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Abstract: Cherenkov radiation in natural transparent ma-
terials is generally forward-propagating, owing to the
positive group index of radiation modes. While negative-
index metamaterials enable reversed Cherenkov radiation,
the forward photon emission from a swift charged particle
is prohibited. In this work, we theoretically investigate
emission behaviours of a swift charged particle in the
nanometallic layered structure. Our results show that
Cherenkov photons are significantly enhanced by longi-
tudinal plasmon modes resulting from the spatial non-
locality in metamaterials. More importantly, longitudinal
Cherenkov photons can be directed either forward or
backward, stringently depending on the particle velocity.
The enhanced flexibility to route Cherenkov photons holds
promise for many practical applications of Cherenkov ra-
diation, such as novel free-electron radiation sources and
new types of Cherenkov detectors.

Keywords: Cherenkov radiation; light–matter interaction;
metamaterials; plasmonics; spatial nonlocality.

1 Introduction

Cherenkov radiation refers to the physical effect that a
charged particle with a velocity exceeding the phase ve-
locity of light in a medium can emit coherent photons at a
constant angle [1, 2]. According to the theory developed by
I. Frank and I. Tamm in 1937, the radiation angle θc relative
to the particle trajectory is intimately dependent on the
particle velocity v as cos(θc) � vth/v, where vth � v/n is the
threshold velocity (i. e., the phase velocity of light in the
medium with the refractive index n) [3].

A wide controllability of radiation angles is preferable
for many practical applications of Cherenkov radiation,
e. g., improving the flexibility to direct photon emissions
from free-electron radiation sources or enhancing the
sensitivity of Cherenkov detectors [4–12]. However, Cher-
enkov radiation in natural transparent materials is gener-
ally forward-propagating, because of the positive group
velocity of radiation modes. To overcome this problem,
researchers come up with numerous negative-index met-
amaterials to manipulate Cherenkov radiation [13–18]. The
recent theoretical and experimental studies show that ra-
diation directions can be reversed when a swift charged
particle interacts with left-handed metamaterials, hyper-
bolic metamaterials, or plasmonic waveguides [19–21].
Even so, the radiation angle of Cherenkov photons is still
limited in a relatively narrow angular band, i. e., negative
angles relative to the particle velocity. A novel mechanism
that can enable to direct Cherenkov photons in a broader
range, e. g., from a positive angle to a negative angle, is
highly desirable.

In this work, we theoretically demonstrate that the
spatial nonlocality provides an opportunity to flexibly
control emission behaviours of a swift charged particle in a
nanometallic layered structure. In the nonlocal treatment,
the quantum-sized metallic structure supports longitudi-
nal plasmon modes above the bulk plasmon frequency of
metals [22, 23]. These longitudinal modes originate from
the nonlocal electron screening in metals. The swift
charged particle in the nonlocal layered structure enables
excitation of longitudinal modes at resonant frequencies,
and emits longitudinal Cherenkov photons. Interestingly,
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the sign of effective group index of longitudinal modes is
dependent on the particle velocity in the nonlocal layered
structure. With the consideration of realistic material loss,
the effective group index is negative if the particle velocity
is sufficiently large, while the effective group index is
positive if the particle velocity is sufficiently small.
Consequently, the variation of particle velocity enables us
to route longitudinal Cherenkov photons in backward-
propagating direction or forward-propagating direction at
will.

2 Modelling Cherenkov radiation in
the nanometallic layered
structure

We begin with the theoretical model of Cherenkov radia-
tion in the nanometallic layered structure. Without the loss
of generality, we consider a charged particle with the ve-
locity of v̄0 moves in the air. The particle trajectory is par-
allel to and close to the top surface of layered structure
made of periodic metal slabs, as shown in Figure 1. The
thickness of metal slab is d1, the gap width between metal
stabs is d2, and thus the pitch of layered structure is
P = d1 + d2. In this work, we define the radiation angle θr as

the angle between the y-axis and corresponding Poynting
power vector of radiation modes.

