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ABSTRACT
Thermally activated escape processes in multi-dimensional potentials are of interest to a variety of fields, so being able to calculate the rate
of escape—or the mean first-passage time (MFPT)—is important. Unlike in one dimension, there is no general, exact formula for the MFPT.
However, Langer’s formula, a multi-dimensional generalization of Kramers’s one-dimensional formula, provides an approximate result when
the barrier to escape is large. Kramers’s and Langer’s formulas are related to one another by the potential of mean force (PMF): when calculated
along a particular direction (the unstable mode at the saddle point) and substituted into Kramers’s formula, the result is Langer’s formula.
We build on this result by using the PMF in the exact, one-dimensional expression for the MFPT. Our model offers better agreement with
Brownian dynamics simulations than Langer’s formula, although discrepancies arise when the potential becomes less confining along the
direction of escape. When the energy barrier is small our model offers significant improvements upon Langer’s theory. Finally, the optimal
direction along which to evaluate the PMF no longer corresponds to the unstable mode at the saddle point.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0040071., s

I. INTRODUCTION

For over-damped Brownian motion in a one-dimensional
potential energy landscape, there is an exact result for the mean first-
passage time between two points.1,2 The double integral expression
is an improvement upon Kramers’s formula, which is an approxi-
mate result obtained in the limit of a large energy barrier to escape.3

In higher dimensions, the extra freedom in the shape of the absorb-
ing and reflecting boundaries prevents a general expression for the
mean first-passage time from being derived.2 However, it is pos-
sible to generalize Kramers’s one-dimensional formula to higher
dimensions. The result—Langer’s formula—suffers from the same
restrictive assumptions as Kramers’s formula.4,5

When the escape process of interest occurs in a potential that
does not satisfy Langer’s assumptions, it is desirable to try and distill

the problem into one dimension, where exact formulas for the mean
first-passage time can be employed. Usually, this means attempting
to determine a “reaction co-ordinate” for the system. This is a sin-
gle, generalized variable, which charts the progress from the starting
point to the end.

There are myriad ways in which to connect the start and end
points. The path of steepest-descent is determined by the gradient of
the potential.6–8 In contrast, the path of minimum resistance seeks
to strike a balance between the gradient and the frictional forces.9,10

When the barrier to escape is large, these two paths overlap with
one another in the most important region—the region around the
saddle point—to a very large degree. However, when the potential
is relatively flat, such overlap is less certain, and saddle point avoid-
ance is known to occur.11,12 Alternatively, paths can be constructed
according to the gradient of the mean first-passage time.13
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Once the path is established, the reaction co-ordinate follows
naturally. The potential at each point on the path can be found,
enabling calculation of the mean first-passage time. Approached in
this way, it is the path between the two points that is of most impor-
tance. It should be constructed according to some principle that
ensures that, when the system is reduced to one dimension, suffi-
cient information is retained for the mean first-passage time still to
be accurate.

Berezhkovskii and Szabo took a different approach.14 Their
first-principle was that Langer’s formula for the mean first-passage
time is in some sense optimal. Next, they demonstrated that Langer’s
multi-dimensional expression can be obtained from Kramers’s one-
dimensional formula, provided that the potential of mean force is
evaluated along a certain direction. They showed that the mean first-
passage time is maximal along this direction, which is fixed by the
unstable mode at the saddle point, and coincides with the reactive
flux if the system is isotropic. At least for the potential considered
later in this paper, a method known as “Spectral gap optimization
of order parameters” returns the same direction as that obtained by
Berezhkovskii and Szabo.15,16

Berezhkovskii and Szabo generalized their work by assuming
that the splitting probability—the probability of starting from some
point in the landscape and reaching the products before reaching
the reactants—is a slowly varying co-ordinate.17 They then projected
the multi-dimensional diffusive dynamics onto this co-ordinate and
demonstrated that the resulting one-dimensional diffusion equation
gives the exact result for the flux between the two regions. When
evaluated for the double well potential considered in their earlier
work, they obtain the same result and demonstrate again that the
motion takes place along a direction normal to the stochastic sepa-
ratrix (the plane of points for which the splitting probability is half).
This work builds upon previous efforts at “milestoning,”18 which
breaks down an escape process into transitions between surfaces
of equal splitting probability.19 The splitting probability has been
treated as an optimal co-ordinate.20,21

We seek to build upon Berezhkovskii and Szabo’s work in
two ways. First, rather than using the potential of mean force in
Kramers’s approximate expression for the mean first-passage time,
we use it in the double integral expression in the hope of extend-
ing the applicability of their general method to cases where it cannot
currently be applied, such as escape over a small barrier.

Second, we demonstrate that the mean first-passage time cal-
culated using the double integral formula is not necessarily maximal
when evaluated along the direction, which maximizes the result cal-
culated using Kramers’s formula. For the potential we studied, the
maximal values best model the mean first-passage times obtained
from Brownian dynamics simulations.

Although we do not study the effects of anisotropy, there
are similarities worth remarking upon. When a system is highly
anisotropic, “fast” and “slow” directions are created in the poten-
tial energy landscape and progress from the initial to the final state
is measured by progress along the “slow” co-ordinate. The poten-
tial of mean force approaches the potential along this direction.22–24

This exploits the same feature as projecting the multi-dimensional
dynamics onto the splitting probability, which is hoped to be a
“slow” direction.

In Sec. II, we discuss Langer’s expression for the mean first-
passage time and use it to lay the groundwork for the derivation of

our expression, which is in Sec. III. Thereafter the common thread to
this work is a comparison of Langer’s model to our model via Brow-
nian dynamics simulations. In Sec. IV, we study the effect upon the
mean first-passage time of allowing the curvature of the potential
in the non-escape direction to vary as a function of the co-ordinate
along the escape direction. The two models approach this topic dif-
ferently: Langer’s model considers the curvature at only the min-
imum and the saddle, whereas our model tries to account for the
transition between these values.

In Sec. V, we study transitions between the minima of a dou-
ble well potential where the direction of escape lies at an angle to
the co-ordinate directions. We demonstrate that the direction that
is optimal for Langer’s formula is not necessarily optimal for our
formula.

