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TOPOLOGICAL STRUCTURE IN THE SPACE OF
(WEIGHTED) COMPOSITION OPERATORS ON

WEIGHTED BANACH SPACES OF HOLOMORPHIC
FUNCTIONS

ALEXANDER V. ABANIN1, LE HAI KHOI2, PHAM TRONG TIEN3

Abstract. We consider the topological structure problem for the
space of composition operators as well as the space of weighted
composition operators on weighted Banach spaces with sup-norm.
For the first space, we prove that the set of all composition op-
erators that differ from the given one by a compact operator is
path connected; however, in general, it is not always a component.
Furthermore, we show that the set of compact weighted composi-
tion operators is path connected, but it is not a component in the
second space.

1. Introduction

Let H(D) be the space of all holomorphic functions on the unit disc D
and S(D) the set of all holomorphic self-maps of D. For two functions
ψ ∈ H(D) and ϕ ∈ S(D), a weighted composition operator Wψ,ϕ is
defined by Wψ,ϕf = ψ · (f ◦ ϕ), f ∈ H(D). When the function ψ is
identically 1, the operator Wψ,ϕ reduces to the composition operator
Cϕ. These operators Cϕ and Wψ,ϕ have been studied extensively on
various function spaces during the past few decades in many directions
(see [9, 21] and references therein for an overview). Among them, the
study of topological structure problem for spaces of bounded (weighted)
composition operators endowed with the operator norm topology has
gained a special interest. We refer the reader for more information
to [10, 16, 22] (for Hardy spaces), [11, 15, 19] (for the space H∞ of
all bounded holomorphic functions on D), [13] (for Bloch spaces), and
[6] (for weighted Banach spaces with sup-norm). In this paper we
continue the study of topological structure problem for both spaces of
composition operators and weighted composition operators on weighted
Banach spaces with sup-norm generated by some radial weight and
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establish several results that essentially complement or improve the
previous ones in this direction.

Recall that a radial weight (briefly, a weight) on D is a positive
function v on D with v(z) = v(|z|), z ∈ D, where v(r) is continuous
and increasing on [0, 1) and v(r) → ∞ as r → 1−. For a weight v
on D, we define the following weighted Banach spaces of holomorphic
functions on D:

Hv(D) =

{
f ∈ H(D) : ‖f‖v := sup

z∈D

|f(z)|
v(z)

<∞
}

and

H0
v (D) =

{
f ∈ H(D) : lim

|z|→1−

|f(z)|
v(z)

= 0

}
,

endowed with the norm ‖ · ‖v, where, as usual, for a function g : D→
[0,∞), lim

|z|→1−
g(z) := lim

r→1−
sup
|z|>r

g(z). These spaces are also known as

weighted Bergman spaces of infinite order. We will use the common
symbol Xv to denote either of the spaces Hv(D) or H0

v (D) when some
statement is true for both of them.

It is well known (see, for instance, [1, 2]) that to characterize topo-
logical properties of spaces Xv or linear operators between them in
term of weights, the standard way is to use the so-called associated
weights. According to [3, Definition 1.1], for a given weight v on D, its
associated weight is defined by

ṽ(z) = sup{|f(z)| : f ∈ Hv(D), ‖f‖v ≤ 1}.

Note that ṽ(z) = ṽ(|z|) and 0 < ṽ(z) ≤ v(z) for all z ∈ D, ṽ(r) is
increasing and log-convex on [0, 1) (i.e. the function log ṽ(ex) is convex
on (−∞, 0)), and Hv(D) = Hṽ(D) isometrically. Moreover, in [14,
Lemma 2.2] it was shown that for a log-convex weight v on D, there
is some constant M such that ṽ(z) ≤ v(z) ≤ Mṽ(z), z ∈ D. Thus, for
our main purposes it seems reasonable to use log-convex weights.

Next, for a log-convex weight v, by [4, Theorem 2.3] the following
condition from [17, p. 310] and [18, Definition 2.1]

(1.1) lim sup
k→∞

v(1− 2−k−1)

v(1− 2−k)
<∞

is equivalent to the continuity of all compositions operators Cϕ, ϕ ∈
S(D), on Xv. Consequently, for log-convex weights satisfying (1.1)
and only for them, the spaces C(Hv(D)) and C(H0

v (D)) of all bounded
composition operators on Hv(D) and, respectively, H0

v (D) coincide and
equal to the space {Cϕ : ϕ ∈ S(D)} of all composition operators. Note
that some conditions of various types that are equivalent to (1.1) were
stated in [1, Lemma 2.6]. In particular, (1.1) ⇐⇒ v(r) = O(v(r2)) as
r → 1−.
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In view of the above reasons it is natural to consider the topological
structure problem for the spaces of (weighted) composition operators
on spaces Xv given by log-convex weights v satisfying (1.1). Let V
denote the set of all such weights. The standard weights vα(z) =
(1 − |z|2)−α, α > 0, belong to V . Throughout the present paper we
will always suppose that v ∈ V .

The paper is organized as follows. In Section 2 we recall some aux-
iliary results on spaces Xv and (weighted) composition operators on
them.

The topological structure of the space C(Xv) of all composition op-
erators on Xv is studied in Section 3. We prove that the set [Cϕ]
of all composition operators that differ from the given one Cϕ by a
compact operator is path connected in C(Xv) (Theorem 3.1). Never-
theless, a component in C(Xv) is not in general the set of such type
(Example 3.4). Note that MacCluer, Ohno, and Zhao [19] showed these
results for the space H∞ and we now extend them to the family of all
Bergman spaces of infinite order given by weights from V (see Remark
3.5). Moreover, in Proposition 3.6 we prove that the condition that
completely characterizes isolated composition operators Cϕ in the set-
ting of the space H∞ (see [19, Corollary 9] and [12, Theorem 4.1]) is
necessary for Cϕ to be isolated in all spaces C(Xv) with v in V .

