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ABSTRACT This paper reveals the fundamental reason for the asymmetrical issue in magnetic-geared
machines (MGMs) based on flux modulation theory. The analysis indicates that the magnetic circuits of
three-phase windings in MGMs are inherently asymmetrical. This asymmetrical issue is even more severe
in conventional consequent-pole MGMs (CP-MGMs) because of the more distorted magnetic field. Hence,
to address the asymmetrical issue, a novel structure featuring enhanced harmonic elimination capability
is proposed in this paper. Consequently, torque density can also be improved. In particular, the proposed
CP-MGM employs modular structure and axially embedded permanent magnets (PMs) to achieve symmet-
rical back electromotive force (EMF) waveforms and improved torque capability, respectively. To further
improve the electromagnetic performance of the proposed CP-MGM, the PM arc ratio and flux modulator
width ratio are analytically designed, which provides a general design guideline for CP-MGMs. To illustrate
the merits of the proposed CP-MGM, a few other MGMs are included for a fair comparison based on finite
element analysis (FEA). Results show the proposed CP-MGM can achieve more symmetrical back EMF
waveforms and lower torque ripple, as well as lower PM consumption and higher torque density, as compared
with its MGM counterparts.

INDEX TERMS Asymmetrical magnetic circuit, cost-effective, high torque density, magnetic-geared
machine.

I. INTRODUCTION
With increasing concerns about environmental pollution and
energy crisis, hybrid electric vehicles (HEVs) have been
attracting worldwide attention [1]. In particular, the series-
parallel HEVs, including the most popular Toyota Prius, have
dominated the market [2], [3]. Prius employs the mechanical
planetary gear unit to decouple the speeds of the internal
combustion engine (ICE) and the wheels, hence achieving
optimal energy conversion under different driving conditions.
However, the existence of mechanical gear would inevitably
bring along noise, vibration, and abrasion. Hence, various
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electrical solutions, such as four-quadrant transducer, electric
variable transmission, and dual mechanical-port electrical
machine, were proposed to address the problems [4]–[7].
However, these electrical counterparts involve brushes and
slip rings, hence resulting in low reliability and high main-
tenance cost.

To eliminate the brushes and slip rings, various magnetic-
geared machines (MGMs) have been proposed [8]–[11].
These MGMs artfully integrates a flux-modulated magnetic
gear [12] and a regular permanent magnet (PM) machine.
It was shown that MGM is equivalent to a planetary gear
combined with an electrical generator, therefore making it
particularly suitable for constructing the power split device
in HEV applications [13].
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Owing to its special operating principle, i.e., magnetic
gearing effect, as well as dual mechanical-port structure,
the performance characteristics of MGMs are quite different
from that of conventional permanent magnet synchronous
machines (PMSMs) [14]. Thus, the pole-pair combina-
tions [15], [16], winding configurations [17], back elec-
tromotive force (EMF) harmonic characteristics [18], wide
speed range operation [19], [20], and performance charac-
teristics during overload conditions [21] have been inves-
tigated. In order to further improve the compactness and
torque density of MGMs, the bidirectional flux-modulation
effect, which integrates two flux modulation groups into
one machine, was introduced [22]. Moreover, besides radial-
flux MGMs, the corresponding axial-flux and transverse-
flux counterparts were proposed [23]–[25]. These candidates
could potentially achieve higher torque density, lower rotor
losses, and higher efficiency than the radial-flux counterparts.

Existing MGMs utilize massive high-cost rare-earth PMs,
which is one of the main obstacles for their industrial
applications. Consequently, the consequent-pole MGMs
(CP-MGMs) show promising potential for commercial appli-
cations as it can effectively reduce PM consumption.
Nevertheless, the magnetomotive force (MMF) distribution
of the consequent-pole structure is more distorted, i.e., there
are even order harmonics [26]. On the other hand, it has been
shown that the magnetic circuits of three-phase windings are
asymmetrical inMGMs [10], [27]. As a result, the CP-MGMs
are also vulnerable to asymmetrical back EMF waveforms as
well as severe torque ripple.

FIGURE 1. SM-MGM with complementary structure [27].

To address the asymmetrical magnetic circuit problem,
a complementary structure was adopted in the surface-
mounted MGM (SM-MGM) [27], as shown in Fig. 1. In this
machine, both the inner rotor and outer rotor are divided into
three modules to eliminate the most dominant magnetic field
harmonic accounting for the asymmetry. However, the fun-
damental reason for the asymmetrical magnetic circuit is
still unclear. Furthermore, the performance is not sufficiently
satisfactory when this complementary structure is adopted in
the CP-MGM, owing to the more distorted magnetic field
distribution caused by the consequent-pole structure.

In this paper, the fundamental reason for the asymmetrical
magnetic circuit is revealed by the flux modulation theory.
Based on the analysis, a novel CP-MGM, which exhibits the

advantage of enhanced harmonic elimination, i.e., the major-
ity of the magnetic field harmonics can be eliminated, is pro-
posed. Meanwhile, low PM consumption and high torque
density can be achieved simultaneously by the proposed
consequent-pole structure with axially embedded PMs. The
performances of the proposed machine are further verified
based on finite element analysis (FEA). To have a better
illustration of the proposed CP-MGM, the existing comple-
mentary SM-MGM and CP-MGM are purposely included for
a fair comparison.