II. LANGER’S EXPRESSION FOR τ

Kramers’ diffusion theory of rate-activated processes3 pro-
vided the scaffolding, which enabled others to construct its multi-
dimensional equivalents. Starting from the Smoluchowski equation,
Langer derived a formula for the transition rate over a saddle point
for a system, which started out in a potential energy minimum.4,25,26

The mean first-passage time τ is given by

τ ≈ 2π
λ+

√
∣detHs∣
detHm eβΔU , (1)

where H is the Hessian matrix of the potential energy U, λ+ is the
positive eigenvalue of the transition matrixM = − 1

γH
s which charac-

terizes the barrier crossing rate, the superscripts m and s denote eval-
uation at the starting minimum and the saddle point, respectively,
and ΔU = Us − Um denotes the difference in energy between the
saddle point and the starting minimum. As usual, γ is the damping
coefficient and β = 1/kBT is the reciprocal of the thermal energy.

By writing the transition matrix in this form, we have assumed
that the diffusion tensor is isotropic. Although for our purposes this
restriction is unimportant, it should be noted that for certain poten-
tials (e.g., those for which the Hessian is diagonal everywhere), the
effects of anisotropy on the mean first-passage time are relatively
mute, as we will see later. For now, let us assume that in the vicinity
of both the starting minimum and the saddle point, the potential can
be written as follows:

U(x1, x2, . . . , xN) =
N

∑
i=1

Ui(xi), (2)

so that the Hessian is diagonal,

H = diag(U′′1 ,U′′2 , . . . ,U′′N), (3)

where the dashes denote differentiation with respect to the argu-
ment. Equation (1) becomes

τ ≈ 2π
λ+

¿
ÁÁÁÀ∣∏

N
i=1 U′′i (xsi)∣

∏N
i=1 U′′i (xmi )

eβΔU . (4)

We now turn our attention to λ+, which satisfies
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det(−1
γ
Hs − λ𝟙) = 0, (5)

the solution of which is

N

∏
i=1
(U

′′
i (xsi)
γ

+ λ) = 0. (6)

For simplicity, we assume that escape takes place along the x1 direc-
tion, which requires the potential U1 to have a maximum at the
saddle point; all of the other co-ordinate directions are confining,
though we do not assume that they have the same shape at the start-
ing minimum and the saddle point. Hence, the positive eigenvalue is
associated with U1,

λ+ = −
U′′1 (xs1)

γ
= ∣U

′′
1 (xs1)∣
γ

. (7)

This can be substituted into Eq. (4) to give

τ ≈ 2π
Dfree

eβΔU

∣βU′′1 (xs1)∣

¿
ÁÁÁÀ∣∏

N
i=1 βU′′i (xsi)∣

∏N
i=1 βU′′i (xmi )

, (8)

where we have written the damping coefficient in terms of the free
diffusion coefficient Dfree = 1/βγ. Collecting together the contribu-
tions from the x1-direction, we find

τ ≈ 2π
Dfree

eβΔU√
∣βU′′1 (xs1)∣βU′′1 (xm1 )

⎡⎢⎢⎢⎣

N

∏
i=2

βU′′i (xsi)
βU′′i (xmi )

⎤⎥⎥⎥⎦

1/2
. (9)

This is equivalent to the common rendering in terms of frequen-
cies ω associated with the reactive and non-reactive modes at the
minimum and the saddle point5,27,28

τ ≈ 2π
Dfree

eβΔU

ωb

∏N
i=2 ω

s
i

∏N
i=1 ωm

i
. (10)

The products in the numerator and denominator of Eq. (10) are
taken over the non-reactive modes at the saddle point and over all of
the modes at the starting minimum, respectively. The frequency ωb
characterizes the reactive mode at the saddle point—the equivalent
of the escape direction to which we refer to in the above.

If we do not assume the diffusion tensor to be isotropic, the
damping coefficient would be direction-dependent, which means
that γ would be replaced by γi in Eq. (6), and λ+ would be written
in terms of γ1. This means that the mean first-passage time Eq. (9)
could not, in general, be written in terms of the free diffusion coeffi-
cient; it would have to be recast in terms of the diffusion coefficient
along the direction of escape, which could be smaller than in the
other directions. This results in a rescaling of the expression for the
mean first-passage time, and the overall effect is small.

Finally, we note that if the potential has the same curvature in
the non-escape directions at the starting minimum and the saddle
point, Eq. (9) simplifies to

τ ≈ 2π
Dfree

eβΔU√
∣βU′′1 (xs1)∣βU′′1 (xm1 )

, (11)

which is in terms of the potential along the direction of escape alone.
This is the famous expression Kramers derived when considering
an explicitly one-dimensional escape problem.3 Kramers assumed
that there is a large energy barrier to escape, i.e., βΔU ≫ 1. This
creates a separation of timescales so that equilibration in the starting
minimum is fast compared to the rate of escape.3,29

In one dimension, the exact expression for the mean first-
passage time is

τ = 1
Dfree

∫
xabs

x0

dy eβU(y) ∫
y

xref

dz e−βU(z), (12)

where xref and xabs denote the locations of the reflecting and absorb-
ing boundaries, respectively, and x0 is the particle’s starting posi-
tion. It is well established that Kramers’s formula can be extracted
from Eq. (12) under the same assumption of an energy barrier that
is large compared to the thermal energy.1,2 Although Eq. (12) can
be derived from the one-dimensional Smoluchowski equation, its
multi-dimensional counterpart has proved elusive. Greater freedom
in the shape of absorbing and reflecting surfaces frustrates attempts
to derive a general expression.2

Nonetheless, the nature of Eq. (9)— Kramers’s one-dimensional
result multiplied by a factor attempting to account for the effect of
the additional confining directions—leads us to wonder whether it is
possible to model some types of escape process in multi-dimensional
potentials with a one-dimensional formula.

In Sec. III, we demonstrate that for certain types of poten-
tial, it is possible to derive a modified version of Eq. (12), which
attempts to account for the changing shape of the potential in the
non-escape directions. This enables us to relax Langer’s assumption
of a large energy barrier to escape without compromising validity.
In the limit of large barriers, our expression can be approximated
by Eq. (9).