Section 4 is devoted to the space Cw(Xv) of all bounded nonzero
weighted composition operators on Xv. It should be noted that Bonet,
Lindström and Wolf [6] investigated the topological structure problem
for the space C0w(Xv) of all bounded weighted composition operators on
Xv. However, it is easy to see that every operator Wψ,ϕ in C0w(Xv) and
the zero operator 0 are always connected by the path Wtψ,ϕ, t ∈ [0, 1].
This implies that the space C0w(Xv) is path connected. In view of this,
some results in [6] should be considered again in the context of the
space Cw(Xv). It is worth to emphasize that some arguments used in
[6] cannot be applied to the space Cw(Xv). So we develop some new
ideas to prove that the set Cw,0(Xv) of all nonzero compact weighted
composition operators is path connected in Cw(Xv); unfortunately, it
is not a path component (Theorem 4.2). We also give a simple suffi-
cient condition to ensure that two operators in Cw(Xv) belong to the
same path component of this space (Proposition 4.3). These results
clarify and improve the corresponding ones in [6, Theorems 3.2 and
4.2]. Moreover, we describe two path connected sets of the same type
in Cw(Xv), one of which is a path component, while another is not
(Examples 4.6 and 4.8).

2. Preliminaries

In this section we collect some notation and results concerning prop-
erties of functions in the spaces Xv and (weighted) composition oper-
ators and their differences on these spaces.
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The pseudo-hyperbolic distance between z and ζ in D is defined by

ρ(z, ζ) =

∣∣∣∣ z − ζ1− zζ

∣∣∣∣ .
For a function ϕ ∈ H(D), put

‖ϕ‖∞ = sup
z∈D
|ϕ(z)| and M(ϕ, r) = sup

|z|≤r
|ϕ(z)|, r ∈ (0, 1).

For a subset E of the unit circle ∂D, we denote by |E| the Lebesgue
measure of E on ∂D.

Lemma 2.1. There is a constant C > 0, dependent only on v, such
that for every f ∈ Hv(D) and z, ζ ∈ D,

(2.1) |f ′(z)| ≤ C
v(z)

1− |z|
‖f‖v,

and

(2.2) |f(z)− f(ζ)| ≤ C‖f‖vρ(z, ζ) max{v(z), v(ζ)}.

Proof. In [1, Theorem 2.8] it was proved that for every weight v ∈ V ,
the differentiation operator D is bounded from Hv(D) to Hv1(D) with
v1(r) = v(r)/(1− r), which implies (2.1).

The inequality (2.2) was obtained in [5, Lemma 1].
�

The next result follows from [4, Proposition 2.1 and Theorems 2.3
and 3.3].

Proposition 2.2. Let ϕ ∈ S(D).

(a) The operator Cϕ is bounded on Xv. Moreover,

‖Cϕ‖ ≤ sup
z∈D

v(ϕ(z))

v(z)
<∞.

(b) The operator Cϕ is compact on Xv if and only if

lim
|z|→1−

v(ϕ(z))

v(z)
= 0.

This proposition implies that

C(Hv(D)) = C(H0
v (D)) = {Cϕ : ϕ ∈ S(D)},

and the sets C0(Hv(D)) and C0(H0
v (D)) of all compact composition op-

erators on Hv(D) and H0
v (D), respectively, coincide; more precisely

C0(Hv(D)) = C0(H0
v (D)) = {Cϕ : ϕ ∈ S(D), v(ϕ(z)) = o(v(z)), |z| → 1−}.

Thus, all results and arguments in Section 3 will be stated simultane-
ously for both spaces C(Hv(D)) and C(H0

v (D)).
Compactness of differences of two composition operators between

weighted Banach spaces with sup-norm was characterized in [5, Corol-
lary 7 and Theorem 9]. To state these results for composition operators
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from Xv into itself with v ∈ V , we need the following observation. Note
that we will also use it in Section 4.

Remark 2.3. Let ϕ ∈ S(D) and g : D→ [0,∞). As usual, we put

lim
|ϕ(z)|→1−

g(z) :=

 lim
r→1−

sup
|ϕ(z)|>r

g(z) if ‖ϕ‖∞ = 1

0 if ‖ϕ‖∞ < 1.

Then

(2.3) lim
|z|→1−

g(z) = 0 implies that lim
|ϕ(z)|→1−

g(z) = 0.

Indeed, it is enough to check this statement for ϕ with ‖ϕ‖∞ = 1.
Given r ∈ (0, 1), letting r̃ := M(ϕ, r), we get that

sup
|ϕ(z)|>r̃

g(z) ≤ sup
|z|>r

g(z) and r̃ → 1− as r → 1−,

which implies (2.3).

Proposition 2.4. Let ϕ, φ ∈ S(D). Then the following statements are
equivalent.

(i) The difference Cϕ − Cφ is compact on Hv(D).
(ii) The difference Cϕ − Cφ is compact on H0

v (D).
(iii)

lim
|z|→1−

v(ϕ(z))

v(z)
ρ(ϕ(z), φ(z)) = lim

|z|→1−

v(φ(z))

v(z)
ρ(ϕ(z), φ(z)) = 0.

Proof. (i) =⇒ (ii) is obvious.
(ii) =⇒ (iii). Suppose that Cϕ−Cφ is compact on H0

v (D). If ‖ϕ‖∞ =
‖φ‖∞ = 1, then the assertion follows from [5, Theorem 9]. If ‖ϕ‖∞ < 1
(similarly to the case ‖φ‖∞ < 1), then Cϕ is compact on H0

v (D). Hence,
Cφ is also compact on H0

v (D), which and Proposition 2.2(b) imply that

lim
|z|→1−

v(ϕ(z))

v(z)
= lim
|z|→1−

v(φ(z))

v(z)
= 0.

Using this and the fact that ρ(ϕ(z), φ(z)) ≤ 1, z ∈ D, we get (iii).
(iii) =⇒ (i). By Remark 2.3, (iii) implies that

lim
|ϕ(z)|→1−

v(ϕ(z))

v(z)
ρ(ϕ(z), φ(z)) = lim

|φ(z)|→1−

v(φ(z))

v(z)
ρ(ϕ(z), φ(z)) = 0.

It remains to use [5, Corollary 7] to obtain (i). �

Boundedness and compactness of the operatorWψ,ϕ between weighted
Banach spaces with sup-norm were characterized in [8, Propositions 3.1
and 3.2, Corollaries 4.3 and 4.5], from which we get the following result.

