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SUMMARY 
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Summary 
 

This thesis investigates two important topics in the statistical pattern recognition field, 

namely dimensionality reduction for supervised classification and prototype reduction 

for unsupervised classification. For dimensionality reduction part, we concentrate on 

the Discriminative Linear Dimensionality Reduction (DLDR) techniques with feature 

extraction for supervised classification as the major application. For prototype 

reduction part, we focus on the prototype-based clustering algorithms. 

 

A thorough literature survey is provided on two categories of DLDR techniques: (1) 

the Bayes Optimality-motivated DLDR (BODLDR) techniques, in which the criterion 

functions are related to the Bayes error formulated parametrically or non-

parametrically under certain conditions and suboptimal solutions can be numerically 

derived at the expense of high computational costs; (2) The Scatter Matrix-based 

DLDR (SMDLDR) techniques, in which the criterion functions are directly formulated 

based on the geometric class structures of the training samples and globally optimal 

solutions in the closed form can be analytically derived at the expense of losing the 

link with the Bayes error. As their eminent unions, the Fisher Linear Discriminant 

Analysis (FLDA) technique as well as its heteroscedastic extension, the Chernoff 

Linear Discriminant Analysis (CLDA) technique proposed recently, is revisited in-

depth. The Bayes optimality condition for the FLDA solutions is recapitulated. The 

potential deficiencies inherent in the conventional Fisher and Chernoff criteria are 

unveiled and discussed. 

 

Two categories of enhanced parametric BODLDR techniques are developed under the 

Gaussian homoscedastic and heteroscedastic assumptions, respectively. In the first 

category, a Gaussian homoscedastic direct BODLDR (DBODLDRho) technique and a 

class of Class-wise Weighted FLDA (CWFLDA) techniques motivated by the Bayes 

optimality under the Gaussian homoscedastic assumption are developed. The former 

one directly uses the union of the pairwise Bayes errors in the transformed subspace as 

the criterion function, which is analytically formulated under the Gaussian 
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homoscedastic assumption. The gradient descent coupled with the Gram-Schmidt 

orthogonalization scheme is used to derive a suboptimal orthonormal transformation 

matrix. The later class of techniques employ the newly devised class-wise weighted 

Fisher criteria in quotient and subtraction forms, respectively. The discriminant 

vectors subject to different conjugated orthogonality constraints are extracted in the 

batch, sequential forward or sequential backward manner. In the second category, a 

Gaussian heteroscedastic direct BODLDR (DBODLDRhe) technique and a class of 

Class-wise Weighted CLDA (CWCLDA) techniques motivated by the Bayes 

optimality under the Gaussian heteroscedastic assumption are developed. The former 

one directly used the union of the pairwise Chernoff upper bounds of the Bayes error 

in the transformed subspace as the criterion function, which is analytically formulated 

under the Gaussian heteroscedastic assumption. A suboptimal orthonormal 

transformation matrix can be obtained by numerically optimizing the criterion 

function via the gradient descent coupled with the Gram-Schmidt orthogonalization 

scheme. The later class of techniques employ the newly devised class-wise weighted 

Chernoff criteria in quotient and subtraction forms, respectively, with discriminant 

vectors subject to different conjugated orthogonality constraints being extracted in the 

batch, sequential forward or sequential backward manner. The class-wise weighted 

Chernoff criteria can be regarded as the heteroscedastic extension of the class-wise 

weighted Fisher criteria so as to capture the discriminatory information present in the 

difference between both class means and class covariance matrices. Experiments on 

many artificial and UCI multi-class datasets have demonstrated the promising 

performance of the proposed techniques in comparison with their existing archetypes. 

 

The existing discriminative dimensionality reduction techniques capable of handling 

high-dimensional and undersampled problems are extensively overviewed along two 

main avenues: discriminative subspace analysis and discriminative manifold learning. 

Two classes of subspace based CWFLDA techniques, namely Complementary 

Subspaces-based CWFLDA (CS-CWFLDA) techniques and Regularized Subspace-

based CWFLDA (RS-CWFDLA) techniques are developed, which can take advantage 

of the discriminatory information present in different subspaces while retaining the 

promising performance in well-sampled cases. Specifically, the discriminant vectors 
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subject to different conjugated orthogonality constraints will be either extracted in the 

sequential forward manner from two complementary subspaces, i.e. the null and 

column spaces of the average within-class scatter matrix, or extracted in the batch or 

sequential backward fashion from a single subspace, i.e. the column space of the 

regularized average with-class scatter matrix, based on the quotient class-wise 

weighted Fisher criterion. The performance of the proposed techniques is evaluated on 

various types of high-dimensional data sources including handwritten digit images, 

facial images, text documents and microarray gene expression profiles, and compared 

with that of several state-of-the-art FLDA variants. 

 

Many robust variants of the conventional prototype-based clustering algorithms and 

several prototype-based clustering algorithms that can automatically determine the 

optimal number of clusters are reviewed. A Robust Growing Neural Gas (RGNG) 

algorithm is developed for cluster analysis. By incorporating several robustifying 

strategies, such as the outlier resistant scheme, the adaptive modulation of learning 

rates and cluster repulsion method into the conventional Growing Neural Gas (GNG) 

framework, the proposed RGNG algorithm can be less sensitive to initializations, 

input sequence orders and the presence of outliers. Moreover, the RGNG can 

automatically determine the optimal number of clusters by seeking the extreme value 

of the Minimum Description Length (MDL) measure calculated at the completion of 

each growing stage. Furthermore, topology relationships among prototypes can also be 

established. Experimental results have demonstrated the superior performance of the 

proposed RGNG algorithm over the conventional GNG incorporating MDL method, 

named GNG-M. 

 
 
 
 
 
 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



TABLE OF CONTENTS 
 

       V

Table of Contents 
 
Acknowledgement                                                                                                          I 
 
Summary                                                                                                                       II 
 
Table of Contents                                                                                                         V 
 
List of Figures                                                                                                          VIII 
 
List of Tables                                                                                                                X 
 
Chapter 1: Introduction .................................................................................................. 1 

1.1 Research background ................................................................................... 1 
1.2 Motivation .................................................................................................. 13 
1.3 Objectives................................................................................................... 17 
1.4 Major contributions of the thesis................................................................ 18 
1.5 Organization of the thesis........................................................................... 21 

 
Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction 

Techniques ................................................................................................. 23 
2.1 Introduction ................................................................................................ 23 
2.2 Overview of BODLDR and SMDLDR techniques.................................... 25 

2.2.1 The BODLDR techniques .................................................................... 25 
2.2.1.1 Parametric BODLDR techniques..................................................... 29 
2.2.1.2 Non-parametric BODLDR techniques............................................. 39 

2.2.2 The SMDLDR techniques.................................................................... 41 
2.3 Fisher and Chernoff linear discriminant analysis....................................... 49 

2.3.1 Fisher linear discriminant analysis (FLDA)......................................... 49 
2.3.1.1 Recapitulation of the FLDA............................................................. 50 
2.3.1.2 Bayes optimality analysis of the FLDA solutions............................ 53 
2.3.1.3 Conjugated orthogonality constraints on FLDA.............................. 59 
2.3.1.4 Pros and cons of the Fisher criterion................................................ 63 
2.3.1.5 The subtraction Fisher criterion ....................................................... 70 

2.3.2 Chernoff linear discriminant analysis (CLDA).................................... 71 
2.3.2.1 Related work .................................................................................... 71 
2.3.2.2 Recapitulation of the CLDA ............................................................ 72 
2.3.2.3 Conjugated orthogonality constraints on CLDA.............................. 76 
2.3.2.4 Pros and cons of the Chernoff criterion ........................................... 77 
2.3.2.5 The subtraction Chernoff criterion................................................... 79 

 
Chapter 3: Enhanced Parametric BODLDR Techniques for Multi-class Problems .... 80 

3.1 Introduction ................................................................................................ 80 
3.2 Gaussian homoscedastic direct BODLDR................................................. 81 

3.2.1 Existing technique................................................................................ 82 
3.2.2 Proposed technique .............................................................................. 83 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



TABLE OF CONTENTS 
 

       VI

3.3 Class-wise weighted FLDA motivated by Gaussian homoscedastic Bayes 
optimality ................................................................................................... 85 

3.3.1 Existing techniques .............................................................................. 85 
3.3.2 Proposed techniques............................................................................. 89 

3.4 Gaussian heteroscedastic direct BODLDR ................................................ 97 
3.4.1 Existing technique................................................................................ 98 
3.4.2 Proposed technique .............................................................................. 99 

3.5 Class-wise weighted CLDA motivated by Gaussian heteroscedastic Bayes 
optimality ................................................................................................. 100 

3.6 Experimental results................................................................................. 105 
3.6.1 Experimental setup............................................................................. 106 
3.6.2 Experiments on artificial data ............................................................ 108 
3.6.3 Experiments on UCI data ................................................................... 117 

3.7 Conclusions .............................................................................................. 139 
 
Chapter 4: Generalized CWFLDA on High-dimensional and Undersampled Problems

.................................................................................................................. 140 
4.1 Introduction .............................................................................................. 140 
4.2 Review of DDR on high-dimensional and undersampled problems........ 142 

4.2.1 Discriminative subspace analysis....................................................... 143 
4.2.2 Discriminative manifold learning ...................................................... 154 

4.3 Complementary subspaces based CWFLDA techniques......................... 158 
4.4 Regularized subspace based CWFLDA techniques................................. 165 
4.5 Experiments.............................................................................................. 168 

4.5.1 Experimental setup............................................................................. 169 
4.5.2 Result analysis.................................................................................... 172 

4.6 Conclusions .............................................................................................. 183 
 
Chapter 5: Robust Growing Neural Gas Algorithm with Application in Cluster 

Analysis.................................................................................................... 184 
5.1 Introduction .............................................................................................. 184 
5.2 Review of growing neural gas algorithm................................................. 191 
5.3 Robust growing neural gas algorithm ...................................................... 196 

5.3.1 Outlier resistant strategy .................................................................... 197 
5.3.2 Adaptive learning rates and cluster repulsion scheme ....................... 200 
5.3.3 Determination of the optimal number of clusters .............................. 202 
5.3.4 Implementation of the RGNG algorithm ........................................... 206 

5.4 Experimental results................................................................................. 209 
5.4.1 Experimental setup............................................................................. 209 
5.4.2 Experiments on artificial data ............................................................ 210 
5.4.3 Experiments on UCI data ................................................................... 220 

5.5 Conclusions .............................................................................................. 221 
 
Chapter 6:  Conclusions and Future Work................................................................. 223 

6.1 Conclusions .............................................................................................. 223 
6.2 Recommendations for future work........................................................... 226 

 
Author’s Publication List ........................................................................................... 231 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



TABLE OF CONTENTS 
 

       VII

 
Bibliography............................................................................................................... 234 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



LIST OF FIGURES 
 

       VIII

List of Figures 
 
Figure 1.1: Flow chart of a typical statistical pattern recognition system ..................... 2 
 
Figure 2.1: Illustration of the 2D three classes with Gaussian distributions................ 67 
 
Figure 2.2: One-dimensional class distributions after mapping the original feature 

space on  1p   (left) and 2p  (right), respectively. .................................... 67 
 
Figure 3.1: (a) The mean classification error versus the reduced dimension by using 

Fisher criteria based techniques followed by the LDC classifier on D1. (b) 
The mean classification error versus the reduced dimension by using 
Chernoff criteria based techniques followed by the LDC classifier on D1.
.................................................................................................................. 112 

 
Figure 3.2: (a) The mean classification error versus the reduced dimension by using 

Fisher criteria based techniques followed by the LDC classifier on D2. (b) 
The mean classification error versus the reduced dimension by using 
Chernoff criteria based techniques followed by the QDC classifier on D2.
.................................................................................................................. 114 

 
Figure 3.3:  (a) The mean classification error versus the reduced dimension by using 

Fisher criteria based techniques followed by the LDC classifier on D3. (b) 
The mean classification error versus the reduced dimension by using 
Chernoff criteria based techniques followed by the QDC classifier on D3.
.................................................................................................................. 116 

 
Figure 3.4: The RBPI value averaged over all the experimental datasets for each 

experimental DLDR technique in terms of the 3 classifiers: (a) LDC, (b) 
QDC and (c) kNN..................................................................................... 130 

 
Figure 3.5: The RAPI value averaged over all the experimental datasets for each of the 

enhanced parametric BODLDR techniques under the Gaussian 
homoscedastic assumption and their archetypes in terms of the 3 
classifiers: (a) LDC, (b) QDC and (c) kNN. ............................................ 133 

 
Figure 3.6: The ROPI value for each of the enhanced parametric BODLDR techniques 

under the Gaussian homoscedastic assumption and their archetypes in 
terms of the 3 classifiers: (a) LDC, (b) QDC and (c) kNN. ..................... 134 

 
Figure 3.7: The RAPI value averaged over all the experimental datasets for each of the 

enhanced parametric BODLDR techniques under the Gaussian 
heteroscedastic assumption and their archetypes in terms of the 3 
classifiers: (a) LDC, (b) QDC and (c) kNN ............................................. 137 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



LIST OF FIGURES 
 

       IX

Figure 3.8: The ROPI value for each of the enhanced parametric BODLDR techniques 
under the Gaussian heteroscedastic assumption and their archetypes in 
terms of the 3 classifiers: (a) LDC, (b) QDC and (c) kNN ...................... 138 

 
Figure 4.1: The RBPI (top), RAPI (middle) and ROPI (bottom) values of each 

experimental technique averaged over all the experimental datasets in 
terms of the kNN classifier....................................................................... 181 

 
Figure 4.2: The RBPI (top), RAPI (middle) and ROPI (bottom) values of each 

experimental technique averaged over all the experimental datasets in 
terms of the NC classifier......................................................................... 182 

 
Figure 5.1: (a) Plot of the clean dataset D1; (b) Plot of the contaminated dataset D1; (c) 

and (d) Plot of the MDL value versus the number of prototypes during the 
growing process of GNG-M and RGNG algorithm on the clean D1; (e) and 
(f) Plot of the MDL value versus the number of prototypes during the 
growing process of GNG-M and RGNG algorithm on the contaminated D1.
.................................................................................................................. 215 

 
Figure 5.2: (a) Plot of the clean multimodal data set D2; (b) Plot of the contaminated 

multimodal data set D2; (c) and (d) Plot of the MDL value versus the 
number of prototypes during the growing process of GNG-M and RGNG 
algorithm on the clean D2; (e) and (f) Plot of the MDL value versus the 
number of prototypes during the growing process of GNG-M and RGNG 
algorithm on the contaminated D2............................................................ 219 

 
 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



LIST OF TABLES 
 

       X

List of Tables 
Table 3.1: The 36 DLDR techniques involved in the experiments. Information is 

provided on technique index, technique name, dimensionality reduction 
manner, conjugated orthogonality constraint and technique provenance in 
this thesis. ................................................................................................. 105 

 
Table 3.2: The 10 datasets used in our experiments. Information is provided on dataset 

index, dataset name, number of classes (C), feature space dimensionality 
(n), total number of samples (N) and dimensionality after applying the PCA 
(PC). ......................................................................................................... 107 

 
Table 3.3: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by 36 experimental techniques as well as 
the mean classification error obtained in the original feature space (org) 
with respect to the LDC classifier. Note that each row denotes a specific 
experimental technique with its technique index indicated in Table 3.1, and 
each column represents a specific dataset with its dataset index indicated in 
Table 3.2................................................................................................... 120 

 
Table 3.4: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by 36 experimental techniques as well as 
the mean classification error obtained in the original feature space (org) 
with respect to the QDC classifier. Note that each row denotes a specific 
experimental technique with its technique index indicated in Table 3.1, and 
each column represents a specific dataset with its dataset index indicated in 
Table 3.2................................................................................................... 122 

 
Table 3.5: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by 36 experimental techniques as well as 
the mean classification error obtained in the original feature space (org) 
with respect to the kNN classifier. Note that each row denotes a specific 
experimental technique with its technique index indicated in Table 3.1, and 
each column represents a specific dataset with its dataset index indicated in 
Table 3.2................................................................................................... 123 

 
Table 3.6: The group indices (Gidx) and the indices of the enhanced parametric 

BODLDR techniques (Eidx) and their possibly existing archetypes 
techniques (Aidex) within each group. ..................................................... 128 

 
Table 3.7: The group indices (Gidx) and the indices of the enhanced parametric 

BODLDR techniques (Eidx) under the Gaussian homoscedastic assumption 
and their possibly existing archetypes techniques (Aidx) within each group.
.................................................................................................................. 131 

 
Table 3.8: The group indices (Gidx) and the indices of the enhanced parametric 

BODLDR techniques (Eidx) under the Gaussian heteroscedastic 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



LIST OF TABLES 
 

       XI

assumption and their possibly existing archetypes techniques (Aidx) within 
each group. ............................................................................................... 135 

 
 
Table 4.1: Pseudo-code of the CS-UCWFLDA technique ........................................ 161 
 
Table 4.2: The MECS method used in the MUFLDA ............................................... 167 
 
Table 4.3: The 20 DLDR techniques evaluated in our experiments. Information is 

provided on technique index, technique name and their provenance in this 
thesis or previous literatures..................................................................... 168 

 
Table 4.4: The 10 datasets used in our experiments. Information is provided on dataset 

index, dataset name, number of classes (C), feature space dimensionality 
(n) and total number of samples (N). ....................................................... 170 

 
Table 4.5: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by the null space related FLDA (NS-
FLDA) techniques with respect to the kNN classifier. ............................ 173 

 
Table 4.6: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by the null space related FLDA (NS-
FLDA) techniques with respect to the NC classifier. .............................. 174 

 
Table 4.7: The average dimensionality (standard deviation in bracket) of ( )TC S  and 

( )W
dN S  over 20 pairs of training and testing sets with regard to different 

data splits, determined by the matrix rank and matrix stability index, 
respectively. ............................................................................................. 174 

 
Table 4.8: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by 20 experimental techniques as well as 
the mean classification errors obtained in the original feature space (org) 
with respect to the kNN classifier. ........................................................... 177 

 
Table 4.9: The minimum mean classification errors and the corresponding reduced 

dimensions (in bracket) attained by 20 experimental techniques as well as 
the mean classification errors obtained in the original feature space (org) 
with respect to the NC classifier. ............................................................. 178 

 
Table 5.1: Pseudo-code of the Growing Neural Gas (GNG) algorithm..................... 194 
 
Table 5.2: Pseudo-code of the Robust Growing Neural Gas (RGNG) algorithm...... 207 
 
Table 5.3: Clustering results of GNG-M and RGNG algorithms on datasets D1 over 10 

runs (standard deviation in bracket). ........................................................ 215 
 
Table 5.4: Clustering results of GNG-M and RGNG algorithms on multimodal 

datasets D2 over 10 runs (standard deviation in bracket). ........................ 216 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



LIST OF TABLES 
 

       XII

 
Table 5.5: Clustering results of GNG-M and RGNG algorithms on “Wine” datasets 

over 10 runs (standard deviation in bracket)............................................ 221 
 
 
 
 
 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 1: Introduction 
 

       1

Chapter 1:  Introduction          
 

1.1 Research background 
 

“Pattern” generally refers to information that characterizes an entity (object) existing 

in the specific time and space zones, which can be described by the outputs of some 

observing, measuring and/or recording equipments. Representations of patterns vary 

from the properties of the investigated objects, which may be, digit images, text 

documents, state vectors depicting a physical system, DNA sequences, time series 

signals and commercial transaction records, etc. The primary goal of a pattern analysis 

system is to detect any relation, regularity and structure inherent in the data source by 

analyzing or learning from some already available patterns sampled from the data 

source. Consequently, the system can acquire some generalization power of using 

these discovered relations, regularities and structures to make reasonable predictions 

on new previously unseen patterns coming from the same data source. Generally 

speaking, pattern analysis consists of three major tasks: (1) supervised tasks, in which 

each available input pattern is associated with a target output (label) and the objective 

is to construct a prediction function based on the available labeled input patterns so as 

to accurately predict the target outputs of future input patterns. (2) Unsupervised tasks, 

in which no target outputs are provided in advance and the objective is to extract 

relations, regularities and structures inherent in the data source based on the intrinsic 

similarities among the available unlabelled patterns. (3) Semisupervised tasks, in 

which target outputs are only partially known and the objective is to construct a 

prediction function based on the available partially labeled patterns. 

 

Pattern recognition plays a central role in pattern analysis, which includes three major 

tasks, namely supervised, semisupervised and unsupervised classification of input 

patterns into the pre-specified distinct categories or inherently natural groups. In 

general, the available labeled or unlabelled patterns and the newly presented unlabeled 

patterns are called training and testing samples, respectively. The procedure of 

constructing a pattern recognizer based on the training samples so as to capture 
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relations, regularities or structures inherent in the data source from which the training 

samples came is called training (learning) process. The procedure of evaluating the 

established recognizer on the testing samples is called testing (predicting) process. 

According to different types of pattern representations, pattern recognition tasks can 

be further dichotomized into statistical pattern recognition [1], [2] and syntactical 

pattern recognition [3]. The former one deals with patterns in the vector form under 

specific assumptions on their statistical distributions. The later one handles structured 

patterns such as strings, sequences and semantics with little requirement of statistics. 

This thesis work will only focus on statistic pattern recognition, in which patterns are 

always represented as feature vectors in the feature space with dimensionality equal to 

the number of features. 

 

Figure 1.1 shows the flow chart of a typical statistical pattern recognition system, 

which consists of 4 basic components to address different aspects of a pattern 

recognition task.  The function of each component and where the research work in this 

thesis locates are described as follows. 

 

 

 

 

 

Figure 1.1: Flow chart of a typical statistical pattern recognition system 

 

• Pre-processing 

 

Input signals to feed into a statistical pattern recognition system are first sensed and 

measured by some transducers, such as cameras, microphones and physical peripheral 

equipments, where the sensing environment and characteristics of the sensing 

equipments may influence the quality of the measurement. Next, the objects of interest 

are segmented from the background followed by noise removal, normalization and 

registration. The resulting patterns are represented as feature vectors. 

 

Preprocessing Feature 
Extraction/ 
Selection 

Recognition Postprocessing 
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• Feature extraction and selection 

 

Ideally, the number of features collected at the pre-processing stage, i.e. the feature 

space dimensionality, can be as large as possible so as to comprehensively 

characterize the objects of interest from plentiful aspects. However, in practice, high-

dimensional feature vectors may not be suitable for the subsequent recognition tasks 

because of the following reasons: (1) pattern recognizers established in a high-

dimensional feature space may be highly complex since the number of recognizer 

parameters typically grows exponentially with the feature space dimensionality. 

Training a highly complex recognizer based on the limited number of training samples 

may possibly lead to overfitting [1] and consequently poor generalization performance 

to predict test samples. (2) Large ratio between the feature space dimensionality and 

the training sample size may result in the “curse of the dimensionality” problem [4], 

[5], where the feature space is fairly sparse and consequently parameter estimation 

becomes ill-posed. As a result, the probability of misclassification will increase 

significantly or some recognizers even cannot be established at all. (3) The 

computational and memory costs to train a recognizer in the high-dimensional feature 

space may be too burdensome to make the system practical by using common 

computation facilities or on the field use. (4) The costs of measuring some features can 

be very expensive, which require discarding some less important features to reduce 

costs at the smallest expense of the degeneration of the recognition accuracy. (5) 

Many original features may be highly noisy, correlated with each other or irrelevant to 

the subsequent recognition task, which may disguise the underlying relations, 

regularities or structures of interest. 

 

Therefore, it is desirable to seek for parsimonious pattern representations with the 

smaller number of salient features to improve the efficiency and effectiveness of the 

subsequent recognizer. Feature extraction and selection [6]  are two most commonly 

used techniques for this purpose. 

 

The distinction between feature extraction and selection is that feature extraction 

techniques create a set of new features by transforming the original features in a linear 
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or nonlinear manner while feature selection techniques select some useful features out 

of the original features and discard the others. Relatively speaking, feature selection 

can retain the physical meaning of those selected features, which can be essential for 

certain applications, while feature extraction can generate a set of new features with 

stronger description or discrimination power and condensed size but may lose the 

physical interpretation. Moreover, feature selection techniques can save the sensing 

and memory costs by reducing the number of original features that must be measured 

and stored, while most feature extraction techniques will combine linearly or 

nonlinearly all the raw features to generate a new feature set and thus require all the 

raw features to be retained. Feature extraction and selection can be exclusively applied 

or used in conjunction for a given task. The order of executing feature extraction and 

selection is problem-dependent. In some cases, feature extraction may precede feature 

selection to first create a set of task-oriented features from the original features 

obtained at the pre-processing step, then to further select some salient features out of 

these new features. In other cases, feature selection may be first implemented to 

choose a smaller number of salient features out of the large original set, followed by 

feature extraction performed on these selected features to generate much more 

discriminative features with even condensed size to facilitate the subsequent 

recognition task. Note that there exists no explicit boundary between the feature 

extraction step and the subsequent recognition step. An ideal feature extractor may 

even directly map the feature vectors to their corresponding labels and thus leave a 

trivial task for the subsequent recognizer, or the feature extraction step can be 

embedded into the recognizer. 

 

Dimensionality reduction [7], [8] attempts to find a lower-dimensional representation 

of the original feature space via linear or nonlinear mappings such that most useful 

information present in the original feature space can be retained in the transformed 

lower-dimensional space. Since feature extraction and selection can commonly result 

in the reduction of the feature space dimensionality, they are often referred to as 

dimensionality reduction techniques in pattern recognition literature. In fact, feature 

selection can be regarded as a special feature extraction task by using a linear 

transformation matrix having constrained binary elements. Besides pattern 
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recognition, dimensionality reduction can also be applied for visualization, exploratory 

data analysis and manifold learning, etc. During the past several decades, many 

dimensionality reduction techniques have been developed and applied successfully in 

a diverse spectrum of scientific and engineering disciplines ranging from multivariate 

statistical analysis, scientific visualization, multimedia retrieval and computer vision 

to web mining and bioinformatics. Dimensionality reduction can generally be 

categorized into the descriptive, discriminative and random projection techniques.  

 

In descriptive techniques, the label information is unavailable or not taken into 

consideration. The general objective therein is to seek for a lower-dimensional pattern 

representation that maximally retains the global or local descriptive information in the 

original feature space. Some representative feature extraction techniques in this 

category include Principle Component Analysis (PCA) [9] and its variants such as 

local PCA [10] probabilistic PCA [11], kernel PCA [12], principle curves [13], online 

PCA [14], [15], [16], [17] and so on, self-organizing maps [18], generative topology 

maps [19], unsupervised projection pursuit [20], independent component analysis [21] 

and  descriptive manifold learning such as multidimensional scaling [22], local linear 

embedding (LLE) [23], Hessian LLE [24], Isotropic Feature Mapping  (ISOMAP) 

[25], diffusion maps [26], local tangent pace alignment  [27] and Laplacian eigenmaps 

[28] and so on. It is worth noting that the unsupervised projection pursuit denotes a 

large family of methods. These methods generally start from a pre-specified linear 

projection matrix and continue to seek for better solutions based on the currently 

obtained one by numerically optimizing specific projection pursuit indices 

characterizing the amount of global or local descriptive information retained after the 

projection. For example, independent component analysis can be categorized into the 

unsupervised projection pursuit technique under a certain choice of the projection 

pursuit index.  Some representative feature selection methods in this category include 

unsupervised feature selection based on maximum information compression index 

[29], feature selection for Gaussian mixture model [30] and feature subset selection 

using Expectation-Maximization clustering [31], etc. 
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In discriminative techniques, the label information will be taken into account. The 

ultimate goal is to map the original feature space into a lower-dimensional space with 

minimal loss of discriminatory information. Many representative feature extraction 

techniques in this category will be reviewed in Chapters 2 and 4. Feature selection 

techniques in this category can be generally subdivided into three groups, i.e. filter, 

wrapper and hybrid methods. Filter methods are independent of the recognizer to be 

established on the selected feature subset, which use the general characteristics of the 

training set as the evaluation criterion to select features. In contrast, wrapper methods 

will simultaneously consider feature selection and recognizer to be established on the 

selected feature subset. That is, the performance of a specific recognizer to be used 

subsequently will be directly used as the evaluation criterion to select features. Hybrid 

feature selection attempts to take advantage of both filter and wrapper methods by 

exploiting their different evaluation criteria in different stages. Representative feature 

selection techniques belonging to different groups have been extensively studied in 

many literatures [6], [32], [33], [34], [35]. It deserves noting that feature extraction 

techniques in this category can also be assigned to filter, wrapper and hybrid types. 

For example, the BODLDR techniques and SMDLDR techniques to be described later 

can be regarded as the wrapper and filter type techniques, respectively. In recent years, 

online discriminative dimensionality reduction techniques have received considerable 

attention [36], [37] which will not be covered in the current thesis work. However, this 

promising research direction has been recommended for our future work in Chapter 6. 

 

Random projection [38] specifically refers to a category of feature extraction 

techniques. In this category, the original high-dimensional feature space is randomly 

projected into a lower-dimensional subspace, which attempt to retain the similarity 

relationship among the original high-dimensional feature vectors.  

 

In comparison, descriptive and random projection based techniques are more general 

in the sense that they can be coupled with any kind of pattern analysis techniques for 

the subsequent unsupervised, supervised or semi-supervised tasks while discriminative 

techniques are apt to retaining the discriminatory information and thus more suitable 

for supervised classification tasks. Note that there exist many alternative 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 1: Introduction 
 

       7

categorizations of dimensionality reduction techniques, e.g. linear and nonlinear, 

global and local and so on.  

 

The research work in this thesis will mainly focus on the discriminative linear 

dimensionality reduction techniques with feature extraction for the supervised 

classification as the major application. Determination of the intrinsically optimal 

dimensionality that can be reduced to is one of the most challenging tasks in 

dimensionality reduction, which is out of the scope of this thesis work.  For supervised 

classification tasks, some measures evaluating the generalization performance, such as 

the leave-one-out error and k-fold cross-validation error on the training samples [1] 

can be used to estimate the optimal dimensionality. 

 

• Recognition 

 

Feature vectors obtained from the feature extraction and selection step are ready to be 

used for training a pattern recognizer to perform supervised, unsupervised or semi-

supervised classification tasks. This thesis will only cover supervised and 

unsupervised classification tasks, which will be described in more details as follows. 

 

Existing supervised classification techniques can be summarized into four categories 

[39]: similarity-based approach, statistical decision theory based approach, decision 

boundary construction approach and decision tree approach. 

 

• Similarity-based approaches include template matching such as rigid and 

deformable templates, minimum distance classifier such as nearest center 

classifier, nearest neighbor classifier and learning vector quantization. The key 

issues in designing this kind of classifiers are the proper choice of the similarity 

metric and prototype representation. 

 

• Statistical decision theory based approaches are generally based on class 

distributions, among which the Bayesian decision rule and empirical Bayesian 

decision rule [1], [2] are two most popular methods to construct an optimal 
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classifier. In the former case, class-conditional probability density functions, class 

prior probabilities and loss functions are known in advance.  In the later case, the 

class-conditional probability density functions are required to be estimated 

parametrically or non-parametrically based on the training samples. Representative 

parametric classifiers include the Linear Discriminant Classifier (LDC) and 

Quadratic Discriminant Classifier (QDC) under Gaussian assumptions and the 

logistic classifier based on the maximum likelihood of the logistic posterior 

probability. The Parzen window density estimation based technique is an example 

of the non-parametric methods. 

 

• Direct construction of geometrical decision boundary by optimizing certain 

criterion functions relating to the classification performance leads to a popular 

family of supervised classification techniques, such as linear classifiers (e.g. least-

square classifiers [40]), Neural Network based classifiers [41] and Support Vector 

Machine (SVM) [12], etc. Linear classifiers usually adjust the assumed linear 

decision boundary to well separate patterns belonging to distinct classes by 

directly minimizing the mean squared error between the classifier’s outputs and 

the corresponding actual class labels. The complexity and characteristics of 

decision boundaries established by NN classifiers depend on the structure of the 

network, i.e. the number of hidden layers, the number of neurons per layer and the 

type of activation functions of each neuron. Overly simple network structure may 

lead to under-fitting and accordingly bad training and testing performance. 

However, highly complex network structures may result in over-fitting and 

consequently excellent training accuracy yet poor generalization performance. As 

a result, different regularization schemes have been introduced to find a tradeoff 

between the network complexity and training accuracy. It is worth noting that 

different network structures and the corresponding training strategies will yield 

different classifiers, some of which may be equivalent to the existing classifiers 

with other forms. A typical class of NN classifiers includes the multiplayer 

perception NN (e.g. feedforward, recurrent and convolution), the radial basis 

function NN, the auto-associative NN and a most recently developed extreme 

learning machine [42], etc. The SVM is another eminent state-of-the-art classifier. 
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The decision boundaries established in SVM have the linear form in the original 

feature space or in the high-dimensional kernel-induced feature space mapped via 

polynomial, radius basis function, sigmoid or tangent kernel. They are determined 

by optimizing a criterion function reflecting the trade-off between the margin and 

empirical training error. The resulting SVM decision boundaries will only depend 

on a few support vectors instead of the whole set of training samples. The 

increased sparseness reduces the computational complexity at the testing stage. A 

major advantage of SVM is that it can deal well with nonlinearly separable pattern 

distributions. Note that kernel tricks [12] originated from the SVM have been 

successfully used to extend many existing linear classification techniques into their 

kernel counterparts so as to enhance their abilities to handle the nonlinearly 

separable pattern distributions. Such kernel-based classification methods can 

sometimes be considered as a unique branch of classification techniques. 

 

• Decision tree [43] is another popular class of classification methods, which 

iteratively selects salient features at each tree node to optimize certain criteria such 

as information gain, node purity and class separability. The main characteristic of 

the decision tree classifier is that it naturally embeds the feature selection step into 

the classifier training process and accordingly decision rules can be readily 

extracted at the completion of the training process. Moreover, it may facilitate the 

interaction with domain experts. Decision tree classifiers, such as CART and C4.5 

have been successfully applied in many fields. 

 

Traditionally, unsupervised classification techniques, namely clustering or cluster 

analysis [44]-[46], can be divided into the partitional clustering and hierarchical 

clustering. Partitional methods directly assign all available patterns, according to 

specific criteria such as similarity and density, into different natural groups. 

Hierarchical approaches sequentially build nested clusters with a graphical 

representation known as dendrogram. Representative algorithms for the partitional 

clustering include Prototype-based Clustering (PBC) [47], density-based clustering 

[48], [49] and graph theory based clustering [50], etc. Agglomerative [52] and divisive 

[53] clustering algorithms constitute two main types of hierarchical clustering. In 
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recent years, many novel clustering techniques have been developed such as neural 

network based clustering (e.g. self-organizing maps [18], Neural Gas (NG) networks 

[54] and adaptive resonance theory network [55], etc.), kernel clustering [56], [57], 

spectral clustering [59], information clustering [58], relationship based clustering [60], 

subspace clustering [51], evolutionary clustering [61], and online clustering [62], [63], 

[64], etc. These clustering algorithms can either fit into one of the two traditional 

categories or be regarded as a unique category of clustering techniques.  

 

Among various supervised and unsupervised classification techniques, prototype 

reduction schemes [47], [65], [66] provide a fundamentally simple but very effective 

way to establish a class of prototype-based methods. In these methods, the training 

samples are condensed into a smaller set of representative prototypes that can capture 

the salient underlying structures relevant to the subsequent classification task. In 

general, the prototype can be parameterized to represent a subset of training samples. 

For example, a point prototype can be described by a reference vector and a proper 

similarity function involving several parameters to characterize the center, shape and 

size of a local region in the feature space. Accordingly, the training samples can be 

either assigned to their respective nearest prototypes or assigned to all prototypes with 

different degrees of memberships, based on the values of the similarity function. 

According to the operating characteristics, prototype reduction schemes can be 

dichotomized into the creative and selective methods [65]. The former one can create 

new previously unavailable reference vectors to construct prototypes while the later 

one merely selects some of the training samples to construct prototypes. Each of these 

two categories can be further divided into the static, growing and pruning approaches. 

