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TOPOLOGICAL STRUCTURE IN THE SPACE OF
(WEIGHTED) COMPOSITION OPERATORS ON
WEIGHTED BANACH SPACES OF HOLOMORPHIC
FUNCTIONS

ALEXANDER V. ABANIN!, LE HAI KHOI?, PHAM TRONG TIEN?3

ABSTRACT. We consider the topological structure problem for the
space of composition operators as well as the space of weighted
composition operators on weighted Banach spaces with sup-norm.
For the first space, we prove that the set of all composition op-
erators that differ from the given one by a compact operator is
path connected; however, in general, it is not always a component.
Furthermore, we show that the set of compact weighted composi-
tion operators is path connected, but it is not a component in the
second space.

1. INTRODUCTION

Let H(ID) be the space of all holomorphic functions on the unit disc D
and S(D) the set of all holomorphic self-maps of D. For two functions
Y € H(D) and ¢ € S(D), a weighted composition operator Wy, is
defined by Wy ,f =4 - (foy), f € H(D). When the function ¢ is
identically 1, the operator Wy, reduces to the composition operator
Cy. These operators C, and Wy, , have been studied extensively on
various function spaces during the past few decades in many directions
(see [9, 21] and references therein for an overview). Among them, the
study of topological structure problem for spaces of bounded (weighted)
composition operators endowed with the operator norm topology has
gained a special interest. We refer the reader for more information
to [10, 16, 22] (for Hardy spaces), [11, 15, 19] (for the space H* of
all bounded holomorphic functions on D), [13] (for Bloch spaces), and
[6] (for weighted Banach spaces with sup-norm). In this paper we
continue the study of topological structure problem for both spaces of
composition operators and weighted composition operators on weighted
Banach spaces with sup-norm generated by some radial weight and
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establish several results that essentially complement or improve the
previous ones in this direction.

Recall that a radial weight (briefly, a weight) on D is a positive
function v on D with v(z) = v(|z]),z € D, where v(r) is continuous
and increasing on [0,1) and v(r) — oo as r — 17. For a weight v
on D, we define the following weighted Banach spaces of holomorphic
functions on D:

H,(D) = {f e HD) : ||, = sup L&) oo}

D U(2)
and
o) = e nm): 1m KB ol
') = {renm);: m 12
endowed with the norm || - ||,, where, as usual, for a function g : D —
0, 00), | l‘im g(z) := lim sup g(z). These spaces are also known as
z|—=1—

=17 2>
weighted Bergman spaces of infinite order. We will use the common
symbol X, to denote either of the spaces H,(D) or H)(D) when some
statement is true for both of them.

It is well known (see, for instance, [1, 2]) that to characterize topo-
logical properties of spaces X, or linear operators between them in
term of weights, the standard way is to use the so-called associated
weights. According to [3, Definition 1.1], for a given weight v on D, its
associated weight is defined by

v(z) = sup{|f(2)| : f € Hy(D), || fllo <1}.

Note that v(z) = v(]z]) and 0 < v(z) < v(2) for all z € D, v(r) is
increasing and log-convez on [0,1) (i.e. the function log v(e®) is convex
on (—00,0)), and H,(D) = Hz(D) isometrically. Moreover, in [14,
Lemma 2.2] it was shown that for a log-convex weight v on D, there
is some constant M such that v(z) < v(z) < Mv(z),z € D. Thus, for
our main purposes it seems reasonable to use log-convex weights.

Next, for a log-convex weight v, by [4, Theorem 2.3] the following
condition from [17, p. 310] and [18, Definition 2.1]

_ v(l—27%1h)

(1.1) hin_)SOlip o1 =27 < 00
is equivalent to the continuity of all compositions operators C,, ¢ €
S(D), on X,. Consequently, for log-convex weights satisfying (1.1)
and only for them, the spaces C(H,(D)) and C(H?(D)) of all bounded
composition operators on H, (D) and, respectively, H’(DD) coincide and
equal to the space {C,, : ¢ € S(D)} of all composition operators. Note
that some conditions of various types that are equivalent to (1.1) were
stated in [1, Lemma 2.6]. In particular, (1.1) <= v(r) = O(v(r?)) as
r—1".
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In view of the above reasons it is natural to consider the topological
structure problem for the spaces of (weighted) composition operators
on spaces X, given by log-convex weights v satisfying (1.1). Let V
denote the set of all such weights. The standard weights v,(z) =
(1 —|2]*)™, a > 0, belong to V. Throughout the present paper we
will always suppose that v € V.

The paper is organized as follows. In Section 2 we recall some aux-
iliary results on spaces X, and (weighted) composition operators on
them.

