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ABSTRACT
We investigate multiple photon-assisted Landau–Zener (LZ) transitions in a hybrid circuit quantum electrodynamics device in which each
of two interacting transmission-line resonators is coupled to a qubit, and the qubits are driven by periodic driving fields and also coupled to
a common phonon mode. The quantum state of the entire composite system is modeled using the multi-D2 Ansatz in combination with the
time-dependent Dirac–Frenkel variational principle. Applying a sinusoidal driving field to one of the qubits, this device is an ideal platform to
study the photon-assisted LZ transitions by comparing the dynamics of the two qubits. A series of interfering photon-assisted LZ transitions
takes place if the photon frequency is much smaller than the driving amplitude. Once the two energy scales are comparable, independent LZ
transitions arise and a transition pathway is revealed using an energy diagram. It is found that both adiabatic and nonadiabatic transitions are
involved in the dynamics. Used to model environmental effects on the LZ transitions, the common phonon mode coupled to the qubits allows
for more available states to facilitate the LZ transitions. An analytical formula is obtained to estimate the short time phonon population and
produces results in reasonable agreement with numerical calculations. Equipped with the knowledge of the photon-assisted LZ transitions in
the system, we can precisely manipulate the qubit state and successfully generate the qubit dynamics with a square-wave pattern by applying
driving fields to both qubits, opening up new venues to manipulate the states of qubits and photons in quantum information devices and
quantum computers.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0033545., s

I. INTRODUCTION

Nonadiabatic transitions represent one of the fundamental
processes underlying photophysical and photochemical phenom-
ena in molecules, molecular aggregates, and solids.1,2 Proposed by
Landau,3 Zener,4 Stueckelberg,5 and Majorana6 independently in
1932, the Landau–Zener (LZ) model is the pioneering theoretical
paradigm to investigate nonadiabatic transitions. The LZ model
describes a driven two-level system with the energy spacing between
two (diabatic) states being modulated as time evolves. As this energy
separation changes sign, the diabatic states (i.e., eigenstates of the
Hamiltonian in the absence of tunneling) undergo a level crossing,

while the adiabatic states (i.e., eigenstates of the Hamiltonian in the
presence of tunneling) encounter an avoided crossing. Characteriz-
ing both the nonadiabatic and adiabatic transitions, the LZ model
has been widely adopted to describe and understand fundamental
physical problems in various fields, including atomic and molecu-
lar physics,7–12 chemical physics,13 and quantum information sci-
ence.14–16

Thanks to their high flexibility and tunability, quantum elec-
trodynamics (QED) devices are not only the core units for quantum
computing and quantum information17–22 but also the ideal plat-
forms for the realization of the LZ model.23–26 For instance, Oliver
et al. applied a periodic driving field to detune a superconducting
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flux qubit, and the induced LZ transitions lead to multiphoton inter-
ference.23 It is found that the strongly driven qubit has high stability
and coherence, highlighting potential applications in quantum com-
puting devices. It has also been proposed that LZ transitions can real-
ize various functionalities in QED systems, such as quantum state
preparation,27 entanglement creation,28 and even quantum bath cal-
ibration.29 In those proposals, a single driven qubit is coupled to a
single or multiple oscillators. Environmental effects on the LZ tran-
sitions in these devices have also been systematically investigated by
Hänggi and co-workers.29–31

Beyond single-qubit QED systems, hybrid circuit QED devices
have also been proposed and fabricated recently to unveil many-
body quantum dynamics.32–34 For instance, Schmidt et al. pro-
posed a hybrid QED device consisting of two coupled cavities
with each containing a single qubit.35 This device was designed to
investigate fundamental light–matter interactions. A delocalization–
localization transition of photons in this system is demonstrated
theoretically by treating the device as a Jaynes–Cummings dimer
(JCD).35 In 2014, they fabricated such a QED device, finding pho-
ton dynamics in the device, to be consistent with their theoretical
predictions.33 In order to better characterize the phenomena with
ultrastrong qubit–photon coupling, Hwang et al. extended the JCD
model to a Rabi dimer model where the rotating-wave approxima-
tion is discarded. By calculating time-averaged photon imbalance
under different qubit–photon coupling strengths and photon tun-
neling rates, they discovered three photonic phases.36 Recently, the
effects of a phonon environment and an external driving field on the
dynamics of qubits and photons in the Rabi dimer have been eluci-
dated in various parameter regimes using the time-dependent varia-
tional principle with the multiple Davydov D2 Ansatz.37,38 However,
the LZ transitions and their susceptibility to environmental effects
in this Rabi dimer system have not been well investigated, in con-
trast to systematically studied LZ transitions in single-qubit QED
devices.

In this work, we apply a fully quantum mechanical method to
study the LZ transitions in the Rabi dimer with the qubits driven by
periodic driving fields and coupled to a common phonon mode. The
quantum state of the hybrid system is described with the multiple
Davydov D2 Ansatz in the framework of the Dirac-Frenkel time-
dependent variational principle. This method has been applied to
investigate dissipative LZ transitions in a single qubit.39,40 By impos-
ing a driving field to one of the two qubits, we observe a series of
photon-assisted LZ transitions in the driven qubit. The transition
pathway is revealed using the energy diagram of the coupled qubit
and photon number states. Both adiabatic and nonadiabatic tran-
sitions are found to be involved in the dynamics. If the diagonal
qubit–phonon coupling is turned on, more coupled states with small
energy gaps are available to facilitate LZ transitions. In order to show
the feasibility of the quantum state engineering via LZ transitions,
we generate qubit dynamics with a square-wave pattern by applying
driving fields to both qubits.

The remainder of this paper is organized as follows. In Sec. II,
we outline the theoretical framework of this study, including the
system Hamiltonian, the multiple Davydov D2 Ansatz, and the time-
dependent variational principle. The physical observables that we
are interested in and the parameter configurations are also presented
in this section. The main results and corresponding discussions are
given in Sec. III. Finally, we conclude in Sec. IV.

II. METHODOLOGY
A. System Hamiltonian

We adopt a Rabi dimer to model the QED device consisting
of two coupled transmission-line resonators with each containing
a qubit. As illustrated in Fig. 1, the qubits are driven by periodic
driving fields and also coupled to a common phonon mode. The
Hamiltonian for the hybrid system is written as

H = HRD + Hph + Hph-q, (1)

where HRD, Hph, and Hph–q denote the Hamiltonians for the Rabi
dimer, the phonon mode, and the qubit–phonon interaction, respec-
tively.

In the Rabi dimer system (h̵ = 1), there are three terms in the
Hamiltonian

HRD = HRabi
L + HRabi

R − J(a†
LaR + a†

RaL), (2)

and the photons can hop between the left (L) and right (R) res-
onators with a tunneling rate J. Within each resonator, the qubit–
photon interaction is described with a Rabi model,41–44

HRabi
i=L/R =

Fi
2

cos(Ωit + Φi)σiz + ωia†
i ai − gi(a

†
i + ai)σix.

