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Abstract: Caustics are responsible for a wide range of natural phenomena, from rainbows
and mirages to sparkling seas. Here, we present caustics in space-time wavepackets, a class of
pulsed beams featuring strong coupling between spatial and temporal frequencies. Space-time
wavepackets have attracted much attention with their propagation-invariant intensity profiles that
travel at tunable superluminal and subluminal group velocities. These intensity profiles, however,
have been largely restricted to an X-shape or similar pattern. We show that space-time caustics
combine the propagation invariance of space-time wavepackets with the flexible design of caustics,
allowing for customizable intensity patterns in space-time wavepackets. Our method directly
provides the phase distribution needed to realize user-designed caustic patterns in space-time
wavepackets. We show that space-time caustics can feature in a broad range of intriguing optical
phenomena, including backward traveling caustics formed from purely forward propagating
waves, and nondiffracting beams that evolve with time. Our findings should open the doors to an
even wider range of structured light with spatiotemporal coupling.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Caustics in light are commonly understood as spatial patterns created by singularities in ray optics.
Caustics underlie a wide variety of everyday phenomena, from the formation of rainbows to bright
lines at the bottom of swimming pools [1,2,3]. They have also inspired a diversity of shaped
electromagnetic waves, including the Airy beam [4,5,6], Pearcy beam [7], higher-order optical
catastrophes [8] and nondiffracting beams such as Bessel, Mathieu, Weber and accelerating
beams [9,10,11,12,13,14,15,16,17]. It was recently demonstrated that arbitrary caustic patterns
can be inscribed in the transverse plane of a nondiffracting beam [18]. These myriad forms of
structured light have led to a wealth of applications including laser micromachining [19,20],
optical micromanipulation [21], and light sheet microscopy [22].

The question arises as to what happens when caustics are formed from light with underlying
space-time coupling. This is an especially pertinent question given rapidly growing interest
in space-time wavepackets, a class of pulsed beams featuring correlations between spatial and
temporal frequencies [23,24,25,26,27,28,29,30,31,32]. Space-time wavepackets are distinctive
for their propagation-invariant intensity profiles, and their tunable group velocities that span
the subluminal and superluminal ranges [33,34]. The study of such wavepackets goes back to
historical predictions that include Brittingham’s focus wave mode [32], Mackinnon’s wavepacket
[35] and X-waves [36,37,38]. Space-time wavepackets have been shown to be potentially useful in
applications such as optical buffering [39], spectroscopy and microscopy [40]. To date, however,
all instances of space-time wavepackets have been restricted in their intensity profiles (usually
X-shaped or similar), and no explicit method of designing the intensity profile of a space-time
wavepacket has been introduced.

Here, we show that caustics with space-time coupling result in space-time wavepackets whose
intensity profiles are molded by the underlying caustic design. We present a formalism that
allows users to design space-time wavepackets with customized intensity profiles, and also

#432798 https://doi.org/10.1364/OE.432798
Journal © 2021 Received 31 May 2021; revised 28 Jul 2021; accepted 29 Jul 2021; published 8 Sep 2021

https://orcid.org/0000-0002-9601-9456
https://doi.org/10.1364/OA_License_v1#VOR-OA
https://crossmark.crossref.org/dialog/?doi=10.1364/OE.432798&amp;domain=pdf&amp;date_stamp=2021-09-08


Research Article Vol. 29, No. 19 / 13 Sep 2021 / Optics Express 30683

to obtain the phase pattern needed to realize the profile. The space-time caustic can then be
experimentally realized by encoding the phase pattern into the spatial light modulator or phase
plate used to generate the wavepacket. Using the method of stationary phase, we obtain closed
form expressions for vectorial electromagnetic wavepackets that feature space-time caustic
patterns. Notably, the intensity pattern and group velocity of these wavepackets are controlled
via completely independent parameters: the intensity pattern is controlled via the phase delay
of constituent plane waves, whereas the group velocity is tuned via the slope of the dispersion
relation. This allows for customized combinations of caustic pattern and group velocity. We
show intriguing optical phenomena, including backward traveling caustics formed from purely
forward propagating waves, and nondiffracting beams that evolve with time. Our investigation
reveals the enormous versatility in intensity patterns available for space-time wavepacket design,
which could enable new modalities in applications for which intensity profile is important, such
as light-sheet microscopy.

