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Abstract 

Solid materials and structures usually undergo a complex process of fracture, 

such as crack initiation, propagation and coalescence before experiencing final failure. 

The failure of materials and structures can be induced by either micro- or macro-

defects, including cracks, voids, dislocations and inclusions. The fundamental 

understanding of fracture mechanics remains a big challenge, particularly for thin-shell 

structures. Researchers have mainly investigated the deformation and fracture 

mechanisms of solids and structures via analytical and numerical approaches. 

Analytical approaches show their limitations when being implemented to investigate 

geometrically complicated structures with various boundary conditions and to treat 

cracks at arbitrary positions. Numerical approaches demonstrate their efficiency and 

robustness on tackling these complex engineering problems over analytical ones. As a 

recently proposed numerical method, isogeometric analysis (IGA) exhibits significant 

advantages in terms of geometry exactness and higher-order approximation. Therefore, 

this Ph.D. research focuses on the development of IGA-based approaches and their 

applications to the modeling of solid materials and structures with defects. 

Firstly, a novel IGA-meshfree coupling approach is developed to perform both 

the linear and geometrically nonlinear analyses of shell structures. The analyses are 

based upon the assumption of the Kirchhoff-Love thin-shell theory. Both parametric 

and physical domains are utilized for the thin-shell structures, where the former one is 

used to couple the IGA and meshfree methods and to obtain the latter one via mapping. 

The entire domain is divided into three subdomains: the subdomain described by the 

IGA method to ensure geometry exactness, the subdomain described by the meshfree 

method to achieve local refinement and the coupling subdomain described by both 

methods. In the coupling subdomain, the coupling formulation is obtained based on the 
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consistency conditions to realize the smoothness between the IGA and meshfree 

subdomains. The coupling approach can achieve a higher convergence rate than the 

IGA and meshfree methods because of the realization of local refinement. The 

accuracy and robustness of the coupling approach are validated by solving a series of 

shell benchmark problems. 

Secondly, a strong form-based IGA-meshfree moving least-squares collocation 

(IMMLS-C) approach is developed for two-dimensional linear elastic fracture 

problems with contact loading. The IMMLS-C approach uses reproducing conditions 

to establish the equivalence between MLS shape functions and isogeometric basis 

functions, thus exhibiting advantages including the exact geometry representation, 

convenient crack modeling and flexible adaptive refinement. The IMMLS-C approach 

focuses on solving fracture problems based on strong formulations without requiring 

the numerical integration of Galerkin weak forms. Traction-free boundary conditions 

are enforced over a set of collocation points located on both sides of a crack surface. 

The displacement discontinuity along the crack surface is modeled by the visibility 

criterion, and the singularity of near-tip stress fields is captured by adaptive mesh 

refinement without adding tip-enrichment functions, thereby reducing the degrees of 

freedom. Moreover, contact constraints are enforced by introducing a penalty 

algorithm to the strong formulations. The numerical results demonstrate that the 

adaptive refinement can achieve a high convergence rate at a low computational cost. 

Thirdly, crack propagation in thin-shell structures is investigated via an IGA-

meshfree moving least-squares (MLS) approach. The approach provides an effective 

strategy of adaptive mesh refinement for IGA in a straightforward meshfree manner. 

The adaptivity of the mesh refinement is achieved by utilizing a gradient-based error 

estimator to identify the meshes that need to be refined by adding linear reproducing 
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points. The Kirchhoff-Love theory is further applied in the IGA-meshfree MLS 

formulation to simplify the modeling of cracked thin-shell structures by neglecting the 

rotational degrees of freedom. In this way, the singularity of the stress fields near the 

crack tip and the discontinuity of the displacement fields around the crack surface can 

be efficiently captured by the adaptive mesh refinement to produce accurate results. A 

series of two-dimensional static and quasi-static crack propagation problems about 

thin-shell structures are investigated. The predicted propagation paths are in good 

agreement with the reference results. 

Finally, an adaptive IGA-meshfree phase-field approach is developed for the 

modeling of brittle fracture in three-dimensional polycrystalline materials. In this 

approach, the flexible local mesh refinement scheme that is inherited from a meshfree 

method is combined with an error estimator that includes both the phase field and its 

gradient to achieve adaptive refinement. In this way, propagating cracks can be 

dynamically tracked, and the mesh near cracks is refined in a meshfree manner without 

requiring a priori knowledge of crack paths. The intergranular and transgranular crack 

propagation patterns in polycrystalline materials can be simulated by this approach. A 

series of numerical examples that deal with isotropic and anisotropic fracture are 

investigated to demonstrate the robustness and effectiveness of the developed 

approach. 

The development of efficient and accurate IGA-based approaches provides a 

promising way to investigate the deformation and fracture mechanisms of solid 

materials and structures with defects. The understanding of these mechanisms is of 

significant importance to engineering structure design and failure prevention.  
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Chapter 1 Introduction 

Numerical methods have become a promising alternative to both analytical and 

experimental methods for investigating the mechanisms of deformation and failure in 

solid materials and structures with defects. Developments of efficient and accurate 

numerical methods are of significant importance to understanding the mechanisms. 

Therefore, this Ph.D. dissertation aims to develop isogeometric analysis-based 

approaches for modeling solid materials and structures with defects. In this chapter, 

the background of the research is briefly introduced, followed by the research 

motivations and objectives. The organization of the whole dissertation is finally 

outlined. 

1.1. Background 

Investigations of the deformation and failure mechanisms of solid materials and 

structures with defects are significantly important in engineering. As illustrated in Fig. 

1.1, in industrial engineering, the existence of cracks in structures such as storage 

tanks, wind turbine blades and aircraft fuselages can lead to fatigue crack propagation 

until the final structural failure occurs. The stress-strain curves of brittle and ductile 

materials are visualized in Fig. 1.2. To understand the mechanisms, experimental, 

analytical and numerical methods have been developed. Numerical methods exhibit 

advantages such as high efficiency and low cost as compared with the other two. 

Moreover, due to the development of high-performance computing technologies, 

numerical methods have prevailed in many engineering problems [1, 2]. The finite 

element method (FEM), which is a type of numerical method, has been widely 

developed and integrated into commercial software. Recently, the development of 
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robust, efficient and accurate numerical methods has attracted significant attention 

from researchers for modeling solids and structures [3, 4]. 

  

(a) (b) 

  

(c) (d) 

Fig. 1.1. Fractures of engineering structures: (a) a water tank [5], (b) wind turbine 

blades, (c) water pipes and (d) aircraft fuselages. 

 

Fig. 1.2. Stress-strain curves of brittle and ductile materials. 

Commonly used engineering structures include beams, plates and shells. A beam 

is defined as a structural element with a significantly large length as compared with 

other dimensions such as the width. A plate or shell is a structural element with a 
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relatively small thickness as compared with other dimensions. The major difference 

between a plate and a shell is that the plate is initially flat, whereas the shell has a 

curved surface. Due to the curvature in shell structures, shells are capable of providing 

efficient loading carrying mechanisms as compared with plates and beams and have 

been used in numerous engineering applications, such as turbine disks and aircraft. 

Investigations into the deformation mechanisms of shell structures under various 

loading conditions are vital to the structural integrity analysis and failure. Two types of 

shell theories have been developed: the Kirchhoff-Love (KL) theory [6] and the 

Mindlin-Reissner (MR) theory [7]. The former theory, which is also called the 

classical theory, neglects the shear deformation and is typical for shell structures with 

a very small thickness. The latter one considers the shear deformation in the thickness 

direction and is especially suitable for thick shells. Based on the two theories, shell 

structures have been numerically analyzed within the framework of the FEM. The KL 

theory is more computationally efficient than the MR one, whereas the KL one gives 

the fourth-order derivatives in the governing partial differential equations (PDEs), thus 

requiring the C1 continuity of displacements in the Galerkin weak formulations. As the 

C1 continuity is not convenient to be implemented within the framework of the FEM 

[8], the developments of numerical methods for achieving the higher-order continuities 

are expected to be carried out. 

Engineering structures usually contain defects such as cracks, voids and 

inclusions that are normally caused by manufacturing processes. In addition, crack 

initiation occurs when the stress-based or fracture mechanics-based criteria are met. 

Cracks can not only propagate, causing progressive damage throughout structures, but 

also interact with preexistent cracks, influencing the near-tip stress fields and crack 

propagation paths. The fracture behaviors, including crack initiation, propagation, 
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coalescence and branching, have a remarkable effect on structural integrity and failure 

[9, 10]. Thus, understanding the fracture mechanism of structures and solids is of 

significant importance. 

Fracture mechanics mainly deals with the investigations of fracture behaviors in 

solids and structures with or without preexistent cracks. In brittle fracture, only elastic 

deformation is investigated within the context of linear elastic fracture mechanics 

(LEFM), in which the energy-based failure theory proposed by Griffith [11] is 

considered as the fundamental. Ductile fracture that considers both elastic and plastic 

deformation is investigated by elastic-plastic fracture mechanics (EPFM). Three 

modes of fracture associated with material failure are classified: the Mode-I fracture 

representing crack opening, the Mode-II fracture representing crack sliding and the 

Mode-III fracture representing crack tearing. These fracture models are capable of 

describing both the near-tip displacement and stress that are used to investigate the 

fracture processes. 

Numerical simulations of fracture processes are based on two types of crack 

models, including the discrete model and the diffusive model. The former model treats 

a crack as a geometrical discontinuity, and the latter one considers a cracked solid as a 

continuum by introducing a crack field that is smeared throughout the problem domain. 

The discrete crack model requires explicit or implicit representations of crack 

topologies. The requirement poses an obstacle to the FEM-based numerical 

implementations as edges of finite elements need to align with crack topologies, 

resulting in low numerical efficiency in treating crack propagation, especially in three-

dimensional (3D) problems. To avoid remeshing, the extended finite element method 

(XFEM) was proposed by Belytschko and Black [12] and then applied to model 

internal boundaries, such as cracks and inclusions. However, the XFEM suffers from 
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two critical limitations, including the approximated geometry and low-order continuity 

that need to be tackled in modeling fracture in thin shells. 

Compared with the discrete crack model, the diffusive one can conveniently 

simulate complicated fracture behaviors, such as crack initiation, propagation and 

coalescence. The phase-field model (PFM), which is treated as a diffusive crack model, 

exhibits advantages particularly in the 3D fracture modeling, such as without tracking 

crack topologies or defining enrichment functions, as compared with the discrete crack 

model. Numerous PFMs have been developed to investigate brittle and ductile fracture 

in solids and structures. However, PFMs suffer from high computational cost because 

they require a fine mesh for the accurately regularized representations of crack 

topologies. Research works in the developments of computationally efficient 

numerical frameworks have been carried out, such as the adaptive mesh refinement 

(AMR) strategy [13] and strong form-based formulations [14]. 

Apart from the above-mentioned FEM-based numerical framework, isogeometric 

analysis (IGA) proposed by Hughes et al. [3] connects computer-aided design (CAD) 

and computer-aided engineering (CAE) by adopting non-uniform rational B-splines 

(NURBS) basic functions for both defining geometries and approximating 

displacement fields. Compared with the FEM, IGA exhibits advantages in the exact 

representation of geometries and flexible construction of higher-order and smooth 

basis functions. In structural modeling, Kiendl et al. [15] first developed the 

isogeometric formulations of thin shells, in which the curve mid-surface was exactly 

represented and the C1 continuity was conveniently obtained. In fracture modeling, 

Ghorashi et al. [16] proposed the extended IGA (XIGA) by incorporating the 

enrichment functions into IGA within the framework of the partition of unity. The 

extended formulations can obtain smooth stress fields by using higher-order 
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approximations. The developments of IGA-based approaches provide a promising 

alternative for modeling solid materials and structures. 

1.2. Motivations 

IGA has prevailed in both engineering design and analysis due to its advantages 

such as the smooth approximation and exact geometry representation over the FEM. 

However, the traditional NURBS-based IGA suffers from the capability of local mesh 

refinement that is of particular importance for accurate and efficient numerical 

implementations. Although several basis functions have been developed to tackle these 

limitations, such as the locally refined (LR) B-splines [17], T-splines [18] and 

polynomial splines over hierarchical T-meshes (PHT-splines) [19], the basis functions 

are complex to be implemented. Compare with IGA, meshfree methods are flexible for 

implementing local mesh refinement by directly adding nodes. 

It is desirable to couple the IGA and meshfree methods because of such 

advantages as the exact geometry, the local refinement flexibility and the higher-order 

approximation. The idea of coupling approaches is to preserve the advantages of 

numerical methods and circumvent their disadvantages [20-22]. In the coupling 

approaches, a problem domain is divided into three subdomains, including the outer 

subdomain to obtain the boundary exactness, the interior subdomain to provide a 

flexible way to process problems such as the cracks and inclusions, and the coupling 

subdomain to realize smoothness. Belytschko et al. [22] proposed the coupling 

approach of the element-free Galerkin method (EFGM) and the FEM for 

elastodynamic problems. The coupling approach utilized three subdomains: the 

meshfree subdomain to consider crack growth, the FEM subdomain to reduce 
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computational cost and the coupling subdomain to achieve smoothness between the 

other two subdomains. 

Developments of efficient coupling approaches can facilitate the investigations of 

deformation and fracture mechanisms of solids and structures. Firstly, the smooth and 

higher-order approximations give more accurate field variables. In the KL-shell 

modeling, the C1 continuity is conveniently implemented by the arbitrary higher-order 

shape functions. The insensitivity to mesh distortion, which is inherited from the 

meshfree methods, is particularly suitable for modeling large deformations in solid 

materials and structures. Secondly, the flexibility of local mesh refinement is 

particularly important to the problems involving singularity or discontinuity. Shell 

structures subjected to a concentrated point load will experience stress concentration, 

where a fine mesh is required. In fracture modeling, the near-tip regions need to be 

locally refined for capturing the singular crack-tip stress. Moreover, the local mesh 

refinement is of particular importance to investigating complex fracture behaviors 

within the framework of the PFM. Thus, developments of the IGA-based approaches 

are desirable for the understanding of deformation and fracture mechanisms of solids 

and structures. 

1.3. Objectives 

The Ph.D. study aims to develop robust, efficient and accurate IGA-based 

approaches for modeling solid materials and structures with defects. These approaches 

are capable of investigating the deformation and fracture behaviors of solids and 

structures, thus providing a comprehensive understanding of the deformation and 

failure mechanisms. The present research has the following main objectives: 
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• To develop an IGA-meshfree coupling approach based on the reproducing 

conditions for investigating both the linear and nonlinear large deformation 

behaviors of shells; 

• To develop an adaptive IGA-meshfree moving least-squares (MLS) approach by 

introducing a gradient-based error estimator for investigating the fracture 

behaviors of both two-dimensional (2D) plane structures and thin-shell structures; 

• To investigate the brittle fracture behaviors of 3D polycrystalline materials by 

developing an adaptive IGA-meshfree phase-field approach; 

• To provide guidance for applications of solid materials and structures with cracks 

under various loading conditions. 

1.4. Dissertation outline 

This Ph.D. dissertation contains seven chapters. After the introduction, the 

literature review on the numerical methods, shell theory, discrete fracture modeling 

and phase-field fracture modeling are conducted in Chapter 2. Chapter 3 investigates 

both the linear and nonlinear large deformation behaviors of shells. In Chapter 4, 

cracking behaviors of 2D plane structures subjected to contact loading are investigated 

via the strong form-based formulations. Afterwards, the analysis of crack propagation 

in thin shells is conducted within an adaptive IGA-meshfree-based numerical 

framework in Chapter 5. Chapter 6 investigates the anisotropic brittle fracture 

behaviors of 3D polycrystals based on the phase-field modeling. Chapter 7 concludes 

the main contributions of this Ph.D. work and recommends future research. 
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Chapter 2 Literature Review 

This chapter first reviews the numerical methods, including the FEM, meshfree 

methods and IGA. The fundamentals of fracture mechanics are then introduced, and 

two types of fracture modeling for solids and structures are presented. Finally, a 

summary is given at the end of this chapter. 

2.1. Finite element method 

FEM, a widely used numerical method to solve a set of PDEs, has been applied in 

numerous engineering applications. The idea of FEM was first adopted by Courant [23] 

for the structural analysis, in which triangular elements were used. Clough [24] 

proposed the name “finite element” and applied it to plane stress problems. A history 

of the beginning of FEM was briefly introduced by Gupta and Meek [25]. In FEM, the 

solution domain is divided into many interconnected subdomains (elements) with the 

vertices (nodes) of the elements. In each element, the field variables such as the 

displacements are interpolated by both the nodal variables and shape functions. The 

basis of FEM is expressed as follows: 

 T T Td d d
Ω Ω Γ

Ω Ω+ Γ  =  u b u t  . (2.1) 

The discretization of Eq. (2.1) gives the following form: 

 ( )T T T T

ed d d 0
e e e

e e e e e e e e e e
Ω Ω Γ

Ω Ω Γ − − =  u B DB u N b N t , (2.2) 

where Ωe is the domain of an element, Be is the matrix representing strain-

displacement relations, D is the matrix representing stress-strain relations, and Ne is 

the matrix describing the nodal shape functions. Due to the arbitrary virtual 

displacement δue, the second part in Eq. (2.2) equals zero, and the stiffness matrix Ke 

and force vector Fe can be obtained as 
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 T d
e

e e e e
Ω

Ω= K B DB , (2.3) 

 T T

ed d
e e

e e e e e e
Ω Γ

Ω Γ= + F N b N t . (2.4) 

The integration over each element and its boundary can be obtained by the Gauss 

integration. The general solution procedures of engineering problems within the 

framework of FEM have been detailed in [26]. 

Although FEM has been applied to numerous engineering problems, it suffers 

from limitations in terms of solving the large deformation problems and moving 

boundary problems. Moreover, due to the nature of FEM, it is challenging to obtain the 

accurate geometry models of complex structures such as the thin-shell structures and 

to construct the higher-order approximation of field variables. Thus, the alternatives to 

FEM, such as meshfree methods and IGA, have been proposed to tackle these 

limitations. 

2.2. Meshfree methods 

Compared to the mesh-based methods that discretize a problem domain into many 

small elements, meshfree methods discretize a problem domain into many scattered 

nodes and thus can avoid the mesh alignment and remeshing issues in moving 

boundary problems. Moreover, the meshfree methods exhibit the following advantages 

over the FEM: (i) the initial mesh generation is avoided, and the pre-processing time is 

saved in modeling complex geometries; (ii) the smooth and arbitrary higher-order 

shape functions are obtained; (iii) AMR is conveniently implemented by adding nodes 

at arbitrary regions, such as the stress concentration and crack-tip regions, without 

considering the element connectivity. 
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Meshfree methods originate from the smoothed particle hydrodynamics (SPH) 

[27], in which a problem domain is discretized into many moving particles that possess 

both the masses and volumes. Applications of the SPH have been introduced, such as 

interfacial flows [28], explosion [29] and nonlinear dynamics [30]. However, the SPH 

has limitations in terms of the tensile stability and treatments of both the material 

interface and solid boundary [31]. 

In addition to the SPH, many meshfree methods have been developed, and these 

methods are classified into two types: the Galerkin weak form and the strong form. 

The weak form-based meshfree methods use Gaussian quadrature throughout the 

problem domain, and the strong form-based methods directly solve the governing 

equations at collocation points. The two types of meshfree methods are reviewed as 

follows. 

(a) Weak form-based Galerkin methods 

Nayroles et al. [32] proposed the diffusive element method (DEM) based on the 

Galerkin method without requiring mesh generation. To improve the accuracy of DEM, 

Belytschko et al. [33] proposed the EFGM that used the MLS approximation. As the 

EFGM lacks the interpolation property, it utilized the Lagrange multiplier method to 

impose Dirichlet boundary conditions. In addition, the reproducing kernel (RK) 

approximation proposed by Liu et al. [34] was utilized to construct formulations of the 

reproducing kernel particle method (RKPM), in which displacement fields are 

approximated by the RK formulations. Developments in the RKPM have been carried 

out to improve the numerical accuracy [35] and convergence [36]. The EFGM and 

RKPM have been used in many fields, such as the linear and nonlinear analysis [37, 

38], fracture mechanics [39, 40] and plate and shell problems [41, 42]. 
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The EFGM and RKPM, which belong to the global weak form-based methods, 

require the background mesh for integration over the problem domain, and thus these 

methods are not truly meshfree. To avoid the background mesh, Atluri et al. [43] 

developed the meshfree local Petrov-Galerkin (MLPG) method, in which the support 

domains were treated as the subdomains, and the integration was carried out over each 

subdomain and its boundary. Different choices of test functions have been introduced 

in the MLPG. For example, when the MLS approximation is used in the test functions, 

the local weak form-based EFGM is obtained and equivalent to the MLPG. Other 

choices to construct test functions have been investigated, such as the local boundary 

integral equation method [44] and the least-squares meshfree method [45]. 