In static approaches, the number of prototypes is fixed in advance with the associated 

parameters being adapted to optimize some performance measure. Growing 

approaches gradually increase the number of prototypes from the pre-specified 

minimum to maximum values. At each growing stage, some new prototypes are 

generated via specific rules. The optimal set of prototypes to be sought should 

optimize some performance measure over the whole growing process. Pruning 

approaches gradually decrease the number of prototypes from the pre-specified 

maximum to minimum values. At each pruning stage, some less useful prototypes 
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with respect to the given task are identified and removed. The eventually obtained 

optimal set of prototypes should optimize some performance measure over the whole 

pruning process. Note that static approaches can be readily extendible to growing or 

pruning approaches by introducing proper rules to increase or decrease the prototypes. 

The definitions of performance measures usually differ in the supervised and 

unsupervised classification. For supervised classification tasks, the training error and 

generalization performance will be simultaneously considered. For unsupervised 

classification tasks, the average similarity between the training samples and their 

respective prototypes and the average dissimilarity between the training samples 

assigned to different prototypes will be taken into account. In many prototype-based 

methods, the performance measure can be explicitly formulated as a criterion function 

taking the parameters of prototypes as its arguments, and accordingly the optimal set 

of prototypes can be derived via some numerical optimization techniques. 

 

Many existing supervised classification techniques can be categorized into the 

prototype-based methods [47], such as minimum distance classifiers (prototypes 

characterize class centers), the Bayes classifier (prototypes characterize class 

distributions), the radial basis function NN (prototypes characterize radial basis 

function centers) and the SVM with the radial basis function kernel (prototypes 

characterize support vectors), etc. In these techniques, prototypes can be either used 

for the distribution estimation, e.g. minimum distance classifiers and radial basis 

function NN, or used to capture the decision boundary information between different 

classes, e.g. SVM.  Prototype-based unsupervised classification (i.e. clustering) is a 

most popular class of partitional clustering techniques, which can also be generalized 

to the hierarchical clustering through superposition. Some typical characteristics of 

prototype-based clustering methods are: (1) the number of prototypes can be 

determined in advance or obtained automatically during the training procedure. (2) 

Each cluster is characterized by a prototype. According to their distances from all 

prototypes, calculated by certain similarity functions, input patterns can be assigned to 

different clusters with certain degrees of membership. (3) The optimal set of 

prototypes can be obtained by minimizing a criterion function defined as the average 

distance from the training samples to each prototype weighted by the corresponding 
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degrees of membership. Hard clustering and soft clustering can be regarded as two 

main branches of prototype-based clustering methods. Hard clustering assigns each 

pattern to exactly one cluster with the most “similar” prototype, while soft clustering 

assigns each pattern to all clusters with different degrees of membership. According to 

the updating strategies, prototype-based clustering methods can also be dichotomized 

into the batch and sequential versions. 

 

The research work in this thesis will mainly focus on the prototype-based clustering 

algorithms with each prototype simply characterized by a reference vector and the 

Euclidean distance metric involving no additional parameters. Extensions to other 

distance metrics, e.g. the Mahalanobis distance involving the covariance matrix as an 

additional parameter, and more complex prototypes like shell prototypes [286] in 

which the similarity is measured with respect to specific shapes instead of a single 

reference vector, are straightforward and planned as the further research work. Note 

that the clustering algorithm proposed in this thesis is currently applied to offline 

clustering tasks by using the sequential learning scheme. The extension to the on-line 

version is recommended for the future work in Chapter 6. 

 

• Post-processing 

 

The same data source using different pattern representations or different data sources 

collected at various times and locations may result in distinct performance of the 

subsequent recognizer. Even under the same pattern representation, different 

recognizers or the same recognizer under different parameter settings can make 

distinct decisions. Therefore, it is desirable to combine individual decisions made from 

different recognizers based on the same pattern representation or from the same 

classifier built on pattern representations of different data sources to generate a 

consistent final decision. In recent years, ensemble learning [67], [287] in both 

supervised and unsupervised manner has become a very active research area in pattern 

analysis. Since the recognition results may further guide some actions from the system 

to the external environments, costs and risks associated with any recognition results 

are required to be considered in order to minimize the possible loss. In addition, some 
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contextual information can be explored from the available patterns, which may 

simplify some complex pattern recognition tasks. Moreover, available prior 

knowledge can be utilized effectively to guide the design of all components in a 

statistical pattern recognition system. Our research work will not cover the post-

processing techniques. 

 

In common sense, a desirable pattern recognition system must rely on good 

coordination among every components described above. Therefore, feedbacks from 

latter components to the former ones may be used to further improve the system 

performance. 

 

1.2 Motivation 
 

The research work in this thesis is motivated from two different areas in the statistical 

pattern recognition field: dimensionality and prototype reduction for supervised and 

unsupervised classification, respectively. 

 

Since raw feature vectors obtained at the pre-processing stage may possibly contain 

noise, redundant or irrelevant features that may deteriorate the speed, reliability and 

accuracy of the subsequent classifier, it is desirable to reduce the feature space 

dimensionality as much as possible subject to the minimum loss of the discriminatory 

information. During the past few decades, a large number of dimensionality reduction 

techniques have been developed to seek for an optimal lower-dimensional transformed 

space that can maximally retain the useful descriptive or discriminative information 

present in the original feature space. It is generally believed that discriminative 

dimensionality reduction methods are more suitable for supervised classification than 

descriptive dimensionality reduction approaches because criterion functions in the 

former methods are directly related to the class distinguishability in the transformed 

space. 

 

Discriminative dimensionality reduction includes discriminative feature extraction and 

selection techniques. In some literatures [68], it was argued that finding a 
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transformation to reduce dimensionality might be easier than selecting features 

provided an appropriate criterion function measuring the class distinguishability in the 

lower-dimensional transformed space. Such preference of feature extraction than 

selection relies on two-fold justifications: (1) feature extraction is usually a smooth 

process. When a criterion function is differentiable with respect to the parameters of 

the transformation, the optimal transformation can be derived via some numerical 

optimization techniques, such as the gradient descent. In contrast, feature selection is a 

discrete event, which generally requires resolving a prohibitively expensive 

combinatorial optimization problem. (2) Feature extraction can effectively combine 

the useful information spread across several original features and consequently result 

in a compact representation with the stronger discrimination power. However, in some 

applications, when it is crucial to discard some of the original features so as to reduce 

the sensing and storage costs or it is necessary to interpret the physical meaning of the 

selected features, the preference should be given to the feature selection techniques. 

This thesis will concentrate on the study of discriminative feature extraction 

techniques for discriminative dimensionality reduction. Therefore, in the following 

context, discriminative dimensionality reduction will specifically refer to 

discriminative feature extraction unless otherwise stated. Moreover, in the current 

thesis, we only consider the Discriminative Linear Dimensionality Reduction (DLDR) 

techniques since their nonlinear counterparts can be readily obtained via the kernel 

trick [12] or the functional replacement [69] concept. 

 

In general, the performance of DLDR techniques relies on the class separability 

measure defined in the lower-dimensional transformed subspace. This measure 

evaluates the amount of discriminatory information retained after the linear 

transformation. Ideally, the Bayes error should be the optimal choice, which is 

determined by applying the Bayes decision rule to classify input patterns to one of the 

pre-specified distinct categories and represents the minimum probability of 

misclassification. It characterizes the source of error stemming from underlying class 

distributions, which can hardly be further reduced by any eminent classifiers. 

However, the Bayes errors under arbitrary class distributions and/or in the multi-class 

scenario usually cannot be analytically formulated since it is prohibitive to calculate 
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the integration of complex class distribution functions over multiple discontinuous 

integral regions. Moreover, even if simple class distributions in two-class cases are 

known in the original feature space, there is no guarantee that they can be derived in 

the transformed subspace, and accordingly the Bayes error in the transformed 

subspace still may not be computed. In the past few decades, many efforts have been 

devoted to the design of class separability measures that can relate to the Bayes error 

to certain degrees. These measures, usually taking the linear transformation matrix as 

a parameter, can be optimized via some numerical optimization techniques to seek for 

the optimal linear transformation. We named the class of techniques employing such 

kind of class separability measures as criterion functions BODLDR techniques since 

they attempt to find an optimal transformed subspace with the minimum Bayes error 

therein, i.e. pursuing the Bayes optimality. The common disadvantages of the 

BODLDR are the high computational complexity and the risk of getting stuck into 

local optima during the optimization. Another family of DLDR techniques directly 

uses the geometric class structures of the available training samples to construct the 

class separability measure, which can significantly reduce the computational 

complexity coming from the class distribution estimation and may also avoid the 

numerical optimization at the expense of the link with the Bayes error. Fisher Linear 

Discriminant Analysis (FLDA) is the most famous member in this family, which uses 

scatter matrices to formulate the class separability measure, called the Fisher criterion. 

The most attractive merit of the FLDA is that globally optimal solutions in the closed 

form can be derived analytically in an efficient manner. Although the optimal solution 

obtained by the FLDA can lead to a transformed subspace achieving the Bayes 

optimality under certain conditions, such intimate link with the Bayes optimality will 

be lost in more general cases since several potential deficiencies inherent in the 

conventional Fisher criterion prevent its link with the Bayes error in general sense. 

These facts motivate us to modify the conventional Fisher criterion so as to 

compensate those undesirable deficiencies. 

 

The conventional Fisher criterion also suffers from a notorious limitation, which 

restricts the utility of the FLDA to handle high-dimensional and undersampled 

problems. Specifically, optimizing the conventional Fisher criterion with respect to the 
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transformation matrix will lead to solve an eigenvalue decomposition problem 

involving the inverse of some scatter matrix. However, in the high-dimensional and 

undersampled scenario, all the estimated scatter matrices will become singular, which 

consequently disables the applicability of the FLDA. To prevent the modified Fisher 

criterion suffering from such singularity problem [2], [70], we will embark on further 

generalizing its ability to deal with high-dimensional and undersampled problems by 

exploring the singularity overcoming schemes used in the existing FLDA variants 

exempting from the singularity problem. 

 

Prototype-based clustering techniques, such as k-means clustering [71], fuzzy c-means 

clustering [72], Gaussian mixture model [1] and NG network [54], etc., have been 

applied widely in diverse fields and demonstrated promising performance. However, 

the robustness [73], [74] of most of these algorithms may not be satisfactory. By 

“robustness”, we mean that the performance of an algorithm should not be 

significantly influenced by the small deviations from the assumed model and 

meanwhile should not deteriorate much when the outliers exist. In term of cluster 

analysis, outliers can be regarded as the feature vectors far away from any clusters and 

consequently have low degrees of membership with respect to all clusters. Several 

major robustness issues associated with the prototype-based clustering can be outlined 

as follows. 

 

• Sensitivity to initializations 

• Sensitivity to the order of the input pattern sequence 

• Sensitivity to the outliers present in the dataset to be dealt with 

• Sensitivity to the subjectively pre-specified number of clusters 

• Sensitivity to cluster sizes, shapes and densities 

 

In this thesis, we will address the first four issues mentioned above based on a 

representative prototype-based clustering algorithm: Growing Neural Gas (GNG) [75] 

network, which employ the creative prototype reduction scheme to derive prototypes 

characterized by reference vectors and the Euclidean distance metric. The GNG 

actually belongs to the growing approaches and thus can enable automatic detection of 
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the number of underlying clusters. By enhancing its robustness, we expect that the 

performance of the improved algorithm can be less sensitive to initializations, input 

sequence orders, and the presence of outliers while the actual number of underlying 

clusters can be automatically discovered. 

 

1.3 Objectives 
 

Two major objectives of this thesis are to improve the performance of some existing 

DLDR techniques for the supervised classification and to enhance the robustness of 

some existing prototype-based clustering techniques for the unsupervised 

classification. More specifically, the objectives of our research work can be 

summarized as follows. 

 

• To survey the existing BODLDR and SMDLDR techniques, which highlight the 

performance and efficiency, respectively. As a union of these two techniques, the 

FLDA as well as its heteroscedastic extension, the Chernoff linear discriminant 

analysis (CLDA) [76], [77] proposed recently, will be reviewed. The specific 

conditions under which the optimal linear transformation obtained by the FLDA 

can result in a transformed subspace achieving the Bayes optimality will be 

recapitulated. The potential deficiencies inherent in the conventional Fisher and 

Chernoff criteria, which destroy their link with the Bayes error in general sense, 

will be in-depth analyzed. 

 

• To develop two categories of enhanced parametric BODLDR methods under the 

Gaussian homoscedastic and heteroscedastic assumptions, respectively. In each 

category, two classes of techniques will be developed, which give higher priority to 

performance and efficiency, respectively. The first class directly formulates the 

upper bound of the multi-class Bayes error under the corresponding assumption as 

the criterion function, which can be optimized via numerical optimization methods 

to iteratively derive the suboptimal solutions. The second class employs the 

pairwise two-class Bayes error or its upper bound analytically formulated under the 

corresponding assumption to modify the conventional Fisher and Chernoff criteria 
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to the class-wise weighted Fisher and Chernoff criteria. Discriminant vectors 

subject to different conjugated orthogonality constraints will be extracted based on 

the class-wise weighted Fisher and Chernoff criteria, respectively. Experiments will 

be performed on many multi-class artificial and real-world datasets taken from the 

UCI machine learning repository [78] to evaluate the effectiveness of the proposed 

techniques in comparison with their archetypes. Some relative performance indices 

will be designed to comprehensively evaluate the performance of each 

experimental DLDR technique over all the experimental datasets. 

 

• To survey the existing discriminative dimensionality reduction techniques suitable 

in the high-dimensional and undersampled scenario, and generalize the 

applicability of several representative class-wise weighted Fisher criterion based 

DLDR techniques to handle high-dimensional and undersampled problems. 

Extensive experiments will be conducted on various high-dimensional data sources 

to compare the performance of the generalized techniques with that of several state-

of-the-art FLDA variants. Each experimental technique will be comprehensively 

evaluated according to the designed relative performance indices. 

 

• To improve the robustness of the GNG for cluster analysis. The developed Robust 

GNG (RGNG) algorithm should be less sensitive to initializations, input sequence 

orders and the presence of outliers, and can automatically determine the optimal 

number of clusters at the completion of the growing process. The clustering 

performance of the proposed RGNG algorithm will be compared with that of the 

original GNG algorithm on some artificial and UCI datasets.  

 

1.4 Major contributions of the thesis 
 

The major contributions in this thesis are summarized as follows. 

 

• We conducted a thorough overview of the existing BODLDR and SMDLDR 

techniques. As their eminent unions, the FLDA technique as well as its 

heteroscedastic extension, the CLDA technique proposed recently, was reviewed. 
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The Bayes optimality condition for the FLDA solutions was revisited. The potential 

deficiencies inherent in the conventional Fisher and Chernoff criteria, which 

destroy their link with the Bayes error in general sense, were unveiled and 

discussed in-depth. 

 

• We developed two categories of enhanced parametric BODLDR techniques under 

the Gaussian homoscedastic and heteroscedastic assumptions, respectively. In the 

first category, a Gaussian homoscedastic direct BODLDR technique and a class of 

8 Class-wise Weighted FLDA (CWFLDA) techniques motivated by Bayes 

optimality under the Gaussian homoscedastic assumption were developed. The 

former one directly used the union of the pairwise Bayes errors in the transformed 

subspace as the criterion function, which was analytically formulated under the 

Gaussian homoscedastic assumption. A suboptimal orthonormal transformation 

matrix can be obtained by numerically optimizing the criterion function via the 

gradient descent coupled with the Gram-Schmidt orthogonalization scheme. The 

later class of techniques employed the newly devised class-wise weighted Fisher 

criteria in the quotient and subtraction forms, respectively, with discriminant 

vectors subject to different conjugated orthogonality constraints being extracted in 

the batch, sequential forward or sequential backward manner. The newly proposed 

class-wise weighted Fisher criteria compensated the deficiencies of the 

conventional Fisher criterion. Specifically, the between-class weights and within-

class weights were introduced into the conventional between-class and average 

within-class scatter matrices, respectively. The resulting weighted pairwise 

between-class scatter matrix can somewhat approximate the average pairwise two-

class Bayes accuracy instead of representing the average pairwise distance over all 

class pairs. The resulting average weighted within-class scatter matrix can suppress 

the undesirable contributions from the outlier classes (some classes that are faraway 

from the remaining classes) to the estimation of the assumed homoscedastic 

covariance matrix. In the second category, a Gaussian heteroscedastic direct 

BODLDR technique and a class of 8 Class-wise Weighted CLDA (CWCLDA) 

techniques motivated by Bayes optimality under the Gaussian heteroscedastic 

assumption were developed. The former one directly used the union of the pairwise 
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Chernoff upper bounds of the Bayes error in the transformed subspace as the 

criterion function, which was analytically formulated under the Gaussian 

heteroscedastic assumption. A suboptimal orthonormal transformation matrix can 

be obtained by numerically optimizing the criterion function via the gradient 

descent coupled with the Gram-Schmidt orthogonalization scheme. The later class 

of techniques employed the newly devised class-wise weighted Chernoff criteria in 

the quotient and subtraction forms, respectively, with discriminant vectors subject 

to different conjugated orthogonality constraints being extracted in the batch, 

sequential forward or sequential backward manner. The class-wise weighted 

Chernoff criteria can be regarded as the heteroscedastic extension of the class-wise 

weighted Fisher criteria so as to capture the discriminatory information present in 

the difference between both class means and class covariance matrices. We 

conducted experiments on several multi-class artificial and UCI datasets to evaluate 

the effectiveness of the proposed enhanced parametric BODLDR techniques in 

comparison with their archetypes 1  in terms of both optimal and average 

dimensionality reduction performance with respect to three classifiers, i.e. LDC, 

QDC, k-Nearest Neighbor (kNN) classifier. Three relative performance indices, 

namely relative best performance index, relative average performance index and 

relative overall performance index, were developed to comprehensively evaluate 

the performance of each experimental technique. 

 

• We conducted a thorough overview of the existing discriminative dimensionality 

reduction techniques capable of handling high-dimensional and undersampled 

problems. To generalize the applicability of several representative CWFLDA 

techniques in the high-dimensional and undersampled scenario, we developed two 

classes of subspace based CWFLDA techniques, which can take advantage of the 

discriminatory information present in different subspaces while retaining the 

promising performance in the well-sampled cases. Specifically, the discriminant 

vectors subject to different conjugated orthogonality constraints were either 

extracted in a sequential forward manner from two complementary subspaces, i.e. 

                                                 
1 We also proposed some of these archetypes based on the conventional Chernoff criterion, which 
extend corresponding FLDA techniques in a heteroscedastic manner. 
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the null and column spaces of the average within-class scatter matrix, or extracted 

in a batch or sequential backward fashion from a single subspace, i.e. the column 

space of the regularized average with-class scatter matrix, based on the class-wise 

weighted Fisher criterion. The effectiveness of the proposed techniques was 

extensively evaluated on various types of high-dimensional data sources, such as 

handwritten digit images, facial images, text documents and microarray gene 

expression profiles, and compared with that of several state-of-the-art FLDA 

variants. 

 

• We developed a RGNG algorithm for cluster analysis. By incorporating several 

robustifying strategies, such as outlier resistant scheme, adaptive modulation of 

learning rates and cluster repulsion method into the conventional GNG framework, 

the proposed RGNG algorithm was less sensitive to initializations, input sequence 

orders and the presence of outliers. Moreover, the RGNG can automatically 

determine the optimal number of clusters by seeking the extreme value of the 

Minimum Description Length (MDL) measure [79] calculated at the completion of 

each growing stage. Furthermore, topology relationships among prototypes can also 

be established. Experimental results on some artificial and UCI datasets 

demonstrated the superior performance of the proposed RGNG algorithm over the 

conventional GNG incorporating MDL method, named the GNG-M. 

 

1.5 Organization of the thesis 
 

The remainder of this thesis is organized as follows. 

 

In Chapter 2, the existing BODLDR and SMDLDR techniques are extensively 

overviewed. The FLDA and CLDA techniques are revisited. The deficiencies 

associated with the conventional Fisher and Chernoff criteria are analyzed in-depth.  

 

In Chapter 3, two categories of enhanced parametric BODLDR techniques are 

presented, which include one direct BODLDR technique and a class of 8 CWFLDA 

techniques developed under the Gaussian homoscedastic assumption as well as one 
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direct BODLDR technique and a class of 8 CWCLDA techniques developed under the 

Gaussian heteroscedastic assumption. The experiments are conducted on several 

multi-class artificial and UCI datasets to evaluate the performance of the proposed 

techniques in comparison with their archetypes. 

 

In Chapter 4, the existing dimensionality reduction techniques capable of handling 

high-dimensional and undersampled problems are thoroughly overviewed. To 

generalize the utility of some representative CWFLDA techniques proposed in 

Chapter 3 in the high-dimensional and undersampled scenario, two classes of 

subspaces based CWFLDA techniques, i.e. Complementary Subspaces-based 

CWFLDA (CS-CWFLDA) and Regularized Subspace-based CWFLDA (RS-

CWFLDA), are proposed. The experiments are conducted on various types of high-

dimensional data sources including 1 handwritten digit image dataset, 3 facial image 

datasets, 5 microarray gene expression profile datasets and 1 text document datasets. 

The performances of the proposed techniques are compared with that of several state-

of-the-art FLDA variants. 

 

In Chapter 4, many robust variants of the conventional prototype-based clustering 

algorithms and several prototype-based clustering algorithms that can automatically 

determine the optimal number of clusters are reviewed. After revisiting the GNG 

algorithm, a novel RGNG is presented. Experiments are conducted on several artificial 

and UCI datasets to evaluate the robustness of the proposed RGNG algorithm in 

comparison with the GNG-M algorithm. 

 

Chapter 5 concludes the thesis with some recommended further research directions. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       23

Chapter 2:  An Overview of Discriminative 

Linear Dimensionality Reduction Techniques 
 

2.1 Introduction 
 

The general goal of Discriminative Linear Dimensionality Reduction (DLDR) is to 

linearly transform the original feature space into a lower-dimensional subspace with 

the minimal loss of the discriminatory information. Although suffering from some 

deficiencies in comparison with its nonlinear counterpart, the DLDR remains popular 

till now mainly because of its mathematical tractability, computational simplicity and 

reliability to explore the underlying data structures in the original feature space. 

Furthermore, nonlinear extension can be readily implemented via the kernel trick [12] 

or function replacement concept [69]. Therefore, our current research work only 

concerns the DLDR techniques. According to information theory [80], no downsized 

transformations can create new valuable information (discriminatory information in 

the context of the supervised pattern analysis) and only information loss will happen. 

As a result, minimizing the loss of the discriminatory information after transformation 

is equivalent to maximizing the amount of the discriminatory information in the 

transformed subspace, which can be evaluated by some class separability measures. In 

general, nonlinearly separable class boundaries can represent good class separation 

when applying nonlinear classifiers in the post-end although they indicate bad class 

separability with respect to linear classifiers. Moreover, different types of classifiers 

may emphasize different aspects of the class distributions, e.g. classifiers based on the 

statistical decision theory will depend on the whole class distributions while classifiers 

directly constructing geometrical decision boundaries may only rely on the partial 

class distributions around the decision boundaries Therefore, it is desirable to evaluate 

the class separability in terms of both the class distributions and the classifiers to be 

used. Given certain classifiers, the dimensionality reduction step can be directly 

embedded into the classifier formulation with the transformation matrix serving as an 

additional parameter, which can be jointly optimized with the classifier parameters to 
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pursue the minimum classification error. However, many existing classifiers do not 

provide analytical formulations for evaluating the classification performance and also 

there exists no practical guidelines on how to choose the most suitable classifier to 

solve a given problem.  

 

Considering the effectiveness and efficiency of a DLDR technique, many class 

separability measures have been derived to serve as the criterion functions to be 

optimized, which take the linear transformation matrix as an argument. When the 

higher priority is given to the effectiveness, the Bayes error will be the ideal choice 

since it represents the minimum probability of misclassification, which cannot be 

further reduced by any eminent classifiers. However, the Bayes error under arbitrary 

class distributions and/or in the multi-class scenario usually cannot be analytically 

formulated since it is prohibitive to calculate the integration of complex class 

distribution functions over multiple discontinuous integral regions. Moreover, even if 

simple class distributions are known in the original feature space, there is no guarantee 

that they can be derived in the transformed subspace, and accordingly the Bayes error 

in the transformed subspace still may not be computed. In the past few decades, many 

efforts have been dedicated to the design of analytical criterion functions that can to 

some degree relate to the Bayes error in the transformed subspace under certain 

assumptions. The resulting class of DLDR techniques is hereby named Bayes 

Optimality Motivated DLDR (BODLDR), which commonly resorts to the numerical 

optimization methods to iteratively derive the suboptimal solutions2. According to 

whether the parametric assumptions on class distributions are required or not when 

designing the criterion function, the BODLDR techniques can be dichotomized into 

parametric and non-parametric versions. The major disadvantages of the BODLDR 

techniques are the high computational complexity and the risk of getting stuck into 

local optima during the optimization. On the other hand, when the higher priority is 

given to the efficiency, the geometric class structures of the training samples can be 

used to construct the class separability measures. It may significantly reduce the 

computational cost coming from the class distribution estimation and also avoid the 

time-consuming numerical optimization at the expense of losing the direct attempt to 

                                                 
2 In this sense, the BODLDR can be categorized into the supervised projection pursuit techniques. 
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minimizing the Bayes error. Scatter matrices based criterion functions constitute most 

representative examples of such type of class separability measures, which can usually 

result in globally optimal solutions in the closed form. The resulting class of DLDR 

methods is hereby named Scatter Matrix-based DLDR (SMDLDR). Although highly 

efficient, the SMDLDR techniques generally lack the link with the Bayes error, and 

accordingly their effectiveness may be worse than that of the BODLDR techniques. 

Fisher Linear Discriminant Analysis (FLDA) can be regarded as an intersection of the 

BODLDR and SMDLDR techniques, which uses the between-class scatter matrix and 

average-within class scatter matrix to formulate the class separability measure, called 

the Fisher criterion. The most attractive merit of the FLDA is that its globally optimal 

solution in the closed form can result in the Bayes optimality under certain conditions. 

However, some potential deficiencies inherent in the conventional Fisher criterion 

prevent its link with the Bayes error in general sense. 

 

In this chapter, we give a thorough overview of the existing BODLDR and SMDLDR 

techniques. As the footstone of the methods to be proposed in the next chapter, the 

FLDA technique as well as its heteroscedastic extension, the CLDA technique, is 

reviewed. The major deficiencies inherent in the conventional Fisher and Chernoff 

criteria, which destroy their links with the Bayes error in general cases, are explored 

in-depth. 

 

The remainder of this chapter is organized as follows. In sections 2.2 and 2.3, existing 

BODLDR and SMDLDR techniques are extensively overviewed, respectively. Section 

2.4 reviews the FLDA and CLDA techniques with their inherent deficiencies being 

discussed in-depth. 

  

2.2 Overview of BODLDR and SMDLDR techniques 
 

2.2.1 The BODLDR techniques 

 

The ultimate and ideal goal of the BODLDR techniques is to seek for an optimal linear 

transformation that can result in a transformed subspace with the minimum Bayes 
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error. Since the Bayes error can characterize the intrinsic source of error with respect 

to a specific feature space, the transformed subspace with the minimum Bayes error, 

i.e. achieving the Bayes optimality, should be the most discriminative one and may 

improve the performance of any classifier established therein. Although the Bayes 

error is a theoretically optimal criterion function, its computational intractability 

prevents its practical use in the BODLDR techniques. To address this issue, many 

analytical criterion functions related to the Bayes error in certain sense have been 

derived as the surrogates. Accordingly, the BODLDR techniques using these 

suboptimal criterion functions can result in solutions approximating the Bayes error to 

some extent under certain assumptions. Before thorough description of the existing 

BODLDR techniques, we recapitulate the Bayes decision theory [1], [2], which is the 

fundamental of the BODLDR techniques. 

 

The decision-making task in statistical pattern recognition is to assign a pattern 

represented by the n-dimensional feature vector nRx∈  to one of the C distinct classes 

Cii 1,..., , =ω . The conditional risk by taking action of assigning x to class iω , i.e. 

( )xiα , can be defined by: 

 

                                        ( )( ) ( )( ) ( )∑
=

=
C

j
jjii PR

1
||| xxxx ωωαλα                              (2.1) 

 

where ( )x|jP ω  is the posterior probability of class jω  given x, which satisfies 

( ) 1|
1

=∑
=

C

j
jP xω , and ( )( )ji ωαλ |x  is the loss incurred by assigning x to the class iω   

when its actual class is jω . Commonly, the loss ( )( )ji ωαλ |x  of the correct decision is 

zero and different types of wrong decisions take different loss. The Bayes decision 

theory attempts to find an optimal assignment of x to minimize the conditional risk. 

By using the “0/1” loss function that assumes uniform loss “1” for all incorrect 

decisions, i.e. ( )( )
⎩
⎨
⎧

≠
=

=
j  i
j i

ji  1
 0

|ωαλ x , the conditional risk in Eq. (2.1) comes down to 

the conditional probability of error expressed by: 
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According to the Bayes decision theory, to achieve the minimum conditional 

probability of error, the feature vector x should be assigned to class iω  with 

( )x|maxarg
1

j
Cj

Pi ω
≤≤

= , i.e. the class with the largest posterior probability, which is 

called the Bayes decision rule.  The minimum expected probability of error over the 

whole feature space achieved by applying the Bayes decision rule is called the Bayes 

error, which is calculated by: 

 

                        ( )( ) ( ) ( ) ( ) xxxxxx dpPdpPP iCiiCie ∫∫ ≤≤≤≤
−=−= |max1|1min

11
ωω               (2.3) 

 

where ( )xp  is an evidence factor denoting the unconditional probability density of the 

feature vector x.  

 

According to the Bayes formula expressed by: 

  

                      ( ) ( ) ( )
( )x

xx
p

PpP ii
i

ωω
ω

|| =  with ( ) ( ) ( )∑
=

=
C

i
ii Ppp

1

| ωωxx                   (2.4) 

 

the posterior probability of class iω  given x, i.e. ( )x|iP ω , can be derived from the 

prior class probability ( )iP ω  and the class conditional probability density of x given 

class iω , i.e. ( )ip ω|x , which is also called the likelihood of x that evaluates how 

likely that x comes from class iω  if all other conditions remain same. Accordingly, the 

Bayes error expression in Eq. (2.4) can be reformulated to: 

 

                                       ( ) ( ) xx dPpP iiCie ∫ ≤≤
−= ωω|max1

1
                                          (2.5) 
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Therefore, when class distributions including the prior class probabilities, the class 

conditional probability densities and the posterior class probabilities are completely 

known, the Bayes error can be calculated by Eqs. (2.4) and (2.5).  

 

In general, the Bayes classifier can be defined in terms of a set of discriminant 

functions, e.g. 

 

( ) ( ) ( ) ( )
( ) Ci

p
Pp

Pg ii
ii , ... ,1 ,

|
| ===

x
x

xx
ωω

ω  

                                or ( ) ( ) ( ) CiPpg iii , ... ,1 ,| == ωωxx  

                                or ( ) ( ) ( ) CiPpg iii , ... ,1 ,ln|ln =+= ωωxx                               (2.6) 

 

It assigns the feature vector x to the class corresponding to the maximum discriminant 

function value. For example, x will be assigned to class iω  if 

( ) ( ) ijCjgg ji ≠=>  ,,...,1  ,xx . Theoretically speaking, for a C-class problem, those 

C discriminant functions have carried the enough discriminatory information to 

achieve the Bayes error. Furthermore, only C-1 discriminant functions are linearly 

independent due to ( ) Cg
C

i
i =∑

=1
x  with C being a constant with respect to the function 

index i. Therefore, any C-1 discriminant functions can constitute an ideal set of 

features with the smallest size, which can result in the Bayes error. Note that the ideal 

feature set may be not unique since different implementations of the discriminant 

functions may lead to the same Bayes error. However, in practice, since the underlying 

class distributions are only partially or completely unknown, they need to be estimated 

parametrically or non-parametrically based on the training samples. Such estimation 

often has high bias and variance due to the limited training sample size, the influence 

from noise and the possibly wrongly specified parametric assumptions. Consequently, 

the classification error may much exceed the Bayes error. This means that the ideal 

feature set with the most condensed size may seldom be attained in practice, and 

accordingly more than C-1 features are needed in order to pursue the Bayes error. 
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According to different empirical ways to estimate the class distributions, the existing 

BODLDR techniques can be dichotomized into parametric and non-parametric 

versions. The parametric BODLDR techniques assume certain parametric models of 

class distributions in the transformed space and then estimate the associated model 

parameters via the maximum likelihood or Bayesian estimation methods. Since the 

number of model parameters is not proportional to the training sample size, this class 

of techniques bears the reasonable computational cost. The non-parametric BODLDR 

techniques use some non-parametric density estimation methods, such as the Parzen 

window and the k-nearest neighbor density estimators [1], [2], to estimate the class 

distributions without any parametric assumptions. This class of techniques merely 

relies on the training samples themselves, and consequently their computational costs 

may grow dramatically with the increase of the training sample size. A common 

characteristic in both parametric and non-parametric BODLDR techniques is the 

requirement of some numerical optimization methods to derive the optimal solutions. 

In what follows, many existing representative parametric and non-parametric 

BODLDR techniques are revisited. 

 

2.2.1.1 Parametric BODLDR techniques 
 

Gaussian distribution may probably be the most commonly used parametric 

assumption of class distributions in multivariate statistics due to its particularly nice 

theoretical properties and frequent occurrence in real-world problems according to the 

central limit theory [81]. Under specific Gaussian assumptions, the Bayes error or its 

upper bound can be analytically formulated. Accordingly, a class of parametric 

BODLDR techniques with the criterion functions directly related to the estimate of the 

Bayes error or its upper bounds under Gaussian assumptions has been developed. 

 

Under the Gaussian homoscedastic assumption of class distributions, all C classes 

Cii ,...,1 , =ω  are normally distributed in the n-dimensional feature space with class 

mean vectors Cii ,...,1 , =m , prior probabilities CiPi ,...1 , =  and the common 
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covariance matrix S.  The Bayes classifier, commonly referred to as Linear 

Discriminant Classifier (LDC) in such case, is defined by: 

 

               ( ) ( ) ( ) CiPng iiii 1,..., ,lnln
2
12ln

22
1 1T =+−−−−−= − SmxSmxx π          (2.7) 

 

By removing common terms with regard to all classes, Eq. (2.7) can be simplified to: 

 

                                      ( ) CiPg iiiii 1,..., ,ln
2
1 1T1T =+−= −− mSmxSmx                        (2.8) 

 

In the two-class case, the LDC can be formulated to: 
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When ( ) 0≥xh , the feature vector x is assigned to class iω , otherwise it is assigned to 

class jω . The decision boundary between two classes iω  and jω  is a linear 

hyperplane with the normal vector direction being ( ) 1T −− Smm ji . It has been 

demonstrated [2], [82] that the Bayes error between two classes iω  and jω  under the 

homoscedastic Gaussian assumption can be explicitly expressed by:      
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Here, ij
eP  represents the two-class Bayes error between classes iω  and jω  with the 

relative prior probabilities of classes iω  and jω  denoted by ( )jii PPP +  and 

( )jij PPP + , respectively. It is easy to verify that ( ) ( )[ ]2 ,0, jie PPjiP +∈  and that the 

Bayes accuracy between two classes iω  and jω  equals ( ) ( )jiPPP eji ,−+ . Obviously, 

the Mahalanobis distance ij
M∂  and class prior probabilities iP  and jP  constitute 

sufficient statistics for the Bayes error between two classes iω  and jω . For the two-

class Bayes error, it is easy to verify that [ ].50 ,0∈ij
eP . 

