 1.1. Preface

However, this view was challenged when it was proven that hard spheres, an ather-

mal system for which all possible configurations present identical internal energy,

can crystallize. This very notion was controversial for a time, as it was argued that

no true phase transition to the solid could occur in this system, as the entropy

change to form an ordered solid from a disordered fluid would always be negative.

However, this reasoning did not take into account that the solid uses space much

more efficiently, which leads to a higher vibrational freedom for the solid phase

when compared to the jammed fluid, at high enough packing fractions. Therefore,

the system presents a first order transition to the solid [2] for a 0.545 packing

fraction.

This surprising finding shows us that entropy can indeed play an important part in

the formation of solids, and offers us a new instrument to control phase transitions

to add to our tool-shed. As the title of this thesis implies, our focus was to study

and develop new strategies and tools to control phase transitions using entropy.

More specifically, this study was centred in the field of colloidal chemistry science

and was done using computational techniques.

One field that can significantly benefit from this kind of entropic stabilization of

crystals is the development of colloids that assemble to form open lattices. Open

lattices, in opposition to compact ones, are crystal structures with packing fractions

smaller than the optimal ones and that are generally characterized for presenting

less constraints in their structure than the total amount of degrees of freedom,

allowing therefore deformation under no energy cost. Several of them are of interest

due to presenting unusual properties, such as negative thermal expansion [3] and

negative Poisson’s ratio[4–6], as well as applications for photonic crystals [7, 8].

When assembling open structures using colloids, several approaches have focused

on stabilizing them enthalpically, adding additional potential energy terms between

particles that stabilize the open lattice[9–13]. However, most of these designs are

difficult to realize with current experimental techniques for colloidal particles.

On the other hand, some recent experimental implementations have managed to

stabilize open lattices over compact ones due to their higher mobility and therefore

rotational or vibrational entropy[14–16]. Unlike its enthalpic alternatives, entropic

stabilization can occur with simple interactions and with higher flexibility, allowing

crystals to deform as they grow and therefore reducing the likelihood of the kinetic



Chapter 1. Introduction 3

arrest of the crystal growth. Coincidentally, in this thesis we present results for a

similar approach based on mobile DNA coated colloids, that allows the formation

of the open CsCl lattice.

Therefore, we can see that entropy offers great potential for the design of new solid

phases. This thesis aims to contribute a small brick to this field that is sure to

grow in the future.

1.1.1 Thesis outline

This thesis is divided into a total of six chapters, with the core of the thesis be-

ing Chapter 2, 3, 4 and 5. For the remaining of this introduction, we present a

short summary of some important concepts concerning 2D solids, since the most

significant part of our work consisted in studying the phase diagram of polydis-

perse hard-disk. All these concepts will be used and applied in Chapter 3 and 4.

In Chapter 2, we present our results for the entropic stabilization of 2D and 3D

floppy lattices using mobile DNA coated colloids and it has been published in [17].

Chapter 3 and 4 shows our results for the effect of polydispersity in the equation

of state of hard-disk and the effect that the polydispersity distribution shape can

have on them and part of its content has been published in [18], with the rest to

be published in the near future. In Chapter 5 we present preliminary results for

adaptive bias Boltzmann generators, a new computational method to sample the

potential energy surface of complicated multi-dimensional systems. Finally, Chap-

ter 6 closes the thesis, summarizing our main results, and offers a perspective of

future research paths.

1.2 Two dimensional solids

Particles arranged in a two dimensional space and displaying short range interac-

tions can never display long range order. This was first proven to be true in the

case of a magnetic 2D system using the following reasoning. If we approximate the

spin-spin interaction between two neighbors using an harmonic expression and as-

sume that each particle only interacts with a finite amount of neighbours, then the

longest wavelength mode of the system implies an energy per particle of the order
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of (2π/L)2 (where L is the system length and we are considering that for the lowest

wavelength mode a full spin rotation is shared between all spins in the system).

Adding the energy of all spins leads to a total energy of the order of Ld(2π/L)2,

where d is the dimensionality of the system. It is easy to see that for one and

two dimensional systems this energy does not diverge with the system size, and

therefore, the energy cost per particle approaches zero as the system grows and the

longest wavelength mode will be activated for any non zero temperature, destroy-

ing the long range order. However, this does not mean that all order is lost, since

for a 2D system the deformation of the crystal correlations show a slow logarithmic

increase with position, that is:〈[
~u
(
~R
)
− ~u

(
~R′
)]2
〉
≈ log

∣∣∣~R− ~R′
∣∣∣ (1.1)

where ~u(~R) is the displacement of a particle and ~R and ~R
′

are two crystal sites.

Therefore, although this system does not show long range order, the decay for the

spatial correlations is slow enough to talk about a quasi-crystal and we can study

the phase diagram of the system. This way, when analysing the structure factor for

a two dimensional solid, one finds Gaussian peaks for the different crystallographic

translations, rather than the discrete lines found for a real solid.

1.2.1 KTHNY theory

Contrary to 3D solids, microscopic theories of melting have been proposed to ex-

plain 2D melting. The most famous 2D melting mechanism is probably that pro-

posed by the KTHNY theory (named after Kosterlitz, Thouless, Halperin, Nelson

and Young); a topological theory of melting in which the transition is explained due

to the formation of topological defects. This study of topological phase transitions

was awarded with the 2016 Physics Nobel prize to both Thouless and Kosterlitz,

due to the high expectancy on future applications in materials and electronics.

The main prediction of the theory is the existence of a temperature Tm at which

solid phase (that presents quasi-long range positional order and long range orien-

tational order), transits to the hexatic phase (which, unlike the fluid, still presents

quasi-long range orientational order and is therefore a new phase specific of 2D

solids). Furthermore, at a higher temperature Ti, all correlation is lost and a fluid



Chapter 1. Introduction 5

is formed[19, 20]. As we will see, each of these transitions is determined by the

formation of an specific topological defect: free dislocations in the case of the

solid-hexatic transition and disclinations in the case of the hexatic-fluid transition.

The key to the KTHNY theory lies in understanding what topological imperfections

are and how they can appear through continuous transformations in a perfect

crystal lattice. All further derivation will be referred for the case of an hexagonal

lattice, since it is the densest possible for a 2D system and therefore the one

observed most typically for 2D solids.

As we said, the KTHNY theory explains the melting due to the formation of free

dislocations in the crystal lattice. Dislocations are topological defects formed by

the insertion of half a crystal line in an otherwise perfect crystal lattice. Fig. 1.1

shows how one such dislocation looks like in a hexagonal lattice. From this figure

we can also recognize the proper method to identify and characterize a disloca-

tion. Starting from a certain lattice point, one draws a path that surrounds the

dislocation, performing the same amount of steps along the two crystal directions,

both forwards and backwards. While for a perfect lattice this gives a close loop, if

a dislocation is contained by our path, the initial and final point will not be the

same. Instead, the vector that joins the initial and final point in the path is called

the Burgers vector (~b). This vector will always be a multiple of one of the three

lattice vectors for the hexagonal lattice, due to the insertion of an integer number

of parallel crystal half lines. Due to the high stress induced by a dislocation on

the lattice, the KTHNY theory only considers the formation of dislocations with a

Burgers vector with module equal to a single lattice unit.

From Fig. 1.1 we can also see that when performing the Voronoi construction to

find the neighbours for every particle, the dislocation is marked by the presence of

a five neighbour and seven neighbour particle pair, instead of the six neighbours

per particle found in the perfect lattice. This way, the dislocation can be viewed

as a defect pair joined by a vector ~r57, which is practically perpendicular to the

Burgers vector.

There is still the question of how it is possible for half a crystal line to appear

inside a perfect crystal through continuous transformations. In fact, this is not

possible and the process by which dislocations appear in a hexagonal lattice is by

the breaking of dislocation pairs. Dislocation pairs are bound dislocations that
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Figure 1.1: Dislocation in a triangular lattice with an added crystal semi-row.
The seven neighbour particle is represented in red while the five neighbour in
green, the black arrows show the path around the dislocation and the red arrow
shows the Burgers vector associated to the dislocation.

for the case of the hexagonal lattice take the form of a pair of five and another

pair of seven neighbour particles arranged in a cross. They originate from the

spontaneous fragmentation of a full crystal line into two halves, and can therefore

appear through continuous transitions. They are present in hexagonal lattices at

any non zero temperature and are compatible with quasi-long range order.

At high enough temperatures, dislocation pairs can unbind through a continuous

transition to form two independent half crystal lines. As we mentioned before,

the KTHNY theory predicts that the the melting temperature of the solid Tm

will be that at which this unbinding occurs spontaneously. The consequent phase,

however, is not a fluid, but rather still conserves quasi-long range orientational

order. The system will them suffer another melting to the fluid that occurs due to

the appearance of disclinations.

In the hexagonal lattice, disclinations appear as isolated particles with five or

seven neighbours and their effect on the crystal lattice is a rotation of the crystal

of −π/3 radians in the case of five neighbour particles and of +π/3 radians for

seven neighbour particles. Therefore, just as it was the case for dislocations pairs

and dislocations, the unbinding of a dislocation leads to the formation of two

disclinations.

To calculate the Tm and Ti transition temperatures predicted by the KTHNY

theory, we need to calculate the energy and entropy associated with the unbinding
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of a dislocation pair and a dislocation, that will tell us at which temperatures this

transitions are spontaneous.

1.2.2 Defect energies for a 2D triangular lattice

To calculate the energy associated to a certain topological defect we use a second

order expression for the deformation of a 2D lattice. In this case, the elastic free

energy F is expressed as:

F =
λ

2
uiiujj + µuijuij (1.2)

where we have used the Einstein notation for which uij expresses the deformation

of the lattice along the i axis for every displacement along the j axis, and uij =
1
2

(δiuj + δjui). λ and µ are constants and known as the Lamé coefficients. When

one decomposes the tensor matrix to obtain a new scalar and symmetric traceless

tensor the equation 1.2 becomes:

F =
B

2
u2
ii + µ

(
uij −

1

2
δijukk

)
(1.3)

where δij is the Kronecker delta and B = λ + µ. The first term of the equation

is related with area changes for the lattice, and therefore B is the bulk modulus.

Consequently, the second term accounts for deformations in the lattice shape, and

µ is the shear modulus. Relating the induced force with the responsible strain, one

obtains an expression for the stress tensor.

σij =
∂F

∂uij
= Bukkδij + 2µ(uij −

1

2
δijukk) (1.4)

and inverting equation 1.4, one finds an expression of strain as a function of stress:

uij =
1

4B
σkkδij +

1

2µ
(σij −

1

2
δijσkk) (1.5)

We can apply equation 1.5 to a 2D hexagonal lattice for which a force T is applied

per unit length in opposite sides, with the force fy = Tdl being applied to one wall

of the lattice perpendicular to the lattice direction ~ey and a similar force but with

opposite direction −~ey is applied to the opposite lattice wall. In this case, it is easy

to see that the strain tensor reduces to σyy = T , with all other terms in the matrix



8 1.2. Two dimensional solids

being 0, and the resulting strain is:

uyy =

(
1

4B
+

1

4µ

)
T (1.6)

uxx =

(
1

4B
− 1

4µ

)
T (1.7)

uxy = uyx = 0 (1.8)

This result allow us to express the force along the y axis in a Hooke’s Law form

(σyy = Kuyy), simply by inverting 1.6. Consequently, this K constant is the Young

modulus of the system, and has value:

K =

(
1

4B
+

1

4µ

)−1

=
4Bµ

B + µ
=

4µ(λ+ µ)

λ+ 2µ
(1.9)

In the same way, the minus ratio between the strain along the perpendicular di-

rection to the strain and that along it, is known as the Poisson’s ratio σ and can

be related to the Lamé coefficients as:

σ = −uxx
uyy

=
B − µ
B + µ

=
λ

λ+ 2µ
(1.10)

Now, with these basic concepts defined, we can obtain the deformation energy

associated for a certain dislocation or disclination for a 2D hexagonal lattice. For

that, we need to take into account that each dislocation induces a displacement

field ~u around it. And since in a system in equilibrium all forces at all points of

the lattice should be zero, we must have that:

λ
∂ukk
∂xi

+ 2µ
∂uij
∂xj

= 0 (1.11)

As we said, the total effect of the displacement field around a dislocation reduces

to a certain Burgers vector perpendicular to a lattice direction and with length

equal to the lattice unit. We therefore must have that:∮
~u = a0

~b (~r) (1.12)

This equation sets a constraint that allows us to solve equation 1.11 to obtain

the displacement field induced by a single dislocation. This way, we obtain for a
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dislocation at the origin and with ~b = b~ex a displacement field[21]:

ux =
ba0

2π

(
φ+

K

8µ
sin 2φ

)
(1.13)

uy = −ba0

2π

(
µ

λ+ 2µ
log r +

K

8µ
cos 2φ

)
(1.14)

Figure 1.2 shows the subsequent displacement vector field. From both the Figure

and Equation 1.14 we can see that as we move farther away from the origin the

Burgers vector diverges according to a logarithmic expression. Therefore, a single

dislocation induces an infinite stress for the 2D hexagonal lattice and will there-

fore never be observed in nature. Indeed, when one calculates the stress energy

associated with the displacement field, it is:

E = Eel + Ec =
a2

0b
2K

8π
log

R

a
+ Ec (1.15)

where Ec is the internal energy of the dislocation and the first term increases as

the logarithm of the system size R.

To obtain the displacement field for a pair of dislocations we can simply add the

vector fields of each of them, since equation 1.11 is linear. The subsequent dis-

placement vector field is shown in Figure 1.3 and this time we can see that there is

no stress divergence with size. Instead, for a dislocation pair separated by ~r12 and

with opposite Burgers vectors (~b1 = −~b2), one obtains that its energy cost is equal

to:

E =
a2

0b
2K

4π
log

r12

q
=
a0K

4π
log

~b ·~r12

r2
12

+ 2Ec (1.16)

and that therefore the two dislocations attract each other through a logarithmic

potential.

Now, to consider the melting of the hexatic phase, we need to find an expression of

the energy associated to a disclination pair, similar to 1.16. To do so, we consider

the case of an arbitrary distribution of both dislocations and disclinations. As it

was already mentioned, a disclination is characterized by a rotation of the crystal

lattice, that in the case of the 2D hexagonal lattice can either be of ±π/3. We

therefore write a distribution of disclinations as:

s(~s) =
∑
α

sαδ(~r − ~rα) (1.17)
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Figure 1.2: Displacement field induced by a single dislocation on the 2D tri-
angular lattice centred at the origin and Burguess vector (a0, 0)
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Figure 1.3: Displacement field induced by a two dislocations on the 2D tri-
angular lattice centred at the origin, Burguess vectors ~b1 = −~b2 = (a0, 0) and
~r12 = (a0, 0)
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where sα is the charge of the disclination and can take ±1 values. Then, to write

the distribution of dislocations we make use of the fact that they can be expressed

as a pair of disclinations with opposite rotations.

~b(~r) =
∑
α

(
bαx~i+ bαy~j

)
δ(~r − ~rα) (1.18)

including equation 1.18 as part of 1.17 and applying a Fourier transform, we obtain

an expression for the total disclination field.

s̄(~q) =
π

3
+ ia0 [qybx(~q)− qxby(~q)] (1.19)

and now we can solve equation 1.11 by applying the contour conditions:

∮
Γ
dui = a0

∑
α

bαj∮
Γ
dθ = π

3

∑
α

sα
(1.20)

where Γ is a path surrounding the dislocation or disclination. When one calculates

the energy of the resulting deformation field, it is[21]:

HDD =
K

2

(π
3

)2
∫

d2q

(2π)2
s̄(~q)s̄(−~q) + Ec

∑
α

b2
α + Es

∑
α

s2
α (1.21)

For the case of the hexatic phase for the 2D hexagonal lattice, that according

to the KTHNY theory presents stable dislocations, one can further simplify this

expression by only considering the disclination-disclination interactions, with the

abundant dislocations only acting as a mean field that affects these pair forces.

In doing so, one finds an equation similar to 1.21, but with an effective Young’s

modulus KA with value:

KA =
2Eca

2

a2
0

(1.22)

where it can be seen than this constant only depends on the core energy of the

dislocation Ec and its core size a. Therefore, for the direct space one finds an

effective deformation energy based purely on disclinations[21]:

HDisc = −KA

2π

(π
3

)2 1

2

∑
α 6=α′

sαs
′
α log

Rα,α′

as
+ Es

∑
α

s2
α (1.23)
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So it can be seen that both dislocation pairs and disclination pairs show a loga-

rithmic increase in energy as the distance between the pair increases.