In addition to the above-mentioned methods, the hp-Clouds method proposed by 

Duarte et al. [46] introduced h- and p-refinements in the approximation space. In this 

method, the p-refinement gives higher-order polynomial shape functions without 

introducing the discontinuity as compared with the EFGM or RKPM, and the h-

refinement locally adds nodes at arbitrary regions. The natural element method (NEM) 

proposed by Sukumar [47] used a Voronoi diagram to determine the neighbor nodes 

for the natural neighbor interpolation. Compared to other meshfree methods, the NEM 

possesses the interpolation property and can straightforwardly impose the Dirichlet 

boundary conditions. 

The weak form-based meshfree methods have the following major limitations: (i) 

many meshfree nodes are required for field approximations, leading to the high 

computational cost; (ii) Dirichlet boundary conditions are not convenient to enforce 

due to the lack of the interpolation property; (iii) Gaussian integration results in low 

computational efficiency due to the requirement of many integration points. Attempts 

have been carried out to tackle the limitations. For example, Breitkopf et al. [48] 
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proposed a fast algorithm to calculate the shape functions without requiring matrix 

inversion. To straightforwardly enforce the Dirichlet boundary conditions, Krongauz 

and Belytschko [49] developed a coupled meshfree-finite element method that divided 

the problem domain into two subdomains: the boundary and inner subdomains, which 

were respectively described by the FEM and meshfree method. Recent developments 

of the meshfree methods have been introduced in [50-53]. 

(b) Strong form-based collocation methods 

Compared to weak formulations, the strong formulations use many scattered 

nodes, namely the collocation points, at which the governing equations are satisfied. 

Moreover, the strong ones eliminate domain integration, thus saving computational 

time. The earliest works on the collocation methods are introduced in [54-56]. Later, 

Franke [57, 58] established the theoretical foundations of the radial basis collocation 

method (RBCM) and demonstrated the convergence of solutions. In the RBCM, the 

displacement and its derivative were approximated by differentiable radial basis 

functions (RBFs) [59]. Developments of the RBCM have been investigated for 

obtaining better-conditioned discrete systems. For example, Wong et al. [60] and 

Kansa and Hon [61] improved the numerical stability by proposing a domain 

decomposition strategy. Fasshauer [62] introduced the smoothing methods and 

multilevel algorithms in the RBFs. Chen et al. [63] developed the RK-enhanced local 

RBCM with a similar convergence rate to that of the traditional RBCM. 

In addition to the RBFs, the MLS and RK shape functions have been developed 

for the implementation of the collocation methods. Oñate et al. [64] used the weighted 

MLS-based approximations together with the point collocation scheme to develop the 

finite point method. Aluru [65] developed the reproducing kernel collocation method 

(RKCM) based on RK approximations. Hu et al. [66] investigated the convergence 
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and stability of RKCM and demonstrated that a high convergence rate was obtained at 

the cost of computational time. To improve the computational efficiency and remain 

the optimal convergence rate, Chi et al. [4] developed the gradient reproducing kernel 

collocation method (G-RKCM) based on the gradient reproducing conditions. 

2.3. Isogeometric analysis 

As a mesh-based numerical method, the IGA first proposed by Hughes et al. [3] 

integrates CAD and CAE. Compared to the FEM that uses Lagrange polynomials, IGA 

utilizes basis functions to model geometries and approximate field variables, such as 

the displacement. Thus, IGA avoids the errors related to the approximations of 

geometries. Moreover, IGA performs better than the FEM in terms of the following 

aspects: (i) smooth and higher-order basis functions improve the accuracy of solutions; 

(ii) the coarse or fine mesh is capable of exactly representing geometries without being 

influenced by mesh refinement. 

(a) Basis functions 

In IGA, basis functions, such as NURBS, T-splines and LR NURBS, have been 

applied to the field approximation and geometry representation. As the NURBS basis 

functions are widely utilized in CAD models, the basis formulations of B-splines and 

NURBS are briefly introduced. Details of deriving the basis functions have been 

provided in [67, 68]. 

IGA treats both the parametric and physical spaces as a single patch that contains 

multiple elements. In the one-dimensional (1D) parametric space, a B-spline is 

constructed by a knot vector Ξ = {ξ1, ξ2, ⋯, ξn+p+1} with ξi being the knot, p being the 

polynomial order and n being the number of control points. The 1D basis functions 

Ni,p(ξ) are defined as 
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It is noted that Ni,p(ξ) satisfy the compact support property. 

A B-spline curve C(ξ) is constructed by combining Ni,p(ξ) and corresponding 

control points Pi as follows: 

 ( ) ( ),

1

n

i p i

i

N 
=

=C P . (2.7) 

Two knot vectors  1 1 2 1Ξ , , , n p   + +=  and  2 1 2 1Ξ , , , m q   + += are considered. A 

B-spline surface is obtained based on the tensor product as follows: 
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where Pi,j are the control points. Similar to a B-spline surface, a solid is obtained as 

follows: 
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As the B-spline basis functions show limitations in terms of modeling a conic 

section, the NURBS basis functions that are constructed based on the projections can 

tackle the issues. A 1D NURBS basis function can be expressed as 
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where wi is the weight. A NURBS curve C(ξ) and a NURBS surface S(ξ, η) are 

constructed as follows: 
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with the 2D NURBS basis function being as 
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Fig. 2.1 illustrates the representation of a NURBS surface within the framework of 

IGA. 

 

Fig. 2.1. Schematic illustrations of a NURBS surface. 

In IGA, the basis functions can be enriched without changing the geometry or 

parametrization of a physical model. Three types of refinement schemes have been 

introduced, including the knot insertion, order elevation and k-refinement [3]. In the 
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first scheme, elements are divided into small ones in the same way as the h-refinement 

of FEM. By adding knots in the knot spans, both the new elements and corresponding 

control points are obtained. The second scheme is similar to the p-refinement in FEM, 

which increases orders of polynomial approximations. Moreover, the order elevation 

requires adding knots to keep both the number of elements and the continuity between 

elements intact. The third scheme that is unique to IGA is implemented by combining 

both the order elevation and knot insertion, and it gives a smaller number of basis 

functions than the other two, thus saving computational cost. 

(b) Developments of IGA 

IGA has been utilized in many fields, such as the fracture analysis [69], contact 

analysis [70] and plate and shell problems [15]. However, IGA faces several 

challenging issues that hinder its wide applications. The issues are related to the AMR, 

quadrature rule, collocation method, complex geometry modeling and volumetric 

parameterization. 

AMR can increase the accuracy of solutions at the low cost of computational time. 

However, it is not convenient to implement AMR in NURBS-based IGA due to the 

tensor product. The T-splines that allow T-junctions by adding extra vertices were first 

applied to IGA [71] and used for the investigation of local mesh refinement [18, 72]. 

To guarantee the line dependence and partition of unity, the analysis-suitable T-splines 

were developed [73, 74]. Hierarchical B-splines (HB-splines) [75] were incorporated 

into the framework of IGA for achieving AMR [76] and extended to the truncated 

hierarchical B-splines (THB-splines) [77] that guaranteed the partition of unity as well 

as the stability and accuracy of solutions. PHT-splines [78], which generalize the B-

splines over hierarchical T-splines and preserve their advantages such as adaptivity, 

linear dependence and non-negativity, were extended to the rational PHT-splines 
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(RPHT-splines) [79] for modeling complex geometries with the consideration of local 

refinement [80]. The comparison of local mesh refinement strategies in IGA has been 

reviewed in [81, 82]. 

In addition, the idea of coupling the IGA and meshfree methods has been 

investigated because of such advantages as the exact geometry, the local refinement 

flexibility and the higher-order approximation. Two different types of coupling 

approaches of the IGA and meshfree methods are implemented in the parametric 

domain and physical domain, respectively. One approach coupling the IGA and the 

RKPM in the parametric domain was developed by Wang and Zhang [83]. The other 

approach for coupling two methods in the physical domain was developed by 

Valizadeh et al. [84] to couple the IGA and RKPM and by Rosolen and Arroyo [85] to 

couple the IGA and the local maximum entropy (LME) meshfree method. These 

coupling approaches have been utilized in the structural analysis [86, 87] and fracture 

analysis [69, 88]. A recent work by Zhang and Wang [89] further demonstrated the 

equivalence between the isogeometric and RK approximations, thus providing a 

convenient way to implement local refinement in IGA. 

Numerical quadrature rules, which influence the accuracy, efficiency and stability 

of numerical solutions, have attracted considerable attention in the community of IGA. 

For example, Hughes et al. first [90] demonstrated that the higher-order continuity 

across elements influenced the numerical accuracy and proposed an efficient 

quadrature rule for the NURBS-based IGA. The quadrature rule was further extended 

to structured NURBS [91] and unstructured NURBS patches [92]. Developments of 

the quadrature rules in IGA have been reviewed in [93]. 

In addition to the Gaussian quadrature rules, the collocation methods have been 

investigated in IGA to achieve both the high computational accuracy and efficiency. 
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For example, Auricchio et al. [94] developed the NURBS-based collocation method 

that treated the Greville abscissae [95] as collocation points. Schillinger et al. [96] 

further developed an adaptive isogeometric collocation method and demonstrated its 

advantages including accuracy and efficiency as compared with both the isogeometric 

Galerkin method and standard FEM. Unlike the collocation points by using Greville 

abscissae or Demko abscissae, Anitescu et al. [97] developed a superconvergent IGA 

collocation method that considered the superconvergence points as collocation points. 

Applications of the IGA collocation methods have been introduced in [98-101]. 

Modeling complex geometries is not convenient in NURBS-based IGA due to the 

continuity requirements between multiple patches. The subdivision surfaces [102], 

which can naturally model complex geometries, were incorporated into the framework 

of IGA [103]. Moreover, the trimming technique, which is used for modeling complex 

geometries in CAD, was utilized to represent trimmed surfaces in IGA [104]. In 

addition, the CAD models define the boundary surfaces of solids in which the interior 

information required for IGA such as control points and weights are not available. The 

transition of a bivariate surface representation into a trivariate solid, namely the 

volumetric parameterization, has been investigated. The harmonic functions were 

adopted to construct the trivariate B-spline representations in [105]. The numerical 

frameworks to construct trivariate NURBS [106, 107] and T-splines [108] volumetric 

parametrizations have been further proposed. 

2.4. Discrete fracture modeling 

Two crack models have been developed, including the discrete model [109] and 

the diffusive model [110]. The former model treats a crack as a geometrical 
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discontinuity, and the latter one treats a cracked solid as a continuum. Fig. 2.2 shows 

the 2D crack representations based on the two models. 

 

  

(a) (b) 

Fig. 2.2. Schematic representations of a solid with cracks: (a) the discrete crack model 

and (b) the diffusive crack model [111]. 

2.4.1. Fundamentals of fracture mechanics 

Fracture studies can be dated back to several centuries ago when the fracture 

toughness of glass rods was experimentally investigated. Griffith studied the effect of 

flaw sizes on the fracture strength and formulated an energy-based theory, which is 

regarded as the beginning of LEFM [11]. In Griffith’s theory, the potential energy of a 

system should be reduced to produce the new crack as follows: 

 sdWd

dA dA


− =  (2.14) 

with Π being the total potential energy, A being the area of crack surfaces and Ws 

being the energy related to crack surfaces. The energy release rate G that is capable of 

determining conditions of crack propagation is expressed as 

 
d

G
dA


= − . (2.15) 



Chapter 2 Literature Review 

21 

Griffith’s theory can be utilized for the analysis of ideally brittle materials, such 

as ceramics. However, it is not feasible for ductile materials such as metals that 

undergo significant plastic deformation. By considering plastic deformation, the plastic 

energy is introduced in Eq. (2.15) as follows: 

 ps
dUdWd

dA dA dA


− = + . (2.16) 

The stress intensity factors (SIFs) proposed by Irwin [112] are used to define 

asymptotic stress as 
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where σij is the stress, Km is the SIF, (r, θ) is the coordinate system locally centered at a 

crack front, and fij is a dimensionless function. Fig. 2.3 visualizes the Mode-I fracture, 

the Mode-II fracture and the Mode-III fracture. The first fracture mode is related to the 

in-plane tension loading normal to a crack plane. The second one is related to the in-

plane shear loading. The third one is related to the out-of-plane loading. Three types of 

SIFs are defined as follows [113]: 
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Irwin [112] discovered that SIFs were related to the energy release rate as follows: 
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where E  is given by E or E/(1-ν2) under the plane-stress or plane-strain condition, 

respectively. 
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Fig. 2.3. Three different types of fracture modes [114]. 

LEFM is typically suitable for the linear elastic and small-scale plastic 

deformation analysis, and EPFM is capable of describing the significant nonlinear 

deformation such as yielding. In EPFM, the crack tip opening displacement (CTOD) 

and the J-integral are utilized to describe the crack-tip behaviors. CTOD was proposed 

by Wells [115] to measure the fracture toughness and has been calculated by analytical 

and experimental methods [116, 117]. The J-integral proposed by Rice [117] is 

expressed as a line-independent integral: 

 i
i

u
J wdy T ds

x


 
= − 

 
 , (2.20) 

where ds is the increment along Γ, ui is the displacement, w is the strain energy density, 

and Ti is the traction. 

Structures are generally subjected to combined loading including the tension, 

shear and out-of-plane torsion, resulting in the mixed-mode fracture. The crack 

propagation direction in the mixed-mode fracture can be determined by three criteria, 

including the maximum principal stress criterion [118], the maximum energy release 

rate criterion [119] and the minimum strain energy density criterion [120]. The first 

criterion states that a crack grows along the angle normal to the maximum principal 
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stress. In the second criterion, the crack propagation occurs along the angle where the 

maximum energy release rate is obtained. The equivalence between the first and the 

second criterion was introduced in [119]. In the third criterion, the crack propagation 

occurs along the angle where the minimum strain energy density is obtained. 

2.4.2. Fracture modeling of 2D plane structures 

Fracture in 2D plane structures was initially investigated using the analytical 

methods. For example, Inglis [121] first investigated the stress fields around corners or 

holes and discovered the stress concentration phenomenon. Westergaard [122] studied 

the problem of an infinitely extended plane structure with a center crack and developed 

the formulations of near-tip stress fields. William [123] investigated different types of 

stress distributions of a stationary crack. Analytical methods, however, show their 

limitations when being applied to the problems with complex geometries or boundary 

conditions. 

Numerical methods exhibit the accuracy and feasibility in solving fracture 

problems as compared with analytical ones. The FEM has been used for the fracture 

simulations of engineering structures. For example, Ngo and Scordelis [109] used the 

FEM to study the crack patterns of a reinforced concrete structure. Anderson et al. 

[124] proposed a 2D finite element formulation to study the fracture behavior of rocket 

motors. To describe the stress singularities at crack tips, different types of finite 

elements have been developed. Byskov et al. [125] proposed the four-node triangular 

cracked elements containing a linear crack. Henshell et al. [126] found that the 

quarter-point method could achieve the singularity without special crack-tip elements. 

The quarter-point method requires remeshing to ensure the edges of elements align 

with crack surfaces and identifying positions of mid-side nodes during crack 

propagation. The requirement can be met by the automatic remeshing algorithm 
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proposed by Ingraffea and Saouma [127]. However, the algorithm leads to 

computationally inefficient solutions due to the ever-changing crack geometries. 

In order to minimize remeshing, Belytschko and Black [12] proposed the XFEM 

by introducing enrichment functions into the finite element approximations and 

modeled arbitrary cracks within elements via the XFEM. Moes and Belytschko [128] 

further developed the formulations by incorporating the Heaviside function for the 

discontinuous displacement across crack surfaces and the near-tip asymptotic functions 

for the singular stress at crack tips. The formulations use the level set approach [129] 

to explicitly represent crack geometries that are independent of element edges. 

In the XFEM, the finite element approximations are enriched by integrating 

discontinuous enrichment functions as follows [128]: 
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where Ni is the finite element shape function, and Aji is the parameter related to the ith 

node. The parameter nE(i) equals 4 when all nodes are within the support domain of 

crack tips and zero otherwise. Fj(r,θ) is the in-plane asymptotic crack-tip enrichment 

function. The displacement approximation is obtained by introducing the 

discontinuous functions and the enrichment functions as follows: 
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where x  is the point obtained by projecting a point x to the crack surface, and en is the 

norm vector. 
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XFEM has been applied to the analysis of cracks due to its ability to readily 

handle the discontinuities. For example, Dolbow et al. [130] introduced the contact-

friction law into a fracture model to investigate frictional contact for crack propagation 

problems. Belytschko et al. [131] proposed a dynamic fracture model within the 

framework of the XFEM for rate-independent materials. Réthoré et al. [132] 

investigated both stationary and propagating cracks via a general fracture model that 

satisfied energy conservation conditions. Remmers et al. [133] proposed a model that 

treated cracks as a set of overlapping cohesive segments to simulate crack nucleation 

and coalescence. Budyn et al. [134] developed a model for investigating multiple 

propagating cracks with the consideration of the interactions among cracks and micro-

defects. Recent applications of the XFEM to engineering structures have been 

introduced [135, 136]. 

Meshfree methods have been proposed to investigate the stationary and 

propagating cracks because of the following advantages: (i) remeshing processes are 

avoided; (ii) local mesh refinement around crack tips can be implemented by directly 

adding meshfree nodes without considering the nodal connectivity. Belytschko et al. 

[12, 137, 138] first used the EFGM to study 2D crack propagation and dynamic crack 

problems. Rabczuk et al. [139] developed the cracking particle method (CPM) for the 

2D crack growth analysis, in which a set of discontinuous segments was used to model 

arbitrary crack geometries. To improve the computational efficiency, the meshfree 

point collocation method that required no Gauss integration was proposed for 2D 

elastic crack problems [140]. Moreover, the AMR strategy was incorporated into the 

framework of the EFGM for investigating crack propagation problems, in which a 

higher convergence rate was obtained than the global uniform refinement [141]. 
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In addition to the XFEM and meshfree methods, IGA has been developed for the 

modeling of fracture in structures. For example, Verhoosel et al. [142] proposed the 

knot insertion strategy to model the discontinuity in plane structures. However, the 

strategy suffers from distorted meshes in modeling complex crack geometries and 

fracture behaviors. De Luycker et al. [143] incorporated enrichment functions into the 

NURBS-based isogeometric formulations by using the partition of unity. The enriched 

formulations were capable of conveniently describing crack topologies and giving a 

higher convergence rate and computational efficiency than the XFEM. Later, Ghorashi 

et al. [16] developed the partition-of-unity-based XIGA, in which both the enrichment 

functions and Heaviside functions were incorporated into the standard IGA 

approximations, and investigated the 2D quasi-static crack propagation problems via 

XIGA. 

2.4.3. Fracture modeling of shell structures 

(a) Shell theory 

Shell-like structures, in which the thickness is remarkably smaller than other 

parameters such as the radius of curvature, have been used in numerous applications, 

such as turbine disks and aircraft, due to their good load-carrying captivity and 

lightweight property. Based on the value of t/R with t and R respectively being the 

thickness and radius, shells can be classified into two different types: thin shells (t/R ≤ 

0.05) and thick shells (t/R > 0.05). Shell theories and their numerical implementations 

have been reviewed by Bischoff et al. [144]. The 3D theory of elasticity that is a 

natural way to model shells was first proposed by Ericksen and Truesdell [145] and 

then monographed by Naghdi [146]. The 3D model, however, has issues such as the 
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low numerical efficiency and accuracy that are caused by a large number of elements 

and their high aspect ratios.  

To avoid these limitations, the 3D theory has been simplified into two widely 

used 2D theories including the KL [6] and MR [7] theories, in which a solid shell is 

modeled by the combination of its mid-surface and director. A shell geometry 

represented by the mid-surfaces in the reference configuration and the deformed 

configuration is visualized in Fig. 2.4. 

 

Fig. 2.4. Mid-surfaces of a shell in two configurations [114]. 

