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Robustness Evaluation of Multipartite Complex
Networks Based on Percolation Theory

Qing Cai, Sameer Alam, Mahardhika Pratama, and Jiming Liu, Fellow, IEEE

Abstract—To investigate the robustness of complex networks in
face of disturbances can help prevent potential network disasters.
Percolation on networks is a potent instrument for network
robustness analysis. However, existing percolation theories are
primarily developed for interdependent or multilayer networks.
Little attention is paid to multipartite networks which are
an indispensable part of complex networks. In this paper, we
theoretically explore the robustness of multipartite networks
under node failures. We put forward the generic percolation
theory for gauging the robustness of multipartite networks with
arbitrary degree distributions. Our developed theory is capable of
quantifying the robustness of multipartite networks under either
random or target node attacks. Our theory unravels the second
order phase transition phenomenon for multipartite networks. In
order to verify the correctness of the proposed theory, simulations
on computer generated multipartite networks have been carried
out. The experiments demonstrate that the simulation results
coincide quite well with that yielded by the proposed theory.

Index Terms—Complex networks, multipartite networks, sys-
tem control, percolation, network robustness

I. INTRODUCTION

COMPLEX systems such as transportation systems, power
grid systems, etc., are ubiquitous and facilitate our daily

lives unprecedentedly. Because a real-world complex system
normally possesses many components and each of which can
suffer from unpredictable external and/or internal disturbances
[1], the focal system might be out of control as the failures
of some system components can trigger cascading failures
throughout the entire system [2, 3] and a system-level catas-
trophe is likely to occur. To ensure the stabilities of complex
systems is therefore of pivotal significance towards reliable
and better service providing [4, 5].

In order to better understand complex systems so as to take
proactive measures to enhance their stabilities in face of per-
turbations, one of the most promising approaches is to model
complex systems as complex networks and then apply network
theories for problem-specific analysis [6]. In order to evaluate
the capabilities of complex systems to withstand perturbations,
the intriguing research agenda of network robustness came into
being [7, 8]. Hitherto, tremendous endeavors have been made
by researchers to gauge the robustness of complex networks
in face of perturbations [9, 10].
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Existing studies on network robustness can be roughly cat-
egorised into two branches, i.e., empirical studies [11–13] and
theoretical studies [14–17]. Empirical studies mainly harness
simulation methods to exploit the robustness of a network.
More specifically, empirical studies generally evaluate the
robustness of a given network by removing a fraction of
components of the focal network based on certain network
ranking strategies [18, 19] and then quantifying its robustness
based on proper statistical metrics [20–22]. As a network is
generally depicted by a graph consisting of nodes and edges,
existing empirical studies thus could be archived into two
classes, i.e., node-level robustness (robustness of networks
to node failures) and edge-level robustness (robustness of
networks to edge failures). With many networks are reported
to display community structures (a community is universally
recognized as a subgraph of a network that is densely inter-
connected but sparsely intra-connected [23, 24]), a handful
of empirical work has investigated the robustness of complex
networks at the community level [25–27]. The paramount
merits of empirical studies on network robustness are their
simplicity and effectiveness. However, their principal demerit
is that their implementations are time consuming when the
studied network is large in size. Another drawback lies in their
unexplainable nature, i.e., they cannot disclose the sciences
beneath network dynamics. To circumvent those defects, the-
oretical studies eminently represented by percolation theories
[28, 29] appeared. The last decade has witnessed the research
enthusiasm on percolation theories for network robustness
analysis [30].

Percolation on single layer networks, i.e., independent
networks, has been well studied [7]. Nevertheless, complex
networks in reality are commonly not independent but inter-
dependent [31]. Consequently, failures on one network could
elicit failures on its coupled networks, i.e., networks with
which the focal network interacts, and eventually those failures
would wreak havoc on the entire network. It is therefore
pivotal to study the robustness of interdependent networks
in face of perturbations [32, 33]. The seminal work in [28]
for the first time investigated the robustness of interdependent
or multilayer networks [34, 35]. It has been proved that
multilayer networks are extremely vulnerable to disturbances.
The pinnacle work in [28] has sparked the research flush
on robustness analysis of multilayer networks. For instance,
the outstanding work in [32] has developed the percolation
theories for multilayer networks that are organized in diverse
structures, while the distinguished work in [29] has derived
the percolation theory for directed multilayer networks. Other
splendid work can be found in [36, 37].
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Percolation on multilayer networks are well studied. How-
ever, little attention is paid to multipartite networks [7], which
are an indispensable part of complex networks. Some real-
world networks can be modeled as multipartite networks. For
example, a mutualistic ecological network involving birds (act
as seeds dispersers), plants, and butterflies (act as pollinators)
can be modeled as a tripartite network in which each node set
represents a certain category of species [26]. Some metabolic
networks can be modeled as bipartite networks [38]. In the
literature, several works have empirically exploited the ro-
bustness of multipartite networks [39, 40]. Nevertheless, to
the best of our knowledge, there is no theoretical study (the
work in [38, 41, 42] only investigates bipartite networks and
those theories are not amenable to multipartite networks). With
regard to this, this paper aims to theoretically investigate the
robustness of multipartite networks. The contributions of this
work are as follows:

1) We have elucidated the cardinal principles of existing net-
work fragmentation models and the corresponding percolation
theories for calculating the robustness of multilayer networks.

2) We have proved that the application of existing per-
colation theories to multipartite networks is infeasible due
to the structural nuance between multipartite and multilayer
networks.

3) We have established a non-cascading network fragmenta-
tion model for multipartite networks. Based on the established
model we further devise the generic percolation theory for cal-
culating the robustness of multipartite networks with arbitrary
degree distributions under either random or target node attacks.

4) To validate the correctness of the proposed theory, we
have carried out extensive simulations on artificial multipartite
networks with Poisson degree distributions. The simulation
results coincide quite well with the theoretical results.

The remainder of this paper is structured as follows. Sec-
tion II presents related preliminaries with emphasis on the
introductions to extant percolation theories. Section III details
the reasons why extant percolation theories are not amenable
to multipartite networks. Section IV delineates in detail our
proposed generic percolation theory, including the introduced
non-cascading network dynamic model and the corresponding
mathematical derivations of the devised percolation theory for
analyzing the robustness of multipartite network to random or
target node attacks. Section V demonstrates the simulations on
computer-generated multipartite networks with Poisson degree
distributions and Section VI concludes the paper.

II. RELATED BACKGROUNDS

A. Basic Notations and Terminologies

A complex network is generally depicted by a graph that
is composed of a set of nodes and edges [7]. A graph can
be mathematically denoted by G = {V,E}, where V and E
respectively represent the node set and edge set of G. Fig. 1(a)
graphically exhibits a toy network G with seven nodes.

One of the frequently discussed terminologies concerning
a complex network G is its adjacency matrix AN×N , where
N = |V | is the number of nodes in G. The entry aij of matrix
A reflects the relation between nodes i and j. For instance,

the value of aij can measure the connection intensity1 between
nodes i and j. Another frequently investigated terminologies
concerning a network G is the degree of a node. The degree
ki of node i is defined as ki =

∑
j aij . Along with the degree

concept comes the concept of degree distribution. The degree
distribution P (k) of network G represents the probability
distribution of degree ki over the whole network.
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Fig. 1. Graphical examples of (a) a single layer network, (b) a multilayer
network with three subnetworks G1, G2 and G3 and (c) a multipartite
network with three partite sets V1, V2 and V3.

