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Abstract
Experimental observation of Zitterbewegung is considered a holy grail of the modern
physics since its debut in 1930 by Schrödinger. In this thesis we describe the first
experimental observation of this effect in a two-dimensional ultracold atomic wave
packet. In addition to that, we have also revealed the anisotropic of nature of
Zitterbewegung, in the presence of non-Abelian Gauge field.
To observe this effect, we have performed laser cooling in two major steps — 461
nm magneto-optical trap (MOT) and 689 nm MOT — and then loaded the atoms
into an optical dipole trap. After performing optical pumping to one of the Zeeman
states of the hyperfine ground-state, while atoms are inside the dipole trap, we have
cooled down the strontium-87 atoms via evaporative cooling and the gas enters the
quantum regime at a

T
0.21(4),
TF

with Temperature T and Fermi temperature TF .

As the temperature of the gas (40-50 nK) is far below the recoil temperature(230
nK) of the atoms, we have performed experiments with the wave packet that reveals
the envisaged Zitterbewegung effect.
In order to demonstrate the anisotropy of the Zitterbewegung, we introduced a kick
to the cold atomic wave packet so that the wave packet explores the momentumdependence of the energy eigenstates of the dressed Hamiltonian. We reveal the
complete anisotropic nature of the Zitterbewegung amplitude and the relation of
the oscillation frequency with the energy-gap between the two bands. We speculate
that this could be a new way to map the band-diagram of a multi-band system.
All the results are analyzed and explained with analytic calculations coupled with
numerical analysis.
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|D2 i. (a) Level-diagram of the relevant atomic states and the initial occupation of |9/2ig state by the atoms (shown by orange ellipse). (b) Same as (a), however in the rotating-wave picture while
all the transitions are addressed on resonance.
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Chapter 1
Introduction
Dirac equation is considered as one of the building blocks of modern physics [4].
Most of the modern theories of particle and field, one way or another, are connected
to this theory [5]. A consistent theory of quantum mechanics and special theory
of relativity has provided us with a more transparent understanding of the atomic
structure, and many more subsequent developments. This equation has not only
guided us to our modern understanding, but also hinted us towards many new
phenomena that were probably not envisioned by the Dirac himself.
One such modern example, in the context of condensed matter physics, is the field
of topological matter and specially the emergence of quantum spin Hall effect. After
the initial proposal of quantum spin Hall effect in graphene by Kane and Mele [6],
building on the work of D. Haldane [7], an important observation was made by A.
Bernevig and colleagues [8, 9]. The key ingredient for the experimental realization
of quantum spin Hall effect is the understanding that — a band inversion inside
a quantum well emulates a Dirac particle with negative mass, and then quantum
spin Hall effect emerges out of this system in a natural way [10, 11]. The stage
was already set by the work of Volkov and colleagues who had already pointed
out such a band-inverted system, with PbSnTe/HgCdTe quantum well [12]. Soon
after the theory paper of Bernevig and colleagues, quantum spin Hall effect was
experimentally realized in a HgTe/(Hg,Cd)Te quantum well system [13]. After
this experimental breakthrough, the field of topological matter has been at the
forefront of the research in condensed matter [14–31], photonics [32–46], the cold
atom community [47–60, 60–65], and many more related fields [39, 40, 66–69].
1
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Another example of far-reaching effect of the Dirac equation, which is central to this
thesis, is the Zitterbewegung of a particle that was predicted by Schrödinger, three
years after the original paper of Dirac [70]. The Zitterbewegung or the trembling
motion of electron inside atoms is responsible for the Darwin term in the fine
structure Hamiltonian of hydrogen atom [71]. As was pointed out by Schrödinger
that the order of magnitude of the Zitterbewegung is 1021 Hertz, therefore the direct
observation remain elusive till today due to the limitation of the time-resolved
experiments even in the state of the art time-resolved experiments [72–76].
With the wake of quantum simulation in the atomic physics, ultracold atoms or
ions can simulate the same class of Hamiltonian as is found in nature, yet in a
much controlled environment [77, 78]. The key idea is that, all the observables
gets rescaled in the renormalized Hamiltonian. With this notion in mind, the
Zitterbewegung has been studied theoretically and experimentally in the context of
cold atoms [79–83]. The first experimental observation, via quantum simulation,
was made in the group of C.F. Roos with trapped ion where they have simulated
the one-dimensional Dirac equation and Zitterbewegung motion [79]. This effect
was also observed with cold neutral atoms in the group of I. Spielman, for a onedimensional artificial Abelian gauge field [81].
A key ingredient for the latter observation, was the presence of artificial gauge field
induced by light-matter coupling. The role of artificial gauge field for neutral atoms
is to emulate magnetic field for charged particles [55, 84–86]. The artificial magnetic
field leading to the Lorentz force for neutral atoms, can be accomplished at least
by two manners: one way is to rotate the quantum gas [87–95], and the other way
is to induce geometric potentials via light-matter coupling [52, 96–104]. Note that
one of the main motivation to emulate the Lorentz force for neutral particle was
to induce a large magnetic flux per lattice plaquet so that the fractional quantum
Hall regime becomes accessible in cold atom experiments [60–63, 105–107]. The
latter can be obtain only with geometric potential [84]. Moreover with artificial
gauge fields, the field have grown to see many spectacular phenomena with single
particle physics from Hofstadter butterfly [53, 55], topological pumping [48–52, 57],
dynamical gauge field [108–114], to name a few.
Broadly speaking, the artificial gauge field can be categorized by two main classes:
Abelian and non-Abelian gauge field. The former gauge field is the one where
the different components of the gauge field commute among themselves, and in
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the latter case the components of the gauge field do not commute among themselves [84, 104, 115, 116]. The non-commutation of the components give rise to
many interesting features to the system, namely non-Abelian Aharonov-Bohm effect, peculiar expansion dynamics in real-space, geometric quantum gate, and Zitterbewegung [83, 104, 117, 118], to name a few. There has been some recent development on the realization of two dimensional spin-orbit interaction system in bulk
and in lattice [119–123].
One of the main motivations to employ quantum gas for quantum simulation is due
to the availability of the extreme control over the system. Among different options
for atoms in periodic table, the group-II atoms are particularly attractive due to
the presence of a narrow transition 1 S0 −3 P1 . For strontium which is the choice of
atom for our setup has a linewidth of 2π · 7.4 kHz [1].This narrow line is exploited
in the magneto-optical trap (MOT) to reach few microkelvin temperature at the
end of MOT (see Chapter-3 for detail). Another advantage of strontium is the
extremely small Landé g-factor of order 10−4 , and this provides another advantage
that the Zeeman levels of the ground state are less susceptible to ambient magnetic
field [1].
The goal of this thesis is to experimentally realize the two ideas together, nonAbelian gauge field and Zitterbewegung, in the context of cold atom. There are two
major contributions in this thesis:
1. We provide a complete description of the necessary condition for the appearance of Zitterbewegung and the relation among the components of gauge field,
for SU(2) Hamiltonian class, as described in Chapter-2.
2. We experimentally reveal, for the first time, to the best of our knowledge,
the anisotropic nature of Zitterbewegung in a two-dimensional non-Abelian
gauge field, as described in Chapter-4.
The first contribution is a theoretical one while the second one is an experimental
contribution. To accomplish the second one, we have laser-cooled the fermionic
strontium-87 species and then load the atoms into an optical dipole trap to perform evaporative cooling. Afterwards, we turn on our gauge field with lasers to
induce the non-Abelian gauge field. As the atoms spend time in gauge field, they
undergo Zitterbewegung motion for an appropriately created initial internal state
and momentum state.

4
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Outline of the Thesis
The thesis is organized as follows:
• In Chapter-2, we provide the necessary theoretical background for the experimental results described in the chapters that follow. Here we provide a
complete analysis on the appearance of Zitterbewegung in a SU(2) Hamiltonian class. We explicitly mention the relation among different components
of gauge field and the scalar field, in the context of Zitterbewegung.
• In Chapter-3, we provide the description of our experimental set-up. We explain the cooling of 600 ◦ C hot gas of strontium to a cold cloud of temperature
≈ 3 µK. We describe the laser systems that was implemented during the period of my PhD. We briefly explain the cooling and trapping on the broad
2π · 32 MHz line (the 461 nm transition between 1 S0 and 1 P1 states). Afterwards, we describe the cooling and trapping on the intercombination line (the
689 nm transition between 1 S0 and 3 P1 states) with linewidth 2π · 7.5 kHz.
Here we capture more than 15 million atoms at a temperature ≈ 3 µK, in
this red magneto-optical trap(MOT). Afterwards we explain the loading and
transferring atoms from the red MOT to the crossed-optical-dipole trap. The
theory of evaporation, along with different scaling laws are described. Afterwards, the implemented evaporation sequence is described in full detail. At
the end of evaporation sequence, we end up with a degenerate Fermi gas with
temperature T = 30 nK and

T
TF

= 0.21(4) where TF is the Fermi temperature.

We detail the characterization of the degenerate gas and compare it with a
thermal gas with

T
TF

= 3.1. The signature of degeneracy — the over-shooting

of occupation from the Maxwell-Boltzmann distribution reveals the quantum
nature of the gas.
• In Chapter-4, we present the main experimental results on the observation
of anisotropic Zitterbewegung in the presence of non-Abelian gauge field. We
start the chapter with the initial state preparation which is of paramount
importance for the experiments. After preparing the initial state, we study
the dynamics of the wave packet for different initial kick with particular momentum. We reveal that the Zitterbewegung has both radial- and angulardependence on the kick-momentum. We delineate few other situations where
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the magnitude of kick-momentum varies at fixed angles. In those situations we reveal the linear dependence of the oscillation frequency and the
momentum-independence of the damping-time for of the velocity oscillation.
• In Chapter-5, we summarize the thesis emphasizing the main results and
hinting towards a possible extension to SU(3) system that is work-in-progress
in our lab.

Chapter 2
Theory: Artificial Gauge field and
Zitterbewegung
2.1

Introduction

In this chapter, we detail the necessary theory to interpret the experimental results
in Chapter-4. Section-2.2 outlines the emergence of gauge field in electromagnetism
from a historical perspective followed by a discussion on the effect of gauge field in
quantum mechanics. Afterwards in subsection-2.2.1, we mention the experimental
realization of Abelian gauge field with few notable points on spin-orbit interaction
in a one-dimensional system. Then we provide a detailed discussion on non-Abelian
gauge field, specially the scheme that we realize experimentally in Chapter-4.
In Section-2.3, we provide the derivation of Zitterbewegung in the context of relativistic electron wave-packet and comment on the relation between the frequency
of oscillation and Compton frequency. In subsection-2.3.2 we embark on a rather
ambitious journey to classify all the possible cases (Abelian and non-Abelian) in
a SU(2) Hamiltonian class, in the context of Zitterbewegung. Here we derive the
necessary conditions for the emergence of Zitterbewegung and then comment on
each equation. We elaborate our analytic results on non-Abelian gauge field and
compare them with the numerical Monte-Carlo calculation. Finally we summarize
the results of this chapter.

7

8

2.2

2.2. Gauge field: In Electromagnetism and in Neutral Atom

Gauge field: In Electromagnetism and in Neutral Atom

July 21st of the year 1820 marks the beginning of a new era of physics. On this
day, world came to know about the discovery of Oersted: A magnetic needle is
deflected due to the electrical current flow in a nearby circuit. This phenomena
that put the electric and magnetic field on the same footing, is the beginning
of a new way of thinking about field. Several other contemporaries of Oersted,
namely Ampère, Faraday, Neumann, Weber and many more, were thinking about
this and each of them had their own mathematical description of this phenomena.
However some of descriptions differ from the another by a total differential of a
scalar function; although it eventually produces a zero contribution to the total
force when integrated over the entire contour [124, 125]. Later it was understood
that these kind of functions do not affect the physics although the appearance
of these functions provides computational ease. This was later dubbed as gauge
invariance. These functions, named gauge field, were considered as mathematical
convenience rather than some physical quantity. There are two main classes of such
functions (often called potential): 1. vector gauge field A and scalar gauge field Φ.
In classical electromagnetism, they are related to the electric and magnetic field
via
E = −∇Φ −

∂
A,
∂t

B = ∇ × A,

(2.1)

where we notice that the transformation A 7→ A+∇f will not change the magnetic
field B for any arbitrary scalar function f . And to invoke the invariance of the
electric field E, the scalar field Φ has to undergo the simultaneous transformation
Φ 7→ Φ −

∂
f.
∂t

Note that f can depend on spatial and temporal coordinates and

that’s why this kind of freedom to choose the function f arbitrarily, is called local
gauge invariance [124].
Similar quantities pop up in the description of wavefunctions in quantum mechanics [126, 127]. It was found that the physical quantities remain invariant under the
local transformation of the wave function ψ (r, t):
h q
i
ψ (r, t) 7→ ψ (r, t) · exp −i f (r, t) ,
~

(2.2)
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where q is the charge of the particle. Note that the above transformation is equivalent to the minimal coupling substitution in Schrödinger equation,
pj 7→ pj + qAj ,

(2.3)

where Aj is the j-th component of A. Eqs. 2.3 and 2.2 provide us with two
important messages:
• Electric and magnetic field can interact with charged particle only.
• Wave function may carry the signature of the gauge field and it can be a
physical observable when two or more wave functions interfere due to the
accumulation of different amount of phase by two states under the influence
of same field.
The second point was realized by Aharonov and Bohm in their 1959 paper [128].
After the experimental observation of the geometric phase, in the next year by
Chambers [129], physicists start to take gauge field as something more ‘real’ than
just a mathematical convenience. That’s why whenever a field interact with a
particle, the appearance of gauge field has become inevitable.
The reader may have noticed the omission of the word ‘charged’ in the previous
sentence. This is due to the fact that atomic physicists have come up with a new
way to emulate the Lorentz force, with neutral atoms [84, 85, 98, 100, 115, 130].
The generation of magnetic field by this artificial manner is done mainly via two
means: 1. physically rotating the atomic cloud by leveraging the Coriolis effect, 2.
inducing geometric potential by coupling with the internal degrees of freedom of
the neutral atoms. While the former is an interesting approach, we will elaborate
more on the latter approach since this is the method we have adopted to realize
the artificial gauge field with strontium-87 atom in our experiments.

2.2.1

A Short Tour to Artificial Gauge Field

To generate artificial magnetic field, the atomic internal degrees of freedom are
coupled to the external degrees of freedom of the atom, and to the geometry of the
external electromagnetic field [84, 130]. The generated vector gauge field A, of the
artificial magnetic field B, can be in one of the two broad categories:

10
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Abelian Gauge Field: Here the components Aj of the gauge field commute among
themselves. This can be accomplished when Aj s are scalars, or when Aj are
matrices and commute among themselves.
Non-Abelian Gauge Field: Here the components are matrix-valued and they
do not commute with each other.

2.2.1.1

Realization of Abelian Gauge Field

A typical way to realize the Abelian gauge field is to employ two counter-propagating
laser beams (L1 and L2 ) as shown in Fig. 2.1. The two laser frequencies are far
off-detuned from the excited state manifold |ei and there is a two-photon detuning
of amount δ between the two laser frequencies. The blue arrow represented by L1
can address the transition |↑i → |ei, and L2 (shown by the orange arrow) addresses
the |↓i → |ei transition. The Rabi frequency of L1 and L2 is Ω. When the atom
(shown by the green disk) absorbs a photon from L1 and emits a photon to L2 ,
the atom goes from |↑i to state |↓i and acquires a momentum 2~kL along +x-axis,
where kL is the magnitude of the wave vector of L1,2 .

e

L1

L2
δ/2
δ/2

y
x

Figure 2.1: A typical way to realize the Abelian gauge field via Raman scheme.
Here L1 and L2 each addresses the transition |↑i → |ei and |↓i → |ei, respectively. The two-photon detuning is δ while both lasers L1,2 are far off-detuned
from the excited-state |ei.

After some manipulation and disregarding the common energy shift the Hamiltonian of this system, in momentum-space, reads [100]:
~2 kx2
⊗1+
H=
2M




Ω
δ
~2 kL
σ3 + σ2 +
kx σ2 ,
2
2
M

(2.4)
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Figure 2.2: Dispersion relation of a one-dimensional spin-orbit coupled system given by the Hamiltonian in Eq. 2.4. The left panel describes two shifted
parabolas when the Raman coupling Ω and two-photon-detuning δ are zero. In
the middle panel, a non zero Raman coupling opens the gap at zero momentum
since this term behaves like a Zeeman term in the Hamiltonian given by Eq. 2.4.
The right panel shows the effect of non-zero two-photon detuning δ. The dispersion relation becomes tilted as δ acts as a constant shift in momentum in
Eq. 2.4.

where σj s are the Pauli matrices, M is the mass of the atom, kx is the wave
number associated to the momentum px = ~kx , and ~ is the reduced Planck’s
constant. The Rabi frequency Ω plays the role of a constant magnetic field as it is
proportional to σ3 while this is the quantization axis, reminiscent of linear Zeeman
effect. And the two-photon detuning δ plays the role of constant momentum shift
as it is multiplied by the same Pauli matrix as the spin-orbit interaction term(the
last term in Eq. 2.4). The dispersion relation of the Hamiltonian in Eq. 2.4 reads
s 

2
2
Ω
δ ~2 kL
E± =
±
+
+
kx ,
2M
2
2
M
~2 kx2

(2.5)

where the +(-) sign represents the upper(lower) branch of the dispersion relation.
The effects of the parameters Ω and δ on the dispersion relation in Eq. 2.5 are
shown in Figs. 2.2. When both Ω and δ are zero, the dispersion relation is just two
shifted parabolas centered around ±kL , as shown in the left panel of Fig. 2.2. The
term corresponding to Ω behave like a constant magnetic field in momentum-space,
since it is proportional to σ3 while this is the quantization axis. That’s why for
Ω 6= 0, the gap at zero momentum opens, as shown in the middle panel of Fig. 2.2.
Here ER =

2
~2 kL
2M

is the recoil energy for the wave vector kL . The effect of non-zero δ

is shown in the right panel of Fig. 2.2. It essentially tilts and shifts the dispersion
relation. One way to understand this effect is to look at the dispersion relation in
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Eq. 2.5 where we see that having a non-zero δ behaves like adding (or subtracting)
momentum kx .
In this configuration, spin-orbit coupling term, i.e., the last term in Eq. 2.4, and
the term in the parenthesis in Eq. 2.4, do not commute. As will shown later that
this non-commutation gives rise to on-dimensional Zitterbewegung in this class of
system. The generated gauge field creates a non-zero magnetic field that cannot
be gauged away [100]. The appearance of magnetic field in a similar system was
demonstrated by the Spielman group, via the presence of vortices in a Bose-Einstein
condensate [98]. The gauge field here is Abelian since there is only one component
of the gauge field (proportional to px or kx ) and the other component is zero.
Therefore the two components of the gauge field commute trivially. In this thesis,
we are focused on non-Abelian gauge field, therefore we do not elaborate more on
Abelian gauge field.

2.2.1.2

Non-Abelian Gauge Field

One way to realize the non-Abelian gauge field, with cold atom, is to exploit
the tripod scheme, proposed in a seminal paper in Ref. [115]. This scheme is
particularly suited for alkaline-earth atoms due to the presence of nuclear spin
with extremely small Landé g-factor that leads to almost degenerate ground state
(even at large magnetic field) with large nuclear spin. Strontium-87 is a particularly
good choice for this scheme due to the presence of large nuclear spin IN = 9/2 and
a Landé g-factor of −1.3 · 10−4 . Therefore the ground-state is almost insensitive
to magnetic field. Instead of describing the non-Abelian gauge field in general,
here in the following we give a focused description of the scheme that we have
implemented in our experiments. A detailed discussion on different schemes can
be found in Ref. [84].
In Fig. 2.3, we present the scheme that we have followed to realize the non-Abelian
gauge field in our experiments. Two counter-propagating laser beams with opposite
helicity σ± along x-axis, and one laser beam with π polarization (propagating along
y-axis), act on the atomic wave packet (schematically shown by the blue circle ),
as shown in Fig. 2.3(a). The resonantly-addressed transition by each laser beam
is shown in Fig. 2.3(b). The direction of the magnetic field is along x-axis. In
the dressed atom picture, there are two degenerate dark states |D1,2 i, as shown in

Chapter 2. Theory: Artificial Gauge field and Zitterbewegung

13

Fig. 2.3(c). The dark state manifold is separated from the two bright-states |B1,2 i
p
by energy ~Ω where Ω =
Ω2+ + Ω2π + Ω2− . The Rabi frequencies of the laser
beams are Ω±,π where the subscripts label the polarization of each beam. When
Ω is large, then one can invoke adiabaticity and atoms prepared in the dark-state
manifold will remain in this manifold [84, 115].

(a)
σ+

(c)

(b)
3P
1

σ-

|B1⟩

|7/2⟩

e

F=9/2
|D1⟩

σ+ π

y
π

1S
0

δ
δ

x

|5/2⟩g

σ-

|7/2⟩g

|D2⟩

ħΩ
ħΩ

|9/2⟩g

F=9/2

|B2⟩

Dressed States

Figure 2.3: Schematic of tripod laser configurations and leveldiagrams. (a) The three laser beams with polarization σ± , π, and two counterpropagating (along the x axis) lasers have opposite helicity, while the laser with
π polarization is orthogonal to the two aforementioned laser beams. (b) Each of
the three laser beam in (a) addresses one transition that connect the F = 9/2 of
1 S and F = 9/2 of 3 P manifold. The corresponding m states of the ground0
1
F
or excited-states (enumerated by the subscripts e, g) are labelled. (c) The state
diagram in the dressed state picture. The two degenerate dark-states have zero
projection along the excited-state |7/2ie , therefor immune to spontaneous emission. qThe two bright-states are separated from the dark states by a frequency

Ω = Ω2+ + Ω2π + Ω2− where each Rabi frequency is labelled by the corresponding polarization of the beam.

The expression of the |D1 i and |D2 i reads [115]
|D1 i = eiS31 sin (ϕ) |5/2ig − eiS32 cos (ϕ) |7/2ig ,
|D2 i = eiS31 cos (θ) cos (ϕ) |5/2ig + eiS32 cos (θ) sin (ϕ) |7/2ig − sin (θ) |9/2ig ,
(2.6)
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where θ and φ are related to the Rabi Frequencies Ω±,π in the following manner
Ω+ = Ω sin (θ) cos (ϕ) ,
Ωπ = Ω sin (θ) sin (ϕ) ,
(2.7)
Ω− = Ω cos (θ) ,
Ω=

q
|Ω+ |2 + |Ωπ |2 + |Ω− |2 ,

and the phases Sij read as follows
S31 = −2κx, S32 = −κ (x + y) ,

(2.8)

where κ is the wave vector of the three laser beams in Fig. 2.3. Note that the
dark-states have no contribution from the excited states, as shown in Eq. 2.6.
Once we have the expressions of the dark-states |D1,2 i at our disposal, we can
evaluate the matrix elements of vector gauge field A and scalar gauge field Φ
via [115] :
An,m = i~ hDn | ∇Dm i ,

Φn,m =

~2
2M

(2.9)



2
P
hDn | ∇Dk i hDk | ∇Dm i .
h∇Dn | ∇Dm i +
k=1

For equal magnitude of the Rabi frequencies (as is the case in our experiments),
i.e., |Ω±,π | = Ω0 , the angles read
π
ϕ = , θ = arccos
4



1
√
3


.

(2.10)

Using the values of θ and φ from Eq. 2.10, and the expressions of |D1,2 i, we find
the components Ax,y of the vector gauge field and the scalar gauge field Φ as
"
Ax =

~κ
2

3

√1
3

√1
3

1

#

"
, Ay =

~κ
2

1

− √13

− √13

1
3

#

"
, Φ=

~2 κ2
2M

1
3
1
√
3 3

1
√
3 3
5
9

#
.
(2.11)
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In the dark state manifold the Hamiltonian for the Schrödinger equation reads
H=

 Â2 + Â2 ~2 κ2
p̂2x + p̂2y
~κ 
x
y
⊗1−
p̂x ⊗ Âx + p̂y ⊗ Ây +
+
Φ,
2M
M
2M
2M
|
{z
}

(2.12)

˜
∆

Energy [ER]
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Figure 2.4: Dispersion relation in Eq. 2.13 for non-Abelian gauge field in
the Hamiltonian in Eq. 2.12. (a), (c), and (e) show the dispersion relation,
as a function of py , for fixed momentum px = 0, px = 4~κ, and px = −4~κ,
respectively. (b), (d), and (f) show the dispersion relation, as a function of px ,
for fixed momentum py = 0, py = 4~κ, and py = 4~κ, respectively. Note the
asymmetric nature of the dispersion relations as they will be manifested in the
experiments described in Chapter-4.