In the KL theory, both transverse shear strains and the change of curvature are 

neglected, thus avoiding the shear locking phenomenon. The KL theory is typically 

applied to very thin shells, in which the value of t/R is negligible as compared with 

unity. As the KL theory gives the fourth-order governing PDEs, the C1 continuity of 

displacements needs to be satisfied in the Galerkin weak formulations [8]. This 

requirement poses an obstacle to the FEM-based numerical framework, in which the 

higher-order interpolations are not convenient to construct by the traditional Lagrange 

polynomials. 
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In order to satisfy the requirement of the C1 continuity, various methods have 

been proposed to formulate C1 conforming thin-shell finite elements. For example, 

rectangular shell elements constructed with bicubic Hermite polynomials and 

triangular shell elements with quintic polynomials were introduced to interpolate field 

variables, whereas the computational cost was rather high [147]. Other shell finite 

elements such as reduced-integration Lagrange elements [148], triangular elements 

using the subdivision surface for the non-local interpolation [149] and quadrilateral 

elements satisfying the KL hypothesis at discrete nodes [8] have been developed. 

Similar to the KL theory, the MR theory assumes that the vector perpendicular to 

middle surfaces remains straight in the deformed configuration except for the 

consideration of shear deformations in the thickness. The MR theory requires only the 

C0 continuity of displacements [150], which is convenient to implement in the FEM-

based framework as compared to the KL theory. However, MR theory has two major 

limitations. First, the computational effort is increased due to the consideration of the 

rotational degrees of freedom (DOFs). Second, the MR theory suffers from the shear 

locking phenomenon in dealing with very thin shells. Numerous strategies have been 

proposed to overcome these locking issues. The intuitive way is to increase the order 

of polynomial shape functions [151, 152], whereas the method significantly increases 

the computational cost when very higher-order approximations are used. The reduced 

integration methods, which decrease the total number of Gauss points related to the 

shear parts, have been proposed [153, 154]. Alternatives such as the assumed strain 

method [155], B-bar projection method [156] and adjusted approximation spaces [157] 

have been introduced to solve the locking issues. 

In addition to the FEM, both the meshfree methods and IGA, which can construct 

smooth and arbitrary higher-order approximations, have been introduced for the 
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numerical implementations of the KL and MR theories. For example, the EFGM was 

proposed to study the cracking behaviors of shell structures in [42]. Shell formulations 

were developed by using the NURBS basis functions [15]. Recent developments of the 

shell theories based on the IGA and meshfree methods have been introduced [158, 

159]. 

(b) Fracture modeling of shells 

FEM has been developed for modeling fractures in shells [160-164]. For example, 

a FEM-based numerical framework was developed to study crack propagation in 

pressurized aircraft fuselage structures [160]. In the framework, through-the-thickness 

cracks were analyzed with the consideration of the geometrically nonlinear stiffening 

effect, and their fracture parameters including the SIFs and crack growth direction 

were calculated. As the XFEM is more flexible and efficient than FEM in the fracture 

modeling, Areias et al. [161] proposed the XFEM-based numerical framework to 

investigate arbitrary crack growth in thick-shell structures. In the framework, the 

enhanced assumed strain formulation was utilized to tackle the locking issue. Later, 

Areias et al. [162] incorporated the KL theory into the XFEM-based numerical 

framework and conducted the elastoplastic analysis of crack propagation. 

Meshfree methods that require no remeshing in the fracture modeling have been 

utilized for modeling shell structures with cracks. For example, Rabczuk et al. [165] 

investigated multiple crack propagation in thin shells based on a meshfree numerical 

framework, which treated cracks as a set of cracked particles and could flexibly 

simulate crack branching. Rabczuk et al. [166] further extended the numerical 

framework to investigate nonlinear dynamic crack propagation in thin shells. Qian et 

al. [167] analyzed the nonlinear response of cylindrical shell structures based on the 

viscoplastic theory. To implement the adaptive local refinement for crack problems, 
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Lee et al. [141] proposed an error indicator within the framework of the EFGM and 

investigated crack propagation behaviors. Applications of the meshfree methods and 

their developments for the fracture modeling can be referred to [40, 150, 168]. 

XIGA has been utilized for modeling fracture behaviors of shells [169-171]. For 

example, Ghorashi et al. [170] proposed a numerical framework based on the XIGA 

for the investigations of curved cracks. The framework used sub-triangles techniques 

for integration over the elements that are intersected by a crack. Nguyen-Thanh et al. 

[114] developed the XIGA-based numerical framework to study fracture parameters of 

shells. Yang et al. [171] developed an AMR scheme based on PHT-splines to 

investigate the fracture behaviors of shell structures. In addition, the IGA-meshfree 

coupling approach has been developed to retain the advantages, such as the refinement 

flexibility and higher-order approximation, and it has been utilized for investigating 

fracture behaviors of shells [69, 172]. Recently, this coupling approach was further 

improved by introducing a unified formulation throughout the problem domain 

without requiring the domain subdivision and applied to study crack growth in shell 

structures [173]. 

2.5. Phase-field modeling of fracture 

The PFM, which is classified as a typical kind of diffusive model [110], exhibits 

advantages in modeling complex fracture behaviors as compared to the discrete crack 

model. The PFM has been developed in both the physics and mechanics communities. 

In the physics community, the PFM was developed within the context of the Landau-

Ginzburg theory, and the model in the mechanics community was developed within 

the framework of the variational theory. Herein, the variational-based PFM and its 

applications are reviewed. 
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The PFM was first proposed by Francfort and Marigo [174] to simulate crack 

growth in brittle materials based on the variational principle. Subsequently, Bourdin et 

al. [175] improved the variational formulation by regularizing sharp crack surfaces 

with both a phase-field variable and a length-scale parameter for convenient numerical 

implementations. In the variational formulation, the total energy functional including 

both the bulk energy and the crack surface energy is minimized to obtain a set of PDEs 

that automatically governs the fracture behaviors such as crack initiation, propagation 

and branching without tracking crack topologies. The coupled PDEs can be solved by 

a monolithic scheme [176] or a staggered scheme [177], in which the displacement and 

phase-field variables are calculated simultaneously or sequentially, respectively. To 

avoid unrealistic fracture behaviors under compression loading, Amor et al. [178] 

improved the PFM by decomposing a strain tensor into volumetric and deviatoric 

components. Miehe et al. [179] decomposed a strain tensor into positive and negative 

components and further introduced a history field of the maximum positive strain 

energy to enforce irreversibility conditions. Borden et al. [111] proposed a higher-

order PFM for obtaining the exact regularized representations of sharp crack 

topologies and increasing the convergence rate. 

In addition, the PFM has been developed for ductile fracture [180-184]. For 

example, Borden [180] developed a PFM for large deformation ductile fracture 

problems. Ulmer et al. [181] developed a formulation to investigate ductile fracture in 

elastoplastic solids within a thermodynamically consistent framework. The 

formulation was capable of predicting the brittle-to-ductile failure mode transition 

under dynamic loading. Ambati et al. [182] investigated ductile fracture in 

elastoplastic solids based on a PFM that included the coupling effect between the 

degradation function and the plastic strain state. 
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Numerical implementations of the PFM have been investigated within the 

framework of FEM [177, 179]. However, the PFM suffers from high computational 

cost because a fine mesh is required around crack surfaces. A locally pre-refined mesh 

can improve computational efficiency, whereas crack propagation paths are unknown. 

AMR is a good alternative because it can automatically refine mesh without requiring 

the crack growth paths to be known a priori. Until now, numerous AMR schemes have 

been developed via the FEM [185-188]. For example, an adaptive refinement strategy 

combined with a goal-oriented error estimator was proposed for the phase-field 

modeling of a two-phase system [185]. To allow the mesh to grow without requiring a 

priori mesh refinement, a predictor-corrector mesh adaptivity scheme was developed, 

and a primal-dual active set strategy was used to enforce irreversibility conditions 

[186]. 

In addition to FEM, the meshfree methods and IGA have been developed for the 

phase-field fracture modeling. For example, Rosolen et al. investigated the brittle 

fracture via a PFM within the numerical framework of the LME meshfree method. 

Shao et al. [189] developed an EFGM-based algorithm to investigate brittle fracture in 

both 2D and 3D problems. Moreover, Borden et al. [190] developed a second-order 

PFM for dynamic fracture based on IGA, in which T-splines basis functions were 

introduced to discretize the domain and to approximate displacement fields. Later, 

Borden et al. [111] proposed a fourth-order model that utilized higher-order basis 

functions and generated higher regularity in the phase-field solutions. To obtain 

computationally efficient solutions, AMR strategies using T-splines [190], PHT-

Splines [191] and THB-splines [13] have been investigated in 2D and 3D phase-field 

fracture simulations. 
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2.6. Summary 

This chapter firstly reviews three numerical methods, including the FEM, 

meshfree methods and IGA. Secondly, the discrete fracture modeling of 2D plane and 

thin-shell structures is elaborated. Finally, the phase-field modeling of both brittle and 

ductile fracture is presented. The discrete model treats a crack as a discontinuity by 

remeshing or partition-of-unity-based schemes, and the PFM treats a cracked body as a 

continuum. Numerical implementations of both the discrete and phase-field fracture 

modeling are discussed in detail. 
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Chapter 3 An IGA-Meshfree Coupling Approach for Linear 

and Geometrically Nonlinear Analyses of Shells 

An IGA-meshfree coupling approach is developed to investigate linear and 

geometrically nonlinear deformation behaviors of shells. The coupling approach 

divides a problem domain into three subdomains, in which the isogeometric 

subdomain ensures the geometry exactness, the meshfree one achieves the local 

refinement, and the coupling one ensures the smooth transition between the other two 

subdomains. The KL shell theory is employed without the consideration of rotational 

DOFs. The coupling approach can simulate the linear and nonlinear behaviors of shells 

with a higher convergence rate than the IGA and meshfree methods because of the 

realization of local refinement. 

3.1. Problem description and solution approach 

3.1.1. Equilibrium equations of thin shells 

The KL theory is utilized for investigating the deformation behaviors of thin 

shells, and their kinematics are introduced in Appendix A. For shells, the total sum of 

the internal and external work equals zero: 

 int extδ 0δ δW W W= + =  (3.1) 

with δWint being as 

 int d:δ
V

VW = − S . (3.2) 

The integration along the thickness gives the δWint as follows [192]: 

 ( )d: : d:
V A

V A − = − + S mn ε κ , (3.3) 

where the membrane stress n = tCε and the bending stress 3 12t=m C  are expressed 
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by the Voigt’s notation, and dA denotes the area of a mid-surface given as  

 
1 2

0 0 1 2,    d d d  A j ξ ξ j= = A A  (3.4) 

with  

 

( ) ( )( )

( )

( ) ( )( )

2 2
11 11 22 12 11 12

2
22 22 12

2
11 2

2

2 12Sy

1

1
1

1 1m.
2

A A A A A A

A A
E

A

A A A

 



 

 
− 

 
=  

−  
  − +

    

+

+

C ,

 (3.5) 

where Aαβ is the contravariant metric coefficient. 

By taking the first derivative of Eq. (3.1), the residual force is obtained as 

 
int extint extR r r r

r r

W W
F F

u u

  
= + = + 

  
. (3.6) 

The second derivative yields the internal stiffness K
int 

rs : 

 
2 2

int : : : : drs

s r r s s r r sA

K A
u u u u u u u u

      
= + + + 

        


n m
n m

ε ε κ κ
. (3.7) 

For the linear deformation, the stiffness matrix can be reduced as 

 
int : : drs

s r s rA

K A
u u u u

    
= + 

    


n mε κ
. (3.8) 

3.1.2. IGA-meshfree coupling approach 

In the parametric domain, the isogeometric and MLS shape functions are coupled 

based on the reproducing conditions. The parametric domain includes the IGA 

subdomain Ω
IGA 

ξ , the meshfree subdomain Ω
MF 

ξ  and the coupling subdomain Ω
CP 

ξ , and 

their corresponding physical subdomains are represented by ΩIGA, ΩMF
 and ΩCP, 

respectively. The IGA subdomain is responsible for the outer part that contains the 
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boundary, and the meshfree subdomain is accountable for the interior part with the 

implementation of local mesh refinement.  

The displacement uI(x) can be approximated based on the coupling approach as 

follows: 

 ( ) ( )
S

1

N

I I I

I

u Φ u
=

=x ξ , (3.9) 

where uI denotes the coefficient related to control points, NS denotes the number of 

basis functions, and ΦI(ξ) is the basis function given as 

 ( )

( )

( ) ( )

( )

IGA

CP CP

MF

I I ξ

I I I I ξ

I I ξ

R Ω

Φ R Ψ Ω

Ψ Ω




= + 
 

ξ ξ

ξ ξ ξ ξ

ξ ξ

, (3.10) 

where ΨI(ξ) is the MLS shape function introduced in Appendix B, and RI(ξ) is the 

NURBS basis function. 

The coupling shape function Ψ
CP 

J (ξ) can be obtained based on the consistency 

conditions expressed in Eqs. (B.12) and (C.6). The NURBS basis function is treated as 

a constant in the coupling subdomain. The pth order consistency condition is defined 

as 

 ( )  ( ) ( )  ( ) ( )  ( ) ( )
S M B

1 1 1

N N N
CPl l

I I J J I I

I

l

J I

Φ Ψ R
= = =

= + =  p p p pξ ξ ξ ξ ξ ξ ξ , (3.11) 

where p(ξ
[l] 

I ) is the reproducing point vector defined in Eq. (C.7). 

The meshfree shape function based on the MLS approximation is expressed as 

 ( )  ( ) ( )  ( )1T lCP

J J JΨ W= −p cξ ξ ξ ξ ξ . (3.12) 

The following expression can be obtained by substituting Eq. (3.12) for the meshfree 

shape functions in Eq. (3.11): 

 ( ) ( ) ( ) ( )1−= −  c C p qξ ξ ξ ξ , (3.13) 
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with 

 ( )  ( )  ( )  ( )
M

1T

1

l
N

J J J

l

J

W
=

= −C p pξ ξ ξ ξ ξ , (3.14) 

 ( ) ( )  ( )
B

1

l
N

I I

I

R
=

=q pξ ξ ξ . (3.15) 

The meshfree shape function Ψ
CP 

J (ξ) in the coupling subdomain is obtained as 

 ( )  ( ) ( ) ( ) ( )  ( )1T 1lCP

J J JΨ W−= − −  p C p qξ ξ ξ ξ ξ ξ ξ . (3.16) 

A 2D problem is provided herein to demonstrate the modeling steps. Two knot 

vectors Ξ1= Ξ2 = {0, 0, 0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8, 1, 1, 1} are defined to 

construct NURBS basis functions. Based on Eq. (C.4), the linear and quadratic 

reproducing points of two directions are calculated as 

 
   1 1 1 3 5 9 11 13 15

0, , , , , , , ,1
16 16 16 16 16 16 16

 
 

= =  
 

, (3.17) 

 
   2 2 1 3 3 5 15 21 7

0,0, , , , , , , ,1
32 32 16 16 32 32 8

 
  

= =  
  

. (3.18) 

The shape functions can be obtained according to Eq. (3.10), as shown in Fig. 3.1. It is 

noted that the smooth transition is achieved among the IGA subdomain, coupling 

subdomain and meshfree subdomain. Fig. 3.2 shows the discretization of a circle in 

both the parametric and physical domains. 

This coupling approach retains the local refinement flexibility of the meshfree 

method and implements local refinement within the meshfree subdomain. Taking the 

local refinement strategy in 2D as an example: each background mesh is subdivided 

into 4 submeshes, and 5 nodes are inserted. Further mesh refinement can be treated in 

the same way until the stopping criterion is met. 
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Fig. 3.1. Quadratic shape functions of the 2D coupling approach. 

  

(a) (b) 

Fig. 3.2. The 2D coupling approximation: (a) the parametric and (b) physical domains. 

Fig. 3.3 shows the refinement processes of the first two steps. The initial mesh is 

subdivided into four meshes in the first step of refinement. The mesh subdivision is 

further implemented at the top-right mesh. It is noted that the original nodes and newly 

inserted nodes are denoted by the solid circle and hollow circle, respectively. The new 

support sizes are calculated for the inserted nodes to guarantee the smooth transition 

between the coarse and fine meshes [193]. 
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(a) (b) (c) 

Fig. 3.3. The mesh refinement scheme: (a) an initial mesh, (b) the mesh in the 1st 

refinement step and (c) the mesh in the 2nd refinement step. 

3.1.3. Numerical implementation based on the coupling approach 

The mid-surfaces in the reference and deformed configurations are defined in the 

same way as the displacement represented by the shape function ΦI(ξ) in Eq. (3.10) as 

follows: 

 ( ) ( ) ( ) ( )
S S

1 2 1 2

0

1 1

  and  , ,
N N

*

I I I I

I I

ξ ξ Φ p ξ ξ Φ p
= =

= = φ φξ ξ  (3.19) 

with the control points 
Ip  and *

Ip  being in the reference and deformed configurations, 

respectively. 

Based on linearized kinematics, the membrane strain ε and the bending strain κ  

are obtained as follows [149]: 

 
S S

11 11

22 n 22 m

1 1

12 12

 and

2 2

  
N N

I I

I I

I I

ε κ

ε u = κ u

ε κ
= =

   
   = =
   
      

 = B Bε κ , (3.20) 

where B
I 

n and B
I 

m are obtained as 

 

( )

( )

( )

( )

( )

m11,1

n ,2 m m

,2 ,1
m12

1

2

1 2

Φ

Φ   and  

( Φ Φ ) 2

TT I

I

TTI I I

I 22

T T
I

I I

  
  
  = =
  
  +
     

bA

B A B b

A A b

 (3.21) 

with 
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( ) ( )

( ) ( )

m 3 ,1 2 3 ,2 3 1

0

,1 2 ,2 1 , 3

0

1
Φ +Φ

1
  Φ +Φ Φ

I

αβ α,β I I

I α,β I α,β I αβ

j

j

=    

 −  −







b A A A A A A

A A A AA

. (3.22) 

The global stiffness matrices are obtained by substituting strain and stress into 

Eqs. (3.7) and (3.8). The linearized systems are given as 

 int

rs K u = R , (3.23) 

 eint

rs

xtu = FK . (3.24) 

The nonlinear deformation Δu is obtained based on the Newton-Raphson method 

[194], and the linear deformation can be directly calculated by Eq. (3.24). 

3.2. Linear analysis of shells 

The coupling approach is first applied to solve thin-shell benchmark problems 

that include a pinched cylindrical shell with rigid diaphragms, a Scordelis–Lo roof and 

a hemispherical shell [195]. In the coupling approach, the quartic spline weight 

function is used with support sizes 2, 3 and 4 for the quadratic, cubic and quartic 

approximations, respectively. The 4 × 4 Gauss quadrature scheme is utilized in the 

coupling approximations. Local refinement is implemented by directly inserting 

meshfree nodes around the point loadings where stress concentrations occur. 

The errors in the displacement and strain energy that are respectively denoted by 

errdisp and errener are calculated as 

 

( ) ( )ect ect

disp

ect ect

d

d
err 



−  − 

=
 





u u u u

u u
, (3.25) 
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( ) ( )

( ) ( )

T

ect ect

ener
T

ect ect

: : d

: : d
err 



− − 

=






E u u C E u u

E u C E u
, (3.26) 

where uect are the estimated exact displacements. Since there are no exact results for 

these shell problems, the higher-order NURBS approximation (p = q = 9) is applied to 

calculate uect and estimate the error norms. 

3.2.1. A pinched cylindrical shell 

This example deals with a cylindrical shell, which is supported by fixed 

diaphragms and is subjected to two opposite point loadings P = 1 N (Fig. 3.4(a)). The 

geometry parameters include the radius R = 300 mm, the length L = 600 mm and the 

thickness t = 1 mm. The material properties are E = 3 × 106 N/mm2 and ν = 0.3. One-

eighth of the cylindrical shell is modeled because of the symmetry (Fig. 3.4(b)). 

 
 

(a) (b) 

Fig. 3.4. The pinched cylindrical shell with rigid diaphragms: (a) the schematic 

configuration and (b) the locally refined mesh in the physical domain. 

Fig. 3.5(a) shows the contour plots of displacements in the deformed 

configuration with the scaling factor of 1 × 107. The results converge to the analytical 
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solution 1.8248 × 10−5 mm as global refinement is conducted [195]. The errors in the 

strain energy using the quadratic shape function are shown in Fig. 3.5(b). The coupling 

approach realizes the exact boundaries and meanwhile converges faster than the 

meshfree method. Moreover, the coupling approach with local refinement produces a 

higher convergence rate than global refinement. 

 
 

(a) (b) 

Fig. 3.5. The pinched cylindrical shell: (a) the contour plots of displacements in the 
deformed configuration (scaling factor of 1 × 107) and (b) the errors in the strain 

energy. 

3.2.2. A Scordelis–Lo roof shell 

This example deals with a Scordelis-Lo roof, which is a section of the cylindrical 

shell supported by rigid diaphragms (Fig. 3.6(a)). The roof is subjected to the uniform 

gravity load P = 90 N. The geometry parameters include the length L = 50 mm, the 

radius R = 25 mm and the thickness t = 0.25 mm. The material properties are E = 4.32 

× 108 N/mm2 and ν = 0.0. 