In contrast to the constant energy spacings of the two qubits in
Ref. 37, here, we make them tunable by imposing a periodic har-
monic driving field Fi cos(Ωit + Φi) independently on each of the
two qubits. In the ith (i = L, R) Rabi system, a photon mode with
frequency ωi is coupled to a qubit with an interaction strength gi. σix
and σiz are the usual Pauli matrices, and ai (a†

i ) is the annihilation
(creation) operator of the ith photon mode. We assume that the two
photon modes have identical frequencies, i.e., ωL = ωR = ωr, and are
coupled to the corresponding qubit with the same coupling strength
gL = gR = g.

The environmental effects on the Rabi dimer system are mod-
eled by coupling a quantum harmonic oscillator

Hph = ωphb
†b (3)

to the two qubits via the interaction Hamiltonian

FIG. 1. Schematic of the circuit QED device. Photons are able to hop between
two transmission-line resonators with tunneling rate J. The left (right) qubit is off-
diagonally coupled to the left (right) resonator with coupling strength g. An external
driving field may be applied to both qubits. The two qubits are coupled diagonally
with a phonon mode with coupling strength λ.
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Hph-q = λ(b
† + b)(σL

z + σR
z ), (4)

where b (b†) is the annihilation (creation) operator of the single
phonon mode with frequency ωph and λ characterizes the qubit–
phonon coupling strength.

If the energies corresponding to frequencies of the photon
and phonon modes are higher than the thermal energy kBT, the
oscillators are thermally inactive, and thus, the dynamics affected
by the phonon is temperature independent in a wide temperature
range.45,46 QED devices typically operate at extremely low tempera-
tures.47 Therefore, we set T = 0 in the current study. It is straight-
forward to include the temperature effects in this methodology by
applying Monte Carlo importance sampling48 and the thermo-field
dynamics approach.49 In particular, Werther et al.40 have recently
developed a generalized multi-D2 Ansatz for displaced number
states to investigate the LZ transition via number-state excitation.
This method, based on the expansion of number states in terms
of coherent states, can potentially capture the temperature effects
in a numerically efficient manner. We believe that it can also be
extended to our current model. Simulations at finite temperatures
will be performed in future studies.

B. The multi-D2 Ansatz
The original Davydov Ansätze (solitons) were proposed in the

1970s to describe the solitary exciton in molecular systems.50–52

These simple Ansätze only provide approximate descriptions for a
quantum system. For instance, a single Davydov D2 trial state evalu-
ated via the variational principle produces the same dynamics as that
from the Ehrenfest approximation.53 Beyond the single versions of
the Davydov Ansatz, Zhao and co-workers have proposed the mul-
tiple Davydov Ansätze,54,55 which are linear superpositions of the
single Davydov trial states.56,57 These multiple Davydov Ansätze, in
principle, can produce an exact solution to the Schrödinger equa-
tion in the limit of large multiplicities.40,48,54,55,58,59 The numerical
accuracy and efficiency of the multiple Davydov Ansätze have been
extensively verified in describing the states of various many-body
systems.37–40,48,55,58,60

Although both the multiple Davydov D1 (multi-D1) and mul-
tiple Davydov D2 (multi-D2) Ansätze are numerically exact with
sufficiently large multiplicities, a suitable version for a specific prob-
lem has to be carefully chosen according to specific Hamiltonian
constructs and parameter configurations. It has been found from
extensive studies that the multi-D1 Ansatz exhibits excellent per-
formance for problems with diagonal system–bath coupling only,
while the multi-D2 Ansatz is suitable for tasks with off-diagonal
system–bath coupling, despite that the multi-D2 Ansatz has less
variational parameters than the D1 counterpart with a comparable
multiplicity.40,48,60

The multi-D2 Ansatz has been employed to study static prop-
erties and dynamic processes in a variety of toy models and realistic
systems, demonstrating excellent numerical efficiency and accuracy
in a broad parameter regime in the presence of both diagonal and
off-diagonal system–bath couplings.39,53,55,59,61–63 Previous studies
have also demonstrated the suitability and accuracy of the multi-
D2 Ansatz for similar driven QED systems.38 In order to tackle
both diagonal qubit–phonon and off-diagonal qubit–photon inter-
actions in the hybrid photon–qubit–phonon system in this work,

we construct the following multi-D2 Ansatz with multiplicity M as a
superposition of M copies of the single Davydov D2 Ansatz

∣DM
2 (t)⟩ =

M

∑
n=1
[An(t)∣ ↑↑ ⟩ + Bn(t)∣ ↑↓ ⟩ + Cn(t)∣ ↓↑ ⟩

+ Dn(t)∣ ↓↓ ⟩]⊗ ∣μn⟩L∣νn⟩R∣ηn⟩ph (5)

to describe the quantum state of the composite photon–qubit–
phonon system. Here, |↑↓⟩ = |↑⟩L ⊗ |↓⟩R represents a state of the two
qubits, with |↑⟩ (|↓⟩) indicating the up (down) state of a qubit. ∣μn⟩L
and ∣νn⟩R are coherent states of the photon modes in two resonators,

∣μn⟩L = exp[μn(t)a†
L − μ

∗

n(t)aL]∣0⟩L, (6)

∣νn⟩R = exp[νn(t)a†
R − ν

∗

n (t)aR]∣0⟩R, (7)

where |0⟩L(R) is the vacuum state of the photon mode in the left
(right) resonator. The state of the phonon mode is also represented
using a coherent state,

∣ηn⟩ph = exp[ηn(t)b†
− η∗n(t)b]∣0⟩ph, (8)

with a phonon vacuum state |0⟩ph. The state of the system Eq. (5)
is constructed once the time-dependent variational parameters, i.e.,
An(t), Bn(t), Cn(t), Dn(t), μn(t), νn(t), and ηn(t), are determined via
the variational principle as demonstrated below.An is the probability
amplitude in the state ∣ ↑↑ ⟩∣μn⟩L∣νn⟩R∣ηn⟩ph, μn (νn) is the displace-
ment of the left (right) photon mode, and ηn is the displacement of
the phonon mode.

C. The time-dependent variational principle
The evolution of the variational parameters is governed by the

equations of motion of the parameters, which are derived using the
Dirac–Frenkel time-dependent variational principle,

d
dt
(
∂L

∂α̇∗n
) −

∂L

∂α∗n
= 0. (9)

Here, αn are the variational parameters, i.e.,An(t), Bn(t),Cn(t),Dn(t),
μn(t), νn(t), and ηn(t), and L is the Lagrangian given by

L =
i
2
⟨DM

2 (t)∣
Ð→
∂

∂t
−

←Ð
∂

∂t
∣DM

2 (t)⟩ − ⟨D
M
2 (t)∣H∣D

M
2 (t)⟩. (10)

The evolution equations for all variational parameters are given in
Appendix A.