2. Results

A caustic is a focal line or surface touched by every ray in an ensemble of rays [3]. In
electromagnetism, this ensemble of rays corresponds to a wavepacket, whose field profile is
naturally affected by the properties of its constituent rays. In particular, a wavepacket tends to
exhibit notable features in the vicinity of its underlying caustic pattern, such as higher intensities
due to constructive interference of light along those points. Before we proceed to apply caustics
to space-time wavepackets, we clarify that the term “space-time ray” has been used in the past for
descriptions of pulse propagation along a ray trajectory (e.g., [41,42,43]). This should not be
confused with the use of “space-time wavepacket” here and in many other works (e.g., [29,30,34]),
where the term refers to a specific type of wavepacket that features strong correlations between
spatial and temporal frequencies.

We begin by reviewing how typical space-time wavepackets are formed. A vectorial electric
field in a linear, uniform medium can be described as

E(r, t) = Re
{︁
∫ dϕdθ ϵ̂θ,φA(θ, ϕ)eikθ ,φ ·r−iωθ ,φ t}︁ , (1)

where r ≡ (x, y, z) is position and t is time. The corresponding magnetic field is readily obtained
from the curl relations of Maxwell’s equations. The integrand in the expression for E represents
a plane wave associated with polar angle θ and azimuthal angle ϕ, possessing angular frequency
ωθ,φ , wavevector kθ,φ , complex amplitude A(θ, ϕ) and polarization unit vector ϵ̂θ,φ . Maxwell’s
equations require that ωθ,φ = |kθ,φ |c, c being the speed of light, and kθ,φ · ϵ̂θ,φ = 0. Space-time
coupling occurs when additional constraints in the dispersion relation beyond ωθ,φ = |kθ,φ |c
are imposed, reducing the degrees of freedom available in the choice of kθ,φ for a given ωθ,φ.
For instance, to create propagation-invariant wavepackets of group velocity vg, one uses a linear
spatiotemporal relationship ωθ,φ = vgkz;θ,φ + ωd [33,34]. Simply setting A(θ, ϕ) = 1, as is often
done, gives us the well-known X-shaped (or similar) profile that has come to be associated with
many space-time wavepackets.

In this paper, we consider the case where A(θ, ϕ) = eiΦ(θ)δ(ϕ) + eiΦ(−θ)δ(ϕ − π) in Eq. (1) (δ
being the Dirac delta distribution), implying the wavepacket does not contain ky ≠ 0 components
(i.e., is invariant in y), and a linear spatiotemporal relationship ωθ,φ = vgkz;θ,φ +ωd. Under these
conditions, we simplify Eq. (1) to

E(r, t) = Re
{︂
∫ dkx ϵ̂kxe

ik0(θ)(xsinθ+zcosθ−ct)+iΦ(sgn(kx)θ)
}︂

, (finite vg), (2)

where the variable θ = θ(kx) is a function of kx and sgn(kx) is the sign of kx. Specifically,
kx ≡ k0(θ) sin θ, k0(θ) ≡ kd(1 − βg cos θ)−1, kd ≡ ωd/c and βg ≡ vg/c. To evaluate Eq. (2), the
integral over kx can be transformed into an integral over θ. For the transverse magnetic (TM)
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mode, ϵ̂kx = x̂ cos θ − sgn(kx)ẑ sin θ; For the transverse electric (TE) mode, ϵ̂kx = ŷ. Note that
the full range of θ is not needed to generate a caustic. In fact, one may note that all examples
in the main text do not use the full range of θ. To obtain an analytical formula for the caustic
corresponding to phase delay Φ (and a given range of θ that corresponds to the frequency
bandwidth in question), we apply the method of stationary phase [44] on the integrand in Eq. (2):

∂

∂θ
χ(θ) = 0,

∂2

∂θ2
χ(θ) = 0,

χ(θ) ≡ k0(θ)(xsinθ + zcosθ − ct) +Φ(sgn(kx)θ), (finite vg),

(3)