Fig. 3.7(a) shows the contour plots of displacements in the deformed 

configuration with a scaling factor of 10. Fig. 3.7(b) shows the errors in the 

displacement using the quadratic approximation. The coupling approach with local 
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refinement achieves a higher convergence rate than global refinement. Moreover, the 

coupling approach (with local refinement) performs better than the IGA method (with 

global refinement) when the meshes are refined. The force and moment resultants are 

shown in Fig. 3.8. 

  

(a) (b) 

Fig. 3.6. The Scordelis–Lo roof: (a) the schematic configuration and (b) the mesh with 

local refinement. 

 

 

(a) (b) 

Fig. 3.7. The Scordelis–Lo roof: (a) the contour plots of displacements in the deformed 

configuration (scaling factor of 10) and (b) the errors in the displacement. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. 3.8. The contour plots of resultants. 
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3.2.3. A hemispherical shell 

This example deals with a hemispherical shell subjected to two opposite point 

forces F = 2 N (Fig. 3.9(a)). The geometry parameters are the radius R = 10 mm and 

the thickness t = 0.04 mm. The material properties include E = 6.825 × 107 N/mm2 and 

ν = 0.3. The locally refined meshes for one-quarter of the hemispherical shell are 

plotted in the physical domain (Fig. 3.9(b)). 

 

  

(a) (b) 

Fig. 3.9. Schematics of the hemispherical shell: (a) one-quarter of the geometry and (b) 

the locally refined meshes. 

Fig. 3.10(a) shows the contour plots of displacements in the deformed 

configuration. Fig. 3.10(b) shows the errors in the strain energy using the quadratic 

approximation. The coupling approach (with global refinement) achieves the same 

convergence rate as the IGA method (with global refinement) when meshes are refined. 

Furthermore, the coupling approach with local refinement converges faster than global 

refinement. 
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(a) (b) 

Fig. 3.10. The hemispherical shell: (a) the contour plots of displacements in the 

deformed configuration (scaling factor of 30) and (b) the errors in the strain energy. 

3.3. Geometrically nonlinear analysis of shells 

The benchmark problems including a cantilever plate, a hemispherical shell, a 

pinched cylindrical shell and an open-ended cylindrical shell are analyzed by the 

coupling approach. The coupling approximation regards the outer part of geometry as 

the IGA subdomain and the interior part of the geometry as the meshfree subdomain. 

3.3.1. A cantilever plate 

A cantilever plate subjected to the shear force P = 4 N is considered, as visualized 

in Fig. 3.11(a). The geometry parameters include the length L = 10 mm, the thickness t 

= 0.1 mm and the width b = 1 mm. The material properties include E = 1.2 × 106 

N/mm2 and ν = 0.3. The quadratic basis function is used to approximate the 

displacement variables. The shear force is equally applied in 40 load steps.  

The contour plots of displacements at different load steps are visualized in Fig. 

3.11(b). Fig. 3.12 shows the load-deflection curves of the cantilever plate. The 
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numerical results are consistent with the reference solutions [196], demonstrating the 

accuracy of the geometrically nonlinear analysis with the coupling approach. 

 

 

 
(a) (b) 

Fig. 3.11. The cantilever plate: (a) the geometry and (b) contour plots of displacements 

at several load steps. 

 

Fig. 3.12. The load-deflection curves of a cantilever plate. 
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3.3.2. A hemispherical shell 

This example deals with a hemispherical shell subjected to two opposite forces P 

= 400 N (Fig. 3.14(a)). The geometry parameters include the radius R = 10 mm and the 

thickness t = 0.04 mm. The material properties include E = 6.825 × 107 N/mm2 and ν = 

0.3. The quadratic and cubic basis functions are adopted for the coupling 

approximation, and 40 equal load steps are applied herein. 

Fig. 3.13 visualizes the load-deflection curves of the hemispherical shell, which 

are consistent with reference solutions [196]. Furthermore, the cubic basis function 

converges faster than the quadratic basis function, whereas it is more time-consuming. 

The results presented by Duong et al. [197] show the same influence of different-order 

basis functions as present results. Fig. 3.14 shows the contour plots of displacements in 

the deformed configurations. 

 

 

Fig. 3.13. The load-deflection curves of a hemispherical shell. 
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(a) (b) 

  
(c) (d) 

Fig. 3.14. The hemispherical shell: (a) one-quarter of the geometry; the contour plots 

of displacements in the deformed configurations at the load steps (b) 1, (c) 10 and (d) 

40. 

3.3.3. A pinched cylindrical shell 

A pinched cylindrical shell subjected to the point loading P = 1.2 × 104 N is 

considered. The geometry parameters are the radius R = 200 mm, the length L = 200 

mm and the thickness t = 1 mm. The material properties include E = 3 × 104 N/mm2 

and ν = 0.3. The quadratic basis function is employed to approximate the displacement 

field, and 40 load steps are equally applied. 
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Fig. 3.15 visualizes the deformed configurations at different load steps. Fig. 3.16 

shows the load-deflection curves of the cylindrical shell, which are consistent with the 

reference solutions [196]. 

  

(a) (b) 

  

(c) (d) 

Fig. 3.15. The contour plots of displacements in the deformed configurations at the 

load steps (a) 1, (b) 5, (c) 30 and (d) 40. 
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Fig. 3.16. The load-deflection curves of a cylindrical shell. 

3.3.4. An open-ended cylindrical shell 

An open-ended cylindrical shell subjected to the radial force P = 4 × 104 N is 

shown in Fig. 3.17(a). The geometry parameters are the radius R = 4.953 mm, length L 

= 10.35 mm and thickness t = 0.094 mm. The material properties include E = 10.5 × 

106 N/mm2 and ν = 0.3125. One-eighth of the shell is modeled because of the 

symmetry. The quadratic basis function and 20 equal load steps are applied. 

The deformed cylindrical shells at different load steps are visualized in Fig. 

3.17(b)-(d). Displacements at points A, B, and C are consistent with the reference 

solutions [196] (Fig. 3.18), verifying the accuracy of the coupling approach. 
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(a) (b) 

  
(c) (d) 

Fig. 3.17. The open-ended cylindrical shell: (a) the geometry; the contour plots of 

displacements in the deformed configurations at the load steps (b) 5, (c) 10 and (d) 20. 

 

Fig. 3.18. The load-deflection curves of an open-ended cylindrical shell. 
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3.4. Summary 

A coupling approach of the IGA and meshfree methods is developed to 

investigate the linear and nonlinear large deformation behaviors of thin-shell structures. 

The coupling approach utilizes three subdomains: the IGA subdomain to ensure exact 

geometry representation, the meshfree subdomain to obtain local refinement flexibility 

and the coupling subdomain to guarantee smoothness between the other two 

subdomains. The coupling approach can converge faster than the IGA and meshfree 

methods by implementing local refinement. The accuracy of this coupling approach is 

demonstrated by solving benchmark problems containing both linear and nonlinear 

deformation. 

The coupling approach with global refinement can produce more accurate results, 

higher convergence rates and less computational cost than the meshfree method while 

achieving the same convergence rate as the IGA method. Furthermore, with the 

successful implementation of local refinement, the coupling approach can achieve 

higher convergence rates than the IGA and meshfree methods (with global refinement).  
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Chapter 4 A Strong Form-Based IGA-Meshfree MLS 

Approach for 2D Elastic Fracture Problems 

In this chapter, a strong form-based IGA-meshfree MLS collocation (IMMLS-C) 

approach is developed for 2D linear elastic fracture problems with contact loading. In 

the IMMLS-C approach, the equivalence between MLS shape functions and 

isogeometric basis functions is established, which provides a local mesh refinement 

scheme for IGA in a meshfree manner. Strong formulations for fracture problems are 

derived within the framework of the IMMLS-C approach. Contact constraints are 

enforced by introducing a penalty algorithm to the strong formulations. The simulated 

fracture parameters, such as SIFs in 2D plane structures, agree with the reference 

solutions. 

4.1. Problem description and solution approach 

4.1.1. Equilibrium equations 

Within the context of LEFM, the natural boundary conditions on crack surfaces 

are imposed to obtain the analytical solutions of fracture problems. Fig. 4.1 shows a 

cracked body with a red dashed line denoting a crack. The cracked body is governed 

by the following equations: 

 = in  + b 0 , (4.1) 

 t= on n t , (4.2) 

 u= on u u , (4.3) 

 c = on c c + + +n t , (4.4) 

 - - c = on c c  −n t . (4.5) 

The outward surface normal vector of the natural boundary is denoted by n. Eqs. (4.4) 
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and (4.5) represent the traction-free boundary conditions along the crack surface Γc (Γc 

= Γc+ ∪ Γc-) with the unit normal vectors nc+ and nc-. The traction vectors tc+ and tc- 

are considered to be zero. 

 

  

(a) (b) 

Fig. 4.1. A cracked body in two dimensions: (a) the schematic configuration and (b) 

the discretization by collocation points. 

The constitutive equation and strain-displacement relations are represented by 

 ( )2 tr = + I   , (4.6) 

 ( )T

sym

1

2
  +u = u u = , (4.7) 

where tr(ε) is the trace of Cauchy’s strain tensor. Under the plane-strain condition, the 

Lamé constants λ and μ are expressed by both E and ν as follows: 

   and     
(1 )(1 2 ) 2(1 )

E E
G


 

  
= = =

+ − +
. (4.8) 

The displacement discontinuity due to cracks can be modeled by several 

approaches, such as the visibility method [137], diffraction method [198], transparency 

method [198] and the method based on the extrinsic partition of unity enrichment [128, 

199]. Herein, the visibility method is employed to model the displacement 

discontinuity. As shown in Fig. 4.2, when the influence domain of the point J is fully 
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cut by a crack surface, the nodes which are located on the same side of the crack 

surface as the point J are considered for field approximations. When the influence 

domain of a point is partially cut, the diffraction method can be employed for 

obtaining smooth stress fields around crack tips. 

 

Fig. 4.2. Discontinuity modeling along the crack surface. 

Two level sets, ϕ and φ, are used in the visibility criterion to determine visible 

nodes. Fig. 4.3 shows a crack surface and a local tip coordinate system x-y that is used 

to measure ϕ and φ. ϕ denotes the shortest distance normal to a crack surface, and φ 

denotes the shortest distance tangential to a crack surface. When the points J and I are 

located on the same side of a crack surface, namely the condition ϕJϕI > 0 is satisfied, 

the point I is involved in the field approximations. On the other hand, the condition is 

not met at point K, indicating the field approximations without considering point K. 

 

 

Fig. 4.3. A crack representation by the level set method. 
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4.1.2. IGA-meshfree MLS approach 

By using the reproducing conditions [83], a reproducing point vector is obtained 

as  ( )      ( )      ( )  ( )  ( ) 
2 2

1 1 2 1 1 2T 1, , , , , , , , ,I I I I I I I I

p q
p q

I ξ η ξ ξ η η ξ η=p ξ , which is detailed 

in Appendix C. By considering the reproducing point vector within the framework of 

MLS approximation, the following matrices are obtained: 

 ( )  ( )  ( )  ( )
M

1 T

1

N

J J J

J

W
=

= −A p pξ ξ ξ ξ , (4.9) 

 ( ) ( )  ( ) ( )  ( )  ( )  ( )
M M

1[1] [1]

1 1 2 2 N NW W W= − − − 
 

B p p p          . (4.10) 

The MLS basis function is achieved by replacing the matrices ( )A   and B(ξ) in Eq. 

(B.10) as follows: 

 

( ) ( )( )

( )  ( )  ( )  ( ) ( )  ( )
M

T 1

1

1T T [1]

1

=

J J

N

J J J J J

J

Φ

W W

−

−

=

=

 
− − 

 


p A B

p p p pξ ξ ξ ξ

 

   
, (4.11) 

where the linear reproducing points ξ
[1] 

J  are treated as meshfree nodes. It is noted that 

the MLS-based formulation is equivalent to the RK formulation in [89]. Thus, Eq. 

(4.11) can reproduce isogeometric basis functions. B-spline basis functions are 

reproduced via Eq. (4.11) when the support size equals (p + 1)/2. NURBS basis 

functions are reproduced by combining weights wJ with the meshfree reproducing 

formulations as follows: 

 ( )
( )

( )
1

J J

J N

K K

K

Φ w

Φ w



=

=



ξ
ξ

ξ

. (4.12) 

It is noted that, in the meshfree methods, the larger support domain is used to 

include enough nodes for an accurate approximation, which leads to the high 

computational cost. The IMMLS-C approach reproduces the B-spline and NURBS 
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basis functions by using a small support domain. Thus, the computation cost of the 

approach is less than that of the meshfree methods. Moreover, the present approach 

utilizes Eq. (4.11), the unified meshfree formulation, throughout the whole domain 

without subdivisions compared with the previous coupling approach in Chapter 3. 

Therefore, the IMMLS-C approach simplifies the implementation of adaptivity in the 

analysis of crack propagation. 

4.1.2. Numerical implementation 

Fig. 4.1(b) shows the discretization of a cracked body with collocation points that 

are classified into three types: the interior, natural boundary and essential boundary 

points. The points on both Γt and Γc and the points on Γu belong to the sets Ζtc and Ζu, 

respectively. Other points in the interior domain belong to the set Ζint. 

The displacement fields are approximated by the shape function Φi and nodal 

displacement ui as follows: 

 
1=

=u u
n

i i

i

Φ . (4.13) 

Compared with the classical form of displacement approximation based on the idea of 

XFEM, the present approximation in Eq. (4.13) avoids adding additional enrichment 

functions, thus reducing the total DOFs and computational cost. The substitution of 

Eq. (4.13) in Eqs. (4.1)-(4.5) yields the following discretized equations: 

 ( )( ) ( )= ,Φ − L u bI I I   , (4.14) 

 ( )( ) ( )tc t c= ,J J J   B u tΦ    , (4.15) 

 ( )( ) ( )u u= ,K K K B u uΦ    . (4.16) 

L is the differential operator of the equilibrium equation. Btc and Bu are the boundary 

operators associated with the prescribed traction and displacement boundary 
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conditions, respectively. These operators in 2D elasticity are expressed as follows: 
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 u

1 0

0 1

 
=  
 

B . (4.19) 

By rearranging Eqs. (4.14)-(4.16), the discretized system is obtained as 

 

int int int

tc tc tc

u u u

    
    

=    
    

    

K u f

K u f

K u f

, (4.20) 

where Kint, Ktc and Ku denote the matrices for the points in the sets Ζint, Ζtc and Ζu, 

respectively; fint, ftc and fu are the corresponding force vectors.  

4.2. Numerical results 

The IMMLS-C approach is applied to the 2D crack problems within the 

framework of LEFM. The linear reproducing points are considered as the collocation 

points in the IMMLS-C approach. The meshfree nodes are treated as the collocation 

points in the strong form-based EFGM. The SIFs of cracks are calculated by the 

interaction integral [128], which is introduced in Appendix D. The last two examples 

consider contact conditions. The contact constraints are imposed by the penalty 

method, as introduced in Appendix F. Furthermore, the plane-strain condition is 

assumed for all the examples. It should also be noted that the crack path is represented 

by a red line. 
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4.2.1. An infinite plate with a center crack 

This example deals with the isotropic infinite center-cracked plate subjected to a 

remote tension. Fig. 4.4(a) shows the geometrical configuration of the simplified 

square edge-cracked domain that is subjected to a uniform tension σ = 104 N/cm2. The 

geometrical parameters of the square domain include the crack length a = 5 cm and 

width of square domain 2a. The material parameters include E = 107 N/cm2 and ν = 

0.3. The analytical solutions are [200] 
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with I  =K a . The error norm in terms of the relative strain energy error is 

calculated by 

 

( ) ( )

( ) ( )

T

ext ext

E T

ext ext

: : d

: : d

A

A

A

err
A

− −

=




C

C

   

 
, (4.22) 

where εext are the exact results, and C is the fourth-order tensor. Herein, background 

meshes are used to calculate the error norm for the convergence study. Fig. 4.4(b) 

shows the initial meshes and collocation points. 

The contour plot of von Mises stress is shown in Fig. 4.5, in which the near-tip 

stresses are captured via adaptive refinement. The adaptively refined meshes are 

shown in Fig. 4.6. After the first step in which the whole meshes are refined, the near-
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tip meshes are locally refined, whereas the meshes away from the crack tip remain 

coarse. Fig. 4.7 illustrates the error norm under three schemes: the EFG collocation 

approach with uniform meshes, and the present approach with both uniform and 

adaptive meshes. For the strong form-based EFG approach, the collocation points are 

the same as the meshfree nodes. The present approach with adaptive refinement 

achieves the highest convergence rate. Fig. 4.8 visualizes the comparison of numerical 

efficiency between the proposed approach and EFG. The present approach requires 

less computational time to yield equally accurate results due to the implementation of 

adaptive refinement. 

 

  

(a) (b) 

Fig. 4.4. An infinite plate with a center crack: (a) the schematic configuration and (b) 

initial meshes. 
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(a) (b) 

Fig. 4.5. Contour plots of the infinite plate with a center crack: (a) the von Mises stress 

and (b) a close-up of the crack-tip region. 

  

(a) (b) 

  

(c) (d) 

Fig. 4.6. Adaptively refined meshes: (a) second-level meshes, (b) third-level meshes, 

(c) fourth-level meshes and (d) fifth-level meshes. 
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Fig. 4.7. Errors in the strain energy norm. 

 

Fig. 4.8. The comparison of numerical efficiency between the proposed approach and 

EFG. 

4.2.2. An edge-cracked plate subjected to shear loading 

This example deals with an edge-cracked rectangular plate subjected to a shear 

loading P = 1 N/cm2. Fig. 4.9 shows the geometry and initial meshes. The geometrical 

parameters include the height H = 16 cm, width W = 7 cm and crack length a = 3.5 cm. 

The material parameters include E = 3×107 N/cm2 and ν = 0.25. The reference 

solutions of SIFs are KI = 34 
3

N cm  and KII = 4.55 
3

N cm [128]. 
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The adaptively refined meshes and the stress contour plot that is relevant to the 

refined meshes are illustrated in Fig. 4.10. It is observed that the most dense nodes are 

generated near crack tips based on a gradient-based error indicator. Table 4.1 lists the 

values of KI and KII calculated by the proposed approach and other numerical methods. 

In the meshfree point collocation method [140], the meshfree nodes are considered as 

the collocation points. The errors of both KI and KII are less than 1%, demonstrating 

the accuracy of the proposed approach. 

  

(a) (b) 

Fig. 4.9. An edge-cracked plate: (a) the schematic configuration and (b) initial meshes. 

 
  

(a) (b) (c) 

Fig. 4.10. Adaptive refinement of the edge-cracked plate: (a) meshes, (b) nodes and (c) 

the contour plot of von Mises stress. 
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Table 4.1. Comparison of SIFs for an edge-cracked plate subjected to shear loading. 

Methods 

Mode-I SIFs Mode-II SIFs 

KI Error (%) KII Error (%) 

Present 33.68 0.93 4.55 0.009 

Reference [201] 34.12 0.35 4.76 4.62 

Reference [140] 33.78 0.65 4.48 1.54 

 

4.2.3. An edge-cracked plate subjected to tensile loading 

Fig. 4.11 shows the configuration of the geometry, loading and initial meshes for 

an edge-cracked plate that is subjected to the uniform tension P = 1 N/cm2. The 

geometry parameters include the width W = 8 cm, crack length a = 0.5W and height H 

= 16 cm. The material parameters include E = 3 × 107 N/cm2 and ν = 0.25. Exact 

values of Mode-I SIFs are calculated by 

2 3 4

I 1.12 0.23 10.55 21.72 30.39
        

= − + − +        
         

a a a a
K P a

W W W W
. (4.23) 

As shown in Fig. 4.12(a), the near-tip meshes are locally refined due to high 

gradients. The contour plot of the von Mises stress that is relevant to the final refined 

meshes is illustrated in Fig. 4.12(c). The high-density collocation points are generated 

near crack tips to capture the stress singularity. To validate the proposed approach, 

different ratios of a/W (0.2, 0.3, 0.4, 0.5 and 0.6) are used to calculate the Mode-I SIF, 

and the comparison of the Mode-I SIF values is shown in Table 4.2. The present 

approach achieves a more accurate KI with a relative error less than 1%. Fig. 4.13 

shows the convergence rate of KI under three schemes: the weak form-based Galerkin 

approach with uniform meshes [202] and the present collocation approach with both 

uniform and adaptive meshes. The relative errors of KI at different refinement steps are 
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12.01%, 11.71%, 3.41%, 1.15% and 0.31%, and the corresponding DOFs are 1224, 

1728, 2234, 2862 and 3378, respectively. It should be noted that the weak form-based 

approaches are more accurate than their strong counterparts when both approaches 

apply uniform meshes, which is observed in Fig. 4.13. Furthermore, the present 

approach with AMR achieves a high convergence rate of KI with respect to the DOFs. 