Proposition 2.5. Let ϕ ∈ S(D) and ψ ∈ H(D). Then the next two
assertions hold:
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(a) The operator Wψ,ϕ : Xv → Xv is bounded if and only if ψ ∈ Xv

and

sup
z∈D

|ψ(z)|v(ϕ(z))

v(z)
<∞.

(b) The operator Wψ,ϕ : Xv → Xv is compact if and only if ψ ∈ Xv

and

lim
|ϕ(z)|→1−

|ψ(z)|v(ϕ(z))

v(z)
= 0 for Xv = Hv(D)

or

lim
|z|→1−

|ψ(z)|v(ϕ(z))

v(z)
= 0 for Xv = H0

v (D).

From this proposition it follows that Cw(H0
v (D)) and Cw,0(H0

v (D)) are
proper subsets of Cw(Hv(D)) and, respectively, Cw,0(Hv(D)). In view
of this, some arguments in Section 4 will be presented separately for
spaces Cw(Hv(D)) and Cw(H0

v (D)).
We also need the following lemma.

Lemma 2.6. Let [z, ζ] denote the closed interval connecting points z
and ζ in D. Then ρ(ξ, η) ≤ ρ(z, ζ) for all ξ, η ∈ [z, ζ].

Proof. Without loss of generality we may assume that the points lie in
the interval in the following order: z → ξ → η → ζ. We have the next
obvious relations:

|ξ − η| = |z − ζ| − (|z − ξ|+ |ζ − η|),

|1− ξη| ≥ |1− zζ| − |zζ − ξη|
≥ |1− zζ| − (|ζ||z − ξ|+ |ξ||ζ − η|)
≥ |1− zζ| − (|z − ξ|+ |ζ − η|),

and
|z − ζ| < |1− zζ|.

Then

ρ(ξ, η) =
|ξ − η|
|1− ξη|

≤ |z − ζ| − (|z − ξ|+ |ζ − η|)
|1− zζ| − (|z − ξ|+ |ζ − η|)

≤ |z − ζ|
|1− zζ|

= ρ(z, ζ).

�

3. The space of composition operators

In this section we consider the topological structure problem for the
space C(Xv) of all composition operators on Xv under the operator
norm topology. To simplify our considerations, we will write Cϕ ∼
Cφ in C(Xv) if these operators are in the same path component of
C(Xv). Two composition operators Cϕ and Cφ are said to be compactly
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equivalent (or, briefly, equivalent) in C(Xv) if their difference Cϕ −
Cφ is compact on Xv. Obviously, this relation is an equivalence one.
Denote by [Cϕ] the equivalence class of all composition operators that
are equivalent to the given operator Cϕ. Note that the set C0(Xv)
of all compact composition operators on Xv coincide with the class
[C0] of all operators from C(Xv) that are equivalent to the operator
C0 : f 7→ f(0).

Theorem 3.1. Each equivalence class [Cϕ] is path connected in the
space C(Xv).

Proof. Let ϕ ∈ S(D) and Cφ be an arbitrary operator from [Cϕ]. Then
Cϕ − Cφ is compact on Xv and, by Proposition 2.4, we have

(3.1) lim
|z|→1−

v(ϕ(z))

v(z)
ρ(ϕ(z), φ(z)) = lim

|z|→1−

v(φ(z))

v(z)
ρ(ϕ(z), φ(z)) = 0.

For each t ∈ [0, 1], put ϕt(z) = (1 − t)ϕ(z) + tφ(z), z ∈ D. Clearly,
ϕt ∈ S(D) for all t ∈ [0, 1] and, by Proposition 2.2(a), the corresponding
operators Cϕt , t ∈ [0, 1], are bounded on Xv. Moreover, all differences
Cϕ−Cϕt are compact on Xv. Indeed, |ϕt(z)| ≤ max{|ϕ(z)|, |φ(z)|} and,
hence, v(ϕt(z)) ≤ max{v(ϕ(z)), v(φ(z))} for all z ∈ D and t ∈ [0, 1].
Next, by Lemma 2.6, ρ(ϕ(z), ϕt(z)) ≤ ρ(ϕ(z), φ(z)). From the above
inequalities and (3.1) it follows that

lim
|z|→1−

v(ϕ(z))

v(z)
ρ(ϕ(z), ϕt(z)) ≤ lim

|z|→1−

v(ϕ(z))

v(z)
ρ(ϕ(z), φ(z)) = 0,

and

lim
|z|→1−

v(ϕt(z))

v(z)
ρ(ϕ(z), ϕt(z))

≤ lim
|z|→1−

max

{
v(ϕ(z))

v(z)
ρ(ϕ(z), φ(z)),

v(φ(z))

v(z)
ρ(ϕ(z), φ(z))

}
= 0.

Using Proposition 2.4 once again, we conclude that Cϕ−Cϕt is compact
on Xv for every t ∈ [0, 1].

Thus, Cϕt ∈ [Cϕ] for all t ∈ [0, 1] and, to finish the proof, it remains
to show that the map

[0, 1]→ C(Xv), t 7→ Cϕt ,

is continuous on [0, 1]. That is, ‖Cϕs − Cϕt‖ → 0 as s → t for all
t ∈ [0, 1].
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Fix a number t ∈ [0, 1]. For every r ∈ (0, 1), s ∈ [0, 1], and f ∈ Xv,
by (2.2) we get

‖Cϕsf − Cϕtf‖v = sup
z∈D

|f(ϕs(z))− f(ϕt(z))|
v(z)

≤ C‖f‖v sup
z∈D

ρ(ϕs(z), ϕt(z))
max{v(ϕs(z)), v(ϕt(z))}

v(z)

≤ C‖f‖v sup
z∈D

ρ(ϕs(z), ϕt(z))
max{v(ϕ(z)), v(φ(z))}

v(z)
.

Consequently, for every r ∈ (0, 1) and s ∈ [0, 1],

‖Cϕs − Cϕt‖ ≤ C max{I(r, s),J (r, s)},

where

I(r, s) := sup
|z|≤r

ρ(ϕs(z), ϕt(z))
max{v(ϕ(z)), v(φ(z))}

v(z)

≤ |s− t| v(Mr)

v(0)
sup
|z|≤r

|ϕ(z)− φ(z)|
(1− |ϕs(z)||ϕt(z)|)

≤ 2v(Mr)

v(0)
(
1−M2

r

) |s− t| with Mr := max{M(ϕ, r),M(φ, r)},

and, by Lemma 2.6,

J (r, s) := sup
|z|>r

ρ(ϕs(z), ϕt(z))
max{v(ϕ(z)), v(φ(z))}

v(z)

≤ sup
|z|>r

ρ(ϕ(z), φ(z))
max{v(ϕ(z)), v(φ(z))}

v(z)
=: J(r).

