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We present calculations of the two-photon absorption cross section σ (2) (ω) for nanocrystals (NCs) of the
inorganic perovskite CsPbBr3 for photon energies ω ranging from the absorption threshold at 2ω ≈ 2.3 eV
up to 2ω = 3.1 eV. The calculations employ a 4 × 4 k · p envelope-function model, with final-state excitons
described in a self-consistent Hartree-Fock approximation. The k · p corrections to σ (2) (ω) are found to be
rather large, giving a reduction of about 30% in the cross section at the largest energies considered. The cross
section is shown to be independent of polarization in the effective-mass approximation (EMA), but including
k · p corrections leads to a small difference in σ (2) (ω) between circular and linear polarization, which rises to
about 16% at 2ω = 3.1 eV. The theoretical cross section follows closely a power-law dependence on NC size,
σ (2) (ω) ∝ L α , with theoretical exponents α = 3.4 (EMA) or α = 3.2 (4 × 4 k · p model), in excellent agreement
with experiment. The dominant contribution to the exponent α is shown to be the number of final-state excitons
per unit energy. Measured values of the absolute (normalized) cross section σ (2) (ω) show a large spread of
values, differing by as much as a factor of 25 for some NC sizes. Our calculations strongly favor a group of
measurements at the lower end of the reported range of σ (2) (ω).
DOI: 10.1103/PhysRevB.103.045415

I. INTRODUCTION

In 2015, a new class of semiconductor nanocrystal (NC)
materials emerged having excellent light-emitting properties,
NCs of inorganic lead halide perovskites CsPbX3 (X = Cl, Br,
and I) [1,2]. These NCs are free of blinking and display strong
fluorescence with high color purity, the emission frequency
being tunable over the entire visible spectrum by varying the
size of the NCs and the halide composition X [1–3]. The quantum yields approach unity [4]. These outstanding emission
properties have led to important applications to light-emitting
diodes [5,6], lasers [7,8], and single-photon sources [9].
Absorption by these NCs has also been studied extensively, including measurements of the one-photon [10–14],
two-photon [10,12–17], and up to five-photon [15] absorption
spectra. Multiphoton absorption by NCs has important technological applications to three-dimensional (3D) biomedical
imaging, as the absorption of several infrared photons with
reemission at a shorter wavelength gives improved penetration depth and low biological damage, combined with good
spatial confinement [18]. Other applications of multiphoton
absorption include nonlinear photonic devices for information
and communication technologies [19]. NCs of inorganic lead
halide perovskites are highly attractive for such applications
on account of their outstanding optoelectronic properties,
combined with a low-cost solution-processed synthesis [1].
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Two-photon and multiphoton absorption has been most
extensively studied experimentally in CsPbBr 3 . However, the
reported values of the two-photon cross section in CsPbBr 3
[10,12–17] show large disagreements among themselves, differing by as much as a factor of 25 for some NC sizes.
Meanwhile, to our knowledge there has so far been no theoretical treatment of multiphoton absorption by NCs of lead halide
perovskites. To help clarify this issue, therefore, we present in
this paper calculations of the two-photon absorption spectra
of NCs of CsPbBr 3 .
The paper is organized as follows. We start in Sec. II A by
outlining our 4 × 4 k · p envelope-function model for NCs of
CsPbBr 3 , together with a self-consistent Hartree-Fock (HF)
treatment of a confined exciton. We used a similar approach
in an earlier study [20] of one-photon absorption by NCs of
CsPbBr 3 and CsPbI3 . The detailed formalism for two-photon
absorption is then discussed in Sec. II B. Although NCs of
CsPbBr 3 are cuboid [1], for reasons of computational efficiency, we use a spherical “quasicubic” confining potential for
the main parts of the calculation. This formalism is discussed
in Sec. II B 1. To gauge the accuracy of the quasicubic potential, we also consider in Sec. II B 2 two-photon absorption
by a cubic NC, assuming the effective-mass approximation
(EMA) and noninteracting electron and hole states. These
approximations allow us to derive an analytical formula for
the two-photon absorption cross section.
The applications to NCs of CsPbBr 3 are described in
Sec. III. First, in Sec. III A, we give the material parameters
assumed for CsPbBr 3 . Next, in Sec. III B, we discuss some
theoretical aspects of the two-photon absorption process in
CsPbBr 3 . These include the role of k · p corrections (which
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turn out to be quite large), the accuracy of the quasicubic
spherical potential, and the polarization dependence of the
two-photon cross section. Our theoretical two-photon cross
sections are then compared to the available data for CsPbBr 3
in Sec. III C, and our conclusions are given in Sec. IV.
Throughout, all formulas are given in atomic units: h̄ = |e| =
m0 = 4π 0 = 1.
II. FORMALISM
A. Envelope-function k · p model

We consider a system of carriers (electrons and holes)
confined by a mesoscopic potential Vext (r). The carrier wave
functions are obtained from a multiband k · p envelopefunction formalism, with the intercarrier Coulomb interactions screened by the dielectric constant εin of the NC
material. (Our approach is described in more detail in
Refs. [20–22].) The system Hamiltonian in the space of electron envelope functions is

1 † †
H=
{i† j}i|hk·p + Vext | j +
{i j lk}i j|g12 |kl,
2 i jkl
ij
(1)
where g12 is the long-range Coulomb interaction
g12 =