Now let us consider two special networks respectively
shown in Fig. 1(b) and Fig. 1(c). The network shown in Fig.
1(b) consists of three networks G1, G2 and G3 (distinguished
by different colors). Network G1 correlates (has connections)
with network G2 and network G2 correlates with network G3.
In the literature, a network with this kind of structure is called
a multilayer network2 [31, 34, 49].

Now let us look at the network shown in Fig. 1(c) which
has a quite similar structure to that of Fig. 1(b). It can be
clearly seen from the figure that the only difference lies in
the structures of networks G1, G2 and G3. In Fig. 1(b) the
nodes in each subnetwork have connections with one another.
By contrast, in Fig. 1(c) the nodes in each ‘subnetwork’
are isolated. In the literature, a network possessing that kind
of structure is termed as a multipartite network [7]. Each
‘subnetwork’ displayed in Fig. 1(c) is commonly called a
partite set. Generally, the node set V of an L-partite network
G can be denoted by V = {V1, V2, ..., VL} with Ni be the
number of nodes in the i-th partite set.

B. Quantitative Definition of Network Robustness

In the literature, the term “network robustness” generally
refers to a network’s ability to withstand the failures of its
components, i.e., nodes and edges. Without loss of generality,
throughout this paper we only consider node failures as related
definitions can be generalized to the case of edge failures.

Researchers so far have put forward a handful of quantitative
definitions for network robustness [50]. One of the most
utilized definitions is from [22]. Given a network G with
N nodes, then its robustness Rn to node failures is defined

1The connection intensity between nodes i and j also can be called the
weight of edge eij . An adjacency matrix can be symmetric or asymmetric
depending on how one models the connections between the nodes.

2In the literature, several synonyms of multilayer networks are interdepen-
dent networks [43, 44] and network of networks [32, 45]. In addition, please
refer to refs. [37, 46–48] for extensive reading on multiplex networks.
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as Rn =
∑N
q=1 rq , where q is the number of the original

failed nodes and rq represents the portion of surviving nodes.
Normally, the larger the value of Rn, the more robust the
network is to node failures.

One can observe from the above definition that the cal-
culation of Rn depends on rq . Generally, rq can be ob-
tained through computer simulations or theoretical calcula-
tions. Computer simulations could be time consuming when
the size of a network is large. Therefore, theoretical calcu-
lations will be more appealing for large scale networks. The
most effective method as reported in the literature to calculate
rq is the percolation theory [8, 51] which will be introduced
in what follows.

C. Percolation on Single Layer Networks

Percolation on networks aims to figure out the fraction of
components that can survive component failures occurred to
a network3. Specifically, when 1 − p fraction of nodes are
removed from a given network G with degree distribution
P (k) (the removal of nodes is likely to fragment network
G), the percolation theory is dedicated to calculating the
fraction of nodes in the largest connected component (LCC),
hereafter denoted by P∞ (nodes in the LCC are regarded as
the surviving nodes and P∞ is therefore equivalent to rq).
Putting it another way, the purpose of percolation theory is to
mathematically derive the following relation

P∞ = F (p, P (k)), (1)

where F (·) is a map function [16, 29]. Next, we are going
to elaborate the percolation theory for a single layer network
under a simple case where the fraction 1 − p of nodes are
randomly removed.

u
ba

...
...

b has k neighbors
a random edge

u: the probability that node a is not connected to the LCC via node b

Fig. 2. The key component for understanding the percolation theory for a
single network under random node failures.

Fig. 2 demonstrates the key component that is pivotal to the
understanding of percolation theory. As shown in Fig. 2 we
randomly choose an edge from a network G and following
the edge we reach a node a and let node b be the neighboring
node of a. We further posit that apart from node a node b has
k neighboring nodes.

Let us define u as the probability that node a is not
connected to the LCC via node b. Now let us consider the
event that node a is not connected to the LCC via node b. We
can observe from Fig. 2 that if node b is removed, then the
above mentioned event definitely happens and the probability

3If node failure is of concern, then the corresponding theory is called site
percolation. If edge failure is considered, then the corresponding theory is
called bond percolation [16].

for it to happen is 1− p. We also could see from Fig. 2 that
the above mentioned event still could happen even if node b
is not removed as long as node b is not connected to the LCC
via its neighboring nodes. It is easy to know that the event in
this case happens with a probability p ·uk. As a consequence,
we can figure out the probability u as follows

u = 1− p+
∞∑
k=0

pukP ex(k), (2)

where P ex(k) is the probability for node b to have k excess
(except node a) neighboring nodes.

Note that the probability for a randomly chosen node to
have k neighbours is P (k). Because node b is reached by
node a, therefore P ex(k) 6= P (k). As node b totally has
k + 1 neighboring nodes, thus P ex(k) practically equals
the probability for a randomly chosen node to have k + 1
neighbours. As such, P ex(k) can be calculated as

P ex(k) =
N(k + 1)P (k + 1)

N 〈k〉
=

(k + 1)P (k + 1)

〈k〉
, (3)

where 〈k〉 =
∑
P (k)k is the mean degree of network G.

The probability for a node with degree k to exist in the LCC
is P (k)

(
1− uk

)
. After randomly removing 1− p fraction of

nodes from a given network G, the fraction of nodes that
eventually exist in the LCC is therefore calculated as

P∞ = p

∞∑
k=0

P (k)
(
1− uk

)
. (4)

In the literature, the tool of generating function is widely
used for scientific computing. The generating function for a
probability distribution function P (k) can be written as

G(x) =

∞∑
k=0

P (k)xk. (5)

Analogously, the generating function for P ex(k) can be
formulated as

H(x) =

∞∑
k=0

P ex(k)xk =
G
′
(x)

G′(1)
. (6)

Equipped with the generating functions, Eqs. 2 and 4 thus
can be simplified as

u = 1− p+ pH(u), (7)

P∞ = p (1−G(u)) . (8)

For a given network with known degree distribution, when
randomly removing 1− p fraction of nodes from the network,
the percolation theory delineated in the above two equations
could mathematically calculate the fraction of nodes that can
survive the node failures.
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D. Percolation on O2O Coupled Multilayer Networks
As emphasized earlier that complex networks in reality are

structured in a multilayer style. Component failures in one
network are very likely to trigger cascading failures in other
networks and system disasters could occur. It is therefore
essentially pertinent to investigate the robustness of multilayer
networks. Percolation theory introduced in subsection II-C for
single layer networks definitely does not apply to multilayer
networks.

With regard to this, the seminal work in [28] investigated
the robustness of two-layer networks. The authors put forward
the network dynamic model illustrated in Fig. 3 to depict
the dynamic process on two-layer networks with one-to-one
(O2O) correlations.