II. ASYMMETRICAL MAGNETIC
CIRCUITPHENOMENON IN MGMs
A. OPERATION PRINCIPLE OF MGMs
With the advantages of high-torque transmission capabil-
ity, reduced vibration and noise, and inherent overload
protection, magnetic gear (MG) has attracted much atten-
tion [28]–[30] since it was first proposed in 2001 [12].
By replacing the high-speed PM rotor in a MGwith the stator
winding, a corresponding MGM is generated.

FIGURE 2. Cross section of the conventional CP-MGM.

Fig. 2 shows the cross section of a conventional CP-MGM,
which comprises a 4 pole-pair inner PM rotor, a flux modu-
lator, and a 24-slot stator. The flux modulator consists of 6
evenly distributed magnetic steel segments, while the sta-
tor consists of steel laminations and a 2 pole-pair single-
layer distributed winding. By flux modulation theory [31],
the 4 pole-pair magnetic field excited by the inner PM rotor
is modulated by the flux modulator to generate a 2 pole-
pair magnetic field, which interacts with the armature field to
generate a steady electromagnetic torque. To get the highest
transmitted torque, the pole-pair numbers of PM rotor (inner
rotor), flux modulator (outer rotor), and stator windings are
governed by

por = pir + ps (1)

where pir , por , and ps are the pole-pair numbers of the inner
rotor, outer rotor, and stator winding, respectively.

The speed and torque relationships of the stator winding,
inner rotor, and outer rotor are

pir × ωir = por × ωor − ps × ωs (2)

Tir = −
pir
por

Tor =
pir
ps
Ts (3)
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where ωir , ωor , and ωs are the rotating speeds of the inner
rotor, outer rotor, and stator winding, respectively. Tir , Tor ,
and Ts are the torques of the inner rotor, outer rotor, and stator
winding, respectively.

When the outer and inner rotors of an MGM are connected
to the ICE crankshaft and wheels of an HEV, respectively,
the speeds of ICE and wheels are decoupled by the stator
winding. Hence, the power from ICE is transmitted to the
wheels as traction power and transformed to the stator wind-
ing as electrical power. However, it is noted that the torque-
transmitting relations of the two rotors are constant governed
by the gear ratio. Therefore, a torque-regulating machine is
required to decouple the ICE and thewheel torque. TheMGM
and torque-regulating machine constitute an electronic con-
tinuously variable transmission (eCVT), which can realize
decouple control of the speed and torque of the ICE and
wheels. From the above analysis, it can be seen that theMGM
can realize the same function as the power split machine,
making it particularly suitable for HEV applications.

FIGURE 3. Back EMF waveforms of the conventional CP-MGM when the
outer rotor rotates at 1600 r/min and the inner rotor rotates
at 1200 r/min.

B. ASYMMETRICAL MAGNETIC CIRCUIT PHENOMENON
It has been found that in MGMs, the magnetic circuits of
three-phase windings are asymmetrical [10], [27], hence
resulting in asymmetrical back EMF waveforms. Taking the
CP-MGM shown in Fig. 2 as an example, when both the inner
rotor and outer rotor rotate at rated speeds, the no-load back
EMFwaveforms are shown in Fig. 3. As can be seen, the back
EMF is non-sinusoidal and asymmetrical, which may result
in severe torque ripple. In addition, the cogging torque is also
significant. As shown in Fig. 4, the cogging torque is about
13.84 Nm (peak-peak value). This cogging torque is even
larger than the rated torque that is about 10 Nm.

C. THEORETICAL ANALYSIS OF THE ASYMMETRICAL
MAGNETIC CIRCUIT PHENOMENON
Asmentioned in [27], the asymmetrical magnetic circuit phe-
nomenon in MGMs should be attributed to some high-order
harmonics. However, the fundamental reason is still unclear.
Hence, this part contributes to revealing the essential reason
for the asymmetrical phenomenon based on the analysis of
back EMF harmonic characteristics.

In the CP-MGM, the MMF, FPM , produced by
inner rotor PMs and the airgap permeance, λf , can be

FIGURE 4. Cogging torque of conventional CP-MGM when the outer rotor
rotates with the inner rotor latched.

expressed as

FPM (θ, t) =
∑

n=1,2,3...

Fn cos(npirθ − npirωir t) (4)

λf (θ, t) = λ0 +
∑

m=1,2,3...

λm cos(mporθ − mporωor t) (5)

where θ and t are the spatial position and time, respectively;
while Fn, λ0, and λm are the amplitudes of nth PM MMF,
constant permeance part, and mth permeance harmonic,
respectively.

Hence, the flux density excited by PMs in the outer airgap
can be derived by the flux modulation theory as

B(θ, t)

=

∑
n=1,2,3...

Fnλ0 cos(npirθ − npirωir t)

+

∑
n=1,2,3...