III. THEORY
In higher dimensions, Berezhkovskii and Szabo demonstrated

that it is possible to find a direction along which to evaluate
the potential of mean force such that when the result is used in
Kramers’s one-dimensional expression for the mean first-passage
time, the result is Langer’s multi-dimensional expression.14 This
reveals that it is possible to calculate mean first-passage times
for multi-dimensional processes using formulas derived for one-
dimensional systems. We seek to build upon this work by using the
potential of mean force in Eq. (12) to establish an expression for the
mean first-passage time in N-dimensions using a one-dimensional
formula as follows:

τ ≈ 1
Dfree

∫
qabs

q0

dq eβUMF(q1) ∫
q1

qref

dq2 e−βUMF(q2), (13)

where UMF is the potential of mean force. Note that the free diffusion
coefficient appears in this expression because the diffusion tensor is
isotropic. The potential of mean force is
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e−βUMF(q) = ∫ dx δ(q − e ⋅ x)e−βU(x)

∫ dx δ(e ⋅ x)e−βU(x) = L(q)
L0

, (14)

where e is a unit vector, and q is the parameter along the direction
specified by e.

The coincidence of Langer’s N-dimensional formula with the
result of evaluating Kramers’s one-dimensional formula occurs
when the unit vector e satisfies the following eigenvector problem:

βHsDe = −λ+e, (15)

where, as before, Hs is the Hessian evaluated at the saddle point, D
is the diffusion tensor, and λ+ is the sole positive eigenvalue. When
the system is isotropic, the diffusion tensor simplifies to D = kBT

γ 𝟙.
Under these circumstances, the unit vector e, which points along the
direction of the unstable mode at the saddle point, coincides with the
direction of the reactive flux at the saddle point.14

We will first study the two-dimensional case and then general-
ize our result to N dimensions. Our approach, like Langer’s, assumes
that there is only one direction of escape. In the supplementary
material, we outline how it is possible to adapt our formalism to
provide approximate results for escape processes in potentials with
multiple escape directions.

A. Two dimensions
Let us write e = (ex, ey), then

L0 = ∫ dx∫ dy δ(xex + yey) e−βU(x,y)

= 1
ey ∫

dx e−βU(x,−xex/ey), (16)

which is an integral along the line y = −xex/ey, assuming ey ≠ 0.
Denoting the direction vector of this line by l, we have l ∝ (ey,−ex).
Since e ⋅ l = 0, integration takes place along a direction perpendicular
to e. Similarly, we find that

L(q) = 1
ey ∫

dx e−βU(x,q/ey−xex/ey), (17)

which is very similar to the expression for L0. Importantly, the direc-
tion along which the integral is evaluated is the same; the value of q
merely introduces an offset. Recalling that q is the co-ordinate along
the direction described by e, we see that this offset effectively marks
progress along the reaction co-ordinate.

There are two important directions: e, the unstable mode that
provides a reaction co-ordinate and l, which describes the lines over
which the integrals are evaluated. The vector e defines a direction
at an angle θ = tan−1(ey/ex) to the positive x-direction. Clearly, the
transformation relating the current co-ordinate system (x, y) to the
new co-ordinate system (x′, y′) is a rotation through this angle, as
depicted in Fig. 1. In this case, we find that

L0 = ∫ dx′ δ(e ⋅ x′)e−βU(x
′)det(J), (18)

where x′ = R(θ)x is the position vector in the new co-ordinate
system. R(θ) and J are the rotation and Jacobian matrices

FIG. 1. A sketch of the relationship between the co-ordinates axes, the direction of
escape e, and the direction described by l.

relating the two co-ordinate systems, respectively. Because the sys-
tems are related by a rotation, det(J) = 1. Finally, by choosing to
rotate through θ in order to align the x′-axis with the direction e, the
vector e is just the unit vector along the x′-direction. Hence, Eq. (18)
becomes

L0 = ∫ dx′dy′δ(x′)e−βU(x
′ ,y′),

= ∫ dy′e−βU(0,y′). (19)

Similarly, we see that

L(q) = ∫ dx′dy′δ(q − x′)e−βU(x
′ ,y′),

= ∫ dy′e−βU(q,y′). (20)

In all, the potential of mean force is given by

e−βUMF(q) = ∫ dy′e−βU(q,y′)

∫ dy′e−βU(0,y′) . (21)

Inserting Eq. (21) into Eq. (12), the one-dimensional formula for the
mean first-passage time, we find

τ = 1
D ∫

qabs

q0

dq1 ∫
q1

−∞
dq2
∫ dy′2 e

−βU(q2 ,y′2)

∫ dy′1 e
−βU(q1 ,y′1)

. (22)

This is an unwieldy expression. To get a better sense of how it
compares to its one-dimensional counterpart, we will study a class
of potential energy landscape, which facilitates great simplification:
in the (x′, y′) co-ordinate system, the potential is given by

U(x′, y′) = UX′(x′) + UY′(x′, y′), (23)

where UY ′ is confining. This form of potential might be a useful
model for escape processes in bistable optical traps.30,31 (Note that

J. Chem. Phys. 154, 084103 (2021); doi: 10.1063/5.0040071 154, 084103-4

Published under license by AIP Publishing



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

we could consider this form in the unprimed co-ordinate system
provided that e lies along the x-direction.) Inserting Eq. (23) into
Eq. (22), the following simplification occurs:

τ = 1
D ∫

qabs

q0

dq1 ∫
q1

−∞
dq2

e−βUX′ (q2) ∫ dy′2 e
−βUY′(q2 ,y′2)

e−βUX′ (q1) ∫ dy′1 e
−βUY′(q1 ,y′1)

= 1
D ∫

qabs

q0

dq1
eβUX′ (q1)

J(q1) ∫
q1

−∞
dq2 e−βUX′ (q2)J(q2), (24)

where

J(q) = ∫
∞

−∞
dy′ e−βUY′(q,y′). (25)

We have arrived at a slightly simpler expression for the mean first-
passage time. Crucially, it bears a good degree of resemblance to its
one-dimensional counterpart: only the factors of J separate it from
Eq. (12). These factors attempt to account for the effect of the extra
dimension in which the motion takes place. We will discuss them in
more detail later.

B. N dimensions
We will now outline how the derivation can be extended to the

case of an N-dimensional potential.
First, the position vector x and the vector describing the direc-

tion of escape e are given by (x1, x2, . . . , xN) and (e1, e2, . . . , eN),
respectively.

Second, from the components of e, it is possible to calculate the
angles through which the axes must be rotated in order to align the
x1-direction with e. For instance, θ2 = tan−1(e2/e1) is the angle in
the x1 − x2 plane, while θN = tan−1(eN/e1) is the angle in the x1
− xN plane. Applying a series of rotation matrices—each defined by
both the angle and the plane in which the rotation takes place—to
the position vector x allows us to form the mapping between the two
co-ordinate systems, and hence to calculate the Jacobian matrix.