1
,
εin |r1 − r2 |

(2)

and hk·p is a k · p Hamiltonian describing the bulk band
structure. The notation {i1† i2† . . . j1 j2 . . .} in Eq. (1) indicates a
normally ordered product of creation (and annihilation) operators for the electron envelope states i1 , i2 , . . . (and j, j2 , . . .) in
the valence and conduction bands included in the calculation.
NCs of CsPbBr 3 are generally cuboid [1]. In parts of the
calculation, we take the confining potential Vext to be a cubic
well with infinite walls and edge length L:

0,
if 0 < x, y, z < L
cube
(3)
Vext (r) =
∞, otherwise.
In the EMA, noninteracting states (electron or hole) in
the above potential are described by three positive integers
(nx , ny , nz ),

n πy 
n πz 
n πx 
8
y
x
z
sin
sin
, (4)
sin
ψnx ny nz (r) =
L3
L
L
L
with (kinetic or confinement) energy
cube (nx , ny , nz ) =


π2  2
nx + ny2 + nz2 ,
∗
2
2mλ L

(5)

where mλ∗ is the effective mass of the corresponding electron
or hole band.
In other parts of the calculation (including the HF treatment
of the electron-hole Coulomb interaction and higher-order k ·
p corrections), we instead choose the basis states i, j, etc.,
appearing in Eq. (1) to be those appropriate for a spherical
confining potential. As in our previous work [20,21], this is
done for reasons of computational efficiency because only the
radial dimension of the basis states then needs to be handled
numerically. For this purpose, we take the confining potential

to be a “quasicubic” spherical well [20,21,23]

0,
if r < R
sph
(r) =
Vext
∞, otherwise.

(6)

The radius R is related to the edge length L of the corresponding cube by
√
R = L/ 3,
(7)
which ensures that the noninteracting 1S ground state in the
sphere (6) has the same energy as the noninteracting “1S-like”
(nx = ny = nz = 1) ground state in the cube (3). As shown
in Refs. [20,21], other properties are well reproduced by the
quasicubic spherical well (6). These include the Coulomb
energy of the ground-state 1Se -1Sh exciton and correlation
energies (of the exciton, trion, and biexciton).
The bulk band-structure Hamiltonian hk·p in Eq. (1) corresponds to a 4 × 4 k · p model including the p1/2 -like (R6− )
conduction band (CB) and the s-like (R6+ ) valence band (VB)
around the R point of the Brillouin zone [24,25]. For a
spherical confining potential, the states in this model can be
described in terms of basis vectors |(lJ )F MF , in which the
orbital angular momentum l of the envelope function couples
to the Bloch angular momentum J of the band (here J = 21 for
both the CB and the VB) to give a total angular momentum
F [26]. In the 4 × 4 k · p model, the CB and VB are coupled
and the states have two components
|ηF MF  =

ḡ p (r) ¯
gs (r)
|(l, 1/2)F MF  +
|(l, 1/2)F MF . (8)
r
r

The first component lies in the s-like VB, the second in the
p1/2 -like CB; gs (r) and ḡ p (r) are radial functions. For a CB
(electron) state, the second term is the large component, and
the first term is a small component representing the admixture
of the VB into the CB state due to the finite range of the
confining potential Vext and the k · p interaction. In a VB
(hole) state, the roles of the large and small components are
interchanged. The VB-CB coupling introduces nonparabolic
terms into the bulk dispersion relation [26] and, in addition,
the presence of the small components modifies the value of
matrix elements (for example, Coulomb and electron-photon
matrix elements [20,21]). In this way, k · p corrections are
included in the calculation. We conventionally label states by
the quantum numbers of the large component [for example,
1Se for a CB state and (1P1/2 )h for a VB state].
The electron-hole Coulomb interaction is treated at meanfield level by a self-consistent configuration-averaged HF
approximation including exact exchange [20,21]. To evaluate
the electron propagator required for the two-photon absorption amplitude (see Sec. II B), we construct a complete HF
basis set, following the procedure of our earlier work [20,21].
The first step is to solve the HF equations self-consistently for
the ground 1Se -1Sh exciton, and the 1Se and 1Sh orbitals are
“frozen.” Then, we compute excited (unoccupied) HF states
up to a high-energy cutoff. We allow the excited electron
(hole) states to experience the HF potential due to only the 1Sh
hole (1Se electron) state. Since all electron states thus experience the same potential, they are automatically orthogonal, as
required (and similarly for the hole states).
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(a)
(b)
and Meh
into a single term involving a sum
combine Meh
over all states i in either the CB or the VB,

Meh =

(CB+VB)

i

FIG. 1. Time-ordered diagrams for two-photon absorption from
the ground state to a final-state exciton (e, h) (where e is an electron
state and h a hole state). Diagrams (a) and (b) correspond to the
(a)
(b)
and Meh
in Eqs. (12) and (13), respectively.
amplitudes Meh

Ve-ph (t ) =

1
f A (e
2 ε 0 σ

· pe−iωt + eσ∗ · peiωt ),

(9)

where fε is the dielectric screening factor, which relates the
amplitude of the vector potential inside the NC to its value
at infinity. For spherical NCs (and within the electrostatic
approximation), fε has the value [27]
fεsph =

3εout
,
εin + 2εout

(10)

where εin is the optical dielectric constant of the material
of the NC and εout is that of the surrounding medium. Note
that εin is not necessarily the same as the dielectric constant
εin used to screen the Coulomb interactions in Eq. (2); the
values used in our calculations are given in Sec. III A. As
discussed in Ref. [20], based on the numerical calculations
in Ref. [25], we expect the average value of fε for a cube to be
within about 6% of the value fεsph for a sphere (10). Another
numerical calculation [28] gives an average value of fε for a
cube differing from fεsph by up to only 2%. In the following
calculations, we shall take fε = fεsph .
We wish to consider two-photon absorption from the
ground state to a single-exciton final state (e, h). In timedependent perturbation theory, the lowest-order (mean-field)
amplitude for this process is given by the sum of the two terms
shown in Fig. 1 [29,30],
(a)
(b)
Meh = Meh
+ Meh
,