D. Observables
Employing the Dirac–Frenkel time-dependent variational prin-

ciple with the multi-D2 Ansatz, we investigate the dynamical pro-
cesses in the hybrid system by monitoring the real-time dynamics
of photon and phonon numbers, the qubit state, and the LZ tran-
sition probability. The time evolution of photon numbers in two
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resonators is given by

NL(t) = ⟨DM
2 (t)∣a

†
LaL∣DM

2 (t)⟩

=
M

∑
l,n
[A∗l (t)An(t) + B∗l (t)Bn(t) + C∗l (t)Cn(t)

+D∗l (t)Dn(t)]μ∗l (t)μn(t)Sln(t), (11)

NR(t) = ⟨DM
2 (t)∣a

†
RaR∣DM

2 (t)⟩

=
M

∑
l,n
[A∗l (t)An(t) + B∗l (t)Bn(t) + C∗l (t)Cn(t)

+D∗l (t)Dn(t)]ν∗l (t)νn(t)Sln(t), (12)

with Sln(t) being the Debye–Waller factor,

Sln = exp[μ∗l (t)μn(t) −
1
2
∣μl(t)∣

2
−

1
2
∣μn(t)∣2]

exp[ν∗l (t)νn(t) −
1
2
∣νl(t)∣

2
−

1
2
∣νn(t)∣2]

exp[η∗l (t)ηn(t) −
1
2
∣ηl(t)∣

2
−

1
2
∣ηn(t)∣2]. (13)

The time evolution of the total photon number is N(t) = NL(t)
+ NR(t). In order to characterize photon localization and
delocalization, we also analyze the photon imbalance Z(t) = NL(t)
− NR(t).

In addition to the photon numbers in two resonators, we also
monitor the population dynamics on the number states of the pho-
ton modes. By projecting the total wave packet onto photon num-
ber states |nL⟩ and |nR⟩, the photon populations on these states are
expressed as

∣⟨nL∣DM
2 (t)⟩∣

2

=
M

∑
l,n

exp[−
∣μl(t)∣2∣μn(t)∣2

2
] ×
[μ∗l (t)μn(t)]

nL

nL!

×[A∗l (t)An(t) + B∗l (t)Bn(t) + C∗l (t)Cn(t) + D∗l (t)Dn(t)]

× exp[ν∗l (t)νn(t) −
1
2
∣νl(t)∣

2
−

1
2
∣νn(t)∣2]

× exp[η∗l (t)ηn(t) −
1
2
∣ηl(t)∣

2
−

1
2
∣ηn(t)∣2], (14)

∣⟨nR∣DM
2 (t)⟩∣

2

=
M

∑
l,n

exp[−
∣νl(t)∣2∣νn(t)∣2

2
] ×
[ν∗l (t)νn(t)]

nR

nR!

× [A∗l (t)An(t) + B∗l (t)Bn(t) + C∗l (t)Cn(t) + D∗l (t)Dn(t)]

× exp[μ∗l (t)μn(t) −
1
2
∣μl(t)∣

2
−

1
2
∣μn(t)∣2]

× exp[η∗l (t)ηn(t) −
1
2
∣ηl(t)∣

2
−

1
2
∣ηn(t)∣2]. (15)

Along with the photon dynamics, the time evolution of the
qubit states is recorded in the simulations by measuring the qubit
polarization at every time point via

⟨σL
z (t)⟩ = ⟨D

M
2 (t)∣σ

L
z ∣D

M
2 (t)⟩

=
M

∑
l,n
[A∗l (t)An(t) + B∗l (t)Bn(t)

−C∗l (t)Cn(t) −D∗l (t)Dn(t)]Sln(t), (16)

⟨σR
z (t)⟩ = ⟨D

M
2 (t)∣σ

R
z ∣D

M
2 (t)⟩

=
M

∑
l,n
[A∗l (t)An(t) − B∗l (t)Bn(t)

+ C∗l (t)Cn(t) −D∗l (t)Dn(t)]Sln(t). (17)

Assuming that both qubits are initiated from their down states,
we also measure the LZ transition probability of the qubits flipping
to their up states via

PL
LZ(t) = ∣⟨ ↑L ∣DM

2 (t)⟩∣
2

=
M

∑
l,n
[A∗l (t)An(t) + B∗l (t)Bn(t)]Sln(t),

PR
LZ(t) = ∣⟨ ↑R ∣DM

2 (t)⟩∣
2

=
M

∑
l,n
[A∗l (t)An(t) + C∗l (t)Cn(t)]Sln(t).

(18)

As demonstrated above, our fully quantum mechanical method
based on the wave function of the whole system can explicitly pro-
duce the population dynamics of the phonon mode. Analogous to
the photon population, the phonon population is calculated as

Nph(t) = ⟨D
M
2 (t)∣b

†b∣DM
2 (t)⟩

=
M

∑
l,n
[A∗l (t)An(t) + B∗l (t)Bn(t) + C∗l (t)Cn(t)

+ D∗l (t)Dn(t)]η∗l (t)ηn(t)Sln(t). (19)

E. Parameter configurations and initial conditions
In a bare resonant Rabi dimer given by Hamiltion (2), where

each of the two coupled photon modes interacts with a qubit indi-
vidually and the photon frequency is the same as the qubit bias, the
dynamics of the photons and the qubits are governed by the compet-
itive effects of the qubit–photon coupling g and the inter-resonator
photon hopping rate J.36,37 Hwang et al. constructed a phase diagram
of the time-averaged photon imbalance Z(t) with respect to g and J
for this system and discovered localized and delocalized photonic
phases.36 It is known that the photon-assisted LZ transition proba-
bility is dependent on the average photon number in the resonator64

and a fast change in the average photon number during the transi-
tion time may lead to a large deviation from the standard LZ transi-
tion phenomena. To better understand the LZ transition in the Rabi

J. Chem. Phys. 154, 044102 (2021); doi: 10.1063/5.0033545 154, 044102-4

Published under license by AIP Publishing



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

dimer with periodic driving, we adopt a small photon tunneling rate
J = 0.01ω0 and a relatively strong qubit–photon coupling strength
g = 0.3ω0, leading to a photon localization in the bare resonant Rabi
dimer system.36,37 Here, ω0 is the unit frequency. In addition to real-
izing LZ transitions, the periodic driving fields applied to the qubits
in the Rabi dimer can manipulate the states of the photons and the
qubits. The state manipulation is demonstrated via an example with
a parameter configuration of J = 0.075ω0 and g = 0.3ω0, which is
located in the delocalized photonic phase in the bare resonant Rabi
dimer.

The driving amplitude is set to be large to prevent the qubit
flipping. Therefore, the off-diagonal qubit–photon coupling is not
able to trap the photons in the resonators. As a result, in our work,
the photon is always delocalized. In addition, the driving frequency
is chosen to be small to allow a slow sweep, which facilitates adiabatic
transitions.

We prepare the dimer by pumping N(0) = 20 photons into the
left resonator and keeping the right resonator in a photon vacuum
with μ1(t = 0) =

√
20 and μn≠1(t = 0) = νn(t = 0) = 0. The phonon

mode is initially in its vacuum state with ηn(t = 0) = 0. Both the
left and right qubits are initially prepared in their down states with
An(t = 0) = Bn(t = 0) = Cn(t = 0) = Dn≠1(t = 0) = 0 and D1(t = 0) = 1.
The convergence of our method has been proved in our previous
work.37 Balancing between accuracy and computational cost, we
choose multiplicity M = 6.