We then evaluate Eq. (3) for x and z to obtain the following equation for a caustic (xc, zc)
inscribed by phaseΦ(θ) in the x-z plane at time t:

xc = −k−1
d [Φ′(θ)(cosθ − βg(1 + sin2θ)) +Φ′′(θ)(βgcosθ − 1)sinθ ],

zc = k−1
d [Φ′(θ)(1 − 2β2

g + βgcosθ)sinθ +Φ′′(θ)(1 − βgcosθ)(cosθ − βg)] + vgt, (finite vg)
(4)

where kd = ωd/c, βg = vg/c, and a prime denotes a derivative with respect to θ. For the purposes
of plotting the caustic, the values of θ corresponding to ϕ = π should be given an artificial
negative sign in Eq. (4). While this procedure bears similarities to the application of the method
of stationary phase in Ref. [18] for caustics in the transverse plane of a nondiffracting wave, one
key difference is the θ-dependence of k0(θ) in our case, which was absent from the scenarios
considered in Ref. [18], but required for the description of a space-time caustic.

Equation (4) provides a way to determine the phase delayΦ needed to realize a user-designed
caustic pattern (xc, zc). While one may realize a wide range of caustic patterns, we note that
Eq. (4) also imposes restrictions on the possible patterns. By solving Eq. (4) forΦ′ andΦ′′, and
requiring that (Φ′)′ =Φ′′, we obtain (at a given t)

sin θz′c = (cos θ − βg)x′c, (5)

which automatically yields zc(θ) after xc(θ) has been defined, or vice versa. Equation (5) is
equivalent to the following constraint on the shape of caustic (at a given t):

dxc

dzc
=

sin θ
(cos θ − βg)

. (6)

In other words, the slope in the resulting caustic is uniquely determined by the parameter θ. A
caustic pattern (xc, zc) can be realized provided xc and zc are parametrized in θ such that Eq. (6)
is satisfied, whereupon we obtainΦ by solving

Φ′ =
(βg − cos θ)xc + (zc − vgt)sinθ

(βgcosθ − 1)2
. (7)

Figure 1 shows the evolution of a space-time caustic traveling at subluminal group velocity
vg = 0.02c, c being the speed of light in free space. The intensity pattern is shown in Fig. 1(a),
and the corresponding electric fields for the transverse magnetic (TM) and transverse electric (TE)
modes shown in Figs. 1(b)-1(d). Throughout this paper, intensity is defined as the magnitude
of the Poynting vector. Figures 1(e) and 1(f) show the dispersion relation. The linear relation
between ω and kz underlies the tunable group velocity of propagation-invariant space-time
wavepackets [33,34], and is also the reason behind the group velocity of the traveling caustic
here. The shape of the caustic itself is determined by the phase profileΦ, plotted as a function
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of polar angle and wavelength in Figs. 1(g) and 1(h). In this case, we choose the phase delay
Φ = −10sin2(2θ), simply to give a star-like (as opposed to X-shape) space-time caustic as an
example. Using this phase delay in Eq. (4) yields the predicted caustic (xc, zc) at time t, which we
plot in cyan lines in Fig. 1(a), showing the excellent agreement between theoretical prediction and
the corresponding fully vectorial electromagnetic wavepacket. In this example, the wavelength
range is 777 nm – 792 nm, well within bandwidths that have been experimentally achieved in
shaping light with transmissive phase plates [45].

��

� [μm]

�
[μ

m
]

In
te

n
si

ty
 

[a
rb

. 
un

it
s]

E
le

ct
ri

c 
F

ie
ld

 
[a

rb
. 

un
it

s]

TE

a

b c�� �� d ��

TM

−6 ps 0 ps 6 ps

�� ��

Dispersion relation Phase Profile

�
[1

0
�
�

ra
d

/s
]

� [μm]

�
[μ

m
]

�
[r

ad
]

�� [10� rad/m] � [� rad] � [nm]

e f g h

�� [10� rad/m]