(a)
Meh
=

(CB)


(b)
=−
Meh

e|eσ · p|rr|eσ · p|h
,
ω + h −  r

r
(VB)

a

e|eσ · p|aa|eσ · p|h
.
ω + a − e

eh (ω)

(12)

=

8π 3
f 4 |M̄eh |2 I 2
2
nout c2 ω2 ε

eh (ω

− ωeh /2),

(15)

where |M̄eh |2 is the amplitude squared (11) summed over all
degenerate final states,

|M̄eh |2 =
|Meh (Me , Mh )|2 .
(16)
Me Mh

The indices Me and Mh here (which enumerate the degenerate
substates of e and h, respectively) take account of both the
Bloch (band) degeneracy and any degeneracy in the envelope
states arising from the symmetry of the confining potential. In
Eq. (15), I is the laser fluence (in units of photons per unit area
per unit time)
nout c ω
|A0 |2 ,
(17)
I=
8π
√
nout = out is the refractive index of the surrounding
medium, ωeh is the exciton energy, and eh (ω − ωeh /2) is
the line-shape function for the transition to (e, h), which is
normalized as
∞
eh (ω

− ωeh /2) dω = 1.

(18)

0

The frequency-dependent two-photon absorption cross
section to all possible single-exciton final states (e, h) is defined as σ̃ (2) (ω) = (1/I 2 ) eh eh (ω), so that one has finally
σ̃ (2) (ω) =


8π 3
fε4
|M̄eh |2
2
2
2
nout c ω
eh

eh (ω

− ωeh /2).

(19)

Experimental results are usually presented instead in terms of
a modified two-photon cross section
σ (2) (ω) =

(11)

where

(14)

which follows from Eqs. (12) and (13) if we assume that the
(a)
laser is on resonance 2ω = ωeh = e − h . Note that Meh
(b)
and Meh
each involve a product of one interband and one
intraband transition matrix element on the numerator.
The two-photon absorption rate eh to a final exciton (e, h)
follows from Eqs. (9) and (11)–(13) to be (in units of photons
absorbed per unit time)

B. Two-photon amplitude and cross section

We represent the laser as a classical electromagnetic wave with a vector potential A(r, t ) =
(1/2)A0 [eσ ei(k·r−ωt ) + eσ∗ e−i(k·r−ωt ) ] far away from the NC,
where eσ is the complex polarization vector and σ denotes
the polarization state. The electron-laser interaction inside the
NC, within the electric-dipole approximation, is then

e|eσ · p|ii|eσ · p|h
,
(ωeh /2) + h − i

1 (2)
σ̃ (ω),
fε4

(20)

which is designed to remove the leading dependence on
the environment, so that σ (2) (ω) depends mostly only on
the properties of the NC itself.1 The units of σ (2) (ω) are
cm4 s photon−1 , with 1 GM = 10−50 cm4 s photon−1 .

(13)

Here, the sum over r is over states in the CB, and the sum over
a is over states in the VB; ω is the laser frequency. We note
that the first term in Ve-ph (t ) [Eq. (9)] leads to absorption, and
the second to emission. For some purposes, it is convenient to

1
The environment still, in principle, modifies the electronic structure in the NC through the polarization charges induced on the
surface of the NC by the dielectric mismatch with the environment,
and through the spillout of the electron wave function into the environment. These small effects are neglected in this work.
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In the next two subsections, we discuss special cases of
these results relevant to spherical (quasicubic) and to cubic
confining potentials.

In the EMA, the wave function factorizes into a product of
an envelope function and a Bloch function, and an interband
matrix element between a CB state c and a VB state v then
involves a simple overlap of envelope functions [31],

1. Spherical potential

For states of spherical form (8), the two-photon amplitude
(14) may be written
Meh (Me , Mh ) =

(shells)


A(Me Mh ; Fe Fh Fi ; eσ )

c|eσ · p|v = c|venv c|eσ · p|vB ,

where the subscripts “env” and B denote matrix elements over
the envelope function and Bloch parts of the wave function,
respectively. Similarly, an intraband matrix element satisfies
1
c|eσ · p|c env c|c B ,
me∗
1
v|eσ · p|v  = − ∗ v|eσ · p|v env v|v B .
mh

i

Fe p Fi Fi p Fh 
,
×
(ωeh /2) + h − i
1

c|eσ · p|c  =

1

(21)

where the angular factor is given by
A(Me Mh ; Fe Fh Fi ; eσ )

=
(−1)q1 +q2 +Fe −Me +Fi −Mi (eσ )−q1 (eσ )−q2
q1 q2 Mi

×

Fe
−Me

1
q2

Fi
Mi

Fi
−Mi

1
q1

Fh
.
Mh

(22)