Therefore, for every r ∈ (0, 1) and s ∈ [0, 1],

‖Cϕs − Cϕt‖ ≤ C max

{
2v(Mr)

v(0)
(
1−M2

r

) |s− t|, J(r)

}
.

By letting s→ t, this implies that

lim sup
s→t

‖Cϕs − Cϕt‖ ≤ CJ(r) for all r ∈ (0, 1).

Next, letting r → 1− and using that J(r)→ 0 as r → 1− by (3.1), we
then get

lim
s→t
‖Cϕs − Cϕt‖ = 0,

which completes the proof. �

Corollary 3.2. The set C0(Xv) of all compact composition operators
on Xv is path connected in C(Xv).
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Remark 3.3. Corollary 3.2 follows also from [6, Theorem 3.2]. Indeed,
putting ψ(1) ≡ 1 and ψ(2) ≡ 1 in the proof of this theorem we get that
two compact composition operators Cφ(1) and Cφ(2) on Xv belong to
the same path component of the space C(Xv).

Now we use the main idea from [19, Example 1] to show that in
general [Cϕ] might not be a whole path component of C(Xv).

Example 3.4. Let ϕ0(z) = 1 + a(z − 1) with 0 < a < 1. Then the class
[Cϕ0 ] is not a path component in C(Xv).

Proof. Let δ = a(1−a)
4

. For each t ∈ [−δ, δ], we put

ϕt(z) = ϕ0(z) + t(z − 1)2

and show that, for every 0 < |t| ≤ δ, Cϕt ∼ Cϕ0 in C(Xv) but Cϕt /∈
[Cϕ0 ]. Evidently, this gives the result.

Since 1− |ϕ0(z)|2 ≥ a(1− a)|z − 1|2 for all z ∈ D,

|ϕt(z)| ≤ |ϕ0(z)|+ |t||z − 1|2 ≤
√

1− a(1− a)|z − 1|2 + |t||z − 1|2

≤ 1− a(1− a)

2
|z − 1|2 + |t||z − 1|2 < 1,

for all z ∈ D and t ∈ [−δ, δ]. Hence, ϕt ∈ S(D), and, by Proposition
2.2(a), Cϕt ∈ C(Xv) for all t ∈ [−δ, δ].

Next, similarly to [19, Example 1], consider a sequence (zn) ⊂ D
such that zn → 1 along the arc |1− z|2 = 1− |z|2. For each n ∈ N, we
have

1− |ϕ0(zn)|2 = a(2− a)|zn − 1|2 = a(2− a)(1− |zn|2).

Hence,

|ϕ0(zn)| =
√

(1− a)2 + a(2− a)|zn|2 ≥ |zn|,
and

ρ(ϕ0(zn), ϕt(zn)) ≥ |t||zn − 1|2

1− |ϕ0(zn)|2 + |ϕ0(zn)||t||zn − 1|2

≥ |t|
a(2− a) + |t|

.

Thus, for all n ≥ 1 and t ∈ [−δ, δ],

v(ϕ0(zn))

v(zn)
ρ(ϕ0(zn), ϕt(zn)) ≥ |t|

a(2− a) + |t|
.

From this and Proposition 2.4 it follows that Cϕt −Cϕ0 is not compact
on Xv and, consequently, Cϕt /∈ [Cϕ0 ] for all 0 < |t| ≤ δ.

To complete the proof, it is enough to check that the path Cϕt , t ∈
[−δ, δ], is continuous in C(Xv). For every t, s ∈ [−δ, δ] and f ∈ Xv,
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using (2.2), we have

‖Cϕsf − Cϕtf‖v = sup
z∈D

|f(ϕs(z))− f(ϕt(z))|
v(z)

≤ C‖f‖v sup
z∈D

ρ(ϕs(z), ϕt(z))
max{v(ϕs(z)), v(ϕt(z))}

v(z)
.

Therefore,

‖Cϕs − Cϕt‖ ≤ C sup
z∈D

ρ(ϕs(z), ϕt(z))
max{v(ϕs(z)), v(ϕt(z))}

v(z)
.(3.2)

Moreover, for every t, s ∈ [−δ, δ] and z ∈ D,

ρ(ϕs(z), ϕt(z)) =
|t− s||z − 1|2

|1− ϕs(z)ϕt(z)|

≤ |t− s||z − 1|2

1− |ϕ0(z)|2 − (|t|+ |s|)|ϕ0(z)||z − 1|2 − |ts||z − 1|4

≤ |t− s||z − 1|2

a(1− a)|z − 1|2 − (|t|+ |s|)|z − 1|2 − |ts||z − 1|4

≤ |t− s|
a(1− a)− 2δ − 4δ2

≤ 4|t− s|
a(1− a)

.(3.3)

Next, for each s ∈ [−δ, δ], we put

as = ϕs(0) = 1− a+ s, βs(z) =
z − as
1− asz

, and φs = βs ◦ ϕs.

Then φs(0) = βs ◦ ϕs(0) = 0. Hence, by the Schwarz lemma, |φs(z)| ≤
|z| for every z ∈ D. From this it follows that, for every r ∈ (0, 1),

sup
|z|≤r
|ϕs(z)| = sup

|z|≤r
|(β−1s ◦φs)(z)| ≤ sup

|z|≤r
|β−1s (z)| = r + |as|

1 + r|as|
≤ r + r0

1 + rr0
,

where r0 = 1− a+ δ ∈ (0, 1). This, (3.2), and (3.3) imply that

‖Cϕs − Cϕt‖ ≤
4C

a(1− a)
|t− s| sup

r∈[0,1)

v
(
r+r0
1+rr0

)
v(r)

and it remains to check that the last supremum is finite.
By [1, Lemma 2.6](i), there is some constant M > 0, dependent only

on v, such that

(log v)′(r) =
v′(r)

v(r)
≤ M

1− r
for all r ∈ (0, 1).
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Then, using the arguments in the proof of [1, Theorem 2.8, (i)=⇒(vii)],
we get

log v

(
r + r0
1 + rr0

)
− log v(r) ≤ (log v)′

(
r + r0
1 + rr0

)
r + r0
1 + rr0

log
r + r0

(1 + rr0)r

≤ M(r + r0)

(1− r)(1− r0)
log

(
1 +

r0(1− r2)
(1 + rr0)r

)
≤ M(r + r0)r0(1 + r)

(1− r0)(1 + rr0)r
≤ 8M

1− r0
,

for every r ∈ [1
2
, 1). Thus, there is some number M0 > 1, dependent

only on v and r0, such that

v

(
r + r0
1 + rr0

)
≤M0v(r) for all r ∈ [0, 1).