 

  

(a) (b) 

Fig. 4.11. An edge-cracked plate subjected to tensile loading: (a) the schematic 

configuration and (b) initial meshes. 

   
(a) (b) (c) 

Fig. 4.12. Adaptive refinement of the edge-cracked plate: (a) meshes, (b) nodes and (c) 

the contour plot of σVM. 
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Table 4.2. Comparison of the Mode-I SIF values at different crack lengths. 

a/W 
Analytical 

values 

Reference solutions 

[202] 

Error 

(%) 

Present 

results 

Error 

(%) 

0.2 3.07 3.05 0.62 3.06 0.47 

0.3 4.56 4.58 0.48 4.55 0.24 

0.4 6.67 6.66 0.18 6.65 0.32 

0.5 10.02 9.93 0.90 9.99 0.31 

0.6 15.64 15.48 1.02 15.60 0.26 

 

 

Fig. 4.13. The convergence of Mode-I SIF values with respect to DOFs. 

4.2.4. A rigid cylinder in contact with a central cracked block 

This problem deals with the frictional contact between a central cracked block 

and a rigid cylinder. Fig. 4.14(a) shows the geometry configuration with the radius R = 

1 mm, length L = 2 mm, width W = 2 mm, crack length 2a = 1/4W and distance d = 

1/4W. The lower block is linearly elastic with the material parameters including E = 

1.333 kN/mm2 and ν = 0.333. The penalty parameters, εN = 104 and εT = 103, and the 

coefficient of friction μ = 0.3 are used to enforce the contact constraints. A vertical 

force P = 0.005 kN is distributed uniformly on the half-cylinder. 
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Fig. 4.15 illustrates the contour plot of the von Mises stress that is relevant to the 

final meshes shown in Fig. 4.14(b). Both the contact and crack-tip regions are 

densified with collocation points to capture the accurate field variables. The effects of 

different radiuses and distances on the values of SIFs are further investigated in Fig. 

4.16. Due to the pressure loading, both the KI and KII are negative at the left crack tip, 

which indicates that an opening crack will not be observed. The absolute values of 

both KI and KII increase with an increase in the radius due to the larger contact areas. 

The results under the condition of the different distances (1/8W, 1/4W and 3/8W) show 

that the absolute values of both KI and KII decrease with an increase in the distance. 

The numerical normalized contact pressures without any cracks are visualized in Fig. 

4.17, which demonstrates good agreement with the analytical values. By considering a 

crack, the normal contact tractions under the different crack lengths and distances are 

shown in Fig. 4.18. Moreover, under the condition 2a = 1/24W, the effect of the 

distance on the normal contact traction becomes more significant when the crack is 

near contact areas. 

 

  

(a) (b) 

Fig. 4.14. A rigid cylinder in contact with a central cracked block: (a) the schematic 

configuration and (b) refined meshes. 
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(a) (b) 

Fig. 4.15. Contour plots of the central cracked block in contact with a rigid cylinder: (a) 

the von Mises stress and (b) a close-up of the crack-tip region. 

  

(a) (b) 

Fig. 4.16. SIFs of the left crack tip (2a = 1/4W): (a) effects of the radiuses and (b) 

effects of the distances. 

 

Fig. 4.17. Analytical and numerical normalized contact tractions without any cracks. 
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(a) (b) 

Fig. 4.18. Effects of (a) the different crack lengths with d = 1/8W and (b) the different 

distances with 2a = 1/24W on the normal contact traction. 

4.2.5. Frictional contact between an elastic cylinder and a central cracked block 

Fig. 4.19(a) illustrates the geometry and boundary configurations of a central 

cracked block in contact with a half elastic cylinder. The upper geometry is loaded 

with a vertical displacement uy = 0.002 mm and horizontal displacement ux = 0.00075 

mm. The geometrical parameters are the radius R = 1 mm, height h = 0.3 mm, width W 

= 0.5 mm, length L = 0.5 mm, crack length 2a = 1/4W and distance d = 1/4W. The 

material parameters of the two bodies include the coefficient of friction μ = 0.2, E = 1 

kN/mm2 and ν = 0.3. The penalty parameters, εN = 1000 and εT = 100, are used to 

enforce the contact constraints. 

Fig. 4.19(b) visualizes the adaptively refined meshes after three levels of 

refinement. The most dense mesh at both the contact and crack-tip regions is generated 

according to a gradient-based error indicator. Fig. 4.20 visualizes the contour plot of 

the von Mises stress and its close-up at the contact and crack-tip regions. Contour plots 

of stress components are also investigated, as shown in Fig. 4.21. Furthermore, the 

distance effect on both KI and KII is studied via both the present approach and the 

strong form-based EFG, as listed in Table 4.3. Under the different distances (1/8W, 



Chapter 4 An IGA-Meshfree Collocation Approach for 2D Fracture Problems 

71 

1/4W and 3/8W), the absolute values of both KI and KII decrease with an increase in d 

for the two approaches. It is also observed that the values of KI are negative due to the 

compression loading. The similar negative SIFs for a cracked specimen under 

compression have been obtained in [203] that treats the value of negative KI as zero. 

Other strategies that aim to keep the negative SIFs significant utilize the combined SIF 

for the analysis of a subsurface crack under cyclic contact loading [204, 205]. 

 

  

(a) (b) 

Fig. 4.19. Two deformable bodies with a central crack: (a) the schematic configuration 

and (b) refined meshes. 

  

(a) (b) 

Fig. 4.20. The contour plot of two deformable bodies with a central crack: (a) the von 

Mises stress and (b) a close-up of the contact and crack-tip regions. 
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(a) (b) (c) 

Fig. 4.21. Contour plots of stresses: (a) σxx, (b) σxy and (c) σyy. 

Table 4.3. Values of SIFs for the crack at various distances. 

d 

Present (×10-3) EFG-Collocation (×10-3) 

Right crack tip Left crack tip Right crack tip Left crack tip 

KI KII KI KII KI KII KI KII 

1/8W -1.42 0.68 -1.38 -0.59 -1.47 0.61 -1.40 -0.54 

1/4W -1.05 0.28 -1.01 -0.23 -1.06 0.29 -1.02 -0.20 

3/8W -0.80 0.17 -0.78 -0.08 -0.84 0.19 -0.81 -0.12 

4.3. Summary 

An adaptive IMMLS-C approach is developed for the 2D linear elastic fracture 

problems with contact loading. The concept of the proposed approach relies on the 

usage of reproducing conditions to establish the equivalence between the isogeometric 

basis functions and MLS shape functions. Due to this equivalence, the present 

approach not only possesses the advantages of IGA, including the geometric exactness 



Chapter 4 An IGA-Meshfree Collocation Approach for 2D Fracture Problems 

73 

and higher-order approximation, but also inherits the flexibility of adaptive refinement 

from meshfree methods. The adaptive refinement is automatically implemented by 

using a gradient-based error estimator without requiring the exact stress or strain 

fields. This approach is further applied to fracture problems for obtaining strong 

formulations, thus avoiding the time-consuming numerical integration. Within the 

strong formulations, the displacement continuity along the traction-free crack surface 

is treated by the visibility method without adding additional enrichment functions.  

The accuracy of the present approach is validated by solving a series of numerical 

examples. In the first example, the simulation results demonstrate that the present 

approach achieves both a higher convergence rate and computational efficiency 

compared with the strong form-based EFGM that treats meshfree nodes as collocation 

points. Furthermore, the singularity of stress fields near a crack tip and the 

discontinuity of displacement fields around a crack surface are captured by AMR. In 

the second and third examples, the values of SIFs calculated by the proposed approach 

are in good agreement with the reference results. The simulation results of Hertzian 

contact problems are verified by the reference results, which further demonstrate the 

robustness of the IMMLS-C approach. 
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Chapter 5 An IGA-Meshfree MLS Approach for Analyses of 

Crack Propagation in Shells 

In this chapter, an IGA-meshfree MLS approach is developed to investigate the 

crack propagation in shells. This proposed approach achieves the equivalence between 

IGA basis functions and MLS basis functions and implements AMR by using a 

gradient-based error indicator. This IGA-meshfree MLS formulation is enriched for 

modeling cracked shells based on the partition of unity method (PUM). The singularity 

of the stress fields and the discontinuity of the displacement fields can be efficiently 

captured. The simulated behaviors of both the stationary and propagating cracks are 

verified with the reference solutions. 

5.1. Problem description and solution approach 

5.1.1. Numerical implementation 

On the cracked mid-surface of a shell, the displacements are expressed based on 

PUM as follows: 
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where ΦI is calculated by Eq. (4.11); u = {uI1, uI2, uI3} are the standard DOFs; c ={cJ1, 

cJ2, cJ3} and d = {dK1, dK2, dK3} are the DOFs related to the crack surfaces and tips, 

respectively; H, Q and F are the Heaviside, in-plane and out-of-plane enrichment 



Chapter 5 An IGA-Meshfree MLS Approach for Crack Growth in Shells 

75 

functions, respectively. Fig. 5.1 shows the 1D and 2D step-enriched basis functions, 

respectively. 

  

(a) (b) 

Fig. 5.1. The step-enriched quadratic basis functions: (a) 1D functions and (b) the 2D 

function of Φ4. 

By utilizing the local polar coordinate system, the in-plane enrichment function 

can be expressed as 
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. (5.3) 

The out-of-plane enrichment function can be expressed as 
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It is noted that the shifted Heaviside step functions and shifted tip-enrichment 

functions were introduced by Belytschko et al. [206] for compatibility enforcement. 

By shifting, the blending of enriched elements into the standard ones is simplified. 

Herein, the same discretization of the displacement fields as that in [114] is used. 

The mid-surface in a reference configuration can be expressed as 
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where 3PI
 are meshfree nodes in the physical space. The mid-surface in a 

deformed configuration is defined in the same way. 

The matrices related to the membrane and bending strains can be divided into 

standard and enriched parts. The standard membrane and bending strains are described 

by the membrane matrix B
uI 

n  and the bending matrix B
uI 

m  in Eq. (3.20), respectively. The 

membrane matrix related to the Heaviside enrichment function can be expressed as 
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The membrane matrix associated with the tip enrichment function is 
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The bending matrix associated with the Heaviside enrichment function is 
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where b
cJ 

m11, b
cJ 

m22  and b
cJ 

m12  are the same as the standard bending parts. The bending 

matrix associated with the tip enrichment function is 
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where b
dK 

m11, b
dK 

m22 and b
dK 

m12 are obtained by replacing ΦI,1, ΦI,2, ΦI,12, ΦI,11 and ΦI,22 in Eq. 

(3.22) as follows: 

 

( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )

,1 ,1 ,1

,2 ,2 ,2

,11 ,11 ,1 ,1 ,11

,22 ,22 ,2 ,2 ,22

,12 ,12 ,1 ,2 ,2 ,1 ,12

,

,

2

,

,

.

2

I K K I K

I K K I K

I K K I K I K

K K

K K

I K K I K I K

I K K I K I K I

K K

K

K K K

K

Φ Φ Q Φ

Φ Φ Q Φ

Φ Φ Q Φ Φ

Φ Φ Q Φ Φ

Φ Φ Q Φ Φ Φ

Q Q

Q Q

Q Q Q

Q Q Q

Q Q Q Q

 

 

  

  

 









  

= +

= +

= +

=

−

−

− +

− +

− + +

+

= +

ξ ξ ξ

ξ ξ ξ

ξ ξ ξ ξ

ξ ξ ξ ξ

ξ ξ ξ ξ ξ

 (5.10) 

By discretizing the virtual work in Eq. (3.1), the linearized system is obtained as 

 =KU F , (5.11) 

where the unknown displacement fields are defined as U = {u, c, d}T; the stiffness 

matrix K is expressed as 
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where the superscript u is related to the standard parts; c and d are related to the 

enriched parts. For these three parts, the corresponding stiffness matrix is expressed as 

follows: 
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The force vector F is described as 
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5.1.2. Adaptive refinement procedure 

The procedure of AMR includes two parts: error estimation and mesh refinement. 

The meshfree local refinement strategy is introduced in Appendix G. The gradient-

based error estimation strategy is used to identify elements associated with large errors. 

As discussed in [207], the strain energy density and external potential energy density 

influence the accuracy of the solutions, while the gradient of strain energy density 

determines the global errors that are used for the AMR. 

According to the extended displacement approximation of a cracked shell surface 

in Eqs. (5.1) and (5.2), the strain energy density can be divided into three parts: a 

standard part and two enriched parts. The strain energy density of an element k is 

calculated as 
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To circumvent the second-order derivatives of the shape functions, a convenient 

implementation for the gradient of strain energy density is applied, as introduced in 

[208]. Within an element k, the average gradient of strain energy density can be 

obtained as follows: 

 

k k
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i j
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−
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, (5.16) 

where lij is the distance between nodes i and j, and Nk is the number of nodes. The 

strain energy densities at nodes i and j are denoted by D
SE 

i  and D
SE 

j , respectively. The 

gauss points within an element are used to calculate the strain energy density. 
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A mesh density D
M 

k  that represents the number of nodes within a unit area is 

calculated as 

 
M k
k

k

N
D

A
= , (5.17) 

where Ak is the area of an element k. The average mesh intensity of an element k is 

calculated as follows: 

 
SED

MI

M

k
k

k

G
r

D
= . (5.18) 

Ideal meshes can be obtained when the average mesh intensity is the same throughout 

the domain. However, the ideal meshes for most of the problems are rather difficult to 

achieve. To obtain accurate solutions, the maximum and minimum mesh intensities 

Rmax and Rmin are used to determine the threshold Rthre for identifying elements 

associated with large errors. 

The average mesh intensities of elements are calculated via Eq. (5.18). The mesh 

refinement on the element k is performed when its average mesh intensity exceeds the 

threshold Rthre, which is defined as follows: 

 ( )MI

thre min thre maxif  , refinekr R R R R   . (5.19) 

Herein, the threshold is defined as Rthre = kRmax with k being a constant number and 

Rmax being the maximum value of average mesh intensities.  

5.2. Numerical results 

Within the framework of LEFM, the IGA-meshfree MLS approach is applied to 

investigate the stationary and propagating cracks in shells. The maximum 

circumferential stress criterion is utilized for determining whether a crack would grow 

and the growth angle in the quasi-static crack propagation. In the propagation analysis, 
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the sufficiently large quasi-static loading is enforced, and only the propagation angle 

needs to be calculated. The quadratic basis function is employed with 8 × 8 gauss 

integration for meshes around crack tips, 6 × 6 gauss integration for meshes around 

crack surfaces and 4 × 4 for the rest domain. The Lagrange multiplier method is 

applied to enforce boundary conditions. The crack propagation path is denoted by a 

red line in the following examples. 

Table 5.1 describes the computational procedure of adaptive crack propagation 

analysis. 

Table 5.1. Flow chart of the adaptive crack propagation analysis. 

Step 1. Load the geometry data of the initial NURBS surface to obtain the initial knot 

vectors, control points, weights and meshes. 

Step 2. Check the crack propagation step k. If k ≤ Nstep, go to Step 3. Otherwise, go to 

Step 6. 

Step 3. According to the current meshes, calculate basis functions by Eq. (4.11), 

assemble K and F based on Eqs. (5.13) and (5.14), respectively, and then solve the 

displacement U by Eq. (5.11). 

Step 4. Calculate the gradient-based error estimator and mark elements accordingly. If 

the current refinement step j exceeds threshold Nrefine, exit the mesh refinement. 

Otherwise, obtain the new meshes by refining the marked elements and return to Step 

3. 

Step 5. Calculate the fracture parameters including the SIFs and propagation angle and 

update the crack geometry. Then return to Step 2. 

Step 6. Output the displacement fields for postprocessing. 

5.2.1. An infinite plate with a center crack 

This example investigates an isotropic infinite plate with a center crack subjected 
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to remote tension. As shown in Fig. 5.2(a), this problem domain is simplified into an 

edge-cracked square domain subjected to a uniform tension σ = 104 N/cm2. The 

material parameters include E = 107 N/cm2 and ν = 0.3. The geometry parameters are 

set as follows: the crack length a equals 5 cm, and the width of the square ABCD is 2a. 

Under the plane-strain condition, analytical solutions are expressed in Eq. (4.21). The 

error in the strain energy is calculated by Eq. (4.22). The initial isogeometric meshes 

and meshfree nodes in the physical space are shown in Fig. 5.2(b). The threshold Rthre 

for error estimation is set to be 1% of Rmax, and the maximum refinement step is 6 to 

ensure that the smallest distance between the nodes is less than 1/64 of the initial nodal 

spacing. 

 

  

(a) (b) 

Fig. 5.2. A center-cracked infinite plate: (a) the schematic diagram and (b) initial 

configurations. 

Due to the singular stresses at crack tips, meshes near crack tips are required to be 

refined for obtaining accurate results. As shown in Fig. 5.3, meshes and corresponding 

nodes around the crack tip are automatically refined, whereas those away from tip-

regions keep constant. Under the pure Mode-I fracture, an opening crack is visualized 

in Fig. 5.4, in which the contour plots of displacement and stress σxx are described, 
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respectively. The discontinuous displacements across crack surfaces and singular 

crack-tip stresses are captured. 

 

  
(a) (b) 

Fig. 5.3. The refined (a) meshes and (b) nodes at the last step of AMR. 

  

(a) (b) 

Fig. 5.4. Contour plots (magnification factor of 10): (a) the displacement uy and (b) the 

stress σxx. 

To further demonstrate the advantages of the present approach, the errors in terms 

of the strain energy norm under four conditions: present approach with and without 

AMR, as well as IGA and the meshfree method with uniform refinement, are 

calculated. As shown in Fig. 5.5, the present approach with AMR achieves a higher 

convergence rate. Moreover, the results of the present approach with uniform 

refinement are more accurate than those of the meshfree method, although they have 
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the same convergence rate. Fig. 5.6 shows the computational time versus the strain 

energy error for the different methods. The present approach with adaptivity costs the 

least amount of time while the EFG-based meshfree method costs the most, while both 

approaches yield equally accurate results. 

 

 

Fig. 5.5. Errors in the strain energy norm. 

 

Fig. 5.6. The comparison of the computational efficiency between the present 

approach and other approaches. 

5.2.2. Crack propagation in a double cantilever beam 

This example deals with a double cantilever beam under the plane stress 

condition. Fig. 5.7(a) shows the geometry and its parameters, including the length L = 
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60 cm, height H = 20 cm, distance off the mid-plane ΔH = 0.14 cm, crack length a = 

20 cm and loading P = 1.0 × 105 N. The material parameters include E = 3.0 × 107 

N/cm2 and ν = 0.3. Fig. 5.7(b) visualizes the initial isogeometric meshes and meshfree 

nodes in the physical space. Crack propagation is simulated in 11 steps, and the 

increment at each step equals 1 cm. The threshold Rthre for error estimation is set to be 

5% of Rmax in the AMR. 

 

 
 

(a) (b) 

Fig. 5.7. A double cantilever beam: (a) the geometry and (b) initial configurations. 

Fig. 5.8 visualizes the crack propagation paths at different steps. As expected, the 

crack grows towards the upper side due to the distance off the mid-plane. In each 

propagation step, meshes are automatically refined near the crack tip. The final 

propagation path and its comparison with the reference solutions [16] are visualized in 

Fig. 5.9(a), which demonstrates that the predicted crack propagation path agrees well 

with the reference results. To further investigate the effect of ΔH on propagation paths, 

several different values of ΔH (0, 0.035, 0.07 and 0.3 cm) are considered. Crack 

propagation paths at different values of ΔH are shown in Fig. 5.9(b). When ΔH equals 

0, this problem is a pure Mode-I fracture, and thus the crack should propagate in a 

straight line. Otherwise, a mixed-mode fracture should be considered, and the crack 

propagates upwards along a larger inclined angle as ΔH increases. Fig. 5.10 visualizes 
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contour plots of the displacement and stress fields (ΔH = 0.14 cm) at the final 

propagation step, in which the singular crack-tip stress fields are captured via AMR. In 

addition, the negative stress fields at the top edge lead to higher gradients of the strain 

energy density, and this situation influences mesh refinement at the top edge, as shown 

in Fig. 5.8(d). 