Fig. 3. Network fragmentation model for analyzing the robustness of mul-
tilayer networks with one-to-one correlations. Initially node 5 from network
A is removed. Due to the O2O correlations, node 5 in network B is also
eliminated in Stage 1 and network A breaks into three clusters, denoted by
a11, a12 and a13. In Stage 2, nodes 4 and 6 both in networks A and B
together with the links attached to them are removed, and network B breaks
into four clusters, namely b21, b22, b23 and b24. In Stage 3, node 3 in
network A is removed and network A breaks into four clusters. Because in
Stage 3 no further link elimination and network breaking occur, therefore the
cluster consist of a34 and b24, also the LCC, survives.

Based on the proposed dynamic model the authors further
developed the corresponding percolation theory for measuring
the robustness of two-layer networks. Assume that networks A
and B have equal size and let PA(k) and PB(k) respectively be
their degree distributions. Initially we randomly remove 1− p
fraction of nodes from network A. We then let the cascading
failures propagate on the network in the way shown in Fig. 3.
In the final stable stage, the fraction of nodes in the LCC of
the focal network is calculated as

P∞ = xgB(x) = ygA(y), (9)

where gA(y) = 1 − GA (1− y(1− fA)) and gB(x) = 1 −
GB (1− x(1− fB)) with GA(·) and GB(·) respectively being
the generating functions of PA(k) and PB(k).

The four unknowns x, y, fA and fB are calculated as (please
refer to [28]){

x = p (1−GA (1− y(1− fA)))
y = p (1−GB (1− x(1− fB)))

, (10){
fA = HA (1− y(1− fA))
fB = HB (1− x(1− fB))

, (11)

with HA(·) and HB(·) respectively being the generating
functions of the excess degree distribution P exA (k) and P exB (k).

Based on the above theory the authors have found a simple
form of the critical value pc (once a fraction 1− pc of nodes
are removed from network A, the whole network will collapse)
which reads

pc =
2.4554

〈k〉
, (12)

under the condition that PA(k) = PB(k) = e−〈k〉 〈k〉
k

k! , i.e.,
networks A and B follow the same Poisson distribution.

It has been discovered that the robustness of two-layer
networks with O2O correlations display first-order phase tran-
sition phenomenon, which indicates that two-layer networks
with O2O correlations are extremely fragile to node failures.

III. RESEARCH PROBLEM AND MOTIVATIONS

A. Definition of Research Problem

This paper aims to develop the percolation theory for
measuring the robustness of multipartite networks to either
random or target node attacks. A specific description of the
research problem is provided below.

Consider an L-partite network G. We define Pij(k) as the
degree distribution of the nodes in Vi that have edges with
nodes in Vj , neglecting the edges that the nodes in Vi have with
nodes in other partite set, if any. Assume that 1− pi fraction
of nodes from Vi for ∀i ∈ [1, L] with pi ∈ [0, 1] are removed
from G based on a given node attack model which specifies the
probability for each node to be removed. Afterward, based on
a prescribed network fragmentation model, G fragments into
different parts and the LCC is considered. Then the research
problem is to figure out the mathematical relationship between
P∞i , Pij(k) and pi with P∞i being the fraction of nodes in
Vi that are remained in the LCC.

For a given L-partite network G, we adopt the node attack
model investigated in [51, 52]. To be specific, we remove node
i with degree ki from partite set Vj with Nj nodes based on
the following probability

wα =
kαi∑Nj
i=1k

α
i

, (13)

where α is a constant. Eq. 13 calculates the probability for
a node to be removed. If α = 0, then wα = 1

Nj
. In

this case, every node is removed with the same probability
which corresponds to the random node removal situation. If
α > 0, then nodes with larger degrees have higher removal
probabilities. On the contrary, nodes with larger degrees have
lower removal probabilities if α < 0.

Note that percolation on complex networks relies on the
network fragmentation models. Different models will lead to
different ways of characterizing the LCC of a focal network
which will eventually affect the calculation of P∞i . We illus-
trate the proposed fragmentation model in Section IV.



5

B. Research Motivations

1) Limit of Theory for Single Layer Networks
Percolation theory for single layer networks is not applica-

ble to multipartite networks. It can be seen from subsection
II-C that the percolation theory formulated in Eqs. 7 and 8
involves variable u which is a function of P (k). Nevertheless,
the definition presented in the above subsection indicates that
an L-partite network involves 2× (L− 1) degree distribution
functions of Pij(k). Besides, node failures may only occur to
only one partite set of an L-partite network. Putting it another
way, the node failures in one partite set may not change
the degree distributions of nodes in other partite sets. As a
consequence, the percolation theory for single layer networks
is only applicable to multipartite networks under the following
conditions: 1) Ni = Nj for all i ∈ [1, L]; 2) the 2 × (L − 1)
degree distribution functions of Pij(k) are the same; 3) node
failures occur to Vi for all i ∈ [1, L].
2) Limit of Theory for O2O Coupled Multilayer Networks

The percolation theory illustrated in subsection II-D for
O2O coupled two-layer networks also is not applicable to
multipartite networks. Even though its successive work in
[32] perfects the percolation theory for L-layer networks,
the corresponding theories still do not work for multipartite
networks. The reason is that all those theories are based on
the hypothesis that the studied multilayer network is with O2O
correlations, while a multipartite network is organized in a way
of one-to-many (O2M) correlations, i.e., a node in partite set
Vi could have connections with more than one nodes in partite
set Vi−1 and/or partite set Vi+1.
3) Limit of Theory for O2M Coupled Multilayer Networks

To circumvent the limit of percolation theories for O2O
coupled multilayer networks, scientists have explored the
percolation theories for analyzing the robustness of multilayer
networks with O2M correlations [15, 53, 54].

Fig. 4 displays the dynamic model utilized in [54] for
analyzing the robustness of two-layer networks with O2M cor-
relations. Let P outA (k) (and P outB (k)) be the degree distribution
of the nodes in A (and B) that have correlations with nodes in
B (and A). Assume that a fraction 1−pA and a fraction 1−pB
of nodes are randomly removed from A and B, respectively.
Based on the model shown in Fig. 4 the authors then have
devised the following system of equations (go to ref. [54] for
details) 

fA = HA (1− uA (1− fA))
fB = HB (1− uB (1− fB))
uA = pA (1−GoutA (1− P∞B ))
uB = pB (1−GoutB (1− P∞A ))

, (14)

{
P∞A = uA (1−GA (1− uA (1− fA)))
P∞B = uB (1−GB (1− uB (1− fB)))

, (15)

where fA, fB , uA and uB are four unknowns. GoutA and
GoutB are respectively the generating functions of P outA (k) and
P outB (k).

One may argue based on Fig. 1 that a multipartite network
is a simplified multilayer network with O2M correlations.
However, it is easy to prove that the above percolation theory

A

B

A

B

A

B

A

B

A

B

A

B

Fig. 4. Network fragmentation model for analyzing the robustness of
interdependent networks with one-to-many correlations. Arrows represent the
support links connecting a support node in one network to the dependent node
in the other network. Initially, the attacks are on node 1 in A and node 6 in
B. For network A in Stage 1, node 7 fails because of it has no support links,
and nodes 2 and 6 are eliminated because they do not belong to the LCC of
A. For network B in Stage 1, nodes 1, 2 and 7 fail because of no support,
and node 3 is removed since it is not in the LCC of B. The above processes
continue until a stable state is reached.

still does not fit for multipartite networks. For one thing, it
is laborious to extend the above theory to the case of L-
layer networks. For another thing, the above theory involves
functions PA(k) and PB(k) while PA(k) = PB(k) ≡ 0 for a
bipartite network.