∑
m=1,2,3...

Fnλm
2

×

{
cos [(npir + mpor )θ − (npirωir + mporωor )t]
+ cos [(npir − mpor )θ − (npirωir − mporωor )t]

}
(6)

Here, the term Bn,m is used to denote the magnetic
field produced by nth MMF and mth permeance harmonics.
It should be noticed that m can be negative and 0. More
specifically, when m = 0, this harmonic is produced through
the constant permeance part. Meanwhile, if m is negative,
the corresponding pole-pair number is npir − |m|por . By flux
modulation theory, the (por − pir )-pole-pair magnetic field is
the working harmonic, i.e., the working harmonic is denoted
as B1,−1.

To expediently derive the back EMF expression, the
winding function theory is adopted as

Na(θ ) =
∑

j=1,3,5...

Nj cos(jpsθ )

Nb(θ ) =
∑

j=1,3,5...

Nj cos(jpsθ − j
2
3
π )

Nc(θ ) =
∑

j=1,3,5...

Nj cos(jpsθ + j
2
3
π )

Nj =
2
jπ
Ns
ps
kwj

(7)
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where Nj is the amplitude of jth harmonic of the armature
winding function, Ns is the number of turns in series per
phase, and kwj is the corresponding winding factor.
Then, the back EMF of the CP-MGM is calculated by

ex = −
d
dt
[rgla

2π∫
0

B(θ, t)Nx(θ )dθ ], x = a, b, c (8)

where rg and la are the airgap radius and stack length,
respectively.

Substituting (6) and (7) into (8), the back EMF can be
expressed as

ea =
∑

n=1,2,3...

∑
m=0,±1,±2...

En,m

× sin[v′n,m(porωor − pirωir )t]

eb =
∑

n=1,2,3...

∑
m=0,±1,±2...

En,m

× sin[v′n,m(porωor − pirωir )t − p
′
n,m

2
3
π ]

ec =
∑

n=1,2,3...

∑
m=0,±1,±2...

En,m

× sin[v′n,m(porωor − pirωir )t + p
′
n,m

2
3
π ]

(9)

En,m =


πFnλ0rglanpirωirNp′n,m , m = 0

πFn
λm

2
rgla(npirωir + mporωor )Np′n,m ,

m = ±1,±2 . . .

(10)

p′n,m =
npir + mpor
por − pir

(11)

v′n,m =
npirωir + mporωor
porωor − pirωir

(12)

where En,m is the amplitude of the back EMF harmonic en,m
which is induced by the magnetic field Bn,m, p′n,m is the
relative spatial order defined as the ratio of the pole-pair
number of the magnetic field harmonic Bn,m to that of the
working harmonic B1,−1, v′n,m is the relative frequency order
defined as the ratio of the frequency of back EMF harmonic
en,m to that of the working component e1,−1.

According to (9), (11), and (12), it can be seen that for
specific back EMF harmonic en,m, the phase angle difference
between the three phases is

1θn,m =
p′n,m
v′n,m
×

2
3
π

=
porωor − pirωir

por − pir

/
npirωir + mporωor

npir + mpor
×

2
3
π

=
ω1,−1

ωn,m
×

2
3
π =

1
ω′n,m

×
2
3
π (13)

where ω1,−1 and ωn,m are the mechanical speed of the
working harmonic B1,−1 and magnetic field harmonic Bn,m,
respectively; while ω′n,m is the harmonic relative speed
defined as the ratio of ωn,m to ω1,−1.
As can be seen, for different back EMF harmonics en,m,

the phase angle differences among the three phases are

FIGURE 5. Relative speeds of magnetic field harmonics in the CP-MGM.

FIGURE 6. CP-MGM with existing complementary structure.

not necessarily the same as 120 degrees, instead, they are
dependent on the rotating speeds of magnetic field har-
monics. Fig. 5 shows the rotating speeds of magnetic field
harmonics in the CP-MGM, indicating that magnetic field
harmonics may rotate at different speeds, owing to the spe-
cial working principle, i.e., magnetic gearing effect, and
dual mechanical-port structure. Consequently, according to
(13), for fundamental back EMF component e1,−1, the phase
angle differences among the three phases are 120 degrees.
However, for other back EMF harmonics en,m, the phase
angle differences among the three phases are different. As a
result, the back EMF waveforms are asymmetrical for the
three-phase windings. In conclusion, the asymmetrical mag-
netic circuit problem is a common issue for MGMs, which
should be attributed to the magnetic gearing effect and dual
mechanical-port structure.

III. PRINCIPLE AND CHARACTERISTICS OF THE
PROPOSED STRUCTURE
It was revealed in section II that the asymmetrical mag-
netic circuit problem is a common issue for MGMs. More-
over, this asymmetrical issue is more severe in CP-MGMs
because of the further distorted magnetic field. Consequently,
the performance is not sufficiently satisfactory when the
existing complementary structure is adopted in the CP-MGM,
as shown in Fig. 6. Therefore, a novel CP-MGM with axially
embedded PMs is proposed in this paper, as shown in Fig. 7.
Compared with the complementary structure, the proposed
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FIGURE 7. Proposed CP-MGM with axially embedded PMs.