Consequently,

sup
r∈[0,1)

v
(
r+r0
1+rr0

)
v(r)

≤M0,

which completes the proof. �

Remark 3.5. Note that to characterize components in the space of com-
position operators on Hardy space H2, Shapiro and Sundberg [22] con-
jectured that the set of all composition operators that differ from the
given one by a compact operator forms a component. Later, Bourdon
[7], Moorhouse and Toews [20] independently showed that this conjec-
ture is false. In [19] MacCluer, Ohno and Zhao also gave a negative
answer to this conjecture for the setting of space H∞. In fact, in The-
orem 3.1 we proved that the sets of such a type are path connected
in the space C(Xv). Nevertheless, Example 3.4 shows that, in general,
they are not components of C(Xv). Therefore, Shapiro and Sundberg’s
conjecture is also not true for all spaces Xv given by weights v from
the class V .

We end this section with a result concerning isolated points in the
spaces C(Xv). Recall that the result in [6, Theorem 5.7] can be refor-
mulated as follows: If the set

E(v, ϕ) =

{
ω ∈ ∂D| ∃(zn) ⊂ D : lim

n→∞
zn = ω and lim

n→∞

v(ϕ(zn))

v(zn)
> 0

}
has Lebesgue measure strictly positive, then Cϕ is isolated in C(Xv).
This is an analog of [19, Corollary 8]. On the other hand, in [19,
Corollary 9] it was established that if∫ 2π

0

log(1− |ϕ(eiθ)|)dθ > −∞,(3.4)
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then Cϕ is not isolated in C(H∞). Equivalently, the condition∫ 2π

0

log(1− |ϕ(eiθ)|)dθ = −∞(3.5)

is necessary for the operator Cϕ to be isolated in C(H∞). In the next
proposition we extend this result to all weighted spaces Xv with v ∈ V .
Note that Hosokawa, Izuchi, and Zheng [12, Theorem 4.1] proved that
(3.5) gives the complete description of isolated operators Cϕ in C(H∞).

Proposition 3.6. If ϕ ∈ S(D) satisfies (3.4), then the operator Cϕ is
not isolated in C(Xv).

Proof. Following [19, Corollary 9], consider the next bounded outer
function in D:

φ(z) = exp

(
1

2π

∫ 2π

0

eiθ + z

eiθ − z
log(1− |ϕ(eiθ)|)dθ

)
, z ∈ D.

As is known, |φ| ≤ 1−|ϕ| in D and |φ| = 1−|ϕ| almost everywhere on
∂D. This implies, in particular, that the functions ϕt(z) = ϕ(z)+ tφ(z)
are in S(D) for every |t| < 1. Hence, by Proposition 2.2(a), all operators
Cϕt , |t| < 1, belong to C(Xv).

We will show that the path Cϕt , |t| ≤ 1
4
, is continuous in C(Xv) and,

consequently, Cϕ is not isolated.
By the proof of (i) =⇒ (vii) in [1, Theorem 2.8], there exists a con-

stant M > 0 such that

v

(
1 + r

2

)
≤Mv(r) for all r ∈ [0, 1).

From this it follows that, for each |t| ≤ 1
2

and all z ∈ D,

v(ϕt(z)) = v(|ϕ(z) + tφ(z)|) ≤ v(|ϕ(z)|+ |t||φ(z)|)

≤ v(|ϕ(z)|+ |t|(1− |ϕ(z)|)) ≤ v

(
1 + |ϕ(z)|

2

)
≤Mv(ϕ(z)).

Using this and (2.2), we get that, for each f ∈ Xv and s, t ∈ [−1
2
, 1
2
],

‖Cϕtf − Cϕsf‖v = sup
z∈D

|f(ϕt(z))− f(ϕs(z))|
v(z)

≤ C‖f‖v sup
z∈D

ρ(ϕt(z), ϕs(z))
max{v(ϕt(z)), v(ϕs(z))}

v(z)

≤ CM‖f‖v sup
z∈D

ρ(ϕt(z), ϕs(z))
v(ϕ(z))

v(z)

≤M0‖f‖v sup
z∈D

ρ(ϕt(z), ϕs(z)),
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where M0 = CM sup
z∈D

v(ϕ(z))

v(z)
< ∞ by Proposition 2.2(a). Thus, for

every s, t ∈ [−1
2
, 1
2
],

‖Cϕt − Cϕs‖ ≤M0 sup
z∈D

ρ(ϕt(z), ϕs(z)).

Next, for each s, t ∈ [−1
4
, 1
4
] and z ∈ D,

ρ(ϕt(z), ϕs(z)) =

∣∣∣∣∣ ϕt(z)− ϕs(z)

1− ϕt(z)ϕs(z)

∣∣∣∣∣
≤ |t− s| |φ(z)|

1− |ϕ(z)|2 − (|t|+ |s|)|ϕ(z)||φ(z)| − |ts||φ(z)|2

= |t− s| 1
1−|ϕ(z)|2
|φ(z)| − (|t|+ |s|)|ϕ(z)| − |ts||φ(z)|

≤ |t− s| 1
1−|ϕ(z)|
|φ(z)| − (|t|+ |s|)− |ts|

≤ |t− s| 1

1− (|t|+ |s|)− |ts|
≤ 16

7
|t− s|.