U(r)

kBT
= c log

R

a

c =
Ka2

0

4πkBT
for a dislocation pair

c =
KAπ

18kBT
for a disclination pair

(1.24)

This expression allows us to determine the point at which the solid-hexatic and

the hexatic-fluid transitions occur for the 2D system, according to the KTHNY

theory. As already mentioned, hexatic phase forms when dislocation pairs unbind,

destroying translational order; while the fluid will form at higher temperature

with the unbinding of the free dislocations to form disclinations, leading to a fully

isotropic system. To calculate the temperature at which this will occur, we calculate

average distance between dislocation and disclination pairs, according to equation

1.24.

〈
r2
〉

=

∫
r2 exp−U(r)

kBT
d2r∫

exp−U(r)

kBT
d2r

=
2− c
4− c

a2 (1.25)

where the expression only gives physical results for c > 4. In the limit c → 4 the

expression diverges, therefore marking the unbinding of the dislocations/disclina-

tions pairs. So by simply calculating the temperature values in equation 1.24 for

the c → 4 limit, one obtains an expression for the solid-hexatic and hexatic-fluid

transitions predicted by the KTHNY theory.

kBTm =
Ka2

0

16π

kBTi =
KAπ

72

(1.26)

So finally, we have arrived to an expression for the transitions temperatures for both

the solid-hexatic (Tm) and hexatic-fluid melting (Ti), based purely on the elastic

constants of the 2D system under consideration. This is a remarkable achievement

of the KTHNY theory and the main reason for its popularity.
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From this section we can also conclude that the KTHNY predicts a continuous tran-

sition for both the solid-hexatic and the hexatic-fluid transition, as the distances

between dislocation and disclination pairs continuously increase until the system

becomes plastic. This is the main point of disagreement between the KTHNY

theory and other competing models of 2D melting, that rather predict first order

transitions, with the fluid phase growing in the bulk of the solid. The existence

of these competing melting scenarios makes it impossible to build a general phase

diagram with 2D solids, with the actual scenario being case specific and determined

by the nature of the interaction potential.

1.2.3 Correlation functions

We end our theoretical introduction to the 2D triangular lattice by describing the

behaviour predicted for the translational and rotational correlation functions for the

quasi-solid, hexatic and fluid phases. This is fundamental for the computational

study of 2D solids, as it supposes the basis for discernment between the three

phases.

As equation 1.1 shows, 2D solids show a divergence of the mean square displacement

from crystallographic positions 〈|~u(R)|2〉, and consequently no 2D system is able to

have real long range positional correlations. This way, while for the 3D solid Bragg’s

peaks in the structure appear as δ-functions centred at specific ~G reciprocal lattice

vectors, for the 2D quasi-solid they are substituted by exponential singularities

|~q − ~G|−2+η where η is given by:

η =
KT

πµa2
0

3µ+ λ

2µ+ λ
(1.27)

For the case of the pair correlation function, the solid presents a power law decay

of its envelope function, of the type e−R/χ. However, for temperatures T > Tm

the translational correlation function shows an exponential decay typical of fluids.

This is therefore a valid method to discern whether a certain 2D arrangement of

points corresponds to a quasi-solid, and it was in fact the method used in all our

work concerning the polydisperse hard-disk system.
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On the other hand, the rotational order for a 2D triangular lattice is usually mea-

sured by the correlation function g6(r).

g6(r) = 〈ψ6(~r)ψ∗6(~r0)〉 (1.28)

where ψ6(~r) is defined as:

ψ6(~rl) =
1

nl

nl∑
i=1

ei6θli(~rl) (1.29)

where ~rl is the position of a certain particle l, with nl neighbours (usually deter-

mined through a Voronoi construction) and θlj(~rl) is the angle formed by the line

linking l to a neighbour and the x axis.

For the quasi-solid phase and for high ~r, this function simply takes a constant

value:

log g6 = − 9

8π

kBT

µa2
0

(1.30)

Meanwhile, the hexatic phase shows an algebraic decay as r−η6 , with the exponent

being:

η6 =
18kBT

πKA

(1.31)

where, as before, KA is the effective Young’s modulus describing the interaction

between disclinations mediated by dislocations.

Finally, unlike the hexatic phase, the fluid presents an exponential decay for the

g6 orientational correlation function. As before, this provides us with a simple

method to differentiate between the hexatic and the fluid phase.

1.2.4 Phase diagram of the hard disk system

As we already mentioned, there are alternative microscopic melting theories for 2D

solids and it is therefore not possible to describe a general phase diagram for two

dimensional solids. For example, it was proposed by Chui [22] that dislocations

could arrange forming grain boundaries that surround the coexisting fluid and solid

phase. Alternatively, the melting can also be induced by phase coexistence [23], so

that the two phases are in equilibrium separated by an interface, which length is

minimized to minimize the surface tension free energy. Therefore, which mechanism
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describes the melting of a certain system will depend on different system properties,

such as the nature of the interaction between particles particles[24, 25], the particle

shape[26], vacancies[27], out of plane fluctuations [28] and several others[29, 30].

In the case of hard disks, probably the simplest model computational physics can

consider and one that has been thoroughly studied since the very beginning of the

field, it has been surprisingly difficult to establish its melting mechanism, due to

the drastic system size dependency of the results. Although for the first numerical

study of the system by Alder and Wainwright the melting was found to occur

through a first order transition[31], the formulation of the KTHNY theory and

the consequent search for experimental systems that follow the mechanism lead to

further study of hard disks, with contradictory results. Evidence for both a single

first order transition[32, 33] and two continuous transitions was found[34], with

many other publications being unable to distinguish between the two scenarios[35,

36].

This debate appears now to be settled, thanks to the work by Bernard and Krauth

in 2011[37]. Identifying the cause of this disagreement between different numerical

calculations to be the drastic system size effect in the equation of state, the authors

were able to equilibrate unprecedented configurations with 10242 particles, thanks

to the use of the Event Chain Monte Carlo algorithm, that will be presented later

in this Introduction section and has proven to improve equilibration times for high

packing fraction configurations of hard-disk of all of its competitors by at least

one order of magnitude[38]. Thanks to this considerable system size, the authors

were able to observe the coexistence of an ordered and disordered phase directly,

of packing fractions η ∼ 0.700 and η ∼ 0.716 respectively. They were also able

to identify the typical
√
N system size dependence for the over-compression work

calculated by a Mayer-Wood Loop construction of the equation of state, typical of

first-order transitions in 2D, for which the interfacial energy is directly proportional

to the length of the inter-phase.

Then, by studying the orientational correlation of this ordered coexisting phase,

they determined it to be the hexatic and not the solid, therefore confirming that

hard-disks present a stable hexatic phase. However, the continuous transition to

the solid occurs at packing fraction η ∼ 0.720, and consequently they found the

resulting single phase packing fraction stability range of the hexatic phase to only

be η ∈ [0.716, 0.720]. Although this range was larger than the packing fraction
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fluctuations they observed for the coexisting ordered phase, Russo et al. [39] proved

that this stability range is so small that adding an insignificant concentration (less

than 1%) of a smaller particle in the system leads to the complete disappearance

of the hexatic phase, with the solid melting directly to the fluid through a first

order transition. This result begs the question of whether it would be possible to

observe experimentally a phase stable only in such specific conditions.

In this respect, the first experimental observation of melting for particles interact-

ing through hard core repulsion was performed by Lube et al. [40], although in this

case the particles also presented a small exclusion square attractive potential. A

hexatic phase was clearly identified, but in later work by Karnchanaphanurach[41],

using a colloidal system with perfect hard-core interaction, this result was not re-

produced. However, more relevant to this work is the recent experimental study

of the hard-disk phase diagram by analysing the sedimentation of spherical hard

colloids in a tilted plane, performed by Dullens et al.[42]. In this case the assem-

bling colloids were synthesized by forming a dispersion of melamine formaldehyde

droplets in a water-alcohol solution. The colloidal dispersion was then packed in

a glass cell and allowed to sediment for several weeks, with the main controlling

parameter of the experiment being the angle α at which the glass cells were tilted.

Once an equilibrium configuration was reached, using imaging techniques, they

were able to obtain the equation of state as a function of pressure and classify

the different regions of the formed sediment according to the behaviour of its po-

sitional and orientational order parameters. Their results confirmed the existence

of stable liquid, hexatic and solid phases, with a hexatic-liquid coexistence region

of η ≈ [0.68− 0.70]. More interestingly, the single phase stability packing fraction

range for the hexatic phase was found to be a surprising η ≈ [0.70 − 0.73], an

order of magnitude higher with respect to theoretical calculations. This disagree-

ment between theory and experiment is what lead to our study of the polydisperse

hard-disk phase diagram, to determine whether the particle size polydispersity

(unavoidable in any experimental set-up) could be responsible for this surprising

stabilization of the hexatic phase.
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1.3 Methods

1.3.1 Free energy calculation in solids

In Chapter 2 of this thesis we calculate the free energy of the crystal phases formed

by the self assembly of mobile DNA coated colloids. Therefore in this section we

offer a small description of how the free energies of solid phases are calculated in

computational mechanics. Generally speaking, the determination of free energies

always offers a challenge, since unlike some other thermodynamic functions of a

system (such as its volume, pressure, internal energy, etc,) it is not possible to

calculate the free energy of a system just knowing its configuration and the po-

tential that describes the interactions between its particles. This is because the

calculation of free energy requires the determination of entropy and, according to

Boltzmann Law, entropy depends on the partition function of the system that we

are studying, which requires the calculation of a very complex multidimensional

integral for all space with as many variables as degrees of freedom has our system

(3N). It can therefore only be calculated analytically for some very specific cases,

in which particles are completely uncorrelated to each other, so that one can apply

separation of variables.

Fortunately, thermodynamic relations give expressions for the derivative of free

energy expressed as a function of other magnitudes that can be easily measured.

For example, from the general expression dF = PdV − SdT and the fact that

the Helmholtz Free Energy is an exact differential, it follows that

(
∂F

∂V

)
T

= P .

This allows us to calculate the difference in free energy between two systems by

performing thermodynamic integration, in which we transition from one system

to the other by changing a certain control parameter in several steps, in order to

perform a numerical integration of the free energy change. For example, using

thermodynamic integration we can calculate the difference in the Helmholtz free

energy between two different density gases by progressively changing the system

volume while keeping temperature constant, so that we can calculate ∆F =
∫
PdV .

Consequently, in order to obtain absolute values for the free energy of a system we

just need to perform thermodynamic integration to a reference system for which

its partition function is known. In the case of gases, this reference is usually

taken to be an ideal gas configuration, for which entropy is simply s = kBT log V .
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Alternatively, if the system we want to study is not very compact, one can directly

apply the Widom insertion method[43], that calculates the chemical potential as a

function of the average interaction energy of the system when one tries to introduce

a new particle in it. However, neither of these strategies is useful when calculating

the free energies of solid phases. First, it is not possible to perform thermodynamic

integration to the ideal gas because the transformation from the solid to the gas

would involve a first order transition, during which the derivative of the free energy

diverges, making it impossible to perform any numerical integration. And neither

it is possible to use the Widom insertion method, since the high packing fraction of

solids make the insertion of a new particle into its structure extremely unlikely, and

unrealistic simulation times would be required to sample the average interaction

potential precisely.

Fortunately, there is an alternative reference system to calculate free energies of

solids: the Einstein crystal[44]. An Einstein Crystal is a crystal lattice stabilized

merely by the effect of independent harmonic oscillators that bind each particle to

its corresponding lattice position. In this case, the partition function of the system

can be calculated by considering each particle a quantum harmonic oscillator and

calculating all possible arrangements of the energy quanta.

To perform the thermodynamic integration between our solid and the Einstein

crystal, the method uses a switching parameter λ, that will gradually transform

the potential energy function of the real solid into that of an Einstein crystal. It

will therefore take the form:

Ũ(rN) = U(rN) + (1− λ)
[
U(rN − U(rN0 )

]
+ λ

N∑
i=1

αi(ri − r0,i)
2 (1.32)

where rN0,i is the lattice position of particle i, U(rN0 ) is the static contribution to

the potential energy, αi is the Einstein crystal spring constant binding the particle

i to its lattice site, and, as mentioned, λ is the switching parameter. It can be seen

that if λ = 0, the system behaves normally, while if λ = 1 it becomes a perfect

Einstein crystal. The method then calculates the free energy difference between

the Einstein crystal and the real system as:
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F = FEin +

∫ λ=0

λ=1

dλ

〈
∂U(λ)

∂λ

〉
λ

= FEin +

∫ λ=0

λ=1

〈
N∑
i=1

αi(ri − r0,1)2 − [U(rN)− U(rN0 )]

〉
λ

(1.33)

Finally, one can calculate the absolute free energy of an Einstein crystal according

to expression:

FEin = U(rN0 )− d

2β

N∑
i=1

ln

(
π

αiβ

)
(1.34)

where d is the dimension of the system and β is (kBT )−1.

This implementation of the Einstein crystal method is not, however, the one we use

for the calculations in Chapter 2. This is because the version of the method we just

described is only useful when the potential energy function of the system we want

to study is continuous, so that it can be gradually switched off and transformed

into the pure Einstein crystal expression.

Since our mobile DNA colloids interact (in part) as hard spheres, we need an

alternative method to calculate the free energy. We therefore apply an alternative

version of the Einstein crystal method[45], in which instead of gradually switching

off the potential, the method increases gradually the spring constant λ of the system

while maintaining the original potential, such that:

U(λ) = U0 + λU = U0 + λ

N∑
i=1

(ri − r0,i)
2 (1.35)

In this case, the free energy difference between the system with λ parameter and

the original system can be expressed as:

FHS = F (λmax)−
∫ λmax

0

dλ
〈
U(rN , λ)

〉
λ

(1.36)

For sufficiently large λmax, all other interactions between particles will be negligible

and the system will behave as a pure Einstein crystal. Therefore, the challenge of

this approach, and the reason it is not the one preferred for continuous potentials,
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is finding a proper value for λmax, large enough so that the system behaves as an

Einstein crystal, but not too large, as this would increase the error involved in the

numerical integration.

1.3.2 Event chain Monte Carlo

For the study of the polydisperse hard-disk phase diagram and the effect of the

distribution shape in it (Chapters 3 and 4), we required an efficient method to equi-

librate high packing fraction configurations of the hard-disk system. In our work we

decide to use the relatively new event chain Monte Carlo algorithm (ECMC), that

has consistently proven to significantly improve equilibration computational times

when compared with other alternative sampling techniques [38]. The main charac-

teristic of the method, and what differentiates it from local Monte Carlo (LMC),

is that it is configuration rejection free: that is, all configurations generated during

the algorithm will be accepted.

Although a general formulation of event chain Monte Carlo has already been pro-

posed [46], the method was first described for hard spheres and hard disks[47],

where its implementation is much simpler. In this case, the method occurs as a

deterministic chain of events, each event consisting in the propagation of a single

disk along a certain direction until a collision with another particle occurs. At

this moment, the initial particle will stop and the one responsible for the collision

will be propagated in the same manner. This process will continue until the total

displacement for the chain reaches a certain threshold l, that is the only control-

ling parameter of the algorithm, which value needs to be optimized to guarantee

the fastest possible equilibration. Therefore, the working of the method is almost

deterministic, with only the initial particle of the chain and the direction along

which it will be propagated (θ) being randomly determined at beginning of each

iteration.

The high performance of ECMC is not only caused by its coordinated particle

movement (the lack of which makes LMC so inefficient in simulations of high pack-

ing fraction hard-disks), but also the fact that the algorithm allows the breaking

of detailed balance, while still maintaining global balance. Algorithms that break

detailed balance allow probability flows in the configuration space and can lead
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to faster equilibration[48]. In the case of hard disks, this break of detailed bal-

ance is achieved by limiting the propagation direction sampling to a smaller range

than the full unitary circle. The smallest range that guarantees two independent

propagation directions and therefore global balance and ergodicity is that given by

the first quadrant θ = [0, 2π]. This version of the ECMC algorithm is the one we

implemented for our polydisperse hard-disk simulations.

Finally, another useful feature of ECMC is that it allows the calculation of the

system’s pressure on the go, using only information that is obtained with no addi-

tional cost during simulation. The used expression is shown in equation 1.37 and

is based on the ratio between the total displacement occurred during an chain of

events (xfinal − xinit) caused both by the movement of the particles and the ad-

vancements occurred when a lift to a new event occurs, due to the radius of the

particles; divided by the total propagation caused by the event chain, that is always

l. This magnitude needs to be sampled over a large quantity of chains, to obtain

the average for all propagation directions and regions of the system.