 

Under the Gaussian heteroscedastic assumption of class distributions, all C classes 

Cii ,...,1 , =ω  are normally distributed in the n-dimensional feature space with class 

mean vectors Cii ,...,1 , =m , prior probabilities CiPi ,...1 , =  and different covariance 

matrices iS . The Bayes classifier, commonly referred to as the Quadratic Discriminant 

Classifier (QDC) in such case, is defined by: 

 

             ( ) ( ) ( ) CiPng iiiiii 1,..., ,lnln
2
12ln

22
1 1T =+−−−−−= − SmxSmxx π        (2.11) 

 

By removing common terms with regard to all classes, Eq. (2.11) can be simplified to:    

  

            ( ) CiPg iiiiiiiii 1,..., ,ln
2
1ln

2
1

2
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In the two-class case, the QDC can be further simplified to: 
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When ( ) 0≥xh , the feature vector x is assigned to class iω , otherwise it is assigned to 

class jω . The decision boundary between two classes iω  and jω  is a curved 

hypersurface. Under the Gaussian heteroscedastic assumption, the analytical 

expression of the two-class Bayes error no longer exists. Fortunately, some of its 

upper bounds [1], [2], [82]-[85] have been mathematically derived, which provide an 

effective way to approximate the Bayes error. According to Eq. (2.3), the Bayes error 

between two classes iω  and jω  can be expressed by: 
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Note that the inequality in the third line is obtained according to 

( ) 10 0, ,  , ,min 1 ≤≤≥≤ − ααα bababa . Accordingly, an upper bound of the two-class 

Bayes error under the heteroscedastic Gaussian assumption, called Chernoff bound, 

can be formulated [1], [2], [85] as follows. 
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where ( )αij
C∂  and ( ) [ ]jiC PPjiU +∈  ,0,  denote the Chernoff distance and the 

corresponding Chernoff upper bound of the Bayes error between two classes iω  and 

jω , respectively. The two-class Chernoff bound can be easily derived as 
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( )( ) ( )( ) ( )ααα ij
C

jijjii
ij
C PPPPPPU ∂−−++= e1 . The Chernoff distance ( )αij

C∂  is a 

function of the variable 10 , ≤≤ αα . When α  is set to 0.5, the Chernoff distance and 

bound come down to the well-known Bhattacharyya distance and bound [1], [2]. 

Besides Chernoff and Bhattacharyya distances, many other probabilistic distances [84] 

have been devised to measure the affinity of two class distributions, which are also 

related the Bayes error via certain upper bounds. Among which, the Patrick-Fisher 

(PF) distance and its generalized version by Toussaint [86], [87] deserve attention 

because of their simple analytical expressions. The PF distance between two classes 

iω  and jω  can be defined by: 
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which is related to the Bayes error via an upper bound as follows. 
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                 with ∞≤< r1  and 111 =+ sr       

                                                                                             

Lissack and Fu [83] proposed a group of class separability measures based on the αL -

distance between posterior class density functions, which is defined as follows: 
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Some appealing properties of such class of measures are: in two-class cases, 

( )211 ,ωωJ  is simply related to the Bayes error by ( )( )211 ,15.0 ωωJPe −=  while an 

increase (or decrease) in α  from 1 loosens the upper bound of the Bayes error. When 

21 ≤≤ α , the upper bounds of the two-class Bayer error derived from such class of 

measures are better than or as good as many commonly used bounds  [83]. From Eqs. 

(2.16) and (2.18), it is also interesting to observe that ( )211 ,ωωJ  is very similar to 
2

ijPF  expect for the factor ( )xp  under the integral of 2
ijPF , which account for 2

ijPF  

taking values within [ )+∞,0 . 

 

Röhl and Weihs [88] presented a computationally intensive optimal linear dimension 

reduction method for multi-class problems, in which the Bayes error calculated by the 

exact integration under the Gaussian assumption was used as the criterion function and 

the simulated annealing [89] was employed to seek for the optimal linear 

transformation matrix. Demuynck et al. [90] used the minimum classification error as 

the criterion function, which is defined as the Bayes error estimated on the 

transformed training samples instead of over the whole transformed subspace under 

the mixture of Gaussian assumption. Although this method can reduce the 

computational complexity, it may take the high risk of overfitting the limited number 

of transformed training samples. 

 

In [83], it was proved that the Bayes error in the multi-class case can be bounded from 

above by the sum of prior probability weighted pairwise Bayes errors over all 

available class pairs. Therefore, it is reasonable to use the sum of prior probability 

weighted pairwise Bayes error or its upper bound formulated under Gaussian 

assumptions to approximate the multi-class Bayes error. Obviously, the Bayes error or 

its upper bound between two classes is the building block of such approximation. By 

numerically optimizing this upper error bound defined in the transformed subspace 

with respect to the linear transformation matrix, the optimal solution3 can be achieved. 

Based on this idea, some approaches have been proposed under specific Gaussian 

assumptions. Lotlikar et al. [91] developed an Adaptive Linear Dimensionality 
                                                 
3 Possibly suboptimal solution due to the existence of many local optima on the landscape of the 
criterion function  
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Reduction (ALDR) algorithm, in which the criterion function is formulated as the 

summation of the pairwise Bayes error in the transformed subspace under the 

Gaussian homoscedastic assumption with the equal class prior probability. An optimal 

orthonormal linear transformation matrix is obtained by optimizing this criterion 

function via the gradient descent coupled with the Gram-Schmidt orthogonalization 

scheme [92]. Saon and Pahmanabhan [93] presented a DLDR approach, which uses 

the union of the pairwise Bhattacharyya bounds formulated in the transformed space 

under the Gaussian heteroscedastic assumption as the criterion function. The 

optimization process is initialized with the FLDA solution and performed by using the 

conjugate gradient descent scheme [94]. 

 

Another category of parametric BODLDR techniques does not explicitly estimate the 

Bayes error in the transformed subspace. Instead, they seek for an optimal linear 

transformation by maximizing the likelihood of the training samples in the original 

feature space, formulated in terms of the parametric model of class distributions 

assumed in the transformed subspace with the transformation matrix as one parameter. 

Assume that the transformed training samples are Gaussian distributed and all the 

class discriminatory information resides in a p-dimensional subspace of the original n-

dimensional feature space. An optimal linear transformation matrix can be found by 

jointly estimating the parameters of the Gaussian class distributions and the linear 

transformation via maximizing the likelihood of training samples in the original 

feature space. Importantly, when the number of extracted features exceeds p, the 

obtained linear transformation can lead to the Bayes optimality due to the equivalence 

of the Bayes error in the transformed subspace and that in the original feature space.  

For example, in the Homoscedastic Gaussian Model (HOG) [82], all classes are 

normally distributed with the common covariance matrix and different class mean 

vectors. Assume that the class mean vectors only differ in the p-dimensional subspace 

of the original feature space, the FLDA solution to be discussed later, become an 

instance of the optimal linear transformations4 found by the maximum likelihood 

estimation. This proposition was initially made by Campbell [95] and further 

elucidated by Kumar and Andreou in [96], [97]. In the heteroscedastic Gaussian model 
                                                 
4 Since the maximum likelihood function is invariant to any further non-singular transformation on the 
top of the obtained transformation matrix, the optimal linear transformation may be not unique. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       36

[96], [97], each class can follow different Gaussian distributions with the difference of 

class means and/or class covariance matrices only reside in a p-dimensional subspace 

of the original feature space. The theoretical framework for the maximum likelihood 

estimation of this heteroscedastic Gaussian model to seek for an optimal linear 

transformation was elucidated by Kumar and Andreou [96], [97]5 with the resulting 

Heteroscedastic Discriminant Analysis (HDA) technique hereby named HDA_KA. 

When the number of extracted features exceeds p, the obtained optimal linear 

transformation can lead to the Bayes optimality, which has been proved  [98] in terms 

of the relation between the criterion function of HDA_KA and that of maximization of 

the mutual information between the linearly transformed feature vectors and their class 

labels. Although the Bayes optimality can be achieved when the number of extracted 

features exceeds p-1 provided that p is known in advance, this does not hold true when 

the number of extracted features is below p. Therefore, the integer p plays a crucial 

role in search of the optimal linear transformation, which, unfortunately, is hard to be 

pre-specified in practice. Using the trail and error scheme to seek for a suitable value 

of p may take effect only if the model assumptions are strictly satisfied, e.g. the n-p 

dimensional complementary subspace does contain no discriminatory information. 

Otherwise, an accurate estimate of p cannot be found and accordingly the obtained 

optimal linear transformation may deviate much from the Bayes optimal one. 

 

The symmetric divergence characterizing the affinity of two class distributions has 

long been used as the class separability measure, which, however, lacks an explicit 

link with the Bayes error. A class of parametric BODLDR techniques using the 

symmetric divergence as the criterion function has been developed. Tou and Heydorn 

[99] used the symmetric divergence as the DLDR criterion function for two-class 

problems, which was extended by Bahu and Kalra [100] to the multi-class scenario. 

Decell and Quirein [101] established a link between the Bayes error and the average 

interclass symmetric divergence, which indicates that under the Gaussian 

heteroscedastic assumption with the equal class prior probability, if the average 

interclass symmetric divergence in the transformed subspace equals that in the original 

                                                 
5 The pioneer study of HDA was conducted by Schukat-Talamazzini et al. [102], who developed a 
maximum likelihood rotation method that generalizes the FLDA to the HDA based on the maximum 
likelihood estimation. 
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feature space, the equality also holds true for the Bayes error. The idea behind the 

proof is that if the interclass divergences remain same in the transformed subspace as 

in the original feature spaces, the Bayes decision will also be same since the likelihood 

ratios are persevered almost everywhere. Saon and Padmanabhan [93] applied the 

symmetric divergence based DLDR method to solve the voice mail transcription task. 

Specifically, under the Gaussian heteroscedastic assumption with 

( ) ( ) CiNp iii ,...,1 ,,;| == Smxx ω , the average interclass symmetric divergence in the 

original feature space can be formulated by: 
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Accordingly, when the original feature space is mapped into an m-dimensional 

subspace by a linear transformation matrix mn×∈RP  ( nm ≤ ), the average interclass 

symmetric divergence defined in the transformed subspace, i.e. ivD̂ , can be expressed 

by:     
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    with ii mPm Tˆ = , jj mPm Tˆ = ,  ˆ T PSPS ii =  and PSPS ii
Tˆ =                                

 

By numerically maximizing ivD̂  with respect to P, an optimal linear transformation 

can be obtained. However, unless DivivD =ˆ  is achieved, the relation between the 

obtained optimal linear transformation and the Bayes optimality is obscure. 
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Since posterior class density distributions captures all the discriminatory information, 

if it remains same after the transformation, the Bayes error in the transformed 

subspace will equal to that in the original feature space. Demuynck et al. [90] 

proposed a DLDR method, which uses the Kullback-Leibler divergence between the 

posterior class density distributions in the original feature space and that in the 

transformed subspace as the criterion function. It turns out that minimizing such 

Kullback-Leibler divergence is equivalent to minimization of the expectation of the 

posterior class density distributions over the whole transformed space, referred to as 

transformed equivocation [85], or minimization of the conditional mutual information 

between the original feature vectors and their class labels given the corresponding 

transformed feature vectors. The implementation of the transformed equivocation 

under the heteroscedastic Gaussian mixture model assumption has been presented in 

[85]. It is worth noting that the equivocation is related to the Bayes error via certain 

upper bound in two-class cases [85]. 

 

Mutual Information (MI) between features vectors and their class labels can be 

directly related to the Bayes error via the lower and upper bounds [84]. Use of the MI 

as the DLDR criterion function may avoid the parametric assumption of class 

distributions. However, the high computational complexity may prevent its practical 

applicability. Petridis and Perantonis [98] demonstrated that the Bayes optimality 

could be achieved with respect to the optimal linear transformation matrix obtained by 

maximizing the MI criterion under the Zero Information Loss (ZIL) model, which 

assumes the existence of a totally noise subspace of the original feature space. They 

also established a hierarchy relationship between the three models: HOG, HDA_KA 

and ZIL with the former one being a special case of the later one. Model independent 

reformulations of the FLDA, HDA_KA and MI criterion functions were developed to 

give a unified view of their similarities and discrepancies. The mutual information 

( )YX,I  between two random variables X and Y, which can be either continuous-

valued or discrete-valued, is symmetric and defined by the difference between the 

entropy ( )XH  of one variable X and its conditional entropy ( )YX |H  given another 

variable Y as follows. 
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In the context of the DLDR, the variables X and Y can denote the transformed feature 

vectors and their class labels, respectively. The practical calculation of the MI is 

difficult since it involves numerical integration of the functional of several probability 

density functions. A typical solution is to resort to some simple parametric 

assumptions, such as the single Gaussian or mixture of Gaussians. 

 

2.2.1.2 Non-parametric BODLDR techniques 
 

In many practical cases, suitable parametric assumptions of class distributions are hard 

to be pre-specified. Alternatively, we can resort to non-parametric methods, such as 

Parzen window density estimator and k-nearest neighbor density estimator [1], [2], to 

estimate class distributions in a non-parametric fashion. Although avoid subjectively 

specifying the parametric assumption of class distributions, the non-parametric 

BODLDR techniques suffer from a notorious disadvantage, that is, their 

computational complexity may grow dramatically with the increment of training 

sample size, which prevents their wider application on large-scale datasets. Some 

representative non-parametric BODLDR techniques are described as follows. 

 

Buturović [103] developed a two-class DLDR technique, which use as the criterion 

function the estimate of the Bayes error in terms of the leave-one-out and re-

substitution errors calculated by the k-nearest neighbor density estimator and an 

optimal threshold scheme. The simplex algorithm was employed to derive the optimal 

linear transformation matrix. Aladjem [104] described a non-parametric formulation 

of the PF distance via the Parzen window density estimator in the transformed 

subspace as the DLDR criterion function for two-class problems. A recursive 
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optimization procedure developed from the “structure removal” technique [20]  was 

used to seek for the directions corresponding to large local optima of the criterion 

function. Lotlikar and Kothari [105] proposed an adaptive linear projection algorithm, 

which use the posterior class probabilities estimated by the Parzen window method to 

formulate the criterion function. Torkkola et al. [68] formulated a criterion function by 

the quadratic mutual information defined as the quadratic divergence [106] between 

the joint density of the transformed feature vectors and their class labels and the 

products of the corresponding marginal densities. Since the convolution of two 

Gaussian distributions is still Gaussian, the quadratic mutual information is formulated 

in a non-parametric fashion by using the Parzen window density estimator. Numerical 

optimization of the quadratic mutual information with respect to the linear 

transformation yields the optimal solution. The major limitation of this method is its 

high computational complexity on the large-scale datasets, and accordingly some 

schemes such as stochastic gradient approximation and Gaussian Mixture Model 

(GMM) density estimation have been devised to reduce its computational cost. Noting 

that the same quadratic divergence measure has been derived from the Renyi entropy 

formulation by Principle et al. [107], but with the different usage. Also, Hero et al. 

[108] mentioned a measure of the Renyi entropy difference in the context of image 

registration, which can converge to the Shannon MI in the extreme case and allow the 

same non-parametric treatment like the Torkkola’s work. The generalized log-

likelihood ratio in the transformed subspace was proposed by Zhu et al. [109] as the 

DLDR criterion function in the two-class case, which includes the Fisher criterion as a 

special case under the Gaussian homoscedastic assumption. The optimization 

procedure is carried out by the local likelihood density estimation. Multiple features 

can be extracted via the orthogonalization or structure removal technique [20]. The 

relation between the generalized log-likelihood ratio and the Bayes error is obscure 

expect under the Gaussian homoscedastic assumption. An attractive merit of such 

criterion function is that it can capture very amount of the discriminatory information 

balancing the high-order and low-order difference among classes without over-

emphasizing the high-order information when the low-order information is dominant. 

Moreover, by using the projection pursuit density estimation [110], the generalized 

log-likelihood ratio criterion can lead to the non-parametric discriminant analysis. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       41

 

2.2.2 The SMDLDR techniques 

 

Although direct optimization of the Bayes error related criterion functions in the 

BODLDR techniques might result in a subspace approximating the Bayes optimality, 

the computational costs of such class of techniques can be very expensive due to the 

density estimation, iterative numerical optimization and trial and error process. 

Intuitively, large distances between the transformed feature vectors belonging 

different classes can indicate the good class separability and accordingly small 

misclassification probability. Therefore, it is reasonable to construct some class 

separability measures in terms of the geometric structures of the transformed feature 

vectors in each class, e.g. the average distances between the transformed feature 

vectors belonging to the same and different classes. Such kind of measures may 

greatly reduce the computational complexity by exempting from the density 

estimation and numerical optimization at the expense of loss of the explicit link with 

the Bayes error. The most attractive merit of the SMDLDR techniques is their closed-

form solutions obtained in an efficient manner. Before close study of the SMDLDR 

techniques, different types of scatter matrices are briefly reviewed, which constitute 

basic components of the SMDLDR. 

 

The scatter matrix of a set of feature vectors is defined with respect to a chosen 

reference vector to reflect the spread of these feature vectors around such reference 

vector. It is common to use the determinant or trace of the scatter matrix to 

quantitatively evaluate the degree of the spread. In general, scatter matrices can be 

defined either on the global or on the local basis. The global scatter matrix uses the 

arithmetic mean of all available feature vectors as the reference vector and can 

characterize the global geometric structure of the available feature vectors if only they 

are sampled from the Gaussian-like distribution. However, if the available feature 

vectors contain many local geometric structures, e.g. multiple clusters, or have the 

irregular global geometric structure, e.g. sampled from some complex non-Gaussian 

distribution, the global scatter matrix may fail to capture some useful structure 

information. In contrast, the local scatter matrix is defined over local regions in the 
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feature space in order to capture the local structure information. In many existing 

literatures [2], the SMDLDR techniques based on global and local scatter matrices are 

referred to as the parametric and non-parametric discriminant analysis, respectively, 

since global scatter matrices based SMDLDR methods can theoretically perform well 

under certain parametric assumptions of class distributions, such as the Gaussian 

distribution, while the local scatter matrix based SMDLDR methods may work 

properly without any parametric assumptions. In this thesis, the SMDLDR techniques 

based on the global or local scatter matrices are used interchangeably with the 

parametric or non-parametric discriminant analysis. 

 

Given a set of N n-dimensional feature vectors Nin
i 1,..., , =∈Rx  belonging to C 

classes Cii 1,..., , =ω , with iN  feature vectors ( )
i

i
j NjCi 1,..., ,1,..., , ==x  in each class 

iω  and NN
C

i
i =∑

=1
, a set of commonly used global and local scatter matrices6 are 

described as follows, respectively. 

 

Global scatter matrices: 

Global average within-class scatter matrix G
WS  characterizes the average of the spread 

of feature vectors belonging to each class around their respective class means over all 

classes and is estimated by: 

              ∑
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where iS , im  and iP  represent the covariance matrix, the mean vector and the prior 

probability of class iω , respectively. 

 

Global between-class scatter matrix G
BS  characterizes the spread of all class mean 

vectors around the overall mean vector and is estimated by: 
                                                 
6 The strict definition of the scatter matrix differs from the formulation used here in a 
factor N, i.e. the total number of feature vectors. In many literatures [2], they are used 
interchangeably without influencing any derived conclusions. 
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where m represents the overall mean vector. 

 

Global total scatter matrix G
TS , i.e. covariance matrix of the available feature vectors, 

characterizes the spread of the available feature vectors around the overall mean 

vector and is estimated by: 
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Note that if the underlying class distributions satisfy the Gaussian mixture model, 

clustering algorithms can be preceded to seek for the Gaussian components in each 

class. By assuming all the discovered Gaussian components in each class as the unique 

“pseudo” classes, the global scatter matrices based SMDLDR techniques may still 

work properly. However, under other complex distributions highly deviating from the 

Gaussian, only local scatter matrices may extract more useful information for class 

discrimination. 

 

Local scatter matrices: 

Local average within-class scatter matrix L
WS  denotes the average of local within-

class scatter matrices over all classes, which is defined over each feature vector in 

every class and its associated intra-class k-nearest neighbor mean as follows. 
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where ( )( )i
j

I
k xm  represents the local intra-class k-nearest neighbor mean with respect to 

the jth feature vector in the class iω , i.e. ( )i
jx , and is defined as the mean vector of  k 

nearest neighbors of ( )i
jx  from the same class iω . Obviously, such local scatter matrix 

captures the spread of each feature vector around its nearest intra-class neighbors 

within the same class and thus characterizes the intra-class compactness on the local 

basis. 

 

Local between-class scatter matrix L
BS  denotes the average of local between-class 

scatter matrices over all classes, which is defined over each feature vector in every 

class and its associated extra-class k-nearest neighbor mean as follows: 
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where ( )( )i
j

E
k xm  represents the local extra-class k-nearest neighbor mean with respect 

to the jth feature vector in class iω , i.e. ( )i
jx , which is defined as the mean vector of  k-

nearest neighbors of ( )i
jx  from classes other than iω  . Obviously, such local scatter 

matrix captures the spread of each feature vector around its nearest extra-class 

neighbors and thus characterizes the class separation on the local basis. The above 

definition of L
BS  has an explicit deficiency that the feature vectors faraway from the 

decision boundary may significantly dominate the scatter matrix L
BS  since the 

distances of these feature vectors from their extra-class k-nearest neighbor mean are 

much larger than those of the feature vectors near the decision boundary. 

Consequently, the scatter information around the decision boundary will be masked, 

which, however plays an essential role in class discrimination. Therefore, some 

weighting schemes have been devised in [2] to de-emphasize the contributions of 

feature vectors located remotely from the decision boundary to the computation of L
BS . 
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Local total scatter matrix L
TS  is class-label independent, which can be defined in 

terms of all available feature vectors and their associated k-nearest neighbor mean as 

follows: 

 

                                     ( )( ) ( )( )[ ]∑
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where ( )ik xm  represents the local k-nearest neighbor mean with respect to the ith 

feature vector ix . This local scatter matrix characterizes the local compactness of the 

available feature vectors regardless of their classes. 

 

Note that the above three local scatter matrices can generally have the full rank and the 

equality L
B

L
W

L
T SSS +=  no longer holds true. 

 

Decision boundary feature matrix DBFMS  is defined by: 
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S dp
dp S

S
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∫∫
=                             (2.29) 

 

where S, ( )xN  and ( )xp  denote the effective decision boundary, the unit normal 

vector to the decision boundary at point x, and the density function of x, respectively. 

The DBFMS  captures the between-class scatter in the neighborhood of the decision 

boundary and its rank equals the intrinsic discriminant dimension of the given 

classification problem [111]. Although the use of DBFMS  for feature extraction can 

provide the theoretically optimal solution as well as the intrinsic discriminant 

dimension, its success strongly depends on the accurate estimation of the effective 

decision boundary, which is a particularly difficult task. Theoretically speaking, if the 

Bayes decision boundary is obtained, the resulting linear transformation can lead to 

the Bayes optimality in the transformed subspace provided that the number of 

extracted features is more than the intrinsic discriminant dimension. In practice, the 
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suboptimal decision boundary can be estimated in terms of certain classifiers, e.g. 

SVM [112]. 

 

Some applications of the local scatter matrices based SMDLDR techniques can be 

found in [113]-[115]. In this thesis, we will mainly focus on the global scatter matrices 

based SMDLDR techniques since the SMDLDR based on local scatter matrices can be 

readily obtained by substituting the global scatter matrices with the corresponding 

local versions in the global scatter matrices based SMDLDR. More importantly, the 

Bayes optimality analysis of the local scatter matrices based SMDLDR techniques can 

be fairly hardly. On the contrary, the Bayes optimality analysis of the global scatter 

matrices based SMDLDR techniques can be well conducted under the Gaussian 

assumption of class distributions. For convenient notation, we hereafter omit the 

superscript “G” when expressing the global scatter matrices unless the confusion 

occurs. 

 

Intuitively, the good class separability means that classes cover compact regions in the 

feature space with little overlapping with each other, and accordingly can be reflected 

by the large between-class scatter and the small average within-class scatter. It is 

reasonable to maximize the class separability via maximizing the volume covered by 

individual class mean vectors while simultaneously minimizing the average volume 

covered by each class. In general, determinant or trace of a scatter matrix denoting the 

product or summation of variances along all principle directions of such matrix can 

characterize the volume covered by its component feature vectors under the Gaussian 

assumption. Assume that the original n-dimensional feature space is mapped into an 

m-dimensional subspace by the linear transformation matrix mn×∈RP  ( nm ≤ ).  Some 

class separability measures in the transformed subspace can be formulated in terms of 

the determinant or trace of the scatter matrices as follows, with (a)-(d) being suggested 

in [2]. 

 

(a) ( ) ( )( )PSPPSPP 1
T1

2
T

1 trace −
=J  where )trace(⋅  denotes the trace of a matrix. 

(b) ( ) ( ) PSPPSPPSPPSPP 2
T

1
T

1
T1

2
T

2 lnlnln −==
−J  
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(c) ( ) ( ) ( )( )cJ −⋅−= PSPPSPP 2
T

1
T

3 tracetrace α  where α  and c are the langrage 

multiplier and positive constant, respectively. 

(d) ( ) ( )
( )PSP

PSPP
2

T
1

T

4 trace
trace

=J  

(e) ( ) ( ) ( )PSPPSPP 2
T

1
T

5 tracetrace ⋅−= μJ  where μ  is a balancing weight 

 

Here, 1S  and 2S  can be chosen among the three scatter matrices WS , BS  and TS  

under the assumption that the matrix 2S  is non-singular. These class separability 

measures are commonly used as the criterion functions of the SMDLDR techniques. 

 

Some remarkable properties of these criterion functions are described as follows. 

 

1. Typically, the combinations { }WB SS  , , { }WT SS  ,  and { }TB SS  ,  can be used for 

{ }21  , SS  when the criterion function is to be maximized, or { }TW SS  ,  can be used 

for { }21  , SS  when the criterion function is to be minimized.  All these optimization 

problems can lead to the same optimal linear transformation. 

 

2. The criterion functions 1J  and 2J  are invariant to any invertible transformation. 

However, this fact does not hold true for the criterion functions 3J , 4J  and 5J , 

which are only invariant to the orthonormal transformation. 

 

3. The criterion functions 1J , 2J  and 4J  can be optimized without constraints. The 

resulting optimal linear transformation matrix is composed of the m eigenvectors 

of 1
1

2 SS−  corresponding to the m largest or smallest eigenvalues, by which the 

optimal value of the criterion function equals the summation of the largest or 

smallest m eigenvalues for 1J  and 4J  or the summation of the logarithm of those 

eigenvalues for 2J . The criterion 2J  is not suitable in the case of  ( ) mrank <1S  

where some eigenvalues of 1
1

2 SS −  are zeros and thus cannot be handled by the 

logarithm operation. Note that some literatures also used the expression 
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PSPPSP 2
T

1
T  as the criterion 2J  instead of the above definition. It is easy to 

verify that the nature of these two definitions is actually same. Optimization of the 

criterion function 4J  can equivalently lead to optimize 

( )( )( ) ( )( )( )PSSPPSSP 22trace T
11

T1T
22

T ++
− , which comes down to the criterion 

function 1J  due to the typical symmetric property of the three scatter matrices 

considered in our context. 

 

4. The criterion function 3J  is a Lagrange multiplier expression as described in [2], 

which denotes optimization of ( )PSP 1
Ttrace  under the constraint 

( ) ctrace =PSP 2
T . Considering optimization of ( )pSp 1

T
3 trace=J  

( )( )c−⋅− pSp 2
Ttraceα ,  where 1×∈ nRp  is a linear transformation vector, the 

obtained optimal transformation vector is the eigenvector of 1
1

2 SS −  that 

corresponds to the largest or smallest eigenvalue. However, if the original n-

dimensional feature space is mapped into an m-dimensional subspace by the linear 

transformation matrix mn×∈RP  ( nm ≤ ), the eigenvalue decomposition problem 

PPSS α=−
1

1
2  needs to be solved. Accordingly, the resulting optimal linear 

transformation matrix should be composed of the eigenvectors of 1
1

2 SS−  

corresponding to the same eigenvalue α . Since the common eigenvalue of 1
1

2 SS−  

usually equals zero, the obtained m-dimensional subspace will be the null space of 

1
1

2 SS− , which generally contains little discriminatory information. Therefore, we 

modify the criterion function 3J  to ( ) ( )∑
=

−−=
m

i
iii cJ

1
2

T
1

T'
3 trace pSpPSP α  with 

[ ] ..., ,1 mppP = , mii , ... 1, , =α  and c being the linear transformation matrix, the 

Langrage multipliers on the m projection directions mii , ... 1,  , =p  and a constant, 

respectively. Consequently, optimization of the criterion function '
3J  with respect 

to each transformation vector mii , ... 1,  , =p  will lead to the eigenvalue 

decomposition problems miiii , ... 1, ,1
1

2 ==− ppSS α , which means that the optimal 

linear transformation matrix should be composed of the eigenvectors of 1
1

2 SS − . By 
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substituting iiiii pSppSp 2
T

1
T=α  calculated from iii ppSS α=−

1
1

2  into '
3J , the 

value of '
3J  evaluates to ∑

=

m

i
ic

1

α . This indicates that the optimal linear 

transformation matrix should consist of the m eigenvectors of 1
1

2 SS−  corresponding 

to the m largest or smallest eigenvalues. 

 

5. The criterion function 5J  should be optimized under the orthonormal constraint 

IPP =T . By setting the derivative of the expression ( )IPP −⋅− T
5 αJ  to zero via 

the Lagrange multiplier scheme with α  being the multiplier coefficient, the 

optimal linear transformation matrix can be obtained, which is composed of the m 

eigenvectors of 21 SS ⋅− μ  corresponding to the m largest or smallest eigenvalues. 

Here, the non-negative weighting factor μ  is pre-specified by users, which can 

balance the contributions of the two scatter matrices PSP 1
T  and PSP 2

T   to 5J .  

 

In comparison, all aforementioned criterion functions attempt to maximize the 

between-class scatter while simultaneously minimizing the within-class scatter under 

the proper choice of  1S  and 2S .  Among them, criterion functions 1J , 2J , '
3J  and 4J   

equivalently lead to determine the eigenvalue decomposition of 1
1

2 SS− , but the 

criterion function 5J  results in solving the eigenvalue decomposition of the 

subtraction of weighted 2S  from 1S . Without loss of generality, we take 1J  as the 

representative among the criterion functions 1J , 2J , '
3J  and 4J   and choose the 

combination { }WB SS  ,  for { }21  , SS . In contrast to the criterion function 5J  in the 

subtraction form, 1J  can be regarded as having the quotient form due to its intrinsic 

equivalence to 4J . 

 

2.3 Fisher and Chernoff linear discriminant analysis 
 

2.3.1 Fisher linear discriminant analysis (FLDA) 

 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       50

The FLDA, commonly recognized as the ancestor of the discriminant analysis in its 

modern disguise, is one of the most popular DLDR techniques, which was developed 

by Fisher [116] in a model-free fashion for two-class problems and extended by Rao 

[117] to deal with multi-class problems. Since the FLDA can yield the globally 

optimal solution in a closed form via simple matrix algebras, and meanwhile the 

obtained optimal solution can result in a transformed subspace achieving the Bayes 

optimality under certain conditions, it can be regarded as an intersection of the 

BODLDR and SMDLDR techniques. Moreover, the FLDA is fairly easy to use 

because its execution only relies on the training samples. The eminent properties of 

the FLDA have attracted a large amount of research attention from different 

communities to further improve its performance. 

 

2.3.1.1 Recapitulation of the FLDA 
 
Assume a set of N n-dimensional feature vectors Nin

i 1,..., , =∈Rx  belongs to C 

distinct classes Cii ,...,1 , =ω  with iN  patterns ( )
i

i
j NjCi 1,..., ,..,.1, , ==x  in each class 

Cii ,...,1 , =ω  and NN
C

i
i =∑

=1
. The FLDA, also referred to as multiple discriminant 

analysis [1] or canonical variate analysis [82], seeks for an optimal linear 

transformation matrix mn×∈RP*  ( nm ≤ ) composed of m discriminant vectors 

min
i ,...,1 ,1* =∈ ×Rp  as columns, i.e. [ ]**

1
*  ,..., mppP = , that maps the original n-

dimensional feature space into an m-dimensional subspace, i.e. 
( ) ( ) mi

j
ni

j RxPRx ∈→∈ T* , to maximize the Fisher criterion7 defined by: 

                                                   

                                                 ( ) ( )( )PSPPSPP BWFJ T1Ttrace −
=                                     (2.30) 

 

That is, ( ) ( )PP
RP

FF JJ
mn×∈

= max* . Here WS  and BS  denote the average within-class 

scatter matrix and the between-class scatter matrix, respectively, and are estimated by:    

                                        
                                                 
7 The Fisher criterion may have various formulations that can lead to the same optimal solution, see 
subsection 2.2.2. 
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                                       ∑
=

=
C

i
iiW P

1

SS                                                                      (2.31) 

with  NNP ii =  and ( )( ) ( )( )∑ −−=
iN

j
i

i
ji

i
j

i
i N

T1 mxmxS  
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( )( ) ( )( )

( )( ) ( )( )(
( )( ) ( )( ) )

( ) ( )( ) ( ) ( )( )

( )( ) ( )( )

( )( )∑ ∑

∑ ∑ ∑

∑∑

∑∑

∑∑∑∑

∑∑∑∑

∑∑∑∑

∑ ∑∑∑

∑ ∑

∑

−

= +=

−

= += =

= =

= =

= == =

= == =

= == =

= == =

= =

=

−−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+−−=

−+−−+−=

−−+−−+

−−+−−=

−−+−−+

−−+−−=

−−+−−=

−−+−−=

−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−−=

1

1 1

T

1

1 1 1

TT

1 1

T

TT

1 1

TT

1 1

T

1 1

T

1 1

T

1 1

T

1 1

T

1 1

T

1 1

T

1 1

T

1

T

1

1

T

     

2
2
1     

2
1     

       

2
1     

2
1

2
1        

2
1

2
1     

     

     

     

C

i

C

ij
jijiji

C

i

C

ij

C

i
iiiiiijijiji

C

i

C

j
jijiji

jjij

C

i

C

j
jiiiji

C

i

C

j
ijji

C

i

C

j
jiji

C

i

C

j
jjji

C

i

C

j
iiji

C

i

C

j
jiji

C

i

C

j
iiji

C

i

C

j
jjii

C

i

C

j
iiji

C

i
ii

C

j
ji

C

i
iiiB

PP

PPPP

PP

PP
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   (2.32) 

with  NNP ii = , ( )∑
=

=
iN

j

i
j

i
i N 1

1 xm   and ( )∑∑∑
= ==

==
C

i

N

j

i
j

C

i
ii

i

N
P

1 11

1 xmm                                                      

 

where iP , im , m and iS  represent the prior probability of class iω , the mean vector of 

class iω , the overall mean vector of the available feature vectors and the scatter matrix 

of class iω , respectively. The between-class scatter matrix BS  can be expressed by 

both its conventional formulation and the equivalent pairwise decomposition form. 

The total scatter matrix TS  is estimated by: 
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                       ( )( ) ( )( )T
1 1

1 mxmxS −−= ∑∑
= =

i
j

C

i

N

j

i
j

i
T

i

N
 with BWT SSS +=                   (2.33) 

 

It is easy to verify that all three scatter matrices WS , BS  and TS  are positive semi-

definite with their ranks as follows: 

 

                                               ( ) ( )CNnW −≤ ,minrank S  

                                                        ( ) ( )1,minrank −≤ CnBS  

                                               ( ) ( )1,minrank −≤ NnTS                                           (2.34)                        

 

Maximization of the Fisher criterion defined in Eq. (2.30) with respect to the linear 

transformation matrix will lead to solve a generalized eigenvalue problem 

pSpS WB λ= . Since both scatter matrices WS  and BS  are positive semi-definite with 

( ) ( )1,minrank −≤ CnBS , there exist at most ( )1,min −Cn  generalized eigenvectors 

corresponding to positive generalized eigenvalues. We can therefore take those 

( )1,,min −Cnm  generalized eigenvectors as columns of *P , which results in the 

maximal Fisher criterion value equal to the summation of the largest ( )1,,min −Cnm  

generalized eigenvalues.  If  WS  is non-singular, the generalized eigenvalue problem 

comes down to the conventional eigenvalue problem ppSS λ=−
BW

1 , whose 

( )1,,min −Cnm  leading eigenvectors corresponding to the ( )1,,min −Cnm  largest 

positive eigenvalues constitute *P . Note that the same optimal solution *P  can be 

obtained by maximizing ( )( )PSPPSP BT
T1Ttrace −  or minimizing 

( )( )PSPPSP WB
T1Ttrace − . It is also worth noting that the optimal transformation matrix 

*P  may be not unique since any invertible transformations further imposed on *P  do 

not change the Fisher criterion value. However, they can change the coordinate system 

to represent the optimal subspace spanned by the optimal linear transformation matrix. 

Some coordinate systems may have unique properties desirable for certain subsequent 

classification tasks. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       53

 

To save the computational cost and improve the numerical stability when solving the 

eigenvalue decomposition, each of the three scatter matrices can be reformulated by 

the outer product of a matrix with the smaller scale as follows. 