III. RESULTS AND DISCUSSION
In order to investigate the LZ transitions in the system, we

focus more on the total photon number and total energy change
due to the following reasons. There are two ways to affect the pho-
ton number in the left and right resonators. First, photons can hop
between the two resonators. In our case, this is the major way of
controlling the photon number. In an extreme case where g = 0, i.e.,
without the qubit–photon coupling, the average photon number in
the two resonators will follow a sinusoidal curve with a Josephson
oscillation period of TJ = 2π/2J, while the total photon number is
conserved. Second, qubits may create or annihilate photons while
at the same time flipping their states under the external field. This
is where photon-assisted LZ transitions take place. The total photon
number is not conserved. Therefore, to understand the photon num-
ber change through the second channel, more attention will be paid
to the total photon number change. The total energy is independent
of the photon tunneling since the total photon number is conserved
in the absence of qubit–photon coupling. However, it depends on
the qubit–photon coupling (the second channel) as the energy may
evolve according to the energy diagram.

We show our results in the following order. First, we discuss the
case of a strong driving field on the left qubit only and the low pho-
ton frequency in the absence of the phonon mode. Second, we switch
to a case similar to the above case but with high-frequency photons,
which allows us to explicitly analyze the underlying photon-assisted
LZ transitions. Third, we couple a dissipative phonon mode to the
qubits and compare it with the previous results. At last, we man-
age to manipulate the qubit state and the photon dynamics in the
absence of the phonon mode by tuning the external driving fields on
two qubits.

A. Only the left qubit is driven
In this subsection, we discuss LZ transitions and photon

dynamics in the Rabi dimer when only the left qubit is driven by
a periodic field. As shown in Fig. 2(a), the driving fields are con-
figured with following parameters FL = 20ω0, ΩL = 0.05ω0, ΦL = 0,
FR = 0, ΩR = 0, and ΦR = 0. We consider three cases in this part. In
the first two cases, the qubits are coupled to photons only (λ = 0),
either low-frequency (ωr = ω0) or high-frequency (ωr = 10ω0) pho-
tons. In the third case, the qubits are coupled to a phonon mode
(λ = 0.2, 0.4) and high-frequency (ωr = 10ω0) photons.

1. Qubits coupled to low-frequency photons
Driven by the field shown as the blue curve in Fig. 2(a) and

coupled to a photon mode with frequency ωr = ω0, the left qubit
undergoes a series of LZ transitions, as shown in Fig. 2(b), when
the driving field passes through zero and an avoid crossing occurs.
In contrast, the undriven right qubit just flips frequently due to the

FIG. 2. Dynamics of the Rabi dimer with the qubits coupled to photons with ωr = ω0
and driven by fields (a) parameterized with FL = 20ω0, ΩL = 0.05ω0, ΦL = 0,
FR = 0, ΩR = 0, and ΦR = 0. The LZ transition probabilities of the left and right
qubits are illustrated in (b) and (d), respectively. Dynamics of the photon numbers
in two resonators is shown in (c). Panel (e) presents the energy diagram of the
coupled states of the left qubit and the number states of the photons in the left
resonator. As the diagram is infinitely large, here, we only show the coupled states
of the left qubit and the photon number states with nL = 0, 1, . . ., 5. Since the
coupling strength g > 0.1ωr, it is in the ultra-strong coupling regime. Therefore,
high order LZ transitions can take place within the green circles.
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off-diagonal qubit–photon coupling, as depicted in Fig. 2(d). Com-
paring the photon number dynamics in the left resonator shown
in Fig. 2(c) and the LZ transition probability of the left qubit, we
can clearly see that the LZ transitions take place in company of
sudden changes in photon numbers, indicating they are indeed
photon-assisted transitions.

In order to understand the LZ transitions of the left qubit, we
calculate the time evolution of the discrete energies of the hybrid
states |↓L(↑L), nL⟩, where |↓L(↑L)⟩ is the left qubit state and |nL⟩ is
the number state of the left photon mode. The energy diagram is
illustrated in Fig. 2(e). For simplicity, we only show six up states
and six down states of the left qubit, i.e., |↓L(↑L), nL⟩, nL = 0, 1, 2, 3,
4, 5. The energy gap between two neighboring states with the same
qubit state is always equal to ωr . Note that here we use the discrete
photon number state instead of the continuous coherent state in the
energy diagram. Even though the photons in resonators are prepared
in coherent states, they can always be decomposed into infinite series
of number states. To be specific, by decomposing the coherent states
in Eq. (5), the system state without phonon can always be written as

∣D̃M
2 (t)⟩ =

M

∑
n=1

exp(−
∣μn∣2 + ∣νn∣2

2
)[An(t)∣ ↑↑ ⟩

+ Bn(t)∣ ↑↓ ⟩ + Cn(t)∣ ↓↑ ⟩ + Dn(t)∣ ↓↓ ⟩]

⊗

∞

∑
i=0

μin
√
i!
∣i⟩L

∞

∑
j=0

νjn
√
j!
∣ j⟩R. (20)

The evolution of every number state follows the energy dia-
gram. Therefore, the photon coherent state evolves in the same man-
ner since it is a superposition of the number states. When ωr ≪

FL, there are a large number of energy cross points in a short time
interval when the up-state and down-state clusters sweep across.
Moreover, g > 0.1ωr implies that it is in the ultra-strong-coupling
regime. Therefore, multiple high order LZ transitions may take place
in the green circles in Fig. 2(e). To compare with the linear LZ
transition problem, we estimate the sweep rate vL using the time
derivative of the driving field when the state energies cross and get
vL = FLΩL = ω0

2.
Now, we are in a good position to analyze the LZ transitions

in the left Rabi monomer. As we can see from Figs. 2(b) and 2(e),
there are stepwise changes in PL

LZ at the time when a large number
of energy crossings take place. We examine the first LZ transition
for 30/ω0 < t < 40/ω0 as an example. The average photon number
in the left resonator during transition is NL(t) ≈ 17. As a result, the
relaxation time of the LZ transition τLZ ∼ 2g

√
NL(t) + 1/vL is longer

than the time gap between the two LZ transitions tc ∼ ωr/vL. There-
fore, the series of LZ transitions are not independent, and hence,
a beating pattern instead of a damped oscillating pattern is seen in
Fig. 2(b).64,65 In Fig. 2(c), the left resonator photon number expe-
riences an abrupt change. This is an overall effect of multiple LZ
transition interference. In Fig. 2(d), the LZ transition probability of
the right qubit tends to be 0.5. Due to a zero energy bias, the right
qubit can freely flip with the help of the off-diagonally coupled pho-
tons. As a result, there is an equal probability of flipping to the up
and down states.

As demonstrated above, we have studied the photon-assisted
LZ transitions of the left qubit with the help of the energy diagram.

However, due to the strong interference between a large number of
LZ transitions, we are not able to analyze each LZ transition explic-
itly. Therefore, we switch to the case with a strong driving field and
a high photon frequency.

2. Qubits coupled to high-frequency photons
Similar to the above case, in this section, only the left qubit is

driven by a strong periodic field in the absence of the phonon mode,
but higher frequency photons with ωr = 10ω0 are adopted. When the
photon frequency is large, the relaxation time of each LZ transition
is much smaller than the time interval between the neighboring LZ
transitions. In addition, g < 0.1ωr corresponds to a weak coupling.
Therefore, a series of independent first-order LZ transitions emerge
in the system.