CP-MGM employs the artfully designed axially shifted
angles (1θir and 1θor ) and axially embedded PMs. As a
result, it can exhibit the absolute advantages of enhanced
harmonic elimination and improved torque capability.

A. ENHANCED HARMONIC ELIMINATION
As shown in Fig. 7, the novel structure can also be considered
as a combination of three modules having different initial
rotor positions. Hence, the working harmonic of the yth mod-
ule (y = 1, 2, or 3) can be calculated as

B1,−1,y =
F1λ1
2

cos
[
(pir − por )θ − (pirωir − porωor )t
+(y− 1)(pir1θir − por1θor )

]
(14)

where 1θir and 1θor are the axially shifted angles among
adjacent modules of the inner rotor and outer rotor,
respectively. Therefore, the working harmonics of the three
modules are identical and the output torque could be main-
tained if the axially shifted angles comply with

por1θor = pir1θir (15)

Furthermore, the magnetic field harmonic Bn,m of the yth

(y = 1, 2, or 3) module can be expressed as

Bn,m,y

=
Fnλm
2

cos
[
(npir + mpor )θ − (npirωir + mporωor )t
+(y− 1)(npir1θir + mpor1θor )

]
(16)

By carefully designing axially shifted angles 1θir and
1θor , the following relationship can be achieved

Bn,m,1 + Bn,m,2 + Bn,m,3 = 0 (17)

According to (16) and (17), the magnetic field harmonic
Bn,m is eliminated, under the condition of

npir1θir + mpor1θor = l
2
3
π (18)

where l is an integer that is not a multiple of 3. In the proposed
structure, the axially shifted angles of the inner rotor and outer
rotor are designed as

por1θor = pir1θir =
2
3
π (19)

It should be noted that both the inner rotor and outer rotor
are shifted by 120 electrical degrees. As a result, the harmonic
Bn,m can be eliminated when (n + m) is not a multiple
of 3. In other words, all the harmonics are eliminated if the
constituting MMF order n and permeance order m comply
with

n+ m 6= 3q, q = 0,±1,±2, . . . (20)

To conclude, the enhanced harmonic elimination effect is
realized in the proposed structure by the axially shifted angles
given by (19). By contrast, the existing complementary struc-
ture was designed to eliminate the most dominant magnetic
field harmonic accounting for the asymmetrical phenomenon,
which is B1,−3 in terms of the investigated CP-MGM [27].
Thus, following the method presented in [27], both the inner
rotor and outer rotor are shifted by 60 electrical degrees,
as shown in Fig. 6.

TABLE 1. Harmonic elimination effect of the complementary and
proposed structures.

FIGURE 8. Comparison of the magnetic field distribution in CP-MGMs
with different structures.

Table 1 compares the harmonic elimination effect of the
existing complementary structure and the proposed structure,
where ‘‘

√
’’ indicates the specific harmonic is eliminated in

the corresponding structure, while ‘‘×’’ means the opposite.
It can be seen that the majority of non-working harmonics
are eliminated by the proposed structure as compared with
the existing complementary structure. Fig. 8 shows the flux
density distribution of three CP-MGMs, namely, the conven-
tional CP-MGM, the CP-MGM equipped with the comple-
mentary structure, and the proposed CP-MGM. As can be
seen, both the complementary and proposed structures can
maintain the working harmonic B1,−1, as well as eliminate
the non-working harmonics. Moreover, it implies the major
distinction of the proposed structure comes from the absolute
advantage of enhanced harmonic elimination.

To verify the above analysis, Fig. 9 compares the back EMF
waveforms of the CP-MGMs with the complementary and
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FIGURE 9. Back EMF waveforms of CP-MGMs when the outer and inner
rotors rotate at 1600 r/min and 1200 r/min, respectively. (a) With
complementary structure. (b) With proposed structure.

proposed structures. As can be seen, the asymmetrical phe-
nomenon can be significantly alleviated by both structures,
when compared with the conventional CP-MGM as shown
in Fig.3. However, there still exists noticeable asymmetry in
the complementary CP-MGM, which can only be eliminated
by the proposed structure.

FIGURE 10. Cogging torque waveforms of CP-MGMs (the inner rotor is
latched but the outer rotor rotates). (a) With complementary structure.
(b) With proposed structure.

Furthermore, the cogging torque waveforms are shown
in Fig. 10. Compared with that of the conventional CP-MGM
as shown in Fig. 4, the peak-peak cogging torques are reduced
from 13.84 Nm to 8.5 Nm and 2.96 Nm, by employing the
complementary and proposed structures, respectively. Hence,
the conclusion can be drawn that the proposed structure out-
performs the complementary structure by the advantage of
enhanced harmonic elimination. To improve the readability
of this paper, as the worst performing candidate, the conven-
tional CP-MGM will be omitted in the following sections.