IV. METHODOLOGY

A. Network Fragmentation Model

Section III has elaborated the infeasibility of applications of
the network models delineated in Figs. 3 and 4 to multipartite
networks. In this paper we put forward a non-cascading model
for evaluating the robustness of multipartite networks under
attacks.

Fig. 5 depicts our proposed non-cascading model. As a mul-
tipartite network could be fragmented into different clusters
when it is under attacks, our proposed model posits that only
nodes in the LCC of the focal multipartite network are of
concern. When calculating the robustness of the focal network,
our model calculates the fraction of nodes in the LCC.

B. Network Equivalent Model for Target Attacks

In order to derive the percolation theory for multipartite net-
works subject to node attacks with the adopted model shown in
Eq. 13, we introduce the following network equivalent model
displayed in Fig. 6.

Fig. 6 cites a bipartite network G with two node sets V1 and
V2 as an example to elucidate the principle of the equivalent
model. As shown in Fig. 6, the symbols P1(k) and P2(k)
respectively denote the degree distributions of nodes in V1 and
V2. When intentionally removing 1−p fraction of nodes from
V1, the degree distributions of the remaining nodes in V1 and
V2 all change (denoted by P r1 (k) and P r2 (k) in Fig. 6). The
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Fig. 5. Our proposed non-cascading model for depicting the dynamic process on multipartite networks under node attacks. Initially, node 2 is under attack.
In Stage 1, node 2 is removed from the focal network. In Stage 2 the removal of node 2 fragments the focal network into two parts. In Stage 3 we remove
nodes that do no belong to the LCC and only nodes in the LCC are remained.
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Fig. 6. Our introduced network equivalent model for transforming network
target attacks to the case of random attacks.

equivalent model aims to find an equivalent bipartite network
G̃ with the same number of nodes such that after randomly
removing 1 − p fraction of nodes from V1 of G̃ the degree
distributions of the remaining nodes in V1 and V2 are equal
to that of G. Specifically, we have the equivalent condition as
follows

P ri (k) =
˜P ri (k)⇐⇒ Pi(k) = P̃i(k). (16)

Because it is generally more convenient to utilize the tool
of generating functions instead of the probability distribution
functions as the former is computationally appealing, thus we
could reformulate Eq. 16 into the following form

Gri (k) = G̃ri (k)⇐⇒ Gi(k) = G̃i(k). (17)

Note that target node attacks on a multipartite network only
changes its degree distribution but does not affect the dynamic
model exhibited in Fig. 5. By harnessing the equivalent
network model we can transfer the target attack situation
to a random attack case thereby mitigating the laborious
development of the corresponding percolation theory.

C. Degree Distributions of Remaining Nodes

For a given L-partite network, we remove 1−pi fraction of
nodes from Vi for all i ∈ [1, L] based on Eq. 13. We define

P rij(k) as the degree distribution of the remaining nodes in Vi
that have connections with nodes in Vj . In what follows we
elucidate in detail the calculation of P rij(k).

1) Case 1 of Bipartite Networks: For simplicity, we first
investigate the simple case of bipartite networks. Let f1(p1)
be the number of nodes with degree k in V1 after removing
1− p1 fraction of nodes from V1 based on Eq. 13 (we do not
remove nodes from V2 in case 1). Because P12(k) changes to
be P r12(k), therefore we have

f1(p1) = P r12(k) ·N1 · p1. (18)

Now let us consider the situation that one more node is
removed from V1. In this case, f1(p1) changes to be f1(p1 −
1
N1

) and it can be calculated as

f1(p1 −
1

N1
) = f1(p1)−

P r12(k)k
α∑N1

k=0 P
r
12(k)k

α
. (19)

Recall the definition of derivative4, if N1 → ∞, then the
above equation could be reformulated in the way of derivative
of f1(p1) with respect to the variable p1 in the following form

df1(p1)

dp1
= N1

P r12(k)k
α∑N1

k=0 P
r
12(k)k

α
. (20)

By calculating the derivative of Eq. 18 we have

df1(p1)

dp1
=

dP r12(k)

dp1
·N1 · p1 + P r12(k) ·N1. (21)

Substituting Eq. 20 into Eq. 21 we have

p1
dP r12(k)

dp1
+ P r12(k) =

P r12(k)k
α∑N1

k=0 P
r
12(k)k

α
. (22)

Eq. 22 is a first order nonlinear differential equation of
P r12(k). In order to solve Eq. 22, we define

ϕ12(x) =

∞∑
k=0

P12(k)x
kα , (23)

t12 = ϕ−112 (p1) =

[ ∞∑
k=0

P12(k)p
kα

1

]−1
, (24)

4The derivative of f(x) with respect to x is the function f ′(x) and is
defined as f ′(x) = lim

h→0

f(x+h)−f(x)
h

.



7

where ϕ−112 (p1) represents the inverse function of ϕ12(p1), i.e.,
we have p1 = ϕ12(t12).

With the above definitions we find the solution to Eq. 22 as

P r12(k) =
P12(k)t

kα

12

ϕ12(t12)
=

1

p1
P12(k)t

kα

12 . (25)

Eq. 25 mathematically computes the degree distribution of
the remaining nodes in V1. Next we illustrate in detail the
calculation of P r21(k). One important thing should be pointed
out that when removing 1−p1 fraction of nodes from V1 based
on Eq. 13, whether we keep the edges attached to the removed
nodes or not will not change the degree distribution P r12(k) as
P r12(k) is immediately determined upon the removal of nodes
from V1. Removing the edges attached to the removed nodes
only changes the degree distribution P21(k).

Note that no nodes are removed from V2. Before the node
attacks happen, totally there are |E| edges in G and |E| could
be calculated as

|E| = N1 〈k12〉 = N1

∞∑
k=0

kP12(k). (26)

After the node attacks, the number of edges remained in G
becomes |Er| which is calculated as

|Er| = N1 〈kr12〉 = p1N1

∞∑
k=0

kP r12(k). (27)

Therefore, the proportion p̃12 of the remaining edges is

p̃12 =
|Er|
|E|

=

∑∞
k=0 kP12(k)t

kα

12∑∞
k=0 kP12(k)

. (28)

As the edges of G are randomly connected to nodes in V2,
removing the edges attached to the removed nodes in V1 is
equal to randomly remove 1− p̃12 fraction of edges attached
to nodes in V2. Therefore, the degree distribution P r21(k) can
be calculated as follows

P r21(k) = P21(k)

k∑
m=0

(
k

m

)
p̃12

m
(1− p̃12)k−m . (29)

2) Case 2 of Bipartite Networks: Case 1 only deals with the
situation where node attacks occur to V1. Here we investigate
the case that the node attacks happen to both partite sets of a
bipartite network. After respectively removing 1− p1 fraction
and 1−p2 fraction of nodes from V1 and V2 together with the
edges attached to those removed nodes, in accordance with
the theory exhausted above we can respectively recalculated
the degree distributions of the remaining nodes in V1 and V2
as follows

P r12(k) =
1

p1
P12(k)

k∑
m=0

(
k

m

)
p̃21

m
(1− p̃21)k−m tk

α

12 , (30)

P r21(k) =
1

p2
P21(k)

k∑
m=0

(
k

m

)
p̃12

m
(1− p̃12)k−m tk

α

21 , (31)

where the calculations of variables t12 and p̃12 are respectively
given in Eqs. 24 and 28, while the variables p̃21 and t21 are
respectively calculated as

p̃21 =

∑∞
k=0 kP21(k)t

kα

21∑∞
k=0 kP21(k)

, (32)

t21 = ϕ−121 (p2) =

[ ∞∑
k=0

P21(k)p
kα

2

]−1
. (33)

3) Simple Case of Multipartite Networks: The above de-
ductions only analyze the special case of bipartite networks.
Here we investigate multipartite networks. We first consider
the simple situation where target node attacks only happen to
one partite set of an L-partite network. Specifically, we only
remove nodes from Vi for ∀i ∈ [2, L−1] as it is easy to figure
out the cases of i = 1 and i = L based on Eqs. 25 and 29.