˜ will be cancelled for our experiments (as described in
The term labelled by ∆
Chapter-4). Note that any term in the Hamiltonian that is proportional to the
same Pauli matrix as on the spin-orbit interaction term will behave like a shift in
˜ in our experiment since this term itself
momentum. Therefore we cancel this term ∆
can induce Zitterbewegung for atomic wave packet (by acting as a momentum-kick)
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and then the interpretation of the results become more challenging. Therefore to
distinguish the effects of non-Abelian gauge field, namely the spin-orbit interaction
˜ and the only terms that remain are the vector gauge
terms, we have cancelled ∆
field along with the kinetic energy term in the Hamiltonian in Eq. 2.12. The
experimental realization of the cancellation is described in Chapter-4.
To understand the system better we find the dispersion relation of the Hamiltonian
˜ = 0,
in Eq. 2.12 with ∆
E± =

p2x + p2y ~κ (3px + py )
~κ q 2
−
±
3px + p2y ,
2M
3M
3M

(2.13)

where the +(-) represents the upper(lower) branch of the dispersion relation.

30

py

Energy [2ER ]

Y+

20

X

Mπ/4
P0

Γ

X+

px

ℏω

Y

10

Lower Branch

0

-5

Upper Branch

Γ

Mπ/4 Y+

X

Y

X+ M π/4

Figure 2.5: Dispersion relation of upper (blue)- and lower (red)-branches of
Eq. 2.13 for non-Abelian gauge field in the Hamiltonian in Eq. 2.12. Here ER
is the recoil energy and corresponds to a frequency of 4.8 kHz. The path traced
by the two
√ branches are shown in the inset. The radius of the circle in the inset
is P0 = 4 2~κ. Here the point Mπ/4 makes an angle π/4 with the x-axis. The
frequency-difference between the two branches are indeed the the frequency of
Zitterbewegung (see Fig. 4.17 of Chapter 4, for the experimental result with the
same parameters of the experiment).

Note that the dispersion relation do not remain same as we exchange px and py .
This gives us a hint of the inherent anisotropy in the system we are considering.
The dispersion relation is shown in Figs. 2.4 for several values of px and py . Note
the degeneracy at p = 0 in Figs. 2.4(a),(d) since this is responsible for non-zero
Berry phase [83]. The anisotropy of the dispersion relation is seen even at large
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momentum px,y = 4~κ. This anisotropy will be manifested in the Zitterbewegung
of the wave packet, as will be shown in Chapter-4. We show the dispersion relation
√
on the full circle of radius P0 = 4 2~κ, and at an angle 45◦ in Fig. 2.5. Here the
anisotropy of the dispersion relation is even more manifested.
Before moving on to describe the eigenstates of the dressed Hamiltonian, we note
that the energy difference between the upper- and lower-branch reads
∆E =

2~κ q 2
3px + p2y .
3M

(2.14)

A typical value of ∆E is order of tens of kilohertz for px,y ∼ ~κ, for strontium-87
with κ =

2π
λ

and λ = 689 nm. As will be shown later in this chapter analytically,

and in Chapter-4 through experiments that the frequency of Zitterbewegung is
exactly the energy difference between the two branches. Since this time-scale is
easily accessible in experiments, this suggests that the Zitterbewegung effect (if
there is any) can be observed in this system.

(a)

(b)

4
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2
0
-2
-4
-4

-2

0
p [ℏκ]
x

2

4

-4

-2

0

2

4

p [ℏκ]
x

Figure 2.6: The energy eigenstates for the Hamiltonian in Eq. 2.12 in
momentum-space. The eigenstates of the upper-branch is shown in (a) where a
branch-cut is present at an angle 45◦ with the +x-axis. In (b), the eigenstates of
the lower-branch is shown, and here the branch-cut is at an angle 225◦ with the
+x-axis. The effect of these two branch-cuts — the suppression of Zitterbewegung
— will be shown in our experiments described in Chapter-4.
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One of the most interesting fact about non-Abelian Gauge field is the energy eigenstates in momentum space. The eigenstates are momentum-dependent, as shown
in Figs. 2.6. The left and right panel show the eigenstates of the upper- and lowerbranch for the Hamiltonian in Eq. 2.12, respectively. Here the x and y components
of the arrows at each momentum point represents the spin-up and spin-down com˜ = 0, there is no σ2 in Eq. 2.12, therefore the
ponents, respectively. When ∆
components of the eigenstates can be all real. The momentum dependence of
the Zitterbewegung motion that will be shown experimentally in Chapter-4, is attributed to this momentum-dependence of the eigenstates. Note the presence of
two branch-cuts at 45◦ and 225◦ — the eigenstates flip sign across each branch-cut.
The π phase shift of the eigenstates is deeply rooted to the degeneracy at zero momentum, therefore they acquire a π Berry phase as the eigenstates move around
the origin [83]. The effect of the branch-cuts are manifested in our experiments
via the suppression of Zitterbewegung for momentum-kick along those specific angles. At any point on the branch-cut, the off-diagonal term in the Hamiltonian
becomes zero, namely the two dressed bands becomes isolates. Since the Zitterbewegung arises due to the interference between the upper- and lower-branch, when
the off-diagonal terms-becomes zero, the exchange of population between these two
branches is suppressed, and subsequently the Zitterbewegung vanishes.
Before discussing Zitterbewegung in more detail, we briefly mention few proposals
on the realization of non-Abelian gauge field, and few other scheme that has been
experimentally realized. One of the early proposal for the realization of non-Abelian
gauge field in a lattice was in Ref. [131] where authors have proposed to use statedependent hopping to couple the internal states of atoms. There have been some
other proposal to realize non-Abelian gauge field in optical lattices using external
drive and different lattice configurations [59, 132, 133].
Another approach to realize the non-Abelian gauge field without the need for lattice has been suggested in Ref. [134]. We have adapted this approach because of
its simplicity and the tripod scheme that the authors have proposed required three
almost degenerate ground states and in strontium we have ten degenerate ground
states. Therefore this scheme is particularly suited for us. Recently there has been
a demonstration of the realization non-Abelian gauge field, without the need for
lattice, in Ref. [135]. Here the authors have taken two states from each of the two
hyperfine ground-states of rubidium and couple them via microwave. This way
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the authors create two sub-spaces each containing two degenerate levels, and subsequently connect these two sub-spaces to simulate Yang monopole. This similar
approach has been employed by the same group to measure the Wilson loop in a
non-Abelian gauge field in Ref. [116].

2.3

Zitterbewegung from Ground up: Electron
Wave Packet to Ultracold Atomic Wave Packet

The notion of Zitterbewegung — the trembling motion of a wave packet — is that
the position as well as the velocity operators, in the Heisenberg picture, oscillates
at some characteristic frequency, for a wave packet. We will now derive the Zitterbewegung effect for two different cases, first for a relativistic free particle and later
perform the similar derivation for an ultracold atomic wave packet, to draw the
parallel between the two cases.

2.3.1

Zitterbewegung for Dirac Wave Packet

The starting point is obviously the Dirac equation [4]
h

cα̂ · p̂ + β̂mc

2

i

∂
ψ = i~ ∂t
ψ,

(2.15)
with Hamiltonian Ĥ = cα̂ · p̂ + β̂mc2 ,
where c is the speed of light in vacuum, m is the rest mass of the particle, p̂ is the
momentum operator; the α̂ and β̂ martices are related to the γ matrices as follows
αi = γ 0 γ i , β = γ 0 ,

(2.16)

where the γ matrices are related to the Pauli matrices σ i (for i = {0, 1, 2, 3}) via
γ0 =

σ0
0

!

0
−σ

0

, γi =

0

σi

−σ i

0

!
,

(2.17)

for i = {1, 2, 3}. The Heisenberg representation of the operators provides an algebraic convenience for the derivation of Zitterbewegung effect. Using the Heisenberg
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equation of motion, the time-evolution of the position operator reads
h
i
j
j
˙
i~x̂ = x̂ , Ĥ ,
(2.18)
i

= i~cα̂ ,
where we have used the following relation for an arbitrary function of operators F ,
 j 
∂
x , F = i~ j F.
∂p

(2.19)

Note that the above equation can be derived via a Taylor expansion of the operator
function F̂ (x̂j , p̂j ) and then using [xm , pn ] = i~δm,n . The author apologizes to the
reader for the abuse of covariant- and contravariant-forms, as they do not affect
the contents of this thesis.
Firstly, the expression of velocity operator in Eq. 2.18 is a bit counter-intuitive
since different components of the velocity operators (i.e., x̂˙ j s) are non-commuting,


namely αj , αk 6= 0. This would suggest that, in an experiment, one cannot
measure these quantities simultaneously. In fact there is no problem with Eq. 2.18,
and we just need to find the proper expression keeping in mind that the velocity
operator is not a constant of motion for the particle — it does not commute with the
Hamiltonian. Moreover, the energy eigenstates are not eigenstates of the velocity
operators.
Secondly, since the eigenvalues of αj s are ±1, it would seem like that a measurement
of the velocity for a particle with mass m would yield ±c. However classical velocity
of a massive particle with mass m cannot be c, as it would be the case if the velocity
eigenstates were energy eigenstates. This truly remarkable feature of this seemingly
simple equation in Eq. 2.18 was pointed out by Gregory Breit in his 1928 paper
where he associated the α̂ matrices with the physical quantity velocity, in parallel
with the Pauli matrices that describe the spin of an electron [136].
The above two points suggest that to find a proper description of the dynamic
variable velocity v̂, we need to look at its time evolution, namely


j
i~v̂˙ = v̂ j , H .

(2.20)
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If one focuses on the 2-dimensional case where pz is zero in the Hamiltonian in
Eq. 2.15, the matrices follow the following differentials equations:
α̇1 =

2ic
~

[p1 − α1 α2 p2 − α1 βmc] ,

α̇2 =

2ic
~

[p2 − α1 α2 p1 − α2 βmc] ,

(2.21)

β̇ = − 2ic
β (α1 p1 + α2 p2 ) .
~
The coupled set of differential equations for the operators is non-linear, therefore
we do not embark on a general solution. However, to demonstrate the phenomena,
like many textbooks [126, 137], we can look at the trajectory of the wave packet
for momentum p = 0. Then the velocity operator takes the following form
h
i
v̂ = cα̂ cos (ωt) − iβ̂ sin (ωt) ,
(2.22)
2

with, ω = 2 mc~ ,
where we see that the dynamic quantity velocity oscillates at a frequency twice the
Compton frequency ωc =

mc2
.
~

This frequency ω is in fact nothing but the frequency

difference between and positive (particle) and negative (hole) energy branches of
the particle. As we will see later that the Zitterbewegung frequency for an atomic
wave packet, in artificial gauge field, is exactly the energy difference between the
upper- and lower-branch of the dispersion relation. For completeness, we write the
expression of the position operator in the following
h
i
~
x̂ = x̂0 +
α̂ sin (ωt) + iβ̂ cos (ωt) ,
2mc

(2.23)

where x̂0 is the position operator at t = 0. This motion of the center-of-mass of
an electron was dubbed Zitterbewegung by Schrödinger [70].
To get an estimation of the oscillation frequency we plug in the rest mass of electron
m and the period of oscillation turns out to be 4.02 · 10−21 second — extremely
small to be observed directly on a state-of-the-art time-resolved experiments [72,
73, 75, 76].
However, as was shown in page-17 in subsection- 2.2.1.2 that the two branches of
the dispersion relation for atoms in artificial gauge field are separated by tens of
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kilohertz. Therefore atomic wave packet seems like a viable ground to observe the
Zitterbewegung effect. This effect was successfully observed in a trapped ion system,
to simulate one-dimensional Dirac equation [79], and also in the Spielman group
with neutral atoms, for Abelian gauge field, in an one-dimensional system [81].
It will be shown in Chapter-4, in the presence of non-Abelian gauge field, the
system becomes much more rich in phenomenology, namely the anisotropic nature
of Zitterbewegung with full contrast can be revealed and the frequency of oscillation
is controlled by exploring the entire plane of the two-dimensional momentum-space.
To understand those phenomena in the experiments, we discuss the theoretical
framework in the following subsections.

2.3.2

Zitterbewegung for an Ultracold Atomic Wave packet:
Abelian and Non-Abelian Gauge Field

We consider an atomic wave packet, in the presence of a gauge field given by the
vector components Âx,y where the subscript represents the corresponding component, and a scalar field Φ̂. Note that here we consider a system with pseudo-spin
1
2

while the components of the gauge field along with the scalar part are 2 × 2

matrices. For a particle with mass M , the Hamiltonian of the system is given by
h
i
h
i
p̂2x + p̂2y
⊗ 1 − α p̂x ⊗ Âx + p̂y ⊗ Ây − β 0 Φ̂ + γ Â2x + Â2y ,
2M
h
i
p̂2x + p̂2y
⊗ 1 − α p̂x ⊗ Âx + p̂y ⊗ Ây − β Φ̂0 ,
=
2M

H=

(2.24)

and the gauge field are given by
Âx = c0 σ0 + c1 σ1 + c2 σ2 + c3 σ3 ,
Ây = d0 σ0 + d1 σ1 + d2 σ2 + d3 σ3 ,

(2.25)

Φ̂0 = f0 σ0 + f1 σ1 + f2 σ2 + f3 σ3 ,
where α and β are scalar constants and each represents the strength of the term
associated to it, σj s are Pauli matrices, {ci , dj , fk } are real scalars, and p̂x,y are the
momentum operators. Note that we have absorbed the terms related to β 0 and γ
into a single parameter β with Φ̂0 .
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To see the presence (or absence) of Zitterbewegung in the above Hamiltonian class
(for various values of the parameters {ci , dj , fk }), we analyze it in the Heisenberg
picture and then the role of momentum becomes an initial momentum-kick to
the atomic wave packet. Moreover, the momentum operators commute with the
Hamiltonian in Eq. 2.24, therefore each component is a constant of motion for
the atom. We write the Heisenberg equation of motion for the Pauli martices as
follows:
2
2
2
σ̇1 = − αpx [c2 σ3 − c3 σ2 ] − αpy [d2 σ3 − d3 σ2 ] + β [f2 σ3 − f3 σ2 ] ,
~
~
~
2
2
2
σ̇2 = − αpx [c3 σ1 − c1 σ3 ] − αpy [d3 σ1 − d1 σ3 ] + β [f3 σ1 − f1 σ3 ] ,
~
~
~

(2.26)

2
2
2
σ̇3 = − αpx [c1 σ2 − c2 σ1 ] − αpy [d1 σ2 − d2 σ1 ] + β [f1 σ2 − f2 σ1 ] .
~
~
~
We consider the general initial condition for the atoms:
"
|Ψ (t = 0)i =

cos (θ)

#

eiϕ sin (θ)

,

(2.27)

where θ and ϕ are the spherical angles on Bloch sphere (and they have nothing
to with the same symbols in Eq. 2.7). Now the initial condition for the dynamic
variables σ1,2,3 read as following:
σ1 (t = 0) = sin (2θ) cos (ϕ) ,
σ2 (t = 0) = sin (2θ) sin (ϕ) ,

(2.28)

σ3 (t = 0) = cos (2θ) .
We solve the coupled differential equations in Eq. 2.26 with the initial condition
from Eq. 2.28. With the expressions of the time-dependent σ1,23 at our disposal, we
can derive the expressions for the components of velocity via the gauge covariant
form:
vj =

1
(pj − M αAj ) .
M

(2.29)

In the following three cases we describe different ways to realize Zitterbewegung in
a cold atom experiment:
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At zero momentum(p = 0) kick: Here we will see that for an arbitrary gauge
field (Abelian or Non-Abelian), Zitterbewegung appears only when at least
one of the fj s are non-zero, i.e., the contributions from scalar fields (those
that are not multiplied by px,y ) . Therefore the presence of the scalar field is
necessity for the emergence of Zitterbewegung, as described in page-24.
Abelian gauge field at non-zero momentum kick: In this case, we will see
that Zitterbewegung appears however, the amplitude of the velocity oscillation
is momentum-independent, as described in page-26.
Non-Abelian gauge field at non-zero momentum kick: In this case, we will
see that Zitterbewegung appears while the amplitude of the velocity oscillation
can be controlled by magnitude and the direction of momentum-kick, as will
be shown in page-30.

2.3.2.1

Abelian and Non-Abelian at Zero Momentum Kick

In this case, we set px,y = 0, in Eq. 2.26 with the atom in pseudo-spin ‘down’ at
t = 0, namely θ = π. For a general initial condition, the equation becomes too
involved and it is easy to loose sight of the main message that we would like to
convey. This particular choice of initial condition retains all the necessary physics
while the equations are tractable. The x-component of the velocity reads
vx = vx0 + vx1 cos (ωt) + vx2 sin (ωt) ,
vx0 =

1
f12 +f22 +f32

· [c0 (f12 + f22 + f32 ) − f3 (c1 f1 + c2 f2 + c3 f3 )] ,

vx1 =

1
f12 +f22 +f32

· [f3 (c1 f1 + c2 f2 ) − c3 (f12 + f22 )] ,

vx2 = √c2 f21 −c21 f2 2 ,
f1 +f2 +f3

ω = 2 β~

p
f12 + f22 + f32 .

(2.30)
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And the y-component of velocity read
vy = vy0 + vy1 cos (ωt) + vy2 sin (ωt) ,
vy0 =

1
f12 +f22 +f32

· [d0 (f12 + f22 + f32 ) − f3 (d1 f1 + d2 f2 + d3 f3 )] ,

vy1 =

1
f12 +f22 +f32

· [f3 (d1 f1 + d2 f2 ) − d3 (f12 + f22 )] ,

(2.31)

vy2 = √d2 f21 −d21 f2 2 ,
f1 +f2 +f3

ω = 2 β~

p

f12 + f22 + f32 .

Note that in the above expressions we have subtracted the contribution of the
ballistic motion in Eq. 2.29 to highlight the contributions of the gauge field. The
things that we immediately see from Eqs. 2.30 and 2.31 are the following:
• There can be oscillation of velocity, along both axes.
• The frequency of oscillation ω along both axes is same and it is non-zero
when at least one of the coefficients fj s of the Pauli matrices is non-zero.
• The amplitude of the motion can only be adjusted by the parameters {ci , dj , fk }.
Note that the expressions in Eqs. 2.30 and 2.31 are applicable for an atomic wave
packet at temperature T = 0. As we introduce finite temperature, the wave packet
will have finite extension in the momentum-space. Therefore despite having no
momentum kick, namely the average momentum of the wave packet is zero, the
other momentum-components participates in the dynamics and they may give rise
to an overall oscillation. The observable effect of finite temperature, on the dynamics, will be a damped sinusoid-like motion instead of a pure sinusoid-like motion
[82, 83].
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2.3.2.2

Abelian Gauge Field at Non-zero Momentum Kick

We consider the same general gauge field Ax,y as in the previous case, namely
Ax = c0 σ0 + c1 σ1 + c2 σ2 + c3 σ3 ,
(2.32)
Ay = d0 σ0 + d1 σ1 + d2 σ2 + d3 σ3 .
For an Abelian gauge field, the components Ax and Ay commutes, i.e.,
[Ax , Ay ] = 0.

(2.33)

In order to satisfy Eq. 2.33 for the gauge field components in Eq. 2.32, we need to
fulfil the following condition
c1
d1

=

c2
d2

=

c3
,
d3

(2.34)

The condition in Eq. 2.34 have a nice geometric interpretation if we treat (c1 , c2 , c3 )
and (d1 , d2 , d3 ) as two points in three-dimensional Cartesian coordinate — the
gauge field is Abelian, when the line joining this two points goes through the
origin.
With this understanding at our disposal we parameterize the coefficient of the Pauli
matrices as follows
c1
d1

=

c2
d2

=

c3
d3

= ζ,

(2.35)

and disregarding the terms proportional to β by setting β = 0 (for the time being)
in Eq. 2.26, and taking θ and ϕ as arbitrary for the initial condition in Eq. 2.28,
we solve for the dynamic variables σ1,2,3 in Eq. 2.26. Afterwards we use Eq. 2.29
to find the components of velocity as
vx = c0 + d3 ζ cos (2θ) + ζ sin (2θ) [d1 cos (ϕ) + d2 sin (ϕ)] ,
(2.36)
vy = d0 + d3 cos (2θ) + sin (2θ) [d1 cos (ϕ) + d2 sin (ϕ)] .
Note that in the above expressions we have subtracted the contribution of the
ballistic motion in Eq. 2.29 to highlight the contributions of the gauge field. The
expressions of velocity in Eq. 2.36 tells us something interesting — in the absence of
the scalar term (since β = 0) in the gauge field, there is no Zitterbewegung motion
of the particle for an Abelian gauge field.

Chapter 2. Theory: Artificial Gauge field and Zitterbewegung

27

Now we can examine the system by letting β 6= 0, i.e., the scalar term to be
non-zero and then two situations arises
1. The whole scalar term Φ0 in Eq. 2.24, may commute with one of the components of the gauge field, i.e., Ax,y . Note that the components of the gauge
field are already commuting among themselves. In this situation the Zitterbewegung vanishes — the velocity do not oscillate in time.
2. If the whole scalar term Φ0 do not commute with at least one of the components of the gauge field (i.e., Ax,y ), then the Zitterbewegung persists. In
this case, the frequency as well as the amplitudes become dependent on the
initial momentum, i.e., the amplitudes and the frequency are anisotropic in
the momentum-space.
3. In the pathological case, i.e., when one of the components (e.g., Ây ) of the
gauge field Âx,y is proportional to the identity matrix σ0 , the velocity corresponding to that axis (i.e., vy ) exhibits no Zitterbewegung motion while the
velocity along the other axis (i.e., vx ) shows Zitterbewegung motion if that
component of the gauge field (i.e., Âx ) is non-commuting with Φ0 .
The main message we would like to convey through the discussion above is that —
even for an Abelian gauge field, non-commutation is a necessary ingredient for the
presence of Zitterbewegung motion in an atomic wave packet.
The expressions of the frequency and amplitudes are too long to present here and
therefore we opted for quoting the results in words only. And before going to the
discussion of non-Abelian gauge field, here in the following we will make some
remarks on the condition for the vanishing commutation of two 2 × 2 matrices that
will help to understand the facts about Abelian gauge field better.
As we mentioned before that two 2 × 2 matrices Â and B̂ commute when the line
joining the points A ≡ (a1 , a2 , a3 ) and B ≡ (a1 , a2 , a3 ) goes through the center,
where Â and B̂ are represented as follows
Â = a0 σ̂0 + a1 σ̂1 + a2 σ̂2 + a3 σ̂3 ,
(2.37)
B̂ = b0 σ̂0 + b1 σ̂1 + b2 σ̂2 + b3 σ̂3 .
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We can stretch the above statement a little further by claiming the following
If two matrices of dimension 2×2 commute and one of the two commuting matrices
commute with a third matrix of same dimension, then all three matrices commute
among themselves, when neither of the three matrices are proportional to the identity matrix σ̂0 .
Note that any matrix P̂ = p0 σˆ0 that is proportional to identity matrix σ̂0 sits
at the origin of the Cartesian coordinate as it represents the point P ≡ (0, 0, 0).
The claim above can be understood
h
i as follows — if neither of the points A, B,
and P are at the origin, and Â, B̂ = 0, then the line AB must go through the
origin. Now if Â commutes with P̂ , then the line AP also goes
the origin.
h through
i
Therefore the line BP also goes through the origin, namely B̂, P̂ = 0. We have
exploited this property of commutation to arrive at the conclusions regarding the
presence of Zitterbewegung in Abelian gauge field.