The topological structure of the space C(X,) of all composition op-
erators on X, is studied in Section 3. We prove that the set [C,]
of all composition operators that differ from the given one C, by a
compact operator is path connected in C(X,) (Theorem 3.1). Never-
theless, a component in C(X,) is not in general the set of such type
(Example 3.4). Note that MacCluer, Ohno, and Zhao [19] showed these
results for the space H* and we now extend them to the family of all
Bergman spaces of infinite order given by weights from V (see Remark
3.5). Moreover, in Proposition 3.6 we prove that the condition that
completely characterizes isolated composition operators C,, in the set-
ting of the space H™ (see [19, Corollary 9] and [12, Theorem 4.1]) is
necessary for C,, to be isolated in all spaces C(X,) with v in V.

Section 4 is devoted to the space C,(X,) of all bounded nonzero
weighted composition operators on X,,. It should be noted that Bonet,
Lindstrom and Wolf [6] investigated the topological structure problem
for the space CY (X,,) of all bounded weighted composition operators on
X,. However, it is easy to see that every operator Wy, in C2(X,) and
the zero operator 0 are always connected by the path Wy ., t € [0, 1].
This implies that the space C%(X,) is path connected. In view of this,
some results in [6] should be considered again in the context of the
space C,(X,). It is worth to emphasize that some arguments used in
[6] cannot be applied to the space C,(X,). So we develop some new
ideas to prove that the set C, o(X,) of all nonzero compact weighted
composition operators is path connected in C,(X,); unfortunately, it
is not a path component (Theorem 4.2). We also give a simple suffi-
cient condition to ensure that two operators in C,(X,) belong to the
same path component of this space (Proposition 4.3). These results
clarify and improve the corresponding ones in [6, Theorems 3.2 and
4.2]. Moreover, we describe two path connected sets of the same type

in C,(X,), one of which is a path component, while another is not
(Examples 4.6 and 4.8).

2. PRELIMINARIES

In this section we collect some notation and results concerning prop-
erties of functions in the spaces X, and (weighted) composition oper-
ators and their differences on these spaces.
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The pseudo-hyperbolic distance between z and ¢ in DD is defined by
z—=C
p(z,¢) =

1-%¢
For a function ¢ € H(DD), put
Illoo = supfe(2)] and M(ip,7) = sup [p(2)], r € (0, 1).
ze

|z|<r

For a subset E of the unit circle 0D, we denote by |E| the Lebesgue
measure of £ on 0D.

Lemma 2.1. There is a constant C' > 0, dependent only on v, such
that for every f € H,(D) and z,{ € D,

(2.) el <o,
and
22) 1) FQ] < Ol O max{o(=). o(0))

Proof. In [1, Theorem 2.8] it was proved that for every weight v € V),
the differentiation operator D is bounded from H,(D) to H,, (D) with
vi(r) = v(r)/(1 —r), which implies (2.1).
The inequality (2.2) was obtained in [5, Lemma 1].
U

The next result follows from [4, Proposition 2.1 and Theorems 2.3
and 3.3].
Proposition 2.2. Let p € S(D).
(a) The operator Cy, is bounded on X,. Moreover,
W) _
v(2)
(b) The operator C, is compact on X, if and only if

- v(e(z)
|zl\gr1lf v(z) =0

|Cpl| < sup
z€D

This proposition implies that
C(H,(D)) = C(H,(D)) = {C, : ¢ € S(D)},
and the sets Co(H,(D)) and Co(H?(D)) of all compact composition op-
erators on H,(D) and H?(ID), respectively, coincide; more precisely
Co(H,(D)) = Co(H, (D)) = {C,y : ¢ € S(D),v((2)) = 0(v(2)), || = 17}

Thus, all results and arguments in Section 3 will be stated simultane-
ously for both spaces C(H,(D)) and C(H?(D)).

Compactness of differences of two composition operators between
weighted Banach spaces with sup-norm was characterized in [5, Corol-
lary 7 and Theorem 9]. To state these results for composition operators
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from X, into itself with v € V, we need the following observation. Note
that we will also use it in Section 4.

Remark 2.3. Let ¢ € S(D) and g : D — [0,00). As usual, we put

lim sup g(2) if [lpflec =1

lim  g(z) := Q"7 le)>r
()l =1 0 if |[0]|oe < 1.
Then
(2.3) lim g(z) =0 implies that lim g¢(z)=0.
2| =1~ lp(z)|=1~

Indeed, it is enough to check this statement for ¢ with [[¢|l = 1.
Given r € (0, 1), letting 7 := M (p,r), we get that

sup g(z) <supg(z) and ¥ —= 1" asr — 17,
le(2)|>7 |z[>r
which implies (2.3).
Proposition 2.4. Let p, ¢ € S(D). Then the following statements are
equivalent.
(i) The difference C, — Cy is compact on H,(D).
(ii) The difference C, — Cy is compact on HY(D).
(iii)
. vz . v(o(z
iim ") o), ) = m PO ), ) =0

l2l=1- v(z) l2|=1- v(2)

Proof. (i) = (ii) is obvious.