Note that removing nodes from Vi of an L-partite net-
work only changes degree distributions Pi−1,i(k), Pi,i−1(k),
Pi,i+1(k) and Pi+1,i(k). One thing that should be kept in mind
is that a node in partite set Vi could have neighbours in both
partite sets Vi−1 and Vi+1. Consequently, the node removing
probability given in Eq. 13 should be calculated based on the
degrees of the nodes in Vi.

After intentionally removing 1− pi fraction of nodes from
Vi but keeping the edges attached to the removed nodes, we
can work out P ri (k) by the same token exhausted in subsection
IV-C1 as follows

P ri (k) =
Pi(k)t

kα

i

ϕi(ti)
=

1

pi
Pi(k)t

kα

i , (34)

where function ϕi(z) and ti are respectively calculated as

ϕi(z) =

∞∑
k=0

Pi(k)z
kα , (35)

ti = ϕ−1i (pi) =

[ ∞∑
k=0

Pi(k)p
kα

i

]−1
. (36)

Let |Ei| be the number of edges that connect nodes in
Vi−1, Vi and Vi+1. After the node attacks |Ei| becomes |Eri |.
Therefore, the proportion of |Eri | to |Ei| becomes

p̃i =
|Eri |
|Ei|

=

∑∞
k=0 kPi(k)t

kα

i∑∞
k=0 kPi(k)

, (37)

which indicates a proportion of 1 − p̃i edges attached to the
removed nodes will be deleted.

Note that removing the edges attached to the removed nodes
is equal to randomly removing the same proportion of edges
attached to nodes in Vi−1 and Vi+1. Consequently, we can
respectively figure out the degree distributions of nodes in
Vi−1 and Vi+1 as

P ri−1,i(k) = Pi−1,i(k)

k∑
m=0

(
k

m

)
p̃i
m (1− p̃i)k−m , (38)
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P ri+1,i(k) = Pi+1,i(k)

k∑
m=0

(
k

m

)
p̃i
m (1− p̃i)k−m . (39)

The key component for the simple case of multipartite
networks lies in the calculation of P ri,i−1(k) and P ri,i+1(k).
It is easy to work out P ri,i−1(k) and P ri,i+1(k) in many
wrong ways like substituting Pi(k) = Pi,i−1(k) + Pi,i+1(k)
or Pi(k) = Pi,i−1(k) ·Pi,i+1(k) into Eq. 34. The right way to
work out them is to follow the idea elucidated in subsection
IV-C1. In such a way, we have to work out the corresponding
node removal proportions 1−pi,i−1 and 1−pi,i+1 respectively
for the bipartite network Gi,i−1 consisting of nodes in Vi−1
and Vi and the bipartite network Gi,i+1 consisting of nodes
in Vi+1 and Vi.

Note that the node removal probability given in Eq. 13
should be calculated based on the degree of the nodes in
Vi. Because the event for nodes in Vi of Gi,i−1 to have
degree distribution Pi,i−1(k) and the event for nodes in Vi of
Gi,i+1 to have degree distribution Pi,i+1(k) are independent,
therefore when removing 1−pi fraction of nodes from Vi, the
equivalent proportions pi,i−1 and pi,i+1 should be proportional
to the corresponding mean degrees. More specifically, we can
calculate pi,i−1 and pi,i+1 in the following way

pi,i−1 = p
〈ki,i−1〉/〈ki〉
i , (40)

pi,i+1 = p
〈ki,i+1〉/〈ki〉
i . (41)

By the same token illustrated in subsection IV-C1 we can
therefore figure out P ri,i−1(k) and P ri,i+1(k) as follows

P ri,i−1(k) =
1

pi,i−1
Pi,i−1(k)t

kα

i , (42)

P ri,i+1(k) =
1

pi,i+1
Pi,i+1(k)t

kα

i . (43)

It should be pointed out that in the above equations the
variable ti is calculated by Eq. 36 but not by the similar way
as presented in Eq. 24.

4) General Case of Multipartite Networks: Now we investi-
gate the general case of L-partite networks where node attacks
occur to Vi for all i ∈ [1, L]. With out loss of generality,
we consider partite set Vi−1, Vi and Vi+1. After intentionally
removing nodes from the three partite sets, we could derive
the degree distributions of the remaining nodes in the three
partite sets sectionally. We first compute P rij(k) based on Eqs.
42 and 43 when removing the nodes but keeping all the edges
attached to them. Afterward, we further compute P rij(k) based
on Eqs. 38 and 39 when removing all the edges attached to the
removed nodes. In summary, we have the following explicit
forms of P rij(k)

P ri−1,i(k) =
1

pi−1,i
Pi−1,i(k)

k∑
m=0

(
k

m

)
p̃i
m (1− p̃i)k−m tk

α

i−1,

(44)

P ri,i−1(k) =
1

pi,i−1
Pi,i−1(k)

k∑
m=0

(
k

m

)
p̃i−1

m
(1− p̃i−1)k−m tk

α

i ,

(45)

P ri,i+1(k) =
1

pi,i+1
Pi,i+1(k)

k∑
m=0

(
k

m

)
p̃i+1

m
(1− p̃i+1)

k−m
tk
α

i ,

(46)

P ri+1,i(k) =
1

pi+1,i
Pi+1,i(k)

k∑
m=0

(
k

m

)
p̃i
m (1− p̃i)k−m tk

α

i+1.

(47)

D. Equivalent Multipartite Network

To this end, we have mathematically figured out the degree
distribution P rij(k) of the remaining nodes in an L-partite
network G after intentionally removing 1−pi fraction of nodes
from Vi for all i ∈ [1, L]. As aforementioned, the equivalent
model aims to find an equivalent network G̃ such that after
randomly removing 1 − pi fraction of nodes from Vi of G̃,
the degree distribution P̃ rij(k) of the remaining nodes in G̃
is equal to that of P rij(k). Next we show how to figure out
P̃ rij(k).