                              

                              T
WWW HHS = , T

BBB HHS =  and T
TTT HHS =                           (2.35)           

 

                      with ( )( ) ( )( ) Nn
C

C
NW CNN

×∈⎥
⎦

⎤
⎢
⎣

⎡
−−= RmxmxH 1,...,1

1
1

1  

                              ( ) ( ) Cn
C

Ci
B N

N
N
N ×∈

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−= RmmmmH ,...,1  

                               ( )( ) ( )( ) NnC
NT CNN

×∈⎥
⎦

⎤
⎢
⎣

⎡
−−= RmxmxH 1,...,1 1

1  

 

where ( )j
ix  denotes the ith feature vector belonging to class jω , CjNi j ,...,1 ,,...,1 == . 

Accordingly, the eigenvalue decomposition of WS , BS  and TS  can be obtained by 

performing the Singular Value Decomposition (SVD) [92] of WH , BH  and TH , 

respectively, with computation costs reduced. Recently, the QR decomposition [118] 

and Schur decomposition were also introduced [119] to address this issue. 

 

2.3.1.2 Bayes optimality analysis of the FLDA solutions 
 

To simplify analysis, we assume that the average-within class scatter matrix WS  is 

positive definite. Accordingly, maximization of the Fisher criterion in Eq. (2.30) leads 

to determine the conventional eigenvalue decomposition of BW SS 1− , which can be 

addressed by the simultaneous diagonalization scheme [2]. Specifically, the 

eigenvalue decomposition of BW SS 1−  can be performed by firstly whitening WS  to an 

identity matrix, i.e. nWWW ΙPSP =T  with 21−= WW SP  where 21−
WS  is the inverted square 

root of wS , and then determining the eigenvalue decomposition of 
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( ) 21T21~ −−= WBWB SSSS , i.e. T~~~
BBBB PΛPS =  with ( ) 1~

−= Crank BS  in general and the 

diagonal matrix ( )bnbB λλ ,...,diag 1=Λ , bnbCbCb λλλλ ===>≥≥ − ...0... 11 . 

Eventually, the n eigenvectors of BW SS 1−  and their corresponding eigenvalues in the 

non-increasing order are obtained as nibiW ,...,1 ,~21 =− pS  with [ ]bnbB ppP ~...,,~~
1=  and 

bnbCbCb λλλλ ===>>> − ...0... 11 . Consequently, we can obtain an optimal linear 

transformation matrix [ ]bmWbWBB pSpSPSP ~...,,~~ 21
1

21*21* −−− ==  with [ ]bmbB ppP ~...,,~~
1

* =  

consisting of the first m columns of BP~ , by which the Fisher criterion is maximized at 

( ) ∑
=

=
m

k
bkFJ

1

* λP . Note that BP~  is orthonormal due to the symmetric property of BS~ , 

and thus we have nBBBB IPPPP == TT ~~~~ , i.e. nkbkbk ,...,1 ,1~~T ==pp , 

lknlkblbk ≠==  ,,...,1, ,0~~T pp , and mBB IPP =*T* ~~ . 

 

Due to the non-singularity of 21
WS , we can obtain the following expression: 

 

                                  

( ) ( )( )
( )( )

( )''

'T'1'T'

T1T

'

'

max                   

~trace max                   

trace maxmax

P

PSPPP

PSPPSPP

RP

RP

RPRP

F

B

BWF

J

J

mn

mn

mnmn

×

×

××

∈

−

∈

−

∈∈

=

=

=

                        (2.36)                       

                         with  21'
WPSP =  and ( ) ( )( )'T'1'T''' ~trace PSPPPP BFJ −

=                                                       

 

It is easy to verify that *~
BP  is an optimal solution of 'P  that satisfies Eq. (2.36) with 

the maximum Fisher criterion value equal to ( )*' ~
BFJ P . Due to mBB IPP =*T* ~~ , we can 

further obtain the following expression: 

 

                                ( ) ( ) ( )'T''''' ~trace maxmaxmax
'T'

'

'T'

''
PSPPP

IPP
RP

IPP
RPRP

BFF

m

mn

m

mnmn
JJ

=
∈

=
∈∈ ×××

==                 (2.37) 

 

Some attractive properties related to the FLDA solutions are demonstrated as follows. 
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Lemma 2.1 Let the available feature vectors in the original feature space be separately 

projected along the n+1-C vectors nCkbkW ,..., ,~21 =− pS  defined earlier. Then, in each of 

the transformed one-dimensional subspaces, the Mahalanobis distances of any class 

pairs iω  and jω , jiCji ≠=  ,,...,1,  come down to the Euclidean distances between 

the corresponding class means and equal zero, i.e. 

( ) ( ) ( ) ( ) jiCjinCkjijijiwji ≠===−−=−− −  ,,...,1, ,,..., ,0ˆˆˆˆˆˆˆˆˆ T1T mmmmmmSmm  

with ( ) iWbki mSpm T21T~ˆ −=  and ( ) bkWWWbkw pSSSpS ~~ˆ 21T21T −−=  being the mean vector of 

class iω  and the average within-class scatter matrix in the transformed one-

dimensional subspace, respectively. 

 

Proof: We have ( ) T21T21 ~~~
BbBWBWB PΛPSSSS == −−  with [ ]bnbB ppP ~...,,~~

1=  and 

( )0,...,0,,..., 11 −= bCbB diag λλΛ . Obviously, the n+1-C eigenvectors nCkbk ,..., ,~ =p  of 

BS~  correspond to eigenvalues equal to zero. That is, 

( )( ) nCkPP
C

i

C

ij
bkjijibkjibkBbk ,..., ,0~~~~~~~~~ 1

1 1

TTT ==−−= ∑ ∑
−

= +=

pmmmmppSp , ( ) iWi mSm T21~ −=  

Since  nCkbkBbk ,..., ,~~~T =pSp  are scalar, we can obtain: 

( )
( )( )( )

( ) ( )
nCk

PP

PP

C

i

C

ij
jbkibkjbkibkji

C

i

C

ij
jbkibkjbkibkji

bkBbkbkBbk

,...,    0                 

~~~~~~~~                 

~~~~~~~~trace                 

~~~trace~~~

1

1 1

TTTTT

1

1 1

TTTTT

TT

==

−−=

−−=

=

∑ ∑

∑ ∑
−

= +=

−

= +=

mpmpmpmp

mpmpmpmp

pSppSp

. 

Furthermore, due to the fact that  

( ) ( ) jiCjinCkjbkibkjbkibk ≠==≥−−  ,,...,1, ,,...,  ,0~~~~~~~~ TTTTT mpmpmpmp  

and CiPi ,...,1 ,0 => , we can obtain: 

( ) ( ) jiCjinCkjbkibkjbkibk ≠===−−  ,,...,1, ,,..., ,0~~~~~~~~ TTTTT mpmpmpmp . Meanwhile, it is 

easy to verify that ( ) nCkbkWWWbk ,..., ,1~~ 21T21T ==−− pSSSp  due to nCkbkbk ,..., ,1~~T ==pp . 

Therefore, we can obtain: 
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( ) ( ) ( ) ( )( ) ( )
( ) ( )
( ) ( )
( ) ( )

jiCjinCk
jbkibkjbkibk

jiji

jiji

jibkWWWbkjijiWji

≠===

−−=

−−=

−−=

−−=−−
−

−−−

 ,,...,1, ,,...,    0                                        

~~~~~~~~                                        

ˆˆˆˆ                                        

ˆˆˆˆ                                        

ˆˆ~~ˆˆˆˆˆˆˆ

TTTTT

T

T

1
21T21TT1T

mpmpmpmp

mmmm

mmmm

mmpSSSpmmmmSmm

. 

 

This completes the proof of the Lemma 2.1. 

 

Theorem 2.1 Assume that the original n-dimensional feature space is mapped into an 

m-dimensional subspace by the linear transformation matrix 

[ ]bmWbWBW pSpSPSP ~...,,~~ 21
1

21*21* −−− ==  defined earlier. Then, if 1−≥ Cm , (1) Mahalanobis 

distances between any class pairs iω  and jω , jiCji ≠=  ,,...,1,  in original feature 

space are preserved and come down to Euclidean distances between the corresponding 

class means in the transformed subspace, i.e. 

( ) ( ) ( ) ( )jijijiWji mPmPmPmPmmSmm T*T*TT*T*1T −−=−− − . 

(2) The optimal Fisher criterion value in the transformed subspace retains same as that 

in the original feature space; (3) Any invertible transformation matrix mm×∈RQ  

further imposed on *P  does not change the pairwise Mahalanobis distances and Fisher 

criterion value in the transformed subspace; (4) Bayes errors between any class pairs 

iω  and jω , jiCji ≠=  ,,...,1,  in the transformed subspace retains same as that in the 

original feature space. 

 

Proof: According to lemma 2.1, when 1−≥ Cm , we have 

( ) ( ) jiCjinmkjbkibkjbkibk ≠=+==−−  ,,...,1, ,,...,1 ,0~~~~~~~~ TTTTT mpmpmpmp . 

According to nBBBB IPPPP == TT ~~~~  and ( ) mBBBWWWBW IPPPSSSPPSP === −− **T*21T21*T**T ~~~~ , 

we can obtain: 
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Moreover, we can obtain ( ) ( )BWF

n

k
bk

C

k
bk

m

k
bkF JJ PSP ~21

1

1

11

* −

=

−

==

==== ∑∑∑ λλλ  due to 

Ckbk ≥=  ,0λ . For any invertible transformation matrix mm×∈RQ  further imposed on 

*P , we can obtain: 

( ) ( ) ( ) ( ) ( ) ( )jBiBWjBiBjiWji mPmPPSPmPmPmPQmPQQPSPQmPQmPQ T*T*1*T*TT*T*T*TT*T1*T*TTT*TT*T ~~~~ −−=−−
−−

( ) ( )( ) ( )( ) ( )**T*1*T**T*T1*T*T* tracetrace PPSPPSPQPSPQQPSPQQP FBWBWF JJ ===
−−

 

According to Eq. (2.10), under the Gaussian homoscedastic assumption, the Bayes 

error between any two classes is completely determined by the Mahalanobis distance 

and prior probabilities of these two classes. Since all class prior probabilities and 

pairwise Mahalanobis distances after the linear transformation *P  remains same as 

those in the original feature space, the Bayes errors between any two classes in the 

transformed subspace retains same as that in the original feature space. 

 

This completes the proof of the Theorem 2.1. 
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In general, the equivalence between all pairwise Bayes errors in a transformed 

subspace and those in the original feature space may not indicate that the overall 

Bayes error in that transformed subspace retains same as that in the original feature 

space. However, by using the linear transformation matrix *P  with 1−≥ Cm , this 

statement is supported by the following theorem. 

 

Theorem 2.2 [82] Under the Gaussian homoscedastic assumption, suppose that the 

original n-dimensional feature space is mapped into an m-dimensional subspace by the 

linear transformation matrix [ ]bmWbWBW pSpSPSP ~...,,~~ 21
1

21*21* −−− ==  defined earlier. 

Then, if 1−≥ Cm , the overall Bayes error in the transformed subspace retains same as 

that in the original feature space. In other words, the Bayes optimality is achieved in 

the transformed subspace. 

 

Proof: Based on ( )( )∑
=

−−=
C

i
iiB

1

T~~~~~ mmmmS  with ∑
=

=
C

i
iiP

1

~~ mm  being the overall 

mean vector in the WS  whitened space, we have 

( )0,...,0,,...,~~~
11

T
−== bCbBBBB diag λλΛPSP . 

Suppose that [ ]** ~ ,~~
BBB PPP =  with *~

BP  defined earlier and [ ]bnbmB ppP ~...,,~~
1

*
+= . We can 

obtain: 

[ ] B

BBBBBB

BBBBBB
BBB

B

B Λ
PSPPSP

PSPPSP
PPS

P

P
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

T*T*T*T*

T*T*T*T*
**

T*

T*

~~~ ,~~~

~~~ ,~~~
~ ,~~

~

~
. 

Accordingly, if 1−≥ Cm , we can obtain: 

( )( ) ( ) ( )mnmn

C

i
BiiBBBB −×−

=

=−−= ∑ θPmmmmPPSP
1

*T*T**T ~~~~~~~~~ ,  

Consequently, we can obtain: 

( )( ) ( ) ( ) 0~~~~~~~~~~~~~~trace
1

*T*T
T

*T*T

1

*T*T =−−=⎟
⎠

⎞
⎜
⎝

⎛
−− ∑∑

==

C

i
BiBBiB

C

i
BiiB mPmPmPmPPmmmmP  and thus 

CiBiB ,...,1 ,~~~~ *T*T == mPmP , i.e. ( ) ( ) CiWBiWB ,...1 ,~~ T21*TT21*T == −− mSPmSP . 
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Under the Gaussian homoscedastic assumption, the Bayes classifier in the original 

feature space can be formulated by ( ) ( ) ( ) CiPg iiii 1,..., ,ln
2
1 1T =+−−−= − mxSmxx  

with WSS = . Assume that [ ] [ ]*21*21** ~ ,~ , BWBW PSPSPPP −−== . We can obtain: 

Cii ,...1 ,T*T* == mPmP  and 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )mPxPmPxPxP

mPxPmPxPmPxPmPxP

mPxPmPxPmPxPmPxP

mxPPPPmx

mxPPmx

mxPPSPPmx

mxSmxx

T *T*T*T*T*T

*T*TT*T*T*T*TT*T*T

*T*TT*T*T*T*TT*T*T

*T**T*T

TT

T1TT

1T

2
1         

ln
2
1

2
1          

ln
2
1

2
1          

ln
2
1          

ln
2
1          

ln
2
1          

ln
2
1

−−−=

−−−−−−−=

−−−−−−−=

−−+−−=

−−−−=

−−−−=

−−−−=

−

−

i

iii

iiiii

iii

iii

iiWi

iiWii

g

P

P

P

P

P

Pg

 

It is obvious that the second term in the last line of the above expression is 

independent of class index i. Therefore, the Bayes decision made for the feature vector 

x according to ( )xP T*
ig  retains same as that made in terms of ( )xig , which indicates 

that the overall Bayes error in the transformed subspace spanned by *P  remains same 

as that in the original feature space. In other words, the Bayes optimality is achieved in 

the transformed subspace. 

 

This completes the proof of the Theorem 2.2. 

 

2.3.1.3 Conjugated orthogonality constraints on FLDA 
 

According to Theorem 2.1, the Fisher criterion is invariant to any further imposed 

invertible transformations. Therefore, the FLDA technique can have many optimal 

solutions achieving the maximum Fisher criterion value, which actually span the same 

subspace under different coordinate systems with the coordinate axes being the 
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optimal discriminant vectors. In general, discriminant vectors with different properties 

may influence the performance of the subsequent supervised pattern analysis task.  For 

example, discriminant vectors orthogonal to each other span a subspace where noise in 

the original feature space may be suppressed [124]; discriminant vectors leading to 

uncorrelated features span a subspace where correlation among features that is 

undesirable for some classifiers, e.g. kNN classifier, can be removed; discriminant 

vectors maximizing Eq. (2.31) span a subspace where the Bayes classifier under the 

Gaussian homoscedastic assumption can be simplified such that the computational 

cost due to matrix inversion operations is saved. Fisher discriminant vectors with these 

characteristics can be derived by maximizing the Fisher criterion under the constraints 

of conjugated orthogonality to matrices I, TS  and WS , respectively. To simplify 

discussions, we assume that the matrix WS  is positive definite hereafter. 

 

Fisher discriminant vectors subject to the conjugated orthogonality to identity matrix I 

correspond to a family of the so-called orthogonal FLDA (OFLDA) techniques, in 

which the extracted discriminant vectors are orthogonal to each other, i.e. 

jimjiji ≠==  ,,...,1, ,0Tpp . The well-known Foley-Sammon FLDA technique was 

invented by Foley and Sammon [120] for two-class problems and extended by 

Duchene and Leclercy [121] to handle multi-class problems, in which new 

discriminant vectors are sequentially extracted in the subspace complementary 

orthogonal to the subspace spanned by the already extracted discriminant vectors to 

maximize the Fisher criterion. Theoretical analysis presented in [122] yields an 

efficient way to obtain the orthogonal discriminant vectors. Specifically, suppose that 

a set of i discriminant vectors 1  ,..., , , 21 ≥iippp  have been obtained. The (i+1)th 

discriminant vector 1+ip  can be extracted as the eigenvector of BW USS 1−  corresponding 

to the largest eigenvalue, where ( ) 11T1T −−−−= WW PSPPSPIU , [ ]T21 ..., , , ipppP = . To 

facilitate future experimental comparisons, we name this technique FLDAq1. Besides 

the sequential implementation, the OFLDA technique can also be performed in the 

batch manner [123], [124], in which the Gram-Schmidt orthogonalization or the QR 

decomposition is applied to derive a set of orthogonal discriminant vectors based on 

the already obtained discriminant vectors not satisfying the orthogonality constraint.  
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Fisher discriminant vectors subject to the conjugated orthogonality to matrix TS  

correspond to a family of the so-called uncorrelated FLDA (UFLDA) techniques. The 

earliest study of the UFLDA was conducted by Jin et al. [122], in which discriminant 

vectors were sequentially extracted to maximize the Fisher criterion under the 

constraint of conjugated orthogonality to TS , i.e. jimjijTi ≠==  ,,...,1, ,0T pSp . 

Theoretical analysis in [122] has demonstrated that suppose that a set of i discriminant 

vectors 1,  ,..., , , 21 ≥iippp  have been extracted. The (i+1)th discriminant vector 1+ip  

can be extracted as the eigenvector of BW USS 1−  corresponding to the largest 

eigenvalue, where ( ) 11T1T −−−−= WTTWTT SPSPSSPSPSIU , [ ]T21 ..., , , ipppP =  and I is 

the identity matrix. To facilitate future experimental comparisons, we name this 

technique FLDAq2. Note that based on the discriminant vectors extracted by the 

FLDAq2 technique, the Gram-Schmidt orthogonalization or QR decomposition can be 

applied to generate a set of orthogonal discriminant vectors [124]. Such uncorrelated-

to-orthogonal FLDA technique is hereby named FLDAq3. Intrinsic equivalence 

between the UFLDA and the conventional FLDA, as demonstrated in [125], motivates 

an efficient UFLDA implementation [124] that can compute the optimal discriminant 

vectors in the batch manner via the simultaneous diagonalization scheme. A subtle 

distinction between the sequential and batch ULFDA implemented in the existing 

literatures is that the former one generally requires the unitary length of the extracted 

discriminant vectors and thus leads to IPP =T  while the later one satisfies 

IPSP =T
T . The condition IPSP =T

T  might be preferred in practice since it can 

normalize each transformed feature to the unitary variance. In fact, a post-processing 

step can be incorporated into the sequential technique to implement IPSP =T
T . 

 

Fisher discriminant vectors, subject to the conjugated orthogonality to WS , correspond 

to the conventional FLDA technique. In the conventional FLDA, an optimal solution 

can be obtained by determining the eigenvalue decomposition of BW SS 1− , which is 

equivalent to firstly whitening WS  and then performing the eigenvalue decomposition 

of ( ) 21T21~ −−= WBWB SSSS . The symmetric property of BS~  ensures its eigenvectors to be 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2: An Overview of Discriminative Linear Dimensionality Reduction Techniques 
 

       62

orthonormal to each other, which consequently retains WS  whitened in the ultimately 

transformed subspace. Therefore, the Mahalanobis distances involved in the LDC 

formula come down to the Euclidean distances in the transformed subspace and 

accordingly save the computational cost. 

 

Some remarkable properties of the Fisher discriminant vectors subject to the above 

conjugated orthogonality constraints are outlined as follows. 

 

• For C-class problems, assume that ( ) 1rank −=CBS  and WS  is positive definite. 

Let C-1 nonzero eigenvalues of BW SS 1−  be represented in the non-increasing order, 

i.e. 0... 121 >≥≥≥ −Cλλλ  and suppose jiCjiji ≠=≠  ,,...,1,  ,λλ . Then, for 

1−≤ Cm , the mth discriminant vector extracted by the UFLDA is the mth 

eigenvector of BW SS 1−  corresponding to the mth largest eigenvalue; for 1−> Cm , 

the mth discriminant vector of UFLDA corresponds to the Fisher criterion value 

equal to zero. See proof in [125]. 

 

• For C-class problems, assume that ( ) 1rank −=CBS  and WS  is positive definite. 

Let the eigenvalues of BW SS 1−  be represented in the non-increasing order, i.e. 

nCC λλλλλ ===>≥≥≥ − ...0... 121 . Then, the mth ( nm ,...,1= ) discriminant 

vector extracted by the OFLDA corresponds to the Fisher criterion value greater 

than or equal to the mth eigenvalue mλ . Consequently, the number of orthogonal 

discriminant vectors corresponding to non-zero Fisher criterion values may exceed 

C-1. See proof in [126]. 

 

• For C-class problems, assume that ( ) 1rank −=CBS  and WS  is positive definite. 

Let the eigenvalues of BW SS 1−  be represented in the non-increasing order, i.e. 

nCC λλλλλ ===>≥≥≥ − ...0... 121 . Then, the Fisher criterion value 

corresponding to the mth ( nm ,...,1= ) discriminant vector of the OFLDA is not less 
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than that corresponding to the mth ( nm ,...,1= ) discriminant vector of the UFLDA. 

See proof in [126]. 

 

2.3.1.4 Pros and cons of the Fisher criterion 
 

The FLDA has demonstrated promising performance in diverse applications. It is 

commonly used as a non-parametric tool since its execution merely relies on the first 

and second statistics estimated from the training samples with no need of the 

parametric assumptions of class distributions. Another particularly nice property of the 

FLDA is its globally optimal solution in the closed-form can significantly reduce the 

computational cost and overcome the dilemma of local optima. However, some 

potential deficiencies associated with the conventional Fisher criterion destroy its 

relation to the Bayes error in general sense and consequently prevent it to achieve 

better performance. As to be discussed in the following, the first three deficiencies are 

associated with the multi-class Fisher criterion while the last three deficiencies exist in 

both two-class and multi-class scenarios. Recall that C, n and m denote the class 

number, the original feature space dimensionality and the dimension to be reduced to, 

respectively. 

 

Firstly, the Fisher criterion is not related to the Bayes error in a general sense. 

Although Theorem 2.2 has demonstrated that the solution of the FLDA can result in a 

transformed subspace achieving the Bayes optimality under the Gaussian 

homoscedastic assumption with 1−≥ Cm , this does not hold true if 1−< Cm . In fact, 

the obtained Fisher discriminant vectors will always bias towards the already well-

separated class pairs in the original feature space while neglecting those neighboring 

class pairs that should indeed be much more separated in order to achieve better class 

discrimination. To elucidate this fact, let us revisit Eq. (2.37) as follows. 
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where ( ) ( )jiji
ij
E mmmm ˆˆˆˆˆ T −−=∂  is the Euclidean distance between the mean 

vectors of two classes iω  and jω  in the transformed subspace, which is equivalent to 

the Mahalanobis distance ( ) ( )jiWji
ij
M mmSmm ˆˆˆˆˆˆ 1T −−=∂ −  between these two classes 

due to ( ) mWWWW IPSSSPS == −− '21T21T'ˆ . It can be observed from Eq. (2.38) that 

maximization of the Fisher criterion is essentially equivalent to maximizing the 

average squared Mahalanobis distance over all available class pairs in the 

orthonormally transformed subspace, which is different from the goal of minimizing 

the Bayes error in the transformed subspace. Let us further examine Eq. (2.37) from 

another perspective. 
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              with [ ]''
1

' ,..., mppP =                                                                                              

 

It can be observed that to achieve the maximal Fisher criterion value, the direction of 

each Fisher discriminant vector mkk ,...,1 ,' =p  extracted under the orthonormal 
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constraint will bias towards the vector difference of class means belonging to the well-

separated class pairs with larger Euclidean distances in the WS  whitened space whilst 

diverging from those discriminative directions better separating neighboring classes. 

Specifically, the firstly extracted Fisher discriminant vector '
1p  corresponding to the 

direction with the maximal Fisher criterion value will bias, to the largest extent, 

towards pairs of classes located remotely with each other. Each of the remaining 

Fisher discriminant vectors mkk ,...,2,' =p  is extracted subsequently from the 

subspace complementary orthogonal to the subspace spanned by the already extracted 

vectors, which still biases towards already well-separated class pairs. Since the 

Euclidean distance between mean vectors of a class pair in the WS  whitened space 

corresponds to the Mahalanobis distance of the corresponding class pair in the original 

feature space, class pairs with large Mahalanobis distances in the original feature 

space will dominate the eigenvalue decomposition. According to theorems 2.1 and 2.2, 

if 1−≥ Cm , Mahalanobis distances between any two classes as well as the Bayes 

error in the transformed subspace remain same as those in the original feature space. 

Therefore, the last few Fisher discriminant vectors may possibly bias towards 

directions that can better discriminate neighboring classes, and thus minimize the 

classification error. However, if the dimension is reduced below C-1, these important 

directions will be thrown away due to their small contributions to the Fisher criterion 

value. As a result, the low classification accuracy may be obtained in the transformed 

subspace. In fact, according to theorem 2.1, under the Gaussian homoscedastic 

assumption with 1−≥ Cm , maximization of the Fisher criterion can result in a 

transformed subspace, in which the Bayes errors of all available class pairs equal those 

in the original feature space. This constitutes a necessary condition to achieve the 

Bayes optimality in the transformed subspace. Theorem 2.2 actually demonstrates the 

sufficient condition is also satisfied under the same condition. However, when 

1−< Cm , even the necessary condition will be violated. 

 

Such deficiency of the Fisher criterion may cause problems in some practical 

applications, where dimensionality of the pattern representation is expected to be as 

low as possible and often below C-1 in order to resolve the visualization, 
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computational complexity or estimation problems. For example, visualizing class 

structures underlying the available labeled feature vectors may facilitate better human-

computer interaction, which, however, requires the original feature space be linearly 

transformed into a low-dimensional (usually 2D or 3D) subspace. As discussed above, 

the low-dimensional pattern representation obtained by the FLDA may possibly result 

in large overlaps of neighboring classes and thus prevent an effective illustration of 

class structures. Take another example, in speech recognition tasks, the computational 

complexity significantly depends on the feature space dimensionality. Although high-

dimensional pattern representations can enable the acoustic model to carry more 

discriminatory information, the prohibitive computational cost may reduce the 

applicability of the whole system. Therefore, to make the system work normally, the 

DLDR should be executed in the front-end of the system to reduce the dimensionality 

of the original feature space. Since there usually exist hundreds of classes 

corresponding to different context-dependent/independent states, which may even 

exceed the original feature dimensionality, the low-dimensional subspace derived by 

the FLDA will not be the most discriminatory one due to the justifications explained 

above. The same situation may happen in other applications involving a fairly large 

number of classes such as image recognition or protein family classification. These 

practical difficulties motivate researchers to improve the conventional Fisher criterion. 

 

Secondly, for any Fisher discriminant vector min
i ,...,1 ,1 =∈ ×Rp  to be extracted, the 

idea behind the Fisher criterion requires that iBi pSpT  can be as large as possible while 

simultaneously minimizing iWi pSpT  under certain constraints of the relationship 

between ip  and those already extracted discriminant vectors. In general, the large 

value of iBi pSpT  can indicate good class separability as long as the value of iWi pSpT  is 

relatively smaller (but may be absolutely large) to avoid overlaps among classes. On 

the other hand, the small value of iBi pSpT  may imply the existence of overlaps among 

some classes even if iWi pSpT  is also rather small. However, the fairly small value of 

iWi pSpT  at the denominator position in the Fisher criterion may undesirably magnify 

the small iBi pSpT  value at the nominator position and consequently masks some 
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indeed more discriminative directions. We hereby use a simple 2D three-class 

example to illustrate this fact. 

 

Example 2.1 Assume that three classes are normally distributed in the 2D space with 

equal class prior probabilities 
3
1

321 === PPP , equal diagonal class covariance 

matrices [ ]( )005.0,2.0321 diag=== ΣΣΣ  and respective class mean vectors 

[ ]0 ,31 =m , [ ]0 ,32 −=m  and [ ]1 ,03 =m . A certain number of samples are randomly 

drawn from each class for an illustration in Figure 2.1.   

 

Figure 2.1: Illustration of the 2D three classes with Gaussian distributions 

 

 

Figure 2.2: One-dimensional class distributions after mapping the original 
feature space on  1p   (left) and 2p  (right), respectively. 
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Analysis: According to ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦
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⎢
⎣
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44.4  ,0
0  ,30

0.222  ,0
0     ,6

200  ,0
0  ,51

BW SS , it is obvious to 

obtain the eigenvectors of BW SS 1− : ⎥
⎦

⎤
⎢
⎣

⎡
=

1
0

1p  and ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

2p  that correspond to the 

eigenvalues 4.441 =λ  and 0.302 =λ . Figure 2.2 shows one-dimensional class 

distributions after mapping the original feature space on 1p  and 2p  respectively. In 

terms of the magnitude of eigenvalues, eigenvector 1p  will be chosen as the first 

Fisher discriminant vector corresponding to the most discriminative direction. 

However, it is obvious from Figure 2.2 that all three classes are well separated on the 

direction of 2p  while two classes are completely overlapped on the direction of 1p . In 

fact, on the direction of 2p  with the optimal class separability, the value of 

62
T
2 =pSp B  is considerably larger than that of 222.01

T
1 =pSp B  on the direction of 1p . 

However, 1p  is wrongly amplified by a rather smaller value of 005.01
T
1 =pSp W  in 

comparison with 2.02
T
2 =pSp W  at the denominator position in the Fisher criterion. 

Therefore, the FLDA solution may contain some directions that lead to overlap among 

some classes and thus small between-class scatter values but are undesirably 

highlighted by comparatively much smaller average within-class scatter values at the 

denominator position in the Fisher criterion. 

 

Thirdly, when a given problem satisfies the Gaussian homoscedastic assumption, the 

average within-class scatter matrix WS  will denote the common covariance matrix for 

all classes. However, in practice, individual classes usually have different covariance 

matrices. As a consequence, the pre-whitening step with respect to WS  can hardly 

whiten all the individual class covariance matrices simultaneously, and accordingly 

may be dominated by some classes with largely deviating covariance matrices. 

Therefore, the mean vector and spread of feature vectors within some other classes 

may be undesirably expanded or shrunk along directions preferred by the dominating 

covariance matrices. If those dominating covariance matrices coincidently belong to 

the outlier classes locating remotely from the remaining classes, the ultimately 
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obtained transformation matrix may tend to minimize the spread of the outlier classes 

but bring some already adjacent classes much closer in the transformed subspace. 

 

Fourthly, the Fisher criterion implicitly oversimplifies a given problem by assuming 

that all discriminatory information is contained in the difference of class means in the 

WS  whitened space and thus can be condensed into two scatter matrices, i.e. the 

between-class scatter matrix and average within-class scatter matrix while neglecting 

other important discriminatory information present in the difference of individual class 

distributions. Consequently, unless strictly satisfying the Gaussian homoscedastic 

assumption, the extracted Fisher discriminant vectors will inevitably discard certain 

amount of discriminatory information present beside the difference of class means. 

For example, when the underlying class distributions are Gaussian heteroscedastic, 

discriminant information present in the difference of the class covariance matrices will 

be totally ignored by the extracted Fisher discriminant vectors. As a result, the 

maximum number of effective Fisher discriminant vectors that can be extracted to 

optimize the Fisher criterion is bounded from above by C-1. This limitation becomes 

very apparent in the two-class case, in which only the reduction to a single dimension 

is possible. 

 

Fifthly, the FLDA is not directly suitable for the multimodal class distributions, in 

which some classes cover multiple local regions located separately with each other. A 

typical solution is to resort to clustering algorithms to seek for the possibly existing 

local regions in each class. By assuming all the discovered local regions in each class 

as the unique “pseudo” classes, the FLDA can be executed. Some examples of such 

kind of methods are presented in [127], [128]. Due to its easy tractability, this 

deficiency will not be specifically addressed in this thesis. 

 

Sixthly, minimization of the Fisher criterion will lead to an eigenvalue decomposition 

problem typically involving the inverse of some scatter matrix, which, however, will 

become singular when facing high-dimensional and undersampled problems. 

Consequently, the FLDA will become inapplicable in such case. 
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2.3.1.5 The subtraction Fisher criterion 
 

The aforementioned second deficiency of the Fisher criterion originates from the 

quotient expression. The criterion function 5J , as discussed in section 2.2.2, can 

provide a reasonable solution. Specifically, by substituting 1S  and 2S  in 5J  with BS  

and WS , respectively, we can obtain the following Fisher criterion in the subtraction 

form: 

 

                                 ( ) ( ) ( )PSPPSPP WBFsJ TT tracetrace ⋅−= μ                               (2.40) 

 

Since the quotient expression is no longer used, the undesirable amplification effect 

coming from the denominator naturally disappears. Therefore, the second deficiency 

associated with the conventional Fisher criterion in the quotient form can be 

eliminated. The criterion function ( )PFsJ  can be maximized with the linear 

transformation matrix mn×∈RP  ( nm ≤ ) subject to the orthonormal constraint. The 

resulting optimal transformation matrix is composed of the first m leading 

eigenvectors of WB SS −  corresponding to the m largest eigenvalues. We name the 

FLDA based on the subtraction Fisher criterion FLDAs1. It is worth noting that the 

optimal discriminant vectors extracted by the FLDAs1 are orthonormal to each other 

and generally cannot simultaneously diagonalize two matrices BS  and WS  in the 

transformed subspace. For clear notation, we hereafter use ( )PFqJ  to denote the 

conventional Fisher criterion in the quotient form as defined in Eq. (2.30). 

 

The subtraction Fisher criterion has been recently studied in [129]-[131]. The 

encouraging performance on face recognition applications demonstrates its 

effectiveness. In [129], the maximum margin criterion was proposed, which is 

essentially the subtraction Fisher criterion but entitled with a different name. In our 

research work, we will simply take 1=μ  as suggested in [129]. Recall Example 2.1, 

maximization of the subtraction Fisher criterion under the orthonormal constraint of 

the linear transformation matrix leads to determine the eigenvalue decomposition of 
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WB SS − . The eigenvectors of WB SS −  and their corresponding eigenvalues are 

⎥
⎦

⎤
⎢
⎣

⎡
=

1
0

1p , 2172.01 =λ  and  ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

2p , 8000.52 =λ , respectively. In terms of the 

magnitude of eigenvalues, the eigenvector ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

2p  will be chosen as the first 

discriminant vector, which is actually the most discriminative direction. 

 

The orthonormality of the extracted discriminant vectors with respect to ( )PFsJ  

provides an efficient way to yield uncorrelated features in the transformed subspace. 

Specifically, the original feature space is first mapped into the TS  whitened space, and 

then the orthonormal discriminant vectors are extracted with respect to ( )PFsJ  in the 

TS  whitened space, which can keep TS  whitened and accordingly result in 

uncorrelated features with the unitary variances in the transformed subspace. 

Moreover, a set of orthogonal discriminant vectors can be obtained by orthogonalizing 

the already obtained set of discriminant vectors via the Gram-Schmidt 

orthogonalization or QR decomposition scheme. The uncorrelated FLDA and the 

uncorrelated-to-orthogonal FLDA based on the subtraction criterion are hereby named 

FLDAs2 and FLDAs3, respectively, to facilitate future experimental comparisons.  

 

2.3.2 Chernoff linear discriminant analysis (CLDA) 

 

2.3.2.1 Related work 
 

The intrinsic incapability of handling heteroscedastic data restricts the effectiveness of 

the FLDA in practical applications. In the past few decades, many methods have been 

specifically developed to resolve this problem. The BODLDR techniques devised 

under the Gaussian heteroscedastic assumption, as described in section 2.2.1, employ 

the criterion functions related to the Bayes error, which implicitly take into account 

the discriminatory information present in the difference of both class means and class 

covariance matrices. Due to the need of an iterative numerical optimization, solutions 

obtained by these techniques are not in the closed form and may even not be globally 
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optimal after the time-consuming search.  Some approaches attempt to analytically 

derive optimal solutions as the FLDA does whilst extending the applicability of the 

FLDA into the heteroscedastic scenario. Analysis of the Bhattacharyya distance in the 

two-class case [2] indicated that the involved two terms denoting the Mahalanobis 

distance between two classes and the discrepancy of the two class covariance matrices 

respectively cannot be simultaneously optimized to yield a coherent linear 

transformation. Nevertheless, two optimal linear transformation matrices with regard 

to each of the two terms, which extract the discriminatory information present merely 

in the class means and merely in the class covariances respectively, can be analytically 

derived and then directly cascaded to establish the ultimate optimal linear 

transformation. Obviously, such solution is only a suboptimal one since the simple 

combination of the solutions obtained in the two extreme cases may definitely neglect 

the effect of the intermediate cases. A recent technique presented by Hsieh et al. [132] 

improve the above idea in the multi-class scenario, in which the discriminatory 

information present in the difference of class means and class covariance matrices are 

separately extracted by using the approximated pairwise accuracy criterion based 

FLDA and common-mean feature extraction techniques, respectively. Moreover, a 

spanning-tree classification accuracy estimation method is proposed to recursively 

substitute some previously extracted discriminant vector by the newly extracted one. 