 

  

(a) (b) 

  

(c) (d) 

Fig. 5.8. Crack propagation paths and refined meshes: (a) the 1st step, (b) the 5th step, 

(c) the 7th step and (d) the 11th step. 

  

(a) (b) 

Fig. 5.9. Crack paths of the double cantilever beam: (a) the comparison with the 

reference solutions [16] (ΔH = 0.14 cm) and (b) the paths at different ΔH. 
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(a) (b) 

Fig. 5.10. Contour plots of the double cantilever beam at ΔH = 0.14 cm (magnification 

factor of 2): (a) displacement in the y-direction and (b) stress σxx. 

5.2.3. A cylindrical shell with a longitudinal crack 

As shown in Fig. 5.11(a), a cylindrical shell with a longitudinal crack subjected to 

an internal pressure P = 1 N/cm2 is considered. The fixed boundary conditions at both 

ends are enforced. The geometry parameters include the radius R = 20 cm and length L 

= 100 cm. The material parameters include E = 1 × 103 N/cm2 and ν = 0.3. With the 

crack length a and the thickness t, the normalized crack length can be defined as 

 
a

=
Rt

 . (5.20) 

Fig. 5.11(b) shows the initial isogeometric meshes and meshfree nodes in the physical 

space. The threshold Rthre for error estimation is set to be 2% of Rmax in the mesh 

refinement. 

As shown in Fig. 5.12, the crack opening displacements are calculated for 

different ρ (0.5, 1, 2 and 3) and ratios of R to t (5, 10, 20 and 30). The simulated crack 

opening displacements are in good agreement with the reference solutions [209]. The 

meshes and nodes at the last refinement step under the conditions where R/t = 5 and ρ 

= 3 are visualized in Fig. 5.13, in which the near-tip meshes and nodes are 
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automatically refined due to the high gradient of strain energy density. Fig. 5.14 shows 

contour plots of the displacement under two different conditions. It is found that an 

opening crack is achieved under the pure Mode-I fracture, in which the crack should 

theoretically propagate along the axial direction [10]. 

 

 
 

(a) (b) 

Fig. 5.11. The cracked cylindrical shell: (a) the geometry and (b) initial configurations. 

  

(a) (b) 

  

(c) (d) 

Fig. 5.12. Crack opening displacements at different conditions. 
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(a) (b) 

Fig. 5.13. Meshes and nodes of the cylindrical shell at R/t = 5 and ρ = 3. 

  

(a) (b) 

Fig. 5.14. Contour plots of the displacement (magnification factor of 3): (a) at R/t = 5 

and ρ = 3 and (b) at R/t = 10 and ρ = 3. 

5.2.4. Crack propagation in an edge-cracked cylindrical shell 

This example deals with an edge-cracked cylindrical shell (Fig. 5.15(a)). The 

geometry and loading parameters include the radius R = 1.5 m, length L = 15 m, crack 

length a = 4.25 m, distance d = 1.17 m, thickness t = 0.1 m and concentrated force P = 

2 × 104 kN. Material parameters include E = 210 Gpa and ν = 0.3. The boundary 

condition of one fixed end is enforced for the crack analysis, in which 9 steps of the 
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crack propagation with a crack increment of 4% of the initial crack length are adopted. 

Due to the mixed-mode fracture, the crack propagation path would not be a 

straight line. Fig. 5.16 shows the propagation path with both the adaptively refined 

meshes and nodes at the last propagation step. The crack initially propagates along the 

circumferential direction and gradually deflects to the axial direction. The predicted 

crack growth path is in good agreement with the reference result [210]. In addition, a 

higher density of nodes and meshes at the crack tips is produced for the accuracy and 

efficiency of solutions. 

The contour plot of von Mises stress at the last step is visualized in Fig. 5.17, in 

which high stress gradients are captured at the crack tip. To further investigate the 

influence of loading positions on the propagation path, two different distances d (0.59 

m and 1.77 m) are considered. As shown in Fig. 5.18, the crack initially propagates to 

the loading side for three different distances. After several steps, the crack with the 

largest d propagates very closely to the circumferential direction, whereas the crack 

with the smallest d tends to grow along the axial direction. The different propagation 

paths are caused by the different loading positions where the loading components 

along the x-direction and z-direction are different. For smaller distances, the loading in 

the z-direction is larger than that in the x-direction, and this situation plays a major role 

in the crack propagation, which leads to the propagation path along the axial direction. 
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(a) (b) 

Fig. 5.15. An edge-cracked cylindrical shell: (a) the geometry and (b) initial 

configurations. 

  

(a) (b) 

Fig. 5.16. The refined meshes and nodes at the last loading step. 

 

Fig. 5.17. The contour plot of von Mises stress. 
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Fig. 5.18. Crack paths projected to the X-Y plane at different distances d. 

5.2.5. Crack propagation in a pressurized cylindrical shell with tear straps 

Fig. 5.19 shows an internally pressurized cylinder with two circumferential tear 

straps, which has been analyzed in the experiment conducted by Keesecker et al. 

[211]. The tear straps influence the crack propagation and induce crack turning when 

crack tips are near the tear straps. Table 5.2 shows the geometric and material 

parameters. Due to symmetry, a half-cylinder is modeled with the symmetry boundary 

conditions applied to the edges in the axial directions. As for the two circumferential 

ends, the axial line load, which equals one half of the product of pressure and radius, is 

uniformly applied along the circumference. 

Fig. 5.20 shows the curve of the pressure versus the half crack length based on the 

crack propagation criterion introduced in [212] and the comparison with the reference 

results [161, 162, 211]. Since the reference results were obtained from the 

geometrically and materially nonlinear analysis, and the present results are obtained 

within the framework of LEFM, only the linear part of the reference results is chosen 

for comparison. The simulated results agree well with the envelope of peak values of 
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the nonlinear analysis. 

Fig. 5.21 shows the adaptively refined meshes at different propagation steps. 

Elements near the crack tips are refined, whereas elements far away from tips remain 

coarse. The crack initially propagates along the axial direction until it is near the tear 

straps, after which the crack travels in the circumferential direction. This change 

occurs at the point where the axial normal stress exceeds the hoop stress [211]. Fig. 

5.22 and Fig. 5.23 visualize the contour plots of displacement and von Mises stress at 

different propagation steps, respectively. 

 

  

(a) (b) 

Fig. 5.19. The cylindrical shell with two tear straps: (a) the geometry and (b) initial 

configurations. 

Table 5.2. Geometric and material parameters of the cylindrical shell with tear straps. 

Geometric parameters (mm) Material parameters 

Crack 

length 

Width of tear 

straps 

Thickness of tear 

straps 

Young’s 

modulus 

Poisson’s 

ratio 

101.6 50.8 3.96 71422 MPa 0.3 
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Fig. 5.20. Pressure versus the half crack length. 

  

(a) (b) 

Fig. 5.21. AMR of the cylindrical shell at different propagation steps: (a) a = 115.8 

mm and (b) a = 197.1 mm and acir = 52.5 mm. 
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(a) (b) 

Fig. 5.22. Contour plots of the displacement at different propagation steps: (a) a = 

115.8 mm (magnification factor of 3) and (b) a = 197.1 mm and acir = 52.5 mm. 

  

(a) (b) 

Fig. 5.23. Contour plots of the von Mises stress at different propagation steps: (a) a = 

115.8 mm (magnification factor of 3) and (b) a = 197.1 mm and acir = 52.5 mm. 

5.3. Summary 

The adaptive analysis of crack propagation in thin-shell structures is implemented 

via the IGA-meshfree MLS approach that utilizes the MLS basis functions to achieve 

the equivalence between the meshfree basis functions and isogeometric basis 

functions. With this equivalence, the present approach not only inherits the advantages 
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of IGA but also achieves the flexibility of AMR for IGA. The AMR is implemented in 

a meshfree manner by adding linear reproducing points directly to the meshes that are 

identified by a gradient-based error estimator. With these advantages, the present 

approach is extended based on the idea of XFEM and applied to the adaptive crack 

propagation analysis of shells. Subsequently, the accuracy of this approach is validated 

by solving a series of numerical examples. The simulation results demonstrate that the 

present approach achieves both a higher convergence rate and computational 

efficiency compared with IGA and the meshfree method. Moreover, the singularity of 

stress fields near crack tips and the discontinuity of displacement fields around crack 

surfaces are captured by AMR. Furthermore, the predicted propagation paths in thin 

shells are in good agreement with the reference results. 
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Chapter 6 An Adaptive IGA-Meshfree Phase-Field Approach 

for Modeling Brittle Fracture in 3D Polycrystalline Materials 

In this chapter, an adaptive IGA-meshfree approach is developed for the phase-

field modeling of brittle fracture in a 3D polycrystalline material. This approach is 

capable of flexibly achieving AMR by introducing an error estimator that includes 

both the phase field and its gradient. Within the proposed numerical framework, the 

anisotropic brittle fracture is investigated based on the PFM. Propagating cracks are 

automatically tracked with a locally refined mesh around crack geometries. Moreover, 

the intergranular and transgranular crack propagation behaviors in polycrystals can be 

simulated. 

6.1. Problem description and solution approach 

6.1.1. Phase-field modeling of brittle fracture 

The regularized representations of cracks in a polycrystalline material are 

introduced. The anisotropy within grains is modeled by the crack surface functional 

with an orientation-dependent parameter that is related to the preferential cleavage 

planes. Subsequently, governing equations of an anisotropic brittle fracture problem 

are derived based on the variational theory. 

(a) Regularized representations of cracks 

Consider a 1D infinite bar with an initial crack at x = 0 as shown in Fig. 6.1, 

where discrete and diffusive representations of the crack are compared. The discrete 

crack is modeled by the Dirac delta function, and the diffusive crack can be modeled 

by the exponential function as follows [177]: 

 ( ) /x l
d x e

−
= , (6.1) 
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where d is a phase-field variable describing the fully broken (d = 1) and intact (d = 0) 

materials, and l is a length scale parameter representing a crack width. Eq. (6.1) can be 

determined by solving the differential equation 

 
2 0d l d =−   (6.2) 

which is subjected to the boundary conditions: d(0) = 1 and d(±∞) = 1. It is noted that 

Eq. (6.2) is the Euler-Lagrange equation associated with the variational problem d = 

Arg{ ( )( )inf
d W

I d


} with W = { ( ) ( )0 1,  0d d d=  = } and I(d) = 2 2 2 2dd l d V +  . 

The area of a crack surface is represented as 

 ( ) 2 2 2

c

1
d

2
Γ d d l d V

l
 = +  . (6.3) 

For a higher-dimensional crack problem, Eq. (6.3) can be expressed as 

 ( ) ( )c , dΓ d d d V=   (6.4) 

with the crack surface density function being as follows: 

 ( ) ( )22 21
,  

2
d d d l d

l
  = +  . (6.5) 

It is noted that the substitution of Eq. (6.1) for d in Eq. (6.4) gives the unit area of a 

crack surface. 

In a polycrystalline material, each grain has corresponding preferential cleavage 

planes. The anisotropy is implemented by introducing an orientation-dependent 

parameter in Eq. (6.5) as follows: 

 ( ) ( )2 21
,   

2
d d, d l d d

l
   = +       (6.6) 

with the symmetric second-order tensor ω describing the material anisotropy as [213] 

 ( )= + − I I M M , (6.7) 

where M is a unit vector perpendicular to a fracture plane, α is a penalty parameter to 
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control the crack growth paths along a preferential cleavage plane, and   is a dyadic 

operator. It is noted that isotropic fracture surface energy can be obtained when α 

equals 0. Fig. 6.2 illustrates the vector M norm to the preferential crack propagation 

path. By defining M = [cos(θ) sin(θ)]T with the preferential crack growth angle θ, Eq. 

(6.7) can be expressed as 

 

2

2

1 0 1 0 cos cos sin

0 1 0 1 sin cos sin

  


  

     
= + −      
      

 . (6.8) 

 

  

(a) (b) 

Fig. 6.1. A 1D crack: (a) the discrete representation and (b) the diffusive 

representation. 

 

Fig. 6.2. The schematic representation of a vector M norm to the preferential growth 

path. 
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(b) Equilibrium equations 

According to the variational formulation of brittle fracture [174], the free energy 

of a cracked body is composed of the bulk energy Eb and the crack surface energy Es 

as follows: 

 ( ) ( ) ( ) ( )( )
c

b s,  ,  d + dc
Ω Γ

Γ Γ Γ Ω G Γ= + =  E u E u E u , (6.9) 

where ψ(ε(u)) is the strain energy density. By substituting Eq. (6.4) for the regularized 

representation of a sharp crack topology Γc in Eq. (6.9), the free energy functional for 

anisotropic materials is modified as 

 ( ) ( )( ) ( )2 21
,  ,  d + d

2
c

Ω Ω
d d Ω G d l d d Ω

l
  = +     E u u  . (6.10) 

To prevent the crack growth under compression, the strain energy density is 

decomposed into the positive and negative components with the positive part degraded 

by a stress degradation function g(d) as follows: 

 ( )( ) ( ) ( ) ( ),  d g d  + −= +u    (6.11) 

with 

 ( ) ( )
2

1g d d k= − + , (6.12) 

where k is a parameter to control numerical stabilities. Herein, we consider k as 10-8 in 

the numerical simulations. By decomposing the trace of a strain tensor into positive 

and negative parts: ( ) ( ) ( )( )tr tr tr 2

=    , the strain energy density is recast as 

follows [178]: 

 

( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
2 2

dev dev

,  

= tr tr
2 2

d g d

K K
g d

  



+ −

+ −

= +

 
+  + 

 

u  

   
, (6.13) 

where K = λ + 2∕3μ denotes the bulk modulus with Lamé constants λ and μ, and εdev is 

the deviatoric part of a strain tensor. The Cauchy stress tensor is defined as 
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. (6.14) 

The elastic fourth-order tensor is expressed as 
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where II is a fourth-order identity tensor for symmetric second-order tensors, and the 

sign functions ( )( )H tr−   and ( )( )H tr+   are defined as follows: 

 ( )( )
( )

( )
( )( )

( )

( )

if  tr if  tr1 0
H tr  ;  H tr  

if  tr 0 if  
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. (6.16) 

The external work is expressed as 

 
t

ext d d
Ω Γ

W Ω Γ=  +  b u t u . (6.17) 

The total potential energy of a cracked body is represented as Π(u, d) = E(u, d) − Wext. 

Thus, governing equations are obtained as follows: 

  + =b 0 , (6.18) 

 ( ) ( ) 22 1 : 0cG
d H d l d d d

l
− − −  +  −   =  M M  (6.19) 

with the boundary conditions being as  
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. (6.20) 

A local history field of the maximum positive strain energy H is used to enforce the 

irreversibility condition as follows [179]: 

 ( )
 

( )( )
0, 

 max   
T

H


  +


 = x x . (6.21) 

The pre-existing cracks can be modeled in the following manners: (i) discrete 
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representations implemented by meshes; (ii) Dirichlet boundary conditions of the 

phase-field variable with d = 1 on the crack surface; (iii) initial strain-history field 

[190]. Herein, we adopt the third manner to model an initial crack as 

 ( )
( ) ( )

( )

c c

c

2 ,  ,  
1 2

,  0      2

,  >0
2

c

l
dG d

H B l l
l

d

 



    
−  
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x x

x

x

  (6.22) 

with ( )1 1B d= − , where ( )c,  d  x  is the shortest distance from a point x to the crack 

surface. We consider B = 1000 for all the numerical simulations. 

6.1.2. Numerical implementation 

The decoupled governing Eqs. (6.18) and (6.19) for the phase-field and 

displacement problems, respectively, are discretized within a numerical framework 

based on the IGA-meshfree approach, and then solved using a staggered scheme. 

(a) Discretization of the phase-field equation 

The weak form of Eq. (6.19) for a phase-field problem is expressed as 

 ( ) 22(1 ) d : d 0c

Ω Ω

G
d H d Ω d l d d d d Ω

l
−  − −  +  −    =    M M ,(6.23) 

where δd is a test function. By using the divergence theorem, Eq. (6.23) can be 

rearranged as 
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The phase-field variable d and test function δd are approximated by the IGA-

meshfree basis function Φi and nodal phase-field variable as follows: 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1

,   
n n

i i i i

i i

d Φ d d Φ d
= =

= =  =  =  Φd Φ d      . (6.25) 
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By substituting Eq. (6.25) for both d and δd in Eq. (6.24), a linear phase-field equation 

is obtained as 

 d d=K d F  (6.26) 

with 
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where the matrix Bd is expressed as 1 2 n

d d d d
 =  B B B B  with 
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The Gaussian quadrature rule is used to calculate both Kd and Fd in Eq. (6.27). 

Herein, the quadrilateral mesh is used for the domain integration, and the Voronoi 

mesh is used to define the grain geometry in polycrystals. To consider the anisotropic 

fracture energy of polycrystals in integrating the stiffness matrix, the following steps 

are conducted. First, the Voronoi tessellation algorithms are utilized to generate grains 

with random sizes and shapes for polycrystalline materials [214, 215]. Second, the 

material anisotropy related to the preferential cleavage plane is defined by Eq. (6.8) for 

each grain. Third, the anisotropy corresponding to a grain i is applied to the quadrature 

points that are located inside the grain i. Thus, the anisotropic fracture energy 

associated with each quadrature point is considered in the domain integration.  

(b) Discretization of the displacement equation 

By using the Lagrange multiplier method to enforce the essential boundary 

condition in Eq. (6.20), the weak form of Eq. (6.18) for a displacement problem is 
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expressed as 

 

( ) ( )

( )

t

u u

, : d d d

d d

Ω Ω Γ

Γ Γ

d Ω Ω Γ

Γ Γ

 −  −   =

  +   −

  

 

u b u t u

u u u

  

 
, (6.29) 

where λ is a Lagrange multiplier. 

The displacement field u and test function δu are approximated as follows: 

 ( ) ( ) ( ) ( ) ( ) ( )
1 1
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The Lagrange multiplier λ is approximated as 
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with Zi(ξ) being a set of boundary basis functions. Three choices of the interpolation 

space for the Lagrange multiplier have been investigated [216]: (i) the finite element 

interpolation on Γu, (ii) the meshfree approximation on Γu, and (iii) the point 

collocation method with Dirac delta function. Due to the convenient implementation, 

the point collocation method is used to construct the basis function Zi(ξ) = δ(ξ − ξi) 

where ξi is a set of meshfree points along Γu, and δ is the Dirac delta function. 

The substitution of the variables in Eq. (6.29) by the corresponding expressions in 

Eqs. (6.30) and (6.31) yields a linear displacement system 
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where R is a diagonal matrix with Rii = 1 and Rij = 0 (i ≠ j) if the essential boundary 

condition is enforced in the xi direction, and the matrix Bu is described as 

1 2 n

u u u u
 =  B B B B  with 
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6.1.3. Adaptive mesh refinement 

In this section, an error estimator consisting of both the phase field and its 

gradient is introduced to determine the crack surfaces and initiation regions, where 

mesh refinement is implemented by directly adding nodes in a meshfree manner. It is 

to be noted that the refinement criterion introduced in Chapter 5 is adopted. 

The phase-field variable that is treated as an error estimator can be used directly 

to determine the elements around crack surfaces, whereas the estimator is not efficient 

for crack initiation [189]. Mesh refinement before crack initiation or growth can give 

accurate solutions. Consider the high gradient of a phase-field variable at the crack tip 

and initiation regions. Furthermore, the gradient of a phase-field variable needs to be 

sufficiently resolved for accurate crack presentations. Thus, the gradient of a phase-

field variable is used as an error estimator for identifying elements at crack surfaces 

and initiation regions. 

For an element k with the area Ak and the number of gauss integration points Nk, 
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its averaged mesh intensity is defined as 
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where PF

kG  is the averaged gradient of a phase-field variable:  
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where lab is the distance between two integration points. The phase-field variable is 

approximated by Eq. (6.25). By comparing the values of averaged mesh intensities 

with a threshold, the elements with large phase-field gradients can be determined. 

6.1.4. Solution procedure 

This section summarizes the solution procedure for the phase-field modeling of 

the polycrystalline materials. In the solution procedure, the staggered scheme without 

iteration is used to solve the phase field and displacement variables sequentially. It is 

noted that small loading increments are required to ensure accurate results when the 

iteration is not considered [217]. The procedure includes the following five main steps: 

(I) Definition of the geometry via the data in IGA including knot vectors, control 

points and weights; 

(II) Definition of pre-existing cracks via the initial history field; 

(III) Definition of the geometry of grains via Voronoi tessellation algorithms; 

(IV) AMR and update on IGA-meshfree basis functions; 

(V) Staggered scheme to solve both displacement and phase-field variables. 