2.3.2.3

Non-Abelian Gauge Field at Non-Zero Momentum

In the general case of non-Abelian gauge field, i.e., [Ax , Ay ] 6= 0, and p 6= 0,
˜
the Zitterbewegung persists. As was mentioned in page-30, that the terms in ∆
in Eq. 2.12 will act like an effective shift in momentum. Therefore the analysis
˜ = 0̂ is the same as having ∆
˜ 6= 0, except the
with non-zero momentum and ∆
renormalization of the momentum px,y . In the following, we consider the case
˜ = 0.
when p 6= 0 and ∆
Since this case is central to the contents of this thesis, we will be more explicit
about the expressions of the gauge field as well as to the physical realization of
the corresponding gauge field. The realization of the system is shown in Figs. 4.1.
We purposefully repeat part of the discussion so that this part of the calculation
is self-contained.
The four-level system shown in Fig. 4.1(b) is dressed by the three laser beams —
two counter-propagating laser beams with opposite helicity and one π polarized
beam orthogonal to these two. The dressed states, shown in Fig. 4.1(c) has two
dark states |D1,2 i that are separated by the two other bright-states |B1,2 i by a
frequency Ω.

Chapter 2. Theory: Artificial Gauge field and Zitterbewegung

(a)

(c)

(b)

σ+

3P
1

σ-

|B1⟩

|7/2⟩

e

F=9/2
|D1⟩

σ+ π

y

1S
0

π

|5/2⟩g

x

|D2⟩

σδ

δ
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Dressed States

F=9/2

Figure 2.7: Schematic of tripod laser configurations and leveldiagrams. (a) The three laser beams with polarization σ± , π; the two counterpropagating (along the x axis) lasers have opposite helicity, while the laser with
π polarization is orthogonal to the two aforementioned laser beams. (b) Each of
the three laser beams in (a) addresses one transition that connect the F = 9/2
of 1 S0 and F = 9/2 of 3 P1 manifold. The corresponding mF states of the
ground- or excited-states (enumerated by the subscripts e, g) are labelled. (c)
The state diagram in the dressed state picture. The two degenerate dark-states
have zero projection along the excited-state |7/2ie , therefore immune to spontaneous emission.qThe two bright-states are separated from the dark states by

a frequency Ω = Ω2+ + Ω2π + Ω2− where each Rabi frequency is labelled by the
corresponding polarization of the beam.

For equal magnitude of the Rabi frequencies Ω±,π , we write the Hamiltonian in the
basis of the dark-states, and the Hamiltonian looks the same in Eq. 2.24 except for
the fact that we explicitly write down the forms of α, β, and γ.
 Â2 + Â2 ~2 κ2
p̂2x + p̂2y
~κ 
x
y
H=
⊗1−
p̂x ⊗ Âx + p̂y ⊗ Ây +
+
Φ,
2M
M
| 2M {z 2M }

(2.38)

˜
∆

where the components of the gauge field Ax,y and the scalar field read
"
Ax =

1
2

3

√1
3

√1
3

1

"

#
, Ay =

1
2

1

− √13

− √13

1
3

#

"
, Φ=

1
3
1
√
3 3

1
√
3 3
5
9

#
.

(2.39)

To simplify the notation, we write Âx,y in terms of Pauli matrices σ̂0,1,2,3
Âx = (c0 σ̂0 + c1 σ̂1 + c3 σ̂3 ) ,
(2.40)
Ây = (d0 σ̂0 + d1 σ̂1 + d3 σ̂3 ) ,
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where the values of ci and dj are
d0 = 31 ,

c0 = 1,
1
√
,
2 3

c1 =

d1 = − 2√1 3 ,

c3 = 12 ,

(2.41)

d3 = 61 .

Since the matrix elements of Ax,y are all real, we a priori set the coefficients of σ2
to be zero.
To distinguish the effect of non-Abelian nature of the gauge field, we cancel the
˜ in Eq. 2.38. Therefore all the fj s in Eq. 2.26 are zero and we
term labelled by ∆
have chosen that the atom is initially at |D2 i (i.e., θ = π in Eq. 2.28). Then the
expressions of the σ1,2,3 as the dynamic variables read
√

σ1 (t) =

3 (py −px )(3px +py )
4
(3px 2 +py 2 )

√

σ2 (t) =

3
2

[1 − cos (Ω · t)] ,

x)
√(py −p
sin (Ω · t) ,
2
2

3px +py

(2.42)
2

(3px +py )
σ3 (t) = − 4(3p
2
2 −
x +py )

with Ω =

2κ
3m

p

2

3(px −py )
4(3px 2 +py 2 )

· cos (Ω · t) ,

3px 2 + py 2 .

Using the expressions of σ1,2,3 of and using Eq. 2.29, we write down the expressions
of the velocity
ṽx (px , py ; t) = vx1 + vx0 cos (ω · t) ,
ṽy (px , py ; t) = vy1 + vy0 cos (ω · t) ,
with ω =
where
vx1 =

~κ
M

2κ
3M
2

(2.43)

p 2
3px + p2y ,
2

−3(px ) −2(py )
· px 2py3(p
, vx0 =
[ x )2 +(py )2 ]

p2 −p p

~κ
M

x y
· 2 3(py )2 +(p
2 ,
[ x
y) ]

~κ
M

3px py −3p2x
.
6[3(px )2 +(py )2 ]

(2.44)
vy1 =

~κ
M

·

3px py −6(px )2 −(py )2
, vy0
6[3(px )2 +(py )2 ]

=

·
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Note that we have added ‘tilde’ in Eqs. 2.43 to emphasize the fact that this expression is valid at temperature T = 0. In the above expressions we have subtracted
the contribution of the ballistic motion in Eq. 2.29 to highlight the contributions
of the gauge field.
One way to incorporate the effects of temperature would be integrate the expressions of the velocity-components above with the appropriate momentum distribution of the atomic wave packet, namely
Z
vth. =

dp · vT =0 · f (p, T ),

(2.45)

where f (p) is the momentum distribution at temperature T , and vT =0 is the
velocity at T = 0, namely the expressions in Eq. 2.30 and 2.31.
As will be shown later in Chapter-4 that in our experiment we are dealing with a
Fermi gas, therefore one should take f (p) as the momentum distribution
fFD (p) =

E

Li2 (−ζ )
1
,
2πmkB T Li3 (−ζ)



with E = exp −

(p2x +p2y )
2mkB T

TF = (6N )1/3 k~ω̄B , ω̄ =


, Li3 (−ζ) =

− 16



T
TF

3

,

(2.46)

√
3 ω ω ω ,
x y z

where ωx,y,z are the oscillation frequencies of the trap (e.g., optical dipole trap
or radio-frequency trap) along the axes corresponding to the subscripts, ζ is the
fugacity, N is the number of atoms, T is the temperature, and TF is the Fermi
temperature; Lin (x) is the n-order polylogarithmic function [138].
However performing integrations involving Polylogarithmic functions multiplied by
algebraic and trigonometric functions is difficult and we could not find any closed
form for these integrals. As an approximation, we have used the 2-dimensional
Maxwell-Boltzmann distribution as the thermal distribution


1
p2
fMB (p) =
exp −
,
2mkB T
2mkB T

(2.47)

and interestingly this distribution explains our experimental results described in
Chapter-4 with good accuracy. Now adding the effect of the initial kick p0 on the
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cloud in Eq. 2.45, we perform the thermal averaging
Z




 
du · v0 p0 + u + v1 p0 + u cos ω p0 + u · t f (u); u = p − p0 ,


  
Z




∂
0
0
0
0
du · cos ω p + u ·
≈ v0 p + v1 p
ω p +u
· t f (u),
∂u
u=0

0


v p , t th. =



with


∂
ω p0 + u
∂u


=
u=0


2κ
1

·p
3M
2 + cos (2Θ) 

3 cos (Θ)
sin (Θ)



;


and p0x = P0 cos (Θ) , p0y = P0 sin (Θ) ,

 

  
= v0 p0 + v1 p0 Re exp i · ω p0 · t I0 ,
Z
with I0 =
α=

du0 dϕ · u0 · exp [i · u0 · (α cos (ϕ) + β sin (ϕ)) · t] · f (u0 ),

3 cos (Θ)
sin (Θ)
2κ
2κ
·p
·p
, β=
.
3M
3M
2 + cos (2Θ)
2 + cos (2Θ)
(2.48)

Note that in the second line of Eq. 2.48, we have approximated ω (p0 + u) for small
magnitude of u compared to the initial momentum-kick p0 .
Now we can rewrite the expression of I0 in Eq. 2.48 as follows
Z
I0 =

du0 dϕ · u0 · exp [i · u0 · (α cos (ϕ) + β sin (ϕ)) · t] · f (u0 ),

 2

p
u
2
2
du0 · u0 · J0 u0 t α + β · exp − 0 , with γ = 2mkB T,
γ



γ
= exp −t2 α2 + β 2 ,
4
1
=
γ

Z



(2.49)

where J0 is the zeroth order Bessel function. Now using Eqs. 2.48 and 2.49,
"  #
2






t
v p0 , t th. = v0 p0 + v1 p0 · cos ω p0 · t · exp −
,
τ

(2.50)
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with

v0 (p0 ) =

~κ
m





sin(2Θ)−cos(2Θ)−5
4(2+cos(2Θ))

3 sin(2Θ)−5 cos(2Θ)−7
12(2+cos(2Θ))



 , v1 (p0 ) =



~κ
√
m 2





sin(Θ) sin(Θ− π4 )
(2+cos(2Θ))
cos(Θ) sin( π4 −Θ)
(2+cos(2Θ))



,


(2.51)
p
2κ
ω (p0 ) = 3M
P0 2 + cos (2Θ),

τ=

3
κ

q

M
2kB T

q

2+cos(2Θ)
,
5+4 cos(2Θ)

where ω is the frequency of oscillation and τ is the damping time.
By looking at Eqs. 2.51, we can make the following experimentally verifiable predictions
1. At a fixed angle Θ, the frequency of oscillation is linear in pushing momentum
P0 .
2. For fixed value of P0 , i.e., on a circle, the frequency of oscillation has a period
of π.
3. The damping time is independent of the absolute value P0 .
4. The amplitudes of velocity, for both components, are independent of the
absolute value of pushing momentum P0 , for large values of P0 .
5. At Θ = π/4 & 5π/4, the amplitudes of the oscillation vanish for both components. However, as we will see later that due to finite momentum extension
of the wave packet, each component exhibit tiny oscillation for pushing along
Θ = π/4 & 5π/4. Note that this small magnitude is not clearly seen in our
experiment, however we extract almost zero magnitude of the amplitudes at
those angles, as described in Chapter-4.
6. For pushing along y-axis, i.e., for Θ = π/2, the oscillating component is vx .
Likewise for Θ = 0, only the vy is oscillates. This is an extreme form of
anisotropy.
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Now we perform some numerical test of Eqs. 2.50 and 2.44, using Monte-Carlo
simulation method.

2.3.3

Numerical Calculation for Non-Abelian Gauge Field

The main motivation to perform the numerical test is that due to finite temperature, the wave packet has finite extension in momentum-space, and in the derivation
of Eq. 2.51 we have performed some approximation. Therefore we test the analytic
expressions with numerical calculation via Monte-Carlo analysis to understand the
limitations of the expressions in Eq. 2.51.
When we provide an initial kick p0 to the cloud, the center of the wave packet is
just shifted to the point p0 with finite momentum extension, as shown in Fig. 2.8,
where P0 and Θ specifies the vector p0 in momentum-space.

py
P0

Θ

px

Figure 2.8: Schematic representation of the kick provided to the atomic wave
packet. Due to finite temperature of the wave packet, shown via blue disk, it
has a finite extension in momentum-space. Here the mean momentum p0 has a
magnitude of P0 at an angle Θ with the +x-axis.

To incorporate the effect of temperature, in the expressions of velocity given by
Eq. 2.43, we evaluate this expression for a number of momentum points that are
randomly chosen from a Gaussian distribution (given by Eq. 2.47), centered around
p0 , and the size of the Gaussian is dictated by the temperature. Then we take the
numerical-average of the those at each point. In the following we compare this
approach and the approximated expressions in Eq. 2.50 that is supposed to be
more accurate for large values of P0 .
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Effect of Temperature

The effect of temperature T is shown in Fig. 2.9, for Θ =

3π
4

and P0 = 4. We have

chosen this value since both the components (vx on the left panel and vy on the
right panel) of velocity have comparable amplitude of oscillation.
0

T = 1 pK
T = 30 nK
T = 45 nK
T = 60 nK
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Figure 2.9: Effect of wave packet temperature on the observability of the
Zitterbewegung. The left and right panel shows the velocity along x- and y-axis,
respectively. The unit of the velocity is the recoil velocity of an atom vrec. = ~κ
M.
For almost zero temperature T = 1 pK, the velocity oscillation persists for many
cycles while for temperature of order 30-60 nK, the velocity gets more damped
for an increasing temperature.

Here we see that for T = 1 pK, the velocity is almost undamped, and for a typical
values of the temperature T = 30, 45, and 60 nK in our experiment (as described
in Chapter-4), the damping is increasingly pronounced.
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2.3.3.2

Velocity at Different Magnitude of Momentum Kick

P0 =
0

1 ħκ, Θ=3π/4

T = 1 pK [MC]
T = 1 pK [Approx.]
T = 45 nK [MC]
T = 45 nK [Approx.]
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Figure 2.10: Comparison of the Monte-Carlo(MC) numerical calculation and
the approximate formula in Eq. 2.51 for P0 = 1~κ at an angle Θ = 3π/4 or 135◦ .
The left and right panel show the velocity along x- and y-axis, respectively. For
a near-zero temperature T = 1 pK, the effect of damping is negligible, and then
the Monte-Carlo calculation and the analytic expression are almost perfectly
matched. As temperature increases, the limitations of Eq. 2.51 start to show up.

In this case, we keep the angle fixed and demonstrate the effect of magnitude of
pushing momentum P0 . In Fig. 2.10, we show both components of the velocity
(vx on the left panel and vy on the right panel) for P0 = 1. In Fig. 2.11, we show
both components of the velocity (vx on the left panel and vy on the right panel)
for P0 = 4.
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4 ħκ, Θ=3π/4

T = 1 pK [MC]
T = 1 pK [Approx.]
T = 45 nK [MC]
T = 45 nK [Approx.]
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Figure 2.11: Comparison of the Monte-Carlo(MC) numerical calculation and
the approximate formula in Eq. 2.51 for P0 = 4~κ at an angle Θ = 3π/4 or 135◦ .
The left and right panel show the velocity along x- and y-axis, respectively.
Due to the large magnitude of the kick P0 = 4~κ, the frequency of oscillation
is higher, for the same Θ, as compared to Figs. 2.10. Note the almost perfect
match between the Monte-Carlo(MC) and the approximate formula in Eq. 2.51,
even at temperature T = 45 nK.

The main difference between Figs. 2.10 and 2.11, is the oscillation frequency which
can be understood from 2.51. as it suggests that the oscillation frequency ω goes
linearly with the pushing momentum, and damping τ should be the same for both
cases as it is independent of P0 .

2.3.3.3

Velocity for the Special Angle of Kick

As was mentioned in page-33, at the end of subsection 2.3.2, there are few special
angles of pushing that suppress the oscillation along one axis (Θ = 0◦ , 90◦ , 180◦ , and 270◦ )
or both axes (Θ = 45◦ and 225◦ ). Therefore we pay special attention to those angles. Note that the qualitative behaviour of the velocity at any angle Θ is same at
the angle (Θ + π), for same P0 . Therefore in the following we show the behavior of
the velocity (both components vx and vy ) for the angles 0◦ , 45◦ , 90◦ for a pushing
magnitude P0 = 1 and 4~κ, at a fixed temperature T = 45 nK.
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Figure 2.12: Comparison of the Monte-Carlo(MC) numerical calculation and
the approximate formula in Eq. 2.51 for different magnitude of the kick P0 at an
angle Θ = 0, for fixed temperature T = 45 nK. The left and right panel shows
the velocity along x- and y-axis, respectively. In the left panel, the prediction of
Eq. 2.51 is that vx (t) = 0 for Θ = 0. However due to finite momentum extension
at T = 45 , there is a small oscillation induced due to the neighboring momentum
states around the mean momentum. The dynamics along y-axis is well captured
both by Monte-Carlo calculation and the expression in Eq. 2.51.

As can be seen from Eq. 2.51, that the amplitude of vx vanishes for Zitterbewegung
motion. However due to finite momentum-extension of the wave packet, vx exhibits
small oscillation, as can be seen from Fig. 2.12. At small momentum P0 , for
the same temperature, the contributions from momentum other than the central
momentum, is more pronounced since the dispersion relation is more flat for small
momentum as was shown in subsection 2.2.1.2.
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Figure 2.13: Comparison of the Monte-Carlo(MC) numerical calculation and
the approximate formula in Eq. 2.51 for different magnitude of the kick P0 at
an angle Θ = π/4, for fixed temperature T = 45 nK. The left and right panel
shows the velocity along x- and y-axis, respectively. Although Eq. 2.51 suggests
that the amplitudes of both vx and vy are zero at Θ = π/4 or 45◦ , the finite
temperature of the wave packet leads to non-zero amplitudes of oscillation. Note
that the effect of finite temperature is more pronounced at small momentum of
kick P0 .

The angle Θ = π/4 is particularly interesting because of the presence of the branchcut at this angle, as shown in Figs. 2.6. Here in Fig. 2.13, we see that we have
small oscillation along both axis for small momentum and this is captured by the
Monte-Carlo simulation, while the approximate formula in Eq. 2.51 fail to capture
the full dynamics since it is derived for large value of P0 .
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Figure 2.14: Comparison of the Monte-Carlo(MC) numerical calculation and
the approximate formula in Eq. 2.51 for different magnitude of the kick P0 at an
angle Θ = 0, for fixed temperature T = 45 nK. The left and right panel shows
the velocity along x- and y-axis, respectively. Although Eq. 2.51 suggests that
vy (t) = 0 for Θ = π/2, we see a small amplitude that is not captured by the
approximate equation at small momentum while the full dynamics for vx (t) (in
the left panel) is captured by Eq. 2.51.

For pushing along Θ = π/2 is almost same Θ = 0 except for the fact that here the
role of vx and vy is flipped, as can be seen from Figs. 2.12. This rich phenomenology
is experimentally realized in Chapter-4 where we scan both P0 and Θ and reveal
the complete dependence of Zitterbewegung on these parameters. The exciting of
all the results, is the observation of anisotropic Zitterbewegung — the amplitude
of oscillation depends strongly on the angle of pushing for a fixed value pushing
magnitude P0 .

2.3.4

Effects of Degeneracy on the Velocity Dynamics

Here we make a comparison between the Fermi-Dirac distribution fFD (p) in Eq. 2.46
and the Maxwell-Boltzmann distribution fMB (p) in Eq. 2.47, in the context of thermal averaging given by Eq. 2.45. In Fig. 2.15, we present the velocity oscillation for
two different momentum-kicks, 1. at P0 = 4~κ, Θ = 0.75π, 2. P0 = ~κ, Θ = 0.5π.
To demonstrate the role of the degeneracy, we compare the velocity over the time
t = 0 to 200 µs for different values of degeneracy. Here we pay special attention to
T /TF = 0.2 since this is the region of degeneracy of our gas, as shown in Chapter-3.
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Figure 2.15: (a) and (b) show the two components of velocity for P0 =
4~κ and Θ = 0.75π for velocity averaging via Eq. 2.45 with Maxwell-Boltzmann
(MB) and Fermi-Dirac(FD) distribution at a fixed temperature 45 nK, and different values of degeneracy T /TF . (c) and (d) show the two components of velocity
for P0 = 4~κ and Θ = 0.50π for velocity averaging via Eq. 2.45 with MaxwellBoltzmann (MB) and Fermi-Dirac(FD) distribution at a fixed temperature 45
nK, and different values of degeneracy T /TF .

As shown in Figs. 2.15, the first visible effect of degeneracy is the pronounced
damping. This smaller damping-time at highly degenerate gas can be understood
from the fact that Fermi-Dirac distribution accommodates less number of particle
at small momentum than a Maxwell-Boltzmann distribution at the same temperature, due to the Pauli exclusion principle. However to keep the distribution
normalized, this ‘missing’ particles are accommodated at the higher momentum
region. Therefore the momentum distribution of a deeply degenerate gas (at a
temperature T ) with a Fermi-Dirac distribution behaves ‘hotter’ than a classical
gas (at the same temperature T ) with Maxwell-Boltzmann distribution. This flattening of the distribution can be mathematically understood from the presence of
Li3 (−ζ) in the denominator of Eq. 2.46. For small

T
,
TF

the fugacity ζ is large and

this leads to a large value of Li3 (−ζ). For large values of T /TF , the FD and MB
almost coincide, as shown in Figs. 2.15(b) and (d). Here we have performed the
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integral numerically and the integration is extremely slow since at for every point
in time we need to perform a two-dimensional integral.

2.4

Summary and Outlook

In this chapter we have discussed the relevant theory of Zitterbewegung and nonAbelian artificial gauge field to get the ground for the experimental results described in Chapter-4. A complete analysis on the emergence of Zitterbewegung, in
a SU(2) Hamiltonian class is provided along with the detailed calculation on nonAbelian gauge field. The expressions of velocity is derived for finite temperature via
velocity averaging. The analytic results are compared with the numerical MonteCarlo calculation with comments. At the end of the chapter we emphasized the
effect of degeneracy compared to a classical gas described by Maxwell-Boltzmann
distribution. The conclusions from this chapter will be demonstrated experimentally in Chapter-4.

Chapter 3
Experimental Set-up, Laser
Cooling, and Evaporative Cooling
3.1

Introduction

In this Chapter, we briefly describe our experimental set-up and mention few key
features of the laser cooling in 461 nm magneto-optical trap(MOT) and in 689 nm
MOT. After this we further cool using evaporative cooling to achieve a sub-recoil
temperature. The latter is of key importance to observe the Zitterbewegung effect
(see Chapter 4 for more detail).
In section-3.2, we provide a description of the strontium atomic species and the
energy diagram. In section-3.3, we briefly describe our experimental set-up which
is detailed in Ref. [1]. In section-3.4, we describe the blue and red MOT very briefly
since they have already been detailed in Refs. [1, 118]. After this, we give a detail
characterization of the optical dipole trap (ODT) in our experiment in Section3.5. Then we perform the optical pumping inside the ODT and it is detailed in
Section-3.6. Afterwards, the evaporative cooling is characterized in Section-3.7 and
the generation of degenerate Fermi gas (DFG) with T /TF = 0.21(4) is described,
with details on the fitting of Thomas-Fermi distribution of a DGF, is described in
Section-3.8.
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3.2

Strontium-87 Atom: The Key player

We perform the experiments on a cold cloud of strontium-87 (see Chapter-4 for
the experimental results). This alkaline-earth atom has some interesting properties
that provides some advantage to cool this species, via laser cooling, down to microKelvin or even sub-micro-Kelvin temperature [1, 139–145]. The key to this ultralow temperature in a magneto-optical trap(MOT) is the presence of the narrow
intercombination line transition 1 S0 → 3 P1 , with linewidth 2π · 7.5 kHz [1, 146–
148]. While the presence of nuclear spin in the fermionic strontium poses technical
difficulty for efficient cooling during the MOT cycle, yet this nuclear spin has
been central for the quantum simulation of SU (N ) symmetric system and optical
clock [149–152].
Sr Isotope

Natural Abundance

Statistics

Nuclear Spin

84

0.56 %

Bosonic

0

86

9.86 %

Bosonic

0

87

7.00 %

Fermionic

9/2

88

82.58 %

Bosonic

0

Table 3.1: The description of most abundant isotopes of strontium. Taken
from NIST database [3]

In Table-3.1, we provide the description of the stable isotopes of strontium. Despite
the relatively low abundance of fermionic strontium-87, it has been possible to cool
and trap a reasonable number of atoms (∼ 15 million) at a temperature 3 µK, at
the end of the MOT cycle. We exploit the nuclear spin of the fermionic species in
our tripod scheme described in the previous chapter. This high value of nuclear
spin provides possibility to simulating higher spin systems.

Chapter 3. Experimental Set-up, Laser Cooling, and Evaporative Cooling

45

(5s6s)3S1
679.2nm
0.1 µs

(5s5p) 1P1

5 ns

4 6 0 .8 6 n m

6.5
0.2 µm
5m
s

(5s4d)1D2

707.2nm
0.25 µs
87

Sr

1.9µ
m

0.91
1
0.4 .8µm
5m
s

ms

F=7/2

(5s5p) PJ
3

2

F=9/2 1.1GHz

1

1.5GHz

0

F=11/2

689.45nm
21 µs

(5s2) 1S0
Figure 3.1: The energy level diagram of strontium-87. Taken from a paper of
our group [1]. With kind permission of The European Physical Journal (EPJ).