For an L-partite network G̃ we randomly remove 1 − pi
fraction of nodes from Vi for all i ∈ [1, L]. Let us consider
the bipartite network consisting nodes in Vi and Vi+1. Note
that randomly removing 1−pi fraction of nodes from Vi does
not change P̃i,i+1(k) but changes P̃i+1,i(k). Analogously,
randomly removing 1−pi+1 fraction of nodes from Vi+1 only
changes P̃i,i+1(k) but will not change P̃i+1,i(k). The degree
distribution of the remaining nodes in Vi can be calculated as

P̃ ri,i+1(k) = P̃i,i+1(k)

k∑
m=0

(
k

m

)
pmi+1 (1− pi+1)

k−m
. (48)

Analogous, we have

P̃ ri+1,i(k) = P̃i+1,i(k)

k∑
m=0

(
k

m

)
pmi (1− pi)k−m . (49)

In compliance with the above derivations, we then could
find out the equivalent network G̃ by combining and solving
Eqs. 17, 48 and 49. To keep consistency with the network
scenarios investigated in subsection IV-C, next we will present
the detailed equivalent model for each network case.

1) Equivalent Model for Case 1 of Bipartite Networks:
When the target node attacks only occur to V1 of a bipartite
network, we could get the following equivalent model

Gr12(z) =
1

p1

∞∑
k=0

P12(k)t
kα

1 zk = G̃12(z), (50)
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Gr21(z) =

∞∑
k=0

P r21(k)z
k = G21 (1− p̃12 + p̃12z)

= G̃21 (1− p1 + p1z)

⇒ G̃21(z) = G21

(
1− p̃12

p1
+
p̃12
p1
z

) . (51)

2) Equivalent Model for Case 2 of Bipartite Networks:
When the target node attacks simultaneously occur to V1
and V2 of a bipartite network, we could get the following
equivalent model

Gr12(z) =

∞∑
k=0

1

p1
P12(k)

k∑
m=0

(
k

m

)
p̃21

m
(1− p̃21)k−m tk

α

12 z
k

= G̃12 (1− p2 + p2z)

,

(52)

Gr21(z) =

∞∑
k=0

1

p2
P21(k)

k∑
m=0

(
k

m

)
p̃12

m
(1− p̃12)k−m tk

α

21 z
k

= G̃21 (1− p1 + p1z)

.

(53)
3) Equivalent Model for Simple Case of Multipartite Net-

works: Without loss of generality, in the next we only consider
tripartite networks, as we can see from subsection IV-C that
intentional node attacks to Vi for ∀i ∈ [2, L− 1] only affects
the degree distributions of nodes in Vi and of nodes that have
connections with Vi.

When the node attacks occur to V2 of a tripartite network,
then we could arrive at the following equivalent model

Gr12(z) =

∞∑
k=0

P12(k)

k∑
m=0

(
k

m

)
p̃2
m (1− p̃2)k−m zk

= G̃12 (1− p2 + p2z)

⇒ G̃12(z) = G12

(
1− p̃2

p2
+
p̃2
p2
z

) , (54)

Gr21(z) = p
−〈k21〉/〈k2〉
2

∞∑
k=0

P21(k)t
kα

2 zk = G̃21(z), (55)

Gr23(z) = p
−〈k23〉/〈k2〉
2

∞∑
k=0

P23(k)t
kα

2 zk = G̃23(z), (56)

Gr32(z) =

∞∑
k=0

P32(k)

k∑
m=0

(
k

m

)
p̃2
m (1− p̃2)k−m zk

= G̃32 (1− p2 + p2z)

⇒ G̃32(z) = G32

(
1− p̃2

p2
+
p̃2
p2
z

) . (57)

4) Equivalent Model for General Case of Multipartite Net-
works: When node attacks occur to every partite set of a
tripartite network, we could elicit the following equivalent
model

Gr12(z) =
1

p1

∞∑
k=0

k∑
m=0

P12(k)

(
k

m

)
p̃2
m (1− p̃2)k−m tk

α

1 zk

= G̃12 (1− p2 + p2z)

,

(58)

Gr21(z) =
1

p21

∞∑
k=0

k∑
m=0

P21(k)

(
k

m

)
p̃1
m (1− p̃1)k−m tk

α

2 zk

= G̃21 (1− p1 + p1z)

,

(59)

Gr23(z) =
1

p23

∞∑
k=0

k∑
m=0

P23(k)

(
k

m

)
p̃3
m (1− p̃3)k−m tk

α

2 zk

= G̃23 (1− p3 + p3z)

,

(60)

Gr32(z) =
1

p3

∞∑
k=0

k∑
m=0

P32(k)

(
k

m

)
p̃2
m (1− p̃2)k−m tk

α

3 zk

= G̃32 (1− p2 + p2z)

.

(61)

E. Robustness of Multipartite Networks Under Random At-
tacks

The above derivations have elucidated how to convert the
problem of robustness analysis of multipartite networks under
target node attacks to the problem of robustness analysis of
multipartite networks under random node attacks, as the later
one is easier to be solved. In the next we will present our
developed percolation theory for analyzing the robustness of
multipartite networks under random node attacks.

For a given L-partite network G, we randomly remove 1−
pi fraction of nodes from Vi for all i ∈ [1, L]. In order to
figure out P∞i , we first define a set of variables in the form of
uij which represents the probability that a node in Vi is not
connected to the LCC via one of its neighbours in Vj where
j = i + 1 or j = i − 1. As a consequence, we have a set
of variables {u12, u21, u23, ..., uL,L−1}. As long as the degree
distributions Pij(k) are known, we can easily work out P∞1
and P∞L as

P∞1 = p1

(
1−

∞∑
k=0

P12(k)u
k
12

)
= p1 (1−G12(u12)) (62)

P∞L = pL

(
1−

∞∑
k=0

PL,L−1(k)u
k
L,L−1

)
= pL

(
1−GL,L−1(uL,L−1)

) (63)

Now we look at P∞i for all i ∈ [2, L−1]. Let us consider the
probability for a node A in Vi not to belong to the LCC. Note
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that node A could have neighbouring nodes in Vi−1 and/or
Vi+1. If A does not belong to the LCC, then it must not be
connected to the LCC neither via neighbouring nodes in Vi−1
nor via neighbouring nodes in Vi+1. Bear in mind that the
event that A has k neighbouring nodes in Vi−1 and the event
that A has k neighbouring nodes in Vi+1 are independent.
Therefore, the probability for a node A in Vi not to belong to
the LCC can be calculated as Pi,i−1(k)uki,i−1 ·Pi,i+1(k)u

k
i,i+1.

Let k run over the whole network, then we can reach the
following expression

P∞i = pi

(
1−

∞∑
k=0

Pi,i−1(k)u
k
i,i−1 ·

∞∑
k=0

Pi,i+1(k)u
k
i,i+1

)
= pi

(
1−Gi,i−1(ui,i−1)Gi,i+1(ui,i+1)

) .