Although this improved technique considers the interaction of the solutions obtained 

in the two extreme cases, it is achieved in the post-processing stage and thus may still 

lose some discriminatory information. Some other approaches [133]-[135] explicitly 

introduce the difference of class covariance matrices into the criterion functions 

without considering the link with the Bayes error. In these approaches, analytical 

solutions can be obtained in the fast and easy way as the FLDA does. 

 

2.3.2.2 Recapitulation of the CLDA 
 

Loog et al. [76], [77] proposed a novel DLDR technique via a heteroscedastic 

extension of the Fisher criterion to a so-called Chernoff criterion based on the 

Chernoff distance. Chernoff distance is a well-known probabilistic distance measuring 

the affinity of two class distributions, which is intimately linked with the upper bound 
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of the two-class Bayes error under the Gaussian heteroscedastic assumption. The key 

idea behind this extension is the use of a specific directed distance matrix (DDM) to 

generalize the between-class scatter matrix involved in the Fisher criterion. This 

proposed technique is hereafter named Chernoff linear discriminant analysis (CLDA). 

To elucidate the CLDA, let us revisit the between-class scatter matrix ij
BS  in the two-

class case, which is the building block of the pairwise decomposition formulation of 

the between-class scatter matrix BS  in the multi-class scenario, i.e.  

 

             ∑∑
−

= +=

=
1

1 1

C

i

C

ij

ij
BjiB PP SS  with ( )( ) ji,...Ci,jjiji

ij
B ≠=−−=  ,1 ,TmmmmS     (2.41) 

 

The matrix ij
BS  has only one nonzero eigenvalue equal to ( ) ( )jiji mmmm −− T , with 

the associated eigenvector ji mm − . Note that this eigenvalue denotes the squared 

Euclidean distance ( )2E
ij∂  between the mean vectors of classes iω  and jω , which 

equals the trace of ij
BS  . Under the Gaussian homoscedastic assumption with the 

identity covariance matrices, the difference between the distributions of classes iω  

and jω  can be characterized by the Euclidean distance between their class means, and 

ij
BS  can capture this Euclidean distance E

ij∂  as well as the direction ji mm −  to attain 

this distance. Subject to the same assumption, any other directions apart from 

ji mm −  can only result in a complete overlap of classes iω  and jω , and thus contain 

no discriminatory information. The two-class DDM aims to generalize ij
BS  so as to 

capture the extra discriminatory information present because of the heteroscedasticity 

of the two class distributions. The nonzero distances between two class distributions 

due to heteroscedasticity are generally in different directions from 21 mm − . 

Therefore, the two-class DDM can have more than one nonzero eigenvalues. 

 

The two-class DDM serving as the building block of the Chernoff criterion is devised 

in terms of the Chernoff distance ( )αC
ij∂  (Eq. (2.15)) between two classes iω  and jω  

under the Gaussian heteroscedastic assumption. Specifically, it is defined as a positive 
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semi-definite matrix ij
CD  with its trace equal to ( )αC

ij∂  multiplied by a constant as 

follows8 [77]. 

 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( )jiijijjijiij
ij
C SSSSmmmmSD log1loglog

1
121T21 αα
αα

−−−
−

+−−= −−

( ) ( ) ( ) ( ) ( ) ( ) ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
+−−=∂

−
= −

−
αααα

ααα
1

1T ln
1
1

2
1trace

ji

ij
jiijji

C
ij

ij
C

SS

S
mmSmmD  

with ( ) jiij SSS αα −+= 1                                                                                        (2.42) 

 

where 10 , ≤≤ αα  is a variable inherited from ( )αC
ij∂ . The matrix ijS  is the weighted 

combination of the covariance matrices of classes iω  and jω , and defined by 

( ) ji SS αα −+ 1 . The matrices iS  and jS  are the covariance matrices of classes iω  

and jω , respectively. To guarantee that the CLDA comes down to the FLDA in the 

Gaussian homoscedastic scenario, the variable α  is suggested in [77] to take the value 

of ( )jii PPP + , the relative priori probability of class iω  with respect to class jω , from 

which it directly follows that α−1  equals ( )jij PPP + . In [77], the behavior of ij
CD  

has been exemplified in two extreme cases and shown that: when a given problem 

satisfies the Gaussian homoscedastic assumption with the common covariance matrix 

being the identity matrix, the matrix ij
CD  comes down to ij

BS  and captures the 

difference of the class means; when a given problem satisfies the Gaussian 

heteroscedastic assumption with the common class mean and different diagonal 

covariance matrices, the matrix ij
CD  captures the difference of the class covariance 

matrices. In a certain weighted combination of both extreme cases, the matrix ij
CS  is 

expected to capture the difference of both class means and class covariance matrices in 

a somewhat balanced manner.  

 

                                                 
8 The function ( )⋅f , e.g. power or logarithm, of a symmetric positive dentine matrix A  can be defined 
in terms of its eigenvalue decomposition ( ) T

1,...,diag UUA nλλ=  as ( ) ( ) ( )( ) T
1 f,...,fdiag UUA nf λλ= . 
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By replacing ij
BS  with ij

CD  in Eq. (2.41), the multi-class DDM in terms of the Chernoff 

distance, i.e. CD , can be expressed by: 

 

                 

( ) ( )( ) ( )(

( ) ( ) ( ) ( ) ( )( )⎟⎟
⎠

⎞
−−−

−
+

−−== ∑ ∑∑ ∑
−

= +=

−−
−

= +=

jiij

C

i

C

ij
ijjijiijji

C

i

C

ij

ij
CjiC PPDPP

SSS

SmmmmSD

log1loglog
1
1         

1

1 1

21T21
1

1 1

αα
αα

 (2.43) 

              with ( )jii PPP +=α  and ( )jij PPP +=−α1                       

 

An implicit deficiency inherent in such multi-class DDM is that CD̂  in the ultimately 

transformed subspace with respect to a linear transformation matrix mn×∈RP  ( nm ≤ ) 

cannot be expressed by PDPD CC
Tˆ =  unless P is a unitary matrix, i.e. nIPPPP == TT . 

In contrast, it always holds true that BŜ  in the Fisher criterion can be expressed by 

PSPS BB
Tˆ =  in the transformed subspace. This deficiency will prevent the direct 

substitution of BS  in the Fisher criterion (Eq. (2.30)) with CD  to construct the 

Chernoff criterion. Specifically, although the optimal solution maximizing the Fisher 

criterion can be derived by determining the eigenvalue decomposition of BW SS 1− , this 

procedure cannot be applied here since the linear transformation matrix P composed 

of even all the eigenvectors of CW DS 1−  cannot satisfy PDPD CC
Tˆ = . Loog et al. [77] 

constructed the Chernoff criterion in a crafted way inspired by a two-stage method. In 

the two-stage method, the original feature space is firstly mapped into the WS  

whitened space, and the eigenvalue decomposition of CD~  estimated in the WS  

whitened space is determined. Since CD~  is a symmetric real matrix, the linear 

transformation matrix 'P  composed of all the eigenvectors of CD~  can satisfy 

'T' ~ˆ PDPD CC =  in the ultimately transformed subspace. Consequently, the optimal 

linear transformation matrix can be obtained as '21 PS −
W . Specifically, Loog et al. [77] 

modified CD  to CS  as follows. 
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     with ( )jii PPP +=α  and ( )jij PPP +=−α1                                                 (2.44)             

 

where ij
CD~  is the two-class DDM estimated in the in the WS  whitened space. 

According to the simultaneous diagonalization scheme, it is easy to verify that 

determining the eigenvalue decomposition of CW SS 1−  can result in the same solution as 

that obtained by the two-stage method. Accordingly, the Chernoff criterion was 

defined by: 

 

                                   ( ) ( )( )PSPPSPP CWCJ T1Ttrace −
=                                           (2.45) 

 

Maximization of this Chernoff criterion will lead to determine the eigenvalue 

decomposition of CW SS 1− . 

 

2.3.2.3 Conjugated orthogonality constraints on CLDA 
 

Analogous to the discussion in subsection 2.3.1.3, Chernoff discriminant vectors can 

be extracted subject to the constraints of conjugated orthogonality to the matrices I, 

TS  and WS , respectively, to maximize the Chernoff criterion defined in Eq. (2.45). 

The resulting orthogonal CLDA (OCLDA), uncorrelated CLDA (UCLDA) and 

conventional CLDA (CLDA) techniques can be implemented in the same way as their 

Fisher criterion based counterparts: OFLDA, UCLDA and FLDA by merely 

substituting the Fisher criterion by the Chernoff criterion. Especially, the FLDAq1, 

FLDAq2 and FLDAq3 techniques can be extended to the CLDAq1, CLDAq2 and 

CLDAq3 techniques, which denote the orthogonal, uncorrelated, uncorrelated-to-

orthogonal CLDA based on the quotient Chernoff criterion, respectively. 
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2.3.2.4 Pros and cons of the Chernoff criterion 
 

As a specific heteroscedastic extension of the Fisher criterion, the Chernoff criterion 

can capture the discriminatory information present in the difference of both class 

means and class covariance matrices in a somewhat balanced manner, which enables 

the maximal number of effective discriminant vectors to exceed C-1 when dealing 

with the C-class problems. The effectiveness of the Chernoff criterion has been 

demonstrated on many real-world datasets in [76], [77]. However, some potential 

deficiencies that are either inherited from the Fisher criterion or uniquely associated 

with the Chernoff criterion may prevent it achieving better performance. As to be 

discussed in the following, the first deficiency is associated with the multi-class 

Chernoff criterion while the last two deficiencies are present in both the two-class and 

multi-class scenarios. Recall that C, n and m denote the class number, the original 

feature space dimensionality and the dimension to be reduced to, respectively. 

 

Firstly, the Chernoff criterion inherits several deficiencies of the Fisher criterion as 

described in subsection 2.3.1.4. Specifically, it suffers from the problem that the 

already well-separated class pairs with larger Chernoff distances in the WS  whitened 

space may dominate the eigenvalue decomposition of CD~ , and consequently 

discriminative directions that can separate some neighboring class pairs with smaller 

Chernoff distances will be discarded. Moreover, Chernoff discriminant vectors may 

contain some directions that lead to the overlapping among some classes but are 

undesirably highlighted by the comparatively smaller average within-class variances 

along those directions. Furthermore, if whitening WS  is dominated by some existing 

outlier classes locating far from the remaining classes, the obtained optimal linear 

transformation may bias minimizing the spread of the outlier classes but bringing 

some already adjacent classes in the original feature space much closer in the 

transformed subspace. 

 

Secondly, calculation of CS  in the Chernoff criterion may encounter singularity or 

numerical instability problems. Specifically, if the training sample size within class iω  
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is smaller than the feature space dimensionality, the within-class scatter matrix iS  will 

become singular or nearly singular, which disables the logarithm operation on iS  and 

accordingly the calculation of CS . As a result, even although WS  can be non-singular, 

the Chernoff criterion may still be inapplicable because of some ill-posed iS . To 

resolve this problem, the regularization schemes [136]-[142] can be employed. In our 

implementation, we take a simple regularization scheme, that is, we regularize iS  by 

adding to it an identity matrix multiplied with a constant equal to the one millionth of 

the trace of iS . Testing and comparing other regularization schemes, such as singular 

value perturbation [136], shrink towards the identity matrix [137], [138], multiple 

parameter regularization [141] and maximum entropy covariance selection [142], etc, 

is among our future plans. Furthermore, we use the singular value decomposition 

technique, instead of the eigenvalue decomposition, to stabilize the inversion and 

logarithm operations. 

 

Thirdly, maximization of the Chernoff criterion (Eq. (2.45)) with respect to the linear 

transformation matrix mn×∈RP  ( nm ≤ ) will lead to determine the eigenvalue 

decomposition of CW SS 1− . When nm = , the obtained optimal linear transformation 

matrix *P  composed of all the eigenvectors of CW SS 1−  satisfies that *T*ˆ PSPS CC =  as 

discussed previously. However, if nm < , the obtained optimal linear transformation 

matrix *P  composed of the first m leading eigenvectors of CW SS 1−  corresponding to the 

largest m eigenvalues no longer satisfies *T*ˆ PSPS CC = . Consequently, the trace of    

CŜ  estimated in the transformed subspace with respect to *P  may not correspond to 

the maximal Chernoff criterion value equal to the summation of the m largest 

eigenvalues. However, intuitively, the eigenvectors of CW SS 1−  corresponding to smaller 

eigenvalues may contribute less to preserve the average pairwise Chernoff distance in 

the transformed subspace, and thus can be supposed to contain less discriminatory 

information. Although the CLDA technique bears such theoretical deficiency, its 

effectiveness has been verified by experiments [76], [77]. Therefore, strictly speaking, 
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the CLDA should be regarded as a heuristic technique instead of an analytical 

technique.   

 

2.3.2.5 The subtraction Chernoff criterion 
 

According to the subtraction Fisher criterion ( )PFsJ  defined in Eq. (2.40), we propose 

the subtraction Chernoff criterion ( )PCsJ  by substituting BS  with CD  as follows. 

 

                                   ( ) ( ) ( )PSPPDPP WCCsJ TT tracetrace ⋅−= μ                            (2.46) 

 

The criterion ( )PCsJ  can be maximized with the linear transformation matrix 

mn×∈RP  ( nm ≤ ) subject to the orthogonality constraint. The resulting optimal linear 

transformation matrix is composed of the first m leading eigenvectors of WC SD −  

corresponding to the m largest eigenvalues. We name this technique CLDAs1. It is 

worth noting that discriminant vectors obtained with respect to ( )PCsJ  are 

orthonormal to each other and generally cannot simultaneously diagonalize two 

matrices CD  and WS  in the projected subspace. By directly extending the FLDAs2 and 

FLDAs3 techniques by substituting the subtraction Fisher criterion with the subtraction 

Chernoff criterion, we can obtain the CLDAs2 and CLDAs3 techniques, which denote 

the uncorrelated and uncorrelated-to-orthogonal CLDA based on the subtraction 

Chernoff criterion, respectively. 
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Chapter 3:  Enhanced Parametric BODLDR 

Techniques for Multi-class Problems 
 

3.1 Introduction 
 

As described in the previous chapter, criterion functions of the BODLDR techniques 

are generally designed from the perspectives of statistics and information theory and 

can be related to the Bayes error under certain assumptions. On the other hand, 

criterion functions of the SMDLDR techniques are usually derived by intuitively 

evaluating the separation between classes without considering the link with the Bayes 

error. However, the analytical solutions can be computed efficiently by the SMDLDR 

via simple matrix algebras while the iterative numerical optimization is generally 

required in the BODLDR to derive the numerical solutions. Accordingly, the 

computational cost of the SMDLDR techniques is in general much lower than that of 

the BODLDR techniques. Moreover, in practice, due to the finite training sample size 

with the possible noise contamination, the mismatch between the actual and assumed 

class distributions and heuristic optimization schemes, the performance of the 

BODLDR techniques may be unsatisfactory. Noticing the pros and cons of BODLDR 

and SMDLDR, it is desirable to design some DLDR techniques that can unify the 

strengths of both BODLDR and SMDLDR such that the optimal linear 

transformations can be derived in a simple and efficient manner with respect to certain 

criterion functions related to the Bayes error. 

 

In this chapter, we present several enhanced parametric BODLDR techniques along 

with some of their archetypes. A common characteristic of the parametric BODLDR 

techniques is that their criterion functions are related to the Bayes error to some extent 

under certain parametric assumptions of class distributions. Since the Bayes error or 

its upper bounds can be analytically formulated under specific Gaussian assumptions, 

two categories of parametric BODLDR techniques are studied under the Gaussian 

homoscedastic and heteroscedastic assumptions, respectively. In each category, if 
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higher priority is given to the performance, certain criterion functions closely related 

to the Bayes error are directly minimized with respect to the linear transformation 

matrix via the iterative numerical optimization methods such as the gradient descent at 

the expense of the high computational cost. On the other hand, if higher priority is 

given to the efficiency, certain criterion functions somewhat related to the Bayes error 

will be used in the SMDLDR techniques (specifically, the FLDA and CLDA 

techniques) so as to derive closed-form solutions in an efficient manner at the expense 

of loss of the link with the Bayes error. Accordingly, we propose, separately under the 

Gaussian homoscedastic and heteroscedastic assumptions, two classes of enhanced 

parametric BODLDR techniques that can result in numerical and analytical solutions, 

respectively. To simplify analysis, we assume that the average within-class scatter 

matrix WS  is non-singular in the context of this chapter. The singularity problem [2], 

[70] will be specifically addressed in the next chapter. 

 

The remainder of this chapter is organized as follows. Sections 3.2 describes the direct 

BODLDR techniques developed under the Gaussian homoscedastic assumption. A 

group of class-wise weighted FLDA techniques motivated under the Gaussian 

homoscedastic Bayes optimality is presented in section 3.3. Sections 3.4 describes the 

direct BODLDR techniques devised under the Gaussian heteroscedastic assumption. A 

group of class-wise weighted CLDA techniques motivated under the Gaussian 

heteroscedastic Bayes optimality is presented in section 3.5. Experimental results are 

discussed in section 3.6. Finally, conclusions are drawn in section 3.7. 

 

3.2 Gaussian homoscedastic direct BODLDR 
 

Under the Gaussian homoscedastic assumption of class distributions, the Bayes error 

between two classes iω  and jω  can be analytically formulated in Eq. (2.10). 

Accordingly, assume that the feature vectors belonging to two classes iω  and jω  in 

the original n-dimensional feature space are mapped into an m-dimensional subspace 

via the linear transformation matrix mn×∈RP  ( nm ≤ ). Then, the Bayes error ( )jiPe ,ˆ  

between classes iω  and jω  in the transformed subspace can be expressed by: 
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where S  and ij
M∂̂  are the common class covariance matrix in the original feature space 

and the Mahalanobis distance between classes iω  and jω  in the transformed subspace, 

respectively. As demonstrated in [83], the Bayes error in the multi-class case can be 

bounded from above via the union of the pairwise Bayes errors over all class pairs. 

Therefore, it is reasonable to directly use this upper bound as the criterion function. 

Starting from a properly chosen initial linear transformation, numerical optimization 

methods can be applied to iteratively minimize such criterion function with respect to 

the linear transformation matrix. 

 

3.2.1 Existing technique 

 

Lotlikar and Kothari [91] presented an adaptive linear dimensionality reduction 

(ALDR) algorithm, which is subject to three assumptions: (1) Gaussian class 

distributions; (2) covariance matrices of all classes commonly equal to nI2σ ; (3) 

equal class prior probabilities. The Bayes error in the multi-class case is approximated 

by the sum total of all pairwise two-class Bayes errors. This multi-class Bayes error 

approximation in the ultimate transformed subspace is used as the criterion function in 

the ALDR algorithm and defined by: 
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ij
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where ij
E∂̂  and P denote the Euclidean distance between the mean vectors of classes iω  

and jω  in the transformed subspace and the linear transformation matrix mn×∈RP  
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( nm ≤ ) subject to the orthonormal constraint, respectively. Note that such 

orthonormal constraint can avoid the degenerated linear transformation. The gradient 

descent scheme is applied to minimize this criterion function with respect to P with 

the following updating rule: 
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where η , oldP  and newP  denote the learning step size, the transformation matrix before 

and after updating, respectively. To satisfy the orthonormal constraint on the linear 

transformation matrix, the Gram-Schmidt orthogonalization scheme [92] will be 

applied to the transformation matrix whenever it is updated. In the implementation of 

the ALDR, the average within-class scatter matrix WS  will be pre-whitened before 

performing the optimization process in order to satisfy the second assumption and 

accordingly it simplifies σ  to equal “1”. Therefore, the discriminant vectors extracted 

by the ALDR algorithm is actually subject to the conjugated orthogonality constraint 

to WS . The optimization process performed in the WS -whitened subspace is 

initialized with a randomly generated orthonormal matrix. 

 

3.2.2 Proposed technique 

 

According to Eq. (3.1), we propose a Gaussian homoscedastic direct BODLDR 

(DBODLDRho) technique, in which the criterion function is formulated as the union 

of the pairwise Bayes errors in the transformed subspace over all class pairs under the 

Gaussian homoscedastic assumption and expressed by: 
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The gradient descent scheme is applied to minimize this criterion function with respect 

to the linear transformation matrix mn×∈RP  ( nm ≤ ) subject to the orthonormal 

constraint with the following updating rule: 
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where η , oldP  and newP  denote the learning step size, the transformation matrix before 

and after updating, respectively. To satisfy the orthonormal constraint of the linear 

transformation matrix, the Gram-Schmidt orthogonalization scheme will be applied to 

the transformation matrix whenever it is updated. Moreover, an optimal solution 

obtained by the CWFLDAq0 technique to be described later, after experiencing the 

Gram-Schmidt orthogonalization, will be used to initialize our proposed 

DBODLDRho method. 

 

In comparison with the ALDR, our proposed DBODLDRho method uses a more 

general formula to approximate the multi-class Bayes error via the union of all 

pairwise Bayes errors calculated under the Gaussian homoscedastic assumption. The 

DBODLDRho does not pre-whiten the average within-class scatter matrix before 

performing the optimization process, i.e. relaxing the second assumption in the ALDR. 

Therefore, the extracted discriminant vectors are subject to the conjugated 

orthogonality constraint to I, that is, they are orthogonal to each other. Moreover, the 

DBODLDRho relaxes the third assumption of equal class prior probabilities in the 

ALDR algorithm. Furthermore, a carefully chosen initial solution is used to reduce the 

risk of getting struck into local minima during the optimization. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3: Enhanced Parametric BODLDR Techniques for Multi-class Problems 
 

       85

3.3 Class-wise weighted FLDA motivated by Gaussian 
homoscedastic Bayes optimality 

 

Due to direct minimization of the Bayes error related criterion function, the optimal 

linear transformation obtained by the DBODLDRho method can result in a 

transformed subspace approximating the Bayes optimality when the given problem 

satisfies the Gaussian homoscedastic assumption. However, the numerical 

optimization methods tend to be very time-consuming. Moreover, the finally obtained 

optimal linear transformation is sensitive to initializations and learning parameter 

settings and thus may possibly gets stuck into inferior local optima. In contrast, the 

SMDLDR techniques can efficiently derive globally optimal solutions in the closed 

form. However, criterion functions of the SMDLDR techniques generally lack the link 

with the Bayes error. Consequently, the obtained optimal linear transformation may 

result in a transformed subspace significantly deviating from the Bayes optimality. As 

described in section 2.3, the FLDA is an interaction of the BODLDR and SMDLDR 

techniques, which can yield the globally optimal solution in the closed form with 

respect to the Fisher criterion. As demonstrated in Theorem 2.2, the optimal linear 

transformation obtained by the FLDA can actually result in a transformed subspace 

achieving the Bayes optimality under certain conditions. However, the potential 

deficiencies of the conventional Fisher criterion, as analyzed in subsection 2.3.1.4, 

may destroy the link between the solutions of the FLDA and the Bayes error in general 

sense, e.g. when the dimension to be reduced to is below C-1. In this subsection, we 

propose two class-wise weighted Fisher criteria in the quotient and subtraction forms, 

respectively. The resulting class of DLDR techniques named class-wise weighted 

FLDA (CWFLDA) attempt to compensate the first three deficiencies associated with 

the conventional FLDA. 

 

3.3.1 Existing techniques 

 

Loog et al. [143], [144] reformulated the conventional Fisher criterion into a pairwise 

decomposition form and unveiled that the correspondingly obtained optimal linear 

transformation will prefer preserving the larger distances of the already well-separated 

class pairs (especially those involving the outlier classes) since they can contribute 
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more to the maximization of the Fisher criterion value, and neglect those neighboring 

class pairs that should indeed be much more separated in order to achieve better class 

discrimination. To address this problem, they introduced specific weighting factors 

into the pairwise between-class scatter matrix such that the contributions from 

individual class pairs to the maximization of the Fisher criterion rely on the two-class 

Bayes accuracies of those class pair instead of on the distances of those class pair. The 

resulting weighted pairwise Fisher criterion, also named Approximate Pairwise 

Accuracy Criterion (aPAC) [145], attempts to approximate the average pairwise two-

class Bayes accuracy over all class pairs in the transformed subspace. The FLDA 

technique based on the aPAC is called aPAC-FLDA. 

 

The weighted pairwise between-class scatter matrix BwS  and the aPAC ( )PaPACJ  are 

expressed by: 
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where ij
BwS  and ij

M∂  are the weighted between-class scatter matrix and the 

Mahalanobis distance for two classes iω  and jω , respectively. The weighting factor 

( )ij
Mijw ∂ , as a function of the Mahalanobis distance ij

M∂ , can be interpreted as the ratio 

of the two-class Bayes accuracy between classes iω  and jω  estimated under the 

Gaussian homoscedastic assumption with equal class prior probabilities in the original 

feature space, to the squared Mahalanobis distance between these two classes 

calculated in the original feature space, i.e. 
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Therefore, the adjacent class pairs with smaller Mahalanobis distances can receive 

larger weights than the distant class pairs with larger Mahalanobis distances. 

Maximizing the aPAC with respect to the linear transformation will lead to determine 

the eigenvalue decomposition of BwW SS 1− , which is equivalent to determining the 

eigenvalue decomposition of 2121~ −−= WBwWBw SSSS . By closely examining BwS~ , we can 

obtain:  
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It can be observed from Eq. (3.9) that in BwS~  the Euclidean distance metric associated 

with each pairwise scatter matrix ( )( )T~~~~
jiji mmmm −−  is replaced by the two-class 

Bayes accuracy of the corresponding class pair. 

 

Analogous to Eqs. (2.36) and (2.37), we can obtain: 
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Note that to make Eq. (3.10) equivalent to maximization of the average pairwise two-

class Bayes accuracy over all class pairs in the transformed subspace with respect to 

the transformation matrix subject to the orthonormal constraints, the weighting factors 

should be calculated in the ultimately transformed subspace instead of in the original 

feature space. However, such implementation will unfortunately prevent the 

acquirement of analytical solutions. Therefore, the aPAC implicitly assumes that 

pairwise two-class Bayes accuracies for all class pairs in the original feature space do 

not change after the linear transformation. Accordingly, the weighting factors 
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calculated in the original feature space can be used to approximate their values in the 

transformed subspace. Although this assumption can be seldom satisfied in practice, 

the encouraging empirical performance of the aPAC-FLDA has validated its practical 

effectiveness [143], [144]. Some alternative weighting factors, such as unit factor “1”, 

negative power of the pairwise Euclidean distance and the pairwise Kullback-Leibler 

distance, were suggested by Li et al. in [146], which however lack the link with the 

Bayes error. 

 

Lotlikar and Kothari [147] developed the Fractional-step Fisher Linear Discriminant 

Analysis (FS-FLDA) technique, which incrementally reduces the dimensionality of 

the feature space in fractional steps. The FS-FLDA uses the weighted pairwise Fisher 

criterion, in which the weighting factor of each class pair is defined as the negative 

power function of the Mahalanobis distance between the corresponding two classes. 

Accordingly, neighboring class pairs will be highlighted with large weights. This is 

opposite to the conventional Fisher criterion where faraway class pairs will dominate. 

Therefore, maximization of such weighted pairwise Fisher criterion may result in an 

optimal linear transformation that can lead to better separation of the originally 

neighboring class pairs in the transformed subspace. In the FS-FLDA, the training 

samples are gradually squeezed by a small amount along the direction of the Fisher 

discriminant vector corresponding to the smallest Fisher criterion value, i.e. the least 

discriminative direction. In each incremental step, the weighting factors as well as the 

weighted pairwise between-class scatter matrix will be re-computed in the current 

feature space. After the pre-specified r steps, the least discriminative direction is 

removed, which results in the reduction of the dimensionality by “1”. The 

dimensionality of the feature space is repeatedly reduced in the same manner until a 

pre-defined dimension is achieved.  

 

Compared with the aPAC-FLDA, the FS-FLDA is more time-consuming because of 

the iterative reduction. However, in each fractional step, the FS-FLDA can highlight 

the worst-separated class pairs in the current feature space, and then adjust the linear 

transformation to better separate those currently much confused class pairs. 

Consequently, it may reduce the mismatch between the class separablity in the original 
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feature space with that in the transformed subspace. Such mismatch problem is 

implicitly involved in the non-iterative aPAC-FLDA technique, in which the 

weighting factors computed in the original feature space are used as the surrogates of 

those calculated in the transformed subspace. However, since some well-separated 

class pairs in the original feature space may possibly overlap or even occlude after the 

linear transformation, the surrogates may wrongly estimate the actual weighting 

factors in the transformed subspace. The detailed implementation of the FS-FLDA can 

be referred to [147]. 

 

3.3.2 Proposed techniques 

 

The weighted pairwise between-class scatter matrix replaces the distance metric 

associated with each component pairwise scatter matrix by some special weighting 

factors such that the resulting weighted pairwise Fisher criterion can be somewhat 

related to the Bayes error. For example, the aPAC substitutes the distance metric 

associated with a class pair with the two-class Bayes accuracy of the corresponding 

two classes estimated under the Gaussian homoscedastic assumption with equal class 

prior probabilities. Different from the distance metric, the Bayes accuracy is bounded 

from above by a constant. Accordingly, if two well-separated class pairs both achieve 

the maximal Bayes accuracy but have the different between-class distances, they will 

be equivalently treated in the aPAC instead of biasing towards the class pair with 

larger between-class distance as in the conventional Fisher criterion. Consequently the 

class pairs with larger between-class distance will not dominate the eigenvalue 

decomposition. This can effectively suppress the influence from the outlier classes in 

the optimization process. However, the weighted pairwise Fisher criterion can merely 

compensate the first deficiency of the conventional Fisher criterion and leaves the 

remaining deficiencies unsolved. This fact motivates us to further improve the 

weighted pairwise Fisher criterion so as to compensate more deficiencies inherent in 

the conventional Fisher criterion. We therefore devise two class-wise weighted Fisher 

criteria in the quotient and subtraction forms respectively, which can tackle the first 

third deficiencies associated with the conventional Fisher criterion. Our newly 

proposed criteria are defined as follows. 
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Quotient class-wise weighted Fisher criterion:  

 

                                       ( ) ( )( )PSPPSPP BwWwcwFqJ T1Ttrace −
=                               (3.11) 

 

Subtraction class-wise weighted Fisher criterion:  
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For ( )PcwFsJ : ( ) ij
M

ij
M

j

i
i P

Pk ∂⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂−=

2

2
1ln , ( ) ij

M
ij
M

j

i
j P

Pk ∂⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∂+=

2

2
1ln ,  

( ) ( ) dte
PP
P

dte
PP

P
P

k

t

ji

ik
t

ji

jij
e ∫∫

∞+
−

∞−

−

+
+

+
=

2

2

1

2

22

22 ππ
 and ( )2

5.0
ij
E

ij
eB

ij
Pw

∂

−
=  

                                   

                                         ( )( )T
1

1 1
ji

C

i

C

ij
ji

B
ijjiBw wPP mmmmS −−=∑∑

−

= +=

                              (3.14) 

 

Here, BwS , B
ijw , WwS  and W

iw  denote weighted pairwise between-class scatter matrix, 

between-class weight, average weighted within-class scatter matrix and within-class 

weight, respectively. In our proposed criteria, a set of temporary between-class 

weights B
ijtw  is first computed in terms of the conventional average within-class 

scatter matrix WS . Then, the within-class weights W
iw  are calculated based on B

ijtw . 

Subsequently, the average weighted within-class scatter matrix WwS  is established. 

Finally, the between-class weights B
ijw  are computed in terms of WwS , which lead to 

the weighted pairwise between-class scatter matrix BwS . There exists a major 

distinction between ( )PcwFqJ  and ( )PcwFsJ . For ( )PcwFqJ , according to the 

simultaneous diagonalization scheme, the minimization is performed in two stages, in 

which the original feature space is first mapped into the WwS  whitened space and then 

the eigenvalue decomposition of 2121~ −−= WwBwWwBw SSSS  is determined. Accordingly, the 

distance metric associated with each component pairwise between-class scatter matrix 

in BwS~  is the Euclidean distance in the WwS  whitened space, which is equivalent to the 

Mahalanobis distance in the original feature space. This explains why in ( )PcwFqJ  the 

denominator of B
ijw  employs the squared Mahalanobis distance ( )2ij

M∂ . However, for 

( )PcwFsJ , the minimization is performed in a single stage, in which the eigenvalue 

decomposition of WwBw SS −  is determined. Accordingly, the distance metric 

associated with each component pairwise between-class scatter matrix in BwS  should 
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be the Euclidean distance in the original feature space. This accounts for why in 

( )PcwFsJ  the denominator of B
ijw  employs the squared Euclidean distance ( )2ij

E∂ .   

 

Attractive properties of the proposed two class-wise weighted Fisher criteria in Eqs. 

(3.11) and (3.12) are highlighted as follows.   

 

1. The quotient class-wise weighted Fisher criterion ( )PcwFqJ  generalizes ( )PaPACJ  

in two aspects: Firstly, under the Gaussian homoscedastic assumption, ( )PcwFqJ  

relaxes the assumption of equal class prior probabilities associated with ( )PaPACJ . 

Secondly, ( )PcwFqJ  introduces the within-class weight W
iw  to adjust the 

contribution from an individual class covariance matrix to the average within-class 

scatter matrix according to its confusability with the other classes. Therefore, the 

outlier classes with little confusability with the remaining classes will be assigned 

with the very small within-class weights, and accordingly their influences on the 

eigenvalue decomposition of the average within-class scatter matrix will be much 

suppressed. Consequently, the third deficiency associated with the conventional 

Fisher criterion can be compensated. Since the temporary between-class weight 
B
ijtw  can evaluate the confusability of classes iω  and jω , it is reasonable to use the 

summation of all temporary between-class weights involving a certain class to 

represent the confusability of such class with the other classes, which results in the 

definition of W
iw . Obviously, when the within-class weights for all classes take 

values “1” and all classes have the same prior probability, ( )PcwFqJ  comes down 

to ( )PaPACJ . 

 

2. Besides the conventional Fisher criterion formulated in the Raleigh quotient form, 

the Fisher criterion in the subtraction form was recently studied in [129]-[131] 

with the concept of maximum margin criterion. Since the quotient expression is no 

longer used, the undesirable amplification effect coming from the denominator 

naturally disappears. Therefore, the second deficiency associated with the 

conventional quotient Fisher criterion can be compensated. Our proposed 
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subtraction class-wise weighted Fisher criterion ( )PcwFsJ  aims at enhancing the 

conventional subtraction Fisher criterion by incorporating the weighted pairwise 

between-class scatter matrix and the average weighted within-class scatter matrix. 

One attractive property of ( )PcwFsJ  is that it can yield the optimal orthonormal 

linear transformation matrix due to the symmetric property of WwBw SS − . 

Consequently, the uncorrelated features can be extracted in the batch manner from 

the TS  whitened space. In contrast, since the equality WwBwT SSS +=  no longer 

holds true, simultaneous diagonalization of BwS  and WwS  cannot result in the 

diagonalized TS  any more. Therefore, the uncorrelated features cannot be 

extracted in the batch manner with respect to ( )PcwFqJ . 

 

As discussed in subsection 2.3.1.3, discriminant vectors subject to three different 

conjugated orthogonality constraints may facilitate the different subsequent tasks. 

Therefore, it is desirable to examine the effectiveness of the discriminant vectors 

extracted subject to the conjugated orthogonality to matrices I, TS  and WwS  with 

respect to the newly proposed class-wise weighted Fisher criteria, respectively. 