Fig. 1. Space-time caustics of light. (a) shows the intensity profile of a subluminal
propagation-invariant space-time caustic of group velocity vg = 0.02c, c being the speed
of light in free space, at different instances in time. The caustic pattern predicted by
Eq. (4) is overlain on the t = 0 instance in cyan lines, showing excellent agreement with the
actual vectorial electromagnetic wavepacket. (b) and (c) show the electric fields (Ey = 0
everywhere) of the transverse magnetic (TM) mode version corresponding to the intensity
pattern in (a); and (d) shows the electric field (Ex,z = 0 everywhere) of the transverse electric
(TE) mode corresponding to the intensity pattern in (a). (e) and (f) show the dispersion
relation and full frequency range of the space-time caustic. Notably the wavepacket is made
up of only forward propagating (kz>0) waves. Dashed black lines indicate the light cone.
(g) and (h) show the phase delay of the constituent plane waves as a function of polar angle
(negative polar angle corresponds to ϕ = π) and wavelength respectively. Note that the range
of ω in (e,f) exactly corresponds to the range of λ in (h). The precise caustic pattern can be
tuned through the phase profile, as we show in Fig. 2.

Figure 1 reveals an important feature of space-time caustics: the intensity profile and group
velocity are separately controlled via the phase profile and dispersion relation respectively.
Indeed, the linear ω-kz dispersion relation in Figs. 1(e) and 1(f) is exactly what has been studied
in previous works on space-time wavepackets, with the slope of this ω-kz curve being group
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velocity vg [33,34]. This is not surprising since the linear ω-kz dispersion relation underlies
propagation-invariance in this and previous works. The intensity profile here, however, is
dramatically different from the X-shaped profiles studied before, and is not affected by the
dispersion relation. Instead, the intensity profile is independently determined though the choice
ofΦ. This highlights the possibility of realizing customized intensity profiles through additional
phase engineering of space-time wavepackets, in a way that does not affect the propagation
invariance or the group velocity.

To exemplify how different space-time caustics can be obtained for the exact same dispersion
relation and frequency range used in Fig. 1, Fig. 2 shows the variety of intensity profiles achievable
with different phase delays Φ. Figures 2(a), 2(c), and 2(e) correspond to the expressions
Φ = −25sin(2θ) (illustrated in Fig. 2(b)),Φ = 50θ (Fig. 2(d)) andΦ = −4θ − 5sin(4θ) (Fig. 2(f))
respectively. Just like Fig. 1 g, Figs. 2(b), 2(d), and 2(f) show that very different intensity profiles
can be produced through a relatively gradual variation in phase over the entire bandwidth.

a −6 ps 0 ps 6 ps
b

d

f

c

e

� [μm]

�
[μ

m
]

�
[μ

m
]

�
[μ

m
]

In
te

n
si

ty
 [

ar
b.

 u
ni

ts
]

�
[r

ad
]

� [nm]

�
[r

ad
]

�
[r

ad
]

�� > 0

�� < 0

�� > 0

�� < 0

�� < 0

�� > 0

Fig. 2. Tailoring space-time caustics through the phase delay. (a), (c), (e) show intensity
patterns based on the exact same dispersion relation and frequency range as in Fig. 1 (i.e.
Figures 1(e) and 1(f) also apply to these intensity patterns), but with different phase delay
profilesΦ reflected in (b), (d), (f) respectively. The caustic pattern predicted by Eq. (4) is
overlain on the t = 0 instances in cyan lines. These caustics propagate at the same group
velocity vg = 0.02c as the Fig. 1 caustic but are markedly different from one another, showing
that the caustic pattern can be controlled independently of the group velocity.