In Eq. (21), the sum over i is over all shells (in both the
VB and the CB), with Fi the total angular momentum of the
shell. In Eq. (22), Mi is the z component of the total angular
momentum [see Eq. (8)], and q1 and q2 are the spherical
components of eσ , which take the values 0, ±1. Formulas
for the reduced single-particle momentum matrix elements
Fa p1 Fb  appearing in Eq. (21), for states of spherical form
(8), were derived in our earlier work [20]. These formulas
include all k · p corrections arising from the coupling of the
VB and the CB and apply to both interband and intraband
transitions. Expressions for the reduced matrix elements in
the EMA follow from these formulas by letting the VB-CB
coupling go to zero. We evaluate Eq. (21) numerically, using
the HF basis set to complete the sum over intermediate states
i. The substates Me , Mh , q1 , q2 , and Mi appearing in the 3 j
symbols in Eq. (22) are also summed over numerically.
The amplitude given in Eqs. (21) and (22) depends explicitly on the polarization vector eσ , which will allow us
to determine the small polarization dependence of the twophoton cross section (see Sec. III B). Two special cases are
linear polarization, where we can set (eσ )0 = 1 and (eσ )±1 =
0, and circular polarization, where (eσ )+1 = 1 and (eσ )0,−1 =
0 is a possible choice.
2. Cubic potential

For the cubic NC, we restrict ourselves to a simpler approximation, which will enable us to to derive an analytical
formula for the two-photon cross section. We shall assume
the EMA, noninteracting states e and h, and we also suppose
that the NC has an infinite potential barrier at the surface, as
in Eqs. (3)–(5). An immediate consequence of these approximations (for any symmetry of the confining potential) is that
the envelope wave functions (4) are independent of the band
effective mass mλ∗ . Thus, for any electron state c in the CB,
there is an “image” hole state, which we denote c̄, in the VB
with an identical envelope wave function to c (if we choose
the phase conventions to be the same). Similarly, each hole
state v in the VB has an image electron state v̄ in the CB.

(23)

(24)
(25)

The effective-mass factors 1/me∗ and 1/mh∗ here result from
higher-order k · p corrections [31]. The minus sign in Eq. (25)
arises because we adopt the convention that all states (and
energy eigenvalues) are written as if they refer to electronic
states, whether they lie in the VB or the CB. The electron me∗
and hole mh∗ effective masses are defined to be positive.
In the EMA, the degeneracy of the states c and v can be
described by two indices, a Bloch magnetic substate μi and
an envelope-function “substate” mi (where i = c or v). The
indices μc and μv have the values ± 21 . For a cubic confining
potential, mi enumerates the degenerate permutations of nx ,
ny , and nz in Eqs. (4) and (5). From orthonormality, we have
c|venv = δ(c, v̄)δ(mc , mv ),
c|c B = δ(μc , μc ),

v|v B = δ(μv , μv ).

(26)
(27)

It follows from Eq. (26) that only one intermediate state
(a)
and
contributes to each of the two-photon amplitudes Meh
(b)
(a)
Meh [Eqs. (12) and (13)]. These are r = h̄ for Meh and a = ē
(b)
for Meh
. Hence, using Eqs. (24)–(27), we find
(a)
Meh
=

1 eme |eσ · p|h̄mh env h̄μe |eσ · p|hμh B
,
me∗
(ωeh /2) + h − h̄

(28)

(b)
=
Meh

1 eμe |eσ · p|ēμh B ēme |eσ · p|hmh env
,
mh∗
(ωeh /2) + ē − e

(29)

when the laser is on resonance 2ω = ωeh . Because e and ē
(and h and h̄) have identical envelope wave functions, the
product of matrix elements on the numerator of Eq. (28)
equals that in Eq. (29).
To sum the amplitude squared over degenerate final states
(16), we note that

1
|h̄μe |eσ · p|hμh B |2 = (eσ∗ · eσ )|JCB p1 JVB |2
3
μμ
e

h

=

1
EP ,
3

(30)

where we have used eσ∗ · eσ = 1 from the normalization of the
polarization vector, and |JCB p1 JVB |2 = EP , which can be
taken as the definition of the Kane parameter. Similarly, we
have


|eme |eσ · p|h̄mh env |2 =
|eme |pz |h̄mh env |2 , (31)
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TABLE I. Material parameters for CsPbBr 3 used in this paper.
EP(4×4) and EP(8×8) are estimates of the Kane parameter deduced from
the 4 × 4 and 8 × 8 k · p models [20]. See Sec. III A for further
explanation.
CsPbBr 3
∗

μ (m0 )
me∗ = mh∗ (m0 )
Eg (eV)
EP(4×4) (eV)
EP(8×8) (eV)
εeff
εopt
εout

0.126a
0.252
2.342a
27.9b
16.4b
7.3a
4.9c
2.4d

a

Reference [32].
Reference [20].
c
Reference [33], for a wavelength of 800 nm.
d
Applies to toluene.
b

using the property

eme |pi |h̄mh ∗env eme |p j |h̄mh env = 0

if i = j,

(32)

me mh

which holds for cubic (or spherical) symmetry. The total amplitude squared now follows from Eqs. (28)–(31) to be
1 EP 
|M̄eh |2 =
|eme |pz |h̄mh env |2 ,
(33)
3 2eh m m
e

h

where
1/mh∗
1
1/me∗
=
+
.
eh
(ωeh /2) + h − h̄
(ωeh /2) + ē − e

(34)

The amplitude squared (33) can be inserted into Eqs. (15) and
(19) to find the transition rate and cross section.
The matrix element of pz appearing in Eq. (33), for cubic
wave functions (4), is given by
nx ny nz |pz |nx ny nz  = δ(nx , nx )δ(ny , ny )δ odd (nz , nz )
×