According to the way of extracting the discriminant vectors, there exist the batch and 

sequential manners, among which the sequential manner can be further dichotomized 

into the sequential forward extraction and sequential backward reduction. In the 

following, we present several CWFLDA techniques in terms of ( )PcwFqJ  and 

( )PcwFsJ , respectively.  

 

• ( )PcwFqJ  based CWFLDA techniques 

 

1. The CWFLDAq0 technique (batch) 

 

By substituting ( )PaPACJ  used in the aPAC-FLDA with ( )PcwFqJ , we obtain the 

CWFLDAq0 technique, in which a set of discriminant vectors subject to the 
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conjugated orthogonality to the matrix WwS  can be extracted in the batch manner 

to maximize ( )PcwFqJ  by determining the eigenvalue decomposition of BwWwSS 1− . 

 

2. The F-CWFLDAq0 technique (sequential backward reduction) 

 

The CWFLDAq0 inherits the class separability mismatch problem associated with 

the aPAC-FLDA since the between-class and within-class weights computed in the 

original feature space are directly used as the surrogates of those calculated in the 

transformed subspace in ( )PcwFqJ . The FS-FLDA provides a solution to relieve 

such problem by fractionally reducing the dimensionality of the feature space and 

re-evaluating the weights in each fraction step. However, as analyzed previously, 

the FS-FLDA can be very time-consuming since many fractional steps are required 

when reducing a single dimension. Moreover, the weighted pairwise Fisher 

criterion used in the FS-FLDA does not link with the Bayes error. To address these 

problems, we extend the CWFLDAq0 into the fractional CWFLDAq0 technique, 

named F-CWFLDAq0, in which the feature space dimensionality is reduced one by 

one and the between-class and within-class weights are re-calculated after each 

reduction step. In comparison with the FS-FLDA technique, the F-CWFLDAq0 

only needs one step to reduce a single dimension and thus saves the computational 

cost. Furthermore, the quotient class-wise weighted Fisher criterion used in the F-

CWFLDAq0 is somewhat related to the Bayes error. The F-CWFLDAq0 reduces the 

dimensionality of the feature space in the sequential backward manner. In each 

current feature space, a set of discriminant vectors subject to the conjugated 

orthogonality to the matrix WwS  are extracted in the batch manner to maximize the 

updated ( )PcwFqJ . It is worth noting that, in the sequential backward reduction, the 

set of discriminant vectors extracted to span a higher-dimensional transformed 

subspace may not contain the set of discriminant vectors extracted to span a lower-

dimensional transformed subspace. 

 

3. The CWFLDAq1 technique (sequential forward extraction) 
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By substituting ( )PFqJ  used in the FLDAq1 with ( )PcwFqJ , we obtain the 

CWFLDAq1 technique, in which the discriminant vectors subject to the conjugated 

orthogonality to the matrix I can be extracted in the sequential forward manner to 

maximize the quotient class-wise weighted Fisher criterion. It is worth noting that, 

in the sequential forward extraction, the set of discriminant vectors extracted to 

span a higher-dimensional transformed subspace must contain the set of 

discriminant vectors extracted to span a lower-dimensional transformed subspace. 

 

4. The CWFLDAq2 technique (sequential forward extraction) 

 

By substituting ( )PFqJ  used in the FLDAq2 with ( )PcwFqJ , we obtain the 

CWFLDAq2 technique, in which the discriminant vectors subject to the conjugated 

orthogonality to the matrix TS  can be extracted in the sequential forward manner 

to maximize the quotient class-wise weighted Fisher criterion, with the features in 

the transformed subspace uncorrelated to each other. The extracted discriminant 

vectors will be further normalized to whiten TS . 

 

5. The CWFLDAq3 technique (sequential forward extraction) 

 

By applying the QR decomposition to the optimal linear transformation matrix 

obtained by the CWFLDAq3, we obtain the CWFLDAq3 technique, in which a set 

of orthonormal discriminant vectors can be extracted based on the already 

extracted discriminant vectors by applying the CWFLDAq2. Such uncorrelated-to-

orthogonal transformation may possibly suppress noise [124].  

 

• ( )PcwFsJ  based CWFLDA techniques 

In general, maximization of ( )PcwFsJ  cannot result in an optimal linear 

transformation that simultaneously diagonalizes matrices BwS  and WwS  in the 

transformed subspace. If ( )PcwFsJ  is maximized with respect to the linear 

transformation matrix subject to the conjugated orthogonality to the matrix WwS , 
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( )PcwFsJ  will be equivalent to ( )PcwFqJ . Therefore, the constraint of the conjugated 

orthogonality to the matrix WwS  will not be considered in the context of ( )PcwFsJ . 

On the other hand, the symmetric property of WwBw SS −  can ensure the extracted 

discriminant vectors to be orthonormal to each other. This fact provides us an 

efficient way to extract the uncorrelated features in the batch manner. Specifically, 

the original feature space is mapped into the TS  whitened space, and thus the 

orthonormal discriminant vectors extracted with respect to the criterion ( )PcwFsJ  

in the TS  whitened space will keep TS  whitened. Therefore, uncorrelated features 

with the unitary variances can be obtained. To relieve the class separability 

mismatch problem, it is desirable to sequentially reduce the dimensionality of the 

feature space and re-calculate the between-class and within-class weights after 

reducing per dimension. Accordingly, we propose a group of fractional CWFLDA 

techniques based on ( )PcwFsJ  as follows. 

 

a. The F-CWFLDAs1 technique (sequential backward reduction) 

 

In the F-CWFLDAs1, the eigenvalue decomposition of WwBw SS −  is determined. 

By discarding the eigenvector with the smallest eigenvalue, the remaining 

eigenvectors constitute a linear transformation matrix. The feature space is mapped 

into a subspace by using this transformation matrix with the dimensionality 

reduced by “1”. In this new feature space, the between-class weights and within-

class weights are re-calculated, and then the eigenvalue decomposition of 
new
Ww

new
Bw SS −  based on the newly updated matrices new

BwS  and new
WwS  in terms of the re-

calculated weights is determined, followed by the dimensionality of the feature 

space being further reduced by “1” in the same manner. In this sequential 

backward reduction, the set of discriminant vectors extracted at each dimension is 

generally not nested. 

 

b. The F-CWFLDAs2 technique (sequential backward reduction) 
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In this technique, the original feature space is first mapped into the TS  whitened 

space by using the transformation matrix 21−
TS . Then the F-CWFLDAs2 is applied 

in the TS  whitened space with the extracted discriminant vectors at each reduced 

dimension being multiplied by the matrix 21−
TS  at the left-hand side. 

 

c. The F-CWFLDAs3 technique (sequential backward reduction) 

 

By applying the QR decomposition to the optimal linear transformation matrix 

obtained by applying the F-CWFLDAs2 at each reduced dimension, we obtain the 

F-CWFLDAs3 technique, in which a set of orthonormal discriminant vectors at 

each reduced dimension can be extracted in the batch manner based on those 

already extracted discriminant vectors by applying the F-CWFLDAs2 at the 

corresponding dimension.  

 

3.4 Gaussian heteroscedastic direct BODLDR  
 

The previously described DBODLDRho method was developed under the Gaussian 

homoscedastic assumption, which restricts its utility to handle heteroscedastic data. 

According to the Chernoff bound of the Bayes error between two classes iω  and jω  

that is analytically formulated in Eq. (2.15) under the Gaussian heteroscedastic 

assumption, the DBODLDRho can be extended into the heteroscedastic version. 

 

Under the Gaussian heteroscedastic assumption of class distributions, assume that the 

feature vectors belonging to two classes iω  and jω  in the original n-dimensional 

feature space are mapped into an m-dimensional subspace via the linear transformation 

matrix mn×∈RP  ( nm ≤ ). Then, the Chernoff bound ( )jiUC ,ˆ  of the Bayes error 

between classes iω  and jω  in the transformed subspace can be expressed by: 

 

                                   ( ) ( )ααα ij
C

jiC PPjiU ∂−−=
ˆ1 e,ˆ , 10 ≤≤α                                      (3.15)  
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where ( )αij
C∂̂  is the Chernoff distance between two classes iω  and jω  in the 

transformed subspace, with α  being a variable to be specified by users. Note that the 

special choice of α  equal to 0.5 can result in the Bhattacharyya distance and the 

corresponding Bhattacharyya bound. In the multi-class case, the upper bound of the 

Bayes error can be estimated by the union of the pairwise Chernoff bounds over all 

class pairs, which can serve as the criterion function to be optimized. Starting from a 

properly chosen initial linear transformation, numerical optimization methods can be 

applied to iteratively minimize such criterion function with respect to the linear 

transformation matrix. 

 

3.4.1 Existing technique 

 

Saon et al. [93] presented a Bhattacharyya linear dimensionality reduction (BLDR) 

method, in which the union of the pairwise Bhattacharyya bounds over all class pairs 

is used as the criterion function to be minimized. Starting from an FLDA solution, the 

optimal linear transformation matrix is iteratively derived by using the conjugate 

gradient decent scheme. The updating rule of the linear transformation matrix is 

expressed by: 

 

∑∑
−

= +=

∂−+=
1

1 1
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C
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BPP APP η                                                           (3.16) 
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where η , oldP  and newP  denote the learning step size, the transformation matrix before 

and after updating, respectively. 

 

3.4.2 Proposed technique 

 

According to Eq. (3.16), we propose a Gaussian heteroscedastic direct BODLDR 

(DBODLDRhe) method, in which the criterion function is defined as the union of the 

pairwise Chernoff bounds in the transformed subspace over all class pairs under the 

Gaussian heteroscedastic assumption and expressed by: 

                                 

                                 ( )∑ ∑
−

= +=

1

1 1
,ˆ

C

i

C

ij
C jiU  with ( )jiUC ,ˆ  defined by Eq. (3.15)               (3.17) 

 

The gradient descent scheme is applied to minimize this criterion function with respect 

to the linear transformation matrix mn×∈RP  ( nm ≤ ) subject to the orthonormal 

constraint with the following updating rule: 
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                    with ( )( )Tjijiij mmmmB −−=  and ( ) jiij SSS αα +−= 1                                                   

 

where η , α , oldP  and newP  denote the learning step size, the variable inherited from 

the Chernoff distance, the transformation matrix before and after updating, 

respectively. We hereby adopt ( )jii PPP +=α  and ( ) ( )jij PPP +=−α1  as suggested 

in the CLDA technique in order to fairly compare with the CLDA related techniques. 

Moreover, in our proposed DBODLDRhe method, the orthogonality constraint is 

imposed on the linear transformation matrix so as to avoid the degeneration of the 

linear transformation. Accordingly, the Gram-Schmidt orthogonalization scheme will 

be applied to the transformation matrix whenever it is updated. Similar to the 
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DBODLDRho, the discriminant vectors extracted by the DBODLDRhe method is 

subject to the conjugated orthogonality constraint to I. Furthermore, an optimal 

solution obtained by the CWCLDAq0 technique to be described later, after 

experiencing the Gram-Schmidt orthogonalization, will serve as the initial solution of 

our proposed DBODLDRhe method.  

 

3.5 Class-wise weighted CLDA motivated by Gaussian 
heteroscedastic Bayes optimality 

 

The CWFLDA techniques can efficiently derive globally optimal solutions in the 

closed form with respect to two newly proposed class-wise weighted Fisher criteria, 

which is motivated by Bayes optimality under the Gaussian homoscedastic 

assumption. However, it cannot well handle heteroscedastic data, which motivates us 

to consider their heteroscedastic extensions. The newly proposed CLDA technique 

provides a very archetype. 

 

In the CLDA, the Chernoff distance based directed distance matrix CD  can capture 

the discriminatory information present in the difference of both class means and class 

covariance matrices in a somewhat balanced manner. However, several deficiencies 

associated with the conventional Chernoff criterion, as discussed in subsection 2.3.2.4, 

prevent it achieving better performance. Among them, some deficiencies inherited 

from the Fisher criterion can be compensated by extending the CWFLDA techniques 

to the heteroscedastic versions. The numerical singularity and instability problems can 

be resolved via some regularization scheme. Moreover, the deficiency coming from 

the inequality PDPD CC
Tˆ ≠  with respect to the linear transformation matrix 

mn×∈RP  ( nm < ) is attempted to be relieved via the sequential backward reduction. 

In this section, we present a class of Class-wise Weighted CLDA (CWCLDA) 

techniques motivated by Gaussian heteroscedastic Bayes optimality, which can 

compensate several deficiencies inherent in the conventional Chernoff criterion. To 

our best knowledge, no existing literatures have addressed these issues. 
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Inspired by the FS-FLDA technique, we develop the Fraction-step CLDA (FS-CLDA) 

technique. Different from the FS-FLDA, the distance metric associated with each class 

pair in the FS-CLDA is proportional to Chernoff distance. Accordingly, we substitute 

the Euclidean distances used for constructing the weights in the weighted pairwise 

Fisher criterion of the FS-FLDA with the squared root of the Chernoff distance to 

establish the FS-CLDA technique. Other implementation steps remain same as those 

in the FS-FLDA. Besides the advantage of suppressing the class separability mismatch 

problem, the fractional reduction scheme may also somewhat relieve the problem 

coming from the inequality PDPD CC
Tˆ ≠  with mn×∈RP  ( nm < ) being the linear 

transformation matrix. Specifically, in the FS-CLDA, the original feature space is first 

mapped into the WS  whitened space, and then discriminant vectors can be extracted in 

fractional steps based on the eigenvalue decomposition of CD~  updated at each 

fractional step in the WS  whitened space. It has been verified in subsection 2.3.2.4 that 

the linear transformation matrix 'P  composed by all the eigenvectors of CD~  can 

satisfy the equality 'T' ~ˆ PDPD CC = . Therefore, intuitively, the transformation matrix 

composed of the first n-1 leading eigenvectors of CD~  corresponding to the n-1 largest 

eigenvalues should approximate such equality to the large extent. The theoretical 

study of the precision of such approximation is among our further plans. 

 

Under the Gaussian heteroscedastic assumption, we extend the class-wise weighted 

Fisher criteria in the quotient and subtraction forms to the quotient and subtraction 

class-wise weighted Chernoff criteria, respectively, which can compensate several 

CLDA deficiencies inherited from the FLDA technique. The newly proposed criteria 

are defined as follows. 

 

Quotient class-wise weighted Chernoff criteria:  

                                       ( ) ( )( )PSPPSPP CwWwcwCqJ T1Ttrace −
=                                (3.19) 

 

Subtraction class-wise weighted Chernoff criteria: 

                                            ( ) ( ) ( )WwCwcwCsJ SSP tracetrace −=                                (3.20) 
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Two key matrices WwS  and CwS  involved in the above criteria are calculated orderly as 

follows. 

( )ii SS Reg=  

( )jii PPP +=α  , ( ) ( )jij PPP +=−α1  

( ) jiij SSS αα +−= 1 , ( ) ( ) ( ) ( )
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For ( )PcwCsJ  : ( )( ) ( )( ) ( )ααα ij
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Here CwS , B
ijw , WwS  and W

iw  denote weighted pairwise directed distance matrix, 

between-class weight, average weighted within-class scatter matrix and within-class 

weight, respectively. Note that the matrix CwS  is differently defined in the quotient 

and subtraction criteria. Our newly proposed criteria have the following attractive 

properties. 

 

1. In the beginning, the singularity and numerical instability problems are checked 

for each individual covariance matrix iS . If some individual covariance matrices 

are singular, they will be regularized. In our work, if the matrix iS  has any 

eigenvalue smaller or equal to one millionth of ( )iStrace , it will be regularized by 

addition with an identity matrix multiplied with a constant equal to the one 

millionth of ( )iStrace . This step can eliminate the singularity problem while 

increasing the numerical stability. 

 

2. In the class-wise weighed Chernoff criteria, due to the extension of the between-

class scatter matrix to the directed distance matrix, the associated distance metric 

is correspondingly changed from the squared Mahalanobis distance to the scaled 

Chernoff distance. Under the Gaussian heteroscedastic assumption, the upper 

bound of the two-class Bayes error can be analytically formulated as the two-class 

Chernoff bound, which are used to calculate the between-class weights in the 

class-wise weighted Chernoff criteria. Consequently, the scaled Chernoff distance 

associated with each pairwise directed distance matrix is replaced by the two-class 

Chernoff bound of the corresponding two classes, which can significantly reduce 

the contributions from the excessively separated class pairs involving outlier 

classes to the estimate of the weighted pairwise directed distance matrix.  
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3. The introduction of the within-class weights can reduce the contributions from 

outlier classes to the estimate of the average within-class scatter matrix. The 

justifications have been given when describing the class-wise weighted Fisher 

criteria. 

 

4. In ( )PcwCqJ , the between-class weights should be calculated in the WwS  whitened 

space due to the two-stage maximization procedure. However, in ( )PcwCsJ , two 

matrices CwS  and WwS  generally cannot be simultaneously diagonalized. 

Therefore, the between-class weights should be calculated in the original feature 

space. Furthermore, the directed distance matrix can be formulated directly with 

no need of the whitening and anti-whitening procedure as described in subsection 

2.3.2.2.  Note that since the Chernoff distance is invariant to any invertible 

transformation, the between-class weights calculated in the WwS  whitened space 

equal those computed in the original feature space. 

 

Based on the newly proposed class-wise weighted Chernoff criteria in the quotient and 

subtraction forms, we can obtain a class of CWCLDA techniques, which extend the 

corresponding CWFLDA techniques with respect to the class-wise weighted Fisher 

criteria to their heteroscedastic versions. Specifically, the CWCLDAq0, F-CWCLDAq0, 

CWCLDAq1, CWCLDAq2 and CWCLDAq3 techniques are derived with respect to 

( )PcwCqJ  as the heteroscedastic extension of the CWFLDAq0, F-CWFLDAq0, 

CWFLDAq1, CWFLDAq2 and CWFLDAq3 techniques based on ( )PcwFqJ . The F-

CWCLDAs1, F-CWCLDAs2 and F-CWCLDAs3 techniques are derived with respect to 

( )PcwCsJ  as the heteroscedastic extension of the F-CWFCLDAs1, F-CWFLDAs2 and F-

CWFLDAs3 techniques based on ( )PcwFsJ . Here, we do not give unnecessary details 

about the proposed CWCLDA techniques since they can be easily implemented by 

substituting the class-wise weighted Fisher criteria and therein involved parameters 

with the class-wise weighted Chernoff criteria and the corresponding parameters while 

remaining same all the other implementation steps. 
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3.6 Experimental results 
 

In this section, we evaluate the performance of the proposed enhanced parametric 

BODLDR techniques in comparison with their archetypes 9  for multi-class 

classification problems. Note that some archetype techniques based on the Chernoff 

criterion were actually proposed by us for the first time. For convenience, we 

summarize all the 36 experimental techniques in Table 3.1, with their indices and 

names interchangeable in the following context. The previously existing techniques 

are marked by the superscript “*”. Our proposed 18 enhanced parametric BODLDR 

techniques are typeset in bold. 

 

Table 3.1: The 36 DLDR techniques involved in the experiments. Information is 
provided on technique index, technique name, dimensionality reduction manner, 
conjugated orthogonality constraint and technique provenance in this thesis. 

Technique 

index 

Technique 

Name 

Reduction 

Manner 

Conjugated 

Orthogonality 

Provenance

1 FLDA* batch WS  pp. 50 

2 aPAC-FLDA* batch WS  PP. 86 

3 CWFLDAq0 batch WwS  pp. 93 

4 FS-FLDA* sequential backward WS  pp. 88 

5 F-CWFLDAq0 sequential backward WwS  pp. 94 

6 ALDR* gradient descent WS  pp. 82 

7 DBODLDRho gradient descent I pp. 83 

8 FLDAq1
* sequential forward I pp. 60 

9 CWFLDAq1 sequential forward I pp. 95 

10 FLDAs1
* sequential backward I pp. 70 

11 F-CWFLDAs1 sequential backward I pp. 96 

12 FLDAq2
* sequential forward TS  pp. 61 

13 CWFLDAq2 sequential forward TS  pp. 95 

                                                 
9 The BLDR technique is omitted in our current experiments due to its similarity to the DBODLDRhe 
technique 
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14 FLDAs2 sequential backward TS  pp. 71 

15 F-CWFLDAs2 sequential backward TS  pp. 96 

16 FLDAq3
* sequential forward I pp. 61 

17 CWFLDAq3 sequential forward I pp. 95 

18 FLDAs3 sequential backward I pp. 71 

19 F-CWFLDAs3 sequential backward I pp. 97 

20 CLDA* batch WS  pp. 72 

21 CWCLDAq0 batch WwS  pp. 104 

22 FS-CLDA sequential backward WS  pp. 101 

23 F-CWCLDAq0 sequential backward WwS  pp. 104 

24 DBODLDRhe gradient descent I pp. 99 

25 CLDAq1 sequential forward I pp. 76 

26 CWCLDAq1 sequential forward I pp. 104 

27 CLDAs1 sequential backward I pp. 79 

28 F-CWCLDAs1 sequential backward I pp. 104 

29 CLDAq2 sequential forward TS  pp. 76 

30 CWCLDAq2 sequential forward TS  pp. 104 

31 CLDAs2 sequential backward TS  pp. 79 

32 F-CWCLDAs2 sequential backward TS  pp. 104 

33 CLDAq3 sequential forward I pp. 76 

34 CWCLDAq3 sequential forward I pp. 104 

35 CLDAs3 sequential backward I pp. 79 

36 F-CWCLDAs3 sequential backward I pp. 104 

 

3.6.1 Experimental setup 

 

To demonstrate the effectiveness of between-class and within-class weights in the 

proposed class-wise weighted Fisher and Chernoff criteria, we compare the 

performance of several quotient class-wise weighted Fisher or Chernoff criterion 

based DLDR techniques with that of their conventional counterparts over some 
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artificial datasets. Each of these artificial datasets consists of 30 classes including 2 

outlier classes subject to Gaussian homoscedastic and heteroscedastic distributions, 

respectively. For per artificial dataset, 3000 training samples and 1500 testing samples 

are generated 10 times according to the pre-specified class distributions to establish 10 

pairs of training and testing sets. With respect to each training and testing pair and for 

every possible m to reduce the dimension to, the DLDR is carried out on the training 

set. The resulting optimal linear transformation is applied to both the training and 

testing sets, followed by classification on the transformed testing set via the classifier 

constructed on the transformed training set. The misclassification rates of the 10 pairs 

are averaged to obtain the mean classification error at each reduced dimension m. In 

this experiment, we choose between LDC10 and QDC according to the type of the 

already known class distributions since they stay close to the Gaussian homoscedastic 

and heteroscedastic assumptions, respectively. 

 

To evaluate the performance of the proposed techniques to address real-world multi-

class problems, we apply the 18 enhanced BODLDR techniques and their 18 

archetypes on 10 multi-class datasets chosen from the UCI machine learning 

repository [78]. Note that two datasets named “Noiseiris” and “Noisewine” are created 

based on two UCI datasets “Iris” and “Wine”, respectively, by artificially adding an 

outlier class with 100 samples located remotely from the originally existing classes so 

as to contaminate the original datasets and increase the class number. The other 8 

datasets are: Vowel context, Glass identification, Ecoli, Image segmentation, Landsat 

satellite, Vehicle, Pendigits and Optdigits. Table 3.2 summarizes the statistics of these 

10 experimental datasets, which are normalized to [-1, 1] before use. 

 

Table 3.2: The 10 datasets used in our experiments. Information is provided on 
dataset index, dataset name, number of classes (C), feature space dimensionality 
(n), total number of samples (N) and dimensionality after applying the PCA (PC). 
 
 

                                                 
10 For some enhanced parametric BODLDR techniques with the extracted discriminant vectors subject 
to the conjugated orthogonality to the average (weighted) within-class scatter matrix, the LDC can be 
simplified to the nearest center classifier biased with class prior probabilities.  
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For these 10 UCI datasets, we use the 10-fold distribution-balanced stratified cross-

validation method [148] to obtain 10 pairs of training and testing sets. For each pair of 

training and testing sets and for every possible m to reduce the dimension to, the 

DLDR is carried out on the training set.  The resulting optimal linear transformation is 

applied to both training and testing sets, followed by classification on the transformed 

testing set via the classifier constructed on the transformed training set. The 

misclassification rates of the 10 pairs are averaged to obtain the mean classification 

error at each reduced dimension m. Note that to avoid the possible numerical 

singularity and instability, the PCA is performed on the training set before applying 

the DLDR, and the principal vectors with eigenvalues smaller than one millionth of 

the trace of the total scatter matrix are discarded. The linear transformation matrix 

composed of the remaining principal vectors is used to yield the transformed training 

and testing sets, on which the DLDR followed by classification is performed. In this 

experiment, three classifiers LDC, QDC and kNN (k=1) are used for classification 

since they are related to the empirical risk minimization to some extent. 

 

3.6.2 Experiments on artificial data 

 

Three artificial datasets with known class distributions subject to Gaussian 

homoscedastic or heteroscedastic assumption are generated as follows. 

Index Datasets C n N PC 

a Noiseiris 4 4 250 4 

b Noisewine 4 13 278 12 

c Vehicle 4 18 846 18 

d Glass 6 9 214 9 

e Landsat satellite 6 36 6435 36 

f Image segmentation 7 19 2310 14 

g Ecoli 8 7 336 6.9 

h Pendigits 10 16 10992 16 

i Optdigits 10 64 5620 62 

j Vowel 11 10 990 10 
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D1: 30 30D classes subject to Gaussian homoscedastic distributions. Prior probabilities 

are assumed to be equal for all classes. A set of 28 class mean vectors are generated 

according to the uniform distribution between -1 and 1 per dimension, and the 

remaining two class mean vectors are generated according to the uniform distribution 

between 100 and 150 per dimension. These two classes are regarded as outlier classes. 

All classes are assumed to have the same covariance matrices equal to I. A training set 

containing 3000 training samples with 100 samples per class and a testing set 

containing 1500 testing samples with 50 samples per class can be generated from this 

class distribution. We generate 10 pairs of training and testing sets for our 

experiments. 

 

D2: 30 30D classes subject to Gaussian heteroscedastic distributions. Prior 

probabilities are assumed to be equal for all classes. Class mean vectors are set same 

as those in D1. The 28 classes with mean vectors distributed between -1 and 1 per 

dimension are assumed to have the same covariance matrices equal to I, while the 

remaining two outlier classes are assumed to have the randomly generated covariance 

matrices with the maximum variance along each principle axe less than or equal to 50. 

A training set containing 3000 training samples with 100 samples per class and a 

testing set containing 1500 testing samples with 50 samples per class can be generated 

from this class distribution. We generate 10 pairs of training and testing sets for our 

experiments. 

 

D3: 30 30D classes subject to Gaussian heteroscedastic distributions. Prior 

probabilities are assumed to be equal for all classes. A set of 28 class mean vectors are 

generated according to the uniform distribution between -1 and 1 per dimension, and 

the remaining two class mean vectors are generated according to the uniform 

distribution between 100 and 150 per dimension. The 28 classes with mean vectors 

distributed between -1 and 1 per dimension are assumed to have the randomly 

generated covariance matrices with the maximum variance along each principle axe 

less than or equal to 4, while the remaining two outlier classes are assumed to have the 

randomly generated covariance matrices with the maximum variance along each 

principle axe less than or equal to 50.  A training set containing 3000 training samples 
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with 100 samples per class and a testing set containing 1500 testing samples with 50 

samples per class can be generated from this class distribution. We generate 10 pairs 

of training and testing sets for our experiments. 

 

To demonstrate the utility of between-class and within-class weights, we choose 

several representative CWFLDA and CWCLDA techniques, namely CWFLDAq0, F-

CWFLDAq0, CWCLDAq0 and F-CWCLDAq0, and compare their performance with the 

corresponding archetypes based on the conventional Fisher or Chernoff criterion, i.e. 

FLDA, aPAC-FLDA, FS-FLDA, CLDA and FS-CLDA. The experiments are 

conducted within two groups of DLDR techniques based on Fisher and Chernoff 

criteria, respectively. The performance of the Fisher criteria based techniques 

including FLDA, aPAC-FLDA, FS-FLDA, CWFLDAq0 and F-CWFLDAq0 are 

compared together in terms of the LDC classifier. On the other hand, we compare the 

performance of the Chernoff criteria based techniques including CLDA, FS-CLDA, 

CWCLDAq0 and F-CWCLDAq0 in terms of the QDC classifier. The experiments are 

carried out on three datasets D1 to D3 with the results shown in Figures 3.1 to 3.3. 

 

In the first experiment, we test the performance of the Fisher and Chernoff criteria 

based techniques on dataset D1 subject to Gaussian homoscedastic assumption. It is 

easy to verify that all techniques in comparison when combined with the QDC 

classifier will achieve the same classification performance as when combined with the 

LDC classifier since the Gaussian homoscedasticity is preserved at each dimension to 

reduce to, which degrades the QDC to LDC. Therefore, we can show the performance 

of both two groups of techniques in terms of the LDC classifier. Figures 3.1a and 3.1b 

illustrate the mean classification error versus the reduced dimension by using Fisher 

and Chernoff criteria based techniques followed by the LDC classifier, respectively.  

 

Some observations are outlined as follows. 

 

1. For Fisher criteria based techniques shown in Figure 3.1a, the aPAC-FLDA 

performs better than FLDA, especially when the dimension is gradually reduced. 

This fact verifies the utility of the weighted pairwise between-class scatter matrix 
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used in the aPAC to suppress the influence from outlier classes. The proposed 

CWFLDAq0 demonstrates the similar performance as the aPAC-FLDA, which 

indicates the fact that the CWFLDAq0 can be regarded as the generalization of the 

aPAC-FLDA. The FS-FLDA demonstrates better or competitive performance at 

each reduced dimension in comparison with other techniques. However, the 

fractional reduction steps involved in the FS-FLDA make it expense the highest 

computational cost. In comparison with the CWFLDAq0, the F-CWFLDAq0 

achieves the similar performance in most reduced dimensions while performing 

better at some lower dimensions, which is attributed to the stepwise reduction of 

the dimensionality. 

 

2. For Chernoff criteria based techniques shown in Figure 3.1b, the CWCLDAq0 

performs better than CLDA when the dimension is gradually reduced, which 

verifies the utility of the class-wise weighted Chernoff criterion to suppress the 

influence from outlier classes. The FS-CLDA demonstrates better or competitive 

performance at each reduced dimension in comparison with the CLDA, which 

verify the utility of the fractional reduction steps to suppress the outlier influence. 

In comparison with the CWCLDAq0, the F-CWCLDAq0 achieves the similar 

performance in most reduced dimensions while performing better at some lower 

dimensions, which is attributed to the stepwise reduction of the dimensionality. It 

is worth noting that the FS-CLDA does not demonstrate better performance than 

the F-CWCLDAq0 in many lower dimensions, which may be attributed to the fact 

that the FS-CLDA put much emphasis on some excessively overlapped classes 

regardless of the Bayes accuracy between them. Consequently, the resulting 

discriminant vectors biasing towards preserving some nearly inseparable classes 

may possibly lead to worse overall class separation in the transformed subspace. 

 

In the second experiment, the performance test is carried out on dataset D2. In 

contrast to D1, D2 retains the positions of all class mean vectors in D1 and the 

identity covariance matrix of the 28 ordinary classes in D1, while making the two 

outlier classes to have randomly generated covariance matrices with the maximum  
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Figure 3.1a 

 
Figure 3.1b 

Figure 3.1: (a) The mean classification error versus the reduced dimension by 
using Fisher criteria based techniques followed by the LDC classifier on D1. (b) 
The mean classification error versus the reduced dimension by using Chernoff 
criteria based techniques followed by the LDC classifier on D1. 
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variance along each principle axe less than or equal to 50. With the existence of outlier 

classes having largely deviated covariance matrices, dataset D2 is used to demonstrate 

the effectiveness of the average weighted within-class scatter matrix used in the class-

wise weighted Fisher and Chernoff criteria. We show the performance of the group of 

Fisher criteria based techniques and the group of Chernoff criteria based techniques in 

terms of LDC and QDC classifiers, respectively. Figures 3.2a and 3.2b illustrate the 

mean classification error versus the reduced dimension by using Fisher criteria based 

techniques followed by the LDC classifier and by using Chernoff criteria based 

techniques followed by the QDC classifier, respectively.  

 

Some observations are described as follows: 

 

1. For Fisher criteria based techniques shown in Figure 3.2a, the aPAC-FLDA still 

outperforms the FLDA when the dimension is gradually reduced. However, it 

performs worse at many reduced dimensions than the proposed CWFLDAq0. 

Since the only distinction between D1 and D2 is the covariance matrices of the two 

outlier classes, the performance difference between CWFLDAq0 and aPAC-FLDA 

can be attributed to the use of average weighted within-class scatter matrix. By 

incorporating such scatter matrix, the CWFLDAq0 can suppress undesirable 

contributions from outlier classes with largely deviating covariance matrices to 

the estimate of the assumed homoscedastic covariance matrix, i.e. the average 

within-class scatter matrix, and therefore result in better classification 

performance. The F-CWFLDAq0 achieves the similar performance to the 

CWFLDAq0 in most reduced dimensions while performing better at some lower 

dimensions, which is attributed to the stepwise reduction of the dimensionality. 

The FS-FLDA again outperforms the FLDA but performs worse than CWFLDAq0 

and F-CWFLDAq0 at most reduced dimensions due to the influence from the 

outlier classes to the estimate of the average within-class scatter matrix. 

 

2. For Chernoff criteria based techniques shown in Figure 3.2b, the CWCLDAq0 

outperforms the CLDA when the dimension is gradually reduced. In contrast, the  
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Figure 3.2a 

 
Figure 3.2b 

Figure 3.2: (a) The mean classification error versus the reduced dimension by 
using Fisher criteria based techniques followed by the LDC classifier on D2. (b) 
The mean classification error versus the reduced dimension by using Chernoff 
criteria based techniques followed by the QDC classifier on D2. 
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F-CWCLDAq0 achieves the similar performance at most reduced dimensions while 

performing better at some lower dimensions, which is attributed to the stepwise 

reduction of the dimensionality. The FS-CLDA demonstrates better or competitive 

performance at each reduced dimension in comparison with the CLDA, but 

performs worse than both CWCLDAq0 and F-CWCLDAq0 at many reduced 

dimensions. 

 
In the third experiment, the performance of the Fisher and Chernoff criteria based 

techniques is evaluated on dataset D3, in which all classes have different covariance 

matrices, with the two outlier classes having largely deviated covariance matrices. 

Relative to D1 and D2, dataset D3 may stay more closely to the real-world problem. 

We show the performance of the group of Fisher criteria based techniques and the 

group of Chernoff criteria based techniques in terms of the LDC and QDC classifiers, 

respectively. Figures 3.3a to 3.3b illustrate the mean classification error versus the 

reduced dimension by using Fisher criteria based techniques coupled with the LDC 

classifier and by using Chernoff criteria based techniques coupled with the QDC 

classifier, respectively.  

 

Some observations are described as follows: 

 

1. For Fisher criteria based techniques shown in Figure 3.3a, the aPAC-FLDA 

outperforms the FLDA when the dimension is gradually reduced. The FS-FLDA 

demonstrates better performance than the aPAC-FLDA at many reduced 

dimensions. Both CWFLDAq0 and F-CWFLDAq0 outperforms FLDA, aPAC-

FLDA and FS-FLDA. Among them, the F-CWFLDAq0 achieves the similar 

performance to the CWFLDAq0 in most reduced dimensions while performing 

better at some lower dimensions.  

 

2. For Chernoff criteria based techniques shown in Figure 3.3b, the CWCLDAq0 

outperforms the CLDA while performing similarly in comparison with the FS-

CLDA. The F-CWCLDAq0 achieves the better performance in comparison with 

both CWCLDAq0 and FS-CLDA at most reduced dimensions. 
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Figure 3.3a 

 
Figure 3.3b 

Figure 3.3:  (a) The mean classification error versus the reduced dimension by 
using Fisher criteria based techniques followed by the LDC classifier on D3. (b) 
The mean classification error versus the reduced dimension by using Chernoff 
criteria based techniques followed by the QDC classifier on D3. 
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In summary, we demonstrate the effectiveness of the weighted pairwise between-class 

scatter matrix for suppressing the undesirable influences from the class pairs involving 

outlier classes to the eigenvalue decomposition of the estimated between-class scatter 

matrix on D2. The effectiveness of the average weighted within-class scatter matrix for 

suppressing the undesirable contributions from outlier classes having largely deviating 

covariance matrices to the estimate of the assumed homoscedastic covariance matrix 

(i.e. the average within-class scatter matrix) is verified on D2. The advantage of the 

quotient class-wise weighted Fisher or Chernoff criterion based DLDR techniques in 

comparison with their conventional counterparts are further demonstrated on a more 

general dataset D3. 