The level-diagram of strontium-87 is shown in Fig. 3.1. The transition at 461
nm and at 689 nm are used for MOT while 707 nm and 679 nm are used for
repumping during the blue MOT cycle, as described in Section-3.4. In the following
we describe the experimental set-up that has enabled us to perform the cooling and
the subsequent experiments in artificial non-Abelian gauge field.
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3.3

Description of the Experimental Set-up

The detail of our experimental set-up is discussed in Ref. [1]. In Fig. 3.2, we
schematically show the experimental setup on the science table.

Oven

μ-metal
sheilding

2D optical
molasses

MOT
Zeeman
slower
2D MOT
deflector

Figure 3.2: The schematic of the experimental set-up on the science table.
Taken from a paper of our group [1]. With kind permission of The European
Physical Journal (EPJ).

We briefly describe each part of the set-up here:
Oven: Hot vapor of strontium at temperature 600 ◦ C come out of the nozzles of
the oven. There are 900 mictrotubes in a 1 cm × 1 cm area and each 1 cm
long microtube has inner diameter of 200 µm and an outer diameter of 300
µm. The nozzle is kept at 50 ◦ C higher than the oven to avoid any clog.
Two-dimensional Molasses Cooling: As the atoms come out of the nozzle, the
transverse velocity is reduced with a pair of molasses beam addressing the
1

S0 → 1 P1 transition with wavelength 461 nm. This helps to collimate the

atomic beam.
Zeeman Slower: In order to reduce the velocity along the longitudinal direction,
we use a 32 cm long Zeeman slower. The optical power for the blue beam in
the Zeeman slower is 170 mW with a detuning of -408 MHz with respect to
the blue transition.
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Two-dimensional MOT: When the atoms leave the Zeeman slower, they enter
into a two-dimensional MOT. The purpose of this MOT is cool the atoms in
the transverse direction while focusing and guiding the atomic beam along
the zero magnetic field line. The MOT axis is kept at an angle 30◦ with the
Zeeman slower axis. This helps to isolate the light of Zeeman slower from the
three-dimension MOT, and at the same time the unwanted atomic species
that are not cooled cannot enter the science chamber [1]. The differential tube
between the 2D-MOT and 3D-MOT helps to isolate the science chamber and
maintain an ultra high vacuum there. Two pairs of atomic beams (one with
σ+ and the other with σ− polarization) have a total optical power of 120
mW (with beam diameter ∼ 1 cm) and is detuned by -28 MHz from the blue
transition. The field gradient is 5 G/cm.
Three-dimensional MOT: In the 3D-MOT chamber we perform the blue MOT
and the red MOT (both are explained later in this chapter).

3.3.1

The Blue Laser System

Our blue laser system is described in Fig. 3.3. This is commercial TOPTICA SHGPRO laser. Here an initial 922 nm infrared light is frequency doubled via second
harmonic generation to 461 nm. The total output power out of the box is 600 mW.
This power is distributed to three different paths, as shown in Fig. 3.3. And each
path is controlled by an acousto-optic modulator(AOM) that serves the purpose of
switch as well controls the power and frequency of the corresponding beam.
Part of the beam goes to the 2D MOT where we perform transverse cooling of
the atomic beam after it passes through the Zeeman slower, as was mentioned
in the previous section. The other two paths are for 2D molasses cooling and
the 3D MOT. We use 2 mW of infrared 922 nm light to inject a diode laser and
subsequently a tapered amplified(TA) to generate 1 W of 922 nm IR at the output
of TA. After coupling to fiber, this light is used to inject a commercial TOPTICA
SHG PRO to generate 170 mW of 461 nm blue light.
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Figure 3.3: The blue laser system in our experiment. Taken from a paper of
our group [1]. With kind permission of The European Physical Journal (EPJ).

Note that we lock the blue laser with the |mJ = 0i Zeeman state of the 1 S0 groundstate to the |mJ = −1i state of the 1 P1 manifold, of strontium-88 with a dedicated
atomic reference oven. Changing the magnetic field in the reference cell, we can
switch from one atomic species to another, as described in Ref. [1].

3.3.2

Repumper Laser

Since the 1 S0 → 1 P1 transition is not closed as shown in Fig. 3.1, one out of
every twenty thousand atoms from the excited-state decay via the channel 1 P1 →
1

D2 , shown by the red dashed line in Fig. 3.1 [153]. Part of those atoms that

decay to 1 D2 state, finally arrive at the 3 P2 (lifetime is 20 seconds at ambient
temperature [145, 154]) and not further cooled by the MOT. To improve the lifetime
of the blue MOT, we employ two repumper lasers at 707 nm (to address 3 P2 → 3 S1
transition), so that atoms go back to the 1 S0 state to further participate in the
MOT cycle. Some atoms decay to the 3 P0 state from the 1 S0 . For those atoms, we
use a 679 nm (to address 3 P0 → 3 S1 transition).
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Figure 3.4: The repumping scheme during the blue MOT. Taken from a paper
of our group [1]. With kind permission of The European Physical Journal (EPJ).

In our experiments, we have two dedicated TOPTICA DL PRO lasers operating
at 707 nm and 679 nm, respectively. These lasers are frequency-locked with a
wavemeter (HighFinesse WS/7 with accuracy 40 MHz). Due to the presence of
hyperfine structure in Sr-87, we use an electro-optic modulator (with modulation
frequency 540 MHz) to address several hyperfine transitions between the aforementioned transitions of the repumper lasers, as shown in Fig. 3.4. Since 80% of the
total population in 3 P2 is in |F = 13/2i and |F = 11/2i, we particularly address
those transitions for the 707 nm repumper [1, 145].
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3.3.3

The Red Laser System
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Figure 3.5: The red laser system in our experiment. Taken from a paper of
our group [1]. With kind permission of The European Physical Journal (EPJ).

The red laser system, shown in Fig. 3.5, addresses the transitions for the intercombination line. An external-cavity diode laser is locked to an ultra-low expansion
cavity of length 10 cm and finesse 3000. The laser is locked to the cavity via PoundDrever-Hall technique [1]. The cavity drift is 10 Hz/s and in order to compensate
the drift we use saturated fluorescence spectroscopy on |mJ = 0i → |mJ = 0i transition from the 1 S0 to 3 P1 manifold of

88

Sr. A magnetic field of 10 G is applied

to get rid of the contribution from other mJ states of the excited-state, during
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the fluorescence spectroscopy. This frequency compensation is done with AOM1
in Fig. 3.5.
As the master laser is locked, we use this laser to inject other slave lasers, e.g., to
address |F = 9/2i → |F = 9/2i and |F = 9/2i → |F = 11/2i transitions, as shown
in Fig. 3.5. The 1.2 GHz EOM is placed to take into account the hyperfine shift of
the |F = 9/2i → |F = 11/2i transition with respect to the Sr-88 transition. The
output laser beam of each slave laser goes through an AOM and then fiber-coupled
to send the beam at the science table.

3.4

The Laser Cooling Mechanism for Strontium87

The cooling is performed in two separate MOTs (blue MOT and red MOT), we
overlap the red and blue beams to maximize the overlap between the two MOT
positions and to increase the transfer efficiency. Here we describe the operation of
the two MOTs briefly.
Blue MOT Cycle
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Red MOT
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Red MOT

Low Power
Blue MOT

Singleband
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Figure 3.6: The timing diagram for the blue MOT and red MOT.
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3.4.1

3.4. The Laser Cooling Mechanism for Strontium-87

The Blue MOT

As described in Section-3.3, after partially cooling in the 2D molasses, Zeeman
slower, and in 2D MOT atoms enter the science chamber. Here three pairs (for
cooling along all three spatial axes) of laser beam along with the magnetic field
trap and cool the atoms. Each pair of beams consists of two counter-propagating
laser beams of opposite helicity σ± . The quadrupole magnetic field in the MOT is
provided by a pair of coil in the anti-Helmholtz configuration with a magnetic field
gradient 43 G/cm for the blue MOT.
The loading of the blue mot lasts for ∼ 4.5 seconds and during this time, the power
in three beams are 82 mW with each beam having a size of 1 cm. Then we reduce
the power of the blue beams and start the low-power blue MOT cycle, as described
in Fig. 3.6. This low-power blue MOT helps to cool the atoms further at a final
temperature around 2 mK with ∼ 40 million atoms [155]. After this stage, we start
the red MOT.

3.4.2

The Red MOT

The red MOT consists of two stages. Since the temperature of the cloud after the
blue MOT is still much larger than the linewidth of the intercombination line, we
spectrally broaden both the red MOT beam (to address |F = 9/2i → |F = 11/2i)
and the stir beam (to address the |F = 9/2i → |F = 9/2i). Note that the purpose
of the stir beam is to keep the atoms from getting out of resonance locally due
to large difference in the Landé g-factor of the ground state and the excited state
|F = 11/2i of the 3 P1 manifold. The magnetic field gradient and the power of each
beam during the MOT cycle are mentioned in Fig. 3.6.
After the broadband cycle, we start the single-band cycle of the red MOT. We lower
the power of the MOT beams and increase the magnetic field gradients to compress
the cloud further so that loading to the optical dipole trap is more efficient. The
final temperature of the MOT is 3 µK with more than 15 million atoms.
Although temperature of the MOT is quite cold, we need to cool the atoms further
to reach a temperature below the recoil temperature 230 nK. To accomplish this
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goal, we perform evaporative cooling after loading the atoms from MOT to an optical dipole trap (ODT). The loading to the optical dipole trap and the subsequent
evaporation is detailed in the following sections.

3.5

Optical Dipole Trap

A classical dipole placed in a static electric field gets attracted to the region with
largest electric field when the polarizability is positive. Akin to this phenomena,
a neutral atom that acquires a dipole moment under the influence of a static field,
seeks high-field region [130]. The potential energy U = − 12 α|E|2 is negative for an
atom in its ground state, thus the atom is attracted to high-intensity region.

|2⟩
|e⟩

|g⟩

|1⟩

Figure 3.7: A two-level system in a red-detuned light. The initial groundand excited-states (|e, gi in the left panel) get dressed and the shift in opposite
directions (|1, 2i in the right panel).

Optical dipole trap (ODT) exploits the simple principle. As shown in Fig. 3.7, a
two-level system with states |e, gi under the influence of a far-detuned laser, shown
by the red arrow. The force on the atoms is state-dependent – the ground state of
the dressed state |1i energy is lowered. The trap depth for a two-level atoms reads
3πc2
U (r) = −
2ωA



Γ
Γ
+
ωA − ωL ωA + ωL


I (r) ,

(3.1)

where ωL and ωA are the frequency of atomic transition and the laser frequency,
respectively; I is the intensity of the laser at the position of the atom, c is the
speed of light in vacuum, and Γ is the linewidth of the excited state.
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For a simplified two-level atom, under the influence of a laser with electric field E
and ignoring the contribution of the counter-rotating term in Eq. 3.1, the dressedenergies of an atom read [156]:
∆E = ±

|he |µ| gi|2
3πc2 Γ
|E (r)|2 = ± 3 I (r) ,
ωL − ωA
2ωL δ

(3.2)

where δ = ωL − ωA is the detuning. The upper and lowers signs are for ground- and
excited-states, respectively. From Eq. 3.2, it is evident that for red-detuned laser,
namely ωL < ωA , as pictorially represented in Fig. 3.7. The atom in ground-state
is drawn towards the high-intensity region (region with larger I) of the laser – the
laser profile with intensity gradient behaves like a trapping potential.
The fundamental spatial mode profile a laser beam is described by a Gaussian and
under the paraxial-wave approximation, for Gaussian beam that propagates long
z direction, the intensity profile has the functional form [156],
#
"

 2 −2
2 +y 2
2
x
(
)
2P0
z
exp −  z 2 , where
I (r) = πw
2 1 +
zR
0
1+

zR

P0 : total power of the beam,

(3.3)

w0 : beam waist,
zR =

πw0 2
λL

: Rayleigh length for laser wavelength λL .

As we can see from Eq. 3.3, Gaussian beam has the highest intensity at the origin
r = 0. Thus this beams behave like a trapping potential for atoms at the ground
state, as atoms tend to accumulate near this high-intensity region. We use two such
beams and overlap them with the MOT to load the atoms into the crossed-ODT
shown in Fig. 3.8. The trap depth on the horizontal-plane (z = 0) is shown here.
As the laser is far detuned, the absorption of any photon is suppressed, the force
on an atom for a far-detuned laser, i.e., |ωL − ωA |  ωA is conservative.
The beam in Eq. 3.3 behaves parabolically near the origin and using Eq. 3.2 one
can extract the longitudinal frequency ωk and transverse frequency ω⊥ as

ω⊥ = 4

U0
U0
, ωk = 2
,
2
M w0
M zR2

(3.4)

where U0 is the trap-depth at the origin and M is the mass of the atom. Each beam
is assumed to be radially symmetric, as is the case in our experiment. Note that
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although a Gaussian beam is parabolic near the center, the beam is highly nonparabolic as one moves away from the center. This is a good approximation so long
as the trap-depth is high, therefore the atoms experience only the near-parabolic
part of the trap. However this harmonic approximation breaks down near the end
of evaporation when the trap-depth is lowered to a much smaller value than the
initial trap-depth, and atoms start to explore the anharmonic part of the trap.

Figure 3.8: Schematic of the horizontal cross-dipole of our experiment and the
calculated potential profile at z = 0.

There is one more detail on the vertical profile of the dipole trap. In our setup,
the dipole trap is crossed on the horizontal plane and gravity is along the vertical
direction z (z is positive downward). Therefore, in addition to the force from the
dipole trap, the atoms will also be influenced by the gravity and the total potential
reads
Utotal = U0 − M gz,

(3.5)
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where U0 is the trap depth entirely due to the dipole trap, g is the gravitation
acceleration, and z is the location of the atom with mass M . We show this variation
along the vertical direction in Fig. 3.9(a). Here the potential difference between the
two extrema is the effective trap-depth for the atoms. Eventually the trap-depth
in our system is estimated to be ≈ 72 µK, taking the effect of gravity into account
while this quantity is ≈ 85 µ K without gravity.
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Figure 3.9: (a) Calculated total trap-depth profile along the vertical direction
in the presence of gravity and the cross-dipole-trap. The Orange and red dots
represents the two extrema of the potential profile and the potential difference
between this two point is the effective trap-depth of the atoms. (b) the shift
of minimum and maximum trap-depth points as a function of laser power with
same parameters of our experiment, namely, wavelength λ = 1064 nm, waist
w0 = 65 µm. The red and orange lines are the trajectories of the red and
orange dots in the left figures, respectively. The dashed-vertical line shows the
minimum power necessary to hold a single strontium(87) atom in our dipole trap
to counter-balance the gravity. Here PGravity ≈ 680 mW.

We would like to also point out that the minimum of the potential profile is shifted
vertically as one changes the total power. This suggests that if one adiabatically
ramps-down the power of the lasers, the center of the cloud will shift vertically and
this shift will be most dramatic during the last part of the evaporation when the
power is low. We note on passing that indeed we have observed this trend in our
evaporation ramp when we lower the trap-depth significantly. However we are not
going to elaborate much on this simple yet interesting detail.
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Dipole Trap Setup and Loading Atoms into Dipole
Trap

Science Chamber

Mephisto
MOPA

Beam-splitter

Fiber Launcher

AOM

Focusing Lens

Optical Mirror
Fiber Coupler
Optical Fiber

Beam-dumper
PID Unit
Atomic Cloud

Figure 3.10: The schematic representation of the dipole trap setup.

In our experiment, we overlapped two Gaussian beams with wavelength 1064 nm,
on the horizontal plane. The relative angle between the propagation directions of
the beam is about 110◦ . Each of the two beam is derived from a MOPA-Mephisto
1064 nm fiber laser, and their powers are controlled independently with acoustooptic modulators (AOMs). The diffracted beam from the AOMs are fiber-coupled
via polarization maintaining fiber and transferred to the science chamber where
they are focused to a waist of 65 µm. The power of each beam is locked via two
independent PID units (Koheron PI200) and the maximal output power of the two
beams at the output of the fiber read 4.8 W and 4.3 W, respectively.
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Figure 3.11: Number of atoms loaded into the cross-dipolar trap and the
temperature of the gas, as a function of the maximum trap-depth. As we can
see here, the temperature and number of atoms increases almost linearly as the
trap-depth is increased. The solid lines are linear fits to extract the slopes, as
reported inside the main figure. The mentioned trap-depth is for the ground
state, and is estimated theoretically with Eq. 3.2.

We turn on the dipole trap beams during the blue-MOT cooling. This early turn-on
leads to a loading of approximately 2.5 × 106 atoms in the ODT at a temperature
around 12 µK. This temperature is higher than the temperature (3 µK) during
the last stage of MOT. This inherent increase of temperature while loading into
an optical dipole trap is shown as a function of trap-depth in the Fig. 3.11. As
the ratio

N
T

remains constant the ratio T /TF with Fermi temperature TF , increases

at a rate ∼ N 1/3 , as the trap-depth is increased for more number of atoms. The
reason for such an increased temperature could be attributed to the inhibition of
MOT cooling due to the light-shift induced by the off-resonant light [157, 158].
As evident from Fig. 3.11, the number of atoms loaded into the trap, in principle,
could still be improved by increasing the trap-depth. If we had opted for reducing
the beam waist for a quadratic gain in the trap-depth, as shown in Eq. 3.3, the
mode volume would also be reduced at a cubic rate. Thus it does not seem a
feasible choice. However, if we had more power at the end of the fibers, this would
increase the number of atoms loaded into the trap. Therefore, we have always put
effort to couple as much light possible into the fiber.
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We characterize the ODT first by measuring the lifetime of atoms inside the ODT.
Theoretically the evolution of number of atoms N (t) inside ODT is modeled via
[156]:

0

2

Z

Ṅ (t) = −αN (t) − β N (t) − γ

dr · n3 (r),

(3.6)

where n (r) is the density profile and α, β 0 , and γ are different loss coefficient as
described below:
• single-particle loss coefficient, α: although the vacuum pressure inside the
science chamber is ∼ 10−10 mbar. There are still some residual gas remaining
in the chamber and those gases are almost at room temperature. Any collision
with those hot gases is sufficient to knock an atom out of the ODT. This is
the dominant mechanism of atom loss in our dipole trap [156, 159].
• two-body loss coefficient, β 0 : binary collisions between atoms in the trap can
release energy and increase the kinetic energy of the atoms. This energy
can be sufficient for an atom to escape the trap. Two-body loss process
is dominant when the atoms are not in their absolute ground-state [158–
160]. The prime in the beta represents the atom number loss compared to
the coefficient of density loss β. This process is supposed to be absent in our
experiment since the atoms are in almost degenerate hyperfine ground-states,
and collision does not change the nuclear spin [161].
• three-body loss coefficient, γ: in a collision of three atoms in the trap, two
of them can form a molecule and the third atoms gain the remaining kinetic
energy of the atoms [162, 163]. If this energy is sufficiently high, the atom
can escape the trap. This process happens when the density of atoms is
extremely high (∼ 1015 atoms/cm3 ) [164]. For the density of atoms in our
experiment (∼ 1013 atoms/cm3 ) this process is completely negligible.
We recognize that the expression in Eq. 3.6 is Ricatti equation when we set γ to
zero. Therefore we readily solve for N (t) as
N (t) = N0 exp [−αt] ·

(α + N0

where N0 is the number of atoms at t = 0.

β 0)

α
,
− N0 β 0 · exp [−αt]

(3.7)

60

3.5. Optical Dipole Trap

Lifetime: 43.9 Sec.

3

Fit
Data

2

1

0.25

0

25

50

75

100

Figure 3.12: The measurement of the lifetime inside the dipole-trap. The
number of atoms as a function of holding time inside the ODT is fitted with an
exponential to extract the lifetime 43.9 seconds. The linear trend in the log-lin
plot suggests that the dominant atom loss mechanism in our experiment is the
background-gas collision.

The expression in Eq. 3.7 is a modified exponential. However, the time-evolution of
number of atoms in ODT, as shown in Fig. 3.12, the log-lin plot is linear. Therefore
the contribution of two-body loss is negligible.
However, there is one subtlety regarding the fitting. Even when the two-body loss
is negligible, if one tries to fit the experimental data with Eq. 3.7, to extract the
lifetime and the two-body loss coefficient, the fit may converge to a lifetime that
is over-estimated while the two-body coefficient β 0 is non-zero. Therefore Eq. 3.7
should only be employed only when the log-lin plot of number of atoms versus
holding time is non-linear. For our data in Fig. 3.12, we extract a lifetime of 43.9
seconds while fitting the expression in Eq. 3.7 by setting an a priori value β 0 = 0.

Chapter 3. Experimental Set-up, Laser Cooling, and Evaporative Cooling

3.6

61

Optical Pumping

The idea of optical pumping is to ‘pump’ atoms out of one state to another, via
optical means [165]. To illustrate the basic notion, we refer to Fig. 3.13. Here we
consider a simple situation where atoms are optically excited from |mF = −1/2ig
to |mF = 1/2ie via the laser light shown schematically in red, where subscripts e
and g of the kets refer to excited- and ground-state manifolds, respectively. The
polarization and frequency is chosen so that the laser can only mediate the |mF =
−1/2ig → |mF = 1/2ie transition.

After Optical Pumping
m F = 1/2

m F = 1/2

m F = 1/2
m F =-1/2

m F =-1/2 F = 1/2

m F =-1/2

m F =-1/2

F = 1/2
m F = 1/2

Figure 3.13: Schematic representation of optical pumping. Before optical
pumping, atoms occupy both the hyperfine ground-states |mF = ±1/2ig . In the
presence of an appropriate laser beam with right polarization, shown by the ‘red
arrow’, the atoms only get excited via the transition |mF = −1/2ig → |mF =
1/2ie . Subscripts e and g of the kets refer to excited and ground-state manifolds,
respectively. The atoms that relaxes back to the |mF = 1/2ig of the ground state
keeps accumulating while population in |mF = −1/2ig is continuously depleted
due to the presence of the aforementioned laser light that only mediates the
transition |mF = −1/2ig → |mF = 1/2ie .

This way, the atoms in |mF = 1/2ig are not perturbed by this light. As the atoms
get excited to |mF = 1/2ie , and due to the finite lifetime of the excited-state, the
atoms will relaxe back to both |mF = ±1/2ig , according to the branching ratio.
Although the atoms in |mF = 1/2ig will be undisturbed, the atoms that go back
to |mF = −1/2ig will be excited again due to the continuous presence of the laser
light. Therefore while |mF = 1/2ig will be depleted, the number of atoms will
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continually get accumulated in |mF = 1/2ig . Thus the atoms in |mF = −1/2ig are
optically pumped to |mF = 1/2ig .
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|-3/2⟩
|-9/2⟩
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|9/2⟩
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Figure 3.14: Optical Pumping of |mF = 1/2 − 7/2i → |mF = 9/2i, while the
Zeeman states |mF = (−9/2) − (−1/2)i are intact.

As shown in Fig. 3.14, for the purpose of our gauge field experiment, we need
to polarize the atoms to |F = 9/2, mF = 9/2ig of 1 S0 ground state while |F =
9/2, mF = 5/2ig and |F = 9/2, mF = 7/2ig must be empty. Therefore it is
sufficient to pump atoms from |F = 9/2, mF = 5/2ig and |F = 9/2, mF = 7/2ig
to |F = 9/2, mF = 9/2ig . However, we pump all the atoms from |F = 9/2, mF =
1/2ig to |F = 9/2, mF = 7/2ig , into the |F = 9/2, mF = 9/2ig state, as shown
in Fig. 3.14. The reason we emptied |F = 9/2, mF = 1/2ig and |F = 9/2, mF =
3/2ig is two-fold:
n
o
• Firstly, as we will use the |mF = 5/2ig , |mF = 7/2ig , |mF = 9/2ig manifold for our gauge field experiment, and the transitions of these state with
|F = 9/2, mF = 7/2ie will be resonantly addressed. Therefore having no
population in |F = 9/2, mF = 3/2ig and |F = 9/2, mF = 1/2ig will allow
us to directly connect m+F=9/2 to a dark state sensitive to our gauge field
(see Chapter-4).
• Secondly, we will perform evaporative cooling after the optical pumping.
Therefore it would be favourable to have more atoms in |F = 9/2, mF =
9/2ig before the onset of evaporation, so as to increase the overall signal of our
gauge field experiment. Moreover atoms in |mF = −9/2ig to |mF = 3/2ig
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are essentially spectators
and atoms in |F = 9/2, mF = 9/2i
o g gets redisn
tributed among |mF = 5/2ig , |mF = 7/2ig , |mF = 9/2ig under the action of gauge field lasers. We also note that the atoms with negative mF are
not perturbed as they will help to thermalize the |mF = 9/2ig states during
the evaporation via s-wave collision.