(ii) = (iii). Suppose that C, — Cy is compact on H)(D). If ||¢|eo =
|¢|lc = 1, then the assertion follows from [5, Theorem 9]. If |||« < 1
(similarly to the case ||¢||s < 1), then C, is compact on HL(D). Hence,
C, is also compact on HY (D), which and Proposition 2.2(b) imply that

o U)o 0(6(2)
lz=1- v(2) l=1- v(z)

Using this and the fact that p(¢(z),¢(2)) < 1,z € D, we get (iii).
(iii) = (i). By Remark 2.3, (iii) implies that

o v(e(2)) . v(0(2))
lim ———* z2),0(2)) = lim ———2= z),¢(2)) =0.
ol =y PPR)e) = lim = eelz) 6(2)
It remains to use [5, Corollary 7] to obtain (i). O
Boundedness and compactness of the operator W, ,, between weighted

Banach spaces with sup-norm were characterized in [8, Propositions 3.1
and 3.2, Corollaries 4.3 and 4.5], from which we get the following result.

Proposition 2.5. Let ¢ € S(D) and ¢p € H(D). Then the next two
assertions hold:
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(a) The operator Wy, = X, = X,, is bounded if and only if ¢ € X,

and
o )
zed v(2)
(b) The operator Wy, , : X, = X, is compact if and only if ¢ € X,
and
o [E)vle(z) _
|go(5|n—l>1_ o(2) =0 for X, = H,(D)
or
lim Elve) 0 for X, = H)(D).
2] —1- v(z)

From this proposition it follows that C,,(H2(D)) and C,,o(H2(D)) are
proper subsets of C,(H,(ID)) and, respectively, Cy o(H,(D)). In view
of this, some arguments in Section 4 will be presented separately for
spaces Cy,(H,(D)) and C,(H?(D)).

We also need the following lemma.

Lemma 2.6. Let [z,(] denote the closed interval connecting points z
and ¢ in D. Then p(€.) < pl=,C) for all &, € [2,(].

Proof. Without loss of generality we may assume that the points lie in
the interval in the following order: z — & — n — (. We have the next
obvious relations:

€ =nl =1z =l = (lz =&l +1¢ = nl),

11 —&nl > |1 —=(| — [2¢ — &)
> |1 —2¢] — (I¢][Z = €] + [l = nl)
> |1 =2 = (Jz =&+ [C—nl),
and
|z — ¢ <1 =%
Then
—nl _ == ¢l = (==&l +I¢—nD

p(&,n) = —eny ~ T—2—(z =& +IC—n)
< s =)

3. THE SPACE OF COMPOSITION OPERATORS

In this section we consider the topological structure problem for the
space C(X,) of all composition operators on X, under the operator
norm topology. To simplify our considerations, we will write C, ~
Cy in C(X,) if these operators are in the same path component of
C(X,). Two composition operators C,, and Cy are said to be compactly
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equivalent (or, briefly, equivalent) in C(X,) if their difference C, —
Cy is compact on X,. Obviously, this relation is an equivalence one.
Denote by [C,,] the equivalence class of all composition operators that
are equivalent to the given operator C,. Note that the set Co(X,)
of all compact composition operators on X, coincide with the class
[Co] of all operators from C(X,) that are equivalent to the operator

Co: f = £(0).

Theorem 3.1. Fach equivalence class [Cy| is path connected in the
space C(X,).

Proof. Let ¢ € S(D) and C,, be an arbitrary operator from [C,]. Then
C, — Cy is compact on X, and, by Proposition 2.4, we have

a1 tim ") o) = im PP 00 e = 0

l2|»1- v(z) l2|»1- v(2)

For each t € [0, 1], put ¢(2) = (1 — t)p(z) + td(z), 2z € D. Clearly,
e € S(D) for all t € [0, 1] and, by Proposition 2.2(a), the corresponding
operators C,,,t € [0,1], are bounded on X,. Moreover, all differences
C,—C,, are compact on X,,. Indeed, |p;(2)| < max{|p(2)|,|#(z)|} and,
hence, v(pi(z)) < max{v(p(2)),v(¢(z))} for all z € D and ¢ € [0, 1].
Next, by Lemma 2.6, p(¢(z), i(2)) < p(e(2), ¢(2)). From the above
inequalities and (3.1) it follows that

fm 2D o)) < tim YD o e =0,

l2|=1- v(z) T a1 v(2)
and
Jim D 00), 021
. v(p(2)) v(0(2)) _
< i max { EE y000), 00, LD o), 01} .

Using Proposition 2.4 once again, we conclude that C,,—C,, is compact
on X, for every t € [0, 1].