B. ENHANCED TORQUE DENSITY BY
AXIALLY EMBEDDED PMS
In the complementary structure, the epoxy-made flux barrier
is indispensable for reducing axial flux leakage among adja-
cent modules. However, the torque density would inevitably
get reduced because of the reduced effective stack length.
To improve the situation, the axial magnetized PMs are
embedded in the flux barrier of inner rotor to concentrate the
flux and enhance airgap flux density in the proposed struc-
ture, as shown in Fig. 11. Consequently, the output torque
can be improved.

It should be noted that the flux barrier width also affects
the output torque. More specifically, a thicker flux barrier
contributes to reducing axial flux leakage, which results in
increased airgap flux density and output torque. On the other

FIGURE 11. Simplified magnetic circuits of the axially embedded PMs.
Fm and Rm are the MMF and reluctance of the radial magnetized PMs,
Fam and Ram are the MMF and reluctance of the axially embedded PMs,
and Ri is the reluctance of the iron pole.

hand, the thicker flux barrier also results in reduced effective
stack length. Therefore, there exists an optimal flux barrier
width to maximize the output torque and torque density.
To take into account the manufacturing complexity and facil-
itate a fair comparison, the flux barrier width in the proposed
structure is set as 5 mm, which is the same value used in the
existing complementary SM-MGM [27].

According to Fig. 11, the axially magnetized PMs should
be embedded between the consequent-pole PMs and iron
poles. Thus, the axially embedded PM arc ratio βPM is
designed as

βPM = min {αPM , 1− αPM ,1αir } (21)

where αPM is the consequent-pole PM arc ratio, and 1αir
is related to the axially shifted angle, defined as 1αir =
pir1θir/(2π ). Moreover, to provide flux path for the axially
embedded PMs, the flux barrier in the stator is substituted by
the iron core, as shown in Fig. 7.

IV. OPTIMIZATION OF THE PROPOSED CP-MGM
With the advantage of enhanced harmonic elimination, the
majority of the non-working magnetic field harmonics are
eliminated by the proposed structure. However, the rest of
the non-working harmonics still result in cogging torque and
back EMF harmonics. On the other hand, although torque
density is improved by the axially embedded PMs, the PM
utilization ratio is deteriorated because of the severe mag-
netic saturation. Therefore, the proposed CP-MGM is further
optimized in terms of cogging torque, back EMF, and PM
utilization ratio.

A. OPTIMIZATION OF COGGING TORQUE
As shown in Fig. 10 (b), the cogging torque of the inner
rotor and outer rotor have the same amplitude but opposite
directions, indicating the cogging torque is mainly generated
by the interaction of the two rotors. Thus, to simplify the
analysis, the outer rotor is kept stationary while the inner rotor
rotates. Based on Maxwell’s stress tensor, the cogging torque
is calculated as

Tc(α) =
1
µ0

lar2
∫ 2π

0
Bsr (r, θ, α)Bsθ (r, θ, α)dθ (22)
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where µ0 is the permeability of vacuum, r is the radius of the
integration surface, and α is the inner rotor position. Bsr and
Bsθ are the radial and tangential flux density components at
radius r , respectively.

The radial and tangential components of the flux density in
the inner airgap is derived from the flux modulation effect as

Bsr (r, θ, α)
= Br (r, θ, α)λa(r, θ)+ Bθ (r, θ, α)λb(r, θ)
= λ0(r)

∑
n
Brn cos[npir (θ − α)]

+

∑
m

∑
n
Brn(r)λam(r) cos[npir (θ − α)] cos(mporθ)

+

∑
m

∑
n
Bθn(r)λbm(r) sin[npir (θ − α)] sin(mporθ )

Bsθ (r, θ, α) (23)
= Bθ (r, θ, α)λa(r, θ)− Br (r, θ, α)λb(r, θ)
= λ0(r)

∑
n
Bθn cos[npir (θ − α)]

+

∑
m

∑
n
Bθn(r)λam(r) sin[npir (θ − α)] cos(mporθ )

−

∑
m

∑
n
Brn(r)λbm(r) cos[npir (θ − α)] sin(mporθ )

(24)

where Br and Bθ are the radial and tangential flux den-
sity components in the slotless inner airgap, respectively;
λa and λb are the real and imaginary parts of the complex
relative airgap permeance, respectively.

Thus, the cogging torque expression is calculated as
expressed in (25). The integrals in (25) will yield a result
different from zero only for certain n, k , m, and h. Here,
the second term of (25) is taken as an example, which is
rewritten as (26), as shown at the bottom of the next page.