In Fig. 3(a), the LZ transition probability PL
LZ hops to a new

value at every transition point as indicated by the green circles. The
first four transitions in 0 < t < 120/ω0 are nearly fully adiabatic tran-
sitions due to the large number of off-diagonally coupled photons
in the left resonator. As mentioned, a coherent state can be decom-
posed into an infinite series of number states, and the LZ transition
of each number state can be explicitly analyzed with the aid of the
energy diagram. In Fig. 3(d), we show a transition trajectory start-
ing with |↓L, 3⟩ as an example. The first four transitions take place
in the sequence of |↓L, 3⟩ → |↑L, 2⟩ → |↓L, 1⟩ → |↑L, 2⟩ → |↓L, 3⟩.
We conclude that if every LZ transition is fully adiabatic, starting
from any number state |↓L, n⟩, with n = 2, 3, 4, . . ., the state always
follows the sequence of |↓L, n⟩ → |↑L, n − 1⟩ → |↓L, n − 2⟩ → |↑L,
n − 1⟩ → |↓L, n⟩. Even though |↓L, 0⟩ and |↓L, 1⟩ cannot initiate the
same trajectory, the initial expansion coefficients of these two states
are negligibly small for a coherent state |↓L, α⟩ with a large α. This
can also be explicitly demonstrated by calculating the time evolution
of the number state distribution of the photons in the left resonator
(see the left panel of Fig. 5). In addition to the photon population
distribution on the number states, the photon number in the left
resonator is crucial to understand the interplay between the pho-
ton dynamics and the LZ transitions of the left qubit. As illustrated
by the sinusoidal blue curve in Fig. 3(b) in the aforementioned time
range, there are four abrupt changes in the photon number in the
left resonator with the amplitudes ΔNL(t) and the time points of
the changes summarized in Table I. These changes are more visi-
ble in the dynamics of the total photon number N(t), as shown by
the green line in Fig. 3(b). These four sudden shifts are attributed
to the photon-assisted LZ transitions as we have predicted using the
energy diagram. Moreover, during the first four LZ transitions, the
system total energy [see Fig. 3(c)] shows precisely the same shape as
the path on the energy diagram, which further confirms our analysis.

At the fifth transition point t ≈ 147/ω0, due to the lack of pho-
tons in the left resonator, this is no longer a fully adiabatic transition
and the analysis above ceases to work here. Instead, by borrowing
the equation of calculating photon-assisted LZ transition probability
starting with a coupled state of a left-qubit down-state and a photon
coherent state with NL(t) photons in the left resonator64

PL
LZ = 1 − exp[−NL(t)]

∞

∑
n=0

NL(t)n

n!
exp[−

2πg2
(n + 1)
vL

],

we can get a final probability of LZ transition PL
LZ ≈ 0.6 by substitut-

ing NL(t ≈ 147/ω0) = 1, g = 0.3ω0, and the sweep rate vL = ω0
2 into
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FIG. 3. Dynamics of the Rabi dimer with the qubits coupled to photons with
ωr = 10ω0 and driven by the fields shown in Fig. 2(a). The LZ transition probabili-
ties of the left and right qubits are illustrated in (a) and (e), respectively. Dynamics
of the photon numbers in two resonators is shown in (b). Illustrated in (c) is the
dynamics of the total energy of the hybrid system. Panel (d) presents the energy
diagram of the coupled states of the left qubit and the number states of the photons
in the left resonator. Here, we only show the coupled states of the left qubit and the
photon number states with nL = 0, 1, . . ., 4. Since g < 0.1ωr, high order transitions
are not allowed. To be specific, |↓L, n⟩ can only transit to |↑L, n ± 1⟩, while |↑L,
n⟩ can only transit to |↓L, n ± 1⟩. Green circles refer to the point where adiabatic
transitions may take place. The blue line is the state trajectory if one starts with
|↓L, 3⟩.

the equation. The analytical estimation is very close to the probabil-
ity PL

LZ = 0.5 from numerical calculations, as shown in Fig. 3(a) at
t ≈ 147/ω0. The minor difference may be attributed to the continu-
ous decreasing of the average photon number in the left resonator
during the LZ transition. The fifth transition is shown schemati-
cally in Fig. 3(d) in which non-adiabatic and adiabatic transitions
occur simultaneously. After the fifth transition, the states will spread
out with all photons distributed in a bunch of number states due to
the successive LZ transitions, as presented in the left panel of Fig. 5.
Therefore, the transition probabilities are hard to predict analytically
afterward.64

TABLE I. Abrupt changes in the left-resonator photon number induced by photon-
assisted LZ transitions.

t(/ω0) 21 ( 20π
3 ) 42 ( 40π

3 ) 84 ( 80π
3 ) 105 ( 100π

3 )

ΔNL(t) −1 −1 +1 +1

As a reference, the undriven right qubit has a zero bias and
is coupled to high-frequency photons with a coupling strength of
g = 0.3ω0. Compared to the photon frequency ωr = 10ω0, the
off-diagonal qubit–photon coupling is considered to be too weak,
g < 0.1ωr, to alter the state of the right qubit. Moreover, the large
detuning between the right qubit and the photons hinders the qubit
flipping. Therefore, in contrast to the flipping in the low-frequency
photon case with ωr = ω0, the right qubit is always confined in
its down state when it is coupled to high-frequency photons, as
demonstrated in Fig. 3(e).

3. Qubits coupled to high-frequency photons
and a phonon mode

In addition to analyzing the LZ transitions in the driven Rabi
dimer, we move one step further to study the environmental effects
on the LZ transitions by coupling the qubits to a phonon mode.
Such a mode can be realized in experiments using a micromechan-
ical resonator. In this section, again only the left qubit is driven by
a periodic field with FL = 20ω0, ΩL = 0.05ω0, and ΦL = 0. In addi-
tion to the phonon mode with ωph = ω0, two qubits are coupled to
high-frequency (ωr = 10ω0) photons with g = 0.3ω0.

In order to highlight the phonon effects on the system dynam-
ics, we perform two sets of calculations with diagonal qubit–phonon
couplings λ = 0.2 and 0.4. The results are summarized in Fig. 4, in
comparison with the results in the absence of the phonon mode, as
shown in Fig. 3.

Similar to the case without the phonon, the right qubit is still
frozen in its down state independent of the qubit–phonon coupling.
Therefore, the right photon mode is almost decoupled with the right
qubit, leading to the dynamics controlled only by the inter-resonator
photon hopping rate J and insensitive to the qubit–phonon cou-
pling. Hereafter, we mainly focus on the analysis of the dynam-
ics of the left qubit and left photon modes, as well as the phonon
population.

Comparing Fig. 3(a) with Figs. 4(a) and 4(d), we find that
the left qubit LZ transition probability PL

LZ approaches 0.5 faster as
λ increases, and there are more probability spikes during the LZ
transitions. The underlying reasons are shown below.

Coupling the qubits to the low-frequency phonon induces more
split states with smaller energy gaps. Therefore, more transitions
between these states are possible to take place, leading to fluctuations
in the LZ transition probability of the left qubit. More transitions
also accelerate the wave packet spreading over more states of the sys-
tem and thus result in equally populated up and down states of the
left qubit in a shorter time.