In the cylinder coordinate (ρ, φ, z), the current density
of swift charged particle J̄

q(r̄,  t) � ẑq0vδ(ρ)δ(z − vt), gen-
erates the charge field in the integral expressions as [24]

E
q(r,  t) � ∫

+∞

−∞
dω

iq0e
ikzzkρ

8πωϵ0
[kzH(1)

1 (kρρ)ρ̂
+ ikρH

(1)
0 (kρρ)ẑ]e−iωt , (1)

H
q(r,  t) � φ̂ ∫

+∞

−∞
dω

iq0kρe
ikzz

8π
H(1)

1 (kρρ)e−iωt . (2)

Hereω is the angular frequency, k0 =ω/c, kz =ω/v, and

kρ �
������
k20 − k2z

√
. To generalize our discussions, we introduce

a scalar potential ϕ0 (by noticing the transverse feature of
fields emitted by a swift charged particle) and express the
vacuum field in the frequency domain as,

E
q(r,  ω) � i

ωϵ0
∇ × ∇ ×(ẑϕ0), (3)

H
q(r,  ω) � ∇ × (ẑϕ0), (4)

Comparing Eq. (1) and (2) with Eq. (3) and (4), we find
that the potential of a swift charged particle along the z-
axis takes the form of

ϕ0(r,  ω) �
iq0
8π

H(1)
0 (kρρ)eikzz � ∫

+∞

−∞
dkxX0eikxx+ikTy1|y|+ikzz , (5)

where the wavevector component kTy1 � (k20 − k2x − k2z)
1/2

and the amplitude of the swift particle source
X0 � iq0/(8π2kTy1).

To illustrate the impact of nonlocal electron screening
in metals on emission behaviours of the swift charged
particle, we compare Cherenkov radiations in the local
layered structure and nonlocal layered structure. The local
description of light-matter interactions assumes that the
induced surface charges only precisely reside on the
boundary of metals. And as a result, the free-electron
response of metals is transversal, given by Drude model as

ϵT(ω) � 1 − ω2
p/[ω(ω + iγ)], where ωp is the bulk plasmon

frequency, γ is the collision frequency. In the local treat-
ment, we calculate the fields in all regions using potentials
with decompositions of transverse magnetic field and
transverse electric field. In the region j, the potentials of
transverse magnetic field and transverse electric field take
the form as

ϕTMj � ∫
+∞

−∞
dkx(T+

TMje
ikTyj(y−yj) + RTMj

− e−ikTyj(y−yj+1))eikxx+ikzz ,
(6)

Figure 1: Schematic diagram of Cherenkov radiation in the
nanometallic layered structure. A charged particle with the velocity
of v̄0 moves on the top of nanometallic layered structure along the z-
direction, generating longitudinal Cherenkov photons downward.
The thicknesses of metal slabs and air slabs are d1 and d2,
respectively. The pitch of layered structure is P = d1 + d2. The free-
electron response of nonlocal metals is described with the
hydrodynamic model as ϵ(ω, k̄). Here, the radiation angle of
longitudinal Cherenkov photons θr is defined as the angle between
the Poynting power vector and the y-axis. Longitudinal Cherenkov
photons are forward-propagating when θr > 0 and backward-
propagating when θr < 0.
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ϕTEj �
1

ωε0
∫
+∞

−∞
dkx(T+

TEje
ikTyj(y−yj) + RTEj

− e−ikTyj(y−yj+1))eikxx+ikzz (7)

where kTyj � (ϵrjk20 − k2x − k2z)
1/2

for metal slabs with ϵrj � ϵT
and air slabs with ϵrj � 1. T+

TMj,  T
+
TEj,  RTMj

−,  RTEj
− are scat-

tering coefficients of transverse fields in the region j. The
transverse radiation fields Ē

R
T and H̄

R
T are expressed in terms

of the following two sets of scalar eigen functions [25]:

E
R
T(r,  ω) �

iε−1r
ωϵ0

∇ × ∇ ×(ẑϕTM) − ∇ × (ẑϕTE), (8)

H
R
T(r,  ω) � ∇ × (ẑϕTM) + i

ωμ0

∇ × ∇ ×(ẑϕTE), (9)

Under the local description, the boundary conditions
are [26]

n̂ × [Hj−1(yj) − Hj(yj)] � 0, (10)

n̂ × [Ej−1(yj) − Ej(yj)] � 0, (11)

The method of transfer matrix is employed for the
calculation of scattering coefficients [27].