βP = ρ

〈
xfinal − xinit

l

〉
(1.37)

It can be seen in Eq. 1.37 that for the ideal gas case, when particles are very far

from each other and never collide, no lifts occur and therefore the two quantities

become equal and the general equation of state of ideal gases is returned, proving

the consistency of the equation.

This equation was used to obtain pressure for all our simulations for the polydis-

perse hard-disk system in Chapters 3 and 4.





Chapter 2

Entropy stabilization of floppy

crystals of mobile DNA-coated

colloids

2.1 Introduction

Nucleic acids are ubiquitous in nature because of their capability of encoding large

amounts of information via canonical Watson-Crick base-paring interactions [49].

With the help of chemical methods to make synthetic oligonucleotides of arbi-

trary sequences, one can use specific binding interactions between single-stranded

DNA (ssDNA) chains to program selective interactions between different colloidal

particles. For example, one can graft DNA linkers to the surface of colloidal par-

ticles with open ends of ssDNAs. These ssDNA tails serve as “sticky ends” that

bind specifically to other colloids coated with ssDNA tails of complementary se-

quence, which offers a novel way of manipulating the self-assembly of colloidal

particles [50, 51]. By using DNA-coated colloids (DNACCs), a number of ordered

crystals [52–58] and self-assembled “colloidal molecules” [59] have been obtained

in experiments, while the self-assembly mechanism of DNACCs is still not well un-

derstood [57, 60, 61]. For example, the diffusionless transformation from a floppy

crystal to the other compact crystal has been observed in experimental systems

while the underlying mechanism remains not fully resolved [61].

23
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Recently, a novel system of mobile DNA-coated colloids (mDNACCs) was intro-

duced that displays qualitatively new properties [62, 63]. Compared with immobile

DNA-coated colloidal systems, mDNACCs have a broader temperature window for

self-assembly, and therefore allow the better control over the assembly process [62].

Mobility of DNA linkers also allows particles to more easily roll around each other

and rearrange [62, 64], without grafting of very high density. Moreover, unlike

colloids with patches in specific locations [59, 64], the interaction in mDNACCs is

intrinsically a many-body potential, which could be employed to control the “va-

lency” of particles without patches by tuning nonspecific repulsions between the

particles [1, 65]. However, despite these novel properties and potential applica-

tions, the principles determining the collective self-assembly of mDNACCs remain

unclear. To this end, we study the equilibrium self-assembly in binary systems of

mDNACCs with complementary sequences. We construct the phase diagrams for

systems in both two (2D) and three dimensional (3D) spaces. At low pressure, we

find floppy square and CsCl crystals in 2D and 3D systems, respectively, which are

more stable than the corresponding compact hexagonal and CuAu crystals. This

behavior holds for a large range of binding strengths, even in the infinite binding

strength limit. We demonstrate that these floppy crystals are stabilized by vibra-

tional entropy, and “floppy” modes play an important role in the infinite binding

strength limit.

2.2 Finite binding energy mDNACC

We consider a binary system of N colloids A and B, coated with mobile DNA

linkers. Each linker terminates in a short ssDNA sequence, and particles of type A

and B are coated with ssDNA linkers of complementary sequences. The parameters

are chosen to be the same as for the system without nonspecific repulsions in

Ref. [65]: the systems has equal numbers of A and B particles NA = NB = N/2;

each colloid is modelled as a hard sphere with diameter σ = 200 nm, on which

n = 70 double-stranded DNA (dsDNA) linkers of length L = 20 nm terminating in

a short ssDNA sequence are grafted. The effective interaction energy βU consists

of an attraction part coming from the binding of the linkers βFatt, and a repulsive

part due to the excluded volume interaction βFrep, where β = 1/kT with k and T

being the Boltzmann constant and temperature of the system, respectively. Using
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a mean-field approach [65–67], βFatt can be written as

βFatt =
N∑
i=1

n[ln pi + (1− pi)/2]. (2.1)

Here pi is the probability that a linker on particle i is unbound, satisfying the

following set of equations

pi +
∑
j

pipje
−β∆Gij = 1 . (2.2)

β∆Gij(ri, rj) is the free energy for the formation of a bond between a pair of

particles i− j, which can be written as

β∆Gij(ri, rj) = β∆G0 + β∆Gcnf(ri, rj) , (2.3)

where β∆G0 is the binding strength (hybridization free-energy) of two complemen-

tary ssDNAs in solution, depending on the DNA sequence and being a function of

temperature and salt concentration, and ri/j is the position of particle i/j. The

smaller the value of β∆G0 implies, the stronger the binding strength. β∆Gcnf is

the configurational cost for bond formation that can be calculated analytically for

L � σ [65]. The repulsion originates from excluded interactions between DNA

linkers and hard-sphere cores, and it is of general form [65]

βFrep = − ln

(
Ω({ri})

Ωfree

)
, (2.4)

where the partition function Ω({ri}) counts all accessible states of linkers given

the positions of the colloids, and Ωfree is the value of Ω({ri}) when colloids are

separated from each other by an infinite distance. Then using βU = βFatt + βFrep

above, we perform extensive Monte Carlo simulations for systems of N ≈ 500

mDNACCs; and by free energy calculations [68], we construct the phase diagrams

in both 2D and 3D. In our 2D system of mDNACCs, colloids are moving in a 2D

plane while DNA linkers rotate in a 3D space, which can model the self-assembly of

mDNACCs at the bottom of an experimental chamber [61, 62] or the liquid-liquid

interface [69].

Figure 2.1 shows phase diagrams in the area/packing fraction η - binding strength

β∆G0 representation for mDNACC systems in 2D and 3D, respectively. Since the
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hex + sq
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fluid + hex       
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Figure 2.1: Phase diagrams for mobile DNA-coated colloids in two and three
dimensional space, in the area/packing fraction η - binding strength β∆G0 plane.
Black circles mark the position of the triple points obtained by extrapolation.
The dashed line is an estimate of the transition from the hexagonal phase to the
disordered hexagonal phase. Snapshots are shown for the ordered crystal phases.
Gray areas represent the coexistence regions.
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numbers of complimentary linkers on both A and B colloids are the same, we do

not consider crystals of asymmetric stoichiometry. One can see that at low density,

because of entropy, the systems remain in a disordered fluid phase [70, 71], but

when increasing the density, ordered crystals form. For weak ssDNA bindings,

for which βFrep does not allow any linkers bond to form, mDNACCs crystallize

into disordered crystals, i.e. disordered hexagonal crystal in 2D and face-centered

cubic crystal in 3D, in which particles are located on ordered lattices but types

of particles are random. This transition is purely determined by the interactions

between the hard colloids and is therefore similar to those of hard-disks and hard

spheres respectively. However, if increasing the ssDNA binding strength the AB

colloids start binding with each other and when compressed the fluid arranges into

ordered crystals phases. As shown in Fig. 2.1, for β∆G0 . −10.5, when increasing

the density of 2D mDNACC systems, a floppy ordered square crystal first crystallize

from the fluid (Fig. 2.1a), and similarly in 3D systems for β∆G0 . −9, a floppy

CsCl crystal forms at relatively low density (Fig. 2.1b). When further increasing

the density, the compact crystals become stable because of their high packing

efficiency, i.e. hexagonal crystals in 2D, CuAu and tetragonal crystals in 3D. From

the 2D phase diagram we can also see that there is no equilibrium fluid phase for

binding energies stronger than β∆G0 ≈ −10.75. This is because for larger binding

energies the system arranges to the open square lattice even at zero pressure, which

demonstrates how fast is the switch on of the mDNACCs interactions, due to its

many body nature.

The phase diagram of 3D mDNACC system is qualitatively similar to that of

oppositely charged colloids [72], however, as we shall see, the stabilization of the

CsCl phase occurs for completely different reasons that for charged colloids, for

which the repulsion between same charged particles favours enthalpycally the less

compact phase.

As we explained in the introduction, stabilization of floppy crystals can be due

to either enthalpy or entropy. For a single component system of DNA-coated

nanoparticles [73], including the configurational entropy of the linkers in the effec-

tive potential (as adopted in this work), the b.c.c. crystal is believed to be favored

over the f.c.c. crystal due to its lower enthalpy [73, 74]. And for a binary system

of colloids coated with very short DNA linkers, it has been mentioned that the
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CsCl structure is favored over the CuAu structure by virtue of its higher vibra-

tional entropy [54]. Despite these examples, stabilization mechanisms for floppy

crystals are largely undistinguished for DNACCs [57, 61, 71, 75]. For this case,

to explore the stabilization mechanism for the floppy crystals in mDNACCs, we

compare the potential energy and vibrational entropy at coexistence. For simplic-

ity, we use S = Svib and neglect other contributions to the entropy since they are

the same for phases being compared. The effective potential energy βU is calcu-

lated directly in Monte Carlo simulations. The vibrational entropy per particle

is obtained as Svib/kN = βU/N − βF/N , in which the Helmholtz free energy

βF is calculated by thermodynamic integrations to the reference Einstein crystal.

As shown in Fig. 2.2, we see that the floppy square/CsCl crystal has higher vi-

brational entropy than the compact hexagonal/CuAu crystal, while the effective

energy for the floppy square/CsCl crystal is even slightly higher. This suggests

that the vibrational entropy stabilizes the observed floppy crystals in mDNACCs.

Finally, a remarkable feature of these phase diagrams is the wide range of binding

strengths for which floppy square and CsCl crystals are stable. It would be of

interest to determine how wide this stability range actually is, as in experiments

the hybridization free-energy β∆G0 is very sensitive to external conditions, such

as the salt concentration and temperature [1], and tuning β∆G0 precisely can

be challenging. Therefore, when the crystallization of DNACCs is observed, the

hybridization free-energy is usually very strong, when almost all linkers are bound.

Therefore, to examine whether entropy stabilized floppy crystals of mDNACCs

exist at conditions close to experiments, we simulate mDNACCs at β∆G0 → −∞,

which are essentially the very bottom of the phase diagrams in Fig. 2.1.

2.3 Infinite binding energy system

The above method for simulating mDNACCs can only be used to simulate mD-

NACCs with moderate DNA hybridization free-energies and many unbound ssDNA

linkers [65–67]. For the limit β∆G0 → −∞, Eq. 2.1 leads to a divergent βFatt.

This is due to the use of the Stirling approximation, that does not hold when the

amount of free linkers on a colloid approaches 0 (xα ≈ 0). We therefore modify

the original method to consider the very low temperature region, when all linkers

are bound and the system can therefore be considered athermal. The derivation



Chapter 2. Entropy stabilization of floppy crystals of mDNACCs 29

-11

-10

-9

-8

β
U
/N

squ
hex

-5.5

-3.5

-1.5
CsCl
CuAu

-4.5

-4.3

-4.1

-3.9

-11 -10.9 -10.8 -10.7

S
v
ib
/k
N

β∆G
0

squ
hex

-9.8 -9.6 -9.4 -9.2
-6.7

-6.3

-5.9

-5.5

β∆G
0

CsCl
CuAu

Figure 2.2: Interaction potential βU/N and vibrational entropy Svib/kN ver-
sus the binding strength β∆G0, at the square - hexagonal phase coexistence in
2D, and CsCl - CuAu phase coexistence in 3D.

of the new method starts with the expression of the partition function accounting

for the binding of the linkers in the mDNACCs system used by Angioletti-Uberti:

Zbind =
∑
{xαβ}

W ({xαβ})
∏
α<β

Θ
xαβ
αβ

W ({xαβ}) =
∏
α

nα!(
nα−

∑
β
xαβ

) ∏
α<β

1

xαβ!

(2.5)

where the W ({xαβ}) accounts for all possible arrangements that lead to xαβ DNA

bonds between two colloids and Θ
xαβ
αβ is the binding strength. We obtain the

effective binding strength between two colloids by calculating the average binding
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Figure 2.3: Simulation results for mobile DNA-coated colloids at the infinite
binding strength limit β∆G0 → −∞. (a,b) Probability density distribution of
area/packing fraction η of the system versus pressure P in 2D (a) and 3D (b).
(c) Interaction potential βU/N and enthalpy βH/N versus the pressure P . Solid
curves are obtained by data fitting.

free energy over the surface of the two colloids.

Θαβ(~RA, ~RB) = 〈exp (β∆)〉|~RA, ~RB =

∫
SA,SB

exp [−β∆Gαβ] d~rαd~rβ

SASB

= exp [−β∆G0]

∫
SA,SB

exp [−β∆Gcnf (~rα, ~rβ)] d~rαd~rβ

SASB
= Θ0Θ∗αβ( ~RA, ~RB)

(2.6)

This average is calculated considering that all colloids are fixed at their configura-

tion positions and runs through all possible ~rα and ~rβ grafting positions of linkers

in each colloid. We also express the binding energy as the sum of a linkers binding

∆G0 and a configuration contribution ∆Gcnf( ~rα,rβ).

If we substitute 2.6 into 2.5 and consider the case when all linkers are bound

(nα =
∑

β xαβ), we obtain the expression for the partition function in the infinitely

strong binding regime:

Zbind =
∑
{xαβ}

∏
α

nα!
∏
α<β

Θ
xαβ
0

∏
α<β

1

xαβ!
Θ∗xαβ (2.7)
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Since we take a fixed amount of linkers per colloid, the prefactor Z0 =
∏
α

nα!
∏

α<β Θxαβ
0

will be constant for all configurations. Which simplifies the partition function to

just:

Zbind = Z0

∑
{xαβ}

∏
α<β

1

xαβ!
Θ
∗xαβ
αβ (2.8)

Now we calculate the effective binding energy from the partition function, applying

the Stirling approximation.

Z =
∑
{xαβ} exp (−βUbind({xαβ}))

βUbind ({xαβ}) =
∑

α<β xαβ
(
log xαβ − 1− log Θ∗αβ

)
− logZ0

(2.9)

This use of the Stirling approximation does not imply any risk of divergence of the

potential (that would occur if xαβ approached zero), since the Lagrange multiplier

enforces that all linkers are bound at every moment, independently of the βFrep

associated with the bonding of colloids α and β. The only condition required will

be therefore for each colloid to have enough linkers so xαβ will be larger for all its

neighbours, which will be true for high grafting densities. As for the low binding

energy case, to this binding energy we need to subtract that due to the excluded

volume interaction of the DNA links, that destabilizes the crystal with respect the

fluid phase:

βUrep = −
∑
α

nα log
Ωα

Ω0

(2.10)

where Ωα is the volume available to the linkers grafted to α in the configuration,

and Ω0 that for an isolated colloid. And finally, the configuration binding strength

Θxαβ is given by Ξαβ = Ωαβ/ΩαΩβ, where Ωαβ is the volume available to the two

linked DNA strands. This gives us a general expression for the potential energy of

the system.

βUinf ({xαβ}) =
∑
α<β

xαβ (log xαβ − 1− log Ξαβ) (2.11)

When analysing the Hessian of the potential energy functionHij = ∂2Uinf/∂xαβ∂xα′β′

one finds that it is diagonal and positive definite, and therefore βU is a convex

function with a single minimum. Therefore, minimizing this energy with respect

{xαβ} guarantees obtaining the global minimum energy for the mDNACCs given

the infinite binding energy constraints.
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The equilibrium linker distribution is therefore given by minimizing the Lagrange

function L = βUinf +
∑

α λα(nα −
∑

γ xαγ) via

∂

∂xαβ

[
βUinf({xαβ}) +

∑
α

λα

(
nα −

∑
γ

xαγ

)]
= 0 (2.12)

Substituting Eq. 2.11 and xαβ = xβα into Eq. 2.12, we get

xαβ = eλα+λβΞαβ , (2.13)

where coefficients {λα} satisfy the constraint of all linkers being bound, and can

be solved by, e.g., self-consistent iterations with

eλα =
nα∑

γ e
λγΞαγ

, for all α . (2.14)

It can be proven that Eq. 2.13 gives the global minimum of βUinf under the con-

straint set by all linkers being bound [17]. We then use βU = βUinf + lnZ0 with

the same constraint to perform Monte Carlo simulations in the NPT ensemble for

both 2D and 3D mDNACC systems. Results are shown in Fig. 2.3 for a system of

N = 100 in 2D and N = 256 in 3D. From the probability density distributions of

packing fraction of the systems in Fig. 2.3a,b, we see that floppy crystals do exist

in the low pressure region. Coexistence of floppy and compact phases occurs at

about P ' 1.0kT/σ2 and 3.0kT/σ3 for 2D and 3D systems, respectively.