However, to perform the optical pumping, one needs to know the spectral positions
of each mF states in the presence of a magnetic field that sets the quantization
axis. Towards that end, we apply a reasonable large magnetic field of 23.5 Gauss so
that the level spacing between neighboring mF states are ≈ 2 MHz which is larger
than the Doppler broadening of the gas (∼ 50 kHz). As shown in Fig. 3.14, we
address each mF states independently, namely we first optically pump atoms from
|F = 9/2, mF = 1/2ig to |F = 9/2, mF = 3/2ig and then |F = 9/2, mF = 3/2ig
to |F = 9/2, mF = 5/2ig and all the way to |F = 9/2, mF = 9/2ig . Before
engaging into the optical pumping we perform precise spectroscopy to determine
the detunings from the zero-field position of each mF levels of interests, in the
excited-state manifold |F = 9/2ie .

64

3.6. Optical Pumping

3.6.1

Atom-loss Spectroscopy of |F = 9/2i → |F = 9/2i and
Optical Pumping to |F = 9/2, mF = 9/2i State

|9/2⟩

F=9/2
|9/2⟩

|7/2⟩

|9/2⟩

3P
1

F=11/2

F=9/2

1S
0

Figure 3.15: Illustration of the idea of atom-loss spectroscopy: at a non-zero
bias field, the Zeeman sub-levels of |F = 9/2ie are separated and here we show
only one of those levels, namely |mF = 9/2ie . When |F = 9/2, mF = 7/2ig →
|F = 9/2, mF = 9/2ie transition is addressed on resonance, |F = 9/2, mF =
7/2ig population gets depleted while the off-resonance excitation does not deplete
the population. Afterwards, this |F = 9/2, mF = 7/2ig is probed with a σ+
light on the |F = 9/2, mF = 7/2ig → |F = 11/2, mF = 9/2ie transition. At
the resonance of |F = 9/2, mF = 7/2ig → |F = 9/2, mF = 9/2ie , the loss of
population is maximum, i.e., remaining population is minimum.

We have chosen |F = 9/2ig → |F = 9/2ie hyperfine transition to perform the
optical pumping. The reason to choose |F = 9/2ig → |F = 9/2ie transition for
optical pumping is a matter of convenience, namely we can use the same lasers as
our gauge field lasers while we take advantage of the high purity of polarization
of these laser beams (> 99.5%). In particular we use a σ+ light to address the
transitions between |F = 9/2ig → |F = 9/2ie manifolds, as shown by the solid
‘red’ lines in Fig. 3.14.
In principle, one needs a probe laser to perform the spectroscopy on |F = 9/2ig →
|F = 9/2ie transitions. However, we did so without using another probe (in addition to our existing |F = 9/2ig → |F = 11/2ie probe laser beam), by performing
the so called atom-loss spectroscopy and the idea is illustrated in Fig. 3.15.
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Figure 3.16: Atom-loss spectroscopy on |F = 9/2ig → |F = 9/2ie : the blue
dots are the experimental data where we scan the laser frequency, at a bias field
of 23.5 Gauss and when the atoms are inside the dipole trap. The maximum loss
of atoms correspond to the resonant frequency of a particular transition. The mF
states associated to the transitions are shown while the population represents
the ground-state populations. We fit the experimental data with a Gaussian of
negative amplitude to extract the resonant frequencies. The magnetic shift of
the ground state is negligible due to small nuclear Landé g-factor of −1.3 × 10−4 .

The idea can be summarized as follows where we illustrate the idea for the spectroscopy of |F = 9/2, mF = 7/2ig → |F = 9/2, mF = 9/2ie transition:
1. before optical pumping, all the hyperfine ground-states of 1 S0 are almost
equally occupied. The we shine a σ+ light with a fixed frequency to address
|F = 9/2, mF = 7/2ig → |F = 9/2, mF = 9/2ie transition. Therefore
atoms from |F = 9/2, mF = 7/2ig will be depleted via excitation to the
excited-state, and will subsequently relax back to ground-state, according to
the Clebsch-Gordan coefficients of each transition.
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2. afterwards, we resonantly probe the population of |F = 9/2, mF = 7/2ig
using |F = 9/2ig → |F = 11/2ie probe. The resonance frequency of this
transition is already known from a previous spectroscopy on |F = 9/2, mF =
7/2ig → |F = 9/2, mF = 9/2ie .
3. As we scan the laser frequency in step-1, maximum depletion of atoms from
|F = 9/2, mF = 7/2ig state will happen when the laser in step-1 is at resonance, as shown in Fig. 3.16.

The aforementioned approach is executed by shining 4 µ W power (beam waist
is 0.1 cm) for the depletion of atoms from ground-state and the pulse duration is
100 µs. As we would like to perform the optical pumping when the atoms are held
in the optical dipole trap(ODT), the resonant frequency from the spectroscopy will
also provide the information on the differential light-shift between the ground- and
excited-states. This is shown in Fig. 3.16, where we perform the aforementioned
atom-loss spectroscopy either in the presence of dipole trap or in the absence of
the ODT. In the latter case when when we perform the atom-loss spectroscopy,
we turn-off the ODT beams and wait ∼ 65 µs to make sure a complete extinction
of the beams, then we send the pulse for atom-loss. This way we measure the
differential light-shift and the resonance frequencies of |F = 9/2ie manifold.
In Fig. 3.16, we present the spectroscopy of two transition, namely |F = 9/2, mF =
5/2ig → |F = 9/2, mF = 7/2ie and |F = 9/2, mF = 7/2ig → |F = 9/2, mF =
9/2ie . As can be seen here, the transitions are blue-shifted in the presence of the
dipole trap and the shift is ∼ 310 kHz. The level-separation between the two
neighboring Zeeman states also provides us a means to a precise calibration of the
magnetic field, as will be illustrated in the following.
At the bias field of 23.5 Gauss, we expect a level separation of 1.993 MHz between
|F = 9/2, mF = 7/2ig and |F = 9/2, mF = 9/2ig , from linear Zeeman effect with
Landé g-factor gF = 2/33. However, we found this separation to be 2.284 MHz
from the data shown in Fig. 3.16. To understand the source of this apparent 291
kHz, we calculate level-spacing taking into account the quadratic Zeeman shift.
Towards that end, one needs to diagonalize the following hyperfine Hamiltonian
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3~ ~
I · J−I(J+1)(I+1)
H = HZ + AI~ · J~ + Q 22IJ(2I−1)(2J−1) , with

(3.8)
HZ = (gs Sz + gl Lz − gI Iz ) µ0 Bz ,
where gs ≈ 2 and gl = 1 are the g-factors of spin and orbital angular momentum,
respectively. And Sz , Lz , Iz are the z components of spin, orbital, and numclear
spin, respectively. The g-factor of nuclear spin reads gI =

µI (1−σd )
,
µ0 I

where µI =

−1.0924µN (for Sr(87) [166]) is nuclear magnetic moment, σd = 0.00354 (for Sr(87)
[167]) is diamagnetic correction, µN is nuclear magneton, µ0 =

µB
h

is the Bohr

magneton, and h is Planck’s constant.
Using the experimental value of magnetic dipole moment of 3 P1 subspace A = −260
MHz and ignoring the contribution from electric quadupole Q = −35 MHz [168,
169], we diagonalize the Hamiltonian in Eq. 3.8. The Breit-Rabi like diagram for
3

P1 is shown in Fig. 3.17(a). In Fig. 3.17(b), the field-dependence of |F = 9/2i

(at zero-field) manifold is shown up to 23.5 Gauss. As shown in Fig. 3.17(b), the
bending of the energy levels is pronounced around 23.5 Gauss. Quantitatively, we
extract the level-separation between |F = 9/2, mF = 7/2ie and |F = 9/2, mF =
9/2ie at 23.5 Gauss as 2.277 MHz which is reasonably close to the experimental
value 2.284 MHz shown in Fig. 3.16.
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Figure 3.17: The magnetic field dependence of the 3 P1 manifold: (a) the
three hyperfine sub-spaces of F = 7/2, 9/2, and 11/2. (b) The magnetic fielddependence of the F = 9/2 manifold with respect to zero-field value up to the
bias field 23.5 Gauss.

As we have the resonance position of the |F = 9/2i space at our disposal, we are
all set for the optical pumping. Towards that goal, we broaden the laser frequency
by 0.5 MHz across the resonance frequency of |F = 9/2, mF = 1/2ig → |F =
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9/2, mF = 3/2ie transition, to pump atoms out of |F = 9/2, mF = 1/2ig state, to
|F = 9/2, mF = 3/2ig state. The total power is 60 µW and intensity per needle
of the broadened spectrum is ≈ 40Is , where Is = 3 µW/cm2 is the saturation
intensity of the intercombination line. The laser pulse duration is 7 ms. We repeat
the same process to optically pump from |mF = 3/2ig to |mF = 5/2ig with the
same laser parameters.
However, to optically pump from |mF = 5/2ig we use 2.6 times more laser power
since
the Clebsch-Gordan coefficient is relatively weak. This
o way we empty
n
|mF = 1/2ig , |mF = 3/2ig , |mF = 5/2ig |mF = 7/2ig states and transfer those
atoms to |mF = 9/2ig . At the end of optical pumping, we have 4.5 times increment
of
n |mF = 9/2ig population and the residual population in o
|mF = 1/2ig , |mF = 3/2ig , |mF = 5/2ig |mF = 7/2ig states is less than 4%
in total. Note that the populations in negative mF states of the ground-state remains intact. We exploit these atoms to thermalize the atoms in |mF = 9/2ig
state, during the evaporation, via s-wave collision. This is the topic of the next
section.

3.7

Evaporative Cooling

As the optical dipole trap (ODT) is prepared and the atoms are loaded from
the magneto-optical trap to the ODT, and atoms are partially polarized to |F =
9/2, mF = 9/2ig , everything is ready for further cooling. The idea of evaporative cooling is illustrated in Fig. 3.18. When two atoms, with energy E1 and E2
collide elastically, they exchange their kinetic energy and the new energies of the
atoms are E3 and E4 , respectively. The energies are subjected to the constraint:
E1 + E2 = E3 + E4 . After Collision, if the kinetic energy of one of the atoms is
higher than the trap-depth U0 , that atom will leave the trap. If one keeps lowering
the trap-depth, this way the high-energy atoms are driven away from the trap and
the atoms with small kinetic energy remain in the trap [170–172].

The evaporation involves mainly four parameters –
1. Trap depth U (t) at time t,
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2. Number of atoms N (t),
3. Collision rate γ (t),
4. Temperature T (t).

The behavior of the last three parameters can be identified using trivial scalinglaw and they subsequently suggest a scheme to lower the trap-depth, as will be
delineated in the following.

E4
E1
E2

U0

E3

Figure 3.18: The main principle of evaporative cooling where atoms with initial
energies E1,2 go to energy states E3,4 , via elastic collision. When E4 > U0 ,
this atom leaves the trap leaving behind an atom with smaller kinetic energy
E3 < E1,2 . This way the gas gets colder while the high-energy atoms are driven
away from the trap via continuous lowering of the trap-depth.

For a trap having the zero energy at the bottom of the trap, the average energy
loss-rate Ė due to loss of atoms reads
Ė = Ṅ (U + αkB T ) +

U̇
U

· E2 ,

(3.9)

where αkB T is the average thermal energy of the escaping atoms and for s-wave
collision α = (η − 5)/(η − 4) [173, 174], and kB is Boltzmann constant. Treating the
gas classically, the total energy reads E = 3N kT , and substituting this expression
into Eq. 3.9, we find the relation between the number of atoms and the trap depth,
at any specific time –
N
=
Ni



U
Ui

3/2(η0 −3)
,

(3.10)
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where η 0 = η + α, and Ni is the number of atoms in ODT for an initial trap-depth
of Ui . As can be seen from the above equation that the number of atoms decreases
from its initial value Ni inside the ODT, as we ramp down the trap-depth from its
initial value Ui .
The relation between temperature and number of atoms has the following scaling
law –
T
=
Ti



N
Ni

2(η0 −3)
,

(3.11)

where Ni and Ti are the initial number of atoms and temperature , respectively.
Next we evaluate the scaling-law of another important parameter of evaporation
– the collision rate, as a function of trap-depth and . As we drive away the high
energy tail of the Boltzmann distribution, the remaining atoms need to collide
among themselves to thermalize and reach an equilibrium temperature before further evaporation. The collision rate dictates how fast the remaining atoms will
reach an equilibrium temperature and it depends on the trap-depth via the following relation
γ
=
γi



U
Ui

η0 /2(η0 −3)
.

(3.12)

Eq. 3.12 implies that as the trap is lowered, the collision-rate decreases and the
thermalization takes longer and longer. This is responsible for the slowing-down
of the evaporation. Moreover, this suggests that to keep the atoms thermalized, as
the ramp-down of the trapping potential progresses, one should decrease the rate
at which the trap is lowered.
To find an optimum ramp for the trap-depth few things are crucial –
• The trap-depth U (t) at any instant has to be larger than the temperature
by a constant factor η. Usually η is picked to be 10.

• Collision rate γ (t) has to be decent throughout the evaporation trajectory
so that thermalization is guaranteed.

• The ramp has to be fast enough to prevent loss of atoms due to collision with
background gas. However, too fast ramp will cause loss of atoms without any
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gain in phase-space density.

Taking all the above-mentioned facts, one can analytically model an optimum ramp
by starting with the s-wave Boltzmann equation
Ṅ (t) = −2 (η − 4) exp (−η) γ (t) N (t) ,

(3.13)

and then using Eqs. 3.10 and 3.12, one arrives
−2(η0 −3)/η0

U (t) = U (t = 0) 1 + τt
,
(3.14)
where

1
τ

= 23 η 0 (η − 4) exp (−η) γ (t = 0) .

Although the above ramp satisfy all the requirements for a ‘good’ evaporation,
there are few other approaches that have been implemented to reach degeneracy in
an optical dipole dipole trap. Before presenting a detailed result of our evaporation,
in a non-exhaustive list, we briefly survey here few approaches:
• In the realization of degenerate Fermi gas of Sr(87) [143, 175], a temperature
T /TF ≈ 0.26 was achieved via evaporative cooling and the ramping of the
power for the ODT laser followed
P (t) = P0 / (1 + t/τ )β + Poffset ,

(3.15)

where the term Poffset is included to counter-balance the gravity for some
pre-defined values of τ and β.
• One can also keep one of the two lasers of the ODT intact, and reduce the
power of another laser to reduce the trap-depth. The power of the laser
can be decreased via exponential-law U (t) = U (t = 0) exp (−t/Γ) with a
pre-defined value of Γ.
• Sometimes the evaporation is performed in two steps – 1. an initial fast
ramp-down of the trap to take advantage of the large value of collision rate,
2. a slower ramp with at the later stage of evaporation to prevent too much
loss of atoms and to ensure thermalization [176].
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Figure 3.19: The evaporation trajectory in our experiment: initially we hold
the atoms in the dipole trap for three seconds. Then we ramp-down the power
of both lasers using the AOMs. After 2.2 seconds, we hold the power of one
laser while continuing the ramp-down of the other laser. During ‘Stage-II’, trap
depth is reduced in all three directions (3-D Ev.) while during ‘Stage-III’, the
evaporation happens mainly along two dimensions (2-D Ev.).

We have taken a hybrid approach for evaporation. As shown in Fig. 3.19, during
our evaporation trajectory, we first hold the atoms for three seconds in the dipole
trap, to capture more atoms inside the central region of the trap, this we indicate
as ‘State-I’ in Fig. 3.19. Afterwards, we start the lowering of the trap-depth exponentially in time, by ramping-down both the beams power. During this time
the trap-depth is lowered in all three spatial dimensions, and we mark this part
of the evaporation as ‘Stage-II’ where evaporation is essentially three-dimensional.
After 2.2 seconds of exponential ramp-down of power, we stop the ramp-down of
one of the beams while we continue the ramp-down of the other beam. This is
the stage that we call ‘Stage-III’ of the evaporation where trap-depth is lowered
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mainly along two spatial dimensions. Note that the rates of ramping-down the
power of the beams, during ‘Stage-II’, are slightly different. At the end of the
full evaporation, we reach a temperature of ∼ 30 nK with ∼ 37 thousands with
T /TF = 0.21(4), for a Fermi temperature T = 143 nK, as will be shown later.
The evolution of temperature and number of atoms during the evaporation is shown
in Fig. 3.20. Here is it evident that the decrease of number of atoms is not too
dramatic during the first few seconds of evaporation. However, temperature seems
to show be flattened near the end of the evaporation where the gas is already in a
deeply-degenerate regime with

T
TF

= 0.21(4).
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Figure 3.20: The temperature and number of atoms during the evaporation
trajectory.

To quantitatively evaluate the performance of the evaporation, one needs to know
the rate of cooling as a function of the number of atoms that remain in the trap.
Towards this end, we find the slope

∂LogN
∂LogT

and compare it with the dimensionality

of the evaporation at each stage of the evaporation, as shown in Fig. 3.21.
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Figure 3.21: Left panel: the evolution of number of atoms as atoms cools
down during the evaporation. The slope ∂LogN
∂LogT < D is a quantitative measure
of the performance of the evaporation [2], where D is the dimensionality of
the evaporation. The solid lines are linear fits of the experimental data shown
in blue dots. From the extracted slope, it is evident that the performance of
the evaporation is reasonably good. Right panel: the phase space density TTF
steadily decreases during the initial stage of evaporation and eventually flattens
near the end when Pauli blockade come into play as the gas enters into a deeply
degenerate regime.

As shown in the left panel of Fig. 3.21, during ‘Stage-II’ the slope is 0.48 which is
much smaller than the dimensionality D = 3 of evaporation. Therefore the gain in
phase space is quite fast during this ramp. The last point is evident from the right
panel of Fig. 3.21 where we see a steady increase of phase space density, namely
a lowered

T
.
TF

During the ‘Stage-III’ of evaporation gain in phase space starts to

flatten as the gas enters into deeply degenerate regime. However, the efficiency of
evaporation is still reasonable as

∂LogN
∂LogT

= 1.1 < D = 2 during this stage. The next

section is dedicated to the characterization of the degenerate gas.

3.8

Characterization of Fermi Gas

At the end of the evaporation, we have thirty-seven thousands atoms at a temperature 30 nK. This gas has a very high phase space density, namely

T
TF

= 0.21(4). We

fit the distribution of the optical density of the gas after 13 ms time-of-flight. A key
feature of a degenerate Fermi gas is that, Gaussian distribution will over-estimate
the population at small momentum, i.e., at the center of the cloud. Due to Pauli
exclusion principle, a degenerate Fermi gas cannot have the same occupation as
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a classical inside the Fermi sea. However, the distribution near the tail will look
alike for a degenerate Fermi gas and a classical gas. The proper distribution that
fits a Fermi gas is the Thomas-Fermi distribution (see Appendix-A for a detail of
the fitting).

Thomas-Fermi
Gaussian
Exp.

0.6

y[ m]

500

0

-500
-500

0

500

OD

x[ m]

0

Figure 3.22: A thermal gas of atoms at TTF = 3.1: the data after 13 ms of timeof-flight fits well with both the Gaussian and Thomas-Fermi distribution. Here
the gas is essentially a classical gas, therefore both Thomas-Fermi and Gaussian
distribution are good fits.

We start with a thermal gas. And as an example, we take a gas near the beginning
of evaporation where the phase space density is small

T
TF

= 3.1. Here Both the

Thomas-Fermi and Gaussian distribution fits the occupation of the population, as
shown in Fig. 3.22.
However, for a degenerate Fermi gas, a Gaussian distribution over-estimates the
occupation near the center of the cloud while a Thomas-Fermi distribution fits the
whole distribution quite well, as shown in Fig. 3.23 (see Appendix-A for detail on
the fitting).
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Figure 3.23: Degenerate Fermi gas at TTF = 0.21(4): the density plot shows
the optical density after 13 ms of time-of-flight. The data are then summed
along x- and y-axes and shown along this two axes. As shown here, ThomasFermi distribution fits well with the experimental data while the Gaussian fit
overestimates near the center of the cloud.

Although there have been a plethora of studies to improve our understanding of
Fermi gas in the last two decades, and it is still a fascinating field, we do not
embark on playing with our Fermi gas mainly due to two reasons: firstly, the
interaction energy in Sr(87) is rather moderate (s-wave scattering length is 97
Bohr-radius), therefore many interaction-induced phenomena might remain ellusive
at this scale of interaction. However, we must admit that despite the absence of
magnetic Feshbach resonance, and with a moderate scattering length, the effects
of interaction is readily observable in Sr(87), as reported in Ref. [176]. Secondly,
our primary goal was to reduce the temperature of the cloud below the recoil
temperature 230 nK, so that we can explore the effects of gauge field on atoms
while temperature-induced decoherence remain negligible for a reasonable amount
of time in the experiment. Therefore, we go on and use this gas to expose to
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artificial gauge field and explore few interesting phenomena, as will be discussed
in the next chapter.

3.9

Summary

In this chapter, we have provided a brief description of our experimental set-up
and then the laser cooling of the atoms are mentioned. We gave few experimentally relevant parameters for the blue and red MOTs. Afterwards, we described
the detail of the optical dipole trap and the optical pumping. We detail the full
evaporation trajectory and report on the observation of degenerate Fermi gas with
T
TF

= 0.21(4). Importantly, the temperature is well below the recoil temperature

which is an important point for the Gauge field experiment.

Chapter 4
Dynamics in Non-Abelian Gauge
Field: Zitterbewegung
4.1

Introduction

This chapter is dedicated for the experiments we have performed, to observe the
Zitterbewegung and characterize its anisotropy in an atomic wave packet in nonAbelian gauge field. The main idea of this experiment is to measure the velocity and
look at the dynamics to recast it as Zitterbewegung effect of the position coordinate
since these two quantities – the velocity and the position – oscillate at the same
frequency, as was described in Chapter-2.
We detail the state preparation and explain the role of adiabaticity in the state
preparation in Section-1.2. Afterwards in Section-1.3, we present our results on
the observation of anisotropic Zitterbewegung. In this section we detail two types
of experiments where we show the linear dependence of oscillation frequency of
Zitterbewegung as a function of the kick-magnitude, and in the second type of
experiments we reveal the angular dependence of the amplitude for the Zitterbewegung.
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(a)
σ+

(c)

(b)
3P
1

σ-

|B1⟩

|7/2⟩

e

F=9/2
|D1⟩

σ+ π

y
π

1S
0

x

σδ

δ

|5/2⟩g

|7/2⟩g

ħΩ

|D2⟩

ħΩ
|9/2⟩g

F=9/2
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Dressed States

Figure 4.1: Schematic of tripod laser configurations and leveldiagrams. (a) The three laser beams with polarization σ± , π, and two counterpropagating (along the x axis) lasers have opposite helicity, while the laser with
π polarization is orthogonal to the two aforementioned laser beams. (b) Each of
the three laser beam in (a) addresses one transition that connect the F = 9/2 of
1 S and F = 9/2 of 3 P manifold. The corresponding m states of the ground0
1
F
or excited-states (enumerated by the subscripts e, g) are labelled. (c) The state
diagram in the dressed state picture. The two degenerate dark-states have zero
projection along the excited-state |7/2ie , therefor immune to spontaneous emission. qThe two bright-states are separated from the dark states by a frequency
Ω = Ω2+ + Ω2π + Ω2− where each Rabi frequency is labelled by the corresponding polarization of the beam.