Thus, C,, € [C,] for all t € [0, 1] and, to finish the proof, it remains
to show that the map

0,1] = C(X,),t = Cy,

is continuous on [0,1]. That is, ||Cy,, — C,,|| = 0 as s — ¢t for all
t€0,1].
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Fix a number t € [0,1]. For every r € (0,1), s € [0,1], and f € X,
by (2.2) we get

1Couf — Coflls = sup L)) = J(2u(2))]

€D v(z)

max{v(ps(2)),v(pi(2))}

v(z)

(
< Il ilégp(gos(z), sot(z))max{”(@i'z()z))a 0(é(2))}

< C||f||vilelgp(90s(z)790t(z))

Consequently, for every r € (0,1) and s € [0, 1],
||C<Ps - C@t” < CmaX{I(T7 8)7 j(?", S)}a

where

max{v(p(2)),v(P(2))}

I(r,s) := sup p(ps(2), vi(2))

|2|<r o(2)
00 ele) = o(e)
S AP e e

2?J<Mr)

< m|s —t| with M, := max{M(p,7), M(¢,7)},

and, by Lemma 2.6,
max{v(p(2)),v(e(2))}

J(r,s) := sup p(ps(2), 1(2))

|z|>r U(Z)
< s p(so(z),¢<z>>m“{“(@f}2’)’“W'z”} — ().

Therefore, for every r € (0,1) and s € [0, 1],

20(M,)
ICy, — Col < Cmax{m\s—tr,m)}.

By letting s — ¢, this implies that
limsup ||C,, — C,|| < CJ(r) forall r € (0,1).
s—t

Next, letting » — 1~ and using that J(r) — 0 as r — 17 by (3.1), we
then get

£1E% 1Cp, — Cill = 0,
which completes the proof. U

Corollary 3.2. The set Co(X,) of all compact composition operators
on X, is path connected in C(X,).
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Remark 3.3. Corollary 3.2 follows also from [6, Theorem 3.2]. Indeed,
putting " =1 and ¢ = 1 in the proof of this theorem we get that
two compact composition operators Cy;y and Cyp) on X, belong to
the same path component of the space C(X,).

Now we use the main idea from [19, Example 1] to show that in
general [C,] might not be a whole path component of C(X,).

Ezample 3.4. Let ¢o(2) =1+ a(z — 1) with 0 < a < 1. Then the class
[C,,] is not a path component in C(X,).

Proof. Let § = @. For each t € [-§, ], we put

pe(2) = po(2) +t(z — 1)?

and show that, for every 0 < |t| < 4§, Cy, ~ Cyp, in C(X,) but C,, ¢
[C,]. Evidently, this gives the result.
Since 1 — [pg(2)]*> > a(1 — a)|z — 1]? for all z € D,

()] < lo(2)| + [tz = 1P < V1 = a(l = a)lz — 12 + |t]]z — 1]

<1_a(1—a)
- 2

lz — 1P+ |tz - 12 < 1,
for all z € D and ¢t € [—6,0]. Hence, ¢, € S(D), and, by Proposition
2.2(a), C,, € C(X,) for all t € [0, 4].

Next, similarly to [19, Example 1], consider a sequence (z,) C D
such that z, — 1 along the arc |1 — z|* =1 — |z|%. For each n € N, we
have

L=lo(za)]* = a(2 = a)|z — 1 = a(2 = a)(1 — |za]").

Hence,
[po(zn)] = V(1 — )2+ a(2 — a)|za]? > |z,
and
t]] 2, — 1]?
p(pol2n), pi(zn)) 2
(Pollen). @an)) 2 90 B+ Tpolen) T — 1P
|t
“a2—a)+ |t
Thus, for all n > 1 and ¢ € [0, J],
v(o(2n)) |t
_ATUNTR/ > -
"U(Zn) p(¢0(zn)790t(zn)) - a(2 N (I) + ‘t’

From this and Proposition 2.4 it follows that Cy,, — C,, is not compact
on X, and, consequently, C,, ¢ [Cy,] for all 0 < |t| < 4.

To complete the proof, it is enough to check that the path C,,,t €
[—4, 8], is continuous in C(X,). For every t,s € [—4,0] and f € X,,



10 ALEXANDER V. ABANIN!, LE HAI KHOI?, PHAM TRONG TIEN?®

using (2.2), we have

|/ (ps(2)) = f(ee(2))]

v(z)
< CHva Szlel]]g P(QDS(Z), gpt(Z»maX{v(stiz()Z))’ U(‘Pt(Z’))}.

HOsosf - Osotf“v = sup
zeD

Therefore,

(3.2) ||Cyp, — Cy, |l < Csup p(eps(z), wt<z))max{v(¢s(2’)), v(got(z))}'

zeD U(Z)

Moreover, for every t,s € [—4,0] and z € D,

2 2)) = i _ﬁ_ iy
p(ps(2), pi(2)) 11— @s(2)e(2)]

< it —s||z —1[2
— L= lea(2)]* = (It} + [sD)leo(2)|]z = 1[> = [ts]]z — 1]*
< |t — sllz — 1
S T =)z = 1P = (i + sl — 1 — [esll= — 1T

|t — s| < 4|t — s|
“a(l—a)—26—462 ~ a(l —a)

(3.3)