This coexistence region was confirmed by the presence of two maxima in the packing

fraction probability distribution of the system. This can be more clearly seen from

Fig. 2.4, that is similar to Fig. 2.3.a but includes the average packing fraction of

the system as a function of time, as well as the average packing fraction for the

square and hexagonal phases, that are obtained by fitting the distribution to the

sum of two Gaussian curves of the form c exp(−(η−η0)2/2ν2). From this figure we

can see that it is not possible to determine whether the transition is first order or

continuous from the equation of state of the full system (red line in Fig. 2.4), since

the curve is not smooth enough due to the large fluctuations of the simulation box

volume. However, when we plot η0 for each of our fit Gaussian curves, it can be seen

that this lack of definition in the equation of state is caused by the transition of the

system between two stable phases (the open square and the compact hexagonal),

which in turn confirms the phase transition to be first order.
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Figure 2.4: Probability distribution function for packing fraction for the 2D
infinite binding mDNACCs system, showing the average of the distribution (red
line) and the center of two fit Gaussian distributions that correspond to the
square (green line) and the hexagonal phase (blue line). A clear coexistence
region can be distinguished for pressures between 1.0kT/σ2 and 1.5kT/σ2.

Unlike our previous case, the method described in section 1.3.1 to calculate the free

energy of the solid phases will not be applicable in the infinite binding limit. This

is because the interaction between colloids being infinitely strong, it will never be

the case that the potential energy function of the system will be approximately

equal to that of a Einstein crystal, independently of how high the λ value used for

equation 1.36. Consequently, we can only use thermodynamic functions that do

not depend on the system’s partition function to study the stabilization of floppy

crystals. Therefore, we first compare the internal energy per particle βU/N for

both floppy and compact crystals, as shown in Fig. 2.3c, near the phase coexis-

tence, and find them to be very similar in the case of the hexagonal and square

crystals, and that the CuAu crystal has a slightly lower potential energy than the

CsCl crystal. Since the floppy and compact phases have equal chemical potential

β(µANA +µBNB)/N = βU/N +βPV/N −Svib/kN at the coexistence, to compare

the vibrational entropy of the floppy and compact phases, we calculate the enthalpy

per particle βH/N = βU/N + βPV/N . Figure 2.3c shows that enthalpy for the

floppy phase is higher than that of the corresponding compact phase in both 2D

and 3D near coexistence. This implies that the floppy crystals have higher vibra-

tional entropy near phase coexistence. Thus vibrational entropy also stabilizes the
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floppy phases at the limit β∆G0 → −∞.

In other works it has been shown that a vibrational mode analysis reveals that

“floppy” modes, namely collective motions that do not change the interaction en-

ergy, play an important role for the diffusionless CsCl-CuAu transition in a sys-

tem of DNACCs with short linkers [60]. For mDNACCs in the infinite binding

limit, we observe that distances between neighboring A − B pairs are very short

(dAB ' 1.04σ), and that the effective interaction energy for the floppy and com-

pact crystals are very similar at coexistence, especially for the 2D system. These

motivate us to explore the role of “floppy” modes in the stabilization of floppy crys-

tals. We tried a vibrational mode analysis within the harmonic approximation, to

evaluate the entropy [14, 15] and count the floppy modes [60]. We calculated ap-

proximately the dynamical matrix by measuring displacement correlations between

particles [76]. However, for system sizes we were able to simulate, we observe large

volume fluctuations which invalidate the harmonic approximation.

Instead, we approximate the system by a sticks and balls model: every colloid is

bonded with a fixed number of rigid colloids of the opposite type and distances

between all A − B pairs are fixed. This approximation is exact for mDNACC

systems with β∆G0 → −∞ and linker length L → 0, for which the effective

potential βUinf is a constant and the system allows only “floppy” moves. We

conducted NPT simulations for the model with N = 100 in 2D. To illustrate how

the model works, in Fig. 2.5a we show two consecutive moves from an initial square

lattice. The probability density distribution of area fraction of the system is shown

in Fig. 2.5b for different pressure. We see that, for pressure below P ' 4kT/σ2,

“floppy” moves favour the low density square crystal over the dense hexagonal

crystal. This result supports that vibrational entropy associated with “floppy”

modes play an important role in the stabilization of observed floppy phases in the

infinite binding limit. This is related to the fact that mechanically floppy networks

can become rigid (stable) when thermal effects are present [77].

Unfortunately, we cannot use this same approach to study the transition between

the CsCl and CuAu phase for the 3D system. This is because the CsCl forms by the

piling of square lattice planes of A and B colloids in such a way that each A colloid

occupies the hole left by four B colloids and vice-versa; while the CuAu forms by

the piling of hexagonal lattice planes of A and B colloids in such a way that each
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Figure 2.5: (a) Two consecutive “floppy” moves of the sticky-sphere model
from an initial square lattice. In simulations only particles in a single column or
row are allowed to move relatively to other particles at a time. Here we show
a column move in the middle (top) followed by a row move in the third row
(bottom). (b) Probability density distribution of area fraction η of the system
versus pressure P for the sticky-sphere model in 2D, for which distances between
neighboring A and B particles are fixed at dAB = 1.04σ.

A colloid occupies the hole left by three B colloids, with the overall piling following

an ABC order. It is not possible to transition between these two crystal structures

without breaking any bonds and consequently no sticks and balls model will be

able to simulate this process. This does not represent a problem for our model for

mDNACCs in the infinite binding energy limit, because the Lagrange multiplier

only enforces that all linkers are bonded at all moments and this constraint does

not stop a particle from changing its neighbours.

2.4 Conclusions

In conclusion, we have studied the self-assembly of a binary system of colloids

coated with complementary mobile DNA linkers. We construct the phase dia-

grams for both 2D and 3D mDNACC systems, in which we observe stable floppy

square/CsCl crystals at strong enough ssDNA binding strength. We also derive an

effective potential for the system in the infinite ssDNA binding strength limit, and
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formulate a Monte Carlo method to simulate the effect of entropy for the system

in this limit. Our results show that even for the infinitely strong ssDNA binding

limit, floppy crystals are still more stable than compact ones at low pressure be-

cause of their higher vibrational entropy. This suggests that the strong ssDNA

binding limit of mDNACC systems is different from the conventional atomistic

or molecular systems, in which at strong interaction limit, i.e. zero temperature

limit, the effect of entropy vanishes. Although we simulated the system of colloids

coated with mobile DNA linkers, the observed special effect of vibrational entropy

can also explain the physics of forming floppy CsCl crystal of colloids coated with

long flexible DNA linkers at experimental conditions, in which the binding sites

of DNA linkers can cover the whole surface of DNA corona [75]. This opens up

new possibilities for designing mDNACC systems to utilize the effect of entropy

for fabrication of novel functional colloidal materials. For example, in asymmetric

binary mixtures of mDNACCs, more open structures are expected, especially when

nonspecific repulsions are introduced [65], of which the self-assembly mechanism

can be very different from that of conventional patchy particle systems [14, 15, 78].

Moreover, in experimental systems of mobile DNA coated liposomes, the combina-

tion of vibrational entropy and deformability are expected leading to the formation

of more interesting structures [79–82]. Additionally, the method developed for the

infinite binding strength limit could also be modified to simulate other network

systems, e.g. vitrimers [83, 84], in which the relaxation is not driven by energy

change but a result of entropy maximization.



Chapter 3

Melting and re-entrant melting of

polydisperse hard-disks

3.1 Introduction

As we mentioned in Chapter 1, the melting of two-dimensional solids has been heav-

ily discussed since it was proven that long-wavelength thermal fluctuations prevents

long-range positional order in 2D systems [85–87]. A significant attempt to reach

a general description of 2D melting was the Kosterlitz-Thouless-Halperin-Nelson-

Young (KTHNY) theory, that predicts a new phase of matter, i.e., the hexatic

phase, which has quasi-long-range orientational order and short-range positional

order. The hexatic phase is predicted to be interposed between the usual solid and

fluid phases. Therefore, the melting in 2D was predicted to undergo two contin-

uous transitions from solid to hexatic and hexatic to fluid, respectively [88–92].

However, the KTHNY theory does not rule out any first-order transition due to

other effects [93], e.g., the grain-boundary induced melting [22, 94]. In arguably the

simplest benchmarking model system in 2D, i.e., the system of monodisperse hard-

disks, the physics of melting transition has been debated for long [27, 41, 95–101].

It was recently settled that the melting of solids in the system of monodisperse

hard-disk undergoes a two-stage process consisting of a continuous solid-hexatic

transition followed by a first-order hexatic-fluid transition [37, 38], and the shape

and softness of particles also play important roles in the 2D melting [24, 26, 102].

37
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It was found that pinning a small fraction of particles can change the melting tran-

sition in hard-disk systems significantly [29, 30]. Moreover, simulations of binary

hard-disk mixtures showed that the presence of tiny amounts of small particles can

eliminate the stability of hexatic phase [39]. These highlight that the melting tran-

sition in 2D is subtle. A recent experiment with colloidal hard spheres in 2D [42]

appears to support the two-stage melting found in simulation [37, 38]. However,

most of experimental systems possess certain degree of (continuous) particle size

polydispersity, and polydisperse hard-disks have also been widely employed as a

model system to investigate the glass transition [103–105]. Yet the effect of poly-

dispersity on the nature of phase transitions in 2D remains unknown. To this

end, we investigate the equilibrium phase behaviour of a 2D polydisperse hard-

disk system (PHDS) with Gaussian-like particle size polydispersity. We find that

with increasing the polydispersity, the first-order hexatic-fluid transition becomes

weaker, and completely switches to be continuous following the KTHNY scenario

in PHDS with around 7% size polydispersity. Furthermore, the packing fraction

range for stable hexatic phase increases significantly by one order of magnitude

compared to that in monodisperse hard-disk systems. More surprisingly, in PHDS

with slightly higher polydispersity, we observe re-entrant solid-hexatic and hexatic-

fluid transitions at high density, which were proven impossible in 3D polydisperse

hard-sphere systems [106].

Finally, we find that this re-entrant melting is accompanied by a counter-intuitive

decrease in packing fraction under pressurization and confirm that this behaviour is

intrinsic to the Gaussian distribution used to describe the system’s polydispersity,

so that it can be observed for any phase (fluid, hexatic or solid) and has no relation

with the phase transition. This final result led us to study the effect of the particle

size distribution shape in the phase diagram of polydisperse hard-disks, that we

present in Chapter 4 of this work.

3.2 Model

To model the effect of polydispersity, we consider a 2D system of volume V con-

taining N polydisperse hard-disks based on the semigrand canonical ensemble

(NV T −∆µ), in which the chemical potential difference between particles of dif-

ferent size is fixed [107–110]. In this work, we use the following function for the
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Figure 3.1: Phase behaviour of polydisperse hard-disks.(a): Equation of
state (EOS) for polydisperse hard-disk systems (PHDS) with various polydisper-
sity parameter ν/σ0 = 0.005 to 0.08 in the representation of (P −P ∗)σ2

0/kBT vs
(ρ−1 − ρ−1

hex)σ−2
0 , where P ∗ and ρhex are the pressure and density of the hexatic

phase at the fluid-hexatic transition, respectively, and the solid lines are fits of
the EOS using 5th order polynomials. (b): |〈Ψ6〉| as functions of (ρ−1−ρ−1

hex)σ−2
0

for systems with ν/σ0 = 0.07 and 0.08. P and ρ = N/V are the pressure of the
system and the density of particles in the system, respectively. (c): EOSs for
PHDS of various numbers of particles N = 642 ∼ 5122 at ν/σ0 = 0.07. The solid
symbols are the obtained fluid-hexatic transition points.
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a) b)

Figure 3.2: Phase behaviour of polydisperse hard-disks.(a): Phase dia-
gram of the PHDS in the representation of ρσ2

0 and s/〈σ〉, in which the dashed
lines are the interpolated phase boundaries for re-entrant melting of solid and
hexatic phases. The phase boundaries are obtained from NV T −∆µ MC simu-
lations for PHDS with ν/σ0 = 0.005 to 0.0835. Inset: the enlarged view of the
region of phase diagram at 0 ≤ s/〈σ〉 ≤ 0.02. The dotted lines connect the re-
entrant transitions at ν/σ0 = 0.08, 0.0805, 0.081, 0.082, 0.083, and 0.0835 from
left to right. and (b): same phase diagram but including the equations of state
along the re-entrant transitions for ν/σ0 = 0.08, 0.0805, 0.081, 0.082, 0.083, and
0.0835. Figure b) is mostly referenced in Chapter 4 of this work.

distribution of chemical potential difference

∆µ(σ) = −kBT
(σ − σ0)2

2ν2
, (3.1)

where σ is the particle diameter changing from 0 to ∞ with kB and T the Boltz-

mann constant and temperature of the system, respectively. ν is the polydispersity

parameter, and in the ideal gas limit Eq. (3.1) gives a Gaussian-like particle size

distribution centered around σ0 with the standard deviation ν. This models PHDS

in equilibrium with the dilute reservoir of Gaussian-like particle size distribution,

e.g., the very top region in sedimentation experiments [42].
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Figure 3.3: Stabilization of hexatic phase. (a): The fractions of topolog-
ical defects and dislocations in the hexatic phase as functions of (ρ − ρhex)σ2

0

for systems of various polydispersity parameter ν. Here ρ and ρhex are the den-
sity of the system and the lowest density of stable hexatic phase, respectively.
The vertical dashed lines indicate the hexatic-solid transition points. (b): Low
pressure phase diagram of polydisperse hard-disks in the representation of η vs
s/〈σ〉, where η is the packing fraction of the system with σi the diameter of
particle i. The state points obtained from simulations at each ν/σ0 from 0.005
to 0.08 are shown as the symbols, which are color coded with 〈σ〉/σ0. The error
bars are smaller than the symbols.
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3.3 Results

3.3.1 Phase diagram

By performing Monte Carlo (MC) simulations, we calculate the equation of state

(EOS) for a system of 2562 = 65, 536 hard-disks with various ν from 0.005 to

0.08σ0. As shown in Fig. 3.1a, one can see that when the polydispersity parameter

is small, i.e., ν/σ0 ≤ 0.05, there is clearly a Mayer-Wood loop in the EOS [111] im-

plying a first-order transition from fluid with increasing the density of the system.

Similar to the monodisperse hard-disk system, i.e., ν = 0, the coexisting phase

with fluid in PHDS is a hexatic phase [37, 38, 110]. As we explained in Chapter 1,

to characterize the structural difference between fluid and hexatic phases, we cal-

culate the six-fold bond orientation order parameter 〈Ψ6〉 =
〈

1
N

∑N
k=1 ψ6(rk)

〉
with

ψ6(rk) = 1
Nk

∑Nk
j=1 exp(i6θkj), where θkj is the angle between the vector connecting

particle k with its neighbour j and a chosen fixed reference vector. Nk is the num-

ber of first neighbours for particle k based on the Voronoi tessellation of the system.