As shown in Fig. 4.1(a), the key ingredients of performing this experiment are
two counter-propagating, along x-axis, lasers with opposite helicity — σ+ and
σ polarizations — and another laser with π-polarization propagating along yaxis. These lasers address three transitions that connects three grounds-states
|5/2ig , |7/2ig , |9/2ig of 1 S0 manifold to the excited state |F = 9/2, mF = 7/2ie
of the 3 P1 manifold, as shown in Fig. 4.1(b).
As explained in Chapter-2, in the dressed-state picture shown in Fig. 4.1(c), this
laser configuration has two degenerate dark-states |D1,2 i (with no contribution
from the excited state |7/2ie ) and two bright-states |B1,2 i (with contribution from
excited-state |7/2ie ). One of the two dark-states, namely |D2 i, has zero projection
on the ground-state Zeeman level |9/2ig , while |D1 i has non-zero projection along
|9/2ig , as was shown in Chapter-2. Therefore |D2 i can be adiabatically connected
to |9/2ig . We use this idea to prepare a definite state to commence our experiments,
as will be described later in this chapter.
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After the preparation of the initial state, we introduce a kick to the cloud and
observe the dynamics
of various quantities,
namely the population of the bare
n
o
atomic states |5/2ig , |7/2ig , |9/2ig , the x- and y-component of the velocity that
we recast to the position coordinate — as described in Chapter-2 — as a mean to
the observation of Zitterbewegung.
As explained in the previous chapter, the Zeeman state |9/2ig of 1 S0 manifold
is adiabatically connected to dark-state |D2 i. Therefore, one way to prepare |D2 i
would be to empty |5/2i , and |7/2ig , while pumping atoms to |9/2ig and then adiabatically turn-on the laser that addresses the transition |9/2ig → |7/2ie , namely
the σ− beam with Rabi frequency Ω− in Fig. 4.1(a), while we turn on σ+ and π
beams abruptly. To accomplish this goal, we need three ingredients, namely:
1. Atoms in Zeeman ground-states |9/2ig ,
2. Proper purity of polarizations of the gauge field beams,
3. Well-calibrated magnetic field to address the transitions with lasers.
Each of the three points are elaborated in the following subsections.

4.2.1

Optical Pumping to |9/2ig

We have performed optical pumping (as described in Chapter-4) where atoms from
the positive Zeeman states of the ground states are optically pumped to the Zeeman
state |mF = 9/2ig . The populations in the ground states, after optical pumping,
are shown schematically in Fig. 4.2. Note that we need to make sure that the
Zeeman states |5/2, 7/2ig are empty, in order to prepare |D2 i.

F=9/2
|-9/2⟩

|-3/2⟩

|3/2⟩

|9/2⟩

Figure 4.2: Schematic representation of the population in ground-state 1 S0
manifold, after optical pumping. Here the crucial thing is that |5/2ig and |7/2ig
are empty. We emptied |1/2ig and |3/2ig and pumped them to |9/2ig , in order to increase the number of atoms in |9/2ig and to suppress the off-resonant
excitations.

1S
0
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Polarization of Tripod Lasers

For proper addressing of the transitions, we have taken great care to prepare the
polarizations of the three gauge field beams, namely the σ+ , σ− , and π polarizations. The three gauge field beams are derived from the same slave laser and later
distributed, as shown in the schematic of the optical set-up Fig. 4.3. The measured
phase coherence-time of these three beams is order of milliseconds, as detailed in
Ref. [118].
Here we adjust the quarter wave-plate of each of the σ+ and σ− beam to have
> 99.5% accuracy of polarizations. In order to calibrate the polarization we use
a a rotating motor-mount polarizing beam-splitter (PBS). We record the timetrace of the beam-intensity after passing through this PBS, that is placed after
the quarter-wave plate. We extract the purity of the polarization from the second
harmonics of the rotating frequency of the motor [118].
We control the ratio of powers via non-polarizing beam-splitter and subsequently
with an acousto-optic modulator(AOM) for each beam. The ignition and extinction
of the lasers are controlled via the respective AOM of each beam. Note that the π
and σ− lasers are detuned from the σ+ laser by −12 kHz and −24 kHz, respectively.
This detuning takes care of the Zeeman-shift for each of the ground states, due to
the bias magnetic field of ≈ 67 Gauss. And this frequency is determined via a
careful calibration of the magnetic field which will be described in the following
subsection.
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Figure 4.3: Schematic of the tripod laser system. The three beams for
the tripod are derived from the same laser. The power in each beam is controlled
via the non-polarizing beam-splitters (NPBSs) and the individual acousto-optic
modulator (AOM). Polarizations are controlled via independent quarter-wave
plates for the σ± beams, and the π polarization is maintained via Glan polarizer.
The beams are aligned with respect to the bias coil. Here ‘M’ represents a mirror.
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4.2.3

Calibration of the Bias Magnetic Field

To calibrate the bias magnetic field (≈ 67 Gauss), and to find the resonance frequencies, we perform the atom-loss spectroscopy, using the same principle described
in Chapter-4. We locate the resonances for the following three transitions:
• |F = 9/2, mF = 1/2ig → |F = 9/2, mF = 3/2ie ,
• |F = 9/2, mF = 3/2ig → |F = 9/2, mF = 5/2ie ,
• |F = 9/2, mF = 5/2ig → |F = 9/2, mF = 7/2ie .
The resonance locations are shown in Fig. 4.4. Here we use σ+ light to loose
atoms from the ground-states and then probe that particular Zeeman state via a
probe that addresses |F = 9/2ig → |F = 11/2ie transitions, with previously known

Normalized ODmax.

frequencies (via spectroscopy, described in Chapter-3).

1
|1/2⟩g |3/2⟩e

|5/2⟩g |7/2⟩e

|3/2⟩g |5/2⟩e

0.5

5.33

11.99
19.4
Detuning [MHz]

Figure 4.4: Atom-loss spectroscopy for magnetic field characterization. To locate the resonance with respect to zero-field location, and to characterize the bias field, three spectroscopy on |F = 9/2ig → |F = 9/2ig transition
are performed. The corresponding mF states of the ground- and excited-states
are labelled by g and e, respectively.
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In Fig. 4.4, we readily see that the two neighboring Zeeman mF -states are not
equally separated (frequency differences are 6.66 MHz and 7.41 MHz, respectively),
this prohibits us to extract the magnetic field strength via the usual weak-field
Zeeman splitting formula. The spectroscopy provides us two pieces of information:
1. The magnetic field strength at the level of atoms.
2. The appropriate laser frequencies to address the transitions of the tripod
configuration, specially the |5/2ig → |7/2ie transition. Afterwards, we infer
the frequencies of the other two tripod lasers frequencies from the extracted
magnetic field.
To calibrate the magnetic field, we go back to the hyperfine Hamiltonian (as described in Chapter-4) in the 3 P1 manifold and diagonalize the following Hamiltonian:

3~ ~
I · J−I(J+1)(I+1)
H = HZ + AI~ · J~ + Q 22IJ(2I−1)(2J−1) , with

(4.1)
HZ = (gs Sz + gl Lz − gI Iz ) µ0 Bz ,
where gs ≈ 2 and gl = 1 are the g-factors of spin and orbital angular momentum, respectively. And Sz , Lz , Iz are the z components of spin, orbital, and
nuclear spin, respectively. The g-factor of nuclear spin reads gI =

µI (1−σd )
,
µ0 I

where

µI = −1.0924µN (for Sr(87) [166]) is the nuclear magnetic moment, σd = 0.00354
(for Sr(87) [167]) is diamagnetic correction, µN is nuclear magneton, µ0 =

µB
h

is

the Bohr magneton, and h is Planck’s constant.

The magnetic field-dependence of the |F = 9/2i manifold is shown in Fig. 4.5.
Afterwards, we compare the level-separation between neighboring Zeeman levels
in Fig. 4.4, by treating it as an optimization problem for the unknown parameter
‘Magnetic Field’ B0 . My minimizing the residue, defined as
Residue(B0 ) =

3
X

(fjExp. − fjNum. (B0 ))2 ,

(4.2)

j=1

where fj are the experimental and theoretical values of the resonance frequencies,
taking the shift of ground-state into account at B0 . The extracted value of the
bias field is 67.44 Gauss. To account for the shift of the ground-states, we use
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formula for linear Zeeman effect with Landé g-factor −1.3 · 10−4 . The extracted
magnetic field value is crucial, since it lets us infer the shifts of the ground-state
Zeeman sub-levels which are of paramount importance, since any mismatch in this
frequency will be reflected as a two-photon detuning in the gauge field experiments.
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Figure 4.5: Magnetic field-dependence of the |F = 9/2i subspace of 3 P1
manifold. The location of the three resonance position of the |7/2, 5/2, 3/2i
are shown by the three red-dots. The inset shows the residue while fitting the
experimental values extracted from Fig. 4.4 treating the bias field as a free
parameter. The field is found to be 67.44 Gauss which is close to the expected
value 67 Gauss.

4.2.4

Cancellation of the Scalar Terms in the Gauge-field
Hamiltonian

Once we have, 1. atoms only in |9/2ig (and empty |5/2ig , and |7/2ig ), 2. accurate
polarizations of the gauge field lasers, 3. a calibrated magnetic field and the proper
frequencies to address the three transitions, we are ready to turn-on the gauge field
lasers for the commencement of the experiment. However, there is one little step
left – namely, to cancel the scalar term in the Hamiltonian so that the effects
that we envisage to observe — the Zitterbewegung, are entirely due to the presence
of gauge field, as explained in Chapter-2. Towards that end, we briefly review
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the description of the system, for the sake of continuity of this chapter, that was
described in Chapter-2.
The Hamiltonian of the four-level system with detuning, in the rotating-wave approximation reads.

HRWA



−2∆+

0

0

Ω+

0

−2∆π

0

0

0

−2∆−

Ω∗+

Ω∗π

Ω∗−


Ωπ 
,
Ω− 

0


~
=− 
2


(4.3)

where ∆±,π refer to the detuning of the corresponding lasers with Rabi frequency
Ω±,π , respectively. Note that the Rabi frequencies have magnitude of order 250
kHz while the detunings are order of the recoil frequencies ωrec. = 2π · 4.7 kHz, of
the intercombination line. Therefore we can take the detunings as perturbation to
the original Hamiltonian, i.e., without the detunings.
We write the Hamiltonian in the following form,
HRWA = H0 + H1 ,


0

0

0

Ω+







−2∆+

0

0

0

0

−2∆π

0

0

0

−2∆−

0

0

0


0 
,
0 

0
(4.4)







0
0
0
Ω
π
 , H1 = − ~ 
H0 = − ~2 
2 
 0
0
0 Ω− 



∗
∗
∗
Ω+ Ωπ Ω− 0

where H1 is considered as a perturbation to the Hamiltonian H0 .
Evaluating the matrix elements hDi | H1 |Dj i of H1 in the dark-state subspace given
by
|D1 i =

√1
2



√1
6




|5/2ig − |7/2ig ,
(4.5)

|D2 i =



|5/2ig + |7/2ig + 2|9/2ig ,

we evaluate the matrix form of the operator H1 in the dark-state manifold as follows
~
H̃1 = √
6 3

" √
3 3 (∆+ + ∆π )
3 (∆+ − ∆π )

3 (∆+ − ∆π )

√
3 (∆+ + ∆π + 4∆− )

#
.

(4.6)
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Note that in the above expressions of |D1,2 i (and in the following calculations), we
have used the fact that the all three Rabi frequencies in our experiments are of
equal magnitude.
The Hamiltonian of the atom, in the dark-state manifold without the contributions
from detunings (i.e., H1 = 0), reads
H=

 A2 + A2
P̂ 2
~κ 
x
y
⊗1−
p̂x ⊗ Âx + p̂y ⊗ Ây +
+ Φ,
2M
M
2M
|
{z
}

(4.7)

˜
∆

where the Ax,y are the components of the vector gauge field and Φ is the scalar
gauge field. The explicit forms of Ax,y and Φ read
"
Ax =

~κ
2

3

√1
3

√1
3

1

#

"
, Ay =

~κ
2

1

− √13

− √13

1
3

"

#
, Φ=

~2 κ2
2M

1
3
1
√
3 3

1
√
3 3
5
9

#
.
(4.8)

In order to cancel the contributions of terms given by

2 2

˜ = 1 A2x + A2y + Φ = ~ κ √1
∆
2M
2M 3

√
3 3
1

1
√
3

!
,

(4.9)

in Eq. 4.7, we leverage the matrix elements in Eq. 4.6, namely we adjust ∆±,π to
˜ Experimentally we have picked the values as follows
cancel the contributions of ∆.
∆+ = −1 · ωrec. ,
∆π = +1 · ωrec. ,

(4.10)

∆+ = +3 · ωrec. ,
where ωrec. is the recoil frequency of the intercombination line, namely 2π · 4.7
kHz. Note that while picking the values of ∆±,π , we have disregarded the terms
proportional to the identity matrix as they contribute to a global phase in any
dynamics.
After the cancellation of the scalar term in gauge field, we complete all three requirements mentioned in the beginning of Sec. 4.2. Now we are ready to prepare
the initial state which is half the hurdle of the experiment. Note that we prepare

Chapter 4. Dynamics in Non-Abelian Gauge Field: Zitterbewegung

89

dark-state-‘2’ |D2 i for no particular reasons, except for the fact that this state is
adiabatically connected to |9/2ig state. This strategic advantage and the mechanism of adiabaticity to prepare |D2 i, is elaborated in the following subsection.

4.2.5

Adiabaticity and Preparation of |D2 i
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Figure 4.6: Laser ignition sequence and the adiabatic preparation of
|D2 i. (a) Level-diagram of the relevant atomic states and the initial occupation
of |9/2ig state by the atoms (shown by orange ellipse). (b) Same as (a), however
in the rotating-wave picture while all the transitions are addressed on resonance.
(c) The dressed state picture when σ+ and π beams are ‘on’ abruptly and σ− is
still ‘off’. Note the ‘intermediate’ dark- and bright-state labelled by superscript
‘0’, while the atoms are still occupying the |9/2ig state. (d) The level diagram
when all three beams have reached the steady-state power. the atoms were
adiabatically transferred from |9/2ig atomic state to the dressed state |D2 i. (e)
The laser ignition sequence starts when the σ+ and π beams are abruptly turnedon at t = 0, and after a time t0 = 1 µs the σ− beam power is adiabatically ramped
up (for a time t1 = 10 µs) to the steady-state value that corresponds to Rabi
frequency Ω0 , and this value is same for all three beams. As we ramp the power
of σ− beam linearly, the Rabi frequency increase via square-root, as shown by
the dashed orange line. See the text below for a detail of all the steps involved.
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Since the two dark-states are degenerate in the absence of any detuning term in
the Hamiltonian in Eq. 4.3, any linear superposition is also a dark-state. However,
to make a quantitative comparison with theory and the experiments, we need to
prepare a definite dark-state. Towards that end, we leverage the fact that for one
choice of dark-states basis we can have the following dark states:
|D1 i =

√1
2



√1
6




|5/2ig − |7/2ig ,
(4.11)

|D2 i =



|5/2ig + |7/2ig + 2|9/2ig ,

where |D1 i and |D2 i are orthogonal.
One key feature of this choice of basis for the dark-states is that the |9/2ig state
is only present in |D2 i. Therefore we can invoke the adiabaticity, namely the
invariance of the manifold-ordering during an adiabatic process, in the subspace
of the instantaneous dressed-states. The ignition sequence of the laser beams is
described in Fig. 4.6(e). Here in the following we walk through different stages of
the process described in Fig. 4.6(e):
Figs. 4.6(a),(b): Here we describe the lasers systems (a) and its representation
in the rotating-wave-approximation (b). The ‘orange ellipse’ represents the
atomic occupation (here all the atoms are initially prepared in |9/2ig ). Note
that in this representation — for resonant excitation (which is the case in
our experiments) — the four atomic states have zero energy. Schematically
they are equivalent to the case when all the Rabi frequencies are zero.
Fig. 4.6(c): At time t = 0, we abruptly turn-on the two lasers that address σ+ and π-transitions. Since this is a non-adiabatic process,
E the dressed states
(0)
during the time t = ]0, t0 [ have two bright-state B1,2 and one dark state
E
(0)
D1 . The bright-states are separated from the dark-states by a frequency
p
Ω(0) = Ω2+ + Ω2π . Note that neither of the bright-states or dark-states, have
any contribution from the state |9/2ig since this state is still isolated from
the rest of the atomic system, namely the Rabi frequency Ω− = 0. This
statement becomes more apparent when we look at the Hamiltonian during
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the time t = ]0, t0 [:
|5/2ig |7/2ig |9/2ig


0


(0)
HRWA =  0

 0

Ω+

|7/2ie


0

0

Ω+

0

0

0

0

Ωπ

0


Ωπ 
.
0 

0

(4.12)

For time t < t0 , the atoms are still in |9/2ig . In our experiment we have
t0 = 1 µs, for the laser-intensities to stabilize.
Fig. 4.6(d): For t = ]0, t0 [, as we enumerate the manifolds with increasing energies
from the bottom in Fig. 4.6(c), the atoms are occupying the manifold with
index ‘2’. For time t = [t0 , t0 + t1 ], we adiabatically ramp the power of the
laser that addresses the transition |9/2ig → |7/2ie . At the end of adiabatic
ramp namely at time t > (t0 + t1 ), the adiabaticity guarantees that the atoms
will remain in the manifold with index ‘2’. Moreover, since the projection of
|9/2ig onto |D1 i is zero, as shown in Eq. 4.11, there will be zero occupation
in state |D1 i, at the end of adiabatic ramp. This way we transfer atoms from
atomic state |9/2ig to the dressed state |D2 i. In our experiments, we have
used t1 = 10 µs and have made sure that the adiabaticity hold by scanning
t1 and looking at the state that we prepare after the adiabatic ramp.
As all three lasers are at steady-state, namely for time t > (t0 + t1 ), the final
Hamiltonian reads
|5/2ig |7/2ig |9/2ig


0


(0)
HRWA =  0

 0

Ω+

|7/2ie


0

0

Ω+

0

0

0

0

Ωπ

Ω−


,
Ωπ 

Ω− 

0

(4.13)

and the two dark states read
|D1 i =

√1
2



√1
6




|5/2ig − |7/2ig ,
(4.14)

|D2 i =



|5/2ig + |7/2ig + 2|9/2ig .
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Since we
n envisage to prepareo |D2 i, we expect the populations of the three atomic
states |5/2ig , |7/2ig , |9/2ig as follows:
P5/2 = 16 ,
P7/2 = 16 ,

(4.15)

P9/2 = 46 .
This is exactly what we prepare, as shown in Fig.4.7, where we show the populations of the three Zeeman states, from the theory given by Eq. 4.15 and the
measured values. Note that there are two undetermined phases for the complete
characterization of the initial state |D2 i. After preparing the initial state, we have
reversed the laser ignition sequence described in Fig. 4.6 to check that all the atoms
go back to |9/2ig . Indeed we have found that more than 97% of atoms go back to
|9/2ig . This gives us further confidence that we have indeed prepared |D2 i.

100
Theory

Population [%]

Exp.

67

17

|5/2 g

|7/2

g

|9/2

g

Zeeman States
Figure 4.7: Population of the initial state |D2 i. The Atomic population
for the three Zeeman states of the ground state manifold 1 S0 with F = 9/2
are shown. The experimentally extracted values are compared against the
theoretically-expected values from Eq. 4.15.
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We have used a fluorescence imaging technique to measure the population of each
Zeeman states. In Fig. 4.8(a), we show the experimental data where the fluorescence count is shown, after the preparation of the initial state. This image is taken
after an abrupt switch-off of all the tripod beams follows by a 9 ms of time-of-flight.
We fit the data with three Gaussian functions as shown in Fig. 4.8(b). In the
images, the |5/2ig state is separated from the |9/2ig state by −2vrec. along the
x-axis. This is due to the fact that as we adiabatically ramp-up the power of laser
corresponding to σ− transition, atoms will absorb one photon from this laser (propagating along −x-axis), and subsequently emit another photon into the direction of
σ+ (propagating along +x-axis) laser, via stimulated emission, to go to the |5/2ig
state. Therefore the atoms in |5/2ig will be in the state |5/2g ; px = −2prec. , py = 0i
after abrupt switch off of the beams, where, where the second quantum number is
to enumerate the momentum state of the particle [177, 178].
Likewise, the atoms in |7/2ig will absorb one photon from σ− laser (propagating
along −x-axis) and emit one photon into the π-beam (propagating along +y-axis),
via stimulated emission. Therefore these atoms will be in the state
|7/2g ; px = −prec. , py = −prec. i, as shown in Figs. 4.8(a) and (b).

|7/2 g

-2
-1

(b)

(c)

Exp.

Max.

|7/2 g

Fit

Fit

vrec.

0
1

|5/2 g

|9/2 g & | j g

2 vrec.

-3 -2 -1

|5/2 g

0

1

|9/2 g

Count (a.u.)

v y [vrec. ]

(a)

Min.

v x [vrec.]
Figure 4.8: Imaging and fitting the initial state |D2 i in velocityspace. (a) The fluorescence image of the initial state |D2 i after a 9 ms timeof-flight. The three ground-states are labelled by the corresponding mF values,
at the location in the velocity-space. At v = 0, the |9/2ig sits with the atoms
in negative mF states in the |F = 9/2ig manifold, as explained in the text. (b)
Fit of the experimental data in (a) with three simultaneous Gaussian functions.
Here the centers, sizes, and the height of each Gaussian were treated as free
parameters. (c) Same fit as (b) except for the fact that we artificially removed
half of the total population from the Gaussian centered at v = 0. Note that all
other atomic population gets renormalized accordingly.
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Note that, we have 50% of the total atoms in the negative Zeeman states |jig with
j = −9/2, −7/2, . . . , −1/2. These atoms are spectator during the whole experiment
since all the three gauge field lasers are far detuned (> (20 − 30) MHz) from the
these transitions. And those atoms just sit at the zero-momentum state with the
|9/2ig states that do not absorb any photon during the state preparation.
In Fig. 4.8(c), we numerically subtracted 50% of the total population, i.e., population of the negative Zeeman ground-states. Note that the fluorescence is performed on the 1 S0 →1 P1 transition that has a line width of 32 MHz and due
to the presence hyperfine states |F = 7/2i , |F = 9/2i , and |F = 11/2i in the
excited-states, we cannot perform spin-dependent fluorescence on this line. However, we can resolve the momentum states from the fluorescence image. We have
performed independent spin-sensitive shadow imaging via 1 S0 → 3 P1 transition
on |F = 9/2ig → |F = 11/2i, to confirm the population shown in Fig. 4.7. The
spin-resolved population and the momentum-resolved populations agree very well
within our detection sensitivity. Since the signal-to-noise ratio in the fluorescence
is much stronger and provides equivalent information as the shadow imaging, we
opted for the fluorescence imaging for faster data-taking.
This brings us to a situation where we can play with different configurations of
atoms inside the non-Abelian gauge field. In the following section, we describe
the dynamics of atoms inside the gauge field when we introduce kick to atoms.
One key result is the observation of anisotropic Zitterwebegung, in the presence of
non-Abelian gauge field.
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Dynamics in Gauge Field

As we prepare the initial state as the dark-state-‘2’, namely |D2 i, we perform a
set of experiments starting with this states. The main idea of those experiments is
the following: We push the atoms along different directions on the xy-plane with
magnitude P0 and at an angle Θ with x-axis, as shown in Fig. 4.9(a). The mechanism that we adopt in our experiment, to realize the kick on atoms, is shown in
Fig. 4.9(b).

(a)

(b)

(c)

py

Θ

px

σ+

Θ
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ω+

2
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0

ω-
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P0

4

v0

p [ℏκ]

y

-2

π ωπ

-4
-4 -2

0

2

4

p [ℏκ]
x

Figure 4.9: Schematic of kick and spin-texture of the upper-branch
of the dressed state. (a) The atomic cloud initially located at the center
p = 0 shown by the disk is displaced in momentum-space to a polar coordinate
(P0 , Θ). (b) The mechanism to introduce a kick P0 = M v0 to an atom with mass
M , at an angle Θ with the x-axis. See the text below for a detail account of the
mechanism. (c) The momentum-dependent eigenvalues of the upper-branch of
Hamiltonian in Eq. 4.17. Note the presence of branch-cut at Θ = π/4.