Consequently,

‖Cϕt − Cϕs‖ ≤
16

7
M0|t− s| for all s, t ∈

[
− 1

4
,
1

4

]
,

which implies that Cϕt , t ∈ [−1
4
, 1
4
], is a continuous path in C(Xv). �

4. The space of weighted composition operators

In this section we study the topological structure of the space Cw(Xv)
of all nonzero bounded weighted composition operators on Xv under
the operator norm topology. For simplicity, we write Wψ,ϕ ∼ Wχ,φ in
Cw(Xv) if the operators Wψ,ϕ and Wχ,φ are in the same path component
of Cw(Xv).

As it was pointed out in Introduction, the space C0
w(Xv) of all

bounded weighted composition operators is always path connected. In
view of this, Theorem 3.2 in [6] should be revised for the setting of
nonzero weighted composition operators. But on this way we cannot
use some arguments from the proof of this theorem in [6]. More pre-
cisely, to prove that two compact operators Wψ(1),φ(1) and Wψ(2),φ(2) in
C0
w(H0

v (D)) are path connected, the authors in [6] showed that

Wψ(1),φ(1) ∼ Wψ(1)(0),φ(1)(0) ∼ Wψ(2)(0),φ(2)(0) ∼ Wψ(2),φ(2) in C0
w(H0

v (D)),

which cannot be applied to the space Cw(H0
v (D)) when ψ(1)(0) = 0 or

ψ(2)(0) = 0. From this reason, we develop some new ideas to estab-
lish this result for the spaces Cw(Xv). Moreover, we prove a bit more
by showing that the set of all nonzero compact weighted composition
operators on Xv is not a path component of Cw(Xv) for all v ∈ V .
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In our further considerations we will use the next simple result, which
is proved similarly to [23, Lemma 4.8].

Lemma 4.1. Every operator Wψ,ϕ ∈ Cw(Xv) is path connected with
the operator Cϕ in Cw(Xv).

Theorem 4.2. The set Cw,0(Xv) of all nonzero compact weighted com-
position operators on Xv is path connected in the space Cw(Xv); but it
is not a path component in this space.

Proof. (a) To prove that the set Cw,0(Xv) is path connected in the space
Cw(Xv), it suffices to show that every operator Wψ,ϕ in Cw,0(Xv) and
the operator C0 belong to the same path component of Cw(Xv) via a
path in Cw,0(Xv).

If ψ(z) ≡ const, then the assertion follows from Lemma 4.1 and
Corollary 3.2.

Now suppose that ψ ∈ Xv is non-constant. We put

ψt(z) = 1− t+ tψ(z) and ϕt(z) = tϕ(z), z ∈ D, t ∈ [0, 1].

Then, for every t ∈ [0, 1), ψt is a nonzero function in Xv and ϕt(D) ⊂
tϕ(D) ⊂ D. From this and Proposition 2.5(b) it follows that all oper-
ators Wψt,ϕt , t ∈ [0, 1), are compact on Xv. Hence, Wψt,ϕt ∈ Cw,0(Xv)
for all t ∈ [0, 1]; moreover, Wψ0,ϕ0 = C0 and Wψ1,ϕ1 = Wψ,ϕ. We claim
that the map

[0, 1]→ Cw(Xv), t 7→ Wψt,ϕt ,

is continuous on [0, 1]. Then Wψ,ϕ ∼ C0 in Cw(Xv) via a path Wψt,ϕt

in Cw,0(Xv).
It remains to prove the claim. Obviously, Wψt,ϕt = (1−t)Ctϕ+Wtψ,tϕ,

and hence,

‖Wψs,ϕs −Wψt,ϕt‖ ≤ ‖(1− s)Csϕ − (1− t)Ctϕ‖+ ‖Wsψ,sϕ −Wtψ,tϕ‖,

for every t, s ∈ [0, 1]. Consequently, to prove the claim, it is enough to
show that for every t ∈ [0, 1],

(i) lim
s→t
‖(1−s)Csϕ−(1−t)Ctϕ‖ = 0 and (ii) lim

s→t
‖Wsψ,sϕ−Wtψ,tϕ‖ = 0.

In our further demonstration we will use the next obvious inequality
for functions f ∈ H(D):

(4.1) |f(sz)− f(tz)| ≤ |t− s||z| max
τ∈[s,t]

|f ′(τz)|, z ∈ D, t, s ∈ [0, 1],

where we briefly write [s, t] for the interval between s and t.
First, we prove (i). If t = 1, then by Proposition 2.2(a),

‖(1− s)Csϕ‖ ≤ (1− s) sup
z∈D

v(sϕ(z))

v(z)
≤ (1− s) sup

z∈D

v(ϕ(z))

v(z)
→ 0, s→ 1.



TOPOLOGICAL STRUCTURE 15

Let now t ∈ [0, 1) and t0 ∈ (t, 1). For every s ∈ [0, t0) and f ∈ Xv,
using (2.1) and (4.1), we get

‖(1− s)Csϕf − (1− t)Ctϕf‖v

= sup
z∈D

|(1− s)f(sϕ(z))− (1− t)f(tϕ(z))|
v(z)

≤ (1− s) sup
z∈D

|f(sϕ(z))− f(tϕ(z))|
v(z)

+ |s− t| sup
z∈D

|f(tϕ(z))|
v(z)

≤ |s− t| sup
z∈D

|ϕ(z)|
v(z)

max
τ∈[s,t]

|f ′(τϕ(z))|+ |s− t| sup
z∈D

v(tϕ(z))

v(z)
‖f‖v

≤ C|s− t|‖f‖v sup
z∈D

|ϕ(z)|
v(z)

max
τ∈[s,t]

v(τϕ(z))

1− |τϕ(z)|
+ |s− t| sup

z∈D

v(tϕ(z))

v(z)
‖f‖v

≤ Cv(t0)

(1− t0)v(0)
|s− t|‖f‖v +

v(t0)

v(0)
|s− t|‖f‖v

=

(
C

1− t0
+ 1

)
v(t0)

v(0)
|s− t|‖f‖v.