As shown in Fig. 3.2a, the density difference between the coexisting hexatic and

fluid phases becomes smaller with increasing ν, and when ν/σ0 ≥ 0.07, the density

jump from fluid to hexatic phase disappears, while |〈Ψ6〉| increases significantly at

ρhex (Fig. 3.1b). Here we note that |〈Ψ6〉| in an infinitely large system, should be

zero for the hexatic phase, while in our large finite system it can be a positive num-

ber indicating the existence of some orientational order in the system. However,

we do not use |〈Ψ6〉| to identify the existence of the hexatic phase, for which we

always check the change of correlation functions to confirm. This suggests that the

first-order fluid-hexatic transition becomes weaker with increasing ν, and changes

to be continuous at high polydispersity, i.e., ν/σ0 ≥ 0.07, following the celebrated

KTHNY scenario [88–91]. This, to some extent, is similar to the melting of soft

spheres [24]. Because with increasing the particle size polydispersity, the distribu-

tion of distance between the nearest neighbours becomes wider, which is similar

to introducing a “soft” repulsion between particles, and it has been also found in

the melting of soft spheres in 2D, the transition type can switch from a first order

transition to a continuous KTHNY scenario with increasing the “softness” of the

potential [24].
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Figure 3.4: Re-entrant melting transitions. (a,b): The pair correlation
function g(x, 0)−1 along the major axis of the system (a) and the six fold orien-
tation correlation function g6(r) (b) for polydisperse hard-disk systems (PHDS)
with ν/σ0 = 0.08 at various densities. (c): |〈Ψ6〉| and s/〈σ〉 as functions of den-
sity ρσ2

0 for PHDS with ν/σ0 = 0.082, 0.083, and 0.0835. (d): Contour plot of
the probability density distribution of particle size σ/σ0 for systems of different
densities at ν/σ0 = 0.0835. (e): Mean square displacement 〈∆r2〉/σ2

0 in PHDS
of ν/σ0 = 0.0835 at densities ρσ2

0 = 1.592, 2.292, and 3.565 as marked in the
inset, where τ = σ0

√
m/kBT is the time unit of molecular dynamics simulations

with m the mass of particles. Inset: the diffusion coefficient D as a function of
density in PHDS with ν/σ0 = 0.0835.
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3.3.2 Finite size effect on the melting in polydisperse hard-

disks

It was shown that the system finite size effect is important in studying 2D melt-

ing [37, 112]. Therefore, we perform MC simulations for PHDS of various numbers

of particles from N = 642 to 5122 at ν/σ0 = 0.07, and the EOSs for different system

sizes are shown in Fig. 3.1c. When the system size is small, i.e., N = 642 = 4096,

there is a pronounced Mayer-Wood loop in EOS, signaturing a first-order fluid-

hexatic transition consistent with Ref [110]. Interestingly, with increasing the sys-

tem size, the first-order fluid-hexatic transition becomes weaker, and changes to be

continuous at N ≥ 2562. Further increasing N does not change EOS significantly,

which suggests the finite size effect negligible in our system of N = 2562 parti-

cles. The change from a first order like transition to a continuous transition with

increasing system size can be interpreted as following. A finite 2D system with

periodic boundary conditions can be seen as a system wrapped on a torus, and this

increases the cooperation between neighbouring particles as a result of extra “com-

munication” via paths encircling the torus, which was shown being able to change

the transition type from continuous to first order like in small systems [113]. By

contrast, this effect does not appear in systems with open free boundaries, while

in real experiments, the open boundary walls can induce order in the fluid. More-

over, for ν/σ0 < 0.07, we ensure that most of the coexisting densities do not change

significantly with further increasing the system size to N = 5122, while the only

exception is for systems at ν/σ0 = 0.05 (as shown in Figure 3.5 ), of which the

exact boundary was out of the reach of our computation capability.

3.3.3 Stabilization of the hexatic phase

Our second finding for the phase diagram of polydisperse hard-disk is that polydis-

persity can significantly increase the single phase packing fraction stability range

of the hexatic phase. This is determined by locating the hexatic-solid transition

point. As we explained in Chapter 1, this transition can be identified by analysing

the correlation function g(x, 0) − 1 along the major axis of system, that switches

from an exponential decay to a power law decay with exponent −1/3 upon solidi-

fication [37].
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Figure 3.5: The equation of state for polydisperse hard-disk systems (PHDS)
of various system sizes with ν/σ0 = 0.005, 0.01, 0.02 and 0.05. The solid lines are
fits of the EOS using 5th order polynomials, and solid symbols are the obtained
coexisting densities from the Maxwell construction.

Although for the monodisperse and low polydispersity systems (ν/σ0 < 0.07) we

find a good agreement to the expected power law decay for the correlation function

of the solid , as one can see from Fig. 3.4.a (top) that represents the function for

several densities close to the calculated hexatic-solid transition for the ν/σ0 system,

in this case the decay is slightly faster than expected. We believe this is because of

the effect that the particle size polydispersity has in the positional correlations, that

introduces an error that is not considered in the general derivation for the KTHNY

solid. The reason we believe this is so is because, as it can be seen from the figure,

further compression of the system does not affect the decay of g(x, 0) − 1. To

our knowledge, the only previous study of the effect of polydispersity in the phase

diagram of 2D hard-disk was that by Pronk and Frenkel in 2004[110], but in that

case no study of the g(x, 0)−1 function decay was performed, as their focus was to

determine whether polydispersity affected the hexatic-fluid transition. Therefore,

we cannot confirm if polydispersity is playing any part in this result.

However, a recent paper by Li and Ciamarra[114] presented a new technique to
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determine the orientation of the lattice symmetry axis used to project the g(x, 0)−
1 function, and cited our work [18] among other [115] as examples of possible

misidentification of this axis, due to the faster than expected decay. During our

data analysis we chose our projection axis to be the one that led to the lowest

possible decay for this pair correlation function, so we find this to be unlikely.

However, implementing this method to determine the hexatic-solid transition is a

possible path for future development of our work.

Once we have determined all transition points, we build the phase diagram of our

system, that is shown in the representation of ρσ2
0 vs s/〈σ〉 vs in Fig. 3.2a, where

s =
√
〈σ2〉 − 〈σ〉2 is the absolute particle size polydispersity in the system and is

divided by the average particle as this is a more meaningful measure of the actual

polydispersity of our system.

However, in experiments, one of the most relevant parameters is the packing frac-

tion of the system. Thus we plot the low pressure phase diagram of PHDS in the

representation of η = π
4
〈
∑

i σ
2
i /V 〉 vs s/〈σ〉 in Fig. 3.3b. Here the low pressure

means the range of pressure close to the fluid→hexatic and hexatic→solid transi-

tions below the re-entrant transitions. One can see that in systems of larger size

polydispersity, the average particle size is smaller, and the actual packing fraction

range for stable hexatic increases from 0.2 ∼ 0.3% in the monodisperse hard-disk

system to about 2 ∼ 3% in the PHDS with s/〈σ〉 ' 0.07.

To understand the physics behind this enhanced stability of the hexatic phase in

PHDS, we calculate the fraction of topological defects in the system using the

method in Ref [26]. Particle k is identified as a topological defect if its disclination

charge qa = Nk − 6 6= 0. These topological defects form clusters which can be

classified based on the total disclination charge and Burgers vector [26]. Defect

clusters having nonzero Burgers vectors and zero disclination charges are called

dislocations, and the dislocations as well as the defect clusters with nonzero discli-

nation charges can destroy the bond orientational order in 2D solids. Although

the total amount of topological defects is not directly related to the stability of the

hexatic phase, the dislocations are evidence for the hexatic phase along with few

defect clusters with nonzero disclination charges [26]. The fraction of particles in

defect clusters with nonzero disclination charge is much smaller, i.e., more than one

order of magnitude smaller, than that of dislocations in the hexatic phase found
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in our simulations, although the changing trends of these two types of defects are

very similar (Figure 3.6).

The calculated fractions of topological defects and dislocations in our simulations

with various ν/σ0 are plotted as functions of (ρ− ρhex)σ2
0 in Fig. 3.3a, where ρhex

is the lowest density of stable hexatic phase, and the vertical dashed lines locate

hexatic-solid transitions. The representation as a function of ρ instead of η is done

only to simplify the figure, as our only purpose is to show how the concentration

of topological imperfections varies between the lowest density hexatic and solid

phases as ν/σ0 changes . In this way, one can see that typically when the fraction

of dislocations decreases to below about 1 ∼ 1.5%, the system solidifies. When the

polydispersity is small, i.e., ν/σ0 ≤ 0.05, the dependence of both fractions of defects

and dislocations on density do not change significantly with increasing ν, and the

density ranges for stable hexatic phase below the dashed lines in Fig. 3.3a are almost

the same. However, at ν/σ0 ≥ 0.07, the fraction of topological defects increases to

around 10% at ρhex, and also the fraction of dislocations increases to about 4.5%

at ρhex. Along with increasing the density at ν/σ0 = 0.07 and 0.08, the fraction

of dislocations decreases to below the threshold for solidification at much higher

density compared with the system of ν/σ0 ≤ 0.05. The fraction of defect clusters

with nonzero disclination charges also changes similarly in systems of different

polydispersity (Figure 3.6). Therefore, this suggests that the size polydispersity

of hard-disks creates more topological defects, which could subsequently increase

the fraction of dislocations as well as the defect clusters with nonzero disclination

charges in the system. This destroys the quasi-long-range positional correlation in

the solid driving the formation of hexatic phase.

Finally, it can be observed that at fixed ν, increasing the density of the system along

with the fluid-hexatic and hexatic-solid transitions decreases the actual polydisper-

sity s/〈σ〉 in the system, which is due to the formation of more ordered structures

eliminating the particle size fluctuation in the system. Increasing the density also

leads to a decrease in the average particle size 〈σ〉. Therefore, the packing fraction

of the system η does not linearly increase with the density. As we will show in the

next section, this leads to a surprising finding in the phase diagram of the system.

However, this fractionation does not affect the qualitative behaviour of the particle

size distribution, that remains very close to a Gaussian-like distribution centred

around 〈σ〉 (Figure 3.7).
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Figure 3.6: The fraction of particles in topological defects clusters with nonzero
disclination charges in the hexatic phase as functions of (ρ−ρhex)σ2

0 for systems
of various ν. The representation as a function of ρ rather than η was chosen to
simplify the figure. This is however not important and the main purpose of Fig.
The vertical dashed lines indicate the hexatic-crystal transition points.

Figure 3.7: Probability density distribution of particle size σ in polydisperse
hard-disk systems (PHDS) with various ν and ρ, in which the solid lines are
fitted Gaussian distribution.
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3.3.4 Re-entrant melting

Another interesting feature of the phase diagram in Fig. 3.2a is that when the size

polydispersity of hard-disks is around 0.08 to 0.1, at very high density, increasing

density triggers re-entrant melting transitions from solid to hexatic and hexatic

to fluid. As shown in Fig. 3.4a, for PHDS with ν/σ0 = 0.08, with increasing the

density from ρσ2
0 = 1.6 to 1.6424, the system transforms from a hexatic phase

with the short-range positional correlation, i.e., an exponential decay g(x, 0)− 1 ∼
exp(−x), to a solid with quasi-long-range positional order, i.e., a power law decay

g(x, 0)− 1 ∼ x−α with α ≤ 1/3, where the six fold orientation correlation function

g6(r) = 〈ψ∗6(r′ + r)ψ6(r′)〉 [116] remains almost the same (Fig. 3.4b). At much

higher density, increasing the density from ρσ2
0 = 3.64 to 3.67, g(x, 0)− 1 changes

again from a power law decay to an exponential decay with almost the same g6(r)

(Fig. 3.4b), which suggests a re-entrant transition from solid to hexatic phase. For

hard-disk systems with higher polydispersity, i.e., ν/σ0 = 0.082 ∼ 0.0835, we plot

|〈Ψ6〉| as functions of ρσ2
0 in Fig. 3.4c, and one can see that with increasing ρ,

|〈Ψ6〉| first increases from 0 to around 0.8 indicating the formation of an ordered

phase, and further increasing ρ leads to the drop of |〈Ψ6〉| to 0 implying a re-entrant

melting transition into a disordered phase. By checking the scaling of g(x, 0) − 1

in the system, we ensure that the ordered phase formed is a hexatic phase.

To understand the mechanism behind the re-entrant melting of the hexatic phase,

we plot s/〈σ〉 as functions of ρσ2
0 in the lower panel of Fig. 3.4c, from which one

can find a clear correlation between the change of |〈Ψ6〉| and s/〈σ〉. Here we ensure

that our simulations at high density have been well equilibrated and independent

with the initial configurations ( Figure 3.8). Actually, it has been shown that the

equilibration in systems of continuously polydisperse particles is much faster than

that in monodisperse systems [117–119]. At high density, during the decrease of

|〈Ψ6〉|, s/〈σ〉 increases significantly to the value even higher than that in the low

density fluid.

This suggests that by increasing the density of the system, the standard deviation of

particle size increases, and the combinatorial entropy in the system associated with

the variation of particle size increases, which stabilizes the amorphous structures

against the ordered ones in the system.
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Moreover, along with the decrease of |〈Ψ6〉| with density at high pressure, we

do not observe any Mayer-Wood loops in EOS (Figure 3.9). This implies that

the re-entrant melting of hexatic phase at high density is continuous, which is

similar to that in soft particle systems [120, 121]. Furthermore, it was shown

that the strong particle size fractionation in polydisperse hard spheres eliminates

the possibility of re-entrant melting in 3D polydisperse hard-sphere solids [106].

Therefore, in Fig. 3.4d, we plot the probability density distribution of particle

size p(σ) for PHDS of various density with ν/σ0 = 0.0835. One can see that

within the whole density range, there is always a single peak in p(σ) at fixed ρ,

indicating no particle size fractionation in the system. This also suggests that re-

entrant melting can indeed exist in 2D polydisperse particle systems, if there is no

particle size fractionation [122]. Here we note that although all our simulations

starting with different particle size distributions converge to the same result at

fixed polydispersity and density, there still exist a possibility that the system may

posses an equilibrium multimodal particle size distribution which is not accessible

with direct simulations [122].

In addition, to check whether the amorphous phase formed at high density is a fluid

or glass, we perform event driven molecular dynamics (EDMD) simulations starting

from the equilibrated configurations obtained from our MC simulations at ν/σ0 =

0.0835. In the EDMD simulation, the system evolves via a time-ordered sequence

of elastic collision events, which are described by Newton’s equations of motion.

The spheres move at constant velocities between collisions, and the velocities of

the respective particles are updated when a collision occurs. All collisions are

elastic and preserve energy and momentum [123]. The calculated mean square

displacement (MSD) for various densities are shown in Fig. 3.4e. One can see that

not only the diffusion coefficient increases by nearly two orders of magnitude along

with the re-entrant melting of hexatic phase (Fig. 3.4e inset), but also the plateau in

MSD almost disappears. This suggests that the high density amorphous phase is a

diffusive fluid, and in the equilibrium sedimentation of such PHDS of Gaussian-like

particle size distribution, there should be a “floating hexatic phase” sandwiched in

two fluids. For PHDS with ν/σ0 ≥ 0.084, with increasing the density, we do not

observe any ordered phase in our simulations.

Finally, it is worth asking what is causing this increase in diffusivity after re-entrant

melting. Although we originally believed that the increase in polydispersity was
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Figure 3.10: s/〈σ〉 (a) as well as η and Dτ/σ2
0 (b) as functions of density ρσ2

0

for a system with ν/σ0 = 0.0835.
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Figure 3.11: Packing fraction η as a function of density ρσ2
0 for Gaussian-like

polydisperse hard-disks with ν/σ0 = 0.1.

somehow helping the movement of the particles, the answer is in fact much more

simple. As it can be seen from Fig. 3.10, that represents η as a function of

density ρσ2
0 along with the diffusion coefficient D for the ν/σ0 = 0.0835 system, the

increase in diffusivity due to the re-entrant melting is accompanied by a decrease

in the system’s packing fraction, that occurs because of a decrease in the average

particle size. Figure A.1, in the Appendix A of this work, shows the equations

of state in the η VS ρσ2
0 for the ν/σ0 = 0.082 and 0.083 system, which follow a

similar trend. This decrease in packing fraction explains the higher mobility of

the particles, but supposes a very surprising result. But even more interestingly,

even in the hexatic phase, the packing fraction η does not increase monotonically

with increasing density, but instead reaches a maximum value at about ρσ2
0 ' 2.7.
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Therefore, to check whether the non-monotonic dependence of η on ρ is a general

feature for Gaussian-like polydisperse hard-disks at large ν or if it is related with

the phase transition, we perform simulations for Gaussian-like polydisperse hard-

disks with ν/σ0 = 0.1, in which, according to the phase diagram of the system

(Fig. 3.2.a), there is no phase transition with increasing ρ, and the obtained η

as a function of ρσ2
0 is shown in Fig. 3.11. One can see that with increasing ρ,

the packing fraction of the Gaussian-like polydisperse hard-disks first increases

and then decreases with a maximum at around ρσ2
0 ' 3. This suggests that the

non-monotonic behaviour of packing fraction is indeed a general feature of highly

polydisperse Gaussian-like hard-disks, including the polydispersity range where the

re-entrant melting transition occurs.

3.3.5 Non monotonic packing fraction behaviour for the

ideal gas phase

Our study of the counter-intuitive non monotonic dependence between η and ρ for

the Gaussian polydisperse hard-disk system for high polydispersity parameters led

us to find a simple ideal gas system that qualitatively reproduces this behaviour.

To understand the derivation of this model, we first look at Eq. 3.1 that, as we

explained, gives us the chemical potential cost of exchange one of the system’s disk

with a different sized one. However, in the NV T −∆µ simulations, the probability

of this exchange occurring will not be equal to exp [(∆µ (σold)−∆µ (σnew)) /kBT ],

because many exchanges to larger disks will be rejected because of particle overlap.