To further verify our explanation, we record the real-time
dynamics of the left-resonator photon distribution in the number
states with different qubit–phonon coupling strengths (Fig. 5). From
a general point of view, the number states with the highest proba-
bility always have a photon number around the real-time average
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FIG. 4. Dynamics of the Rabi dimer with the driven qubits coupled to photons with ωr = 10ω0 and a common phonon mode with ωph = ω0. The results for qubit–phonon
coupling strengths λ = 0.2 and 0.4 are presented in the left and right columns, respectively. The upper panels (a) and (d) show the LZ transition probabilities of the qubits.
The evolution of the photon numbers is depicted in middle panels (b) and (e). Bottom panels (c) and (f) exhibit the phonon population dynamics from numerical calculations
together with analytic results when 0 < t < 21/ω0.

photon number NL(t) in the left resonator, which is the result of
the Poissonian distribution. However, as the qubit–phonon coupling
strength λ increases, the photon population spreads to a broader
range of number states, which implies that the states branch out
and cause PL

LZ → 0.5. In a conventional, linearly driven LZ model,
the zero-temperature dissipative environment is not able to change
the LZ transition probability.31 However, our model is much more
intricate with a sinusoidal driving field and tunneling photons. It
has been shown that even at zero temperature, sinusoidal driving
is able to change the final LZ transition probability. In addition, the
stronger the coupling strength, the larger the LZ transition probabil-
ity deviation.66 Moreover, it has been found that a large coupling
strength λ and a small initial phonon number enable the system
to enter a fully quantum regime, which cannot be predicted by

the semi-classical model. In this regime, the transition probability
decays faster to 0.5 with sharp peaks of a few frequency compo-
nents.67 This is consistent with our findings shown in Figs. 4(a) and
4(d).

It is an intriguing fact that the phonon population oscillates
sinusoidally with a fixed frequency but varying amplitudes depen-
dent on the state of the left qubit. Moreover, the left qubit in
the up state can greatly damp the oscillations, while the down
state facilitates the oscillations. We can approach this problem
by analyzing the photon population dynamics before the first
LZ transition, i.e., t < 21/ω0. In this period, even with a large
number of off-diagonally coupled photons in the left resonator,
the qubit state is confined in its initial down state due to the
large energy gap between the up and down states. Therefore, we

FIG. 5. Time evolution of the photon distribution in the number states |nL⟩ of the left-resonator photons with the qubit–phonon coupling λ = 0 (left), 0.2 (middle), and 0.4
(right). The y axis represents the index of the number state of the left-resonator photons. Logarithm scaled photon populations are adopted to highlight the photon distribution
in the number states under the influence of the phonon mode.
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can neglect the contribution of the off-diagonally coupled photons
to the phonon population, i.e., only consider the two qubits and
diagonally coupled phonon. This reasonable approximation allows
us to get an analytical solution (shown in Appendix B) of the phonon
population dynamics due to the temporary time independence of
both σL

z and σR
z operators in the Heisenberg space. The analytic

result NA
ph(t) = 8λ2

[1 − cos(ωpht)]/ω2
ph when t < 21/ω0 is con-

sistent with the results obtained by our numerical calculation, as
shown in Figs. 4(c) and 4(f). The minor difference is induced by our
approximation of neglecting the contribution from the photons.

In the time interval [21/ω0, 42/ω0], the left qubit flips to the
up state, and the oscillating amplitude of the phonon population is
suppressed. This can be explained by the expression of the number
operator b†

(t)b(t) in the Heisenberg picture, which contains the term
σL
z + σR

z . The right qubit is always suppressed in its down state, and
hence, if the left qubit is in the up state, the coefficients of the time-
dependent oscillating terms are zero. The small amplitude oscillation
is due to the fact that the left qubit is not in an exact up state.

Even though the photons start to play an important role in
the system afterward, the oscillation amplitude of the phonon pop-
ulation is still dependent on the left qubit state and the oscilla-
tion frequency is always ωph. This is due to the lack of direct
interactions between the photons and the phonon. However, we
see a slow increase in the phonon population. The phonon mode
gradually gains energy from photons through the intermediate
qubit.

B. Qubit and photon dynamics manipulation by
driving both qubits

Manipulating the states of the qubits and the photons is one
of the main tasks in quantum information science and quantum
computing.68 For example, Ku et al. applied a microwave hyperbolic
secant pulse to tune a superconducting transmon qubit and gener-
ated high-fidelity phase gates.69 We have also proposed a framework
to engineer the photon dynamics in a Rabi dimer by tuning the
qubit–phonon coupling.37 In this work, we find that the dynamics
of the qubits and photons in the Rabi dimer can be precisely manip-
ulated by tuning the external driving fields and the inter-resonator
photon tunneling rate.

Here, we propose a solution of generating a square-wave pat-
tern in qubit dynamics together with a stepwise photon dynamics.
To illustrate our scheme, we parameterize the system as follows:
J = 0.075ω0, FL = FR = 20ω0, ΩL = ΩR = 0.05ω0, ωr = 10ω0, and λ = 0.
With a large photon hopping rate, i.e., J = 0.075ω0, a relatively large
number of photons can reside in each resonator at the transition
times. The large photon numbers lead to LZ transitions with almost
hundred percent probability, which, in turn, prevent uncontrollable
spreading out of the states.

Two scenarios that differ only in the initial phase of the exter-
nal field are recommended here. It is found that the initial phase of
the external driving field plays an important role in controlling both
the qubit and photon dynamics starting from the same initial state.
As shown in Fig. 6, the polarization ⟨σz⟩ of both qubits exhibits the
square-wave patterns. With external fields applied to both qubits,
simultaneous LZ transitions in two qubits lead to a larger photon
number variation in the system. Whenever there are qubit state tran-
sitions, the photon number will either increase 2 or decrease 2. When

FIG. 6. (a) and (b) Qubit polarization and photon dynamics with ΦL = ΦR = π/6.
(c) and (d) Qubit polarization and photon dynamics with ΦL = ΦR = π/2. The
other parameters for the fields are FL = FR = 20ω0 and ΩL = ΩR = 0.05ω0.
High-frequency photons with ωr = 10ω0 can hop between two resonators with
J = 0.075ω0. The qubits are not coupled to the phonon mode, i.e., λ = 0.

ΦL = ΦR = π/6, both qubits are in their down states most of the time,
while in the up states with ΦL = ΦR = π/2. In addition, the photon
number can vary in a range of 16–20 for ΦL = ΦR = π/6, while 18–22
for ΦL = ΦR = π/2.

All phenomena mentioned in this subsection can be well
explained by the energy diagram shown in Sec. III A 2, and hence,
we do not show the diagram again. As illustrated by examples in
this section, the states of the qubits and the photons can be engi-
neered by tuning the driving fields on the qubits. It opens up new
venues to control quantum states in quantum information devices
and quantum computers.

IV. CONCLUSION
In this work, we have found intriguing multiple photon-

assisted LZ transitions in a Rabi dimer system with the qubits driven
by periodic fields. Combining the multiple Davydov D2 Ansatz with
the Dirac–Frenkel time-dependent variational principle, we investi-
gate the dynamics of the qubits, the photon modes, and the phonon
mode explicitly. Driving the left qubit with a periodic field, we record
the time-dependent LZ transition probability of the qubit. Both
adiabatic and nonadiabatic transitions are involved in the dynam-
ics, which is well explained by the energy diagram and the system
energy. The trajectory for the transitions is also revealed using the
energy diagram. If the qubits are further coupled to a common
phonon mode, the LZ transition probability approaches 0.5 faster as
the phonon mode introduces a large number of available states with
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small energy gaps. The short time phonon population is estimated
analytically, which agrees well with numerical calculations.