 

3.6.3 Experiments on UCI data 

 
We apply the proposed 18 enhanced BODLDR techniques as well as their 18 

archetypes on 10 multi-class datasets described in Table 3.2 to evaluate the 

performance of our proposed techniques in comparison with their archetypes to 

address real-world multi-class problems. 

 

To comprehensively evaluate the performance of a DLDR technique, we take into 

account both the minimum and average mean classification errors over all possible 

dimensions that can be reduced to. Intuitively, a good DLDR technique should show 

its superiority in both the overall and average performance. Moreover, the 

performance of a DLDR technique is generally data-dependent. Therefore, it is 

irrational to claim the superiority of one DLDR technique over the others only because 

it beats other competitors on a single dataset. In our experiments, we employ the 

Wilcoxon signed rank test [81] to calculate the relative performance indices of each 

experimental DLDR technique with respect to the optimal one on per dataset, and then 

average the relative performance indices over all the experimental datasets to give the 

final evaluation. Three relative performance indices devised for this purpose are 

described as follows. 

 

1. Relative Best Performance Index (RBPI) 

 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3: Enhanced Parametric BODLDR Techniques for Multi-class Problems 
 

       118

Assume a group of DLDR techniques followed by a certain classifier are applied on 

a specific dataset. For every group member, the mean classification error at each 

possible dimension that can be reduced to is calculated, and accordingly the 

minimum mean classification error and the corresponding optimal dimension11 over 

all possible dimensions can be determined. Among all group members, the one with 

the smallest minimum mean classification error is chosen as the optimal DLDR 

technique. We compare the set of classification errors on the 10 cross-validation 

pairs at the optimal dimension obtained by each DLDR technique with that obtained 

by the optimal DLDR technique via the Wilcoxon signed rank test with the resulting 

probability value indicating the probability that the null hypothesis i.e. median 

difference of two samples under test is zero, is true. Therefore, each DLDR 

technique can be assigned with a probability value, named RBPI, to indicate its 

performance relative to that of the optimal DLDR technique on a specific dataset. 

The RBPI for the optimal DLDR technique will equal “1”. Since the RBPI 

implicitly normalizes the performance of all the experimental DLDR techniques on 

a specific dataset, for each DLDR technique, its average RBPI over all the 

experimental datasets can reflect its relative ranking from the perspective of the best 

performance. 

 

2. Relative Average Performance Index (RAPI) 

 

Assume a group of DLDR techniques followed by a certain classifier are applied on 

a specific dataset. For every group member, the mean classification error at each 

possible dimension that can be reduced to is calculated. At each reduced dimension, 

we calculate the mean classification errors obtained by all the experimental DLDR 

techniques, and determine the optimal DLDR technique with the minimum mean 

classification error at that dimension. We compare the set of classification errors on 

the 10 cross-validation pairs at such dimension obtained by each DLDR technique 

with that obtained by the optimal DLDR technique via the Wilcoxon signed rank 

test, with the resulting probability value denoting the performance of each DLDR 

technique relative to the optimal one at that dimension. For each DLDR technique, 
                                                 
11 If the minimum mean classification error can be equally achieved at several dimensions, the lowest 
dimension is chosen as the optimal dimension. 
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the probability values calculated at all possible dimensions on a specific dataset are 

averaged to define the RAPI, which reflect the average dimensionality reduction 

performance of a DLDR technique relative to the optimal one. For each DLDR 

technique, its average RAPI over all the experimental datasets can reflect its relative 

ranking from the perspective of the average performance. 

 

3. Relative Overall Performance Index (ROPI) 

 

For a DLDR technique, the average of its RBPI and RAPI on a specific dataset can 

yield another relative performance measure, called ROPI, which indicate the overall 

relative performance of such DLDR technique on this dataset. For each DLDR 

technique, its average RAPI over all the experimental datasets can reflect its relative 

ranking from the perspective of the overall performance. 

 

In our experiments, for the enhanced parametric BODLDR techniques under the 

Gaussian homoscedastic assumption, the possible dimensions that can be reduced to 

are specified from 1 to C-1. For those under the Gaussian heteroscedastic assumption, 

the possible dimensions that can be reduced to are specified from 1 to PC. It is worth 

noting that although some FLDA variants, such as those with uncorrelated 

transformed features, those with orthogonal discriminant vectors and those with the 

subtraction criterion function, may extract more than C-1 features. However, C-1 is 

the smallest number requirement for the extracted discriminant vectors to result in a 

transformed subspace achieving the Bayes optimality under the Gaussian 

homoscedastic assumption. Therefore, our current analysis is restricted to such 

specification. Since the possibly reduced dimensions are distinctly specified for the 

two categories of DLDR techniques under the Gaussian homoscedastic and 

heteroscedastic assumptions, respectively, it would be reasonable to separately 

calculate the RAPI in each category. Consequently, among the three relative 

performance measures defined above, the RBPI is used to evaluate the relative best 

performance over all the DLDR techniques coming from both categories, while the 

RAPI and ROPI are used to evaluate the relative average and overall performance for 

the DLDR techniques in each category.  
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Some experimental DLDR techniques involve parameters to be specified. According 

to the preliminary experimental trials, the learning step size and maximum number of 

generations in the ALDR, DBODLDRho and DBODLDRhe techniques are set as 0.01 

and 500, respectively. For the FS-FLDA and FS-CLDA techniques, the power of the 

weighting function is set as “-8”, as suggested in [147].  

 

Tables 3.3 to 3.5 show that, by respectively using the LDC, QDC and kNN classifiers, 

the minimum mean classification error and the corresponding reduced dimension 

attained by applying each of the 36 DLDR techniques on per dataset. Note that, in our 

current experiments, although no direct ways are given to automatically determine an 

optimal dimension to reduce to, the obtained minimum mean classification error can 

give an indication of the optimally attainable performance and thus can be used to 

compare different techniques. For each dataset, the optimal DLDR technique with the 

overall smallest minimum mean classification error 12  among all the experimental 

techniques is typeset in bold. The mean classification errors in the original feature 

space without applying any DLDR techniques are also reported in Tables 3.3 to 3.5. 

 

Table 3.3: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by 36 experimental techniques as well 
as the mean classification error obtained in the original feature space (org) with 
respect to the LDC classifier. Note that each row denotes a specific experimental 
technique with its technique index indicated in Table 3.1, and each column 
represents a specific dataset with its dataset index indicated in Table 3.2. 

 a b c d e f g h i j 
0.1200 0.0431 0.2103 0.3686 0.1593 0.0823 0.1245 0.1237 0.0468 0.3788 1 (2) (3) (3) (5) (5) (6) (6) (9) (9) (6) 
0.1240 0.0431 0.2103 0.3543 0.1593 0.0823 0.1245 0.1237 0.0468 0.3828 2 (3) (3) (3) (2) (5) (6) (6) (9) (9) (5) 
0.0120 0.0108 0.2115 0.3455 0.1490 0.0775 0.1307 0.1222 0.0443 0.3798 3 (2) (3) (3) (5) (5) (4) (4) (9) (9) (5) 
0.1200 0.0431 0.2103 0.3595 0.1593 0.0823 0.1276 0.1237 0.0459 0.3818 4 (1) (2) (3) (3) (5) (5) (5) (9) (7) (8) 
0.0120 0.0071 0.2126 0.3455 0.1490 0.0779 0.1307 0.1222 0.0443 0.3798 5 (2) (3) (3) (5) (5) (4) (4) (9) (9) (5) 
0.1160 0.0503 0.2233 0.3777 0.1649 0.0879 0.1306 0.1295 0.0562 0.3798 6 (3) (2) (3) (4) (5) (6) (6) (9) (8) (6) 

7 0.1200 0.0505 0.2174 0.3548 0.1591 0.0848 0.1275 0.1227 0.0452 0.3838 

                                                 
12 When several techniques reach the overall smallest minimum mean classification error, the 
corresponding reduced dimensions are compared. The optimal technique should achieve the overall 
smallest minimum mean classification error at the smallest dimension. When the dimensions are same 
again, standard deviations of the classification error are compared. The optimal technique should have 
the smallest standard deviation. 
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(2) (3) (3) (3) (5) (6) (4) (9) (9) (5) 
0.1200 0.2488 0.2482 0.4058 0.2353 0.1199 0.1458 0.1367 0.1189 0.3727 8 (2) (2) (3) (4) (5) (6) (6) (9) (9) (7) 
0.0520 0.1079 0.2435 0.3870 0.1843 0.1091 0.1365 0.1348 0.0975 0.3768 9 (2) (3) (2) (5) (5) (6) (6) (9) (9) (6) 
0.1160 0.0505 0.2565 0.4108 0.1796 0.1147 0.1486 0.1413 0.0633 0.3657 10 (3) (3) (3) (5) (3) (4) (6) (9) (9) (8) 
0.0920 0.0648 0.2741 0.3732 0.2744 0.1130 0.1427 0.1500 0.1635 0.3687 11 (2) (3) (3) (3) (2) (4) (6) (9) (9) (9) 
0.1200 0.0431 0.2103 0.3686 0.1593 0.0823 0.1245 0.1237 0.0468 0.3788 12 (2) (3) (3) (5) (5) (6) (6) (9) (9) (6) 
0.0480 0.0754 0.2162 0.3498 0.1573 0.0840 0.1245 0.1218 0.0452 0.3808 13 (2) (3) (3) (3) (5) (6) (6) (9) (9) (5) 
0.1200 0.0431 0.2103 0.3686 0.1593 0.0823 0.1245 0.1237 0.0468 0.3788 14 (2) (3) (3) (5) (5) (6) (6) (9) (9) (6) 
0.1240 0.0358 0.2576 0.3831 0.1664 0.0874 0.1335 0.1235 0.0459 0.3727 15 (1) (2) (2) (4) (3) (5) (6) (8) (9) (4) 
0.1200 0.0431 0.2103 0.3686 0.1593 0.0823 0.1245 0.1237 0.0468 0.3788 16 (2) (3) (3) (5) (5) (6) (6) (9) (9) (6) 
0.0480 0.0754 0.2162 0.3498 0.1573 0.0840 0.1245 0.1218 0.0452 0.3808 17 (2) (3) (3) (3) (5) (6) (6) (9) (9) (5) 
0.1200 0.0431 0.2103 0.3686 0.1593 0.0823 0.1245 0.1237 0.0468 0.3788 18 (2) (3) (3) (5) (5) (6) (6) (9) (9) (6) 
0.1240 0.0358 0.2576 0.3831 0.1664 0.0874 0.1335 0.1235 0.0459 0.3727 19 (1) (2) (2) (4) (3) (5) (6) (8) (9) (4) 
0.1200 0.0396 0.2032 0.3550 0.1568 0.0823 0.1575 0.1237 0.0429 0.3788 20 (2) (10) (10) (6) (23) (14) (6) (16) (40) (6) 
0.0080 0.0108 0.2056 0.3498 0.1520 0.0818 0.1277 0.1204 0.0411 0.3727 21 (3) (3) (12) (8) (35) (14) (6) (16) (30) (5) 
0.1200 0.0253 0.2103 0.3680 0.1591 0.0823 0.1306 0.1237 0.0463 0.3788 22 (3) (2) (18) (7) (35) (14) (6) (16) (59) (8) 
0.0080 0.0108 0.2055 0.3498 0.1512 0.0805 0.1248 0.1204 0.0415 0.3758 23 (4) (4) (13) (8) (19) (13) (6) (16) (32) (5) 
0.0520 0.0431 0.2103 0.3634 0.1573 0.0823 0.1276 0.1235 0.0415 0.3646 24 (1) (12) (18) (5) (16) (13) (6) (15) (28) (6) 
0.1240 0.0431 0.2103 0.3686 0.1591 0.0823 0.1603 0.1237 0.0429 0.3747 25 (2) (12) 1(7) (9) (25) (14) (6) (16) (36) (4) 
0.1240 0.0360 0.2103 0.3684 0.1584 0.0823 0.1665 0.1237 0.0422 0.3646 26 (4) (11) (18) (6) (32) (14) (6) (16) (38) (4) 
0.1160 0.0397 0.2103 0.3686 0.1588 0.0823 0.1545 0.1237 0.0468 0.3778 27 (3) (7) (18) (9) (34) (14) (6) (16) (62) (5) 
0.1200 0.0360 0.2103 0.3498 0.1593 0.0823 0.1845 0.1101 0.0463 0.3646 28 (3) (7) (18) (5) (36) (14) (6) (14) (61) (6) 
0.1120 0.0431 0.2080 0.3593 0.1571 0.0823 0.1577 0.1237 0.0425 0.3818 29 (2) (6) (10) (8) (21) (14) (6) (16) (28) (3) 
0.1160 0.0393 0.2091 0.3403 0.1577 0.0823 0.1574 0.1237 0.0420 0.3707 30 (2) (9) (16) (5) (27) (13) (6) (16) (41) (6) 
0.1120 0.0288 0.2080 0.3550 0.1574 0.0823 0.1364 0.1237 0.0420 0.3828 31 (2) (4) (9) (6) 1(7) (14) (6) (16) (32) (7) 
0.0280 0.0396 0.2103 0.3500 0.1582 0.0823 0.1365 0.1224 0.0457 0.3707 32 (1) (9) (18) (6) (26) (14) (6) (9) (51) (4) 
0.1120 0.0431 0.2080 0.3593 0.1571 0.0823 0.1577 0.1237 0.0425 0.3818 33 (2) (6) (10) (8) (21) (14) (6) (16) (28) (3) 
0.1160 0.0396 0.2091 0.3403 0.1577 0.0823 0.1603 0.1237 0.0420 0.3707 34 (2) (10) (16) (5) (27) (13) (6) (16) (41) (6) 
0.1120 0.0288 0.2080 0.3550 0.1574 0.0823 0.1364 0.1237 0.0420 0.3828 35 (2) (4) (9) (6) 1(7) (14) (6) (16) (32) (7) 
0.0280 0.0360 0.2103 0.3500 0.1582 0.0823 0.1365 0.1224 0.0457 0.3707 36 (1) (9) (18) (6) (26) (14) (6) (9) (51) (4) 
0.1240 0.0396 0.2103 0.3686 0.1593 0.0823 0.1306 0.1237 0.0468 0.3919 org (4) (12) (18) (9) (36) (14) (6.9) (16) (62) (10) 
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Table 3.4: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by 36 experimental techniques as well 
as the mean classification error obtained in the original feature space (org) with 
respect to the QDC classifier. Note that each row denotes a specific experimental 
technique with its technique index indicated in Table 3.1, and each column 
represents a specific dataset with its dataset index indicated in Table 3.2. 

 a b c d e f g h i j 
0.1160 0.0396 0.2020 0.4338 0.1388 0.0788 0.1514 0.0472 0.0304 0.0970 1 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.1160 0.0396 0.2020 0.3918 0.1380 0.0792 0.1365 0.0472 0.0304 0.0970 2 (2) (3) (3) (2) (4) (4) (5) (9) (9) (10) 
0.0120 0.0108 0.2020 0.3870 0.1355 0.0684 0.1395 0.0461 0.0290 0.0970 3 (2) (3) (3) (2) (5) (6) (5) (9) (9) (10) 
0.1160 0.0396 0.2020 0.3879 0.1388 0.0797 0.1366 0.0472 0.0304 0.0970 4 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.0160 0.0071 0.2020 0.3870 0.1357 0.0675 0.1395 0.0461 0.0290 0.0970 5 (2) (3) (3) (2) (5) (6) (5) (9) (9) (10) 
0.0440 0.0398 0.2233 0.4104 0.1448 0.0658 0.1456 0.0480 0.0440 0.0970 6 (3) (3) (3) (2) (4) (5) (5) (9) (7) (10) 
0.0240 0.0183 0.2056 0.3868 0.1360 0.0697 0.1334 0.0464 0.0290 0.0970 7 (3) (3) (3) (2) (4) (6) (4) (9) (9) (10) 
0.1200 0.2020 0.2423 0.4203 0.2054 0.1147 0.1602 0.0586 0.1098 0.0970 8 (3) (2) (3) (2) (4) (5) (6) (9) (9) (10) 
0.0160 0.0251 0.2352 0.3976 0.1607 0.0671 0.1457 0.0587 0.0849 0.0970 9 (2) (3) (3) (5) (5) (6) (5) (9) (9) (10) 
0.0320 0.0327 0.2588 0.4069 0.1520 0.0745 0.1425 0.0519 0.0459 0.0970 10 (3) (3) (2) (4) (4) (6) (5) (9) (7) (10) 
0.0720 0.0544 0.2647 0.4024 0.2404 0.0697 0.1456 0.0700 0.1262 0.0970 11 (2) (3) (3) (5) (5) (6) (5) (9) (9) (10) 
0.1160 0.0396 0.2020 0.4338 0.1388 0.0788 0.1514 0.0472 0.0304 0.0970 12 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.0120 0.0399 0.2020 0.3693 0.1352 0.0714 0.1365 0.0460 0.0290 0.0970 13 (2) (2) (3) (3) (5) (6) (5) (9) (9) (10) 
0.1160 0.0396 0.2020 0.4338 0.1388 0.0788 0.1514 0.0472 0.0304 0.0970 14 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.0240 0.0180 0.2516 0.4208 0.1414 0.0714 0.1483 0.0439 0.0278 0.0970 15 (3) (3) (3) (1) (3) (4) (6) (9) (9) (10) 
0.1160 0.0396 0.2020 0.4338 0.1388 0.0788 0.1485 0.0472 0.0304 0.0970 16 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.0120 0.0399 0.2020 0.3693 0.1352 0.0714 0.1365 0.0460 0.0290 0.0970 17 (2) (2) (3) (3) (5) (6) (6) (9) (9) (10) 
0.1160 0.0396 0.2020 0.4338 0.1388 0.0788 0.1485 0.0472 0.0304 0.0970 18 (3) (3) (3) (2) (5) (4) (5) (9) (9) (10) 
0.0240 0.0180 0.2516 0.4208 0.1414 0.0714 0.1424 0.0439 0.0278 0.0970 19 (3) (3) (3) (1) (3) (4) (6) (9) (9) (10) 
0.0120 0.0071 0.1288 0.4024 0.1395 0.0805 0.1991 0.0170 0.0358 0.0970 20 (4) (10) (15) (9) (25) (7) (6) (16) (56) (10) 
0.0080 0.0036 0.1276 0.4017 0.1391 0.0688 0.1693 0.0170 0.0361 0.0970 21 (3) (5) (12) (8) (25) (5) (5) (16) (41) (10) 
0.0120 0.0071 0.1371 0.4024 0.1394 0.1056 0.1457 0.0170 0.0297 0.0970 22 (4) (12) (15) (9) (34) (13) (5) (16) (34) (10) 
0.0080 0.0036 0.1276 0.4017 0.1383 0.0857 0.1693 0.0170 0.0358 0.0970 23 (3) (7) (14) (8) (27) (4) (5) (16) (52) (10) 
0.0120 0.0036 0.1311 0.3976 0.1385 0.0658 0.1809 0.0170 0.0324 0.0970 24 (2) (9) (13) (9) (3) (3) (5) (16) (7) (10) 
0.0120 0.0071 0.1418 0.3976 0.1368 0.0961 0.2020 0.0170 0.0324 0.0970 25 (4) (12) (18) (9) (10) (8) (6) (16) 60) (10) 
0.0120 0 0.1418 0.3929 0.1354 0.0792 0.1723 0.0170 0.0326 0.0970 26 (4) (8) (18) (8) (15) (6) (6) (16) (62) (10) 
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0.0120 0.0071 0.1418 0.3976 0.1397 0.0740 0.1931 0.0170 0.0315 0.0970 27 (4) (12) (18) (9) (36) (6) (6) (16) (56) (10) 
0.0120 0.0071 0.1418 0.3790 0.1397 0.0623 0.1722 0.0170 0.0317 0.0970 28 (4) (8) (18) (8) (36) (4) (6) (16) (55) (10) 
0.0120 0.0036 0.1311 0.4024 0.1392 0.0701 0.1990 0.0169 0.0352 0.0970 29 (4) (9) (12) (9) (26) (7) (6) (16) (52) (10) 
0.0120 0 0.1253 0.3972 0.1382 0.0658 0.1693 0.0169 0.0349 0.0970 30 (3) (11) (14) (8) (3) (7) (5) (16) (53) (10) 
0.0120 0 0.1311 0.4017 0.1392 0.0814 0.1990 0.0169 0.0363 0.0970 31 (3) (7) (15) (8) (26) (5) (6) (16) (53) (10) 
0.0120 0.0036 0.1418 0.3981 0.1397 0.0736 0.1662 0.0169 0.0372 0.0970 32 (4) (10) (18) (8) (36) (10) (6) (16) (62) (10) 
0.0120 0.0036 0.1311 0.3976 0.1392 0.0701 0.1990 0.0170 0.0324 0.0970 33 (4) (9) (12) (9) (26) (7) (6) (16) (61) (10) 
0.0120 0 0.1253 0.3972 0.1382 0.0658 0.1722 0.0170 0.0326 0.0970 34 (3) (6) (14) (8) (3) (7) (5) (16) (61) (10) 
0.0120 0.0036 0.1311 0.3976 0.1392 0.0814 0.2170 0.0170 0.0326 0.0970 35 (3) (7) (15) (9) (26) (5) (6) (16) (61) (10) 
0.0120 0.0036 0.1418 0.3935 0.1397 0.0688 0.1484 0.0170 0.0326 0.0970 36 (4) (11) (18) (8) (36) (12) (6) (16) (62) (10) 
0.0120 0 0.1418 0.3976 0.1397 0.1035 0.1991 0.0170 0.0326 0.0970 org (4) (12) (18) (9) (36) (14) (6.9) (16) (62) (10) 

 

Table 3.5: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by 36 experimental techniques as well 
as the mean classification error obtained in the original feature space (org) with 
respect to the kNN classifier. Note that each row denotes a specific experimental 
technique with its technique index indicated in Table 3.1, and each column 
represents a specific dataset with its dataset index indicated in Table 3.2. 

 a b c d e f g h i j 
0.1360 0.0324 0.2600 0.3649 0.1366 0.0238 0.1841 0.0143 0.0281 0.0061 1 (3) (3) (3) (5) (5) (6) (6) (9) (9) (9) 
0.1360 0.0324 0.2600 0.3649 0.1366 0.0238 0.1811 0.0143 0.0281 0.0061 2 (3) (3) (3) (5) (5) (6) (5) (9) (9) (9) 
0.0200 0.0071 0.2623 0.3649 0.1354 0.0216 0.1782 0.0142 0.0274 0.0071 3 (2) (3) (3) (5) (5) (6) (6) (9) (9) (10) 
0.1320 0.0324 0.2600 0.3649 0.1366 0.0229 0.1783 0.0143 0.0281 0.0061 4 (1) (3) (3) (5) (5) (5) (6) (9) (9) (9) 
0.0200 0.0071 0.2623 0.3604 0.1354 0.0221 0.1782 0.0142 0.0274 0.0071 5 (2) (3) (3) (5) (5) (6) (6) (9) (9) (10) 
0.0960 0.0471 0.2755 0.3693 0.1759 0.0251 0.1783 0.0133 0.0395 0.0071 6 (3) (2) (3) (5) (4) (6) (6) (9) (9) (10) 
0.0240 0.0325 0.2706 0.2803 0.1324 0.0277 0.1809 0.0174 0.0281 0.0071 7 (2) (3) (3) (5) (5) (6) (6) (9) (8) (10) 
0.1520 0.2524 0.2847 0.3277 0.2448 0.0424 0.2110 0.0182 0.1493 0.0071 8 (2) (3) (3) (5) (5) (6) (6) (9) (9) (10) 
0.0200 0.0181 0.2859 0.3119 0.1827 0.0290 0.1750 0.0167 0.1210 0.0071 9 (2) (3) (2) (5) (5) (6) (6) (9) (9) (10) 
0.0400 0.0720 0.3108 0.2994 0.1543 0.0290 0.1961 0.0188 0.0388 0.0071 10 (3) (3) (2) (5) (5) (6) (6) (9) (8) (10) 
0.0800 0.0828 0.3368 0.2983 0.2838 0.0268 0.1841 0.0312 0.2160 0.0071 11 (1) (3) (3) (5) (3) (6) (6) (9) (9) (10) 
0.1480 0.0398 0.2718 0.3597 0.1464 0.0264 0.1785 0.0193 0.0327 0.0101 12 (2) (3) (3) (3) (4) (6) (6) (9) (9) (9) 
0.0160 0.0577 0.2824 0.4121 0.1357 0.0286 0.1755 0.0185 0.0320 0.0101 13 (3) (3) (3) (5) (4) (4) (6) (9) (9) (9) 
0.1480 0.0398 0.2718 0.3597 0.1464 0.0264 0.1785 0.0193 0.0327 0.0101 14 (2) (3) (3) (3) (4) (6) (6) (9) (9) (9) 
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0.0160 0.0290 0.2896 0.3271 0.1489 0.0238 0.1726 0.0166 0.0301 0.0101 15 (3) (3) (3) (4) (5) (5) (6) (9) (9) (10) 
0.1360 0.0434 0.2494 0.2946 0.1313 0.0277 0.1809 0.0176 0.0281 0.0071 16 (2) (3) (3) (5) (5) (6) (6) (9) (9) (10) 
0.0160 0.0507 0.2766 0.2991 0.1355 0.0273 0.1809 0.0167 0.0279 0.0071 17 (3) (2) (3) (5) (5) (6) (6) (9) (9) (10) 
0.1360 0.0434 0.2494 0.2946 0.1313 0.0277 0.1809 0.0176 0.0281 0.0071 18 (2) (3) (3) (5) (5) (6) (6) (9) (9) (10) 
0.0280 0.0253 0.2766 0.2981 0.1371 0.0268 0.1750 0.0144 0.0270 0.0071 19 (3) (3) (3) (5) (5) (5) (6) (9) (9) (10) 
0.0920 0.0253 0.1786 0.3026 0.1298 0.0190 0.1993 0.0044 0.0141 0.0061 20 (4) (6) (15) (9) (18) (13) (6) (16) (53) (8) 
0.0160 0 0.1750 0.3071 0.1293 0.0165 0.1814 0.0042 0.0148 0.0061 21 (4) (9) (11) (9) (19) (13) (6) (13) (44) (9) 
0.0920 0.0216 0.1786 0.3026 0.1422 0.0203 0.1754 0.0042 0.0141 0.0071 22 (4) (9) (13) (9) (14) (14) (6) (13) (42) (10) 
0.0160 0 0.1786 0.3039 0.1282 0.0165 0.1784 0.0045 0.0148 0.0061 23 (4) (11) (10) (6) (13) (13) (6) (16) (54) (9) 
0.0240 0.0146 0.1891 0.2846 0.0883 0.0212 0.1814 0.0052 0.0101 0.0051 24 (2) (5) (8) (6) (35) (12) (5) (13) (52) (8) 
0.0320 0.0471 0.2093 0.2426 0.0864 0.0212 0.2139 0.0048 0.0114 0.0071 25 (4) (9) (10) (7) (33) (12) (6) (15) (57) (10) 
0.0240 0.0074 0.2151 0.2608 0.0880 0.0221 0.2141 0.0054 0.0116 0.0071 26 (3) (8) (13) (8) (34) (12) (6) (14) (55) (10) 
0.0320 0.0433 0.2140 0.2937 0.0912 0.0238 0.2111 0.0041 0.0101 0.0030 27 (3) (8) (9) (9) (36) (9) (5) (14) (45) (9) 
0.0240 0.0147 0.2057 0.2377 0.0912 0.0229 0.2201 0.0058 0.0119 0.0071 28 (3) (7) (8) (7) (36) (8) (6) (15) 60) (10) 
0.0400 0.0324 0.1904 0.3355 0.1467 0.0260 0.1965 0.0055 0.0254 0.0101 29 (4) (12) (15) (8) (6) (10) (6) (13) (32) (10) 
0.0280 0.0250 0.1690 0.3139 0.1448 0.0255 0.2084 0.0052 0.0247 0.0101 30 (3) (9) (9) (4) (6) (6) (6) (12) (14) (10) 
0.0320 0.0181 0.1868 0.3450 0.1433 0.0242 0.1816 0.0055 0.0279 0.0101 31 (3) (7) (10) (8) (6) (8) (6) (16) (31) (10) 
0.0240 0.0107 0.2129 0.3310 0.1469 0.0247 0.1725 0.0055 0.0263 0.0101 32 (2) (5) (15) (4) (4) (5) (6) (16) (16) (10) 
0.0320 0.0503 0.2009 0.2937 0.0883 0.0208 0.1904 0.0050 0.0101 0.0051 33 (4) (7) (8) (9) (33) (12) (6) (14) (45) (9) 
0.0280 0.0181 0.1915 0.2937 0.0887 0.0199 0.2020 0.0050 0.0096 0.0051 34 (2) (9) (6) (9) (35) (12) (6) (14) (47) (9) 
0.0320 0.0361 0.2069 0.2937 0.0884 0.0242 0.1931 0.0053 0.0109 0.0040 35 (4) (5) (6) (9) (35) (11) (6) (15) (54) (9) 
0.0320 0.0180 0.2056 0.2422 0.0912 0.0264 0.1722 0.0062 0.0098 0.0071 36 (3) (5) (8) (7) (36) (13) (6) (16) (53) (10) 
0.0320 0.0503 0.2944 0.2937 0.0912 0.0264 0.1871 0.0062 0.0121 0.0071 org (4) (12) (18) (9) (36) (14) (6.9) (16) (62) (10) 

 

It can be observed from Tables 3.3 to 3.5 that the performance of each DLDR 

technique varies from both datasets and classifiers. For different classifiers, the 

minimum mean classification errors achieved by the optimal DLDR techniques on per 

dataset differ much but are commonly lower than or equal to those obtained in the 

original feature space without applying the DLDR techniques. Since we only focus on 

evaluating the performance of the DLDR techniques, such performance difference 

caused by the distinction of classifiers is out of the scope of our current analysis. In the 
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context of the same classifier, one DLDR technique can seldom perform best on the 

majority of the experimental datasets. As a result, it is hard to evaluate the 

performance of different experimental DLDR techniques merely according to the raw 

data in these tables. Moreover, these three tables can only show the optimally 

attainable performance of each DLDR technique on per dataset in terms of different 

classifiers. In fact, the average classification performance over all possible dimensions 

that can be reduced to provides another important measure that can reflect the average 

dimension reduction performance of the DLDR techniques. Therefore, we resort to the 

previously introduced three relative performance measures, i.e. RBPI, RAPI and 

ROPI, to evaluate the effectiveness of each experimental DLDR technique. In our 

experiment, the major objective is to demonstrate the effectiveness of the proposed 

DLDR techniques in comparison with their archetypes. Therefore, we will not provide 

a detailed analysis on the performance distinction among different types of DLDR 

techniques involved in the experiments, e.g. those subject to different conjugated 

orthogonality constraints, those based on quotient and subtraction criterion, etc., which 

however deserve to be further investigated as one of our future plans. 

 

The RBPI values of each experimental DLDR technique averaged over all the 

experimental datasets in the context of the three classifiers are shown as bar charts in 

Figures 3.4a to 3.4c, respectively. To compare the performance of the enhanced 

parametric BODLDR techniques with that of their archetypes (if exist) in an explicit 

manner, we divide all the experimental DLDR techniques into 18 groups with each 

group consisting of one enhanced technique and its possibly existing archetypes. The 

group indices and the corresponding indices of its involved enhanced and archetype 

techniques are given in Table 3.6. A general observation is that many proposed 

enhanced parametric BODLDR techniques can outperform their corresponding 

archetypes in terms of the RBPI values with respect to each of the three classifiers. 

Some remarkable observations are discussed as follows. 

 

1. Among three DLDR techniques requiring the numerical optimization to derive 

optimal solutions, i.e. ALDR with Gidx 3, DBODLDRho with Gidx 3 and 

DBODLDRhe with Gidx 12, the proposed DBODLDRho performs better than the 
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ALDR in terms of the RBPI values with respect to each of the three classifiers. 

We can also observe from Tables 3.4 to 3.6 that the DBODLDRho demonstrates 

competitive or better performance than the ALDR on most of experimental 

datasets with regard to every classifier. On the other hand, the DBODLDRho is 

outperformed by the DBODLDRhe in terms of the RBPI values with regard to 

every classifier. This fact can also be verified from Tables 3.4 to 3.6. As described 

in sections 3.2.2 and 3.4.2, the major distinctions between ALDR and 

DBODLDRho are that the extracted discriminant vectors are respectively subject 

to the conjugated orthogonality constraints to WS  and I, as well as whether the 

equal class prior assumption is required to be satisfied or not. The major 

distinction between DBODLDRho and DBODLDRhe is the criterion functions 

formulated under the Gaussian homoscedastic and heteroscedastic assumptions, 

respectively. Due to the use of different conjugated orthogonality constraints on 

the extracted discriminant vectors, we cannot draw the conclusion that the 

DBODLDRho is superior to the ALDR although it relaxes the assumption of the 

equal class prior probabilities. On the other hand, we can generally attribute the 

performance improvement of the DBODLDRhe over the DBODLDRho to the 

ability of the DBODLDRhe to take into account the data heteroscedasticity since 

the discriminant vectors extracted by both of them are subject to the conjugated 

orthogonality constraint to I. Relatively speaking, the Gaussian heteroscedastic 

assumption stays more closely to real-world datasets than the Gaussian 

homoscedastic assumption, which may account for the superior performance of 

the DBODLDRhe among the three techniques. 

 

2. Among Fisher criteria based techniques with Gidx 1, 2, 4 to 9, the enhanced 

DLDR techniques based on the quotient class-wise weighted Fisher criterion, i.e. 

Gidx 1, 2, 4, 6 and 8, demonstrate competitive or better performance than their 

archetypes in terms of the RBPI values with respect to each of the three classifiers. 

However, the enhanced DLDR techniques based on the subtraction class-wise 

weighted Fisher criterion, i.e. Gidx 5, 7 and 9, do not demonstrate consistently 

competitive or higher RBPI values than their archetypes with regard to different 

classifiers. For example, in terms of the LDC classifier, the F-CWFLDAs2 and F-
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CWFLDAs3 perform worse than their corresponding archetypes FLDAs2 and 

FLDAs3. One plausible explanation is that for the subtraction class-wise weighted 

Fisher criterion based DLDR techniques, the mismatch problem between the class 

separability estimated in the original feature space and that estimated in the lower-

dimensional subspace to be transformed into is more serious than that encountered 

by the quotient class-wise weighted Fisher criterion based DLDR techniques. 

Specifically, the pairwise Bayes accuracies estimated in the WwS -whitened 

subspace may deviate much from those estimated in the indeed transformed 

subspace. This is mainly because that the optimization of the subtraction Fisher 

criteria cannot simultaneously diagonalize the two involved scatter matrices. 

Since the class-wised weighted Fisher criterion is originally derived to solve the 

problems associated with the conventional Fisher criterion in the quotient form, 

direct extensions to the subtraction Fisher criterion as done in this thesis may still 

require further improvements according to the characteristics of the subtraction 

criterion. This is not addressed in the current thesis but deserves investigations in 

future.  

 

3. Among Chernoff criteria based techniques with Gidx 10, 11, 13 to 18, the quotient 

class-wise weighted Chernoff criterion based enhanced DLDR techniques, i.e. 

Gidx 10, 11, 13, 15 and 17, demonstrate better performance than their archetypes 

in terms of the RBPI values with respect to each of the three classifiers. However, 

the enhanced DLDR techniques based on the subtraction class-wise weighted 

Chernoff criterion, i.e. Gidx 14, 16 and 18, do not demonstrate consistently higher 

RBPI values than their archetypes with regard to different classifiers. For example, 

the F-CWCLDAs1 performs worse than the CLDAs1 in terms of the kNN classifier. 

The explanation is analogues to that indicated in the subtraction class-wise 

weighted Fisher criterion based DLDR techniques.  