Therefore, there is an excess term in the chemical potential that determines the

probability of a certain exchange to occur:

∆µ∗(σ) = ∆µGauss(σ) + ∆µexcess(σ) (3.2)

where ∆µGauss(σ) is the chemical potential determined by Eq. 3.1 and ∆µexcess(σ) is

the excess chemical potential determined by the probability of an overlap occurring

because of the insertion of the disk. This excess chemical potential can be familiar

to the reader, as it is the one calculated by the Widom insertion method. This

way, the probability of a certain particle exchange occurring during the NV T −∆µ
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simulation is actually:

p∗(σold → σnew) = exp
∆µ∗(σnew)−∆µ∗(σold)

kBT
(3.3)

For the case of an ideal gas, ∆µexcess(σ) has a simple expression: it is equal to the

work required to deform the gas so that we create an empty region of area πσ2/4

in which the hard-disk will be inserted. Therefore, assuming that the pressure of

the ideal gas will not be considerably affected during this small deformation, the

excess chemical potential is simply ∆µexcess(σ) = Pπσ2/4, where P is the pressure

of the system. Now, if we introduce this expression in equation 3.3 and find the

distribution determined by this new chemical potential, we find it to be another

Gaussian distribution, but with new center and width determined by the center (σ0)

and standard deviation (ν) of the previous distribution and the system’s pressure

(P ):

pi.g. (σ) = exp
[
− (σ − σ0,i.g.)

2 /2ν2
i.g.

]
(3.4)

where:
σ0,i.g. =

σ0

(1 + 2ν2P/kBT )

νi.g. =
ν√

1 + 2ν2P/kBT

(3.5)
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These are respectively the center of the new distribution (σ0,i.g.) and its standard

deviation (νi.g.).

Therefore, pi.g. will be the probability size distribution for an ideal gas configu-

ration of the Gaussian polydisperse hard-disk system system in the NV T − ∆µ

ensemble. We should expect this distribution to describe correctly low packing

fraction Gaussian polydisperse hard-disk configurations, for which ∆µexcess(σ) will

be approximately that of an ideal gas. To test this, we tried comparing the aver-

age particle size (〈σ〉) and the absolute polydispersity (s =
√
〈σ2〉 − 〈σ〉2) for the

ν/σ0 = 0.1 system with those predicted by Eq. 3.5 using the equilibrium pressures

of its equation of state. The results can be seen in Fig. 3.12 and show a good

agreement for both the average particle size and absolute polydispersity. Further-

more, in Fig. 3.12.b we can see that the fit is almost perfect for very low and very

high densities. This is because, as we saw in Fig. 3.11, for both of these regions

the system presents low packing fraction.

We can now determine whether this ideal gas particle size distribution correctly

predicts the counter-intuitive behaviour of the packing fraction at high pressures.

Using Eq. 3.4 we find the packing fraction of a system of 2D hard-disks following

an ideal gas expression to be:

ηi.g. = ρ
π 〈σ2〉

4
= ρ

π

4

(
σ2

0,i.g. + ν2
i.g.

)
(3.6)

where ρ is the system density. Since for all conditions considered in this chapter the

average disk diameter of the system is always significantly larger than the absolute

polydispersity, we can simplify Eq. 3.6 by not considering the ν2
i.g. contribution.

Then, by using the equation of state of an ideal gas (ρ = P/kBT ) and by sub-

stituting the expression for the average particle size of the ideal gas in Eq. 3.5,

we can express the packing fraction of an ideal gas configuration of the Gaussian

polydisperse hard-disk system in the NV T −∆µ ensemble as:

ηi.g.(P ) =
πσ2

0PkBT

4 (1 + 2ν2P/kBT )2 (3.7)

and the derivative of the packing fraction with respect pressure is equal to:

dηi.g.

dP
=

πσ2
0

4kBT

1− (2ν2/kBT )
2
P 2

(1 + 2ν2P/kBT )4 (3.8)
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Figure 3.13: a) Packing fraction (η) VS density (ρσ2
0) for a system of Gaussian

polydisperse hard-disks with ν/σ0 = 0.1 (black) and for an ideal gas configura-
tion of the Gaussian polydisperse hard-disk system under equal pressure (red).

This result tells us that the equation of state will present a maximum in packing

fraction for pressure Pmax =
kBT

2ν2
and, therefore, also predicts that the pressure for

this maximum will be lower the higher the value of the polydispersity parameter,

just as we should expect given our results. This result further confirms that the

non monotonic dependence between η and ρ is a general feature for Gaussian-like

polydisperse hard-disks, as this behaviour is replicated even for an ideal gas system.

Of course, the equation of state of the ν/σ0 = 0.1 system does not follow the ideal

gas expression, due to the interactions between hard-disks. Still, we can again

compare our simulation results with those given by Eq. 3.6 using the equilibrium

pressures of the system at each point of the equation of state. The results are shown

in Fig. 3.13. It can be seen that although the fit is not perfect, both equations

of state behave qualitatively the same and they both agree on the location of the

maximum in packing fraction.

We thank Dr. Lei Qun-li, who first proposed using an ideal gas expression to de-

termine the excess chemical potential associated to particle exchange during our

NV T −∆µ simulations, to approximate the real system probability size distribu-

tion.
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3.4 Conclusions

By performing large scale computer simulations, we investigate the effect of particle

size polydispersity on the phase behaviour of hard-disk systems. We find that with

increasing the size polydispersity of hard-disks from zero, the first-order melting

transition from hexatic phase to fluid becomes weaker, and completely switches to

be continuous at ν/σ0 ≥ 0.07 following the celebrated KTHNY scenario. Simul-

taneously, the density range for stable hexatic phase gets substantially enlarged.

Compared with monodisperse hard-disk systems, where hexatic phase is only stable

in a very small range of packing fraction of 0.2 ∼ 0.3% [37], the packing fraction

range for stable hexatic phase in PHDS with s/〈σ〉 ' 0.07 is about 2 ∼ 3%. This

suggests new directions in searching for the hexatic phase in 2D polydisperse par-

ticle systems. More interestingly, in PHDS with even higher polydispersity, i.e.,

0.08 ≤ ν/σ0 . 0.0835, we find that at very high density, increasing density of the

system can trigger re-entrant transitions from solid to hexatic and hexatic to fluid

phases depending on ν. In polydisperse systems, re-entrant transitions, especially

the re-entrant melting, were originally predicted theoretically for 3D hard-sphere

crystals [122], but proven impossible due to the strong fractionation that was not

taken into account in the theory [106]. We find that the absence of strong fraction-

ation in 2D polydisperse systems can indeed induce re-entrant transitions at high

density. These show a new difference between phase transitions in polydisperse

hard-sphere systems in 2D and 3D, and suggest a new direction in investigating

phase transitions in 2D systems by considering the particle size polydispersity,

which was overlooked in the past.

Finally, this re-entrant melting occurs along with a counter-intuitive decrease in

the system packing fraction with compression, that is determined to be a general

feature of the chosen Gaussian distribution for the NV T − ∆µ calculations, and

not because of the phase transition. In Chapter 4 we will explore the consequences

of this finding and present our study of the effect that the probability distribution

shape of polydisperse hard-disks has on their phase diagram.





Chapter 4

Effect of particle size distribution

in polydisperse hard-disks

4.1 Introduction

As we showed in Chapter 3, particle size polydispersity can change the nature of

melting transition for countinuously polydispese hard-disks. Namely, when increas-

ing the degree of polydispersity, the first-order hexatic-fluid transition becomes

weaker and eventually disappears at relatively high polydispersity, and simultane-

ously the density range of stable hexatic phase increases by orders of magnitude.

More intriguingly, for systems of relatively highly polydispersed hard-disks, a re-

entrant melting transition was observed with increasing the density of system,

which was proven impossible in 3D system of polydisperse hard spheres [106, 122].

In the work we presented in Chapter 3, we assumed that the polydisperse hard-disk

system is in contact with a dilute reservoir of Gaussian-like particle size distribu-

tion. To model the effect of polydispersity, we considered a 2D system of volume

V containing N polydisperse hard-disks based on the semigrand canonical ensem-

ble, in which the chemical potential difference between particles of different size is

fixed [107–110], and its distribution obeys

∆µ(σ)

kBT
= −(σ − σ0)2

2ν2
(4.1)

59
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where σ is the particle diameter changing from 0 to ∞, with kB and T the Boltz-

mann constant and temperature of the system, respectively. ν is the polydispersity

parameter and the main controlling parameter of the system. ν is the polydisper-

sity parameter, and in the ideal gas limit Eq. 4.1 gives a Gaussian-like particle size

distribution centered around σ0 with the standard deviation ν. This same equation

appears in Chapter 3 as Eq. 3.1, but we repeat it in this chapter for convenience.

As we showed in Chapter 3, the re-entrant melting found for the Gaussian poly-

disperse hard disk system is associated with a counter-intuitive decrease in the

system packing fraction under compression. Furthermore, it was shown that this

behaviour was related to the behaviour of the Gaussian distribution itself and not

a result of the phase transition. Analysing Eq. 4.1, one finds that its most notable

artefact is that there is a finite probability of having σ = 0, which is unrealistic

and has pronounced effects at large ν, where the re-entrant melting was observed.

This opens the question of whether the reported effects of particle size polydis-

persity in the phase diagram of hard-disk is general or only exists in the system

of artificial Gaussian-like polydisperse hard-disks. To clarify this point, in this

chapter we investigate the effect of particle size distribution on the phase behavior

of polydisperse hard-disks, and we simulate polydisperse hard-disk systems of two

representative particle size distribution, i.e., the lognormal and triangle distribu-

tions, in which the probability of having σ = 0 is exactly zero. The main difference

between these two new distributions is that in the triangle distribution, there is

finite range of σ having probability zero, while in the lognormal distribution, the

particle size probability only vanishes at σ = 0.

4.2 Lognormal polydisperse hard-disks

As we said in the introduction, the major artefact of Eq. 4.1 is that the probability

of having σ = 0 is a finite positive number and therefore, to avoid this, we need

to choose a probability distribution with zero probability of finding a zero sized

particle.
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Figure 4.1: (a) EOS for lognormal polydisperse hard-disk systems with various
polydispersity parameter ν/σ0 = 0.05 to 0.15 in the representation of (P −
P ∗)σ2

0/kBT vs (ρ−1− ρ−1
hex)σ−2

0 , where P ∗ and ρhex are the pressure and density
of the hexatic phase at the fluid-hexatic transition, respectively, and the solid
lines are fits of the EOS using 5th order polynomials. (b) |〈Ψ6〉| as functions of
(ρ−1 − ρ−1

hex)σ−2
0 for systems with ν/σ0 = 0.10, 0.13 and 0.15.

First, we introduce the lognormal distribution, in which log(σ/σ0) obeys a Gaussian

distribution. Therefore, the chemical potential between particles of different size is

∆µ(σ)

kBT
= − log2(σ/σ0)

2ν2
− log

(
σ

σ0

)
(4.2)

where ν is the polydispersity parameter, and in the ideal gas limit Eq. 4.2 gives a

system of polydisperse particles centered around σ = σ0 with the standard devia-

tion ν.

We perform NV T − ∆µ simulation using the ECMC algorithm with N = 2562

particles based on Eq. 4.2, and the calculated EOS for systems of various polydis-

persity parameter ν is shown in Fig. 4.1a. One can see that similar to the situation

in Gaussian-like polydisperse hard-disks, with increasing ν, the Mayer-Wood loop

in EOS becomes smaller implying that first-order transition becomes weaker [111].

For νσ0 ≤ 0.1, the Mayer-Wood loop in EOS completely disappears, while there

is clearly a transition from a disordered state to an ordered state indicated by the

sharp increase of |〈Ψ6〉| with increasing density as shown in Fig. 4.1b. By checking

the decay of g(x, 0)− 1 and g6(r), we ensure that the ordered phase forming from

the fluid is the hexatic phase, which is qualitatively the same as in the system of

Gaussian-like polydisperse hard-disks, as shown in Chapter 3.
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(Eq. 4.1) and lognormal polydisperse (Eq. 4.2) hard-disks with ν/σ0 = 0.1.

The calculated phase diagram for polydisperse hard-disks systems of lognormal dis-

tribution is shown in Fig. 4.2a in the presentation of ρσ2
0 and s/〈σ〉. One can see

that qualitatively, the phase diagram is very similar to the system of Gaussian-like

polydisperse hard-disks in Fig. 3.2.b, in which with increasing polydispersity, the

first-order fluid-hexatic transition becomes weaker and eventually changes to be a

continuous transition, and the density range for stable hexatic phase increases by

one order of magnitude. Moreover, as shown in Fig. 4.2a, at s/〈σ〉 & 0.09, with

increasing ρ, the system can change from fluid to hexatic and to fluid again at

very high density, which is seemingly qualitatively the same as in the system of

Gaussian-like polydisperse hard-disks (Fig. 3.2.b). However, as shown in Fig. 4.2a,

one can see that at fixed large ν/σ0, e.g. ν/σ0 & 0.13, with increasing the density

of the system the polydispersity s/〈σ〉 decreases, which is in contrast with the situ-

ation in the system of Gaussian-like polydisperse hard-disks, where s/〈σ〉 increases

with increasing density at large ν/σ0 as shown in Fig. 3.2,b. This implies that for

the sedimentation of highly polydisperse hard-disks with lognormal distributions,

no re-entrant melting of hexatic phase can occur. This can be understood from the

different behavior of the chemical potential in the two distributions. In Fig. 4.3, we

plot Eq. 4.1 and 4.2 for ν/σ0 = 0.1. One can see that for Gaussian-like polydisperse

system, when σ is very small, e.g. σ/σ0 < 10−2, further decreasing σ does not cost

much free energy, which essentially drive the system to decrease the particle size at

higher pressure to form a random fluid with increasing the true polydispersity of

the system s/〈σ〉. On the contrary, for the polydisperse hard-disks with lognormal
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distributions, the free energy cost for decreasing the the particle size increases dra-

matically and diverges when approach σ = 0, this effectively prevents the decrease

of particle size as well as the increase in the true polydispersity of the system s/〈σ〉
at large pressure. Therefore, at very high pressure, polydisperse hard-disks with

lognormal distributions are almost “monodisperse” and forming an ordered solid

phase.

However, according to the phase diagram in Fig. 4.2a, if one keeps the polydis-

persity of the system fixed at a certain value above s/〈σ〉 ' 0.09 , increasing the

density, or pressure, of the system, the system indeed can transform from a fluid

phase to a hexatic phase and then to a fluid phase again at very high density or

pressure.

4.3 Triangular polydisperse hard-disks

In Sec. 4.2, we studied the phase behavior of polydisperse hard-disks with lognor-

mal distributions, where the particle size probability vanishes at σ = 0. Here we

investigate another different type of polydisperse system, i.e., the triangle distribu-

tion, in which the particle size probability with a finite range above σ = 0 is zero.



Chapter 4. Effect of particle size distribution in polydisperse hard-disks 65

0 0.01 0.02 0.03 0.04 0.05 0.06
s/<σ>

0

5

10

ρ
σ
0

2
0 0.02 0.04 0.06

s/<σ>

1

1.5

2

ρ
σ
0

2

0.02 0.05
0.08
0.10

0.13

0.15

0.30

Solid

Hexatic
Hexatic+Fluid

0 0.01 0.02 0.03 0.04 0.05 0.06
s/<σ>

0.69

0.7

0.71

0.72

0.73

η

Solid

Hexatic

Hexatic+Fluid

a)

b)
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disks in the representations of ρσ2
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In this case, the chemical potential between particles of different size is:

∆µ(σ)

kBT
=

 − ln
(√

6ν−|σ−σ0|√
6ν

)
if |σ − σ0| <

√
6ν,

−∞ else,
(4.3)

where ν is the polydispersity parameter. This distribution is characterized for

having a maximum at σ = σ0 and linearly decays as it moves away from the

maximum until reaching zero probability for a distance
√

6ν. In the ideal gas limit

Eq. 4.3 gives a system of polydisperse particles centered around σ = σ0 with the

standard deviation ν.

First, we perform NV T−∆µ ECMC simulations in a 2562 particle system to obtain

the equation of state for values of ν ranging between 0.01 and 0.30σ0 as shown in

Fig. 4.4. One can see that with increasing ν, the first-order transition from the fluid

phase does not become weaker, and even at ν/σ0 = 0.3, there is still a pronounced

Mayer-Wood loop in the EOS. By checking the decay of g(x, 0)− 1 and g6(r), we

ensure that the ordered phase forming from the fluid is a hexatic phase, and this

persistent first-order fluid-hexatic phase transition in triangle polydisperse hard-

disks is markedly different from the polydisperse hard-disk systems of Gaussian-like

and lognormal polydisperse distributions.