Third, the Jacobian matrix—a product of unit-determinant
rotation matrices—will again have a determinant of one. Hence,
the integrals in the expression for the potential of mean force are
given by

L0 = ∫ dx′1dx′2 ⋯ dx′N δ(x′1) e−βU(x
′

1 ,x′2 , ... ,x′N)

= ∫ dx′2 ⋯ dx′N e−βU(0,x′2 , ... ,x′N) (26)

and

L(q) = ∫ dx′1dx′2 ⋯ dx′N δ(q − x′1) e−βU(x
′

1 ,x′2 , ... ,x′N)

= ∫ dx′2 ⋯ dx′N e−βU(q,x′2 , ... ,x′N), (27)

which means that the final expression for the potential of mean
force is

e−βUMF(q) = ∫ dx′2 ⋯ dx′N e−βU(q,x′2 , ... ,x′N)

∫ dx′2 ⋯ dx′N e−βU(0,x′2 , ... ,x′N)
. (28)

Inserting this expression into the usual double integral formula for
the mean first-passage time, we find

τ = ∫
qabs

q0

dq1

D ∫
q1

−∞
dq2
∫ dx′2 ⋯ dx′N e−βU(q2 ,x′2 , ... ,x′N)

∫ dy′2 ⋯ dy′N e−βU(q1 ,y′2 , ... ,y′N)
. (29)

If, as before, we assume that the potential energy landscape
happens to have the form

U(x′1, x′2, . . . , x′N) = U1(x′1) +
N

∑
i=2

Ui(x′1, x′i), (30)

where all of the U i are confining in the x′i direction, then Eq. (29)
simplifies to the following expression:

τ = ∫
qabs

q0

dq1

D
eβU1(q1)

∏N
i=2 Ji(q1) ∫

q1

−∞
dq2 e−βU1(q2)

N

∏
i=2

Ji(q2), (31)

where Ji is Eq. (25) evaluated for the xi-direction.
We will now demonstrate how Langer’s expression for the

mean first-passage time [Eq. (9)] can be obtained from Eq. (31).
When the energy barrier to escape is much larger than the thermal
energy, it is possible to approximate Eq. (31) as follows:

τ ≈ ∫
qmax

dq1

D
eβU1(q1)

∏N
i=2 Ji(q1) ∫qmin

dq2 e−βU1(q2)
N

∏
j=2

Jj(q2), (32)

where the labels qmax and qmin denote evaluation of the integral
around the maximum and minimum, respectively. Expanding the
potential U1 to second-order around each of these points, extend-
ing the limits of integration to infinity, and employing Gaussian
integration leaves us with the following expression:

τ ≈ 2π
D

eβΔU√
βU′′1 (qmin)∣βU′′1 (qmax)∣

N

∏
i=2

Ji(qmin)
Ji(qmax)

, (33)

where ΔU = U1(qmax) − U1(qmin). Finally, if we employ Gaussian
integration to evaluate approximately the functions Ji, then we find

Ji(qmin)
Ji(qmax)

≈
¿
ÁÁÀβU′′i (qmax, 0)

βU′′i (qmin, 0) . (34)

Inserting this into Eq. (33), we obtain Langer’s formula.

IV. ILLUSTRATIVE POTENTIAL
Throughout this section, we will use the following potential

energy landscape:

U(x, y) = Q( x
L
)

2
(1 − x

L
) +

α(x)
2

y2, (35)

where the curvature α(x) is a function of position along the escape
direction, defined as follows:

α(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

αL, x ≤ L
3 − δ

αL + αR−αL
2δ (x − (

L
3 − δ)),

L
3 − δ < x <

L
3 + δ

αR, x ≥ L
3 + δ,

(36)

where αL and αR are positive constants (so that the potential in y
is confining), and 0 < δ < L/3. The landscape has a minimum at
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(0, 0) and a saddle point at (2L/3, 0), which are separated from one
another by an energy barrier ΔU = 4Q/27. We will study how both
the change in the curvature and the width of the region over which
the curvature changes (2δ) affect the mean first-passage time.

Before we study the cases of increasing and decreasing curva-
ture, we will comment briefly upon the case of constant curvature.
The profile of the potential in the non-escape direction is accounted
for through the factors of J(q) in Eq. (30). When the curvature is
constant, these factors lose their position-dependence and Eq. (30)
becomes one-dimensional. The same is true of Eq. (33), Langer’s for-
mula. The effect of extra dimensions is seen only when the profile
in the non-escape direction changes along the direction of escape.
For this reason, we will not study potentials where the curvature is
constant.

Finally, previous work demonstrated that the effects of
constant-amplitude roughness upon the mean first-passage time in
one dimension can be accounted for easily, provided that there
is a separation in length-scales between the roughness and the
underlying potential.32 We believe that this result continues to
hold for this two-dimensional, constant-curvature potential. See the
supplementary material for details.

A. Brownian dynamics simulations
For both increasing and decreasing curvatures, Brownian

dynamics simulations were performed for a range of values of

ΔU—and two values of δ—with the following parameters: 105 par-
ticles, a time-step δt = 10−4, kBT = γ = 1, and L = 1. To study the
case of increasing curvature, we set αL = 1 and αR = 5. We reversed
these values for the case of decreasing curvature. The ensemble was
initialized to the minimum at (0, 0), and an absorbing boundary
was placed at x = 3L/2. Example potentials are shown in Figs. 2(a)
and 2(b).

The results of these simulations and our theoretical predictions
are shown in Figs. 2(c) and 2(d) for the cases of increasing and
decreasing curvature, respectively. Whereas the former reveals good
agreement over the full range of barrier heights, the latter shows sig-
nificant and growing disagreement. We explore the origin of this
discrepancy in Subsection IV B.

B. Decreasing curvature in non-escape direction
In Subsection IV A, we demonstrated that our formula for

the mean first-passage time works well when the potential in the
non-escape direction becomes more confining along the direction
of escape, but much less well when the reverse is true. Why is this
the case? Given that we know the expression for the mean first-
passage time works when the curvature is constant, how does the
discrepancy change with the relative size of αL and αR?