If the atom (shown by ‘light blue disk’ in Fig. 4.9(b)) had a velocity v0 at an
angle Θ with the x-axis, the frequency of the three lasers, shown by ‘green arrows’,
transform as following:
ω+ → ω+ − κ · v0 cos (Θ) ,
ωπ → ωπ − κ · v0 sin (Θ) ,

(4.16)

ω− → ω− + κ · v0 cos (Θ) ,
where κ is the common wave vector of the three beams, and the frequency ω of each
beam is labelled by the subscript of the corresponding polarization. Therefore, to
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mimic the kick P0 = M v0 at and angle Θ to a static atom with mass M , we just
need to read-off the detunings from the expression in Eq. 4.16, to shift the center
of the wave packet at point (P0 , Θ), in momentum-space.
The Hamiltonian after cancellation of the scalar terms reads
H=


p̂2x + p̂2y
~κ 
⊗1−
p̂x ⊗ Âx + p̂y ⊗ Ây ,
2M
M

(4.17)

where κ is the wave vector of the gauge field lasers, M is the mass of the atom,
and p̂x,y are the momentum operators. The components of the gauge field Ax,y are
given in Eq. 4.8. A key feature of this set of Ax,y is that they are non-commuting,
namely [Ax , Ay ] 6= 0. This non-commutation is manifested in the spin texture (in
the basis of the Hamiltonian, namely the dark-state basis) of the dressed eigenstate
of Hamiltonian in Eq. 4.17, as shown in Fig. 4.9(c).
There are two important points to note on the spin-texture shown in Fig. 4.9(c):
• The eigenstates are momentum-dependent, in stark contrast with two dimensional Abelian cases where the momentum dependence can be factored-out.
• The presence of a branch-cut, shown by the yellow line, at an angle π/4 with
x-axis. This branch-cut appears from the square-root-type singularity of the
eigenvalues, as described in Chapter-2. Due to the presence of this branchcut at Θ = π/4, we will see shortly that pushing atoms along this direction
induce no oscillation.
In the following subsection we explain how we extract the velocity component of
the atom inside the gauge field and it’s rationale.

4.3.1

Velocity from Population

In our experiment, we measure the population of the atomic states at three different
momentum, as describes in the previous section. Afterwards, we can extract the
velocity-components of the atoms via two equivalent approaches:
1. As we have the three populations of the atomic states at our disposal, we
can recast them onto the dark-state manifold to find the components c1,2 of
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|D1,2 i, respectively [104, 134]. Afterwards, we can write the state of an atom
at any moment by
|Ψ (t)i = c1 (t) |D1 i + c2 (t) |D2 i .

(4.18)

Then the j-th components of the velocity of the atom can then be extracted
via the gauge-covariant form of the velocity operator
v̂j =


1 
p̂j − Âj .
M

(4.19)

2. The second approach is more intuitive and here we find the components of
the velocity as follows
vx = vrec. (−2P5/2 − P7/2 ),
(4.20)
vy = vrec. (−P7/2 ).
Note that the ballistic velocity of the atoms are subtracted in the above
equation. Therefore the contribution of the gauge field will only be manifested
here.
An intuitive way to understand Eq. 4.20 is that any atom in |5/2ig , in total,
must have absorbed one photon from the −x-propagating laser beam (addressing
Absorption

|9/2ig −−−−−−→ |7/2ie transition) and emitted one photon along +x-propagating
Stimulated

laser beam (addressing |7/2ie −−−−−−→ |5/2ig transition). Note that the effect of
Emission

absorbing any other photons to go to any other state (|9/2ig or |7/2ig ) and them
coming back to |5/2ig , will induce no overall momentum since they get cancelled.
Moreover, reversing the aforementioned process, i.e., going to |5/2ig from |9/2ig ,
will put the atom in |9/2g ; px = 0, py = 0i state. By the same argument, any atom
at the atomic state |7/2ig will have the full state |7/2g ; px = −1, py = −1i, where
the momentum quantum numbers are in the unit of recoil momentum ~κ. This way
we extracted the velocity components vx,y for different configurations by measuring
the population of the atomic states at particular momentum states, using Eq. 4.20.
Note that this approach is less dependent on the model, since the first approach
requires the knowledge of gauge field components which is dependent on the ratio
of Rabi frequencies of the three beams, as discussed in Chapter-2. This requires
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repeated measurements of the Rabi frequencies, since the components of the gauge
fields depend on the ratio of Rabi frequencies, as described in Chapter-2. For all the
presented results in the following, we have extracted the velocities using Eq. 4.20
and for few cases we have checked that Eq. 4.19 gives the same mean values for
the components of velocity.
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Figure 4.10: Population and the corresponding velocity for different
pushing momentum and angles. (a)-(c) the population P − j of the three
atomic ground-states (labelled by the subscripts j = 5/2, 7/2, and 9/2). (d)-(f)
The components of velocity extracted from the population of the corresponding
column. The magnitude of pushing P0 is in unit of recoil momentum, and the
direction is given by Θ. The dots are the extracted values of from experiments,
and the solid lined are the numerical calculation using Heisenberg equation of
motion (see Chapter-2 for more detail on the numerical calculation). Note that
there is no fitting parameters for the solid lines.

In Figs. 4.10, we show the time-evolution of the atomic population, and the extracted velocity components, for three situations.
In Figs. 4.10(a),
we show the
n
o
time-evolution of the three atomic states |5/2ig , |7/2ig , |9/2ig , when we introduce no pushing to the atoms. The components of the velocity are shown in
Figs. 4.10(d). Note that the velocity components shows no oscillation in stark
contrast with the two other cases shown in Figs. 4.10(b), (e) and Figs. 4.10(c), (f)
where we pushed the atoms with momentum P0 in unit of recoil momentum ~κ
along the direction Θ. Note that the velocity and the population, both exhibit
a damped-oscillation. The origin of this damped oscillation is attributed to the
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finite temperature of the atoms. The dots represents the experimentally measured
quantities while the solid lines are numerical calculation. See Chapter-2 for the
detail on the numerical calculation.
As the theory and experiment emerges in a reasonable degree, this gives us confidence that we have good control over the system and we explore few more cases
systematically to understand the underlying physics. However, before that we
quote some of the results from Chapter-2 in the following for the purpose of being self-contained. As described in Chapter-2, the components of the velocity at
temperature T = 0 reads

ṽx p0x , p0y ; t = vx1 + vx0 cos (ω · t) ,

ṽy p0x , p0y ; t = vy1 + vy0 cos (ω · t) ,

with ω =

2κ
3M

r

3(p0x )2 + p0y

2 

(4.21)

,

where p0x,y are the components of pushing momentum, M is the mass of the atom, κ
is the wave vector of the gauge field laser, and ~ is Planck’s constant; the amplitudes
and the offset of each component read:
2

vx1 =

~κ
M

·

p0x p0y −3(p0x ) −2(p0y )
h
i
2
2 3(p0x )2 +(p0y )

·

3p0x p0y −6

2

, vx0 =

~κ
M

·

p2 −p0 p0
h y x y 2i ,
2 3(p0x )2 +(p0y )

(4.22)
vy1 =

~κ
M

2
p0x −

2
p0y
i
2

( ) ( )

h
6 3(p0x )2 +(p0y )

, vy0 =

~κ
M

·

3p0 p0 −3p2x
h x y
i
2 ,
6 3(p0x )2 +(p0y )


Note that the oscillation frequency ω p0x , p0y is proportional to the energy difference
between the two-branches of the dressed states of the Hamiltonian in Eq. 4.17. See
Chapter-2 for more detail.
As we introduce temperature T to the system, for any particular pushing, not just a
single momentum takes part in the oscillation. Rather all the momentum – dictated
by the extent of the wave packet in momentum-space – take part in the oscillation.
And each of the momentum have different frequencies of oscillation given by the

expression of ω p0x , p0y in Eq. 4.21. This finite momentum-broadening results in
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the decay of the oscillation. The velocity components, at finite temperature T read
h

ṽx p0x , p0y ; t ≈ vx1 + vx0 cos (ω · t) · exp −


t 2
τ

h

ṽy p0x , p0y ; t ≈ vy1 + vy0 cos (ω · t) · exp −


t 2
τ

with ω =

2κ
3M

r

3(p0x )2

+ p0y

2 

,

τ=

3
κ

q

i

,

i

,

M
2kB T

(4.23)

r

2+cos(2arctan(p0y /p0x ))
5+4 cos(2arctan(p0y /p0x ))

.

Note that the ≈ symbol emphasizes here that the above expression is derived for the
case when the magnitude of pushing P0 is large compared to the recoil momentum
~κ.
The above expressions of velocity becomes much more compact as we go to polar
coordinate via the substitution:
p0x → P0 cos (Θ) ,
(4.24)
p0y → P0 sin (Θ) ,
where P0 is the magnitude of pushing momentum. Then the expression of the
velocity-components at finite temperature read
h
2 i
vx (P0 , Θ; t) ≈ vx1 + vx0 · cos (ω · t) · exp − τt
,
h
i

2
vy (P0 , Θ; t) ≈ vy1 + vy0 · cos (ω · t) · exp − τt
,
ω=

2κ
P
3m 0

(4.25)

q
q
p
2+cos(2Θ)
3
M
(2 + cos (2Θ)), τ = κ 2kB T 5+4
,
cos(2Θ)

where the offset and the amplitude of each component is as follows:
vx1 =

~κ
m

· sin(2Θ)−cos(2Θ)−5
, vx0 =
4(2+cos(2Θ))

~κ
m

· √12 ·

sin(Θ) sin(Θ− π4 )
;
(2+cos(2Θ))

(4.26)
vy1 =

~κ
m

cos(2Θ)−7
· 3 sin(2Θ)−5
, vy0 =
12(2+cos(2Θ))

~κ
m

· √12 ·

π
−Θ
4

cos(Θ) sin(
(2+cos(2Θ))

)

.

By looking at Eqs. 4.25 and 4.26, we can make the following experimentally verifiable predictions
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1. From Eq. 4.25: At a fixed angle Θ, the frequency of oscillation is linear in
pushing momentum P0 .
2. From Eq. 4.25: For fixed value of P0 , i.e., on a circle, the frequency of oscillation has a period of π.
3. From Eq. 4.25: The damping time is independent of the absolute value P0 .
4. From Eq. 4.26: The amplitudes of velocity, for both components, are independent of the absolute value of pushing momentum P0 .
5. From Eq. 4.26: At Θ = π/4 & 5π/4, the amplitudes of the oscillation vanish
for both components. However, as we will see later that due to finite momentum extension of the wave packet, each component exhibit tiny oscillation
for pushing along Θ = π/4 & 5π/4.
6. From Eq. 4.26: For pushing along y(x)-axis, i.e., for Θ = π/2, the oscillating
component is vx . Likewise for Θ = 0, only the vy is oscillates. This is an
extreme form of anisotropy. Therefore, the amplitude of each component and
subsequently the absolute value of the velocity is extremely anisotropic, as
will be shown in the following when we scan the angle Θ for a fixed value of
P0 .

4.3.2

Dynamics in Gauge Field: Pushing Along Lines

To explore the system more closely, we start with the situation where we push along
a line Θ = constant, and scan the value of P0 and then extract three main quantity
from the velocity oscillation: The frequency, amplitudes of oscillation, and the
damping time. Note that although we presented our results on the achievement of
degeneracy at temperature 30 nK, we have performed all our experiments for a gas
at temperature around 45 nK. This is done to make sure that the temperature is
reproducible since it requires more scrutiny for the alignment of the optical dipole
trap beams, to maintain such a low temperature.
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4.3.2.1

Pushing Along Θ = 0.50π
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Figure 4.11: The frequency of velocity oscillation for the vx (a) and vy (b)
components, for different pushing momentum at a fixed angle Θ = π/2. The
dots represent the extracted values from the experimental data. The orange
and green solid lines are the approximation given by Eq. 4.25 and numerical
calculation (see Chapter-2 for detail), respectively.

In this situation, since Θ is constant, we expect that the frequency of oscillation is
linear with P0 from Eq. 4.25. This is exactly what we see in experiment, as shown
in Figs. 4.11. Here we see that the oscillation frequency of both components,
vary linearly with the pushing momentum. The dots represent the extracted value
from the experimental data via fitting with a function of the form in Eq. 4.25,
the approximation is from Eq. 4.25 (see Chapter-2 for the derivation), and the
numerical calculation performed via Monte-Carlo simulation with Eq. 4.21, for
finite momentum extension of the wave packet at temperature T = 45 nK. See
Chapter-2 for more detail on the numerical calculation.
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Figure 4.12: The amplitudes of velocity oscillation for the vx (a), vy (b) components, and the absolute value of velocity (c), for different pushing momentum
at a fixed angle Θ = π/2. The dots represent the extracted values from the experimental data. The orange and green solid lines are the approximation given
by Eq. 4.26 and numerical calculation (see Chapter-2 for detail), respectively.
Note that the amplitude of vy is much small compared to vx . The non-zero value
of amplitude, at small momentum, is due to momentum broadening of the wave
packet at finite temperature.

As mentioned in the previous subsection, due to finite momentum extension, the ycomponent exhibits small oscillation and due to this small amplitude of oscillation,
shown in Fig. 4.12(b), the extracted frequency deviates from the line. Note that
this is due to the limitation of the fitting process – it cannot extract the frequency
well when the amplitudes are extremely small. As we can see in Figs. 4.12, the
amplitudes have momentum-dependence for small P0 and later it approaches the
analytic expressions in Eq. 4.26 – it shows momentum-independence.

Although the damping-time is expected to be momentum-independent for large
value of momentum, a tiny variation for small momentum is observed from the numerical calculations, as shown in Figs. 4.13. This discrepancy of having a systematically smaller damping-time at experiment as compared to the prediction from
Eq. 4.26 can be due to the degenerate nature of the gas, as hinted in Chapter-2.
Note that the error bars in Fig. 4.13(b) is quite large for large momentum. This
is due to the small value of oscillation amplitudes, as shown in Fig. 4.12(b). Note
that, even the numerical calculation shows wiggle for large momentum since the
amplitude of oscillation along y-axis is vanishingly small for large P0 , as shown in
Eq. 4.26.
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Figure 4.13: The damping time of velocity oscillation for the vx (a), vy (b)
components, for different pushing momentum at a fixed angle Θ = π/2. The
dot represent the extracted values from the experimental data. The orange
and green solid lines are the approximation given by Eq. 4.25 and numerical
calculation (see Chapter-2 for detail), respectively. Since the amplitude of vy is
much small compared to vx (see Figs. 4.12), therefore the error bars gets broader
for small amplitudes of oscillation. Here the temperature for the wave packet is
T = 45 nK.

In the following, we mention one more case for Θ = constant, when both the
components are oscillating with comparable amplitudes.
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Pushing Along Θ = 0.75π
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Figure 4.14: The frequency of velocity oscillation for the vx (a) and vy (b)
components, for different pushing momentum at a fixed angle Θ = 0.75π, namely
at 135◦ . The dots represents the extracted values from the experimental data.
The orange and green solid lines are the approximation given by Eq. 4.25 and
numerical calculation (see Chapter-2 for detail), respectively.

In this case the extracted values of frequencies get aligned with the numeral calculation and the analytic form in Eq. 4.25, as shown in Figs. 4.15.
(a): x-component

0.4

(b): y-component

( c ): Magnitude

0.3
0.2
0.1
0
0

2

4

6 0

2

4

6

0
2
Approx.
Num.

4

6

Exp.

Figure 4.15: The amplitudes of velocity oscillation for the vx (a), vy (b) components, and the absolute value of velocity (c), for different pushing momentum
at a fixed angle Θ = 0.75π, namely at 135◦ . The dots represent the extracted
values from the experimental data. The orange and green solid lines are the
approximation given by Eq. 4.26 and numerical calculation (see Chapter-2 for
detail), respectively.

Amplitude of oscillation for each component is comparable and relatively large.
Therefore the extracted values of amplitudes can be more fairly compared to the
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theory prediction and turn out to be in agreement with the numerical calculation and the analytic expressions in Eq. 4.26, as shown in Figs. 4.15. The small
discrepancy at large momentum could be due to the presence of non-adiabatic
mechanisms.
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Figure 4.16: The damping time of velocity oscillation for the vx (a), vy (b)
components, for different pushing momentum at a fixed angle Θ = 0.75π, namely
at 135◦ . The dots represent the extracted values from the experimental data.
The orange and green solid lines are the approximation given by Eq. 4.25 and
numerical calculation (see Chapter-2 for detail), respectively. Here the temperature for the wave packet is T = 45 nK.

Similar to the case with amplitudes, the extracted values of damping time is in fair
agreement with the numerical calculation and the analytic expression in Eq. 4.25,
as shown in Figs. 4.16. The momentum-independence is manifested from the experimental values shown in Figs. 4.16.

4.3.3

Dynamics in Gauge Field: Pushing on a Circle

We present the most interesting case now. Here we keep the pushing magnitude
√
fixed to P0 = 4 2~κ and scan the angle Θ from 0◦ to 360◦ . The results are
presented in the following:
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Figure 4.17: The frequency of velocity oscillation for the vx (a) and
√ vy (b)
components, for different pushing angles at a fixed Momentum P0 = 4 2. The
dots represent the extracted values from the experimental data. The orange
and green solid lines are the approximation given by Eq. 4.25 and numerical
calculation (see Chapter-2 for detail), respectively. Note that due to the small
amplitudes of the velocity components at some special angles, the fitting function
returns a large error bars (see the text immediately below), and we have limited
the axes for better contrast of the data of interests.

As shown in the expression of frequency in Eq. 4.25, the dependence of Θ goes like
p
∼ 2 + cos (2Θ) for the frequency. This variation is quantitatively captured in our
experiment, as shown in Figs. 4.17. Moreover, the π−periodicity of the frequency
is apparent from the plots of each component.
There are few special angles where the fitting is challenging when either of the two
components of velocity becomes small, or both of them are extremely small. Since
these points tells us more about the physics of the system than the other points,
we took data specially at those point, at the expense of esthetics of the plots. In
the following we enumerate those special points, and it will help us understand the
large error bars at those points.
Θ = 0◦ & 180◦ : Refer to Eq. 4.26, the x− component is expected to have zero
amplitude for oscillation. However due to finite momentum extension, we see
an overall small oscillation in x− component and the subsequent extracted
values have large error bars.
Θ = 45◦ & 225◦ : Refer to Eq. 4.26, both components have zero amplitudes for
oscillation. However, finite momentum extension of the wave packet results
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in small oscillation of both components, and the resulting fit has a large
uncertainty of the extracted values.

Θ = 90◦ & 270◦ : This is similar to the case with Θ = 0◦ & 180◦ except for the fact
that here the y− components is expected to have zero amplitude of oscillation
from the estimation of Eq. 4.26.
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Figure 4.18: The damping time of velocity oscillation for the vx (a),
√ vy (b)
components, for different pushing angles at a fixed momentum P0 = 4 2. The
dots represent the extracted values from the experimental data. The orange
and green solid lines are the approximation given by Eq. 4.25 and numerical
calculation (see Chapter-2 for detail), respectively. Here the temperature for the
wave packet is T = 45 nK.

The damping time shown in Figs. 4.18 are in reasonable agreement with the equation of τ in Eq. 4.25. The few points with large error bars are one of those points
where at least one of the components or both have small amplitudes for oscillation,
as shown in Figs. 4.19. Comparing Figs. 4.17 and Figs. 4.18, the damping time
is minimum when the oscillation frequency is highest, and vice versa. Intuitively,
we can interpret this as follows: When the oscillation frequency is large, then each
mode corresponding to each momentum centered around the point (P0 , Θ) oscillate
rapidly and pretty soon they become out of sync, and the overall oscillation dies
away. The opposite happens for the case of large damping time.
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Figure 4.19: The absolute value of amplitudes of velocity oscillation for the
vx (a), vy (b) components, and the absolute value
√ of velocity (c), for different
pushing angles at a fixed momentum P0 = 4 2. The dots represent the extracted values from the experimental data. The orange and green solid lines are
the approximation given by Eq. 4.26 and numerical calculation (see Chapter-2
for detail), respectively. Note that the small magnitude of amplitudes for vy
component results in a large error bar for the fit to converge.

The most important result of this thesis is the above plot in Fig. 4.19 where we
show that the amplitude of the velocity oscillation has the anisotropy with full
contrast, namely it can be suppressed in few cases. This anisotropic Zitterbewegung
has never been reported in literature, to the best of our knowledge. We see from
Fig. 4.19(c), that the magnitude of the oscillation is almost entirely suppressed at
Θ = 45◦ & 225◦ . Remarkably, those are the angles where the branch-cuts appear
for the upper- and lowed-branch of the dressed-state Hamiltonian in Eq. 4.17.
This anisotropic Zitterbewegung is attributed to the momentum dependence of
the eigenstates of the Hamiltonian in Eq. 4.17, which is a manifestation of spinorbit interaction. This coupling of internal (i.e., atomic states) and external (i.e.,
momentum-states) degrees-of-freedom, namely the spin-orbit interaction induces
an ether-like vacuum for atoms – in the presence of gauge field – and subsequently
the Galilean invariance breaks down [179].

4.4

Summary and Outlook

In this chapter, we have presented our experiment on the observation of anisotropic
Zitterbewegung in a non-Abelian gauge field. We have discussed the preparation
of initial state and then discussed the detail on data analysis with few quoted
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results from Chapter-2. The oscillation frequency of the Zitterbewegung is shown
to the energy difference of the two branches of the dressed-Hamiltonian. We have
also shown that the amplitude of velocity oscillation remain independent of the
magnitude of the kick-momentum so long as the direction remain fixed. Most
importantly we have revealed that the anisotropic nature of the Zitterbewegung.
The main take-home message from this chapter is: The presence of non-Abelian
gauge field leads to an anisotropic and controllable Zitterbewegung oscillation of
atomic wave packet. All the presented results are compared with the analytic
expressions and numerical calculations.
The relation between the oscillation frequency of velocity and the energy-gap between can be two bands can be new way to extract the dispersion relation of a
two-band system or just to probe the energy-gap, similar to Ref. [180]. An interesting direction would be to extend this system with pseudo-spin- 21 to higher spin
models, and studying Zitterbewegung for a multi-band system could be interesting
since it may give rise to several frequencies of oscillation when different bands are
separated by different amount of energies.