Next, for each s € [, ], we put

Z — Gy
1—asz

GSZQOS(O):l—CL—f—S,ﬁS(Z): 5 and ¢S:Bso@s‘

Then ¢4(0) = S5 0 ¢s(0) = 0. Hence, by the Schwarz lemma, |¢s(z)| <
|z| for every z € D. From this it follows that, for every r € (0, 1),

. . T+ |ag r+ 71
sup |@s(z)| = su s 00)(2)] < sup b, (%) = < )
s ()] = sup (5, 006) ()] < sup 15} (2) = Tk < T

where 79 =1 —a+ 60 € (0,1). This, (3.2), and (3.3) imply that

4C (it
1Ce, = Coull < —=——= [t — 5] sup (i)
a(l —a) refo,y) V(1)
and it remains to check that the last supremum is finite.
By [1, Lemma 2.6](i), there is some constant M > 0, dependent only

on v, such that

(logv)'(r) = for all r € (0,1).
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Then, using the arguments in the proof of [1, Theorem 2.8, (i)==-(vii)],
we get

T+ Ty , [ T+ 7o T+ Ty T+ Ty
1 — 1 < (1 I
Ogv(l—l—'f’ro) ogv(r) < (logv) <1+r7’0) 14+ 7rrg 8 (L+rro)r

M (r +ro) ro(1 —1r?)

—(1—=r)(1—r) log (1 + (1+ 7"7“0)7">
M(r+ro)ro(l +7) < 8M

— (1=ro)(L4rrg)r — 1—1rg

for every r € [%, 1). Thus, there is some number M, > 1, dependent
only on v and rg, such that

v ( T ) < Myv(r) for all r € [0,1).

1 +r To
Consequently,
v T+70
sup M S ]\407
rel0,1) 'U(T‘)
which completes the proof. U

Remark 3.5. Note that to characterize components in the space of com-
position operators on Hardy space H?, Shapiro and Sundberg [22] con-
jectured that the set of all composition operators that differ from the
given one by a compact operator forms a component. Later, Bourdon
[7], Moorhouse and Toews [20] independently showed that this conjec-
ture is false. In [19] MacCluer, Ohno and Zhao also gave a negative
answer to this conjecture for the setting of space H*. In fact, in The-
orem 3.1 we proved that the sets of such a type are path connected
in the space C(X,). Nevertheless, Example 3.4 shows that, in general,
they are not components of C(X,). Therefore, Shapiro and Sundberg’s
conjecture is also not true for all spaces X, given by weights v from
the class V.

We end this section with a result concerning isolated points in the
spaces C(X,). Recall that the result in [6, Theorem 5.7] can be refor-
mulated as follows: If the set

E(v,¢) = {W € 9D| I(z,) CD: lim z, =w and lim v(p(zn)) > ()}
n—00 n—00 U(Zn)

has Lebesgue measure strictly positive, then C,, is isolated in C(X,).
This is an analog of [19, Corollary 8]. On the other hand, in [19,
Corollary 9] it was established that if

(3.4) /0 ﬂlog(l — |p(e)))df > —o0,
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then C,, is not isolated in C(H>). Equivalently, the condition

(3.5) / “log(1 — ()b = —o0

is necessary for the operator C, to be isolated in C(H*°). In the next
proposition we extend this result to all weighted spaces X, with v € V.
Note that Hosokawa, Izuchi, and Zheng [12, Theorem 4.1] proved that
(3.5) gives the complete description of isolated operators Cy, in C(H).

Proposition 3.6. If ¢ € S(D) satisfies (3.4), then the operator C,, is
not isolated in C(X,).

Proof. Following [19, Corollary 9], consider the next bounded outer
function in D:

2 46
o(z) = exp (i/o ‘ R log(1 — ]gp(eie)|)d9> , z€D.

o e — 2

As is known, |¢| < 1—|¢|in D and |¢| = 1 — |¢| almost everywhere on
OD. This implies, in particular, that the functions ¢;(2) = p(2) +to(2)
are in S(D) for every |t| < 1. Hence, by Proposition 2.2(a), all operators
Co,, |t] < 1, belong to C(X,).

We will show that the path C,, [t| < 1, is continuous in C(X,) and,
consequently, C, is not isolated.

By the proof of (i) == (vii) in [1, Theorem 2.8|, there exists a con-
stant M > 0 such that

1
v( ;—T) < Mu(r) forall r € [0,1).