Figure 3 shows the robustness of using caustics to design unique intensity profiles in space-time
wavepackets. The examples of space-time caustics in Fig. 3 comprise a propagation-invariant
caustic traveling at subluminal group velocity vg = 0.96c in Fig. 3(a); a caustic traveling at
superluminal group velocity vg = 1.2c in Fig. 3(b); and a backward-traveling superluminal caustic
whose group velocity vg = −1.2c in Fig. 3(c). It is noteworthy that although the wavepacket
is made up of only forward-propagating (i.e., kz>0) plane waves, the negative slope of the
space-time relationship in Fig. 3(c)(ii) results in an intensity pattern that travels in the backwards
direction. These examples show that space-time caustics are possible for group velocities beyond
the very subluminal velocity studied in Figs. 1 and 2. The phase delay functions and wavelength
ranges used in these examples areΦ = 50θ ′ − 12.5sin3(2θ ′), from wavelength 500 nm to 717 nm
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for Fig. 3(a); Φ = 20θ ′ − 10sin3(3θ ′), from wavelength 615 nm to 754 nm for Fig. 3(b); and
Φ = 75θ ′ − 37.5sin3(4θ ′), from wavelength 500 nm to 746 nm for Fig. 3(c). In the foregoing
expressions, θ ′ = arctan[γ−1sinθ/(cos θ − β)], β = vg/c for subluminal group velocities and
β = c/vg for superluminal velocities, and γ = (1 − β2)−1/2. The wavelength ranges used in
Fig. 3 fall within the bandwidth of experimentally demonstrated ultra-broadband spatial light
modulators [46].
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Fig. 3. Superluminal, subluminal and backward-traveling space-time caustics. (a)(i) shows
the intensity profiles for a subluminal (vg = 0.96c) space-time caustic at times 0 ps, 0.56
ps, 1.1 ps (in the order indicated by the white arrows). The earliest instance is overlain
with cyan lines that correspond to the caustic predicted using Eq. (4), showing excellent
agreement with the actual vectorial electromagnetic wavepacket. Here, the intensity was
calculated from the fields of a transverse magnetic mode, although a transverse electric
mode would also have given the same intensity pattern. (a)(ii) shows the linear relationship
between angular frequency ω and longitudinal wavevector component kz. The slope of this
relationship gives the group velocity of the wavepacket. (a)(iii) shows the phase delay as
a function of wavelength. The descriptions for the panels in (b) and (c) are exactly as in
(a) except that they correspond to a superluminal forward-traveling wavepacket (vg = 1.2c)
and a superluminal backward-traveling wavepacket (vg = −1.2c) respectively. Note from (ii)
that all wavepackets here – including the backward-traveling example in (c) – are made of
purely forward propagating (kz>0) waves. This shows that backward-traveling space-time
wavepackets are also amenable to design using caustics.

The space-time caustics we have considered so far travel at finite group velocities and comprise
a range of longitudinal wavevector components kz. In the limit where the wavepacket is formed
from a single kz, we obtain time-diffracting wavepackets, a subclass of space-time wavepackets
that attracted interest due to their potential to realize needle-like or sheet-like nondiffracting
wavepackets [25,26,27]. Made up of multi-frequency plane waves having the same (or having a
narrow spread in) longitudinal spatial frequency kz, the needle-like nondiffracting wavepacket
features a long, narrow intensity hotspot along the longitudinal axis with high transverse
confinement [26,27]. The sheet-like nondiffracting wavepacket refers to a two-dimensional
version of the needle (with confinement in one transverse direction instead of both). In Fig. 4, we
see that patterning the phase delay of the constituent plane waves allows for robust waveshaping
beyond the design of needle-like or sheet-like wavepackets. Specifically, we achieve an evolving
wavepacket featuring a single light sheet at an earlier time (Fig. 4(b)) and dual light sheet at a
later time (Fig. 4(c)). Obtaining the caustic expression this time requires separate consideration
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from Eq. (4), since the slope of the space-time relationship (Fig. 4(d)) is infinite (|vg | → ∞).
In this limiting case, which corresponds to the case of a temporally diffracting wavepacket (all
components share the same kz), we simplify Eq. (1) to

E(r, t) = Re
{︂
∫ dkx ϵ̂kxe

ikz(xtanθ+z−ctsecθ)+iΦ(θ)
}︂

, (|vg | → ∞), (8)

where kx ≡ kztanθ and A(θ, ϕ) = A1(θ, ϕ) ≡ eiΦ(θ)[δ(ϕ) + δ(ϕ − π)] in Eq. (1). We then apply
Eq. (3), but with χ(θ) ≡ kz(xtanθ + z − ctsecθ) +Φ(θ), to directly obtain

xc = sgn(kx)(2kz)
−1[(cos(2θ) − 3)Φ′ + sin2θΦ′′],

ctc = (2kz)
−1[−4sinθΦ′ + 2cosθΦ′′], (|vg | → ∞),

(9)