Chapter 5
Summary and Outlook
In this thesis, we have presented our work on the observation of anisotropic Zitterbewegung in a non-Abelian gauge field with ultracold atoms. Each of the experimental results was understood with the aid of detailed analytic calculation
coupled with numerical analysis. However before reaching to the point where we
can observe this phenomena, there was a long way of preparing the system, cooling
the gas down to the right temperature regime, and in parallel we had to have a
firm grasp of the underlying theory to interpret the results. In the following we
comment on these steps and suggest possible ways of improvement.
We describe the laser cooling and trapping of strontium-87, in our experiment.
As there are several groups in the world performing experiments with strontium,
mostly for the purpose of metrology and quantum simulation [143, 153, 181–186],
our group has one of the highest flux of atoms in our apparatus [1]. With only
laser-cooling we get down to ≈ 3 µK with more than 15 million atoms. As we load
these atoms into a crossed-dipole trap, we see that the temperature of the atoms
increases linearly with the trap-depth of the dipole trap, as shown in Fig. 4.5.
Although this linear behavior was reported before, in the context of dipole trap,
the mechanism of heating is not completely understood [157]. In future, it might
be worth probing into this phenomena.
Afterwards we perform optical pumping on loaded atoms inside the dipole trap,
to pump all the atoms of positive mF state to |mF = 9/2i state in the |F = 9/2i
manifold of 1 S0 ground state. Note that we have kept the atoms in the negative mF
state intact for strategic advantage — for the thermalization via collision during
111
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the evaporation. During the process of optical pumping, we have leveraged the
atoms-loss spectroscopy technique that has provided us with the information on
the differential light-shift due to the dipole trap. The optical pumping efficiency
has been recorded as more than 95%.
Then we perform evaporation on this partially polarized gas. The evaporation
was described in full detail throughout the whole trajectory. We perform the
evaporation where we ramp-down the power of two beams at slightly different
rates, and there are distinct regime for evaporation: 1. When we ramp-down the
power of both laser beams, 2. One beam is kept at a fixed power and the other beam
power keep decreasing. We show that in both regimes, there is gain in phase space
via scaling law. Afterwards we characterized the gas and fit it with Thomas-Fermi
distribution to reveal the degeneracy

T
TF

= 0.21(4). As this fitting scheme is quite

standard and reliable [138], there is an alternative way of revealing the degeneracy
via probing the phase-space noise [176, 187, 188]. Since this latter method requires
taking hundreds of images and a meticulous calibration of the imaging noise, we
have opted for the more tradition way of fitting, namely the Thomas-Fermi fitting.
However it would be interesting to compare these two approaches, and see the
onset of the suppressed fluctuation of density for the latter method.
As we have the cold gas of temperature (≈ 45 nK) that is significantly below the
recoil temperature 230 nK, we went on to perform the experiments on the dynamics
of this aforementioned gas in a non-Abelian gauge field. Before we could reveal the
anisotropic Zitterbewegung of the atomic wave packet, we carefully prepared the
initial state in the dark-state manifold and then introduced a momentum-kick to
the cloud. The role of this momentum-kick is emphasized from a theoretical perspective in Chapter-2 where we have performed a complete theoretical analysis on
the appearance of Zitterbewegung for all possible scenario in a SU(2) Hamiltonian
class, in non-relativistic Schrödinger equation. For the observation of Zitterbewegung, we have performed mainly two types of experiments.
The first type of experiments are the ones where we have kept the angle of kickmomentum fixed and varied the magnitude of the kick-momentum. Here we have
observed that the frequency of oscillation goes linearly with the kick-momentum
while the amplitude of velocity oscillation remain constant for a fixed angle. The
slope of the frequency versus momentum-kick magnitude dependens on the angle
at which we give the kick to the wave packet. Since the frequency of oscillation,
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for particular momentum-kick, is proportional to the energy difference between
the two dressed bands of the Hamiltonian, this could be a new way to map the
dispersion relation of a two-band Hamiltonian, in momentum-space. A careful
theoretical analysis is required to extend this method for multi-band system as
several frequencies may appear when different bands cease to be equidistant in
energy, at a particular momentum.
In the second type of experiments, we fix the magnitude of kick-momentum and
vary the angle at which we provide the kick. Here we reveal that for two particular
angles of kick-momentum, the Zitterbewegung vanishes, as shown in Fig. 5.19.
These two angles can be traced back from the spin-texture of the eigenstate of the
Hamiltonian that hosts branch-cuts at those angles, one for each of the eigenstates.
The anisotropy of the amplitude is manifested over the whole 360◦ . To the best of
our knowledge, this is the first report on this kind of anisotropy in the context of
Zitterbewegung.
One major limitation of our experiment is that we cannot put the atoms in arbitrarily large momentum state. This is due to the fact that — a large average
momentum would require a large detuning for the gauge field lasers. As soon as
the detunings becomes comparable to the Rabi frequencies (∼ 2π · 200 kHz in our
experiments) of the gauge field laser beams, the atoms start to leave the dark state
manifold and couple to the bright states of the dressed Hamiltonian. Therefore,
we had to make sure that the adiabaticity condition is maintained — the atoms in
the dark-states do not leave the dark-state manifold. One possible solution is to
increase the Rabi frequencies of the gauge field lasers. However that would cause
an increased off-resonant coupling to the states that lie outside the tripod atomic
levels. This off-resonant coupling can be suppressed by increasing the magnetic
field, however we are operating at the maximum possible bias magnetic field (67
Gauss) that our current source can generate via the bias coils. Having a current
source of higher current would solve this problem. However, one should keep an eye
on the quadratic Zeeman effect as the level-spacing between different Zeeman levels
tend to increase slowly at high magnetic field (∼ 100 Gauss), for the |F = 9/2i
manifold of the 3 P1 state.
There is one particular thing of interest that we have not been able to explore
during the extent of the PhD, namely the effects of the degeneracy at zero momentum. Based on our theoretical calculation, the winding number is non-zero
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(see Appendix-B). This suggests the presence of a Zak phase of π as one perform
a complete revolution around the zero momentum [83, 189]. This experiment we
could not perform for two reasons: 1. the direct digital synthesizers (DDSs) are
not suited to have time-resolution. Therefore we could not change the detunings
as a function of time so that the wave packer performs a loop in momentum-space.
Although we could overcome the previous limitation by employing electro-optic
modulators (EOMs) to perform the loop in momentum-space, however the available phase limits the rate at which the loop can be performed. 2. One needs to
full-fill the adiabaticity condition during the loop. Then we are faced with the
competition between the energy gap of the two dressed bands (this demands us to
go as slow as possible), and the finite damping-time of the population (this suggests to go as fast as possible). We could not find a suitable parameter region so
that we can full-fill the two conditions simultaneously to perform a complete loop.
One solution is to lower the temperature gas even further and this will increase the
damping time (the damping-time goes like inverse-square-root of the temperature).
One could perform similar experiment with other group-II atoms (e.g., Ytterbium)
due to the presence of almost degenerate ground-states. The presence of nuclear
spin will prevents a large fluctuation of the ground energy levels at ambient magnetic field, and it has the similar internal energy state as strontium. Moreover, it
is possible to control the ambient magnetic field at a level of few tens of µT [135],
and then one could use the Zeeman sub-levels of the two hyperfine ground-states,
of group-I atoms, to induce Raman-like transition (instead of microwave [135]) to
have a two-dimensional spin-orbit coupled system with non-Abelian gauge field
where the momentum terms of the Hamiltonian are comparable to the recoil momentum of the Raman transition. Moreover, one could envision to perform similar
experiments with molecule. The presence of dipolar interaction between molecules
will make the system rich in phenomenology. It would be interesting to see how the
center of mass oscillates for a molecule and the average momentum gets coupled
with other motional degrees of freedom [190].
Although we have presented our experiment for a SU(N = 2) system, this can be
extended to other systems with N > 2. There the frequency of the Zitterbewegung which is the difference between different bands, can have multiple frequencycomponents due to the presence of several bands. The oscillation frequency that
provides information on the difference between the bands can be a powerful tool to
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map the band-diagram of a multi-band system [191]. Moreover, selective excitation
among particular bands, for particular choices of initial states, can be exploited to
probe the energy-difference between those particular set of bands or any of the
underlying symmetries of the system.
In contrast to SU(2) system where the Zitterbewegung can only vanish on a line (as
demonstrated in this thesis), in a SU(3) system (which is currently being pursued
experimentally in our lab), the Zitterbewegung can vanish at discrete points for
one choice of gauge field, and may vanish on a line for other choices of gauge
field, in the two-dimensional momentum-space. In a SU(3) system, there are eight
Gell-Mann matrices, and the possible gauge field structure is richer compared to
the three Pauli matrices for SU(2) systems [192]. Moreover, this kind of multifrequency Zitterbewegung has no analogue in the existing literature, and may have
connection with neutrino oscillation [193].

Appendix A
Detail on the Fitting of
Thomas-Fermi Distribution
For a Fermi gas, the relevant parameters to be extracted from an absorption image,
are the following –
• Number of atoms N ,
• The the ratio

T
.
TF

We proceed via the following three steps –
• Step-1: From the absorption image taken during the time-of-flight, we fit
them with a classical Maxwell-Boltzmann distribution. This provides us with
two parameters, namely 1. number of atoms N , 2. temperature of the cloud
T . This step is common for all the gases , i.e., thermal gas and even for deeply
degenerate gases. The number of atoms extracted from this step is reasonably
correct, however the temperature from this step has to be reevaluated.
• Step-2: The high momentum wings of the cloud is fitted with a Gaussian
y
distribution, while leaving ‘zero-weight’ to the central portion (e.g. 2 σx +σ
)
2

of the cloud, during fitting. The rationale behind this step is the following:
the information about the temperature, for a degenerate gas, is available
above the Fermi momentum, contrary to the atoms that reside deep into the
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Fermi sea. The calculated temperature is a good estimation of the temperature T . After this step, a reasonable estimation could be performed on the
degeneracy parameter T /TF , with Fermi temperature TF =

~ω
kB

(6N )1/3 , for

the trap oscillation frequency ω = (ωx ωy ωy )1/3 . The measurement of ω at
each point in the evaporation-trajectory is cumbersome. To avoid measuring
trap frequency throughout the evaporation trajectory, we measure the power
with good precision and then interpolate the trapping frequency during the
evaporation trajectory, at different trap-depth.
• Step-3: Having a good estimation of degeneracy parameter T /TF and the
number of atoms N at our disposal, we proceed to the fitting with a ThomasFermi distribution
2
2
Li2 −ζ exp −x2 /2σTF,x
− y 2 /2σTF,y
Optical Denisity (x, y) = ODpeak
Li2 (−ζ)


,
(A.1)

where ODpeak represents peak optical depth and σTF,j =

q

kB T
mωj2

(1 + ω 2 t2 ),

for a TOF absorption image of time t.
Note that the fugacity ζ, dispersion σTF,x

and y

are the fitting parameters in

Eq. A.1. Extracted ζ is compared with the fugacity from Step-1 and 2, via
1
Li3 (−ζ) = − 6(T /T

3
F)

We perform the optimization of fitting by finding the global optimum points for
given intervals, of the parameters. The optimization method is quite robust. Please
note, the fitting for degenerate Fermi gas should be quite precise due to the fact
that the transition from classical gas to quantum gas is smooth, in stark contrast
with the Bose-Einstein condensate that has a sharp transition and the bi-modal
distribution can even be detected by naked eyes.

A.1

Fitting a Degenerate Fermi Gas

We show the performance of the fitting scheme for cloud of different temperature
and without any noise added to the some phantom images.
We employ the following rules to extract the temperature:
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1. Gaussian: The image is fit with a gaussian and the temperature reads T =
σx2 mω 2
kB

2. Truncated: The center of the data is truncated for 4σx and then the temperature is extracted in a similar manner of Gaussian fit.
3. Fugacity: The temperature is extracted from fugacity ζ via
s
T =

3

TF3
Li3 (−ζ)

4. Logpolynomial: This is the same as the T =

(A.2)

mω 2 σx2
,
kB

and this is the disper-

sion in the fit of Thomas Fermi function.
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1.0
0.8
0.6
Gaussian
Tr. Gaussian
Fugacity
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0

0 0.2

0.4 0.6 0.8
Actual T/T F

1.0

Figure A.1: The extracted temperature using different schemes.

As shown in Fig. A.1, different fitting approaches yield different level of accuracy
to extract the ratio T /TF . We make the following remarks on the fitting:
• For high temperature (T /TF >= 1), Gaussian fit provides a good answer,
this is because of the well-known fact that the gas is classical, at this range
of temperature.
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• For low temperature (T /TF < 0.5, 1), Thomas-Fermi fit is the only one that
provides a good answer and this is due to the obvious fact that the gas is
dictated by Fermi-Dirac distribution, at this range of temperature.
• Interestingly, Thomas-Fermi approximation gives good result even at high
temperature. This has the following reason: the fugacity of the gas is related
to the temperature via
Li3 (−ζ) = −

1
,
6 (T /TF )3

(A.3)

and at high T /TF , fugacity ζ is quite small.
Moreover, from the expansion of Lin (−ζ) = −ζ +

ζ2
2n

−

ζ3
3n

+ O (ζ 4 ), we can

deduce that, for small ζ, Li2 (−ζ) ≈ −ζ.
Moreover, the optical density in Thomas-Fermi approximation reads
2
2
Li2 −ζ exp −x2 /2σTF,x
− y 2 /2σTF,y
Optical Density (x, y) = ODpeak
Li2 (−ζ)


.
(A.4)

If we expand the second-order logpolynomial functions in Eq. A.4, around the
small parameter, then the fugacity terms in the numerator and denominator
cancel. This finally recovers the Gaussian distribution at high temperature.

Appendix B
Winding Number
The relevant part of the Hamiltonian is
H = m̃1 σ1 + m̃3 σ3 ,

(B.1)

where σ1,3 are the Pauli matrices and momentum-space magnetic field components
m̃1,3 read [189]
m̃1 = c1 px + d1 py , m̃3 = c3 px + d3 py ,
c1 =

1
√
,
2 3

c3 =

1
,
2

d1 = −c1 ,
(B.2)

d3 =

1
,
6

px = P0 cos (θ) , py = P0 sin (θ)
where we have parameterized the momentum px,y in the polar coordinate with
radial component P0 and the polar angle θ. We would like to calculate the winding
number of the Hamiltonian in Eq. B.1. Towards that end, we form the vector
"
M̃ =

m̃1
m̃3

#
.

(B.3)

and normalize it as follows
M=

M̃

"
=

M̃
121

m1
m3

#
,

(B.4)
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where

r
m1 =


3 sin π4 − θ
1 (3 cos (θ) + sin (θ))
p
p
, m2 =
.
2 2 + cos (2θ)
2
2 + cos (2θ)

(B.5)

We also evaluate the quantity Ṁ (θ) as follows
"
Ṁ (θ) =

ṁ1
ṁ3

#
,
(B.6)

√

with ṁ1 = −

3 (3 cos(θ)+sin(θ))
,
2 [2+cos(2θ)]3/2

ṁ3 =

sin( π4 −θ)
√3
.
2 [2+cos(2θ)]3/2

Now we have all the ingredients to evaluate the winding number w as follows
1
w=
2π

Z2π

h
i
dθ · M × Ṁ ,
⊥

(B.7)

0

h
i
where M × Ṁ is the out-of-plane component of the vector M × Ṁ that reads
⊥



M × Ṁ



= 0,
1



M × Ṁ



= 0,

(B.8)

2



M × Ṁ

√



=
3

3
.
2+cos(2θ)

Note that we have considered the circle on the plane of first- and second-component.
After evaluating the integral in Eq. B.7, we find
w = +1.

(B.9)

Since the winding number is a non-zero integer, we expect non-zero Zak phase
when encircling around the zero momentum in the parameter-space [189].

Bibliography
[1] Tao Yang, Kanhaiya Pandey, Mysore Srinivas Pramod, Frederic Leroux,
Chang Chi Kwong, Elnur Hajiyev, Zhong Yi Chia, Bess Fang, and David
Wilkowski. A high flux source of cold strontium atoms. The European Physical Journal D, 69(10), October 2015. doi: 10.1140/epjd/e2015-60288-y. URL
https://doi.org/10.1140/epjd/e2015-60288-y. xviii, 3, 43, 44, 45, 46,
47, 48, 49, 50, 111
[2] Giacomo Valtolina, Kyle Matsuda, William G. Tobias, Jun-Ru Li, Luigi De
Marco, and Jun Ye. Dipolar evaporation of reactive molecules to below the
fermi temperature, 2020. xx, 74
[3] Nist database of atomic species.
https://physics.nist.gov/
PhysRefData/Handbook/Tables/strontiumtable1.htm. Last Accessed:
07-01-2021. xxv, 44
[4] P.A.M. Dirac. The quantum theory of the emission and absorption of radiation. Proceedings of the Royal Society of London. Series A, Containing
Papers of a Mathematical and Physical Character, 114(767):243–265, March
1927. doi: 10.1098/rspa.1927.0039. URL https://doi.org/10.1098/rspa.
1927.0039. 1, 19
[5] Bernd Thaller.
The Dirac Equation.
Springer Berlin Heidelberg,
1992. doi: 10.1007/978-3-662-02753-0. URL https://doi.org/10.1007/
978-3-662-02753-0. 1
[6] C. L. Kane and E. J. Mele. Quantum spin hall effect in graphene. Phys.
Rev. Lett., 95:226801, Nov 2005. doi: 10.1103/PhysRevLett.95.226801. URL
https://link.aps.org/doi/10.1103/PhysRevLett.95.226801. 1
[7] F. D. M. Haldane. Model for a quantum hall effect without landau levels:
Condensed-matter realization of the ”parity anomaly”. Phys. Rev. Lett.,
61:2015–2018, Oct 1988. doi: 10.1103/PhysRevLett.61.2015. URL https:
//link.aps.org/doi/10.1103/PhysRevLett.61.2015. 1
[8] B. Andrei Bernevig and Shou-Cheng Zhang. Quantum spin hall effect. Phys.
Rev. Lett., 96:106802, Mar 2006. doi: 10.1103/PhysRevLett.96.106802. URL
https://link.aps.org/doi/10.1103/PhysRevLett.96.106802. 1

123

124

BIBLIOGRAPHY

[9] B. A. Bernevig, T. L. Hughes, and S.-C. Zhang. Quantum spin hall effect
and topological phase transition in HgTe quantum wells. Science, 314(5806):
1757–1761, December 2006. doi: 10.1126/science.1133734. URL https:
//doi.org/10.1126/science.1133734. 1
[10] Xiao-Liang Qi and Shou-Cheng Zhang. Topological insulators and superconductors. Rev. Mod. Phys., 83:1057–1110, Oct 2011. doi: 10.
1103/RevModPhys.83.1057. URL https://link.aps.org/doi/10.1103/
RevModPhys.83.1057. 1
[11] M. Z. Hasan and C. L. Kane. Colloquium: Topological insulators. Rev. Mod.
Phys., 82:3045–3067, Nov 2010. doi: 10.1103/RevModPhys.82.3045. URL
https://link.aps.org/doi/10.1103/RevModPhys.82.3045. 1
[12] O.A. Pankratov, S.V. Pakhomov, and B.A. Volkov. Supersymmetry in
heterojunctions: Band-inverting contact on the basis of pb1−x Snx Te and
hg1−x Cdx Te. Solid State Communications, 61(2):93–96, January 1987.
doi: 10.1016/0038-1098(87)90934-3. URL https://doi.org/10.1016/
0038-1098(87)90934-3. 1
[13] M. Konig, S. Wiedmann, C. Brune, A. Roth, H. Buhmann, L. W.
Molenkamp, X.-L. Qi, and S.-C. Zhang. Quantum spin hall insulator state in
HgTe quantum wells. Science, 318(5851):766–770, November 2007. doi: 10.
1126/science.1148047. URL https://doi.org/10.1126/science.1148047.
1
[14] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. J. Cava, and M. Z.
Hasan. A topological dirac insulator in a quantum spin hall phase. Nature,
452(7190):970–974, April 2008. doi: 10.1038/nature06843. URL https:
//doi.org/10.1038/nature06843. 1
[15] X.-L. Qi, R. Li, J. Zang, and S.-C. Zhang. Inducing a magnetic monopole
with topological surface states. Science, 323(5918):1184–1187, February 2009.
doi: 10.1126/science.1167747. URL https://doi.org/10.1126/science.
1167747.
[16] M. Zahid Hasan, Su-Yang Xu, Ilya Belopolski, and Shin-Ming Huang.
Discovery of weyl fermion semimetals and topological fermi arc states.
Annual Review of Condensed Matter Physics, 8(1):289–309, 2017. doi:
10.1146/annurev-conmatphys-031016-025225. URL https://doi.org/10.
1146/annurev-conmatphys-031016-025225.
[17] Frank Ortmann, Stephan Roche, and Sergio O. Valenzuela, editors. Topological Insulators. Wiley-VCH Verlag GmbH & Co. KGaA, May 2015. doi:
10.1002/9783527681594. URL https://doi.org/10.1002/9783527681594.
[18] M. Zahid Hasan and Joel E. Moore. Three-dimensional topological insulators. Annual Review of Condensed Matter Physics, 2(1):55–78, 2011. doi:
10.1146/annurev-conmatphys-062910-140432. URL https://doi.org/10.
1146/annurev-conmatphys-062910-140432.

BIBLIOGRAPHY

125

[19] Mehedi Hasan, Dmitry Yudin, Ivan Iorsh, Olle Eriksson, and Ivan Shelykh.
Topological edge-state engineering with high-frequency electromagnetic radiation. Phys. Rev. B, 96:205127, Nov 2017. doi: 10.1103/PhysRevB.96.205127.
URL https://link.aps.org/doi/10.1103/PhysRevB.96.205127.
[20] Fenner Harper, Rahul Roy, Mark S. Rudner, and S.L. Sondhi. Topology and broken symmetry in floquet systems.
Annual Review of
Condensed Matter Physics, 11(1):345–368, 2020.
doi:
10.1146/
annurev-conmatphys-031218-013721.
URL https://doi.org/10.1146/
annurev-conmatphys-031218-013721.
[21] Takashi Oka and Sota Kitamura. Floquet engineering of quantum materials. Annual Review of Condensed Matter Physics, 10(1):387–408, 2019. doi:
10.1146/annurev-conmatphys-031218-013423. URL https://doi.org/10.
1146/annurev-conmatphys-031218-013423.
[22] Titus Neupert, Claudio Chamon, Thomas Iadecola, Luiz H Santos, and
Christopher Mudry. Fractional (chern and topological) insulators. Physica Scripta, T164:014005, August 2015. doi: 10.1088/0031-8949/2015/t164/
014005. URL https://doi.org/10.1088/0031-8949/2015/t164/014005.
[23] Ari M. Turner and Ashvin Vishwanath. Beyond band insulators: Topology
of semi-metals and interacting phases, 2013.
[24] Junchao Ma, Ke Deng, Lu Zheng, Sanfeng Wu, Zheng Liu, Shuyun Zhou,
and Dong Sun. Experimental progress on layered topological semimetals. 2D
Materials, 6(3):032001, April 2019. doi: 10.1088/2053-1583/ab0902. URL
https://doi.org/10.1088/2053-1583/ab0902.
[25] V. M. Martinez Alvarez, J. E. Barrios Vargas, M. Berdakin, and L. E.
F. Foa Torres. Topological states of non-hermitian systems. The European Physical Journal Special Topics, 227(12):1295–1308, October 2018. doi:
10.1140/epjst/e2018-800091-5. URL https://doi.org/10.1140/epjst/
e2018-800091-5.
[26] N. Sedlmayr. Dynamical phase transitions in topological insulators. Acta
Physica Polonica A, 135(6):1191–1197, June 2019. doi: 10.12693/aphyspola.
135.1191. URL https://doi.org/10.12693/aphyspola.135.1191.
[27] Jin Hu, Su-Yang Xu, Ni Ni, and Zhiqiang Mao. Transport of topological
semimetals. Annual Review of Materials Research, 49(1):207–252, July 2019.
doi: 10.1146/annurev-matsci-070218-010023. URL https://doi.org/10.
1146/annurev-matsci-070218-010023.
[28] Yupeng Li and Zhu-An Xu. Exploring topological superconductivity in
topological materials. Advanced Quantum Technologies, 2(9):1800112, July
2019. doi: 10.1002/qute.201800112. URL https://doi.org/10.1002/qute.
201800112.

126

BIBLIOGRAPHY

[29] Shuang Jia, Su-Yang Xu, and M. Zahid Hasan. Weyl semimetals, fermi arcs
and chiral anomalies. Nature Materials, 15(11):1140–1144, October 2016.
doi: 10.1038/nmat4787. URL https://doi.org/10.1038/nmat4787.
[30] N. P. Armitage, E. J. Mele, and Ashvin Vishwanath. Weyl and dirac semimetals in three-dimensional solids. Reviews of Modern Physics, 90(1), January
2018. doi: 10.1103/revmodphys.90.015001. URL https://doi.org/10.
1103/revmodphys.90.015001.
[31] Shengyuan A. Yang.
Dirac and weyl materials: Fundamental aspects and some spintronics applications. SPIN, 06(02):1640003, June
2016. doi: 10.1142/s2010324716400038. URL https://doi.org/10.1142/
s2010324716400038. 1
[32] F. D. M. Haldane and S. Raghu. Possible realization of directional optical
waveguides in photonic crystals with broken time-reversal symmetry. Physical
Review Letters, 100(1), January 2008. doi: 10.1103/physrevlett.100.013904.
URL https://doi.org/10.1103/physrevlett.100.013904. 1
[33] Ling Lu, John D. Joannopoulos, and Marin Soljačić. Topological photonics.
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Tatsuo Itoh, Andrea Alù, and Volker J. Sorger. Analog computing with
metatronic circuits, 2020. 1
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[112] Felix A. Palm, Maximilian Buser, Julian Léonard, Monika Aidelsburger, Ulrich Schollwöck, and Fabian Grusdt. Bosonic pfaffian state in the hofstadterbose-hubbard model, 2020.

BIBLIOGRAPHY

135

[113] Christian Schweizer, Fabian Grusdt, Moritz Berngruber, Luca Barbiero, Eugene Demler, Nathan Goldman, Immanuel Bloch, and Monika Aidelsburger.
Floquet approach to Z2 lattice gauge theories with ultracold atoms in optical
lattices. Nature Physics, 15(11):1168–1173, September 2019. doi: 10.1038/
s41567-019-0649-7. URL https://doi.org/10.1038/s41567-019-0649-7.
[114] Luca Barbiero, Christian Schweizer, Monika Aidelsburger, Eugene Demler,
Nathan Goldman, and Fabian Grusdt. Coupling ultracold matter to dynamical gauge fields in optical lattices: From flux attachment to Z2 lattice gauge
theories. Science Advances, 5(10):eaav7444, October 2019. doi: 10.1126/
sciadv.aav7444. URL https://doi.org/10.1126/sciadv.aav7444. 2
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