4i nz nz
,
L nz2 − (nz )2

μ∗ = me∗ mh∗ /(me∗ + mh∗ ) and the band gap Eg are taken from
the cryogenic measurements of Yang et al. [32]. The individual electron and hole effective masses are not known, but
experimental [34] and theoretical [1,25,35] evidence suggests
that they are approximately equal in inorganic perovskites, so
we shall assume me∗ = mh∗ .
The Kane parameter EP has not been measured directly in
CsPbBr 3 . In Ref. [20], we estimated EP from the 4 × 4 k · p
model for the s-like VB and the p1/2 -like CB, and from an 8 ×
8 k · p model including also the higher-lying p3/2 -like CB, by
assuming that remote bands made a negligible contribution to
the effective masses. The resulting estimates of EP are given
in Table I. We take the view that EP is uncertain at present,
a conservative range being 10 eV  EP  32 eV. In most of
the calculations in the next section, we will use the illustrative
value EP = 20 eV, which is intermediate between the values
given by the 4 × 4 and 8 × 8 k · p models.
The “effective” dielectric constant εeff in Table I was inferred by Yang et al. [32] from a measurement of the binding
energy of the bulk exciton. We use εin = εeff to screen the
Coulomb interactions in the HF procedure [see Eq. (2)] because the length scale for εeff is of order the Bohr radius
aB , which is comparable to the size of the NCs that we will
consider (2aB = 6.1 nm for the parameters in Table I). We
also need the optical dielectric constant εin = εopt to calculate
the dielectric screening factor fε [Eq. (10)]. We take the value
from Ref. [33] for a wavelength λ = 800 nm, which is used for
the principal measurements discussed in the next section. Note
that εeff and εopt differ significantly for CsPbBr 3 , an indication
that the dielectric function varies rapidly with frequency and
length scale.

(35)

where δ odd (nz , nz ) = 1 if nz − nz is an odd integer, and
δ odd (nz , nz ) = 0 otherwise. The sum over substates me and mh
in Eq. (33) in this case amounts to a weight factor obtained by
considering the number of degenerate permutations of nx , ny ,
and nz for any given matrix element.
Note that, within the approximations of this section, the
dependence of the amplitude squared (33) (and hence the
two-photon cross section) on the polarization vector eσ has
disappeared. As discussed in Sec. III B, the small polarization
dependence of the two-photon cross section arises instead
from higher-order effects, such as k · p corrections.
III. APPLICATION TO INORGANIC PEROVSKITES
A. Material parameters

The material parameters for CsPbBr 3 assumed in the calculations are given in Table I. The reduced effective mass

B. Theoretical two-photon cross section

In this work, we consider two-photon absorption from the
highest-lying VB (s-like, R6+ ) to the lowest-lying CB (p1/2 like, R6− ) around the R point of the Brillouin zone, and neglect
transitions to higher-lying bands. In particular, we neglect the
transition R6+ → R8− to the spin-orbit split-off p3/2 -like CB
(R8− ), which lies about 1 eV above the p1/2 -like band at the
R point [25,36]. A steplike feature is often seen in one-photon
absorption spectra of NCs of CsPbBr 3 (e.g., see Refs. [13,37])
lying about 1 eV above threshold at an energy of 3.0–3.2 eV
(for an edge length L ≈ 9 nm), which is likely to be due to the
onset of the R6+ → R8− transition [20]. Therefore, the range of
validity of the present calculations extends from the threshold,
at a total energy of about 2.3 eV, up to a total energy of about
3.1 eV.
In Fig. 2, we show two-photon transition strengths Teh(2)
calculated in various approximations. Here, Teh(2) is defined as
the coefficient of the line-shape function eh (ω − ωeh /2) in
the total cross section (19),
Teh(2) =

32π 3
f 4 |M̄eh |2 ,
2 c2 ω 2 ε
nout
eh

(36)

where we have assumed the laser to be on resonance, ω =
ωeh /2, for the transition to a final-state exciton (e, h). The top
two panels in Fig. 2 both assume the EMA and noninteracting
states e and h. One sees that the detailed transition strengths
for a cubic NC (top-right panel) differ significantly from those
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FIG. 2. Two-photon transition strengths Teh(2) [Eq. (36)] in various approximations for final-state excitons (e, h). The NC has edge length
L = 9 nm and the Kane parameter is taken to be EP = 20 eV. The position of the lines indicates the resonant energy ω = ωeh /2 of the
laser required to excite the exciton, where ωeh is the exciton energy. Notation: EMA, effective-mass approximation; HF, Hartree-Fock
approximation; k · p, the 4 × 4 k · p approximation. (a) Shows transition strengths within the EMA assuming the final-state electron and
hole to be noninteracting, and uses the quasicubic spherical confining potential. (b) Similar to (a), but the confining potential is a perfect cube.
In (c), we use the EMA and the quasicubic spherical confining potential, and treat the (e, h) exciton in the HF approximation. (d) Similar to
(c), but the 4 × 4 k · p approximation is used instead of the EMA. We indicate the quantum numbers of the first few exciton final states by A,
B, . . ., and A , B , . . ., etc. For the spherical potential: A indicates 1Se -1Ph or 1Sh -1Pe , which are degenerate for VB-CB symmetry (as assumed
here); we denote these states collectively by 1S-1P. Similarly, B indicates 1P-1D, C indicates 2S-1P, D indicates 1S-2P, and E indicates
1D-1F . For the cubic potential: the states e or h are denoted by three integers (nx , ny , nz ) [see Eq. (4)]. A indicates (1, 1, 1)e -(1, 1, 2)h or
(1, 1, 1)h -(1, 1, 2)e , which are degenerate for VB-CB symmetry, together with the degenerate permutations of nx , ny , and nz ; we denote all these
states collectively by (1, 1, 1)-(1, 1, 2). Similarly, B indicates (2, 1, 1)-(2, 1, 2); C indicates (1, 1, 2)-(1, 1, 3); D indicates (2, 2, 1)-(2, 2, 2)
and (1, 1, 1)-(1, 1, 4), which are degenerate for VB-CB symmetry; and E indicates (2, 1, 2)-(2, 1, 3).