In step I, both the mesh and geometry are defined by the control points and 

weights in IGA. Linear reproducing points of knot vectors are defined as the meshfree 

nodes with the normalized support size of (p + 1)/2. Step II deals with the pre-existing 



Chapter 6 Phase-Field Modeling of Fracture in Polycrystals 

106 

cracks that are defined by the initial history field in Eq. (6.22). The Voronoi mesh is 

generated as the geometry of grains in polycrystalline materials in step III. Grains with 

different sizes and locations are randomly generated. 

Step IV deals with the AMR. First, the error indicator based on both the phase-

field variable and its gradient is defined. Second, the elements that are identified by the 

error estimator are refined, and corresponding knot vectors are updated. Third, the 

linear reproducing points associated with the updated knot vectors are calculated as the 

updated meshfree nodes. Basis functions related to the meshfree nodes are calculated 

by Eq. (4.11). 

Step V deals with the phase-field and displacement variables that are solved in a 

staggered manner within a displacement controlled incremental analysis. Consider the 

total loading steps Nstep, maximum AMR level Nref and the known variables (ui, di, Hi 

and Mi) at the ith loading step. The variables (ui+1, di+1, Hi+1 and Mi+1) at the (i+1)th 

loading step can be updated in the following processes. By initializing mesh as Mi+1,1 = 

Mi, the history field and phase-field variable on mesh Mi+1,j (j = 1, 2, …, Nref) are, 

respectively, obtained as Hi+1,j and di+1,j with the frozen displacement ui until the 

refinement stopping criterion is met (j = Nref). It is noted that ui is used to calculate the 

sign functions in Eq. (6.16). Then di+1,j is updated as the phase field variable di+1 at the 

(i+1)th loading step. Subsequently, the displacement ui+1 is solved by using di+1. The 

staggered scheme with AMR is summarized in Algorithm I as follows: 
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Algorithm I: Staggered scheme with AMR at the (i+1)th loading step. 

Input: displacement ui, phase-field variable di, history field Hi and mesh Mi.  

(i) Initialize mesh: Mi+1,1 = Mi.  

(ii) for j = 1, 2, …, Nref 

Calculate the history field ( )( )( )1 max  ,i+ j j i iH H += u, , where 
iH  is projected 

from mesh Mi to refined mesh Mi+1,j via data transfer [13]; 

Calculate the phase-field variable di+1,j via the equation 

( ) ( ) 2

+1, 1 +1, +1, +1, +1,2 1 : 0c
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; 

Implement AMR if j < Nref. Refined mesh Mi+1,j+1 and its corresponding meshfree 

nodes and basis functions are obtained (see Section 5.3). 

end 

(iii) Update the variables at the (i+1)th step: 
ref ref ref+1 1 +1 1 +1 1 = ;  = ;  = i i+ N i i+ N i i+ NH H M M d d, , , . 

(iv) Calculate the displacement ui+1 via the equation 

( )1 1,i id+ + + =u b 0 . 

Output: displacement ui+1, phase-field variable di+1, history field Hi+1 and mesh Mi+1 at 

the (i+1)th loading step. 

6.2 Numerical results 

The IGA-meshfree approach is applied to the adaptive phase-field modeling of 

fracture. First, the isotropic brittle fracture is simulated to demonstrate the robustness 

of the present approach. Then, the anisotropic brittle fracture in polycrystalline 

materials is investigated. The penalty parameter α is chosen as 10 to control the crack 
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paths along the preferential cleavage planes. Plane-strain condition is assumed for 2D 

examples. Furthermore, the Dirichlet boundary conditions are enforced at a set of 

points along Γu based on the Lagrange multiplier method. 

6.2.1. An edge-cracked plate subjected to tensile or shear loading 

A 2D edge-cracked plate subjected to tension or shear loading is considered (Fig. 

6.3). The material and geometry parameters include Lamé constants λ = 121.15 × 103 

N/mm2, μ = 80.77 × 103 N/mm2 and energy release rate Gc = 2.7 N/mm. The 

prescribed displacement is enforced at the top edge along the y and x directions for the 

tension and shear tests, respectively. 

In the tension test, a pure Mode-I fracture is simulated with the displacement 

control strategy [179] that uses the displacement increment ∆u = 10-5 mm until u = 5 × 

10-3 mm and ∆u = 10-6 mm until final failure. The length scale parameter l is set as 

0.0075 mm. Fig. 6.4 shows the adaptively refined mesh and corresponding contour 

plot of the phase-field variable. During crack propagation, elements are dynamically 

identified and refined until element sizes near the crack surface are less than l/2. 

Furthermore, the AMR results in 4434 elements with 13668 DOFs at the end of 

simulations, which is more computationally efficient than the uniform refinement with 

20000 triangular elements [179] and 12735 quadrilateral elements [218]. The contour 

plot demonstrates a straight crack propagation path that is consistent with the 

theoretical results. Fig. 6.5 visualizes the load-displacement curves that are in good 

agreement with the reference solutions [179, 219]. 
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(a) (b) 

Fig. 6.3. Geometry (units in mm) and boundary conditions of an edge-cracked plate 

subjected to (a) tensile loading and (b) shear loading. 

  

(a) (b) 

Fig. 6.4. The tension test at the final displacement step with l = 0.0075 mm: (a) the 

adaptively refined mesh and (b) corresponding phase-field contour plot. 
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Fig. 6.5. The load-displacement curves of a plate subjected to tensile loading. 

The shear test aims to simulate a pure Mode-II fracture with a displacement 

increment ∆u = 10-5 mm until final failure and the length scale parameter l = 0.008 

mm. Fig. 6.6 visualizes the refined mesh and relevant contour plot of the phase-field 

variable at the final displacement step. The simulated results indicate that the crack 

grows towards the bottom right corner until the final fracture, which agrees well with 

reference solutions [179, 219]. Moreover, AMR results in 5292 elements with 16383 

DOFs, thus saving the computational cost compared to both the uniform refinement 

with 30000 triangular elements [179] and adaptive refinement with 8664 quadrilateral 

elements [220] implemented via FEM. Fig. 6.7 visualizes the load-displacement curves 

of a shear test. It is noted that the traction suddenly drops around ux = 0.016 mm since 

a crack is initiated at the bottom right corner, and this phenomenon has been discussed 

in [218]. 
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(a) (b) 

Fig. 6.6. The shear test at the final displacement step with l = 0.008 mm: (a) the 

adaptively refined mesh and (b) corresponding phase-field contour plot. 

 

Fig. 6.7. The load-displacement curves of a plate subjected to shear loading. 

6.2.2. A bi-material plate subjected to tensile loading 

An edge-cracked bi-material specimen subjected to tensile loading is investigated, 

as shown in Fig. 6.8. The top part (material 1) includes following material properties: 

E = 377 kN/mm2, ν = 0.3, Gc = 0.01 kN/mm and length scale l = 0.3 mm. The bottom 

part (material 2) that is softer than the top part includes following material properties: 

E = 37.7 kN/mm2, ν = 0.3, Gc = 0.001 kN/mm and length scale l = 0.3 mm. The 

displacement is enforced at the right edge along the x-direction with an increment ∆u = 
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10-4 mm until u = 4 × 10-2 mm and then ∆u = 10-5 mm until the end of simulations. 

 

Fig. 6.8. Geometry (units in mm) and boundary conditions of the cracked bi-material 

plate. 

Fig. 6.9 shows the force-displacement curve with a kink point where crack 

branching occurs. Fig. 6.10 visualizes the refined mesh and contour plot of the phase-

field variable at different crack propagation stages. It is evident that the crack initially 

grows along the vertical direction up to the interface of the two materials, after which 

the crack would branch and grow along the interface because material 1 is harder than 

material 2. The present fracture pattern is the same as the reference results [219, 221]. 

 

Fig. 6.9. The load-displacement curve of the bi-material plate subjected to tensile 

loading. 
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(a) (b) 

  
(c) (d) 

  
(d) (e) 

Fig. 6.10. The adaptively refined mesh and corresponding phase-field contour plot for 

an edge-cracked bi-material plate at different propagation stages. 

6.2.3. A three-point bending test on a 3D skew notched beam 

This example considers a 3D skew notched beam subjected to three-point 
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bending. Fig. 6.11 visualizes the geometry and boundary conditions of the notched 

beam. The Dirichlet boundary conditions are enforced at a set of points along Γu as 

follows: ux = uy = uz = 0 along the edge (y = 250 and z = 0), ux = uz = 0 along the edge 

(y = 10 and z = 0), and uz = -u along the edge (y = 130 and z = 60). The material and 

PFM parameters are as follows: Lamé constants λ = 3.21 kN/mm2, μ = 1.02 kN/mm2, 

Gc = 5 × 10-4 kN/mm and the length scale parameter l = 1.8 mm. Herein, the notch is 

treated as an initial crack modeled by the history field H. 

 

Fig. 6.11. Geometry (units in mm) and boundary conditions of the 3D skew notched 

beam. 

The load-displacement curve of a three-point bending test is visualized in Fig. 

6.12. As this notched beam is skew-symmetric with respect to the middle planes, the 

crack would propagate under the combination of Mode-I and Mode-III loading 

conditions, causing a non-planar crack surface. Fig. 6.13 shows the adaptively refined 

meshfree points with red denoting the crack topology during crack propagation. It is 

found that the crack initially twists along the central vertical axis until the crack 

surface is parallel to the transversal plane, and then grows upwards along the 

transversal plane until the end of simulations. The simulated crack surface represented 

by points (d > 0.9) is visualized in Fig. 6.14 where the crack propagation patterns are 

in good agreement with reference solutions [189, 222, 223].  
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Fig. 6.12. The load-displacement curve of a 3D skew notched beam. 

  

(a) (b) 

  

(c) (d) 

Fig. 6.13. Adaptively refined meshfree points for a skew notched beam at different 

propagation stages: (a) u = 0.64 mm, (b) u = 0.72 mm, (c) u = 0.84 mm and (d) u = 

0.86 mm. 
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(a) 

  

(b) (c) 

Fig. 6.14. The simulated crack surface represented by points for a 3D skew notched 

beam: (a) global view, (b) local x-y-z view and (c) local y-z view. 

6.2.4. Fracture simulation of the Brazilian splitting test 

A Brazilian disc under compression is investigated to obtain the tensile strength. 

The geometry and boundary conditions of the Brazilian splitting test are visualized in 

Fig. 6.15. The material parameters include E = 5 × 104 N/mm2, ν = 0.2, Gc = 0.07 

N/mm and length scale l = 1 mm. 

Since the maximum tensile stress observed in the center of the disc controls the 

crack initiation [224], the principal stress criterion is used in the simulation. Fig. 6.16 

visualizes the fracture behaviors including crack initiation and propagation, in which a 

crack initiates at the center and propagates along a straight line until final fracture. Fig. 

6.17 shows the stress-strain curve where the tensile stress and strain are calculated as 
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follows: 
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with F being the loading. The maximum tensile stress is 19.84 MPa at the strain of 

0.0023 that corresponds to a displacement of 0.0058 mm. The simulated results are in 

good agreement with the reference results [224], including maximum tensile stress of 

19 MPa and displacement of 0.006 mm. 

 

 

Fig. 6.15. Geometry (units in mm) and boundary conditions of the Brazilian splitting 

test. 

  

(a) (b) 

Fig. 6.16. Fracture behaviors of the Brazilian test: (a) crack initiation and (b) final 

fracture. 
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Fig. 6.17. The stress-strain curve of a Brazilian splitting test. 

6.2.5. Crack propagation in a 2D polycrystalline material 

Anisotropic crack propagation in a 2D polycrystalline structure with 54 grains is 

investigated. Fig. 6.18(a) and (b) depict the geometry, boundary conditions and angles 

corresponding to anisotropy for this polycrystalline structure. The material properties 

are set as follows: λ = 121.15 × 103 N/mm2, μ = 80.77 × 103 N/mm2, Gc = 2.7 N/mm, 

crack length a = 1/15 mm and length scale l = 0.01 mm. The prescribed displacement 

is enforced at the top edge along the y-direction with an increment ∆u = 10-5 mm until 

u = 6.5 × 10-3 mm and ∆u = 10-6 mm until final fracture. 

The mesh at the end of simulations is shown in Fig. 6.18(c) where the elements 

near a crack surface are refined until element sizes are small enough for the 

regularized representation of a sharp crack topology. The load-displacement curve of a 

2D polycrystalline structure is shown in Fig. 6.18(d), where the traction increases 

linearly before the sudden drop at the final failure. Fig. 6.19 visualizes the contour 

plots of a phase-field variable at different propagation stages. Both the transgranular 

and intergranular fracture patterns are captured, and the latter fracture occurs 



Chapter 6 Phase-Field Modeling of Fracture in Polycrystals 

119 

depending on the angles of preferential cleavage planes. 

 

 
 

(a) (b) 

 
 

(c) (d) 

Fig. 6.18. A 2D polycrystalline structure with 54 grains: (a) the geometry (units in mm) 

and boundary conditions; (b) angles of the direction of anisotropy; (c) the refined mesh; 

(d) the load-displacement curve. 
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(a) (b) 

  
(c) (d) 

Fig. 6.19. Phase-field contour plots for the 2D polycrystalline structure: (a) u = 6.5 × 

10-3 mm, (b) u = 7.65 × 10-3 mm, (c) u = 8.25 × 10-3 mm and (d) u = 8.6 × 10-3 mm. 

6.2.6. Crack propagation in a 3D polycrystalline material 

This example investigates crack propagation in a 3D polycrystalline unit cube 

with 200 grains. Fig. 6.20(a) and (b) show the geometry, boundary conditions and 

anisotropic angles within each grain for a 3D polycrystalline structure. The prescribed 

displacement is enforced at the top surface along the z-direction. The material 

properties include λ = 165.7 × 103 N/mm2, μ = 63.9 × 103 N/mm2, length scale l = 

0.015 mm and Gc = 2.04 N/mm. 

The contour plot of a phase-field variable at the end of simulations is shown in 
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Fig. 6.20 (c), in which cracks are dynamically tracked with refined meshfree points 

around the crack surfaces. As the mesh away from crack surfaces remains coarse, 

AMR is more computationally efficient than global uniform refinement. Fig. 6.20(d) 

shows the load-displacement curve where the traction along the top surface initially 

increases and then suddenly drops until the end of simulations. Crack surfaces 

described by the refined nodes (d > 0.9) are visualized in Fig. 6.21, where the complex 

fracture patterns, including crack initiation and coalescence, are captured for the 3D 

polycrystalline structure. 

 
 

(a) (b) 

  

(c) (d) 

Fig. 6.20. A 3D polycrystalline structure with 200 grains: (a) the geometry (units in 
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mm) and boundary conditions; (b) angles of the direction of anisotropy; (c) the contour 

plot of the phase-field variable; (d) the load-displacement curve. 

  
(a) (b) 

  
(c) (d) 

Fig. 6.21. Crack surfaces of the 3D polycrystalline structure at different propagation 

stages: (a) u = 5 × 10-4 mm, (b) u = 1.65 × 10-2 mm, (c) u = 1.95 × 10-2 mm and (d) u = 

2.1 × 10-2 mm. 

6.3. Summary 

An adaptive IGA-meshfree approach is developed for the phase-field modeling of 

crack propagation in a 3D polycrystalline material. The IGA-meshfree approach 

implements the 3D formulations that obtain the equivalence between IGA and the 

EFGM, thus inheriting the advantage of flexible mesh refinement from the meshfree 
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method and exact geometry representations from IGA. The 3D formulations are 

combined with an AMR strategy that utilizes a phase-field-based error estimator. 

Subsequently, the present approach is applied for the phase-field modeling that 

introduces the anisotropy by the crack density functional. The locally refined mesh 

around crack surfaces helps to capture the regularized representations of sharp crack 

topologies. In this way, propagating cracks are dynamically tracked without requiring 

a priori knowledge of crack growth paths. 

Brittle fracture in both 2D and 3D isotropic materials is simulated to validate the 

present approach. The expected crack propagation paths are accurately predicted with 

AMR. Moreover, the present approach can capture complex crack propagation patterns, 

such as twisting and branching, especially for the 3D simulations without describing 

crack topologies. Anisotropic brittle fracture in 2D and 3D polycrystalline materials is 

then investigated. The intergranular and transgranular fracture behaviors are well 

captured in the simulation results, which further demonstrate the robustness of the 

present approach. 
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Chapter 7 Conclusions and Recommendations 

7.1. Conclusions 

This Ph.D. study develops robust, efficient and accurate IGA-based approaches 

for modeling the deformation and fracture behaviors of solid materials and structures 

with defects. The IGA-based approaches integrate the advantages of the IGA and 

EFGM, such as the higher-order field approximations, exact geometry representations 

and flexible mesh refinement. The gradient-based error indicator is proposed for 

achieving AMR within the framework of the proposed approaches without requiring 

exact stress or strain. The IGA-based approaches can not only accurately perform the 

structural analysis but also efficiently predict the fracture behaviors of the solids and 

structures. 

Firstly, a coupling approach of the IGA and EFGM is developed for the linear and 

geometrically nonlinear elastic analyses of shell structures. The coupling approach 

utilizes three subdomains: the IGA subdomain for exact geometry representation, the 

meshfree subdomain for local refinement flexibility and the coupling subdomain for 

smoothness. The IGA subdomain and meshfree subdomain are respectively 

approximated by the NURBS and MLS shape functions, while the coupling subdomain 

is approximated by both functions based on the reproducing conditions. This coupling 

approach is capable of conveniently achieving the C1 continuity required in the KL-

shell theory. Linear and nonlinear behaviors of shell structures are investigated via this 

coupling approach with local mesh refinement. The numerical results are verified by 

the reference solutions, demonstrating that the coupling approach can produce a higher 

convergence rate than the IGA and meshfree methods. 

Secondly, a strong form-based IMMLS-C approach is developed to investigate 

2D linear elastic fracture problems with contact loading. The IMMLS-C approach 
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inherits advantages from both IGA and meshfree methods similarly to the previous 

coupling approach. Moreover, the IMMLS-C approach uses a unified formulation 

throughout the problem domain and achieves equivalence between the isogeometric 

basis functions and MLS shape functions without requiring domain subdivisions. The 

IMMLS-C approach treats the linear reproducing points as collocation points and 

achieves AMR by using a gradient-based error estimator. The approach can 

circumvent numerical integration and conveniently treat essential boundary conditions 

as compared with the weak-form approaches. In modeling cracks, the displacement 

discontinuity along crack surfaces is introduced by the visibility criterion. The 

singularity around crack tips is captured by AMR without adding extra enrichment 

functions, leading to a decrease in the DOFs as compared with the partition-of-unity-

based methods, such as the XFEM. In modeling two contacting bodies with cracks, the 

contact constraints are regularized by a penalty algorithm, and the contact surfaces are 

exactly represented. Fracture parameters such as the SIFs in 2D plane structures are 

investigated. The numerical results demonstrate the accuracy and efficiency of the 

proposed approach. 

Thirdly, crack propagation in thin-shell structures within the context of LEFM is 

investigated via a weak form-based IGA-meshfree MLS approach. Like the previous 

strong formulations, the weak ones are capable of conveniently implementing AMR 

based on a gradient-based error estimator. In modeling cracked thin shells, the 

approach is extended by introducing both the enrichment and Heaviside functions 

based on the PUM. SIFs of cracks in thin shells are derived from the equivalent 

domain integral. The crack propagation angle is determined by the maximum 

circumferential stress criterion. Crack-tip behaviors of the stationary and propagating 

cracks in shell structures are investigated. Both the SIFs and predicted propagation 
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paths are verified with reference solutions. In addition, the mesh is adaptively refined 

and moves along with the crack tips. The adaptive refinement strategy makes the 

approach achieve a higher convergence rate and computational efficiency than IGA 

and the meshfree method with global uniform mesh refinement. 

Finally, the adaptive phase-field modeling of brittle fracture in a 3D 

polycrystalline material is investigated via a numerical framework based on the IGA-

meshfree MLS approach. The 3D numerical framework is capable of achieving AMR 

by introducing a phase-field-based error estimator. Within the numerical framework, 

the anisotropy of fracture resistance within each grain generated by Voronoi 

tessellation algorithms is introduced for the adaptive phase-field modeling. In this way, 

propagating cracks are automatically determined, and the regularized representations 

of sharp crack topologies are obtained by AMR without requiring a priori knowledge 

of crack propagation paths. Fracture behaviors of both the 2D and 3D materials with 

the isotropic and anisotropic surface energy are studied, in which crack initiation, 

branching, twisting and coalescence are captured. Furthermore, the intergranular and 

transgranular crack propagation patterns in polycrystalline materials are simulated. 