(64)
Because the expressions of P∞i involve the variables ui,i−1

and ui,i+1, thus in what follows we will delineate in detail the
calculations of ui,i−1 and ui,i+1. Recall that ui,i+1 denotes the
probability that a node A in Vi is not connected to the LCC via
a node B in Vi+1. It is obvious that if node B is removed, then
A definitely does not belong to the LCC. This event happens
with a probability 1 − pi+1. If B is not removed and B is
not connected to the LCC via its neighboring nodes, then A
also does not belong to the LCC. Because node B could have
neighbouring nodes in Vi and/or Vi+2, therefore the probability
for B not to be connected to the LCC via its neighboring nodes
in Vi and/or Vi+2 is P exi+1,i(k)u

k
i+1,i ·P exi+1,i+2(k)u

k
i+1,i+2. As

a result, we can formulate ui,i+1 as

ui,i+1 = 1− pi+1 + pi+1Hi+1,i(ui+1,i) ·Hi+1,i+2(ui+1,i+2).
(65)

Note that the expression of ui,i−1 possesses the similar form
to that of ui,i+1. Specially we have

u21 = 1− p1 + p1 ·H12(u12), (66)

uL−1,L = 1− pL + pL ·HL,L−1(uL,L−1). (67)

To this end, we have mathematically derived the percolation
theory for analyzing the robustness of multipartite networks
under random node attacks. The robustness of multipartite
networks under target node attacks can be mathematically
calculated by combining the theories presented in subsections
IV-C, IV-D and IV-E.

V. SIMULATION

A. Generating Multipartite Networks

Our proposed percolation theory could calculate the fraction
of nodes in the LCC of a multipartite network subject to either
random or target node attacks. The proposed theory can handle
multipartite networks with arbitrary degree distributions. In
order to verify the correctness of the proposed theory, here we
test the proposed theory on computer-generated multipartite
networks with Poisson degree distributions.

5

          ri -- edge connecting probability;

          ri = Ci/(Ni+Ni+1);

         Ci -- a predefined constant;

         Ni -- number of nodes in partite set Vi;

      Ni+1 -- number of nodes in partite set Vi+1;

Pi,i+1(k) -- the degree distribution of nodes in Vi 

                 that have connections with nodes in Vi+1;

Pi,i-1(k)  -- the degree distribution of nodes in Vi 

                 that have connections with nodes in Vi-1;

Vi

Vi+1678

4321

...

Fig. 7. An illustration on how to generate an L-partite network with Poisson
degree distributions.

Fig. 7 elucidates the method for generating an L-partite
network with Poisson degree distributions. As shown in Fig.
7, we generate an L-partite network by randomly adding
edges between node sets Vi and Vi+1 with a probability
ri =

Ci
Ni+Ni+1

in which Ci is a predefined constant. The degree
distributions Pi,i+1(k) and Pi+1,i(k) are then calculated as

Pi,i+1(k) =

(
Ni+1

k

)
rki (1−ri)Ni+1−k ≈ e−Ni+1ri

(Ni+1ri)
k

k!
,

(68)

Pi+1,i(k) =

(
Ni
k

)
rki (1− ri)Ni−k ≈ e−Niri

(Niri)
k

k!
, (69)

which indicates that Pi,i+1(k) and Pi+1,i(k) follow Poisson
degree distributions. It is easy to work out the mean degrees
of Pi,i+1(k) and Pi+1,i(k) as

〈ki,i+1〉 =
∞∑
k=0

kPi,i+1(k) =
Ni+1Ci

Ni +Ni+1
, (70)

〈ki+1,i〉 =
∞∑
k=0

kPi+1,i(k) =
NiCi

Ni +Ni+1
. (71)

B. Node Removal Strategy

During the simulations, for a given L-partite network we
need to remove 1 − pi fraction of nodes from Vi for ∀i ∈
[1, L] based on Eq. 13. The utilized node removal strategy to
determine the 1− pi fraction of nodes from Vi such that each
removed node approximately has the removal probability as
calculated by Eq. 13 is elucidated below.

For the nodes in Vi, we first calculate the probability
vector W = (w1, w2, ..., wNi) with wi being the removal
probability for node i that is calculated using Eq. 13. We
then calculate an integer vector L = (l1, l2, ..., lNi) with
li = round(Niwi) being the number of times that node i
should be removed so as to ensure that its removal probability
approximates wi. Based on L we further generate a node
sequence S = {i× ones(1, li) |∀i = [1, Ni], li 6= 0} in which
ones(1, li) represents an all-ones vector that has li entries.
For example, if L = (2, 1, 0, 3), then S = {1, 1, 2, 4, 4, 4}.
We then randomly select (1− pi)Ni unique elements from S
and the final selections are the 1− pi fraction of nodes which
needs be removed from Vi.

Note that when li = 0 for some i ∈ [1, Ni], the number
of the unique elements in S, hereafter denoted by ns, will be
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smaller than Ni (in the above example, ns = 3). Consequently,
the situation that ns < (1− pi)Ni could happen. In this case,
we randomly choose the nodes whose degrees lead to li = 0
to compensate the shortage of nodes (in the above example,
node 3 would be considered).

C. Network Robustness in the Case of α = 0

We first explore the robustness of multipartite networks in
face of target node attacks under the case α = 0, i.e., we
investigate the robustness of multipartite networks under ran-
dom node attacks. Specifically, for a given L-partite network
we randomly remove 1 − pi fraction of nodes from Vi. We
then theoretically and experimentally calculate P∞i .

Without loss of generality, throughout the paper we here
investigate L-partite networks with L = 3, i.e., tripartite net-
works. For a Poisson degree distribution P (k) = e−〈k〉 〈k〉

k

k! we
can easily prove that G(x) =

∑
P (k)xk = e〈k〉(x−1) = H(x).

Based on our developed percolation theory, the robustness of
a tripartite network with Poisson degree distributions is then
mathematically calculated as


u21 = 1− p1 + p1e

〈k12〉(u12−1)

u23 = 1− p3 + p3e
〈k32〉(u32−1)

u12 = 1− p2 + p2e
〈k23〉(u23−1)e〈k21〉(u21−1)

u32 = 1− p2 + p2e
〈k21〉(u21−1)e〈k23〉(u23−1)

, (72)


P∞1 = p1

(
1− e〈k12〉(u12−1)

)
P∞2 = p2

(
1− e〈k23〉(u23−1)e〈k21〉(u21−1)

)
P∞3 = p3

(
1− e〈k32〉(u32−1)

) . (73)

In the experiments, when generating tripartite networks we
set the parameter configurations to be N1 = N2 = N3 =
4 × 104 and r1 = r2 = C/N , where C = {6, 9, 12, 15}. For
each generated network we investigate its robustness under
random node attacks in two ways: 1) p1 = p, p2 = p3 = 1,
i.e., we remove nodes from V1; 2) p2 = p, p1 = p3 = 1,
i.e., we remove nodes from V2. In the experiments, we set
p ∈ [0, 1] with an interval of 0.025.

The theoretical and experimental results on the robustness
of tripartite networks under random node attacks are displayed
in Fig. 8. We can clearly see from Fig. 8 that our proposed
percolation theory coincides quite well with the simulations.
The robustness curves exhibited in Fig. 8 indicate that mul-
tipartite networks are robust to random node attacks as the
curves are smooth.

D. Network Robustness in the Case of α = 1

We now explore the robustness of multipartite networks in
face of target node attacks in the case of α = 1, as equations
presented in Section IV could have simple forms when α =
1. Specifically, if 1 − pi fraction of nodes are intentionally
removed from Vi of a multipartite network with Poisson degree
distributions, the expressions of variables tij and p̃ij could
respectively have the simple forms as tij = ln pij/ 〈kij〉 + 1
and p̃ij = tijpi.