Therefore,

‖(1− s)Csϕ − (1− t)Ctϕ‖ ≤
(

C

1− t0
+ 1

)
v(t0)

v(0)
|s− t| → 0 as s→ t,

which completes the proof of (i).
Next, we prove (ii). Fix a number t ∈ [0, 1]. For every s ∈ [0, 1] and

f ∈ Xv, we have

‖Wsψ,sϕf −Wtψ,tϕf‖v = sup
z∈D

|sψ(z)f(sϕ(z))− tψ(z)f(tϕ(z))|
v(z)

≤ |s| sup
z∈D

|ψ(z)(f(sϕ(z))− f(tϕ(z)))|
v(z)

+ |s− t| sup
z∈D

|ψ(z)f(tϕ(z))|
v(z)

.

To continue, we need several auxiliary estimates.
Estimate 1: We have

sup
z∈D

|ψ(z)f(tϕ(z))|
v(z)

≤ ‖f‖v sup
z∈D

|ψ(z)|v(tϕ(z))

v(z)

≤ ‖f‖v sup
z∈D

|ψ(z)|v(ϕ(z))

v(z)
= M‖f‖v,

where M := sup
z∈D

|ψ(z)|v(ϕ(z))

v(z)
is finite by Proposition 2.5(a).

Estimate 2: Obviously, for every r ∈ (0, 1) and s ∈ [0, 1],

sup
z∈D

|ψ(z)(f(sϕ(z))− f(tϕ(z)))|
v(z)

= max{I(r, s, f),J (r, s, f)},



16 ALEXANDER V. ABANIN1, LE HAI KHOI2, PHAM TRONG TIEN3

where, by using (2.1) and (4.1),

I(r, s, f) := sup
|ϕ(z)|≤r

|ψ(z)(f(sϕ(z))− f(tϕ(z)))|
v(z)

= |s− t| sup
|ϕ(z)|≤r

|ψ(z)ϕ(z)|
v(z)

max
τ∈[s,t]

|f ′(τϕ(z))|

≤ C|s− t|‖f‖v sup
|ϕ(z)|≤r

|ψ(z)|
v(z)

max
τ∈[s,t]

v(τϕ(z))

1− |τϕ(z)|

≤ Cv(r)

1− r
‖ψ‖v‖f‖v|s− t|,

and

J (r, s, f) := sup
|ϕ(z)|>r

|ψ(z)(f(sϕ(z))− f(tϕ(z)))|
v(z)

≤ sup
|ϕ(z)|>r

|ψ(z)|(|f(sϕ(z))|+ |f(tϕ(z))|)
v(z)

≤ ‖f‖v sup
|ϕ(z)|>r

|ψ(z)|(v(sϕ(z)) + v(tϕ(z)))

v(z)

≤ 2‖f‖v sup
|ϕ(z)|>r

|ψ(z)|v(ϕ(z))

v(z)
.

Using the above estimates, we obtain

‖Wsψ,sϕ −Wtψ,tϕ‖

≤max

{
Cv(r)

1− r
‖ψ‖v|s− t|, 2 sup

|ϕ(z)|>r

|ψ(z)|v(ϕ(z))

v(z)

}
+M |s− t|,

for every r ∈ (0, 1) and s ∈ [0, 1]. By letting s → t, and then r → 1−

in the last inequality, we get

lim sup
s→t

‖Wsψ,sϕ −Wtψ,tϕ‖ ≤ 2 lim
r→1−

sup
|ϕ(z)|>r

|ψ(z)|v(ϕ(z))

v(z)
.

Moreover, applying Proposition 2.5(b) to the compact operator Wψ,ϕ

on Xv, we obtain

lim
|ϕ(z)|→1−

|ψ(z)|v(ϕ(z))

v(z)
= 0 if Xv = Hv(D)

or

lim
|z|→1−

|ψ(z)|v(ϕ(z))

v(z)
= 0 if Xv = H0

v (D),

which both imply, by Remark 2.3, that

lim
r→1−

sup
|ϕ(z)|>r

|ψ(z)|v(ϕ(z))

v(z)
= 0.
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Consequently, lim
s→t
‖Wsψ,sϕ −Wtψ,tϕ‖ = 0. This establishes the result

claimed.
(b) Now we consider the operators Wψ0,ϕ0 and Cϕ0 , where ψ0(z) =

1 − z and ϕ0(z) = 1 + a(z − 1) with 0 < a < 1. Obviously, Wψ0,ϕ0

and Cϕ0 belong to Cw(Xv). However, it is easy to check that Wψ0,ϕ0 is
compact, while Cϕ0 is not compact on Xv.

Indeed, for all r ∈ (0, 1),

v(ϕ0(r))

v(r)
=
v(1 + a(r − 1))

v(r)
≥ 1.

Hence, by Proposition 2.2(b), Cϕ0 is not compact on Xv.
Next, for any sequence (zn)n in D with |zn| → 1 as n→∞, without

loss of generality we suppose that zn → η ∈ ∂D. If η 6= 1, then
1 + a(η − 1) ∈ D, hence,

|ψ0(zn)|v(ϕ0(zn))

v(zn)
≤ 2

v(ϕ0(zn))

v(zn)
→ 0 as n→∞.

If η = 1, then ψ0(zn)→ 0 as n→∞, hence,

|ψ0(zn)|v(ϕ0(zn))

v(zn)
≤ |ψ0(zn)| sup

z∈D

v(ϕ0(z))

v(z)
→ 0 as n→∞,

since the last supremum is finite by Proposition 2.2(a).
Consequently,

lim
|z|→1−

|ψ0(z)|v(ϕ0(z))

v(z)
= 0,

which implies, by Remark 2.3 and Proposition 2.5(b), that Wψ0,ϕ0 is
compact on Xv.

It remains to note that, by Lemma 4.1, Wψ0,ϕ0 ∼ Cϕ0 in Cw(Xv).
From this it follows that the set Cw,0(Xv) is not a path component of
Cw(Xv). �

Now we establish some analogs of the results of Section 3 for weighted
composition operators.

Proposition 4.3. Let ϕ and φ be two functions in S(D). If the differ-
ence Cϕ − Cφ is compact on Xv, then all the operators Wψ,ϕ and Wχ,φ

from the space Cw(Xv) belong to the same path component of this space.