To answer the first of these two questions, we must look at how
our formula attempts to take account of the changing curvature in
the non-escape direction. Equation (24) includes factors of J(q),

FIG. 2. (a) and (b) show contour plots of the potential energy landscape (ΔU = 2,L = 1, δ = 0.2) when the curvature increases and decreases along the direction of
escape, respectively. (a) αL = 1, αR = 5; (b) αL = 5, αR = 1. The dashed line at x = 3L/2 indicates the absorbing boundary used in the Brownian dynamics simulations. The
part of an example trajectory showing escape over the saddle is plotted in black. The rest of the trajectory (starting from the red cross) is not shown so that the contours are
clearly visible. (c) and (d) show how the mean first-passage time varies as a function of the barrier height for increasing and decreasing curvature, respectively. Results from
simulations for two widths of the region over which the curvature changes are presented.
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as defined in Eq. (25). Viewed in isolation, this factor normalizes
the equilibrium distribution of particle positions in the non-escape
direction at point q along the direction of escape.

Consider a potential where the curvature in the non-escape
direction increases along the direction of escape. The potential acts
to compress the ensemble of particles, forcing their distribution
closer to the Boltzmann distribution. Furthermore, the increas-
ing curvature introduces an extra force on the particles, which
retards their progress toward the absorbing boundary. This increases
the mean first-passage time, thereby providing more time for the
potential to compress the distribution closer to its equilibrium
shape.

By contrast, when the potential in the non-escape direction
becomes less confining, the reverse is true. The broadening potential
leaves the initially highly constrained ensemble of particles attempt-
ing to expand outwards and attain its equilibrium shape. However,
the effect of decreasing curvature is to introduce a force assisting
the particles toward the absorbing wall, thus reducing the amount
of time available for the expansion to take place. As a result of this,
the distribution might be far from equilibrium for much of the time,
leaving our model unable to match the results of simulations. In lan-
guage borrowed from anisotropy, increasing/decreasing curvature
works to create a “fast”/“slow” direction.

To test this hypothesis, we recorded the y-position of where
particles struck the absorbing boundary and compared the result-
ing histogram with the Boltzmann distribution, which would be
established where the particles constrained to move in the potential
U(y) = αR

2 y2.
For the case of increasing curvature, Fig. 3(a) reveals good

agreement between the histogram of escape positions and the Boltz-
mann distribution at the absorbing boundary. By contrast, for
the case of decreasing curvature, Fig. 3(b) reveals substantial dis-
agreement between the histogram and the Boltzmann distribution.
Importantly, the histogram of particle positions is narrower than
the Boltzmann distribution, suggesting that the particles escaped
too quickly for the ensemble to relax into its would-be equilibrium
shape.

Let us conclude this section by presenting results from simu-
lations performed for potentials where αL is constant and αR takes
values to cover both cases.

Figure 4 shows good agreement between the simulation results
and our theory when the curvature increases along the direction of
escape (αR − αL > 0). This is reflected in Fig. 5 by the small fluc-
tuations in the ratio of these mean first-passage times about one.
Furthermore, our theory offers better agreement with simulations
than Langer’s theory does.

The case of decreasing curvature along the direction of escape
(αR − αL < 0) is more interesting. Figure 4 shows that our model
performs well as αR is first reduced below αL = 5, a finding confirmed
by Fig. 5, which reveals that the discrepancy is no more than a few
percent until αR − αL ∼ −2.0 to −2.5. However, further decreasing
the curvature causes a rapid increase in the disagreement.

The maximum rate at which the curvature can be decreased
while preserving equilibrium distributions will depend upon the
mean first-passage time. This time must be large compared to that
taken by the ensemble to adjust to a new, less confining potential.
In turn, this timescale is determined by how quickly the curvature
changes with the escape co-ordinate.

FIG. 3. Histograms of where, in the y-direction, the particles struck the absorb-
ing boundary. The solid black line is the Boltzmann distribution evaluated at the
absorbing boundary, where α(x) = αR. In both cases, ΔU = 2, L = 1, and δ = 0.2.
(a) Increasing curvature: αL = 1, αR = 5; (b) decreasing curvature: αL = 5, αR = 1.

FIG. 4. The mean first-passage time is plotted as a function of the difference
between the curvature at the absorbing boundary αR and the starting minimum
αL for two values of the barrier height. αL = 5, δ = 0.2, and L = 1.
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FIG. 5. The ratio of the mean first-passage times from simulations and our model
is plotted as a function of the difference between the curvatures at the saddle point
and the starting minimum. αL = 5, δ = 0.2, and L = 1.

C. Approach to equilibrium
We will now analyze the discrepancy between our theory

and simulation results, which emerges when the potential in the
non-escape direction becomes less confining along the direction of
escape. The motion consists of two parts: the approach to equilib-
rium in the non-escape direction and the escape process itself. We
believe that the relative size of the timescales associated with these
processes can indicate whether or not our expression for the mean
first-passage time will be a good model.

Let us begin by assuming that at and around the starting mini-
mum, the potential in the non-escape direction is sufficiently con-
fining for equilibrium to be established long before a meaningful
fraction of the ensemble has escaped over the saddle point. Consider
an ensemble of particles in equilibrium in the potential U(y) = α0

2 y
2.

If the curvature is suddenly decreased to α1, then how long does it
take for equilibrium to be re-established?

If the initial distribution of particles was a delta function at
some position y0, the distribution would approach equilibrium as
follows:

ρ(y, t∣y0) =
1√

2πf (t)
exp(−(y −M(t))

2

2f (t) ), (37)

where f (t) is given by

f (t) = 1
α1β
[1 − e−2α1t/γ] (38)

and

M(t) = y0 e−α1t/γ. (39)

Hence, for an ensemble of starting positions described by the Boltz-
mann distribution ρL(y0) for the original well (curvature α0), the
distribution p(y, t) approaches equilibrium as

p(y, t) = ∫
∞

−∞
dy0 ρL(y0)ρ(y, t∣y0). (40)

This expression evaluates to

p(y, t) =
√

α1β
2π(1 − Δα(t)) exp[ −α1β

2(1 − Δα(t)) y
2], (41)

where

Δα(t) = α0 − α1

α0
e−2α1t/γ. (42)

D. Validity when the curvature decreases
This exponential approach to equilibrium raises the usual diffi-

culties in defining an equilibration time teq. We can use the mean
squared displacement for this purpose. From Eq. (41), it can be
shown that the mean squared displacement evolves toward equilib-
rium according to

⟨y2(t)⟩ = 1
α1β
(1 − Δα(t)). (43)

Supposing that the system is a good approximation to its equilib-
rium shape when the mean squared displacement is within 5% of its
equilibrium value, we define teq as the time at which Δα(t) first
equals 0.05. From Eq. (42), we obtain

teq =
γ

2α1
ln(α0 − α1

0.05α0
). (44)

This threshold is necessarily arbitrary, but it is at least strict. Further-
more, nothing prevents the application of a stricter condition if this
one proves too lax.