1) Bipartite Network Case
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Fig. 8. Robustness of tripartite networks with Poisson degree distributions
under random attacks. The first and second columns respectively represent
the situation where node attacks occur to V1 and that to V2. Lines denote
theoretical results while symbols represent simulation results which are
averaged over 100 trials.

When intentionally removing 1− p1 fraction of nodes from
V1 of a bipartite network with Poisson degree distributions,
the percolation theory for analyzing its robustness could be
simplified as follows{

u21 = 1− p1 + e〈k12〉(t12u12−1)

u12 = et12〈k21〉(u21−1) , (74)

{
P∞1 = p1 − e〈k12〉(t12u12−1)

P∞2 = 1− et12〈k21〉(u21−1) . (75)

When intentionally removing 1− pi fraction of nodes from
Vi for all i ∈ [1, 2] of a bipartite network with Poisson
degree distributions, the percolation theory for analyzing its
robustness could be simplified as follows{

u21 = 1− p1 + p1e
〈k12〉t12t21(u12−1)

u12 = 1− p2 + p2e
〈k21〉t12t21(u21−1) , (76)

{
P∞1 = p1

(
1− e〈k12〉t12t21(u12−1)

)
P∞2 = p2

(
1− e〈k21〉t12t21(u21−1)

) , (77)

where t12 = ln p1/ 〈k12〉+ 1 and t21 = ln p2/ 〈k21〉+ 1.
Fig. 9 demonstrates the robustness of bipartite networks

under target attacks. The robustness results yielded by our
proposed percolation theory comply with that of simulations.
Bipartite networks are a special case of multipartite networks.
In the next we exploit the robustness of multipartite networks
under target node attacks.
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Fig. 9. Robustness of bipartite networks with Poisson degree distributions
under target attacks. The first and second rows respectively represent the
situation where node attacks occur to V1 and that to V1 and V2. Lines
denote theoretical results while symbols represent simulation results which
are averaged over 100 trials.

2) Tripartite Network Case
When intentionally removing 1− p2 fraction of nodes from

V2 of a tripartite network with Poisson degree distributions,
the percolation theory for analyzing its robustness could be
simplified as follows


u21 = e〈k12〉t2(u12−1)

u23 = e〈k32〉t2(u12−1)

u12 = 1− p2 + p2e
〈k23〉t2(u23−1)e〈k21〉t2(u21−1)

, (78)


P∞1 = 1− e〈k12〉t2(u12−1)

P∞2 = p2
(
1− e〈k23〉t2(u23−1)e〈k21〉t2(u21−1)

)
P∞3 = 1− e〈k32〉t2(u12−1)

, (79)

where t2 = ln p2/ (〈k21〉+ 〈k23〉) + 1.
When intentionally removing 1− pi fraction of nodes from

Vi for all i ∈ [1, 3] of a tripartite network with Poisson
degree distributions, the percolation theory for analyzing its
robustness could be simplified as follows


u21 = 1− p1 + p1e

〈k12〉t2t12(u12−1)

u23 = 1− p3 + p3e
〈k32〉t2t32(u12−1)

u12 = 1− p2 + p2e
〈k23〉t2t32(u23−1)e〈k21〉t2t12(u21−1)

,

(80)


P∞1 = p1

(
1− e〈k12〉t2t12(u12−1)

)
P∞2 = p2

(
1− e〈k23〉t2t32(u23−1)e〈k21〉t2t12(u21−1)

)
P∞3 = p3

(
1− e〈k32〉t2t32(u12−1)

) ,

(81)
where t2 = ln p2/ (〈k21〉+ 〈k23〉) + 1, t12 = ln p1/ 〈k12〉+ 1
and t32 = ln p3/ 〈k32〉+ 1.

The theoretical and experimental results on the robustness
of tripartite networks under target node attacks are reflected in
Fig. 10. The results once again validate the correctness of our
proposed percolation theory. Fig. 10 indicates that multipartite
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Fig. 10. Robustness of tripartite networks with Poisson degree distributions
under target attacks. The first and second columns respectively represent the
situation where node attacks occur to V2 and that to V1, V2 and V3. Lines
denote theoretical results while symbols represent simulation results which
are averaged over 100 trials.

networks are still robust to target node attacks as the robustness
curves are smooth and no abrupt jump occurs.

E. Further Discussion

The above simulations have validated the correctness of the
proposed theory for calculating the robustness of multipartite
networks to node attacks. One may observe from the above
simulations that the results shown in the upper part of Fig. 9
display some deviations. Note that this kind of deviations are
inevitable. The reasons are twofold. Firstly, we can clearly see
from Section IV that the proposed percolation theory is derived
in the limit of Ni → ∞. Therefore, the proposed theory
may not work well with small sized multipartite networks.
Although the size of a tested network in the simulations is
of a magnitude of 104, it is still finite. Secondly, in order to
make sure that during the simulations each of the removed
1 − pi fraction of nodes approximately has the removal
probability as calculated by Eq. 13, the simulations have to
be implemented for a large number of times. However, for the
sake of computations, the simulations have only been done for
100 times. Therefore, the deviations as exhibited in Fig. 9 will
be mitigated if the simulations are done for a larger number
of times.

Note that the proposed percolation theory is generic and
therefore can be applied to multipartite networks with arbitrary
degree distributions. In the simulations only artificial multipar-
tite networks with Poisson degree distributions are tested. On
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the one hand, generating multipartite networks with arbitrary
degree distributions is challenging. On the other hand, real-
world multipartite networks which are available online are very
small in size. How to develop effective percolation theories for
small scale networks is still an open issue.

VI. CONCLUSION

Researches on network robustness are instrumental to assess
the stabilities of complex networks in the presence of perturba-
tions. Percolation theories are one of the most potent tools for
theoretically quantifying the robustness of complex networks.
Hitherto, a large body of work has been done towards network
robustness and a handful of elegant percolation theories have
been developed for multilayer or interdependent networks.
It is universally reported that the robustness of multilayer
networks display the so called first order phase transition
phenomenon, which indicates that multilayer networks are
fragile to disturbances.

Albeit the mature of percolation theories for multilayer
networks, little effort is made to exploit the robustness of
multipartite networks which play an important role in network
science. Nevertheless, extant percolation theories are mute to
multipartite networks. This paper had remedied this research
chasm by presenting the generic percolation theory for analyz-
ing the robustness of multipartite networks under node attacks
based on an established non-cascading network fragmentation
model. Compared to existing studies which adopt simulation
based methods to calculate the robustness of multipartite
networks, this work mathematically uncovers the principles
governing the robustness of multipartite networks in face of
perturbations. Meanwhile, the proposed theory is superior to
simulation based methods when analyzing the robustness of
large scale multipartite networks as the latter would become
computationally costly.

The newly cranked out percolation theory has uncovered
the second order phase transition phenomenon on multipartite
networks which indicates that multipartite networks are robust
to turbulence. The percolation theory devised in this paper is
based on the established non-cascading network fragmentation
model. Although second order phase transition is discovered,
it is likely to erect a cascading network fragmentation model
for analyzing the robustness of multipartite networks thereby
enabling the occurrence of first order phase transition on mul-
tipartite networks. Whether multipartite networks can present
first order phase transition and how to derive the corresponding
percolation theory still deserve in-depth dedication, while this
paper sheds substantial light on these issues.
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