From this it follows that, for each |¢| < 3 and all z € D,
o) = vllelz) + () < vllo(=)] + o))

< ullo(a)] + 1 - o) < v (FHEEN) < arete),
Using this and (2.2), we get that, for each f € X, and s,¢ € [—3,1],
F(p2)) = F(ea(2)

”Cﬂ"tf o Ososf |v e Slelg v(z)
< Cllfllosup plerl2). %(z))max{v(%iz()z)),v(gas(z))}

< CMHfllusgg p(pi(2), ¢s(2))

< MonHvsgg p(pi(2), s(2)),
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where My = C'M sup M < oo by Proposition 2.2(a). Thus, for

zeD U(Z>
every s,t € [—%, %],
1Cp — Co. || < Mo Slelgp(sot(Z), ©s(2)).
Next, for each s,t € [-1,1] and z € D,
Pt(z) — Ps\Z
peu(2)n(2) = | 2L
1 — p(2)ps(2)
i 6(2)
- L— ()2 = (It] + [sD]e()]e(2)] — [ts]|o(2)]?
1
= [t = slipep
6 (It] + 1sDle(2)] = [ts]|o(2)]
<|t—s 1
< |t = sl==;
LG (14 [s]) — ]
< |t —s| ! <E]t—s]
- L— ([t +[s]) = lts| = 7 '
Consequently,
16 11
HCQDt_Ctps < 7Mg|t—8| for all s,tE |:_Z7Z_l:|’

which implies that C,,,t € [—}l, i], is a continuous path in C(X,). O

4. THE SPACE OF WEIGHTED COMPOSITION OPERATORS

In this section we study the topological structure of the space C,,(X,)
of all nonzero bounded weighted composition operators on X, under
the operator norm topology. For simplicity, we write Wy, , ~ W, 4 in
Cu(X,) if the operators Wy, , and W, , are in the same path component
of Cu(X,).

As it was pointed out in Introduction, the space C?(X,) of all
bounded weighted composition operators is always path connected. In
view of this, Theorem 3.2 in [6] should be revised for the setting of
nonzero weighted composition operators. But on this way we cannot
use some arguments from the proof of this theorem in [6]. More pre-
cisely, to prove that two compact operators W,,a) ,a) and Wy 42 in
CY(H?(D)) are path connected, the authors in [6] showed that

W¢(1),¢<1) ~ W¢(1)(0)7¢(1>(0) ~ Ww(z)(o)@(z)(o) ~ Ww(z)7¢<2) n C’g(HS(]D))),

which cannot be applied to the space C,,(H%(D)) when ¢ (0) = 0 or
1@ (0) = 0. From this reason, we develop some new ideas to estab-
lish this result for the spaces C,(X,). Moreover, we prove a bit more
by showing that the set of all nonzero compact weighted composition
operators on X, is not a path component of C,(X,) for all v € V.
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In our further considerations we will use the next simple result, which
is proved similarly to [23, Lemma 4.8].

Lemma 4.1. Every operator Wy, € C,(X,) is path connected with
the operator Cy, in Cy(X,).

Theorem 4.2. The set Cy, o(X,) of all nonzero compact weighted com-
position operators on X, is path connected in the space Cy(X,); but it
1s not a path component in this space.

Proof. (a) To prove that the set Cy, 0(X,) is path connected in the space
Cw(X,), it suffices to show that every operator Wy, in C,o(X,) and
the operator Cy belong to the same path component of C,(X,) via a
path in Cy0(Xy).

If ¥(2) = const, then the assertion follows from Lemma 4.1 and
Corollary 3.2.

Now suppose that ¢ € X, is non-constant. We put

Ui(z) =1 —t+t)(z) and @i(2) = tp(2),z € D, t € [0,1].

Then, for every t € [0, 1), v is a nonzero function in X, and ¢;(D) C
to(D) € D. From this and Proposition 2.5(b) it follows that all oper-
ators Wy, ,,,t € [0,1), are compact on X,,. Hence, Wy, ,, € Cy0(Xy)
for all ¢ € [0, 1]; moreover, Wy, ,, = Co and Wy, ,, = Wy, ,. We claim

that the map
[Oa 1] - Cw(Xv)at = th,%a
is continuous on [0,1]. Then Wy, ~ Cp in C,(X,) via a path Wy, 4,
in Cw,O (Xv)
It remains to prove the claim. Obviously, Wy, ., = (1—1)Cip+Wiy 10,
and hence,

||st,<ps - Wzﬁt,wt” < ||(1 - S)Csso - (1 - t)CwH + ||Wsw,sso - Wtw,wH,

for every t, s € [0, 1]. Consequently, to prove the claim, it is enough to
show that for every ¢ € [0, 1],

(i) 1 [[(1—5)Cup — (1= £)Cigl| = 0 amd. (i) Jimn [ Wiy Wi | = 0.

In our further demonstration we will use the next obvious inequality
for functions f € H(D):

(41) |f(s2) = £(t2)] < |t = sl|z| max |£'(72)], = €D, t.5 € [0,1],

)

where we briefly write [s, ¢] for the interval between s and t.
First, we prove (i). If ¢ = 1, then by Proposition 2.2(a),

[(1=5)Cl < (1) igﬂ%% < (1-s) sup v(f((;))) — 0,5 — 1.
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Let now t € [0,1) and t5 € (t,1). For every s € [0,ty) and f € X,,
using (2.1) and (4.1), we get
(1 - S)Cssof - (1- t>0t<pf||v
(1= s)f(sp(2)) = (1 = ) f{te(2))]