This Ph.D. study provides a robust, efficient and accurate numerical framework 

based on the IGA-based approaches for investigating the deformation and fracture 

mechanisms of solid materials and structures with cracks. The understanding of the 

mechanisms is of significant importance to the structural analysis and design. 

7.2. Recommendations 

The developed IGA-based approaches provide a promising numerical framework 

for modeling solid materials and structures with cracks. Although the linear elastic 

behavior has been modeled within the IGA-based numerical framework, plastic 
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deformation processes that occur in most of engineering materials and structures are of 

significant importance to understanding the failure mechanisms. In addition, micro-

defects such as cracks, inclusions and voids may occur in solid materials and structures 

during the manufacturing or operation processes. Micro-defects have significant 

effects on failure behaviors because of their interactions with the neighboring cracks. 

Thus, the numerical framework can be further developed in the following aspects. 

Most of engineering materials, in particular metals, experience plastic 

deformation before their final failures [225, 226]. In addition, the crack-tip stress is 

significantly large, resulting in a plastic zone ahead of a crack tip. To consider plastic 

deformation and its effect on fracture patterns, an elastoplastic model that contains a 

yield function, a hardening law and an evolution equation should be constructed. The 

plastic model may result in low computational efficiency and lead to convergence 

issues due to material nonlinearity. These issues can be solved by the numerical 

framework based on the IGA-based approaches with the consideration of efficient 

iteration schemes. 

Micro-defects such as inclusions can interact with their neighboring cracks and 

have a significant influence on the displacement and stress fields in the vicinity of the 

crack tips, thus influencing the crack propagation path. To clearly understand the 

effect of micro-defects on crack growth, various methods have been developed [227, 

228], in which a very fine mesh around crack tips is needed to capture the accurate 

stress field. This requirement results in low computational efficiency when many 

micro-defects are considered for investigating their interactions with the cracks. This 

issue can be solved by integrating the multiscale method with the adaptive IGA-based 

approaches. 
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Appendix A. Kinematics of Thin Shells 

In the initial configuration, a material point has the following positions based on 

the KL theory: 

 ( ) ( ) ( )1 2 3 1 2 3 1 2

0 0 3, , , ,ξ ξ ξ ξ ξ ξ ξ ξ= +X Aφ , (A.1) 

where 1ξ  and 2ξ  represent curvilinear coordinates in the mid-surfaces, 3ξ  represents 

the coordinate in the thickness, φ0 is the position in the mid-surfaces, and A3 is a 

vector normal to the mid-surfaces. Similarly, the position in the deformed 

configuration is obtained as 

 ( ) ( ) ( )1 2 3 1 2 3 1 2

3, , , ,ξ ξ ξ ξ ξ ξ ξ ξ= + ax φ . (A.2) 

The displacement of a material point on the middle surface is calculated as 

 ( ) ( ) ( )1 2 1 2 1 2

0, , ,ξ ξ ξ ξ ξ ξ= −u φ φ . (A.3) 

By taking the derivatives of point X0 with respect to ξi (i = 1, 2, 3), the covariant 

basis vectors in the initial configuration are obtained as follows: 

 ( )3 30 0 3 3 1,2α α   
  

   

   
= = = =
   

+ +
X A A

G A
φ

, (A.4) 

 0
3 33


= =


X
G A . (A.5) 

The covariant basis vectors in the deformed configuration are given as 

 
3 33 3

α α   
 

   


+ +

 
= = =
   

a ax
g a

φ
, (A.6) 

 3 33


= =


x
g a . (A.7) 

The unit normal vectors of the middle surface in the two configurations are 

obtained as follows: 
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 1 2 1 2
3 3

1 2 1 2

,
 

= =
 

A A a a
A a

A A a a
. (A.8) 

The covariant metric coefficients satisfy the following equations: 

 ,ij i i jj ijG g = =G G g g , (A.9) 

 ,ij ji j ij iaA =  =A A a a . (A.10) 

The contravariant basis vectors and corresponding metric coefficients in two 

configurations are obtained as follows: 

 ,
1i ij ij

j

ij

G G
G

= =G G , (A.11) 

 ,
1i ij ij

j

ij

A A
A

= =A A , (A.12) 

 ,
1i ij ij

j

ij

g g
g

= =g g , (A.13) 

 ,
1i ij ij

j

ij

a a
a

= =a a . (A.14) 

The Green–Lagrange strain based on the KL theory can be obtained as 

 ( )3    ,   = 1, ,  2αβ αβ αβE E ε ξ κ 

  =  = +E G G , (A.15) 

where εαβ and καβ denote the membrane strain and the change of curvature, respectively 

[229]: 

 ( )
1

2
αβ α β α βε  = −a a A A , (A.16) 

 3 3αβ α, α,κ   − = A A a a . (A.17) 
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Appendix B. MLS Approximation 

The displacement fields are obtained based on the MLS approximation [33]: 

 ( ) ( ) ( ) ( ) ( )T

1

h

J

m

J

J

u p a
=

= = p a      (B.1) 

with m  being the total number of basis functions, p(ξ) being the basis functions and 

( )a   being the coefficients. The 2D basis function with the pth order is given as 

 ( )  
T

2 21,  ,  ,  ,  ,  ,  ,  ,  ,  p p      =p  . (B.2) 

The quadratic, cubic and quartic polynomial basis vectors are given as 

 ( )

 

 

 

( )

( )

( )

T
2 2

T
2 2 3 3

3 4 3

2 2

T
2 2 3 2 2 3 2 2 4

1, , , , ,
= 2

1, , , , , , , = 3

= 4
1, , , ,

,

, , , ,, ,

,

, , , ,

p

p

p

    

         

                





= 




p  . (B.3) 

The vector ( )a   in Eq. (B.1) is obtained by 

 ( ) ( ) ( )
M 2

T

1

N

I I I

I

J W u
=

 = − −  p aξ    (B.4) 

with NM being the number of points and uI being the nodal parameter. The field nodes 

and support domains of a square plate are shown in Fig. B.1. 

 

Fig. B.1.The discretization of a square plate: field nodes and support domains. 

The derivative of J with respect to ( )a   gives the following equation: 
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 ( ) ( ) =A a BU  , (B.5) 

where  
M

T

1 2,  ,    ,  Nu u u=U  is the vector consisting of nodal parameters, and the 

weighted moment matrix ( )A   and matrix B(ξ) are calculated as 

 ( ) ( ) ( ) ( )
M

T

1

N

I I I

I

W
=

= −A p p     , (B.6) 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
M M1 1 2 2   N NW W W = − − −

 
B p p p          . (B.7) 

The vector ( )a   is expressed as 

 ( ) ( )
1
 

−
=a A BU  . (B.8) 

The MLS approximant can be obtained by substituting ( )a   into Eq. (B.1) as 

 ( ) ( ) ( ) ( )
M

1

N
h

I I

I

u u
=

= = Ψ U    , (B.9) 

where ΨI(ξ) is expressed as 

 ( ) ( ) ( ) ( )( ) ( )( )1 T 1

1

p
m

I J JI I
J

Ψ − −

=

= = A B p A B     . (B.10) 

The quartic spline weight function ( )1W −   is given as 

 ( )
( )

( ) a

2 3 4

m x,
11 6 8 3

,  
10

 
I

I I c

ax

I

m

rr r r
W r

r
d

d
d

>


 −− + −
− = = =



 
  , (B.11) 

where λ is the dimensionless size, and dc is the spacing between nodes. The commonly 

used range of λ is 2-4 [230].  

By using the MLS approximation, the 2D consistency condition, which means 

that any complete order of basis functions is exactly reproduced, is defined as 

 ( ) ( ) ( )
M

1

N

I I

I

Ψ
=

= p p   . (B.12)  



Appendix C. Reproducing conditions for IGA 

132 

Appendix C. Reproducing Conditions for IGA 

The consistency conditions for univariate B-spline basis functions are defined as 

 ( )  ( ) ( )
1i

l
n

p

i iN   
=

= p p , (C.1) 

where ( )  
T

2= 1,  ,  ,  ,  p   p  denotes the 1D polynomial basis. The 1D 

reproducing point vector  ( )l

ip  is defined as 

  ( )    ( )  ( ) 
T 2

1 2
1,  ,  ,  ,  

p
p

i i i

l

iξ ξ ξ ξ=p , (C.2) 

and reproducing points   ( )1,  2,  ,  
l

i l pξ =  for the monomial ξl are calculated as 

follows [231]: 

 
 

( )
1 !

;
! !

l i p

p il l
l

i pl

p

S G p
ξ C

C l p l

+

+
  = =

−
, (C.3) 

where G
i+p 

i+1 ={ξi+1, ξi+2, ⋯, ξi+p} is the knot vector, the operator S
p 

l  means selecting l 

knots from G and multiplying them as one term and then adding all the terms together. 

When p equals 2, the reproducing points ξ
[l] 

i  can be calculated as 

 
 

 

 

1

1 2

2

1 2

2

i i
il

i

i i i

ξ ξ
ξ

ξ

ξ ξ ξ

+ +

+ +

+
=

= 
 =

. (C.4) 

For 2D basis functions, the following consistency conditions can be readily 

obtained based on the tensor product of B-spline basis functions: 

 ( ) ( )  ( )  ( ) ( ), ,

1 1

,
n m α β

α β α β

i p j q i j

i j

N ξ M η ξ η p qξ η  
= =

+  += . (C.5) 

Eq. (C.5) can be simplified as 

 ( )  ( ) ( )
B

1

N
pq

I I

I

l
N

=

= p pξ ξ ξ  (C.6) 
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with ( ) ( ) ( ), ,

pq

I i p j qN N ξ M η=ξ , where  ( )I

l
p ξ  is the 2D reproducing point vector: 

  ( )      ( )      ( )  ( )  ( ) 
T 2 2

1 1 2 1 1 2
1,  ,  ,  ,  ,  ,  ,  ,  ,  

l
p q

p q

I I I I I I I I Iξ η ξ ξ η η ξ η=p ξ   (C.7) 

with ξ
[l] 

I  being the 2D reproducing points. 
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Appendix D. Calculations of SIFs 

The interaction integral is applied to extract the mixed-mode SIFs [128]. By 

defining two states of a cracked body, the present state 
( ) ( ) ( )( )1 1 1

,  ,  ij ij iju   and the 

auxiliary state 
( ) ( ) ( )( )2 2 2

,  ,  ij ij iju  , the J-integral is expressed as 

 
( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( )1 2

1 2 1 2 1 2 1 2

1

1

1
d

2

i i

ij ij ij ij j ij ij j

Γ

u u
J n Γ

x
      

+

  +
 = + + − +
 
 

 , (D.1) 

where δ1j is the Kronecker delta, and nj is the unit vector norm to Γ. Eq. (D.1) can be 

rearranged as follows: 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 2 1 2 1,2 1 2 1 2 1 2

I I ΙΙ IΙ

2
J J J I J J K K K K

E

+
= + + = + + +


, (D.2) 

 
( ) ( )

( )
( )

( )
( )

2 1
1,2 1 2 1,2

1

1 1

di i
ij ij j

jA

u u q
I W A

x x x
  
   

= + − 
    

 , (D.3) 

where I(1,2) is the interaction integral; A is the integral domain enclosed by Γ; q is a 

smooth weight function; 
( ) ( ) ( ) ( ) ( )1,2 1 2 2 1

ij ij ij ijW    = =  is the interaction strain energy 

density; E  is given by E/(1-ν2) under the plane-strain condition. 

By considering a pure Mode-I crack with 
( )2

IK  = 1, the Mode-I SIF is obtained as 

 
( ) ( )1 1,2

I
2

E
K I


= . (D.4) 

The Mode-II SIF can be obtained in the same manner. 

The SIFs of the crack in thin plates and shells can be divided into two parts: the 

membrane SIFs associated with the plane stress state and the bending SIFs associated 

with the plate theory. The membrane SIFs, KI and KII, are calculated by using the 2D 

plane stress elasticity, and the bending SIFs, k1 and k2, are calculated by using the KL-

plate theory as follows [232]: 
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( ) ( )I II
0 0

1 2
0 0

lim 2 ,0 , lim 2 ,0 ,

3
lim 2 ,0, , lim 2 ,0, ,

2 1 2

r
r r

r
r r

K r r K r r

t t
k r r k r r

 

 

   


 



→ →

→ →

= =

+   
= =   

+   

 (D.5) 

where (r, θ, z) is the local polar coordinate at a crack tip. 

For a shell with through-thickness cracks, the J-integral can be redefined as [233] 

 1

1

di
ij j

A

u
fJ Wn n q A

x


 
= − − 

 
 . (D.6) 

Based on the divergence theorem, Eq.(D.6) is simplified as [163] 

 1

1 1 1

1 1
d di i

j ij ij

j jV V

u uq W
J W V q V

h x x h x x x
  

       
= − − − −    

         
  . (D.7) 

Within the context of KL theory, the J-integral is related to the SIFs as follows [232]: 

 ( ) ( )2 2 2 2

I II 1 2

1 1

3 3
J K K k k

E E

 



+ 
= + + + 

+ 
. (D.8) 

The mixed-mode SIFs for 2D and 3D problems can be calculated by the 

interaction integral [128, 233], in which both the present state with fields (σ
(1) 

ij , ε
(1) 

ij , u
(1) 

i ) 

and auxiliary state with fields (σ
(2) 

ij , ε
(2) 

ij , u
(2) 

i ) are utilized. The summation of J-integral 

can be expressed as follows: 

 

( )( ) ( )
( )

( )( ) ( )
( )

(1) (2)

(1 2) (1) (2) (1) (2) (1) (2)

1

1

(1) (2)

(1) (2) (1) (2) (1) (2)

1 1

1 1
d

2

1 1
d

2

i i

ij ij ij ij j ij ij

jV

i i

ij ij ij ij ij ij

jV

u u q
J V

h x x

u u
q V

h x x x

      

     

+
 + 

= − + + − +
 

 + 
− + + − +

  

 
 
  

    
         





. (D.9) 

Eq. (D.9) can be expanded and rearranged as 

 
(1 2) (1) (2) (1,2)J J J I+ = + +  (D.10) 

with the interaction integral I being expressed as 

 
(2) (1)

(1,2) (1) (2) (1) (2)

1

1 1

1
di i

ij ij ij ij j

jV

u u q
I V

h x x x
    
   

= + − 
   

 . (D.11) 
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The summation of J-integral using Eq. (D.8) is expressed as 

 

( )

( )

(1 2) (1) (2) (1) (2) (1) (2)

I I II II

(1) (2) (1) (2)

1 1 2 2

2

2 1
           

3 3

J J J K K K K
E

k k k k
E

 



+ = + + +

+ 
+ + 

+ 

. (D.12) 

By comparing Eqs. (D.10) and (D.12), the relationship between SIFs and interaction 

integral is expressed as 

 ( ) ( )(1,2) (1) (2) (1) (2) (1) (2) (1) (2)

I I II II 1 1 2 2

2 2 1

3 3
I K K K K k k k k

E E

 



+ 
= + + + 

+ 
. (D.13) 

By following the same extraction of SIFs in a 2D case, the SIFs of thin shells can be 

obtained by Eqs. (D.4) and (D.13). 
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Appendix E. Calculations of Crack Propagation Angles 

A crack propagation direction can be obtained by the maximum circumferential 

stress criterion [118], in which a crack will grow along the direction θc that is normal 

to the angle of a maximum circumferential stress σθθ as follows [160]: 

 ( ) ( )I IIsin 3cos 1 0c cK K + − = , (E.1) 

where the angle θc is defined by 0   = . By solving the above equation, the 

angle θc is given as 

 
( )

( )

2

II I

II I

1 1 8 /
2arctan

4 /
c

K K

K K


 − +
 =
 
 

. (E.2) 
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Appendix F. Contact Kinematics and Constraints 

For the frictional contact between two deformable bodies, a penalty method is 

used to enforce contact constraints [234]. The following notations are used for 

convenient representations: the superposed dot indicates a derivative with respect to 

time, the superscript s indicates a slave surface, the superscript m indicates a master 

surface, and the symbol ( )  indicates the point projected from a slave to a master 

surface. 

The normal gap between two bodies is defined as 

 ( )= − x x ns m m

Ng , (F.1) 

where 
m

n  is the normal to the master surface at the projection point 
m

x  of a point 
s

x  

on the slave surface. The normal contact constraints that aim to implement the 

impenetrability between contact bodies are 

 0,   0,   and 0N N N Ng t g t  = , (F.2) 

where tN is the normal contact traction. 

By assuming that the master surface is parameterized by a connective coordinate 

ξ, the tangential slit increment is defined as 

 1=g m

T   (F.3) 

with the covariant vector being 1 ,

m m

= x . The contact constraints in the tangential 

direction are 

 ( )0,   ,   0,   and  0    −  =  − =
t

t g t
t

T
T N T T N

T

t t , (F.4) 

where μ is the coefficient of friction, and γ is the amount of slip. 

The contact traction which is decomposed into normal and tangential components 

is defined as 
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 1

1

m m

N T N Tt t= + = +t t t n   (F.5) 

with the normal component being m

Nt = t n . 

By using the penalty algorithm, the normal contact constraints are regularized as 

 
if  0

 
0 otherwise

N N N

N

g g
t

 
= 


 (F.6) 

with the normal penalty parameter εN > 0. According to a backward Euler formulation, 

the regularized tangential constraints are 

( ) ( )
1

1 1

1
,   0,   0,  and   0       

 
 = + − − −   − =
  

t tT
T Tn T n T N T N

T

t
t t t t

t
, 

  (F.7) 

where the tangential penalty parameter satisfies the condition εT > 0. A return mapping 

algorithm is adopted for the regularized tangential constraints. More details on the 

linearization of contact variables are introduced in [70, 235]. 
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Appendix G. Meshfree Local Refinement Procedure for IGA 

A meshfree local refinement strategy that was proposed by Wang et al. [89] is 

employed. This strategy achieves the local refinement in a meshfree manner based on 

the equivalence between RK basis functions and isogeometric basis functions. To 

implement mesh refinement in a specified element, the initial knot interval 

corresponding to the element is subdivided by inserting additional knots, after which 

both the newly added meshfree nodes and the basis functions are calculated. The 1D 

and 2D local refinement procedures are briefly introduced. 

(a) 1D local mesh refinement 

Fig. G.1 shows the initial knot vector Ξ1 = {0, 0, 0, 1/3, 2/3, 1, 1, 1}, its linear 

reproducing points ξ[1] = {0, 1/6, 1/2, 5/6, 1} and the basis functions. The meshfree 

shape functions are equivalent to the isogeometric B-spline basis functions. After the 

insertion of 1/2 into the initial knot vector, the new meshfree nodes ξ[1] = {0, 1/6, 5/12, 

7/12, 5/6, 1} are calculated by Eq. (C.3), which are visualized in Fig. G.2(a). It is 

found that the basis functions related to the inserted nodes are denoted by red dashed 

lines, and the basis functions related to the original nodes remain constant. The second 

level of refinement is further implemented, as shown in Fig. G.2(b). 

 

Fig. G.1. Basis functions before refinement. 
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(a) (b) 

Fig. G.2. Basis functions: (a) first-level refinement and (b) second-level refinement. 

(b) 2D local mesh refinement 

By implementing mesh refinement on the initial meshes that are visualized in Fig. 

G.3, the refined meshes, inserted nodes and basis functions are obtained. As shown in 

Fig. G.3(a) and (b), the nodes within the middle element are refined, and the nodes 

outside this element remain constant. The contour lines at the middle nodes and four 

newly added nodes are shown in Fig. G.3(e) and (f), respectively. Fig. G.4 shows the 

second-level refinement within the bottom left segment of the middle element. 

(c) 3D local mesh refinement 

The local mesh refinement in a 3D case is achieved in the same way as 1D or 2D 

procedures. Fig. G.5 illustrates both the mesh and nodes corresponding to the first 

three steps of mesh refinement, in which eight red nodes are added for the interior 

elements at the third step. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

Fig. G.3. Meshfree local refinement in two dimensions (p = q = 2): (a) meshes and 

nodes before refinement; (b) meshes and nodes after the 1st refinement; (c) shape 

functions before refinement; (d) shape functions after the 1st refinement; (e) contour 
lines at [0.5 0.5] before refinement; (f) contour lines at the added nodes after the 1st 

refinement. 
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(a) (b) 

Fig. G.4. Second-level refinement: (a) meshes and (b) corresponding basis functions. 

  

(a) (b) 

  

(c) (d) 

Fig. G.5. The mesh and nodes in a 3D case (p = q = r = 2): (a) before refinement, (b) 

the 1st step of mesh refinement, (c) the 2nd step of mesh refinement and (d) the 3rd step 

of mesh refinement. 
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