For a small enough difference between the two curvatures, it
is possible for the equilibration time to be zero or even negative.
This is merely the consequence of the mean squared displacement
being always within the 5% tolerance we imposed. Nonetheless, we
believe that this feature offers some insight into when our model
for the mean first-passage time might break down. When the two
curvatures are sufficiently similar for the equilibration time to be
zero or negative, the mean first-passage time across the region over
which the curvature changes is always much greater than the equili-
bration time. We believe that this separation of timescales enables
an equilibrium—or very-close-to-equilibrium—distribution to be
maintained across the region, thereby enabling our model for the
mean first-passage time to work well.

When the two curvatures are dissimilar enough for the equi-
libration time to be positive, we believe that teq can still be small
enough compared to the mean first-passage time for our model to
work well. How can this be achieved? If the change in the curvature
takes place over a large distance, the mean first-passage time should
be much larger than the equilibration time. This line of reasoning
leads us to rewrite Eq. (44) in terms of the width Δx of the region
over which the curvature changes from α0 to α1. Assuming as before
a linear variation in the curvature between the extremal values αL
and αR, then from Eqs. (36) and (44), we find

teq =
γ

2α1
ln(αL − αR

0.05α0

Δx
2δ
), (45)

where 2δ is the width of the region over which the curvature changes
from αL to αR.
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Choosing to consider the whole of the region over which the
curvature changes, i.e., Δx = 2δ, Eq. (45) becomes

teq =
γ

2αR
ln(αL − αR

0.05αL
). (46)

Having derived an expression for the equilibration time, we
now turn to the other timescale: the mean first-passage time to move
across the region over which the curvature changes. Denoting the
start and end points by xL = L/3 − δ and xR = L/3 + δ, respectively,
and the mean first-passage time by τ2δ , our model gives

τ2δ =
1
D ∫

xR

xL
dq1

eβUX(q1)

Jy(q1) ∫
q1

−∞
dq2 e−βUX(q2)Jy(q2). (47)

We know from Fig. 4, that this formula underestimates the
mean first-passage time, sometimes considerably so. However, for
our present purpose, this is not a big problem. We believe that the
ratio teq/τ2δ can indicate whether the curvature changes too rapidly
for equilibrium to be sustained. Small values of this ratio would
make us optimistic that our model will perform reasonably well.
Because Eq. (47) underestimates the true mean first-passage time,
the ratio teq/τ2δ will be an overestimation, resulting in a conservative
estimation for the range of applicability.

Brownian dynamics simulations were performed as before,
except that the curvatures and barrier height were fixed throughout,
while L—which sets the potential’s length-scale—was varied. The
mean first-passage time from the minimum at (0, 0) to the absorbing
boundary at (3L/2, y) was recorded, and the percentage discrepancy
between it and our theory was calculated. Tables I and II contain this
information, and also the ratio teq/τ2δ .

We believe that these tables support our primary assertion: our
theory works better when the curvature decreases over a greater
distance. The usefulness of the ratio teq/τ2δ in assessing the level
of agreement between our theory and simulations is less clear.
Although smaller values of the ratio correspond to better agreement,
the same ratio for different potentials does not equate to the same
percentage discrepancy (see Table I, L = 1.25; Table II, L = 3.0).
Nonetheless, it is considerably quicker to evaluate teq/τ2δ than it is to
perform the numerical simulations. The ratio might be able to serve
as the first indication of whether our theory is a good model: any-
thing other than a small value means “no.” Finally, note that when
the difference between the two curvatures is larger, the ratio must be
smaller in order to attain the same percentage discrepancy.

TABLE I. A comparison of the mean first-passage times from simulations and our
model. (αL = 5,αR = 2, δ = 0.2L,ΔU = 2).

L τsims τmodel % diff. teq/τ2δ

1.0 1.5077 1.4230 5.6 1.3858
1.25 2.3154 2.2234 4.0 0.8869
1.5 3.3070 3.2017 3.2 0.6159
1.75 4.4871 4.3578 2.9 0.4525
2.0 5.8434 5.6918 2.6 0.3464
2.25 7.3505 7.2037 2.0 0.2737
2.5 9.0661 8.8935 1.9 0.2217

TABLE II. A comparison of the mean first-passage times from simulations and our
model. (αL = 5,αR = 0.5, δ = 0.2L,ΔU = 2).

L τsims τmodel % diff. teq/τ2δ

1.0 1.2811 0.9406 26.6 7.9698
1.5 2.6934 0.8160 21.4 3.5421
2.0 4.5706 3.7624 17.7 1.9924
2.5 6.8429 5.8787 14.1 1.2752
3.0 9.6657 8.4653 12.4 0.8855
3.5 12.8511 11.5223 10.3 0.6506

We have so far discussed how it might be possible to determine
whether or not our current expression for the mean first-passage
time will be a good model when the curvature in the non-escape
direction decreases along the direction of escape. Although impor-
tant, a better question to ask would be: How should our current
expression be amended in order to secure agreement regardless of
how the curvature changes? We believe that establishing the actual
shape (not the equilibrium shape) of the distribution of positions in
the non-escape direction as a function of the co-ordinate along the
direction of escape is necessary.