It is easy to show that when

kpir + npir − hpor = 0 (27)

where k , n, and h are the orders of radial and tangential
magnetic field harmonics, and the real part of the relative
permeance harmonics, respectively. The cogging torque is

Tc(α)=−
π

2
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah sin[(k+n)pirα]

(28)

Similarly, when

kpir − npir + hpor = 0 or kpir − npir − hpor = 0 (29)

the corresponding cogging torque is

Tc(α)=−
π

2
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah sin[(k−n)pirα]

(30)

Tc(α) =
1
µ0

lar2



λ20

∑
n

∑
k

BrnBθk

2π∫
0

cos[npir (θ − α)] sin[npir (θ − α)]dθ

+ λ0
∑
n

∑
k

∑
h

BrnBθkλah

2π∫
0

cos[npir (θ − α)] sin[kpir (θ − α)] cos(hporθ )dθ

− λ0
∑
n

∑
k

∑
h

BrnBrkλbh

2π∫
0

cos[npir (θ − α)] cos[kpir (θ − α)] sin(hporθ)dθ

+ λ0
∑
n

∑
k

∑
m

BrnBθkλam

2π∫
0

cos[npir (θ − α)] sin[kpir (θ − α)] cos(mporθ)dθ

+ λ0
∑
n

∑
k

∑
m

BθnBθkλbm

2π∫
0

sin[npir (θ − α)] sin[kpir (θ − α)] sin(mporθ )dθ

+

∑
n

∑
k

∑
m

∑
h

BrnBθkλamλah

2π∫
0

cos[npir (θ − α)] sin[kpir (θ − α)] cos(mporθ ) cos(hporθ )dθ

+

∑
n

∑
k

∑
m

∑
h

BθnBθkλbmλah

2π∫
0

sin[npir (θ − α)] sin[kpir (θ − α)] sin(mporθ) cos(hporθ )dθ

−

∑
n

∑
k

∑
m

∑
h

BrnBrkλamλbh

2π∫
0

cos[npir (θ − α)] cos[kpir (θ − α)] cos(mporθ ) sin(hporθ )dθ

−

∑
n

∑
k

∑
m

∑
h

BθnBrkλbmλbh

2π∫
0

sin[npir (θ − α)] cos[kpir (θ − α)] sin(mporθ ) sin(hporθ)dθ



(25)
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TABLE 2. Combinations of n, k, and h that satisfies kpir + npir − hpor = 0.

For all the other combinations of n, k , and h, the cogging
torque is equal to zero. Moreover, the proposed structure
also contributes to reducing the cogging torque. Specifically,
taking the case of (27) as an example, the cogging torque of
the other two modules Tc2(α) and Tc3(α) is expressed as

Tc2(α) = −
π

2
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah

× sin[(k + n)pir (α +1θir )− hpor1θor ]

= Tc[α + (k + n− h)
2
3
π] (31)

Tc3(α) = −
π

2
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah

× sin[(k + n)pir (α + 21θir )− 2hpor1θor ]

= Tc[α + (k + n− h)
4
3
π] (32)

Consequently, the combined cogging torque T ∗c (α) is

T ∗c (α) = Tc(α)+ Tc[α + (k + n− h)
2
3
π ]

+Tc[α + (k + n− h)
4
3
π ] (33)

Thus, it can be found that the combined cogging torque is
eliminated by the proposed structure, except when

k + n− h = 3i, i = 0,±1, ± 2, . . . (34)

Neglecting high-order harmonics, the combinations of k ,
n, and h that meet the condition of kpir + npir − hpor = 0 are
listed in Table 2. As highlighted, the 6th relative permeance
harmonic interacts with multiple magnetic field harmonics,
such as 1st, 2nd, 3rd, 4th, 5th, 6th, 7th, and 8th, to generate
cogging torque, while they cannot be eliminated by the pro-
posed modular structure. It is challenging to eliminate multi-
ple flux density harmonics simultaneously, especially the 1st

magnetic field component also contributes to average torque.

Therefore, the 6th relative permeance harmonic should be
eliminated to reduce the cogging torque. Likewise, when (29)
holds or consider other terms of (25), the same conclusion can
be drawn.

FIGURE 12. The relative airgap permeance obtained by conformal
mapping. (a) The real part of the relative permeance when the flux
modulator width ratio αFM is 0.7. (b) The variation of the 6th real part
relative permeance harmonic against flux modulator width ratio αFM.

FIGURE 13. Cogging torque of the proposed CP-MGM with flux modulator
width ratio αFM as 0.62.

The complex relative airgap permeance is obtained by con-
formal mapping [32]. The calculated real part of the relative
permeance λa is shown in Fig. 12(a), and the variation of the
6th real part relative permeance harmonic with fluxmodulator
width ratio αFM is shown in Fig. 12 (b). The analytical results
indicate that the optimal αFM for the investigated CP-MGM
is 0.62, and the resultant cogging torque is shown in Fig. 13.
As can be seen, the peak-peak cogging torque is effectively
reduced from 2.96 Nm to 1.18 Nm, as compared with that
shown in Fig. 10 (b). It should be noted that the optimal flux
modulator width ratio αFM is related to inner and outer rotor
pole-pair numbers. Hence, the optimal αFM derived in this
paper, i.e., 0.62, may not apply to other MGMs with different
pole-pair combinations, but the proposed design method in
this paper can be easily extended to other MGMs.