Equipped with the knowledge of controlling the LZ transitions,
we propose methods of manipulating the qubit states and the pho-
ton dynamics with the help of photon-assisted LZ transitions. The
circuit QED setup proposed in this work could also be used to pre-
pare quantum states using Landau–Zener–Stückelberg interferome-
try.8,70,71 Studies along this direction are in progress. It is expected
that these scenarios can be experimentally realized and may benefit
the quantum information technology.
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APPENDIX A: THE TIME-DEPENDENT VARIATIONAL
APPROACH

The Dirac–Frenkel variational principle results in equations of
motion of the variational parameters as follows:

i
M

∑
n=1
[Ȧn + An(μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)]S̄ln =

M

∑
n=1

AnS̄ln[
FL

2
cos(ΩLt + ΦL) +

FR

2
cos(ΩRt + ΦR) + ωLμ∗l μn + ωRν∗l νn − J(μ

∗

l νn + μnν∗l )

+ ωphη
∗

l ηn + 2λ(η∗l + ηn)] − g
M

∑
n=1

Cn(μ∗l + μn)S̄ln − g
M

∑
n=1

Bn(ν∗l + νn)S̄ln, (A1)

where S̄ln = exp[μ∗l μn + ν∗l νn + η∗l ηn],

i
M

∑
n=1
[Ḃn + Bn(μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)]S̄ln =

M

∑
n=1

BnS̄ln[
FL

2
cos(ΩLt + ΦL) −

FR

2
cos(ΩRt + ΦR) + ωLμ∗l μn + ωRν∗l νn − J(μ

∗

l νn + μnν∗l ) + ωphη
∗

l ηn]

− g
M

∑
n=1

Dn(μ∗l + μn)S̄ln − g
M

∑
n=1

An(ν∗l + νn)S̄ln, (A2)

i
M

∑
n=1
[Ċn + Cn(μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)]S̄ln =

M

∑
n=1

CnS̄ln[−
FL

2
cos(ΩLt + ΦL) +

FR

2
cos(ΩRt + ΦR) + ωLμ∗l μn + ωRν∗l νn

−J(μ∗l νn + μnν∗l ) + ωphη
∗

l ηn] − g
M

∑
n=1

An(μ∗l + μn)S̄ln − g
M

∑
n=1

Dn(ν∗l + νn)S̄ln, (A3)

i
M

∑
n=1
[Ḋn + Dn(μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)]S̄ln =

M

∑
n=1

DnS̄ln[−
FL

2
cos(ΩLt + ΦL) −

FR

2
cos(ΩRt + ΦR) + ωLμ∗l μn + ωRν∗l νn − J(μ

∗

l νn + μnν∗l )

+ ωphη
∗

l ηn − 2λ(η∗l + ηn)] − g
M

∑
n=1

Bn(μ∗l + μn)S̄ln − g
M

∑
n=1

Cn(ν∗l + νn)S̄ln, (A4)

i
M

∑
n=1
[(A∗l Ȧn + B∗l Ḃn + C∗l Ċn + D∗l Ḋn)μn + (A∗l An + B∗l Bn + C∗l Cn + D∗l Dn)μ̇n + (A∗l An + B∗l Bn + C∗l Cn + D∗l Dn) × (μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)μn]S̄ln

= i
M

∑
n=1

μn
2
[(A∗l An + B∗l Bn − C∗l Cn −D∗l Dn) ×FL cos(ωLt + ΦL)]S̄ln + i

M

∑
n=1

μn
2
[(A∗l An − B∗l Bn + C∗l Cn −D∗l Dn) ×FR cos(ωRt + ΦR)]S̄ln

+
M

∑
n=1

μnS̄ln(A
∗

l An + B∗l Bn + C∗l Cn + D∗l Dn) × [ωLμ∗l μn + ωRν∗l νn − J(μ
∗

l νn + μnν∗l ) + ωphη
∗

l ηn]

+
M

∑
n=1

S̄ln(A
∗

l An + B∗l Bn + C∗l Cn + D∗l Dn) × (ωLμn − Jνn) − g
M

∑
n=1

μn(A∗l Cn + B∗l Dn + C∗l An + D∗l Bn) × (μ∗l + μn)S̄ln

− g
M

∑
n=1

μn(A∗l Cn + B∗l Dn + C∗l An + D∗l Bn)S̄ln − g
M

∑
n=1

μn(A∗l Bn + B∗l An + C∗l Dn + D∗l Cn) × (ν∗l + νn)S̄ln

+
M

∑
n=1

μn(2A∗l An −D∗l Dn)λ(η∗l + ηn)S̄ln, (A5)
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i
M

∑
n=1
[(A∗l Ȧn + B∗l Ḃn + C∗l Ċn + D∗l Ḋn)νn +(A∗l An + B∗l Bn + C∗l Cn + D∗l Dn)ν̇n +(A∗l An + B∗l Bn + C∗l Cn + D∗l Dn) ×(μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)νn]S̄ln

= i
M

∑
n=1

νn
2
[(A∗l An + B∗l Bn − C∗l Cn −D∗l Dn) ×FL cos(ωLt + ΦL)]S̄ln + i

M

∑
n=1

νn
2
[(A∗l An − B∗l Bn + C∗l Cn −D∗l Dn) ×FR cos(ωRt + ΦR)]S̄ln

+
M

∑
n=1

νnS̄ln(A
∗

l An + B∗l Bn + C∗l Cn + D∗l Dn) × [ωLμ∗l μn + ωRν∗l νn − J(μ
∗

l νn + μnν∗l ) + ωphη
∗

l ηn]

+
M

∑
n=1

S̄ln(A
∗

l An + B∗l Bn + C∗l Cn + D∗l Dn) × (ωRνn − Jμn) − g
M

∑
n=1

νn(A∗l Cn + B∗l Dn + C∗l An + D∗l Bn) × (μ∗l + μn)S̄ln

− g
M

∑
n=1

νn(A∗l Bn + B∗l An + C∗l Dn + D∗l Cn)S̄ln − g
M

∑
n=1

νn(A∗l Bn + B∗l An + C∗l Dn + D∗l Cn) × (ν∗l + νn)S̄ln

+
M

∑
n=1

νn(2A∗l An −D∗l Dn)λ(η∗l + ηn)S̄ln, (A6)

and

i
M

∑
n=1
[(A∗l Ȧn + B∗l Ḃn + C∗l Ċn + D∗l Ḋn)ηn + (A∗l An + B∗l Bn + C∗l Cn + D∗l Dn)η̇n + (A∗l An + B∗l Bn + C∗l Cn + D∗l Dn) × (μ∗l μ̇n + ν∗l ν̇n + η∗n η̇n)ηn]S̄ln