E. Discussion of equilibration
We will conclude this section with a brief discussion of equi-

libration in the context of drawing comparisons with Langer’s for-
mula, which assumes that equilibration in the starting minimum
takes place rapidly compared to escape over the saddle.29

Around the starting minimum at (0, 0), the potential—as
described by Eq. (35)—can be approximated by

U(x, y) ≈ 1
2
(2Q
L2 )x

2 +
1
2
αLy2, (48)

which means that we can write down expressions for the equilibra-
tion times in the x- and y-directions as follows:

teq(X) =
γ

4Q/L2 ,

teq(Y) =
γ

2αL
,

(49)

respectively. Langer’s expression for the mean first-passage time
over the saddle [Eq. (9)] evaluates to

τ ≈ 2π
D

eβΔU

2Q/L2 (
αR
αL
)

1
2
. (50)

Now, consider the potential described by αL = 5, αR = 0.5,
L = 1, and ΔU = 4Q/27 = 1. The equilibration times given above
are teq(X) ≈ 0.037 and teq(Y) = 0.1, which means that the relevant
timescale for equilibration in the well as a whole is teq(Y). The ratio
of this quantity and the mean first-passage time is given by

teq(Y)
τ
= kBT

4πeβΔU
(αL
αR
)

1
2
≈ 0.0926, (51)
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which is considerably smaller than one. This means that the par-
ticles are well-equilibrated in the starting minimum long before
many escape over the barrier. In fact, this value is an underesti-
mate of the ratio because—as can be seen from Fig. 2(d)—the true
mean first-passage time is larger than that predicted by Langer’s
expression.

This calculation shows that the condition that must be satisfied
for Langer’s formula to be used is met, and comfortably so, for even
a small barrier height of ΔU = 1kBT. Indeed, for ΔU = 0.5kBT, the
ratio teq(Y)/τ ≈ 0.153, which suggests that validity extends down to
very small barriers to escape.

V. DOUBLE WELL POTENTIAL
In Sec. IV, we studied potentials where the direction of escape

lies along the x-axis. Although useful for our then purpose—
isolating features of the potential to enable comparison between our
expression for the mean first-passage time and Langer’s formula—
the relatively simple forms prevent a more general discussion. Here,
we consider escaping from one minimum of a double-well potential
into the other, where e does not lie along a co-ordinate direction.

A. Brownian dynamics simulations
Berezhkovskii and Szabo used the following potential energy

landscape to demonstrate how the direction of escape changes as a
function of the degree of diffusion anisotropy.14 Here, we will use it
as an example where e does not lie along the x-axis. The potential is

U(x, y) = Ω2

2
(x − y)2 + U(x), (52)

where

U(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−ΔU + ω2

2 (x + x0)2, x ≤ −x0
2

−ω2

2 x2, −x0
2 < x <

x0
2

−ΔU + ω2

2 (x − x0)2, x ≤ x0
2 ,

(53)

and ΔU = (ωx0/2)2 is the height of the energy barrier separating
the minima from the saddle point. For fixed values of x0 and Ω,
changing ω changes both the barrier height and the direction of the
vector e. Figure 6 shows two realizations of this potential.

Brownian dynamics simulations were performed for a range
of values of ω for two situations, which are differentiated from
one another by the absorbing boundary condition. In each case, an
ensemble of 5 × 104 particles was initialized to the minimum at
(−x0,−x0). With a time-step of δt = 10−4, the position of each parti-
cle was advanced until it reached the absorbing boundary, at which
point the first-passage time was recorded and the particle removed
from the system. The following two subsections contain the results
of these simulations and details of the absorbing boundaries.

1. Boundary condition 1: Absorbing circle
A circle of radius δr = 0.1, centered on the minimum at (x0, x0)

served as the absorbing boundary. This enabled us to study the
escape process as a whole: from one minimum to the other. How-
ever, there is a degree of arbitrariness surrounding this boundary
condition. The radius is not obtained from first principles; it is a
compromise between competing factors. First is the desire to enforce
a strict boundary condition around the minimum to ensure that we

FIG. 6. Contour plots of the potential described by Eq. (52) for two values of the
parameter ω, which determines the barrier height: ΔU = (ωx0/2)2. In each case,
x0 = 1.2 and Ω = 2. The part of an example trajectory showing escape over the
saddle is plotted in black. The rest of the trajectory (starting from the red cross) is
not shown so that the contours are clearly visible. The dashed line running through
the saddle point at (0, 0) indicates the direction specified by e. The red cross and
circle show the starting minima and absorbing circle, respectively. (a) ω = 0.5; (b)
ω = 4.0.

recorded the first-passage time of particles that had truly made the
transition over the saddle. This is especially important when the bar-
rier to escape is small compared to the thermal energy, and the possi-
bility of returning to the starting minimum remains significant even
when the particle is close to the final minimum. Second is the reality
of an escape process where the potential does not fall off to minus
infinity, but remains confining, thereby creating a final state where
particles are distributed about the minimum. A more sophisticated
boundary might attempt to reflect the shape of the energy contours
around the minimum. However, we believe that this merely relo-
cates the arbitrariness: one must pick the threshold energy. In any
case, the region around the minimum is relatively flat, so significant
differences in the mean first-passage time are unlikely.

Simulations were performed for a range of values of ω while
keeping constant values of x0 = 1.2 and Ω = 2. Figure 7 shows good
agreement between our theory and the results of numerical simula-
tions over the full range of values of ω. For larger values of ω, there
is close agreement between our theory and Langer’s theory, though

J. Chem. Phys. 154, 084103 (2021); doi: 10.1063/5.0040071 154, 084103-10

Published under license by AIP Publishing



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 7. Mean first-passage times from simulations are plotted alongside our the-
ory and Langer’s formula. The energy barrier is ΔU = (ωx0/2)2. x0 = 1.2. The
absorbing boundary was a small circle around the target minimum.

our model is consistently closer to the simulation data. The differ-
ence between the two models is most obvious for small values of ω
where Langer’s theory breaks down and significant discrepancies are
observed.

2. Boundary condition 2: Absorbing wall
To try and remove from the definition of the absorbing bound-

ary, the arbitrariness inherent in Subsection V A 1, we chose to
position it at the stochastic separatrix, the line defined by the series of
points for which a particle is equally likely to return to the starting
minimum or continue to the final minimum. It can be shown that
these points satisfy e ⋅ x = 0. Consequently, the absorbing boundary
is a straight line passing through the saddle point perpendicular to
the direction of escape.14

How should Langer’s formula be adapted to this case? Recall
that it can be obtained from the double integral formula by decou-
pling the integrals, approximating the potential around the mini-
mum and the saddle as a parabola, extending the limits to infin-
ity and employing Gaussian integration. By placing the absorbing
boundary at the saddle point, we have halved the range of integra-
tion for the integral centered on the maximum. Hence, the mean
first-passage time is half of its usual value

τ ≈ 1
2D ∫qmax

dq1 eβUMF(q1) ∫
qmin

e−βUMF(q2). (54)

Brownian dynamics simulations were performed as described
earlier. Figure 8 shows good agreement between our theory and the
results over the full range of values of ω. As before, there is a signifi-
cant discrepancy between Langer’s theory and the simulation results
for small values of ω. For larger values of ω, the discrepancy becomes
less important, but our theory remains a better model.