Tc(α) =
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah ×

2π∫
0

cos[npir (θ − α)] sin[kpir (θ − α)] cos(hporθ )dθ

=
1
µ0

lar2λ0
∑
n

∑
k

∑
h

BrnBθkλah

×
1
4

2π∫
0

{
sin[(kpir + npir + hpor )θ − (kpir + npir )α]+ sin[(kpir + npir − hpor )θ − (kpir + npir )α]

+ sin[(kpir − npir + hpor )θ − (kpir − npir )α]+ sin[(kpir − npir − hpor )θ − (kpir − npir )α]

}
dθ (26)
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TABLE 3. The dominant flux linkage components.

B. OPTIMIZATION OF BACK EMF WAVEFORMS
When the CP-MGM operates as a power split machine,
the speeds of the inner rotor and outer rotor are variable.
Moreover, it was found that the amplitudes and orders of back
EMF harmonics are variable with rotor speeds inMGMs [18].
Therefore, the most essential quantity to reflect back EMF
harmonic is the flux linkage component. However, different
flux linkage components may have the same frequency under
certain operating conditions, owing to the dual mechanical-
port structure. Thus, the flux linkage separation method pre-
sented in [18] is employed here to identify the specific flux
linkage harmonics that lead to back EMF distortion.

The main flux linkage components are listed in Table 3,
as shown at the bottom of next page. From the analysis in
Section III-A, the flux linkage ϕn,m is eliminated by the
proposed structure if (n + m) is not a multiple of 3. Thus,
the dominant flux linkage components accounting for back
EMF distortion are ϕ8,−5, ϕ3,−3, ϕ2,1, and ϕ6,−3, as high-
lighted in Table 3. The airgap permeance harmonic content
is already optimized to reduce cogging torque. Hence, in this
part, the consequent-pole PM arc ratio αPM is optimized
to eliminate the corresponding PM MMF harmonics. More
specifically, the 2nd, 3rd, 6th, and 8th PM MMF harmonics
should be minimized.

FIGURE 14. The variation of flux density harmonics of an equivalent
slotless consequent-pole PM machine against its PM arc ratio αPM .

The PM MMF harmonic content cannot be obtained
straightforwardly by FEA. Hence, the corresponding flux
density harmonics of an equivalent slotless consequent-pole
PM machine, which are proportional to the MMF harmonics,
are investigated instead. Fig. 14 shows the influences of PM
arc ratio αPM on the corresponding flux density harmonics,
as derived by the analytical model and verified by FEA.
To reduce the correspondingMMF harmonics that cause back
EMF distortion and to maintain the output torque, the optimal
αPM is selected as 0.63. The optimal back EMF waveform is

FIGURE 15. The back EMF waveforms of the proposed CP-MGM with the
optimal PM arc ratio αPM .

shown in Fig. 15. As can be seen, the back EMF harmonics
are noticeably reduced as compared with that in Fig. 9 (b).

C. OPTIMIZATION OF PM UTILIZATION RATIO
Although the output torque is enhanced by the axially embed-
ded PMs, the PM utilization ratio is reduced because of the
severe magnetic saturation. Particularly, the saturation in the
flux modulator should be mitigated as it impairs the flux
modulation effect and hence torque capability.

FIGURE 16. The variation of outer rotor torque against the thicknesses of
flux modulator and stator yoke.

Therefore, 3D-FEA has been carried out to investigate the
influence of the stator yoke and flux modulator thicknesses
on torque capabilities, and the results are shown in Fig. 16.
As can be seen, the optimal torque output can be obtained
when the flux modulator and stator yoke thicknesses are
11 mm and 8 mm, respectively. More specifically, a torque
improvement of 14.29% is achieved by employing 21.16%
more PMs.

V. PERFORMANCE COMPARISONS AND ANALYSIS
To have a better demonstration of the proposed CP-MGM,
performance comparisons of the existing complementary
SM-MGM [27] (as shown in Fig. 1), the complementary
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TABLE 4. Main parameters of the three MGMs.

TABLE 5. THD comparison of the three machines.

CP-MGM (as shown in Fig. 6), and the proposed CP-MGM
(as shown in Fig. 7) are compared in terms of back EMF,
torque characteristics, and PM utilization ratio. The results
are obtained by 3D-FEA, while their main design parameters
are shown in Table 4. It should be noted that the flux modula-
tor thickness of the proposed CP-MGM is designed as 11 mm
by taking into account themagnetic saturation caused by axial
magnetized PMs, with details being presented in section IV.

A. BACK EMF
Fig. 17 shows the back EMFwaveforms of the threemachines
and the corresponding harmonic spectrum, while the total
harmonic distortion (THD) values are summarized in Table 5.
As can be seen, the back EMF of the complementary
CP-MGM is the most distorted, and there still exists sig-
nificant asymmetry among three phases. This implies the
performance is not satisfactory when the existing comple-
mentary structure is adopted in the CP-MGM, owing to the
more distorted magnetic field distribution. Although the back
EMF waveforms of the existing complementary SM-MGM
are more sinusoidal and symmetrical, it exhibits the lowest
fundamental back EMF with the maximum volume of PMs.
In contrast, the proposed CP-MGM exhibits the most sinu-
soidal and symmetrical back EMF, as well as the highest

FIGURE 17. 3D-FEA predicted back EMF. (a) Back EMF waveforms of
Phase A. (b) Harmonic spectrum of the complementary SM-MGM.
(c) Harmonic spectrum of the complementary CP-MGM. (d) Harmonic
spectrum the proposed CP-MGM.

fundamental back EMF, attributed to the proposed modular
structure with axially embedded PMs.