for the quasicubic spherical potential (top-left panel). As we
will see below, however, the broadened cross sections given
by the two sets of transition strengths are in fact quite similar.
The two lower panels in Fig. 2 assume the HF approximation for the final-state exciton (e, h). In this case, we also
adjust the exciton energy ωeh to correspond to the HF energy
for the state [21]
Coul
.
ωeh = e − h − Eeh

(37)

We make the further approximation that the Coulomb energy
Coul
is approximately constant, independent of (e, h), and
Eeh
can be set equal to the Coulomb energy for the ground-state
Coul
Coul
1Se -1Sh exciton Eeh
= E1S
. The two panels on the left
of Fig. 2 allow one to assess the effect of using the HF
approximation for the exciton (e, h) instead of assuming noninteracting particles. At HF level, the transitions are shifted to
a slightly smaller energy and increased slightly in strength, but
overall the two sets of transition strengths are quite similar.
The role of k · p corrections can be seen by comparing
the two sets of transition strengths in the lower panels of

Fig. 2. The most striking effect of the k · p corrections is
to decrease the overall transition strength for corresponding
transitions by up to a factor of about 2, especially for the
higher-energy transitions. This can be traced to reductions
of both the intraband and interband transition matrix elements in the numerators of Eqs. (12) and (13), when k · p
corrections are included. (The k · p corrections to interband
matrix elements were previously discussed in Ref. [20].) The
k · p approach can also be seen to lead to an increase in the
number of final-state excitons per unit energy (reduction in
the energy spacing of the dominant transitions) and to give
numerous new transitions with weak transition strength. For
instance, a final-state exciton (1S1/2 )e -(1F5/2 )h is forbidden
by angular-momentum selection rules in the EMA because
there is no possible intermediate state i in Eq. (14). However,
the same transition is allowed in the k · p approximation with
intermediate states (nD3/2 )h or (n P3/2 )e by virtue of the small
components (k · p admixtures) of the states (8), as can be seen
by inspecting the selection rules in the formula for the reduced
matrix element Fa p1 Fb  given in Ref. [20]. In addition, the
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k·p

FIG. 3. Broadened two-photon cross sections σ (2) (ω) [Eq. (20)]
in various approximations, derived from the transition strengths in
Figs. 2(a)–2((d). The NC has edge length L = 9 nm and the Kane
parameter is taken to be EP = 20 eV. Dashed lines: noninteracting
EMA approximation, for quasicubic spherical confining potential or
cubic potential [corresponding to Figs. 2(a) and 2(b), respectively].
Solid lines: Hartree-Fock approximation for quasicubic spherical
potential, within the EMA or the 4 × 4 k · p model [corresponding
to Figs. 2(c) and 2(d), respectively].

transition strengths in Fig. 2 reveal the small “fine-structure”
splittings (e.g., of P1/2 and P3/2 states) induced by the k · p
coupling (more visible for the higher-energy transitions).
Figure 3 shows the two-photon cross sections (20) derived from the transition strengths in Fig. 2, after broadening
the transitions. For this purpose, as in our earlier work on
one-photon absorption [20], we choose a Gaussian line-shape
function emphasizing inhomogeneous line-broadening mechanisms

(2ω − ωeh )2
1
exp
−
(ω
−
ω
/2)
=
. (38)
√
eh
eh
2
2σeh
σeh π /2
The width parameters σeh here are defined and calculated
in the same way as was done for one-photon absorption in
Ref. [20]:
 size 2
2
= σeh
+ (σ other )2 .
(39)
σeh
size
The width contribution σeh
is due to the distribution of NC
sizes in the ensemble, and is calculated assuming a range of
edge lengths δL/L = 8%, while σ other is a constant width,
here chosen to be σ other = 80 meV, which takes account
phenomenologically of other broadening mechanisms (distribution of NC shape deformations, phonons, etc.) We used
similar values of the parameters for one-photon absorption
spectra in Ref. [20]. The cross sections near 2ω = 3.1 eV (discussed in the comparison with experiment in the next section)
are rather insensitive to variations in these width parameters.
For σ other in the range 50 to 100 meV and for δL/L in the range
5% to 10% (typical of experiments), one finds a variation of
only about ±5% in the cross section for 2ω = 3.1 eV.
The dashed curves in Fig. 3 correspond to the top panels
in Fig. 2. We see that, although the detailed transitions are
different for the cubic and spherical (quasicubic) confining
potentials, the average transition strength of the two is similar,

FIG. 4. Polarization dependence of the two-photon cross section
σ (2) (ω) [Eq. (20)] as a function of laser energy ω for a NC of edge
length L = 9 nm (and EP = 20 eV), within the Hartree-Fock and
4 × 4 k · p approximations. The upper curve is for circular polarization, the lower curve for linear polarization; the shaded region is
for elliptical polarizations.