However, a more accurate description of light-matter
interactions takes the nonlocal electron screening in
metals into account [28]. Owing to the quantum repulsion
of electrons, the surface charge densities have a finite
penetration inside metals. Such a spatial dispersion gives
rise to a longitudinal response of metals, which can be
theoretically described by the hydrodynamic model as

ϵL(k̄L,  ω) � 1 − ω2
p/(ω2 + iγω − β2k̄2L) [29], while the trans-

verse response remains unchanged; Here, β is proportional
to the Fermi velocity as β � (3/5)1/2 and k̄L is the
wavevector of the longitudinal electric field as

|kL| � [ω(ω + iγ) − ωp]1/2/β . To study the interplay be-
tween a swift charged particle and the nonlocal layered
structure, we introduce an additional scalar potential for
the longitudinal electric field in the metal of region j as

ϕLj �
1

ωε0
∫
+∞

−∞
dkx(T+

Lje
ikLyj(y−yj) + RLj

− e−ikLyj(y−yj+1))eikxx+ikzz ,
(12)

where kLyj � (k2L − k2x − k2z)
1/2
. T+

Lj and RLj
− are scattering

coefficients of longitudinal electric field in the region j.
Thus, the longitudinal electric field can be obtained as

E
R
L � ∇ϕLj. (13)

Especially, due to the existence of longitudinal electric
field, an additional boundary condition, i. e., the longitu-

dinal continuity of electric field, is applied at the boundary
of metals y � yj as [30]

n ⋅ [Ej−1(yj) − Ej(yj)] � 0 (14)

We employ the method of transfer matrix to calculate
all the scattering coefficients in each region of this
configuration [31, 32]. Finally, Cherenkov radiation in the
nonlocal layered structure is the superposition of trans-
verse electric field, transverse magnetic field and longitu-
dinal electric field.

In addition, to qualify the photon emission enhanced
by longitudinal plasmon modes, we compute the energy
loss density and photon extraction efficiency of a swift
charged particle. The energy loss density is determined by
employing power dissipation formula as [21]

G � q0v0
πωε0

Im[ ∫
+∞

0

dkx(k2x + k2Ty1)R+
TM1], (15)

where R+
TM1 is the reflection coefficient of transverse mag-

netic field. The photon extraction efficiency per second of
the swift charged particle is obtained as [33]

η � dN/dω
Ek

, (16)

where dN/dω � G/(Zω) is the radiation intensity per sec-
ond and Ek is the kinetic energy of the charged particle.

3 Photon emission enhanced by
longitudinal plasmon modes

In this section, we demonstrate that the photon emission
from a swift charged particle is significantly enhanced by
longitudinal plasmon modes in the quantum-sized layered
structure. As a concrete example, we select the silver (Ag) as
the metal, where ωp = 9.0 eV, γ = 0.032 eV and
vF = 136 × 106 m/s. The thickness of metal slab is d1 = 2 nm,
and thepitchof the layeredstructure isP=6nm. Thenumber
of theperiod incalculation isn= 10. In this configuration, the
spatial nonlocality is strong as d1≳λTF , where λTF ∼ 5 Å is the
Tomas–Fermi screening length. When the particle velocity
v0/c � 0.5 and the studied wavelength is λ0 = 129 nm, the
photon emission is prohibited inside the local layered
structure but appears only when λ0 > λp, where the bulk
plasmonwavelength λp = (2πc)/ωp = 138 nm (Figure 2A) [34].
This is because, under the local description, the metal is no
longer a plasmonicmaterial as ϵT > 0when λ0 < λp as shown
in the energy loss density spectrum in Figure 2C. The situa-
tion becomes quite different when the nonlocal electron
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screening in metals is considered. Because nonlocal metals
can support longitudinal plasmon modes if λ0 < λp, the
coupling between the longitudinal plasmonmodes results in
the formation of bulk Bloch modes in the nonlocal layered
structure at discrete resonant wavelengths, i. e., 129 nm,
117 nm, 104 nm, etc. (Figure 2D). Due to the enhanced pho-
tonic density of states, the swift charged particle can effi-
ciently emit longitudinal Cherenkov photons at a resonant
wavelength (Figure 2B). In addition, when the geometric size
is comparable with the Tomas–Fermi screening length λTF ,
the longitudinal modes arising from the spatial nonlocality
enable the enhancement of photon emissionmore than four
orders of magnitude, compared with the local approxima-
tion (Figure 2D). However, when the geometric size is far

beyond λTF , i. e., d1 ≫ λTF, the enhancement of photon
emission is relatively weak [29].