B. TORQUE CHARACTERISTICS
As the reluctance torque is negligible in MGMs, id = 0
control is implemented to drive the machines at rated con-
dition, i.e., the inner and outer rotors rotate at 1200 r/min
and 1600 r/min, respectively, with the stator current of
8.5 A (rms). As a result, the electromagnetic torques of the
three machines are compared in Fig. 18 and listed in Table 6.
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FIGURE 18. Output torque comparisons with id = 0 control. (a) Outer
rotor torque. (b) Inner rotor torque.

TABLE 6. Torque comparisons of the three machines.

As can be seen, the complementary CP-MGM suffers from
severe torque ripple, while the proposed CP-MGM obtains
a significantly reduced torque ripple and enhanced torque
density. Furthermore, as compared with the existing comple-
mentary SM-MGM, the proposed CP-MGMutilizes less PMs
but increases its inner rotor torque and outer rotor torque by
15.8% and 14.4%, respectively.

TABLE 7. PM volume and PM utilization ratio of the three machines.

C. PM UTILIZATION
Table 7 compares the PM consumption of the three machines,
where PM utilization ratio εm is defined as the ratio of the
outer rotor torque to PM volume Vm. As can be seen, the
existing complementary SM-MGM exhibits the maximum
PMvolume and the lowest utilization ratio. On the other hand,
the complementary CP-MGM utilizes the least volume of
PMs and obtains the highest PM utilization ratio, attributed
to the merits of consequent-pole structure. However, it suf-
fers from serious torque ripple. In contrast, the proposed
CP-MGM utilizes slightly more PMs but achieves a similar

TABLE 8. Power losses and efficiency of the three machines.

PM utilization ratio than the complementary CP-MGM.
Moreover, the proposed CP-MGM achieves a reduction of
PM consumption by 12% and an improvement of PM utiliza-
tion ratio by 30%, when compared with the complementary
SM-MGM.

D. EFFICIENCY
When the outer and inner rotors of an MGM are connected
to the ICE crankshaft and wheels of an HEV, the MGM
will work as a power split machine. In this case, part of
the power from ICE (PICE) is transferred to the wheels as
traction power (Ptr), while the rest of PICE is converted to
electrical power (Pe) through stator winding.

Neglecting the mechanical loss, the power loss mainly
consists of copper loss and iron loss. The efficiency of the
power split machine is defined as

ηPSD =
Ptr + Pe
PICE

× 100% (35)

When operating at rated condition, i.e., the inner and outer
rotors rotate at 1200 r/min and 1600 r/min, respectively,
with the stator current of 8.5 A (rms). The main losses and
efficiency of the three machines are calculated by FEA and
shown in Table 8. As can be seen, the proposed CP-MGM
exhibits the highest iron loss due to abundant magnetic
field harmonics and enhanced airgap flux density, caused
by consequent-pole structure and axial magnetized PMs,
respectively. In contrast, the iron loss of the complementary
SM-MGM is the lowest, attributed to increased equivalent
airgap length and reduced magnetic field harmonics con-
tributed by surface-mounted structure. Besides, the copper
losses of the three machines are the same owing to identical
winding configuration and stator current. Moreover, the PM
eddy current loss of the proposed CP-MGM is reduced,
as compared with the complementary SM-MGM. This is due
to the reduced PM consumption in the proposed CP-MGM.
Taking these three types of losses into account, the efficiency
of the proposed CP-MGM is 87.69%, which is slightly lower
than that of the complementary SM-MGM and CP-MGM,
i.e., 88.85% and 87.82%, respectively.

VI. CONCLUSION
This paper presents the design and optimization of a novel
CP-MGM. Firstly, based on flux modulation theory, it is
revealed that the asymmetrical magnetic circuit problem is
a common issue for MGMs, which is attributed to the
magnetic gearing effect and dual mechanical-port structure.
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Therefore, a modular structure featuring enhanced harmonic
elimination is proposed to solve the asymmetrical issue,
achieved by artfully designed axially shifted angles. It is
demonstrated that the majority of the non-working harmonics
in the proposed design are eliminated, leading to a signifi-
cant reduction in cogging torque and back EMF harmonics.
Besides, the flux modulator width ratio and PM arc ratio
are optimized to further improve the performance of the
proposed CP-MGM, providing a general design guideline
for CP-MGMs. Furthermore, the axially magnetized PMs are
embedded in the flux barrier to further improve the output
torque. 3D-FEA results show that the proposed CP-MGMcan
achieve symmetrical back EMF waveforms and significantly
reduced torque ripple, as well as high torque density and
high PM utilization ratio. The obtained knowledge from this
paper will serve as the foundation in our future research and
prototypes will be developed in our future papers.
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