Proof. By Lemma 4.1, Wψ,ϕ ∼ Cϕ and Wχ,φ ∼ Cφ in Cw(Xv). On the
other hand, by Theorem 3.1, Cφ ∼ Cϕ in C(Xv) and, hence, in Cw(Xv).
Consequently, Wχ,φ ∼ Wψ,ϕ in Cw(Xv). �

Remark 4.4. In [6, Theorem 4.2] a similar result to Proposition 4.3 was
stated in the setting of the space C0

w(H0
v (D)) under some additional re-

strictions on functions ϕ, φ, ψ, and χ that are strictly stronger than the
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ones in Proposition 4.3. In particular, in this theorem the authors re-
quired that lim

|z|→1−
ρ(ϕ(z), φ(z)) = 0, which implies, by Proposition 2.4,

that the difference Cϕ − Cφ is a compact operator on Xv.

For ϕ ∈ S(D), denote byW([Cϕ]) the set of all weighted composition
operators Wψ,φ ∈ Cw(Xv) with Cφ ∈ [Cϕ]. The following result follows
immediately from Proposition 4.3.

Corollary 4.5. Each set W([Cϕ]), ϕ ∈ S(D), is path connected in
Cw(Xv).

Now we show that the sets W([Cϕ]) may be path components of
the space Cw(Xv) and may be not. To see this, we consider the next
examples.

Example 4.6. For ϕ0(z) = 1+a(z−1) with 0 < a < 1, the setW([Cϕ0 ])
is not a path component of Cw(Xv). More precisely, W([Cϕ0 ]) is a
proper subset of the path component of Cw(Xv) containing Cw,0(Xv).

Proof. By part (b) in the proof of Theorem 4.2, the operator Wψ0,ϕ0

with ψ0(z) = 1 − z and ϕ0(z) = 1 + a(z − 1) is compact, while Cϕ0 is
not compact on Xv. Then, by Theorem 4.2, Wψ0,ϕ0 ∼ C0 in Cw(Xv).
But Cϕ0 − C0 is not compact on Xv, which implies that the operator
C0 does not belong to W([Cϕ0 ]) and completes the proof. �

Remark 4.7. The arguments in Example 4.6 work as well for those sets
W([Cϕ]) that generated by ϕ ∈ S(D) with the finite set E(v, ϕ). Thus,
all these sets being path connected in the space Cw(Xv) are proper
subsets of the corresponding path components of Cw(Xv) containing
Cw,0(Xv).

Example 4.8. For ϕ1(z) = z, the set W([Cϕ1 ]) is a path component of
Cw(Xv).

Proof. Obviously, E(v, ϕ1) = ∂D. Hence, by [6, Theorem 5.7], Cϕ1 is
isolated in C(Xv), which implies that [Cϕ1 ] = {Cϕ1}. From this and
Proposition 2.5(a) it follows that

W([Cϕ1 ]) = {Wψ,ϕ1 : 0 < ‖ψ‖∞ <∞}.
We will prove that W([Cϕ1 ]) is open and, simultaneously, closed in
Cw(Xv), from which the assertion follows.

Let (Wψn,ϕ1) be a sequence inW([Cϕ1 ]) converging to some operator
Wχ,φ in Cw(Xv). Then Wψn,ϕ1(f) → Wχ,φ(f) in Xv for all f ∈ Xv.
Taking here f(z) ≡ 1 and f(z) ≡ z, we obtain that ψn → χ and
ψnϕ1 → χφ in Xv as n→∞. Therefore,

χ(ϕ1 − φ) = (χ− ψn)ϕ1 + (ψnϕ1 − χφ)→ 0 in Xv.

Since χ 6≡ 0, this implies that φ = ϕ1. Thus, the setW([Cϕ1 ]) is closed
in Cw(Xv). The fact that it is open in Cw(Xv) follows immediately from
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the following auxiliary lemma, in which we will use the next notation:

F (ψ, ε) := {ω ∈ ∂D : |ψ(ω)| ≥ ε} and ‖ψ‖e := inf{ε > 0 : |F (ψ, ε)| = 0}.
�

Lemma 4.9. Let Wψ,ϕ1 be an operator in W([Cϕ1 ]). Then, for every
operator Wχ,φ in Cw(Xv) with φ 6= ϕ1,

‖Wψ,ϕ1 −Wχ,φ‖ ≥ ‖ψ‖e.
Proof. Since ψ is a nonzero function, ‖ψ‖e > 0. Take an arbitrary
number r ∈ (0, ‖ψ‖e). Then |F (ψ, r)| > 0.

Since φ 6= ϕ1, |{ω ∈ ∂D : φ(ω) = ω}| = 0. So there exist a point
ω ∈ F (ψ, r) and a sequence (zn) ⊂ D such that zn → ω, |ψ(zn)| →
|ψ(ω)| ≥ r, and φ(zn)→ η 6= ω. Then ρ(zn, φ(zn))→ 1 as n→∞.

Next, by [3, Subsection 1.2(iv), Theorem 1.13 and comments after
it], for each n ∈ N, there is a function fn in the unit ball of Xv such
that fn(zn) = ṽ(zn) (recall that by ṽ it is denoted the weight associated
with v). We put

hn(z) = fn(z)
z − φ(zn)

1− zφ(zn)
, z ∈ D.

Then hn ∈ Xv with ‖hn‖v ≤ 1 for all n. Taking into account that
Wψ,ϕ1hn(zn) = ψ(zn)ρ(zn, φ(zn))ṽ(zn) and Wχ,φhn(zn) = 0, we get

‖Wψ,ϕ1 −Wχ,φ‖ ≥ ‖Wψ,ϕ1hn −Wχ,φhn‖ṽ

≥ |Wψ,ϕ1hn(zn)−Wχ,φhn(zn)|
ṽ(zn)

= |ψ(zn)|ρ(zn, φ(zn))

for all n ∈ N. Thus,

‖Wψ,ϕ1 −Wχ,φ‖ ≥ lim sup
n→∞

|ψ(zn)|ρ(zn, φ(zn)) ≥ r

and, consequently, ‖Wψ,ϕ1 −Wχ,φ‖ ≥ ‖ψ‖e. �

Remark 4.10. Some of the arguments used in the proof of Example 4.8
work as well for any isolated operator Cϕ in C(Xv). More precisely,
by the same reasons as in this example, one can easily check that the
corresponding sets W([Cϕ]) = W({Cϕ}) are all closed in the space
Cw(Xv). Moreover, by Corollary 4.5 they are path connected in this
space. We think but could not prove that they are also open in Cw(Xv).
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