where sgn(kx) refers to the sign of kx. In Fig. 4, the phase delay is given byΦ = −25sin3/2(2θ),
in wavelength range 545 nm – 770 nm. The prediction of Eq. (9) is overlain on the wavepacket
intensity of Fig. 4(a) in cyan dashed lines, showing excellent agreement between the stationary
phase approximation and the actual electromagnetic intensity pattern. Equation (9) provides a
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Fig. 4. Time-diffracting propagation-invariant caustics. (a) shows the intensity profile of a
time-diffracting caustic as a function of x and t, with the caustic predicted by Eq. (4) overlain
in dashed cyan lines. Note that the evolution of the intensity profile is in time, making the
wavepacket propagation invariant in z at any instant of t, as we see at different snapshots in
time (b,c). (d) shows the dispersion relation, corresponding to a vertical line in the ω-kz
plane. (f) shows the phase delay as a function of wavelength. Note that the range of ω
in (d,e) exactly corresponds to the range of λ in (f). This exemplifies how caustics can be
used to design the evolution of time-diffracting propagation-invariant beams, resulting for
instance in a single beam at an earlier time (b) splitting into dual beams at a later time (c).
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way to determine the phase delayΦ needed to realize a customized user-designed caustic pattern
(xc, tc). Equation (9) also provides constraints on the achievable caustic pattern. In particular, we
find that a parametrization for xc and tc in θ must be found such that the following equation is
satisfied:

dxc

dctc
= ± sin θ, (10)

whereupon we obtainΦ by solving

Φ′ = kz
xc + ctc sin θ

sin2θ − 1
. (11)
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Fig. 5. Controlling caustic patterns via angular range. The precise caustic pattern can be
controlled by varying the range of θ included in the wavepacket. (a-d) show the caustic
patterns of the examples in Figs. 1, (2a,b), (2c,d), (2e,f), respectively. The blue curves
correspond to kx>0 and the red curves to kx<0. Their shared plots of kx, kz and ω/c are
shown in (e) for reference. Similarly, (f,g), (h,i), (j,k) and (l,m) belong to the examples in
Figs. 3(a), 3(b), 3(c) and 4 respectively. Circular markers along the caustic patterns denote
where the pattern would terminate if θ were to be terminated at that value. In (a,b,c,d), the
markers, in order of progression indicated by the arrows, indicate θ = {0, 0.53, 1.05, 1.57}
rad. In (f), θ = {0, 0.065, 0.13, 0.19} rad. In (h), θ = {0, 0.083, 0.17, 0.25} rad. In (j),
θ = {0, 0.39, 0.78, 1.17} rad. In (l), θ = {7.9 × 10−4, 0.26, 0.52, 0.79} rad.

The examples in Figs. 1–4 were chosen with the bandwidth of realistic light sources in mind.
Even with narrower bandwidths, space-time caustics can be realized, albeit with a truncated shape
compared to what we have shown. To visualize the change in the caustic pattern, we show how
different θ correspond to different parts of our presented caustics in Fig. 5. The precise caustic
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pattern can thus be controlled by varying the range of θ in the wavepacket. To complement the
information presented on the wavepacket dispersion, we have also included plots of ω, kx and kz
as a function of θ in Fig. 5.

3. Discussion

Space-time caustics can be experimentally realized by modifying the phase pattern in the spatial
light modulator (SLM) or phase plate in existing setups for creating space-time wavepackets,
according to the prescription of Φ [34,40,45]. Conventional space-time wavepackets can be
realized through two essential steps [34]: 1) using a diffractive grating to map each temporal
frequency of the multi-frequency input to a unique spatial position (along one spatial dimension,
say x); and 2) using an SLM or phase plate to assign the desired spatial frequency to each of these
temporal frequencies, thereby enforcing the required space-time coupling. It should be feasible
to realize space-time caustics via a similar procedure, where the main modification lies in the
required pattern for the SLM or phase plate. This pattern (for space-time caustics) would differ
from that for conventional space-time wavepackets in featuring an additional phase modulation –
determined by the frequency-dependent phase delayΦ – along the spatial dimension to which the
temporal frequency has been mapped (x in this example). Further development in waveshaping
– for instance, freeform refracting surfaces [47] – will lead to still more flexibility in realizing
space-time caustics.