in the sense that they lead to similar broadened two-photon
cross sections. The two cross sections are very close near
the threshold [as is to be expected, because the quasicubic
radius R, Eq. (7), was fitted to the ground-state energy in
the cube], but the difference between them grows slowly as
the energy increases, reaching about 15% at the maximum
energy considered here (2ω = 3.1 eV). The performance of
the quasicubic potential for one-photon absorption is similar
[20]; for the same broadening parameters, the cubic cross
section is about 17% larger than the quasicubic one for a
one-photon absorption energy of 3.1 eV.
We also see from Fig. 3 that the overall effect of the k · p
corrections on the cross section is rather large. The reduction
in transition strength observed in Fig. 2 is partially offset by
the increased number of states per unit energy and the extra
strength of the new transitions, so that, for 2ω = 3.1 eV, the
k · p cross section is about 30% smaller than the EMA cross
section.
We showed in Sec. II B 2 that σ (2) (ω) is independent of
the polarization eσ if one assumes noninteracting particles and
the EMA (and an infinite barrier at the NC surface). The key
point in the derivation was that, within these approximations,
the set of envelope functions for an electron is identical to that
for a hole. Because here we assume me∗ = mh∗ , the equality of
the two sets of envelope functions holds also at HF level in
the EMA, and σ (2) (ω) is then also independent of eσ . (This
result would not hold in general for me∗ = mh∗ .) Therefore, to
estimate the polarization dependence of σ (2) , we need to consider the k · p corrections, using the formalism of Sec. II B 1.
The result is shown in Fig. 4. The polarization dependence of
σ (2) is generally small, but increases with increasing energy,
reaching a discrepancy of about 16% between circular and
linear polarization at 2ω = 3.1 eV.
C. Comparison with experiment

We now turn to a comparison with the available experimental data. Chen et al. [13] made a careful study of the
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FIG. 5. Log-log plot of the two-photon absorption cross section σ (2) (ω) [Eq. (20)] at a total energy 2ω = 3.1 eV (λ =
800 nm) vs edge length L. Unfilled circles and squares: theoretical cross sections (assuming EP = 20 eV) calculated within the
Hartree-Fock approximation (HF) and either the effective-mass approximation (EMA) or the 4 × 4 k · p approximation (k · p). Straight
lines: fits of the theoretical cross section through the calculated
points, assuming a power-law dependence, σ (2) (ω) ∝ L α , with the
exponent α given by the slope of the straight-line fit in logarithmic space. Filled circles/diamonds/squares/triangles: experimental
points. Wang et al., Ref. [10]; Xu et al., Ref. [12]; J. S. Chen et al.,
Ref. [13]; W. Chen et al., Ref. [15]; Nagamine et al., Ref. [14];
Pramanik et al., Ref. [16].

two-photon cross section at a total energy 2ω = 3.1 eV (λ =
800 nm) as a function of NC size, for edge lengths from
L = 4.6 to 11.4 nm, finding a power-law dependence on L.
Theoretical cross sections at the same energy and over the
same size range are shown Fig. 5. The linearity of the log-log
plot confirms that the theoretical data fit well a power-law dependence σ (2) (ω) ∝ L α , with a theoretical exponent α = 3.4
in the EMA and α = 3.2 in the k · p model. These exponents
are in excellent agreement with the experimental value αexpt =
3.3 ± 0.2 [13].
Several terms contributing to σ (2) (ω) are strongly L dependent. It can be seen from the approximate expression
(33) that the amplitude squared |M̄eh |2 is proportional to an
intraband matrix element squared |eme |pz |h̄mh env |2 and to
an energy parameter 1/2eh . A detailed analysis shows that
the L dependence of the matrix element, which is given by
Eq. (35), is approximately canceled by the L dependence of
the energy parameter (for a fixed observation energy ω ≈ ωeh ,
and over the size range L = 4.6 to 11.4 nm). The dominant
L-dependent term in the two-photon cross section is then
the number of final-state excitons per unit energy, which is
associated with the sum over (e, h) in Eq. (19). Now, in 3D
the number of states per unit energy is proportional to the
volume of the confining box, at least, in the limit of large
box sizes [29]. For the NC sizes considered here, the spectra
are quite discrete at energies of 2ω = 3.1 eV (see Fig. 2),
but the broadening of the spectral lines leads to an average
density of states at the observation energy, which retains an

approximate L 3 dependence. A similar effect is observed for
the one-photon absorption cross section, where the exponent
is also close to three [13,20].
The experimental data for absolute (normalized) twophoton cross sections at a total energy 2ω = 3.1 eV [10,12–
16] are summarized in Fig. 5. One sees that there is a large
spread in the experimental values, which in some cases differ
by one to two orders of magnitude for a given edge length
L. This perhaps reflects the difficulties in the various procedures that have been used to normalize the experimental cross
sections. Our theoretical results are in fair agreement with the
group of measurements at the lower end of the range of values.
The main uncertainties in our theoretical two-photon cross
sections are due to the following:
(i) Correlation. We have not included correlation (manybody effects beyond HF) in the present calculations. Correlation corrections to one-photon absorption can be large
in intermediate or weak confinement [38] and are known to
enhance the one-photon transition rate at threshold in NCs of
CsPbBr 3 by factors as large as 4–6 [20,25]. However, a perturbative study of one-photon absorption in Ref. [20], based on
calculations of the electron-photon vertex correction, showed
that the enhancement factor approached unity rapidly as the
energy increased, reaching a value of around only 1.4 for a
total energy of 3.1 eV. We believe that a similar effect holds
for two-photon absorption.
To see this, we note first that a single intermediate state
dominates the sum over states in the two-photon amplitudes
(a)
(b)
(12) and (13), specifically, r = h̄ for Meh
and a = ē for Meh
,
in the notation of Sec. II B 2. This result holds exactly in the
EMA used in Sec. II B 2, but is approximately true also when
k · p corrections are included, because in that case there is
still an approximate orthonormality between electron and hole
envelope functions. Hence, we can rewrite Eqs. (12) and (13)
approximately as
(a)
Meh
≈

e|eσ · p|h̄intra h̄|eσ · p|hinter
,
(ωeh /2) + h − h̄

(40)

e|eσ · p|ēinter ē|eσ · p|hintra
.
(ωeh /2) + ē − e

(41)