The phase diagrams of polydisperse hard-disks with various triangle distributions

are summarized in Fig. 4.5. One can see that the density range for stable hexatic

phase does not change significantly with increasing ν/σ0 = 0 to 0.08, and the

corresponding packing fraction range η for stable hexatic phase increases from

0.002 at ν/σ0 = 0 to about 0.005 at ν/σ0 = 0.3 (Fig. 4.5b). Moreover, the re-

entrant melting transition of hexatic phase does not exist in the range of ν/σ0

studied from ν/σ0 = 0.02 to 0.3. At high polydispersity, e.g. ν/σ0 & 0.13, as

shown in Fig. 4.5b, the phase boundary between fluid and hexatic phase converges

to (ηfluid ' 0.72, sfluid/〈σ〉 ' 0.057) and (ηhex ' 0.728, shex/〈σ〉 ' 0.055), and

hexatic to solid transition point converges to (ηsolid ' 0.731, ssolid/〈σ〉 ' 0.054).

In Fig. 4.6, we plot the true polydispersity of the system s/〈σ〉 as a function of

packing fraction η for triangle polydisperse hard-disks with various ν/σ0, and one

can see that for ν/σ0 ≥ 0.1, all curves collapse into a single curve, suggesting that

at high enough ν/σ0, the properties of the system essentially do not depend on the

polydispersity parameter ν. To understand this, we define a normalized particle
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size

σ∗ =
σ

σmin

, (4.4)

where σmin = σ0 −
√

6ν is the minimal particle size for the triangle distribution of

ν. Then we can re-write Eq. 4.3 into

∆µ(σ∗)

kBT
=

 − ln
(√

6ν−|σ0−σ∗σmin|√
6ν

)
if |σ∗ − σ0

σmin
| <

√
6ν

σmin
,

−∞ else.
(4.5)

At high pressure, when σ is approaching σmin, i.e., σ∗ ' 1, we have

d∆µ

dσ∗
=

kBT

1− σ∗
, (4.6)

which implies that at high pressure, the change of ∆µ does not depend on poly-

dispersity parameter ν. This suggests for high enough pressures, when the average

particle size is close to σmin, i.e., 〈σ∗〉 ' 1, all systems are equivalent, independently

of their ν value. Given that in systems of highly polydisperse hard-disks, the dis-

tribution of particle size is wider, the pressure or packing fraction required to push

〈σ∗〉 towards 1 is smaller, and this explains the collapse of curves for different ν in

Fig. 4.6 at high polydispersity and high packing fraction.

4.4 Conclusions

Following our previous work on the phase transitions in Gaussian-like polydisperse

hard-disks detailed in Chapter 3, in this chapter we have investigated the effect of

particle size distribution on the phase behaviour of polydisperse hard-disks. Our

main results in Chapter 3 were: (i) with increasing the polydispersity of the system,

the hexatic-fluid transition becomes weaker and completely switches to a contin-

uous transition following the celebrated KTHNY scenario at high polydispersity;

(ii) simultaneously, the stable density range of hexatic phase is enlarged by orders

of magnitude; (iii) at high polydispersity parameter ν re-entrant melting transi-

tions of ordered phases, i.e., solid and hexatic phases, are observed with increasing

pressure, which suggests that the re-entrant melting transition can be found in

sedimentation experiments [42]. However, in the Gaussian-like polydisperse distri-

bution, the probability of having a zero sized particle is finite, which is the artefact

of the model. Therefore, this motivated us to investigate the phase behaviour of
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polydisperse hard-disks with two other representative types of particle size distri-

butions for which the probability of finding a particle with zero size vanishes to

zero, i.e., the lognormal and the triangle distributions.

In systems of polydisperse hard-disks with lognormal distributions, the phase dia-

gram appears qualitatively the same as the Gaussian-like polydisperse hard-disks,

and the enhanced stability of hexatic as well as the switch of hexatic-fluid transition

to the KTHNY scenario are both found in the system of polydisperse hard-disks

with lognormal distribution with increasing polydispersity. Moreover, at a fixed

true polydispersity of the system, s/〈σ〉, with increasing density, re-entrant melting

of solid and hexatic phases can be also found in highly polydisperse lognormal sys-

tems of hard-disks. However, if at any polydispersity parameter ν, with increasing

pressure or density, the true polydispersity of the system monotonically decreases,

and no re-entrant melting transition is found. The reason is that at very high

pressure, the free energy cost of decreasing the particle size is diverging at zero

for lognormal distributions, while it is almost zero for Gaussian-like distributions.

This suggests that different from the Gaussian-like polydisperse hard-disks, in the

sedimentation of polydisperse hard-disks of lognormal distributions, we would not

find any re-entrant melting transitions of ordered phases.

Moreover, in systems of polydisperse hard-disks with triangle distributions, the

phase diagram is qualitatively different from those of Gaussian-like and lognormal

distributions. For all polydispersity parameter studied, the hexatic-fluid transition

in polydisperse hard-disks with triangle distributions is always strongly first order,

and we do not observe significant increase of stable density range of hexatic phase

with increasing polydispersity of the system. Moreover, we can not reach any

system of true polydispersity higher than 0.06. The reason is due to the fact that at

high pressure and high polydispersity, the change of chemical potential of different

particle size does not depend on the polydispersity of the system. Our results

show that the exact particle size distribution plays an important role in the phase

behavior of polydisperse hard-disks, and so far we can not reach a universal phase

diagram for all polydisperse hard-disks. However, the effect in the stabilization of

the hexatic phase and the return to the KTHNY theory melting scenario exposed

in Chapter 3 is not affected by distribution shape.



Chapter 5

Adaptive bias Boltzmann

generators

Although the whole field of Machine Learning is currently living an explosion in in-

terest and applications, few approaches are as popular as artificial neural networks.

Far from a recent development, neural networks were proposed more than half a

century ago[124, 125] and then abandoned for several decades. Nowadays, however,

they are experiencing a rebirth caused by a combination of their success in image

recognition technology[126]; the development of the back propagation algorithm

[127, 128] that significantly speeds up their training; and the general increase in

computation speed. This way, neural networks have been implemented successfully

for a vast range of applications[129, 130].

With respect to applications to physics, neural networks have shown potential in

learning order parameters to classify phases[131, 132], learning complex poten-

tial energy surfaces[133, 134] and even in the treatment of many-body quantum

systems[135]. However, most applications are based on supervised learning, for

which one needs a large amount of classified data that the neural network uses

to determine the main features that relate them. There are, however some pro-

posed unsupervised learning approaches to sample the Boltzmann distribution of

a system[136, 137]. In this fashion, Noé et al recently developed a new algorithm

called Boltzmann generator[138], that uses trained reversible neural networks to

transform configurations of the system expressed into the real space to others ex-

pressed in an alternative latent space. This approach, when combined with energy

69
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based training of the involved transformation functions, allowed Noé et al to sam-

ple the conformational space of several problems in a fraction of the time required

for its alternatives. However, although in theory the method can be used with no

prior knowledge about the regions of the phase space that need to be sampled, in

practice training by example is required correct results.

Considering this, we propose a new method that combines Boltzmann generators

with adaptive bias sampling techniques, such as MetaDynamics[139]. The key

to the method lies in using the Boltzmann distribution generated by a Boltzmann

generator to gradually fill the potential energy surface one wants to sample, instead

of using arbitrary repulsive functions based on order parameters. Therefore, in this

chapter we present the method and show our results for its application to sample

a simple two dimensional four-well potential energy surface.

5.1 Boltzmann generators

The main idea behind Boltzmann generators lies in the training of a set of trans-

formations to connect a complex Boltzmann distribution p(x) expressed in real

space, to another simple distribution expressed in an equally sized latent space

p(z). This way, each point in latent space in univocally connected to another one

in real space, and probability p(x) for a configuration in real space can be related

to the probability of its associated latent space configuration p(z).

Since the transformation is univocal, we are limited to use functions that are in-

vertible, so that (Fxz(x))−1 = Fzx(z). For this reason, Noé et al proposed to use

invertible neural networks, and more specifically the architecture proposed by Dinh

and colleagues[140]. In this case, the first step of the transformation involves divid-

ing the full set of coordinates we want to transform into halves u1 and u2. Then,

the transformation Fuv(u) is expressed as:

v1 = u1 � exp (s2(u2)) + t2(u2)

v2 = u2 � exp (s1(v1)) + t1(v1)
(5.1)
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where � represents the element wise product. It is easy to see that the output

v = [v1, v2] can be transformed back to u easily:

u2 = (v2 − t1(v1))� exp (−s1(v1))

u1 = (v1 − t2(u2))� exp (−s2(u2))
(5.2)

so that (Fuv)
−1 = Fvu. This transformation is invertible even if the s1, s2, t1 and

t2 functions are not. Therefore, invertible neural networks use neural networks for

these functions, so that they can be trained to optimize a certain cost function.

This implementation of invertible neural networks is called a RealNVP layer and

they are the architecture used for building Boltzmann Generators. Therefore, each

invertible neural network determines a layer of the Boltzmann generator Fxz,i, with

a set of trainable parameters θi. In general, applications of Boltzmann generators

require to concatenate several of these transformations, such that Fxz = [Fxz,i] and

θ = [θi].

As mentioned, the real potential of using an invertible transformation between the

real and the latent space is that we can relate the probabilities in latent space p(z)

to those for the real system equilibrium distribution p(x). In order to explain how

this is done, let us first define the Jacobian of the transformation:

Jxz(x, θ) =

[
∂Fxz(x, θ)

∂xi

]
Jzx(z, θ) =

[
∂Fzx(z, θ)

∂zi

] (5.3)

The absolute value of the Jacobian determinant Rzx(z) = |det (Jzx(z, θ))| measures

how much a volume element at z is scaled with the transformation, and similarly for

its inverse Rxz(x) = |det (Jxz(x, θ))|. Knowing this, one can relate the probability

distributions in real and latent space as:

p(x) = p(z)Rzx(z) = p(Fxz(x))R−1
xz (x)

p(z) = p(x)Rxz(x) = p(Fzx(z))R−1
zx (z)

(5.4)

And since the Jacobian of invertible neural networks is triangular, the calculation

of this determinant is elementary.
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Therefore, the method uses a simple probability distribution in latent space (Gaus-

sian, logarithmic-normal, etc) and trains a Boltzmann generator so the resulting

p(x) probability distribution samples appropriately all relevant regions of the sys-

tem’s equilibrium distribution. In Machine Learning, training is usually performed

by minimizing a certain cost function for a sample of problems. The other achieve-

ment of Noé et al is proposing the Kullback-Leibler divergence between the real

Boltzmann distribution of the system and that calculated by the Boltzmann gener-

ator as this cost function. This KL divergence can be calculated for configurations

expressed in the latent space z as:

JKL = Ez [u(Fzx(z))− logRzx(z)] (5.5)

where u(Fzx(z)) is the energy for the corresponding configuration in Cartesian

space. The KL divergence is equivalent to the free energy of a configuration, con-

taining both a potential and an entropic term. The E [u(Fzx(z))] term encompasses

the potential energy for the configuration and the E [Rzx(z)] term is equal to the

entropic contribution at the chosen temperature plus a constant.

Given that this cost function requires no previous knowledge about a configuration

to evaluate it, it can be applied for non supervised training. This way, the training

process using energy training for the Boltzmann generator works as follows. The

method first initializes the parameters for the transformation functions. After

this, a training set is created by sampling the latent space, and the transformation

function is actualized according to the gradient of the KL divergence. This training

process continues until convergence.

Once we have found the optimal transformation function, the resulting Boltzmann

distribution calculated by the Boltzmann generator usually requires some modifi-

cation in order to better adjust to the real system’s. In the case of Noé et al. they

choose the simplest approach by assigning the statistical weight w(x) = e−u(x)pX(x)

to every x configuration and consequently calculating the desired statistics.

However, although the whole process described here requires no previous knowl-

edge about the equilibrium configuration one wants to sample, in practice a pure

optimization of the KL divergence leads to the Bolztmann generator being trapped

on the closest potential energy minima. Therefore, the actual implementation of

the method proposed by Noé et al. involved a combined training by energy and
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example, with the Boltzmann generator trying to maximize the probability pX(x)

for some given reference configurations. Consequently, the method has yet only be

applied for problems in which the target distribution is roughly known, such as the

equilibrium between two configurations of a protein.

5.2 Method

We propose a new method to improve the applicability of Bolztmann generators

for exploring potential energy surfaces and correctly sampling all relevant regions

of the Boltzmann distribution, based on the adaptive bias strategy that charac-

terizes other well known methods such as Metadynamics. In Metadynamics, the

selected sampling method (local Monte Carlo, molecular dynamics, etc) is repeated

iteratively while the system’s potential energy surface is gradually deformed, so fu-

ture propagation avoids sampling already visited configurations. This way, as the

process progresses, the different energy wells are filled by an artificial repulsive

potential, allowing to eventually visit the full dimensional space.

However, a general problem with Metadynamics is the building of this artificial

repulsive potential. Since one needs to evaluate how close is a given configuration

to those already visited, the process necessarily implies the definition of a certain

transition coordinate, the most common being the module of the Cartesian vector

difference. This, in turn, can lead to the system becoming trapped by the repulsive

potential, specially for systems with many degrees of freedom[141].

However, Boltzmann generators provide us with a non arbitrary method to build

this repulsive potential using the obtained pX(x) distribution. In this way, for every

iteration of the procedure we obtain a distribution pk(x) that samples preferentially

those regions of the x space not already visited. This probability distribution can

then be used to actualize the repulsive potential, so the process can continue.

We found two different approaches to implement the method, that differentiate

between each other in how the information about the configurations already visited

in previous iterations is stored. The easiest solution is to use a different Boltzmann

generator associated to each pk(x) obtained. However, the high memory cost of

keeping and the high computational cost of evaluating such a large amount of highly

complex neural networks makes this method not practical. Fortunately, there is an
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alternative: using a single Bolztmann generator to store the full information about

all previous pk(x) generated. This is the approach we decide to implement.

To describe our method, we begin with a system described in the dimensional

space x for which we know its potential energy operator u(x). Then, the process

progresses as follows:

• For the potential uk(x) we train a Boltzmann generator to find the proba-

bility distribution pk(x) that minimizes the KL divergence with respect the

Boltzmann distribution determined by uk(x):

JKL(pk|uk) =

∫
pk(x) [log pk(x) + uk(x)] dx (5.6)

• Train a Boltzmann generator to find the probability distribution qk(x) that

minimizes the KL divergence:

JKL [(q + p)k|qk] =

∫
(q + p)k [log [(q + p)k(x)]− log qk(x)] dx (5.7)

where (q+p)k = k
k+1

qk−1 + 1
k+1

pk is the norm conservative linear combination

between the distribution containing all visited configurations up to the (k −
1)th iteration for qk−1 and pk.

• Train a neural network to learn the next iteration repulsive potential ûk+1(x)

by training from examples sampled from the qk(x) distribution.

ûk+1(x) = ûk(x) + Frep(pk(x)) (5.8)

where Frep(pk(x)) is an appropriate repulsive potential designed to destabilize

configurations visited during the kth iteration.

• Repeat the process from point one using the potential uk+1(x) defined as:

uk+1(x) = u(x) + γ
qk(x)

qk(x) + q0

ûk(x) (5.9)

where γ and ε are constants that determine both the intensity and the reach

of the repulsion potential.
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In our case, we choose as our repulsive function Frep(p):

Frep(p) = log(p+ ε)− log(ε) (5.10)

There are many advantages to this implementation of our method. First, it only

implies maintaining two Boltzmann generators (one to sample pk and another for

qk) and another neural network to store the artificial repulsion potential. Further-

more, the form of Eq. 5.9 guarantees that the repulsive potential is always zero for

non visited regions of space, for which the neural network ûk cannot be trained.

5.3 Results

We extend the original code by Noé et al. to implement the adaptive bias strat-

egy. From the original code we take the RealNVP Boltzmann generator structure,

which is applied for learning the different pk(x) and qk(x) probability distribu-

tions generated during the simulation. Our work consists of programming the new

KL divergence functions represented by functions 5.6 and 5.7, designing a Neural

Network to learn the cumulative repulsive potential ûk(x) and programming the

biased potential energy operator in Eq. 5.9. We use the Python implementation

of the Keras package to build the different Neural Networks and Tensorflow as the

back-end engine.

To test the applicability of our method we study a 2D multiple well potential

energy surface represented in Fig. 5.1. The potential presents four energy wells at

x = (−1,−1), (1,−1), (−1, 1) and (1, 1) with energies −20,−16,−16 and −14kBT

respectively.