A convenient fact to note in the design of space-time caustics is that space-time caustics
that travel at different group velocities are related via the Lorentz boost, as is the case for the
conventional space-time wavepacket [33]. Specifically, all subluminal space-time caustics may
be obtained as the Lorentz boost of a monochromatic (i.e. spatially diffracting) caustic; and all
superluminal space-time caustics may be obtained as the Lorentz boost of a temporally diffracting
caustic, namely, one that comprises a single kz, such as the example in Fig. 4.

To see this, consider first the monochromatic caustic, where all components share the same
temporal angular frequency ω′. By definition, the group velocity is zero in this case (since the
dispersion relation in ω vs kz has zero slope). The phase of the constituent plane waves (a.k.a.,
the integrand in Eq. (2)), is given by χ′(θ ′) ≡ (ω′/c)(x′sinθ ′ + z′cosθ ′ − ct′) +Φ′(sgn(k′x)θ′),
where primed variables denote the frame of reference traveling at speed vg in the+ z direction
with respect to the observation frame. Noting the Lorentz transform relations z′ = γ(z − vgt),
t′ = γ(t − vgz/c2), βg ≡ vg/c, γ ≡ (1 − β2

g)
−1/2, and the Lorentz invariance of χ, we find that

χ(θ) = χ′(θ ′) = k0(θ)(xsinθ + zcosθ − ct) +Φ(sgn(kx)θ), where

cos θ =
cos θ ′ + βg

1 + βg cos θ ′
,

sin θ =
sin θ ′

γ(1 + βg cos θ ′)
,

ω = ω′ + vgkz, (vg<c),

(12)

andΦ(θ) =Φ′(θ ′) . Note that the last line of Eq. (12) is simply the space-time correlation for a
space-time wavepacket or caustic traveling at group velocity vg, with ωd = ω

′, where ω′ was
a constant in the rest frame. This shows that space-time caustics traveling at non-zero group
velocities can be obtained through the Lorentz transform of a monochromatic caustic. However,
since the Lorentz transform only applies to subluminal velocities, only subluminal space-time
caustics can be achieved this way.

To obtain superluminal space-time caustics, we can begin with a temporally diffracting caustic,
which is exactly what is presented in Eq. (8) above. Treating Eq. (8) as the solution in the rest
frame (primed variables), which is traveling at velocity c2/vg in the+ z direction with respect to
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the observation frame (unprimed variables), we may apply the Lorentz transform to obtain

cos θ =
cos θ ′ + β−1

g

1 + β−1
g cos θ ′

,

sin θ =
sin θ ′

γs(1 + β−1
g cos θ ′)

,

ω = −
k′zvg

γs
+ vgkz, (vg>c),

(13)

with Φ(θ) = Φ′(θ ′) and γs ≡ (1 − β−2
g )−1/2. Note that the last line of Eq. (13) is simply the

space-time correlation for a space-time wavepacket or caustic traveling at group velocity vg,
with ωd = −k′zvg/γs, where k′z was a constant in the rest frame. This shows that superluminal
space-time caustics traveling at non-zero group velocities can be obtained through the Lorentz
transform of a temporally diffracting wavepacket.

In conclusion, we show that propagation-invariant space-time wavepackets can be shaped by
introducing wavelength-dependent phase delays in space-time wavepackets, resulting in intensity
profiles molded by the underlying caustic design. Using the method of stationary phase, we
obtained closed form expressions for the design of these space-time caustics that are in excellent
agreement with the resulting exact, vectorial electromagnetic wavepacket. This enables the
design of customized space-time wavepackets beyond the typical X-shaped intensity patterns.
Notably, the intensity pattern and group velocity are controlled via completely independent
parameters – the intensity pattern via the phase delay of constituent plane waves, and the group
velocity via the slope of the dispersion relation – allowing for customizable combinations of
caustic pattern and group velocity. We show intriguing space-time caustic phenomena, including
backward traveling caustics formed from purely forward propagating waves, and nondiffracting
beams that evolve with time. Our study extends the concept of optical caustics to the space-time
domain, and reveals the promise of caustics in designing new kinds of space-time wavepackets.
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