B. Optimizing the escape direction e
Berezhkovskii and Szabo started by calculating the potential of

mean force along some direction e in the potential energy land-
scape. They then inserted this expression into Kramers’s formula

FIG. 8. Mean first-passage times from simulations are plotted alongside our the-
ory and Langer’s formula. The energy barrier is ΔU = (ωx0/2)2. x0 = 1.2. The
absorbing boundary was the stochastic separatrix.

for the mean first-passage time (written as a product of two inte-
grals), approximated it as a parabola about both the minimum and
the maximum, and used Gaussian integration to evaluate the result.
The mean first-passage time so obtained is maximal when e satis-
fies Eq. (15), the eigenvector equation. In general, it points along the
direction of the unstable mode at the saddle point, which coincides
with the reactive flux if the diffusion tensor is isotropic.14

The direction specified by e has nice, physical interpretations.
However, Eq. (15) is obtained from an approximate expression for
the mean first-passage time, which does not work well for small ω.
The double integral formula offers a consistently better fit to the
simulation data. However, it is not necessarily the case that both
expressions are maximal along the same direction.

To investigate whether the approximations outlined above
affect the direction that corresponds to the maximum mean first-
passage time, we proceeded as follows: First, for a given potential,
calculate e, and define θ as the angle between e and the vector
describing another line also passing through the saddle point. Sec-
ond, sweep through a range of values of θ, calculating the poten-
tial of mean force and the mean first-passage time for each. Third,
obtain from this the angle for which the mean first-passage time is
maximized.

Figure 9(a) shows how the mean first-passage time varies as a
function of θ. The mean first-passage times are normalized by their
value when θ = 0 to make it easier to compare the behavior for dif-
ferent values of ω on the same plot. The deviation initially grows
with ω, before shrinking. This is confirmed by Fig. 9(b), which shows
how the angle for which the mean first-passage time is maximized
varies as a function of ω. The largest deviation is about 0.17 radians
or almost ten degrees.

From Figs. 9(a) and 9(b), it appears that the largest deviations
in the mean first-passage time away from τ(θ = 0) correspond to the
largest deviations in the angle away from θ = 0. This deviation in the
mean first-passage time is small: the largest deviation, which occurs
for ω ≈ 2.3, is only slightly larger than 2%. Nonetheless, this rep-
resents an improvement on our earlier theory, bringing our model
closer to the results of Brownian dynamics simulations.
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FIG. 9. The mean first-passage time, evaluated using the double integral expres-
sion, is not in general maximized when evaluated along the direction described
by e, which is known to maximize the approximate expression. (a) The mean first-
passage time is plotted as a function of the angle θ between the direction specified
by e and the direction along which the potential of mean force is evaluated. (b) The
angle for which the mean first-passage time takes its maximum value θmax is plot-
ted as a function of ω, which controls the height of the energy barrier to escape:
ΔU = (ωx0/2)2.

VI. CONCLUSIONS AND FURTHER WORK
In one dimension, there is an exact expression for the mean

first-passage time between two points in a potential energy land-
scape. When these points are separated by a large energy barrier, the
exact, double integral formula can be approximated by Kramers’s
result. In higher dimensions, the freedom associated with the shape
of the absorbing and reflecting barrier(s) prevents the derivation of a
general, exact expression for the mean first-passage time. However,
there is an N-dimensional equivalent of Kramers’s result: Langer’s
formula. Berezhkovskii and Szabo demonstrated that it is possible to
find a direction in a multi-dimensional potential along which calcu-
lation of the potential of mean force (PMF) and subsequent eval-
uation of Kramers’s one-dimensional expression returns Langer’s
N-dimensional result. We extended this approach by using the PMF

in the exact, one-dimensional expression for the mean first-passage
time. The resulting double integral expression can be approximated
by Langer’s formula when the barrier to escape is large.

We used a series of potentials to compare these two theories.
First: a cubic profile in x and a quadratic profile in y where the cur-
vature changes along the direction of escape. Our theory consistently
outperforms Langer’s expression. When the potential becomes more
confining along the direction of escape, our theory agrees well with
simulations. However, when it becomes less confining, significant
discrepancies are observed. We believe that this asymmetry is a con-
sequence of how the two-dimensional escape process is treated as
one-dimensional: the confining direction contributes a Boltzmann
factor to the expression for the mean first-passage time. When the
potential becomes more confining, the ensemble of particles closely
resembles the Boltzmann distribution, and our theory works well.
However, when the potential becomes less confining, the ensemble
cannot, in general, expand quickly enough to reach the Boltzmann
distribution; the particles escape too quickly, and our theory breaks
down.

We then studied a double well potential where the escape direc-
tion does not lie along the x-axis. Two processes were simulated:
escape from one minimum to the other and escape from one min-
imum to the stochastic separatrix (the line connecting points from
which the particle is equally likely to return to the starting minimum
as reach the target minimum). In both cases, our theory agrees well
with simulations and consistently outperforms Langer’s formula. In
the low-barrier limit, this is particularly pronounced.

Finally, we demonstrate that the direction along which the
mean first-passage time is maximal when calculated using our model
is not necessarily the same as when calculated using Langer’s model.
The maximal mean first-passage times are at most a few percent
larger than the values obtained when we evaluated our theory along
the direction, which is maximal for Langer’s expression. This further
improves the agreement between our model and simulations.

We have throughout been working under the assumption of
Markovian dynamics. However, considerable effort has gone into
the study of Kramers’s escape problem in non-Markovian sys-
tems.33,34 Furthermore, in a one-dimensional potential, the Marko-
vian and non-Markovian mean first-passage times are closely related
by the Laplace transform of the memory kernel.35 Exploring this link
and investigating whether it can be extended to higher dimensions
is a topic for further work.

SUPPLEMENTARY MATERIAL

In the supplementary material, we calculated the mean first
passage time for a special class of potential where there is a clear
separation of length-scales between the (short-scale) roughness of
the potential and the underlying potential (long-scale variation).
The analysis relies heavily on a recent paper,32 which is an exten-
sion of Zwanzig’s work.36 In this case, the short-scale roughness
adds a multiplicative factor that can be accounted for in an elegant
manner.
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