Our previous experience with the Boltzmann generators method showed that the

pure energetic training approach cannot overcome energy barriers over 10kBT .

This is confirmed for our four-well model. For a 10 layer RealNVP Boltzmann

generator trained to minimize the KL divergence, the resulting p(x) distribution

collapses always to the lowest energy well at (−1,−1). This can be seen in Fig.

5.2, that shows a typical free energy surface obtained through this method, with

only one well sampled.
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Figure 5.1: Potential Energy Surface for the 2D four well system used to test
the adaptive bias Boltzmann generators algorithm

We apply our algorithm to the given problem, using values for the control param-

eters confirmed to give a stable and reproducible adaptive bias process for other

simple one dimensional problems. To learn the cumulative repulsive potential we

use a neural network with two hidden layers, each consisting of 100 neurons and

for all Boltzmann generators we use a ten RealNVP layer structure.

We find that the method typically samples all four wells in the potential in just four

iterations, leading to an almost flat biased potential uk(x). Fig. 5.7 and 5.8 show

the successive repulsive potentials and the effective potential energy surface of the

system after each iteration. As it can be seen, just applying a single Boltzmann

generator based repulsive potential is enough to level the energy field and to allow

the system to surpass the 10kBT energy barriers between the wells.

For as many times as we repeat the simulation, we never find that the method

takes more than five iterations to sample all wells. We therefore conclude that

each iteration of the method is enough to cross barriers of about 10kBT in energy.
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Figure 5.2: Energy sampling of the four-well model using a single Bolztmann
Generator and energy training. Non colored regions are not sampled by the
method.

Finally, we sample 1000 configurations from the final qk(x) distribution and use

them to train a new Boltzmann generator using an example and energy combined

optimization function, in order to obtain the final predicted distribution of our

method. In this aspect our algorithm just applies directly the Boltzmann generator

method, and therefore any of the strategies proposed in the original paper to further

optimize performance (such as the use of a different Boltzmann generators for each

energy well), could be applied in a straight-forward manner.

In Fig. 5.5 we can see a summary of the results for the global sampling. Subfigures

c) and d) show how the non linear transformation links different circular fractions

of the two dimensional Gaussian distribution to each of the four energy wells, with

the most central (and therefore most probable) region being linked to the deepest

energy well (red points in the figure).

Fig. 5.5 also shows the free energy surface obtained from sampling the final Boltz-

mann generator. As expected, the four wells are sampled and the normalized

energy differences between the four minimum points agree with the exact one.
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Figure 5.3: Successive biased potentials uk(x) used to sample pk+1(x). It can
be seen that as the algorithm fills the different energy wells the potential becomes
flat

Another interesting feature in the figure is that several energy wells are connected

by energy paths that roughly correspond to the minimum energy path. This effect

was already pointed out in the original paper by Noé et al. and is a direct effect of

the method used. The Boltzmann generator finds a simple linear transformation

that moves through all the different wells as one samples the latent space. There-

fore, the function also samples intermediate states connecting the different low

energy states. In the future, this could be applied for finding the activated com-

plex configuration for a reactions for which the initial and final state are known

(saddle point optimization).



Chapter 5. Adaptive bias Boltzmann generators 79

1
(x)

2
(x)u

3
(x)

4
(x)

u

u u

Figure 5.4: Successive repulsive potentials ûk(x) obtained

5.4 Conclusions

We have proposed and implemented a new application of the Bolztmann generators

algorithm designed by Noé et al. that is able to sample complex potential energy

surfaces by using a adaptive bias potential approach similar to that of MetaDy-

namics. The novelty of the method lies in that Bolztmann Generators allow us

to use the real probability distribution function of the system to build the artifi-

cial repulsive potential required. This way, the method works iteratively and only

requires the use of two Boltzmann generators, one that is trained at each step to

sample the current deformed potential energy surface and another stores the over-

all information collected about the real system Bolztmann distribution through all

iterations. Even more importantly, the method requires no prior knowledge about

the system in order to be implemented and is therefore completely general.

We also show the functioning of the method with a simple toy model: a two

dimensional potential energy surface with four wells, with energy barriers of about
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a) b)

c) d)

Figure 5.5: Results for the final ML+KL optimization of a Boltzmann gen-
erator using the information collected during the sampling process:a) Non nor-
malized (log(pX(x))) free energy surface, b) Normalized (u(x)− log(pX(x))) free
energy surface, c) and d) a collection of equilibrium configurations in Carte-
sian space taken from MC simulations and their respective representation in the
latent space

10kBT . While the original method by Noé et al. requires learning by example to

sample all four energy wells, our method allows us to find all relevant configurations

with no prior information. Even more, the final Bolztmann Generator also samples

small regions of the energy wall, connecting the four wells, even though these

regions were not sampled during the simulation. This effect was already pointed

out by Noé et al, and is feature of the energy training.

The method is ideal to sample potential energy surfaces with several minimums for

which common Metadynamics cannot be applied. We plan to apply our method

to study the free energy landscape of sticky hard sphere clusters, a system charac-

terized by its high amount of stable configurations (that differ between each other

in geometry but not energy) and that so far has been approached by building all

possible geometries through analytical and numerical methods [142–145]. This sys-

tem is completely athermal and the probabilities for each assembly with maximum
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amount of bonds are purely determined by their dynamic entropy. So far, the com-

plexity of the potential has not allowed to determine this entropical stabilization

through thermodynamic integration[146]. Therefore, we will be able to compare

our simulation results with those obtained through analytic approximate methods

for the first time.





Chapter 6

Conclusions

6.1 Summary

Thorough this thesis we focused on the study of colloidal systems for which entropy

can be applied as an effective method to control their phase diagram, allowing new

crystal phases to emerge or stabilizing those already present. Our contributions

can be divided in three parts, corresponding to Chapter 2; Chapter 3 and 4; and

Chapter 5, respectively.

In Chapter 2 we focused on the self-assembly of mobile DNA coated colloids, a

new recent implementation of DNA coated colloids that can rearrange themselves

more easily as they grow, this way being less likely to be kinetically arrested[57].

By designing a new computational approach to calculate the complex multi-body

interaction of the system[1], Angioletti-Uberti et al. were able to prove that mD-

NACC can be programmed to control the ”valency” of their self-assembly structures

without the need of patches, by tuning non specific repulsions between particles.

However, the exact principles that control the self-assembly of mDNACC are not

yet fully understood.

In our work, we show that mDNACC colloids can self-assemble to form open or

floppy crystals, characterized for presenting fewer particle constraints than degrees

of freedom and therefore not being rigid. We confirm the results by Angioletti-

Uberti et al. and show that a 50:50 mixtures of colloids A and B with complemen-

tary DNA linkers can stabilize square and CsCl crystals for 2D and 3D respectively,
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without the need of repulsion between particles. We also prove, using thermody-

namic integration to the reference Einstein crystal, that this stabilization is purely

entropic in nature, due to the higher mobility of floppy lattices.

Finally, the original method was modified to be able to calculate energy in the

zero temperature limit, when all linkers are attached. For this case we also confirm

stable floppy lattices at low temperatures and comparing our results with a simple

sticky-sphere model, we show that this stabilization is also due to the higher vibra-

tional entropy of the floppy crystals. Therefore, our results offer a new strategy for

the self assembly of floppy crystals stable for any temperature lower than a limit.

All our results has been published in [17].

Chapters 3 and 4 are dedicated to the study of melting of polydisperse hard-disks.

Despite their apparent simplicity, the melting mechanism of hard-disks has been the

subject of much discussion, specially since the publication of the KTHNY theory

that proposes a microscopic mechanism of 2D melting based in topological changes.

This discussion appears now to be over, after Bernard and Krauth[147] proved that

the process occurs through a continuous solid-hexatic transition, closely followed

by a first order hexatic-fluid transition. Their results also suggest a small likelihood

of observing the hexatic phase experimentally, since their calculated single phase

packing fraction stability range was only η = [0.718− 0.720].

This last result contrasts with the much wider range found experimentally ana-

lyzing the sedimentation of 2D spherical colloids on a tilted plane[42]. This dis-

crepancy led us to study whether the variation in the experimental particle sizes

could explain this disagreement. By studying the phase diagram of Gaussian dis-

tributed polydisperse hard-disks in the NV T∆µ ensemble, we first found that

polydispersity can induce a return to the KTHNY melting mechanism, with two

consecutive continuous transitions, for system’s average polydispersities over 7%

(s/ 〈σ〉 > 0.07). We also found that polydispersity can indeed increase the packing

fraction stability range of the hexatic phase for over one order of magnitude, and

confirm that this favoring occurs due to the increase of dislocations for high poly-

dispersity systems, that destabilize the solid phase. Finally, our most surprising

result is the presence of re-entrant melting, that is, for systems with polydispersity

parameters over 8% (ν/σ0 > 0.08), compressing the solid leads to the formation

of a new fluid phase at high pressures, with the density vs average polydispersity

phase diagram presenting a low and high pressure branch for the solid-hexatic and
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hexatic-fluid transitions. This new phase is confirmed to be a fluid by analyzing

its time correlation function. Therefore, for the polydisperse hard-disks system, we

confirm that introducing disorder in the form of variation of particle size leads to

very significant effects in the physics of the melting. All our results were published

in [18].

However, a logical critique against our results is their generality. In real life exper-

imental implementations it is not possible to synthesize a solution of colloids that

follow a perfect Gaussian-like distribution with respect to their size. Therefore, in

Chapter 4 we studied the effect that the size probability distribution on the phase

diagram of polydisperse hard-disks. We do this by obtaining the phase diagrams

for a lognormal distributed system and a triangular one. For the lognormal system

we confirm that polydispersity can induce a return to the KTHNY melting mech-

anism and a significant increase in the hexatic phase stability range. However,

with respect to the re-entrant melting, we find that the lognormal system cannot

present it, since unlike for the Gaussian distribution, compression of the system

leads to a monotonical decrease of average polydispersity. We do, however, find

that increasing the polydispersity parameter of the exchange potential can lead to

a counter-intuitive decrease in the average polydispersity at transition.

Finally, we find that for the triangular distribution, polydispersity cannot induce

significant effects in the melting of hard-disks, as all high valued polydispersity

parameter equations of state collapse to a common isotherm at the transition to

the solid. Because of this, the formed hexatic and solid phase always present

average polydispersities under 6%, too low for the observed effects in the case

of the Gaussian. We explain the occurring of this collapse by showing that at

high pressures the triangular distribution behaves identically independently of the

polydispersity parameter.

From our results from this chapter we can conclude that polydispersity is indeed

a reliable tool for stabilizing the hexatic phase of the hard-disk system, with the

effect of the distribution shape being minimal. However, probability distribution

shape significantly affects the observed re-entrant melting for the Gaussian like

distribution and it is not possible to describe a general phase diagram.

Finally, in Chapter 5, we first introduced Boltzmann generators[138], a new applica-

tion of deep learning to the sampling of free energies. The key idea of Boltzmann
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generators is to link the real system’s probability distribution in the Cartesian

space p(x) to a simple Gaussian distribution in latent space p(z) through a train-

able invertible transformation. This allow us to obtain the probability of a certain

configuration in real space from that of its equivalent configuration in latent space.

Then, we proposed a new method to sample the potential energy surface of com-

plex multidimensional systems: adaptive bias Boltzmann generators. Our method

follows the same strategy as other adaptive bias methods, such as Meta-Dynamics

or the Wang-Landau algorithm. It helps the simulation to surpass energy barri-

ers by filling the potential wells using an artificial repulsive potential that favours

the exploration of non visited configurations. However, unlike the previously men-

tioned methods, adaptive bias Boltzmann generators do not require the definition

of an arbitrary order parameter to determine how close is a given configuration to

those already visited. Instead, it uses the probability distribution p(x) given by

Boltzmann Generators to build this repulsive potential. As all adaptive bias meth-

ods, it works iteratively, with the repulsive potential evolving as new information

is obtained.

Finally, after describing the new method, we show its functioning by applying it to

sample a simple four-well two dimensional potential. We believe this method will

be able in the future to sample the free energy of sticky sphere clusters, a complex

problem in which stability is determined purely by mobility and that so far has

only been treated by calculating entropy using simple analytical methods based on

approximations.

6.2 Final remarks

6.2.1 Polydisperse hard-disks

Our findings for the polydisperse hard-disk phase diagram open a new door for

experimental scientist to observe the hexatic phase in hard sphere like colloids

that was apparently closed by previous publications. Indeed, the significant pack-

ing fraction stabilization observed and its robustness against changes in the used

probability size distribution suggest that our results are general and suited to be
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confirmed experimentally. However, our results are not likely to explain the dis-

crepancies found for the experiment by Thorneywork et al that were commented

on Chapter 1, as in their case particle polydispersity was below 2%, significantly

below the 7% limit found in our simulations required for a significant effect on the

hard-disk phase diagram to be observed. Other experimental conditions that may

have caused this stabilization of the hexatic phase include particle shape, pinning

of particles to the container, out of plane fluctuations and vacancies.

With respect of further directions of research, we believe that the most interesting

question left unanswered in our research is the effect that the re-entrant melt-

ing observed for Gaussian distributed polydisperse hard-disks would have in the

sedimentation of polydisperse hard spheres. One would expect that the pressure

gradient naturally caused by the incremental weight of the different layers of hard

spheres should induce an initial formation of the quasi-solid, followed by a high

pressure re-entrant liquid for even deeper layers. This would effectively conform a

solid sandwiched between two stable liquid phases.

6.2.2 Adaptive bias Boltzmann generators

For this section, our work is yet preliminary and it is therefore the one that offers

more possible paths of future research. The next obvious research direction is,

as commented in Chapter 5, the application of the method to the study of a

realistic problem. As we explained, the method is ideal for the sampling of the

potential energy surface with many energy minimums and for which it is not easy

to describe an order parameter that permits the use of Metadynamics. Currently

we are working to implement the method to the study of the conformations of

sticky particles clusters of up to ten particles. This would mean the first study of

the free energy surface of this system using a computational method.

Once we implement the method for a realistic problem, it would be interesting

comparing its performance against other adaptive bias potential methods, such as

local elevation[148], conformational flooding[149], metadynamics[139], the Wang-

Landau algorithm[149] and the adaptive biasing force algorithm[150]. It is possible

that adaptive bias Boltzmann generators outperforms its alternatives even in sys-

tems for which an useful transition coordinate can be defined, since our method

can surpass a 10kBT energy barrier in a single iteration.
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Also, as we briefly commented in Chapter 5, our method allows the use of any

arbitrary Boltzmann generator’s technique to compute free energies, as its function

is mostly to probe all interesting regions of a complex potential energy surface. In

this work, we generated our final probability distribution for the 2D four well

system using a single Boltzmann Generator that simultaneously captures multiple

metastable states and maps them to the same latent space Z. However, Noé

and colleagues have already proposed other approaches more suitable for complex

systems, when it could be difficult to train a single Boltzmann generator to sample

all relevant configurations. This is done by using several Boltzmann generators

and relating them to a common reference for which free energy is known.

In the case of Boltzmann generators, finding a the free energy difference between the

configurations sampled by two different latent is simple, thanks to the energy loss

function JKL that gives us, as we showed in Chapter 5, an account of the free energy

difference of transforming a configuration in latent space to its correspondent in

the Cartesian. Therefore, we can obtain an average of the cost function for the

two transformations (〈J1
KL〉 and 〈J2

KL〉) by sampling from the two Gaussian prior

distributions as ∆A12 = 〈J2
KL〉 − 〈J1

KL〉.

This approach could not only be useful for the final free energy sampling, but also

during the iterative adaptive bias process. Namely, the probability distribution

qk(x) that samples all already visited regions of the Cartesian space could be im-

plemented using as many Boltzmann Generators as needed with the probability

for a certain configuration being taken as the maximum probability given by all

Boltzmann generators qk(x) = max(qk,1(x), ..., qk,m(x)), and the sampling divided

accordingly to their Boltzmann weights. This approach also opens the possibility

of parallelization, with several independent adaptive bias Boltzmann generators

being run simultaneously and exchanging information between iterations.

These are only some logical future steps in order to make our method as general

as possible. We believe this is a promising algorithm that could help finding new

metastable states in systems where other adaptive bias potentials methods have

failed. Therefore, this could be a promising research project.
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Additional figure for Chapter 3
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Figure A.1: Packing fraction η as functions of density ρσ2
0 for PHDS with

ν/σ0 = 0.082 (black), 0.083 (red), and 0.0835 (green). Errors are smaller than
the symbols.
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