= sup

2€D v(2)
< 1 o VLD ICANL g AN
< Is = tsup 5 o (rp(e))] + s — o sup LD g,
< Cls =l sup 5 ma s g sup D g
CU(tQ) 5 U(to) 6
~ (15 +1) Sls = el
Therefore,
v(to)

|s —t| > 0ass—t,

1= 9C0 — (1= 0G, I < (15 +1) 28

which completes the proof of (i).
Next, we prove (ii). Fix a number ¢ € [0,1]. For every s € [0, 1] and
f € X,, we have

|s9(2)f(sp(2)) — 1 (2) f(tp(2))]

HWsw,wf - Wtw,t@of“v = Sup

zeD v(z)
< s sup |¢(z)(f(s<,0(jz)z)— GO s — 1] sup W(Z)Z((go(z)ﬂ.

To continue, we need several auxiliary estimates.
Estimate 1: We have

sup Iw(z)i‘((z;o(z))\ < 5l sup w(z)z\;zit;p(z))
< [l sup PEEED gy,
where M := sup % is finite by Proposition 2.5(a).

Estimate 2: Obviously, for every r € (0,1) and s € [0, 1],

o [ (50(2) = F(to(2)

€D v(2)

= max{Z(r,s, f),T(r,s, f)},
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where, by using (2.1) and (4.1),
— f(t
Tors f) e sup [EEW0() = fltp()

()| <r v(z)

~ls= ) sup PEEI ()
palsr  V(2)  elsd

) Ve v(re()
< Cls =il sup S I T o)

[Nl Fllols =t

~—

Co(r
1

-

and

J(r,s, f) = sup W(Z)(f(ssz?(i ) — flte(2)))]

z)
< sup |¢(Z)\(!f(scp(zz

T le(z)>r v(z)

)
(

< |Ifllo sup
e (2) > v(2)
)

< 2[[f|ls sup
o (2) > v(2)

Using the above estimates, we obtain

HWsw,sw - Wtww”
gmax{f”(”||w||v|s—t|,2 sup M} T Ms 1),

-r lp(2)[>r v(2)

for every r € (0,1) and s € [0, 1]. By letting s — ¢, and then r — 1~
in the last inequality, we get

lim sup HWsw,&p - me,t@H < 2 lim sup M
st r=17 o (2) > v(z)

Moreover, applying Proposition 2.5(b) to the compact operator Wy,
on X,, we obtain

i POREE) e g

l(2)|—1- v(2)
or
lim PEIveE) 0 if X, = H'(D),
|2| =1~ v(2)
which both imply, by Remark 2.3, that
m sy LEREE) _

= e U(2)
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Consequently, lirr% |Wsp,so — Wipo|| = 0. This establishes the result
s5—

claimed.

(b) Now we consider the operators Wy, ., and C,,, where ¢y(z) =
1 —zand ¢o(z) = 1 +a(z —1) with 0 < a < 1. Obviously, Wy, o,
and C, belong to C,(X,). However, it is easy to check that Wy, ., is
compact, while C,, is not compact on X,.

Indeed, for all 7 € (0, 1),

v(po(r)) _ vt +alr—1)) _
v(r) v(r) T

Hence, by Proposition 2.2(b), C,, is not compact on X,.
Next, for any sequence (z,), in D with |z,| — 1 as n — oo, without

loss of generality we suppose that z, — n € dD. If n # 1, then
1+ a(n—1) € D, hence,

[P0 (2n) |[v(¢0(2n))

v(zn)

v(go(zn))

<2 o(z)

— 0 as n — oo.

If n =1, then ¥y(z,) — 0 as n — oo, hence,

[%0(zn)|v(p0(2n)) v(o(2))

< Zn)|sup ————= — 0 as n — oo,
U(Zn) = |¢0< )‘ zeﬂg U(Z)

since the last supremum is finite by Proposition 2.2(a).
Consequently,

i o) (0(2)

|2]—1- v(z)

which implies, by Remark 2.3 and Proposition 2.5(b), that Wy, ,, is
compact on X,,.

=0,

It remains to note that, by Lemma 4.1, Wy, ., ~ Cyy in Cyu(X,).
From this it follows that the set C, o(X,) is not a path component of
Cuw(Xy). O

Now we establish some analogs of the results of Section 3 for weighted
composition operators.

Proposition 4.3. Let ¢ and ¢ be two functions in S(D). If the differ-
ence C, — Cy 1s compact on X,, then all the operators Wy, , and W, 4
from the space C,,(X,) belong to the same path component of this space.

Proof. By Lemma 4.1, Wy, , ~ Cy, and W, 4 ~ Cy in C,(X,). On the
other hand, by Theorem 3.1, Cy ~ C,, in C(X,) and, hence, in C,,(X,).
Consequently, W, 4 ~ Wy, in Cy,(X,). O

Remark 4.4. In [6, Theorem 4.2] a similar result to Proposition 4.3 was
stated in the setting of the space CY (H?(D)) under some additional re-
strictions on functions ¢, ¢, 1, and x that are strictly stronger than the
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ones in Proposition 4.3. In particular, in this theorem the authors re-
quired that | 1|im p(p(2),¢(z)) = 0, which implies, by Proposition 2.4,
z|—1—

that the difference C,, — Cy is a compact operator on X,,.