4 Radiation angles of longitudinal
Cherenkov photons

To reveal radiation angles of longitudinal Cherenkov
photons, we investigate the isofrequency contours of bulk
Block modes in the nonlocal layered structure [35]. The
isofrequency contours in the lossless case show that the
bulk Block modes appear only in a finite range of wave-
vectors (Figure 3A). When the wavevector is sufficiently
small, the isofrequency contour is hyperboloid-shaped,

Figure 2: Photon emission enhanced by
longitudinal plasmon modes. (A) and (B)
The radiation patterns generated by a swift
charged particle in the nanometallic
layered structure, where the particle
velocity is v0 = 0.5 c and the studied
wavelength is λ0 = 0.129 μm. (C) and (D) The
energy loss density spectra (G) of a swift
charged particle in the layered structure
versus the particle velocity v/c and the
studied wavelength λ. In (A) and (C), the
free-electron response of metals is in local
approximation, while in (B) and (D), the
free-electron response of metals in under
the nonlocal description. λp = 138 nm is the
bulk plasmon wavelength of metals in the
study. The unit of energy loss density G is
mW/eV.

Figure 3: Isofrequency contours of bulk Block
modes in the nanometallic layered structure.
(A) The isofrequency contours when the
realistic material loss is artificially neglected,
i. e., γ = 0 eV. (B) The isofrequency contours
when the realisticmaterials loss is considered,
i. e., γ=0.032 eV. ThePoynting power vector is
denoted as S̄±, where the subscripts represent
the forward radiation and backward radiation,
respectively. The studied wavelengths are 129,
117, and 104 nm respectively for (A) and (B),
when longitudinal Cherenkov photons can be
emitted by a swift charged particle.
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indicating that the nonlocal layered structure enables
negative refraction. When the wavevector is relatively
large, the isofrequency becomesflat. As a consequence, the
energy flow of bulk Block modes is normal relative to the
interface. When the wavevector is sufficiently large, the
isofrequency contour closes due to the decoupling of lon-
gitudinal plasmon modes in metal slabs. Beyond the
wavevector cutoff, the bulk Block modes disappear. How-
ever, isofrequency contours of bulk Block modes are
smoothen by taking the realistic material loss into account
(Figure 3B). In the limit of small wavevectors, the iso-
frequency contour remains hyperbolic, while it becomes
elliptical when the wavevector is sufficiently large. The
exotic isofrequency contours indicate that the effective
group index can be controlled in a flexible way. Taking the
bulk Block mode at 129 nm for example, we find that the
sign of effective group index is stringently dependent on
the z-component wavevectors kz. When (kzP)/π > 2, the
effective group index is positive. As a result, longitudinal

Cherenkov photons are forward-propagating with S̄ � S̄+.
However, when (kzP)/π < 2, the effective group index be-
comes negative, leading to reversed longitudinal Cher-

enkov photons with S̄ � S̄−.
Properly engineering isofrequency contours enables

us to sensitively control the radiation angles of longitudi-
nal Cherenkov photons in a broad range of particle veloc-
ities, while the photon emission remains relatively
intensive. The radiation angle here is calculated using
θr � atan(dkZ/dky). Figure 4 shows the radiation angle
spectra and extraction efficiency spectra at three resonant
wavelengths of longitudinal modes as same in Figure 3. As
shown in Figure 4A, the threshold velocity for longitudinal
Cherenkov photons is vth ≈ 0.03c. The appearance of the
velocity threshold results from the spatial dispersion in
nanometallic layered structures: For one thing, the finite

structural size results in awavevector cutoff, beyondwhich
coupling between longitudinal plasmon modes in each
metal slab is prohibited. For another, the nonlocal electron
screening in metals gives rise to an effective thickness of
metal slabs, whose value is slightly larger than the realistic
thickness. Thus, the increased geometric size further re-
duces the wavevector cutoff. Even so, the threshold ve-
locity for longitudinalmodes is rather small, because of the
deep-subwavelength unit cell of the periodic structure. In
the end, the photon emission in the nonlocal layered
structure can be enhanced in a broad range of particle
velocities (Figure 4). The corresponding photon extraction
efficiency is higher for longitudinal Cherenkov photons at a
larger resonant wavelength. Moreover, the spatial non-
locality allows the radiation angle of longitudinal Cher-
enkov photons to be controlled from a positive value to a
negative value with the variation of particle velocity
(Figure 4). In particular, at the resonant wavelength
λ0 = 129 nm, there is a relatively wide controllability of
radiation angles (Figure 3A). When the particle velocity