(b)
≈−
Meh

Here, the states e, h, etc., represent the full state, including
both envelope functions and Bloch states, and the laser is
assumed to be on resonance for the transition to (e, h), so
that 2ω = ωeh . We have indicated explicitly the intraband or
interband nature of each matrix element.
Now, the potentially large enhancement factors that occur
for one-photon absorption are associated with the interband
matrix elements in Eqs. (40) and (41). The intraband matrix elements and the energy factors may be expected to
have correlation corrections typical of atoms and molecules,
thus up to several tens of a percent [39,40]. (For example,
correlation corrections to energies in NCs of CsPbBr 3 were
calculated in Ref. [21].) One observes that, for a total energy
2ω = ωeh = 3.1 eV, the two-photon amplitudes (40) and (41)
involve the same interband matrix elements h̄|eσ · p|hinter
and e|eσ · p|ēinter that would contribute to one-photon absorption at approximately the same total energy. Therefore, it
is reasonable to expect that the enhancement factor of the twophoton transition rate due to correlation is similar, namely,
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k·p

FIG. 6. Two-photon cross section σ (2) (ω) [Eq. (20)] at a total
energy 2ω = 3.1 eV (λ = 800 nm) vs the Kane parameter EP for a
NC of edge length L = 9 nm, using the Hartree-Fock (HF) approximation. Upper line: effective-mass approximation (EMA), which
gives an exactly linear relationship. Lower line: 4 × 4 k · p approximation; the curved line is a quadratic fit through the calculated points
indicated by circles.

around 1.4 (with further corrections from correlation in the
intraband matrix elements and the energy denominator).
(ii) Value of the Kane parameter EP . We assumed EP =
20 eV for the calculations in Fig. 5, a value that is intermediate
between the estimated values from the 4 × 4 and 8 × 8 k · p
models (see Table I). Now, the two-photon cross section is
approximately proportional to EP , as shown in Fig. 6. From
Eq. (33), it follows that this proportionality is exact in the
EMA. In the k · p model, however, the coupling of the VB
and CB is also controlled by EP , and this introduces nonlinear
terms, which are apparent in Fig. 6. Note that the 4 × 4 k · p
model used here is free of spurious intragap states (which
are observed in k · p models applied to NCs of certain III-V
and II-VI semiconductors [41]) provided EP  28 eV. If we
assume an uncertainty of ±50% in the value of EP , the twophoton cross section would be uncertain by roughly the same
amount.
Other, smaller sources of theoretical uncertainty arise from
the use of the quasicubic spherical potential (as discussed
in Secs. II B and III B), and from the possible onset of the
R6+ → R8− transition to the p3/2 -like CB [20] at the higher
energies. After taking all these theoretical uncertainties into
account, however, the present calculations of σ (2) (ω) still
strongly favor the group of measurements in Fig. 5 at the lower
end of the range of values.
IV. CONCLUSIONS

We have presented calculations of the two-photon absorption cross section σ (2) (ω) of NCs of CsPbBr 3 at various levels
of theory. The band structure was described by a 4 × 4 k · p
model or within the EMA, and excitons were treated by a
HF approximation or as noninteracting confined particles.
Calculations were made from the threshold for two-photon ab-

sorption up to a total energy 2ω = 3.1 eV, and were restricted
to the lowest-energy band transition R6+ → R6− .
The k · p corrections to σ (2) (ω) were found to be rather
large, leading to an overall reduction of about 30% in σ (2) (ω)
at the highest energy considered (2ω = 3.1 eV). We found
that cubic NCs could be quite well represented by a “quasicubic” spherical confining potential, which was fitted to the
ground-state energies of the cube; the error in σ (2) (ω) due to
the quasicubic potential rose with increasing photon energy ω
from zero near threshold to a maximum error of about 15%
at 2ω = 3.1 eV. The two-photon cross section was shown
analytically to be independent of polarization in the EMA, but
to acquire a small polarization dependence when k · p corrections were considered. The difference in the cross section
between linear and circular polarization reached a maximum
of about 16% at 2ω = 3.1 eV.
The calculations reproduce very well a power-law dependence on NC size, σ (2) (ω) ∝ L α , as was observed
experimentally by Chen et al. [13], with theoretical exponents
α = 3.4 (EMA) and α = 3.2 (4 × 4 k · p model) in excellent agreement with the experimental result αexpt = 3.3 ± 0.2
[13]. The dominant term contributing to this exponent was
shown to be the number of final-state excitons per unit energy.
Measured values of the absolute (normalized) cross section
σ (2) (ω) [10,12–16] contain significant discrepancies, with reported values differing by as much as a factor of 25 for certain
NC sizes. Our calculations provide strong theoretical evidence
in favor of a group of measurements at the lower end of the
range of reported values of σ (2) (ω).
The calculations reported here can be improved upon in
various ways in future work. A leading uncertainty arose
from the value of the Kane parameter EP for CsPbBr 3 . We
used an estimated value EP ≈ 20 eV derived by considering 4 × 4 and 8 × 8 k · p models of the band structure
[20]. It would be useful to carry out further studies with
ab initio atomistic approaches. Calculations within densityfunctional theory [1,25] gave a value of EP of around 40 eV,
which seems too high. It might be possible to make further
progress by, for example, using relativistic GW methods,
or by including phonon-mediated effects. Also interesting
would be to consider explicitly the correlation corrections
to the two-photon cross section, for example, by generalizing the vertex-correction methods used for the one-photon
cross section σ (1) (ω) in Ref. [20], although such many-body
approaches would be significantly more complicated for twophoton processes.
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