For ¢ € S(D), denote by W([C,,]) the set of all weighted composition
operators Wy, , € C,(X,) with Cy € [C,]. The following result follows
immediately from Proposition 4.3.

Corollary 4.5. Each set W([Cy]), ¢ € S(D), is path connected in
Cu(Xy).

Now we show that the sets W([C,]) may be path components of
the space C,(X,) and may be not. To see this, we consider the next
examples.

Example 4.6. For po(z) = 1+a(z—1) with 0 < a < 1, the set W([Cy,])
is not a path component of C,(X,). More precisely, W([C,,]) is a
proper subset of the path component of C,(X,) containing C, o(X,).

Proof. By part (b) in the proof of Theorem 4.2, the operator Wy, ,,
with ¢o(z) =1 — z and ¢o(z) = 1 + a(z — 1) is compact, while C,,, is
not compact on X,. Then, by Theorem 4.2, Wy, ,, ~ Cp in Cy(X,).
But C,, — Cp is not compact on X, which implies that the operator
Cy does not belong to W([C,,]) and completes the proof. O

Remark 4.7. The arguments in Example 4.6 work as well for those sets
W([C,]) that generated by ¢ € S(D) with the finite set E(v, ). Thus,
all these sets being path connected in the space C,(X,) are proper
subsets of the corresponding path components of C,(X,) containing
Cu0(Xy).

Example 4.8. For ¢1(z) = z, the set W([Cy,]) is a path component of
Cu(Xy).

Proof. Obviously, E(v, ;) = 0D. Hence, by [6, Theorem 5.7], C,, is
isolated in C(X,), which implies that [Cy,] = {C,, }. From this and
Proposition 2.5(a) it follows that

W((Cp]) = {Wy g1 : 0 < [[¢]loc < 00}

We will prove that W([Cy,]) is open and, simultaneously, closed in
Cw(Xy), from which the assertion follows.

Let (Wy, ) be a sequence in W([C,]) converging to some operator
Wy in Cy(X,). Then Wy, o, (f) = Wye(f) in X, for all f € X,.
Taking here f(z) = 1 and f(z) = z, we obtain that ¢, — x and
Unp1 — x@ in X, as n — oo. Therefore,

X1 — @) = (x — Yn)o1 + (Ynp1 — x¢) — 0in X,

Since x # 0, this implies that ¢ = ¢;. Thus, the set W([C,,,]) is closed
in C,(X,). The fact that it is open in C,,(X,) follows immediately from
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the following auxiliary lemma, in which we will use the next notation:
F(,e) ={w € dD: [Y(w)| > e} and [|¢]|. :=inf{e > 0: |F(¢,e)| = 0}.
O

Lemma 4.9. Let Wy, be an operator in W([Cy,]). Then, for every
operator W, in Cy,(X,) with ¢ # ¢,

Wyor = Wsll = [[0]]e-

Proof. Since v is a nonzero function, [[¢|| > 0. Take an arbitrary
number r € (0, ||¢]|¢). Then |F(¢,7)| > 0.

Since ¢ # @1, {w € ID : p(w) = w}| = 0. So there exist a point
w € F(¢,r) and a sequence (z,) C D such that z, = w, [¥(z,)| —
|Y(w)] > r, and ¢(z,) = 1 # w. Then p(z,, ¢(2,)) = 1 as n — oo.

Next, by [3, Subsection 1.2(iv), Theorem 1.13 and comments after
it], for each n € N, there is a function f,, in the unit ball of X, such
that f,,(z,) = 0(z,) (recall that by v it is denoted the weight associated
with v). We put

z — P(zn)
1 — z¢(zn)
Then h, € X, with ||h,||, < 1 for all n. Taking into account that
W1 b (2n) = ©(20) p(20, §(20))0(2) and Wy 4hp(2,) = 0, we get
||W¢,s@1 - Wx,qﬁ“ = ||W¢,<p1hn — Wy ohnlls
> (W1 hn(20) — Wy ohn(2n)|
- ()

, 2z €D.

hn(2) = fu(2)

for all n € N. Thus,
Wor = Woll = limsup [¢(z)|p(zn, ¢(20)) = 7

n—oo

and, consequently, ||Wy o, — Wy ol > [|¢]] O

Remark 4.10. Some of the arguments used in the proof of Example 4.8
work as well for any isolated operator C, in C(X,). More precisely,
by the same reasons as in this example, one can easily check that the
corresponding sets W([Cy]) = W({C,}) are all closed in the space
Cw(Xy). Moreover, by Corollary 4.5 they are path connected in this
space. We think but could not prove that they are also open in C,,(X,).
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