v0 � 0.03c, the corresponding radiation angle is θr � 28.7Å.
With the increase of the particle velocity, the photon
emission is gradually changed to the backward-propa-
gating direction. When the particle velocity approaches to
the light velocity in the vacuum (v0 → c), the radiation
angle of longitudinal Cherenkov photons reaches a low-
bound value of −52.2°. In particular, when the particle ve-
locity is v0 � 0.05c, the swift charged particle emits longi-
tudinal Cherenkov photons in a direction perpendicular to
the interface of nanometallic layered structure. The un-
derlying reason is that balanced by the spatial dispersion
and realistic material loss, the excited longitudinal plas-
mon modes have a zero group velocity along the interface.
Therefore, the energy of longitudinal Cherenkov photons is
downward-propagating only.

Figure 4: Emission behaviours of a swift
charged particle in the nanometallic
layered structure. (A)–(C) The radiation
angle spectra θr (red line) and the photon
extraction efficiency per second η (blue
line) as the function of particle velocity v/c.
The studied wavelengths λ0 of longitudinal
Cherenkov photons are 129 nm in (A),
117 nm in (B), and 104 nm in (C) respectively
when longitudinal Cherenkov photons can
be emitted by a swift charged particle.
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5 Applications

The feasibility to direct Cherenkov photons in a broad
range of angles facilitates many practical applications of
Cherenkov radiation. On the one hand, an electron beam
traveling in the nanometallic layered structure can be
employed for an integrated free-electron radiation source
by coupling longitudinal Cherenkov photons from the
nanometallic layered structure to the far field. The novel
free-electron radiation source is capable of generating
forward-propagating photons and backward-propagating
photons, switched by the particle velocity. On the other
hand, since the photon emission is enhanced in a broad
range of particle velocities, to which the radiation angle of
longitudinal Cherenkov photons is sensitive, our configu-
ration extends the momentum range for the sensitive
determination of particle velocity or particle identification.
For example, the calculated radiation angle θr of longitu-
dinal Cherenkov photons is dependent on the momenta p
and the rest masses of charged particles (Figure 5). When
p = 0.04 GeV/c, electron, proton, pion, and kaon would
emit longitudinal Cherenkov photons in angles
of −52.2°, −33.6°, −11.8°, and 5.1°, respectively. The giant

differences among radiation angles indicate that the broad
controllability of longitudinal Cherenkov photons en-
hances the sensitivity to determine particle velocities and
discriminate charged particles in an extended momentum
range.

6 Conclusion

To conclude, we theoretically demonstrate that the
spatial nonlocality in metamaterials provides a new de-
gree of freedom to direct Cherenkov photons. Particu-
larly, longitudinal plasmon modes resulting from the
spatial nonlocality in nanometallic layered structure
enhance the photon emission for four orders in a broad
range of particle velocities above the bulk plasmon
wavelength of metals, where Cherenkov photons are
generally believed to be prohibited in the local approxi-
mation. In contrast to emission behaviours of a swift
charged particle in natural transparent materials and
negative-index metamaterials, the nonlocal layered
structure could direct longitudinal Cherenkov photons in
both the forward-propagating direction and backward-
propagating direction.Meanwhile, our calculation results
show that the radiation angle of longitudinal Cherenkov
photons is sensitively controlled by the particle velocity.
In addition, owing to the available large mode refractive
index for longitudinal modes, the threshold velocity for
longitudinal Cherenkov photons is relatively small,
facilitating the particle identification or determination of
particle velocity in an extended momentum range. This
work enriches the theory of Cherenkov radiation and of-
fers a new insight to control emission behaviours of a
swift charged particle [36–41].
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Figure 5: Radiation angles θr of longitudinal Cherenkov photons
versus particle momenta p.For comparison, four types of swift
charged particles are studied, i. e., electron, pion, kaon, and proton.
When the momentum of charged particles is p = 0.04 GeV/c, the
radiation angles θr of longitudinal Cherenkov photons emitted by
the electron, pion, kaon, and proton are −52.2°, −33.6°, −11.8°, and
5.1° respectively. The studied wavelength is 129 nm, when
longitudinal Cherenkov photons can be emitted by swift charged
particles.
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