= i
M

∑
n=1

ηn
2
[(A∗l An + B∗l Bn − C∗l Cn −D∗l Dn) ×FL cos(ωLt + ΦL)]S̄ln + i

M

∑
n=1

ηn
2
[(A∗l An − B∗l Bn + C∗l Cn −D∗l Dn) ×FR cos(ωRt + ΦR)]S̄ln

+
M

∑
n=1

ηnS̄ln(A
∗

l An + B∗l Bn + C∗l Cn + D∗l Dn) × [ωLμ∗l μn + ωRν∗l νn − J(μ
∗

l νn + μnν∗l ) + ωphη
∗

l ηn]

+
M

∑
n=1
(A∗l An + B∗l Bn + C∗l Cn + D∗l Dn)ωphηnS̄ln − g

M

∑
n=1

ηn(A∗l Cn + B∗l Dn + C∗l An + D∗l Bn) × (μ∗l + μn)S̄ln

− g
M

∑
n=1

ηn(A∗l Bn + B∗l An + C∗l Dn + D∗l Cn) × (ν∗l + νn)S̄ln +
M

∑
n=1

ηn(2A∗l An − 2D∗l Dn)λ(η∗l + ηn)S̄ln +
M

∑
n=1
(2A∗l An −D∗l Dn)λS̄ln. (A7)

By numerically solving these linear equations at each time t,
one can calculate the values of Ȧn, Ḃn, Ċn, Ḋn, μ̇n, ν̇n, and η̇n accu-
rately. The fourth-order Runge–Kutta method is then adopted for
the time evolution of the tunable Rabi dimer, including the time-
dependent photon numbers, phonon number, qubit polarization,
and LZ transition probability.

APPENDIX B: APPROXIMATED ANALYTICAL
SOLUTION OF PHONON POPULATION

The Hamiltonian of the simplified system is

Hs =
FL cos(ΩLt + ΦL)

2
σL
z +

FR cos(ΩRt + ΦR)

2
σR
z

+ωphb
†b + λ(σL

z + σR
z )(b

† + b).

Now, we use the Heisenberg picture to calculate the dynamics
of the phonon number, which starts at vacuum state |0⟩. We use the
Heisenberg equation of motion,

dQ(Hs)

dt
=

1
ih̵
[Q(Hs),Hs],

where Q is any operator. Here, we set h̵ = 1, and therefore, the
equation becomes

dQ(Hs)

dt
=

1
i
[Q(Hs),Hs].

By solving this differential equation, we can obtain the time evo-
lution of the operator in Heisenberg space and thus calculate the
real-time average phonon number in the system by the following
equation:

Nph(t) = ⟨Φ(0)∣b
†
(t)b(t)∣Φ(0)⟩,

where |Φ(0)⟩ = |↓L, ↓R, 0⟩ is the initial state of two qubits and a
phonon.
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We next calculate the operators b†
(t) and b(t ) in Heisenberg

space, respectively,

db†

dt
=

1
i
[b†,Hs]

=
1
i
[b†,

FL cos(ΩLt + ΦL)

2
σL
z +

FR cos(ΩRt + ΦR)

2
σR
z

+ωphb
†b + λ(σL

z + σR
z )(b

† + b)]

=
1
i
[b†,ωphb

†b + λ(σL
z + σR

z )(b
† + b)]

=
ωph

i
[b†, b†b] +

λ(σL
z + σR

z )

i
[b†, b† + b]

= −
ωph

i
b†
−
λ(σL

z + σR
z )

i

= iωphb
† + iλ(σL

z + σR
z ), (B1)

db
dt
=

1
i
[b,Hs]

=
1
i
[b,

FL cos(ΩLt + ΦL)

2
σL
z +

FR cos(ΩRt + ΦR)

2
σR
z

+ωphb
†b + λ(σL

z + σR
z )(b

† + b)]

=
1
i
[b,ωphb

†b + λ(σL
z + σR

z )(b
† + b)]

=
ωph

i
[b, b†b] +

λ(σL
z + σR

z )

i
[b, b† + b]

=
ωph

i
b +

λ(σL
z + σR

z )

i

= −iωphb − iλ(σ
L
z + σR

z ), (B2)

where we have used the fact that [b, b†
] = I.

Next, we show that σL
z and σR

z are time independent, which
allow us to solve the above two differential equations,

dσL
z

dt
=

1
i
[σL

z ,Hs]

=
1
i
[σL

z ,
FL cos(ΩLt + ΦL)

2
σL
z +

FR cos(ΩRt + ΦR)

2
σR
z

+ωphb
†b + λ(σL

z + σR
z )(b

† + b)]

=
1
i
[σL

z ,
FL cos(ΩLt + ΦL)

2
σL
z + λσL

z (b
† + b)]

= 0, (B3)

dσR
z

dt
=

1
i
[σR

z ,Hs]

=
1
i
[σR

z ,
FL cos(ΩLt + ΦL)

2
σL
z +

FR cos(ΩRt + ΦR)

2
σR
z

+ωphb
†b + λ(σL

z + σR
z )(b

† + b)]

=
1
i
[σR

z ,
FR cos(ΩRt + ΦR)

2
σR
z + λσR

z (b
† + b)]

= 0. (B4)

Now, we solve the differential equation. We choose b† as an
example and will provide the solution for b directly,

db†

dt
= iωphb

† + iλ(σL
z + σR

z ),

∫

b†(t)

b†(0)

db†

iωphb† + iλ(σL
z + σR

z )
= ∫

t

0
dt,

b†
(t) =

eiωpht[iωphb†
(0) + iλ(σL

z + σR
z )] − iλ(σL

z + σR
z )

iωph
.

(B5)

Using the same way, we can get

b(t) =
e−iωpht[−iωphb(0) − iλ(σL

z + σR
z )] + iλ(σL

z + σR
z )

−iωph
.

Therefore,

b†
(t)b(t) = b

†
(0)b(0) +

λ
ωph
(σL

z + σR
z )

× [(1 − eiωpht)b†
(0) + (1 − e−iωpht)b(0)]

+
2λ2
(σL

z + σR
z )

2

ω2
ph

[1 − cos(ωpht)]. (B6)

Finally, we can calculate the average number of phonon with
respect to time,

Nph(t) = ⟨Φ(0)∣b
†
(t)b(t)∣Φ(0)⟩

= ⟨Φ(0)∣b
†
(0)b(0) +

λ
ωph
(σL

z + σR
z )[(1 − e

iωpht)b†
(0)

+ (1 − e−iωpht)b(0)] +
2λ2
(σL

z + σR
z )

2

ω2
ph

[1 − cos(ωpht)]∣Φ(0)⟩

= ⟨ ↓
L, ↓R, 0∣b†

(0)b(0) +
λ
ωph
(σL

z + σR
z )[(1 − e

iωpht)b†
(0)

+(1 − e−iωpht)b(0)]

+
2λ2
(σL

z + σR
z )

2

ω2
ph

[1 − cos(ωpht)]∣ ↓
L, ↓R, 0⟩

=
2λ2

ω2
ph
[1 − cos(ωpht)]⟨ ↓

L, ↓R, 0∣(σL
z + σR

z )
2
∣ ↓

L, ↓R, 0⟩

=
8λ2

ω2
ph
[1 − cos(ωpht)].

(B7)
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