 

4. Comparatively speaking, several CWFLDA and CWCLDA techniques can 

demonstrate competitive or better performance than the ALDR, DBODLDRho 

and DBODLDRhe techniques, respectively, in terms of different classifiers. This 

fact further validates the effectiveness of the proposed class-wise weighted Fisher 
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and Chernoff criteria to address the real-world multi-class problems. With respect 

to the LDC classifier, many class-wise weighted Chernoff criterion based DLDR 

techniques can demonstrate competitive or better performance than the class-wise 

weighted Fisher criterion based DLDR techniques. This is because that the 

number of discriminant vectors extracted by the Fisher criteria based DLDR 

techniques is bounded from above by C-1, which, however, may be insufficient to 

yield even better performance when the datasets under consideration deviate much 

from the Gaussian homoscedastic assumption. With respect to the QDC classifier, 

all the DLDR techniques based on the class-wise weighted Chernoff criterion as 

well as their archetypes demonstrate better performance than all the DLDR 

techniques based on the class-wise weighted Fisher criterion as well as their 

archetypes, respectively. This validates the fact that the discriminatory 

information due to data heteroscedasticity can be effectively extracted by the 

DLDR techniques based on the Chernoff criteria. With respect to the kNN 

classifier, the Chernoff criteria based DLDR techniques demonstrate generally 

better performance than the Fisher criteria based DLDR techniques, among which 

CWCLDAq0 and F-CWCLDAq0 demonstrate the superior performance over all 

other techniques in terms of the RBPI values.  

 

Table 3.6: The group indices (Gidx) and the indices of the enhanced parametric 
BODLDR techniques (Eidx) and their possibly existing archetypes techniques 
(Aidex) within each group.  

Gidx 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Aidx 1,2 4 6 8 10 12 14 16 18 20 22 - 25 27 29 31 33 35
Eidx 3 5 7 9 11 13 15 17 19 21 23 24 26 28 30 32 34 36

 

Generally speaking, most of our proposed enhanced parametric BODLDR techniques 

can improve the performance of their archetypes in terms of the RBPI values with 

respect to each of the three classifiers. Some exceptions such as those DLDR 

techniques based on the subtraction Fisher or Chernoff criteria deserve further 

investigations as one of our future plans. 
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Figure 3.4a 

 
Figure 3.4b 
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Figure 3.4c 

Figure 3.4: The RBPI value averaged over all the experimental datasets for each 
experimental DLDR technique in terms of the 3 classifiers: (a) LDC, (b) QDC 
and (c) kNN. 
 
Although the RBPI values can evaluate the optimally attainable performance of each 

experimental DLDR technique averaged over all the experimental datasets, it cannot 

reflect the average dimension reduction performance of each technique over all 

possible dimensions that can be reduced to. Therefore, we resort to the RAPI and 

ROPI values to measure the relative average and overall performance of every 

technique within each of the two categories of DLDR techniques, namely, the 

enhanced parametric BODLDR techniques as well as their archetypes under the 

Gaussian homoscedastic and heteroscedastic assumptions, respectively. 

 

For the 9 enhanced parametric BODLDR techniques under the Gaussian 

homoscedastic assumption and their 10 corresponding archetypes with technique 

indices from 1 to 19, the possible dimensions that can be reduced to are specified from 

1 to C-1. For explicit comparison, we divide these 19 DLDR techniques into 9 groups 

with each group consisting of one enhanced technique and its possibly existing 

archetypes. Figures 3.5a to 3.5c show the RAPI value of each DLDR technique within 

every group averaged over all the experimental datasets in terms of the 3 classifiers, 
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respectively. Figures 3.6a to 3.6c show the ROPI value of each DLDR technique 

within every group by using the 3 classifiers, respectively. The group indices and the 

corresponding indices of its component enhanced and archetype techniques are given 

in Table 3.7. It can be clearly observed that most of our proposed enhanced parametric 

DLDR techniques can yield consistently higher RAPI and ROPI values than their 

existing archetypes with regard to each of the three classifiers, expect for those DLDR 

techniques based on the subtraction class-wise weighted Fisher criterion with Gidx 5, 

7 and 9.  The possible explanations have been given when we analyze the performance 

of experimental techniques in terms of the RBPI values. It is also worth noting that the 

step-wise dimension reduction step adopted by the FS-FLDA and F-CWFLDAq0 

techniques improves the average dimensionality reduction performance of these 

techniques relative to their respective counterparts, i.e. FLDA and CWFLDAq0, in 

terms of the Bayes classifiers, i.e. LDC and QDC.  The overall best DLDR technique 

having the highest ROPI value varies with different classifiers. With respect to the 

LDC classifier, the CWFLDAq0, F-CWFLDAq0 (1st position in parallel), CWFLDAq2 

and CWFLDAq3 (3rd position in parallel) techniques win the first three places. With 

respect to the QDC classifier, the first three places are taken by the CWFLDAq3, 

CWFLDAq0, F-CWFLDAq0 techniques. The first three winners with respect to the 

kNN classifier are the CWFLDAq0, F-CWFLDAq0 and F-CWFLDAs3 techniques. 

 

Table 3.7: The group indices (Gidx) and the indices of the enhanced parametric 
BODLDR techniques (Eidx) under the Gaussian homoscedastic assumption and 
their possibly existing archetypes techniques (Aidx) within each group. 

Gidx 1 2 3 4 5 6 7 8 9 
Aidx 1,2 4 6 8 10 12 14 16 18 
Eidx 3 5 7 9 11 13 15 17 19 
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Figure 3.5a 

 
Figure 3.5b 
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Figure 3.5c 

Figure 3.5: The RAPI value averaged over all the experimental datasets for each 
of the enhanced parametric BODLDR techniques under the Gaussian 
homoscedastic assumption and their archetypes in terms of the 3 classifiers: (a) 
LDC, (b) QDC and (c) kNN. 

 

Figure 3.6a 
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Figure 3.6b 

 
Figure 3.6c 

Figure 3.6: The ROPI value for each of the enhanced parametric BODLDR 
techniques under the Gaussian homoscedastic assumption and their archetypes 
in terms of the 3 classifiers: (a) LDC, (b) QDC and (c) kNN. 
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For the 9 enhanced parametric BODLDR techniques under the Gaussian 

heteroscedastic assumption and their 8 corresponding archetypes with technique 

indices 20 to 36, the possible dimensions that can be reduced to are specified from 1 to 

PC. For explicit comparison, we divide these 17 DLDR techniques into 9 groups with 

each group consisting of one enhanced technique and its possibly existing archetypes. 

Figures 3.7a to 3.7c show the RAPI value of each DLDR technique within each group 

averaged over all the experimental datasets in terms of the 3 classifiers, respectively. 

Figures 3.8a to 3.8c show the ROPI value of each DLDR technique within each group 

by using the 3 classifiers, respectively. The group indices and the corresponding 

indices of its component enhanced and archetype techniques are given in Table 3.8. It 

can be observed that most of our proposed enhanced parametric DLDR techniques 

under the Gaussian heteroscedastic assumption can yield consistently higher RAPI and 

ROPI values than their existing archetypes with regard to each of the three classifiers. 

The exception happens for those DLDR techniques based on the subtraction class-wise 

weighted Chernoff criterion with Gidx 5, 7 and 9, where the explanations have been 

described when we analyze the performance of experimental techniques in terms of 

the RBPI values. It is also worth noting that the step-wise dimension reduction step 

adopted by the FS-CLDA and F-CWCLDAq0 techniques improves the average 

dimensionality reduction performance of these techniques relative to their respective 

counterparts, i.e. CLDA and CWCLDAq0, in terms of the Bayes classifiers, i.e. LDC 

and QDC. The overall best DLDR technique having the highest ROPI value varies 

with different classifiers. With respect to the LDC classifier, the F-CWCLDAq0, 

CWCLDAq0 and DBODLDRhe techniques win the first three places. With respect to 

the QDC classifier, the first three places are taken by the DBODLDRhe, F-

CWCLDAq0 and F-CWCLDAs3 techniques. The first three winners with respect to the 

kNN classifier are the CWCLDAq0, F-CWCLDAq0 and DBODLDRhe techniques.  

 

Table 3.8: The group indices (Gidx) and the indices of the enhanced parametric 
BODLDR techniques (Eidx) under the Gaussian heteroscedastic assumption and 
their possibly existing archetypes techniques (Aidx) within each group. 

Gnum 1 2 3 4 5 6 7 8 9 
Aidx 20 22 - 25 27 29 31 33 35 
Eidx 21 23 24 26 28 30 32 34 36 
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Figure 3.7a 

 
Figure 3.7b 
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Figure 3.7c 

Figure 3.7: The RAPI value averaged over all the experimental datasets for each 
of the enhanced parametric BODLDR techniques under the Gaussian 
heteroscedastic assumption and their archetypes in terms of the 3 classifiers: (a) 
LDC, (b) QDC and (c) kNN 

 

Figure 3.8a 
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Figure 3.8b 

 
Figure 3.8c 

Figure 3.8: The ROPI value for each of the enhanced parametric BODLDR 
techniques under the Gaussian heteroscedastic assumption and their archetypes 
in terms of the 3 classifiers: (a) LDC, (b) QDC and (c) kNN 
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3.7 Conclusions 
 

In this chapter, we proposed two categories of enhanced parametric BODLDR 

techniques.  Among them, two direct BODLDR techniques, i.e. DBODLDRho and 

DBODLDRhe, which employ the union of the pairwise Bayes errors or its Chernoff 

upper bounds over all class pairs as criterion functions, were devised under the 

Gaussian homoscedastic and heteroscedastic assumptions, respectively. A suboptimal 

orthonormal transformation matrix can be obtained by numerically optimizing the 

criterion functions via the gradient descent coupled with the Gram-Schmidt 

orthogonalization scheme. Two classes of DLDR techniques based on the newly 

derived quotient and subtraction class-wise weighted Fisher and Chernoff criteria were 

presented with the involved weighting terms motivated by Gaussian homoscedastic 

and heteroscedastic Bayes optimality, respectively. The discriminant vectors subject to 

different conjugated orthogonality constraints can be extracted by the proposed class-

wise weighted DLDR techniques in the batch, sequential forward and sequential 

backward manner, respectively. The effectiveness of the between-class and within-

class weighting terms involved in the class-wise weighted Fisher and Chernoff criteria 

was validated via three artificial datasets subject to the Gaussian homoscedastic or 

heteroscedastic assumption. The performance of the proposed techniques to address 

real-world problems was demonstrated on several UCI multi-class datasets and 

compared with their archetypes in terms of both optimal and average dimensionality 

reduction performance with regard to three classifiers, i.e. LDC, QDC, kNN. Three 

relative performance indices, namely RBPI, RAPI and ROPI, were designed to 

comprehensively evaluate each experimental technique. A general observation was 

that many proposed techniques could demonstrate better performance than their 

existing archetypes in terms of the three relative performance indices. Some 

techniques such as the subtraction criteria based DLDR techniques did not 

demonstrate consistently better performance and should be further improved as one of 

our future plans. 
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Chapter 4:  Generalized CWFLDA on High-

dimensional and Undersampled Problems 
 

4.1 Introduction 

 

With the rapid advances in sensing and storage technologies and apparatus, many 

nowadays active research fields, such as text categorization, multimedia retrieval and 

recognition, remotely sensing, microarray gene expression and so on, need to deal 

with high-dimensional data, which allow simultaneously observing and measuring 

patterns of interest from numerous aspects. The increased capacity of the pattern 

representation will generally bring along more descriptive and discriminatory 

information but may inevitably introduce some noise, redundant and irrelevant 

features. In fact, due to the expensive sensing cost and other practical limitations, 

many such high-dimensional applications can only provide severely fewer training 

samples relative to the feature space dimensionality. As a result, the curse of 

dimensionality [4], [5] problem may happen due to the limited training sample size, 

which will lead to the unreliable pattern analysis results or even disable some pattern 

analysis techniques. This phenomenon is commonly referred to as the undersampled 

problem, the small sample size problem or the singularity problem in existing 

literatures [2], [70]. Dimensionality reduction provides a solution to this problem, 

which can extract the meaningful information from the original high-dimensional 

feature space so as to facilitate the effective pattern analysis in a compact lower-

dimensional space, e.g. visualizing data structures or performing classification. 

 

In the past few decades, a huge amount of research attention from different 

communities has been attracted to develop novel pattern analysis techniques to handle 

high-dimensional and undersampled problems, among which supervised classification 

techniques received prominent emphasis due to the significance of discriminating 

genuine and imposter in the security control based on biometric data, of diagnosing a 
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symptom to be benign or malignant in terms of microarray gene expression profiles 

and of efficiently retrieving relevant multimedia information from large stand-alone or 

web-based databases. As a necessary and important preprocessing step for the 

supervised classification, many research efforts have been devoted to the development 

of the Discriminative Dimensionality Reduction (DDR) techniques, e.g. the Fisher 

Linear Discriminant Analysis (FLDA) related techniques. Moreover, the DDR 

techniques may also be used for visualizing class structures in an effective manner to 

assist the exploratory pattern analysis. However, implementation of some conventional 

DDR techniques may become infeasible when encountering high-dimensional and 

undersampled problems. For example, the SMDLDR techniques involving the 

inversion of scatter matrices may lose their applicability when dealing with image data 

represented in the vector space. Usually, the vectorization of image data by reading 

pixel values in the raster-scan manner will result in very high-dimensional image 

vectors, e.g. images of size 100100×  corresponds to a 10000-dimensional image 

space, the dimension of which may significantly exceeds the number of training 

samples. Hence, all scatter matrices in question will become singular in this high-

dimensional image vector space, which consequently disables the SMDLDR 

techniques. Many improvements have been made to address this issue. 

 

In this chapter, we generalize the utility of several representative CWFLDA 

techniques proposed in the previous chapter, namely CWFLDAq2, CWFLDAq3, 

CWFLDAq0 and F-CWFLDAq0 into the high-dimensional and undersampled scenario. 

The resulting Complementary Subspaces Based CWFLDA (CS-CWFLDA) techniques 

and Regularized Subspace Based CWFLDA (RS-CWFLDA) techniques can handle 

the high-dimensional and undersampled problems by taking advantage of the 

discriminatory information present in different subspaces, while retaining the superior 

performance in the well-sampled cases. Specifically, the discriminant vectors subject 

to different conjugated orthogonality constraints will be either extracted in the 

sequential forward manner from two complementary subspaces, i.e. the null and 

column spaces of the average within-class scatter matrix, or extracted in the batch or 

sequential backward fashion from a single subspace, i.e. the column space of the 

regularized average with-class scatter matrix, based on the quotient class-wise 
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weighted Fisher criterion. Note that the pairwise two-class Bayes accuracies of most 

class pairs may achieve the common maximum values in the high-dimensional and 

undersampled scenario. Consequently, the weighting terms involved in the quotient 

class-wise weighted Fisher criterion will mainly depend on the reciprocal of the 

squared Mahalanobis distances. However, such degenerated weighting terms can still 

take effect to suppress the undesirable influences due to those classes that are far away 

from the remaining classes. We have conducted extensive experiments to evaluate the 

proposed techniques on various types of data sources including handwritten character 

images, facial images, text documents and microarray gene expression profiles, and 

compare their performance with that of several state-of-the-art FLDA variants. 

 

The rest of this chapter is organized as follows. Section 4.2 gives a thorough review on 

the existing DDR techniques capable of handling high-dimensional and undersampled 

problems. In section 4.3, a class of CS-CWFLDA techniques is presented, which can 

sequentially extract the discriminant vectors from the null and column spaces of the 

average within-class scatter matrix without need of regularization. Section 4.4 

describes a class of RS-CWFLDA techniques, which allow the discriminant vectors to 

be extracted in the batch or sequential backward manner from the column space of the 

regularized average with-class scatter matrix. The experimental results are discussed 

in section 4.5. Section 4.6 concludes this chapter. 

 

4.2 Review of DDR on high-dimensional and undersampled 

problems 

 

Traditional pattern analysis techniques may face great challenges in terms of 

feasibility, time & space complexity and performance when dealing with high-

dimensional and undersampled problems. To address these difficulties in the context 

of supervised pattern analysis, a vast number of DDR techniques have been developed 

during the past few decades to seek for a most discriminative lower-dimensional space 

that can best preserve class structures in the original high-dimensional feature space. 

There exist various ways to categorize the DDR techniques, e.g. linear & nonlinear 
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methods, single-stage & two-stage methods, projective & manifold methods, etc. In 

this section, we give a thorough review of the existing DDR techniques feasible in the 

high-dimensional and undersampled scenario along two avenues: discriminative 

subspace analysis techniques and discriminative manifold learning techniques. 

 

4.2.1 Discriminative subspace analysis 

 

Subspace analysis [149], [150], [151] covers a wide range of techniques to study on 

the subspace spanned by a subset of basis vectors of the original feature space, which 

can retain the useful information as much as possible. The resulting compact lower-

dimensional pattern representation will facilitate the subsequent pattern analysis in an 

efficient and effective manner. The primary goal of discriminative subspace analysis is 

to seek for an optimal linear transformation to map the original high-dimensional 

feature space into a lower-dimensional subspace where the class discriminatory 

information is maximally retained. In general, discriminative subspace analysis 

techniques include two key components: a criterion function measuring the amount of 

discriminatory information loss in the transformed subspace and an optimization 

method to seek for the optimal linear transformation with respect to the chosen 

criterion. Three most representative classes of discriminative subspace analysis 

techniques: FLDA, Discriminative Locality Preserving Projection (DLPP) and 

Supervised Projection Pursuit (SPP) are reviewed in the following: 

 

The FLDA techniques have a very long history yet still remain popular till now due to 

their easy-to-use nature, analytical solutions and encouraging empirical performance. 

To overcome a major shortcoming associated with the conventional FLDA, i.e. the 

infeasibility of dealing with undersampled problems, many modifications and 

extensions have been made to the conventional FLDA technique during the past few 

decades. In the following, we sweep some representative FLDA variants. 

 

Regularized FLDA (RFLDA): The common idea behind the RFLDA techniques is to 

regularize some singular or nearly singular scatter matrices so as to augment their 

excessively small eigenvalues and accordingly enable and stabilize their inversions. 
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Many regularization methods [136]-[142] have been developed, such as singular value 

perturbation [136], shrink towards the identity matrix [137], [138], addition with a 

scaled identity matrix [139], [140], multiple parameter regularization [141] and 

maximum entropy covariance selection [142]. One limitation of the RFLDA 

techniques is that some parameters used to control the degree of regularization are 

hard to determine. In practice, the cross-validation can be used for estimating these 

parameters at the expense of the high computational cost. 

 

Pseudo FLDA (PFLDA): Pseudo-inverse [92] is commonly used to deal with the 

problem of inversion of singular matrices. By substituting the common inverse 

involved in the eigenvalue decomposition problem of the FLDA with the pseudo-

inverse, a class of PFLDA techniques comes out, which naturally overcomes the 

singularity problem. The PFLDA techniques have been studied for many years [152], 

[156]. Recent work [157] provided a theoretical insight into the PFLDA and unveiled 

its equivalence with some two-stage FLDA techniques under certain conditions. 

 

Two-stage FLDA (TFLDA): The TFLDA techniques overcome the singularity 

problem via an intermediate dimension reduction stage, in which the original feature 

space is first mapped into a compact lower-dimensional space by some dimensionality 

reduction techniques not suffering from the singularity problem, such as PCA, kernel 

PCA, LSI, partial least square, QR decomposition and descriptive manifold learning13 

etc. Then, the conventional FLDA is applied to further map this intermediate space to 

a lower-dimensional discriminative space. The earliest work related to the TFLDA can 

be traced back to Cheng et al. [158], in which only the two-class case is considered. 

Although some research work continued after that, e.g. [159], [160], the great 

popularity of such class of techniques was gained after the work by Pelhumeur et al. 

[161], in which a two-stage PCA+LDA technique, commonly referred to as 

“Fisherface”, was successfully applied to face recognition. Theoretical justifications 

for the PCA+LDA technique were presented by Yang et al. [162], [163]. Recent work 

[156], [157] demonstrated that some TFLDA techniques were theoretically equivalent 

to the PFLDA techniques when the scatter matrix to be inverted in the PFLDA was 
                                                 
13 Strictly speaking, the intermediate space obtained by the descriptive manifold learning techniques 
may not be a subspace of the original feature space. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4: Generalized CWFLDA on High-dimensional and Undersampled Problems 
 

       145

properly defined. Note that all the kernelized FLDA techniques can be regarded as 

two-stage methods, in which the kernel PCA is first carried out to reduce the feature 

space dimensionality before applying the FLDA. The theoretical proof was given in 

[163].  

 

Null space based FLDA (NFLDA): The common idea behind the NFLDA techniques 

is to extract the discriminatory information in the null space of the average within-

class scatter matrix, and accordingly can implicitly avoid the singularity problem. The 

earliest work on the NFLDA can be traced back to Krzanowski [70], in which the 

NFLDA was developed under the name zero-variance discrimination. Pelhumeur et al. 

[161] also briefly mentioned the similar idea but without carrying out any further 

analysis. The great popularity of the NFLDA technique was gained after the work by 

Chen et al. [164], in which sufficient analysis and experiments was provided to justify 

this technique. Huang et al. [165] further improved its efficiency by removing the null 

space of the total scatter matrix before applying the NFLDA, based on the fact that the 

null space of the total scatter matrix is the intersection of the null space of the 

between-class scatter matrix and the null space of the average within-class scatter 

matrix. Therefore, such NFLDA is actually executed in the discriminative null space 

of the average within-class scatter matrix. Zheng et al. [166] developed the 

uncorrelated NFLDA (NUFLDA) technique to generate the uncorrelated features. The 

Discriminant Common Vectors (DCV) method, proposed by Cevikalp et al. [167], 

belongs to the family of the NFLDA techniques, which can provide an efficient way to 

obtain the discriminant vectors from the null space of the average within-class scatter 

matrix. Such technique in fact had been mentioned in [70] without the thorough 

analysis. 

 

Direct FLDA (DLDA): The DLDA technique, proposed by Yu et al. [168], assumes 

that the null space of the between-class scatter matrix contains no discriminatory 

information. Accordingly, the optimal solution can be directly derived by determining 

the eigenvalue decomposition of the average within-class scatter matrix estimated in 

the column space of the between-class scatter matrix. Such technique has attracted 

considerable interests mainly because of its computational efficiency and encouraging 
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performance on some example datasets. Several extensions of the DLDA have been 

developed [169]-[171] in recent years. However, the theoretical deficiencies of the 

DLDA, as studied in a recent paper [172], challenge some merits of this technique 

advocated by its inventors. In fact, the DLDA technique only takes into account the 

discriminatory information present in the difference of class means estimated in the 

original feature space and totally ignores the within-class scatter. This is clearly 

different from the idea behind the conventional FLDA. As analyzed in [173], in 

undersampled problems, the insufficient number of training samples per class may 

significantly distorts the estimate of the individual covariance matrices and 

consequently may possibly make the performance of FLDA worse than that of PCA. 

This fact may possibly provide a reasonable explanation for the promising empirical 

performance of the DLDA on some high-dimensional and undersampled datasets. 

 

Generalized FLDA (GFLDA): The singularity problem encountered by the 

conventional FLDA essentially originates from the requirement of solving a 

generalized eigenvalue decomposition problem involving a singular scatter matrix. 

The optimization of a family of generalized Fisher criteria based on the pseudo-

inverse [156] can avoid the matrix inversion operation by using the Generalized 

Singular Value Decomposition (GSVD) method [156], [174] or the simultaneous 

diagonalization scheme [124], and thus naturally solve the singularity problem. The 

resulting FLDA/GSVD technique [156] has been demonstrated to be equivalent to the 

PFLDA, where the pseudo-inverse is applied to the total scatter matrix. The 

simultaneous diagonalization scheme has resulted in the so-called uncorrelated linear 

discriminant analysis and orthogonal linear discriminant analysis techniques [124], 

[175], with the latter one demonstrated to be equivalent to the NFLDA technique 

under a mild condition [176].  

 

Dual-space FLDA (DS-FLDA): Wang et al. [177] proposed a dual-space FLDA 

technique, which takes full advantage of the discriminatory information present in two 

complementary orthogonal subspaces, i.e. the null and column spaces of the average 

within-class scatter matrix. Based on a probabilistic visual model [178], the average 

eigenvalue in the null space of the average within-class scatter matrix is estimated. 
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The two sets of features, extracted by applying discriminant analysis separately in 

these two complementary orthogonal subspaces, are combined in a weighted manner 

for final classification, with the weighting factor being the estimated average 

eigenvalue. A similar technique was presented by Yang et al. [163], in which the 

original feature space is first mapped into a subspace by PCA, and then two sets of 

features are extracted separately from the null and column spaces of the average 

within-class scatter matrix estimated in this subspace. Finally, these two sets of 

features are fused in a weighted manner with the weighted factor determined by users. 

Although demonstrating competitive classification performance, the dual-space FLDA 

technique is not suitable for further dimensionality reduction since the full set of 

features extracted from each of the two subspaces will be used in the classification 

without considering the possibility of further condensation. 

 

Random sampling based FLDA (RS-FLDA): Wang et al. [179] proposed a random 

sampling based FLDA technique, in which random subspace and bagging methods are 

used to improve the stability and performance of the FLDA and NFLDA techniques, 

respectively. Specifically, the random subspace method creates multiple subspaces 

with small dimensions, in which the FLDA can be applied without encountering the 

singularity problem. The bagging method creates multiple training sample sets with 

small sizes, on which the existence of the null space can be guaranteed such that the 

NFLDA can be carried out. The discriminative features extracted by the two kinds of 

complementary FLDA techniques are integrated via a fusion rule, and thus most of the 

discriminatory information can be preserved. This method provides a general 

framework in which other FLDA variants can replace the FLDA or NFLDA. 

 

Unified subspace analysis (USA):  The USA framework, presented by Wang et al. 

[180], is build upon a face difference model, which decomposes the face difference 

into three components, i.e. intrinsic difference, transformation difference and noise. 

The inherent connection among three popular subspace methods: PCA, Bayesian 

matching and FLDA, and their unique contributions to the extraction of the 

discriminatory information related to the intrinsic difference are analyzed. This 

eventually results in a 3D parameter space, in which the dimensions of the subspaces 
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spanned by the above three popular subspace methods are used as axis. Searching 

through this parameter space, improved subspace analysis techniques can be obtained. 

 

Non-parametric discriminant analysis (NDA): All aforementioned techniques 

commonly operate on global scatter matrices that can be anyway estimated regardless 

of the underlying class distributions. However, the best performance in terms of the 

Bayes optimality can only be achieved only if the Gaussian homoscedastic assumption 

is satisfied. In fact, when the class distribution deviate much from Gaussian, the 

performance of these techniques may deteriorate since most useful discriminatory 

information can no longer be fully characterized by global scatter matrices. To address 

this problem, many NDA techniques have been developed, which reformulated the 

Fisher criterion by using local scatter matrices as described in subsection 2.2.2. The 

earliest work on NDA can be traced back to Fukunaga [2], which formulated local 

between-class and local average within-class scatter matrices for the two-class case. 

To enable the local between-class scatter matrix to more accurately specify a subspace 

in which the decision boundary regions are embedded, a heuristic weighting function 

was introduced to its formula such that feature vectors far from the decision boundary 

can exert little influence on the scatter matrix estimate. Based on the modified Fisher 

criterion as a function of local scatter matrices estimated in the transformed subspace, 

the optimal linear transformation matrix could be obtained. It is worth noting that, in 

the two-class case, when the local mean from the other classes coincides with the class 

mean of the actual class, the NDA will come down to the FLDA [2]. Although devised 

for two-class problems, the NDA can be easily extended into the multi-class scenario. 

Recently, an intimate relation between the NDA and the k-NN classifier in the 

transformed subspace has been disclosed [181]. Lee et al. [111] further developed the 

concept of NDA by directly constructing a decision boundary feature matrix in terms 

of norm vectors to the efficient decision boundary. Theoretically speaking, the 

subspace spanned by the leading eigenvectors of the decision boundary feature matrix 

can unveil the intrinsic discriminant dimensionality and retain all the discriminatory 

information in the original feature space. However, since the characteristics and 

complexity of the decision boundary usually depend on the employed classifier and 

the given problem, the optimal effective decision boundary may be highly complex or 
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even cannot be constructed, which consequently prevent the applicability of this 

method in practice. Recent attempt based on the SVM classifier [112] provides a 

promising way out for such method. In fact, from the perspective of practicability, the 

NDA techniques based on local weighted scatter matrices can be regarded as the 

simplification of the decision boundary feature matrix based NDA techniques. 

Specifically, the local average weighted between-class scatter matrix via the proper 

choice of the weighting function can approximate the decision boundary feature 

matrix. Motivated by this observation, a more effective weighting function was 

introduced in [182]. 

 

Two-dimensional FLDA (2DFLDA): Conventional FLDA related techniques work in 

the vector space, where patterns are presented as feature vectors. However, 

vectorization representation may not be a desirable choice for 2-D patterns such as 

images or maps since the resulting high-dimensional vector space will always lead to 

the singularity problem. To tackle the singularity problem, the subspace based FLDA 

variants described above typically involve the eigenvalue decomposition of matrices 

of huge size and thus significantly increase the time and memory costs. Furthermore, 

vectorization of 2-D patterns along either horizontal or vertical direction may destroy 

the correlation among either rows or columns of 2-D patterns, and thus lose certain 

amount of the discriminatory information. The recently proposed 2DFLDA techniques 

[183], [184], [186], [187] resolve these problems in which patterns are directly 

represented as matrices. The estimated scatter matrices based on the matrix pattern 

representation are of the size small enough to avoid the singularity. Developed from 

its preliminary version using unilateral projections, the latest 2DFLDA technique uses 

bilateral projections, which can take into account the correlation among both columns 

and rows of 2-D patterns and consequently much more discriminatory information can 

be retained. Note that 2DFLDA techniques essentially belong to the tensor subspace 

analysis [185] of order two. In order to further reduce the time and space costs, the 

2DFLDA can be followed by the conventional FLDA to further reduce the 

dimensionality [183], [187]. Also, kernel tricks can be incorporated to handle the 

nonlinear pattern distributions [183]. In [186], the unilateral 2DFLDA is preceded by 
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the unilateral 2DPCA with a threshold on the Fisher criterion value to determine the 

intermediate and ultimate reduced dimensions.  

 

The recently developed DLPP techniques based on the locality projection pursuit 

[188] attempt to find an optimal linear transformation matrix that can best preserve the 

local structure information while simultaneously increase the class separation in the 

lower-dimensional transformed subspace so as to make easier the subsequent 

supervised pattern analysis. The class label information can be incorporated either in 

the construction of the neighborhood graph or in the formulation of the criterion 

function. Chen et al. [189] proposed a local discriminant embedding technique and its 

kernel as well as 2D variants. This technique separately constructs the intra-class and 

inter-class affinity weight matrices and formulates a constraint optimization criterion 

aiming at bringing the neighboring feature vectors closer if they belong to the same 

class whereas preventing the feature vectors from different classes entering the same 

neighborhood. The kernel and 2D extension can be readily extended via the kernel 

trick [12] and the two-order tensor subspace analysis technique [185]. The locally 

discriminating projection, presented by Zhao et al. [190], modifies the affinity weight 

matrix defined in the LPP by considering the class label information. Specifically, the 

original affinity weight between two neighboring feature vectors will be artificially 

increased by multiplying with an intra-class discriminating weight if both feature 

vectors belong to the same class. Otherwise, the local weight will be decreased via the 

multiplication of an inter-class discriminating weight. The criterion function is defined 

same as that of the LPP but taking the distinct Laplacian matrix. Yu et al. [191] 

developed a discriminative locality preserving projection technique applied to face 

recognition. They formulate a new criterion function that can simultaneously preserve 

the intra-personal local structures while maximize the inter-personal variation defined 

by the mean face in each class. There exists intimate relation between the DLPP and 

FLDA techniques [192]. By certain definition of the affinity weight matrix and the 

criterion function, the DLPP technique can come down to the FLDA. More 

interestingly, some DLPP techniques can be interpreted by non-parametric weighted 

discriminant analysis, which may disclose the underlying theoretical foundation of 

such class of heuristic but effective non-parametric techniques. The DLPP also bears 
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strong link to the discriminative manifold learning techniques that will be described 

later since one of its ultimate goals is to preserve local structures of the manifold 

embedded in the ambient high-dimensional space in the transformed lower-

dimensional subspace. The major distinction between DLPP and discriminative 

manifold learning is that DLPP finds a linear subspace that approximates the global 

geometry of the intrinsic manifold while discriminative manifold learning usually 

characterizes the underlying manifold via the locally linear but globally nonlinear 

mapping. 

 

The SPP techniques [193] search for “interesting” low-dimensional linear projections 

by numerically optimizing certain criterion functions defined in the projected 

subspace, called the projection pursuit index, which can measure the interestingness of 

the projection. In the context of supervised pattern analysis, “interestingness” usually 

means good discrimination among classes and thus the projection pursuit index can be 

defined as a function of the linear projection matrix that characterizes class 

separability in the projected subspace. Although similar to the FLDA in terms of 

optimizing certain criterion functions defined in the projected subspace, the major 

distinction between SPP and FLDA lies in: the SPP starts from a pre-specified linear 

projection matrix and continues to seek for better solutions based on the currently 

obtained one by numerically optimizing certain criterion functions defined in the 

projected subspace, while the FLDA directly performs analytical optimization in terms 

of some statistic variables calculated in the original high-dimensional space, e.g. 

scatter matrices. Consequently, the applicability of the SPP remains well in the 

undersampled scenario since all the parameters involved in the computation are 

estimated in the projected subspace instead of in the original high-dimensional feature 

space. The projection pursuit index and the corresponding optimization method 

constitute two critical factors influencing a SPP technique. During the past few 

decades, many SPP techniques with different indices and optimization methods have 

been proposed.  

 

According to their relationships to the subsequent classifier, projection pursuit indices 

can be dichotomized into classifier-independent and classifier-dependent ones. The 
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classifier-independent indices evaluate the class separability based on the 

characteristics of the training samples without considering the subsequent classifier. 

Accordingly, it may result in the inconsistency between dimensionality reduction and 

classification performance but may somewhat avoid overfitting. Santa Cruz and 

Dorronsoro [194] presented a nonlinear supervised feature extraction algorithm that 

combines the classifier-independent Fisher criterion with the perceptrons-like 

nonlinear projection. It first utilizes multiplayer perceptrons to nonlinearly map the 

original feature space into a new space, and then the Fisher criterion is used as the 

projection pursuit index to derive an optimal projection from the current space to the 

final subspace. Lee et al. [195] proposed a group of new projection pursuit indices by 

extending the 2L  norm involved in the distance calculation of both between-class 

separation and within-class closeness to the rL  norm. The new indices rL  taking 

different values of r can result in projections with different characteristics. For 

example, with the 1L  index, one may obtain a projection robust to outliers. As r is 

increased, the rL  index tends to be more sensitive to outliers since the well-separated 

class pairs will be over-emphasized during the optimization. Different projected 

subspaces induced by the rL  index taking distinct values of r can be screened to better 

understand the class structures or to facilitate the exploratory supervised pattern 

analysis. Zhu et al. [109] developed a generalized log-likelihood ratio index to extend 

the Fisher criterion into arbitrary class distributions. A powerful non-parametric 

discriminant analysis technique was subsequently proposed by integrating such index 

with the projection pursuit density estimation. The geometric LDA technique, 

proposed by Ordowski and Meyer [199], uses the geometry of the contours of the 

constant class densities in the projected subspace to define the projection pursuit 

index. Kaskie and Peltonen [200] proposed an informative discriminate analysis 

technique, which employs as the projection pursuit index the log-likelihood of the 

generative probabilistic model of the class labels in the projected subspace. Such index 

is closely related to mutual information, Renyi mutual information, Fisher criterion 

and PCA reconstruction criterion defined in the learning or Fisher metrics. Some 

techniques reviewed in section 2.2 can also be categorized into the SPP methods with 

class-independent indices. The classifier-dependent indices directly take into 

consideration the performance of a specific classifier formulated as a function of the 
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projection matrix and classifier parameters, which result in a popular class of SPP 

methods using the classification error as indices, also referred to as the minimum 

classification error learning algorithm [196]-[198]. Such indices can be specifically 

formulated in the context of various classifiers [201]-[207], e.g. Regression based 

classifier, Mahalanobis distance based classifier, Gaussian Maximum likelihood 

classifier, k-nearest neighbor classifier, generalized learning vector quantization and 

neural networks based classifier, etc. The linear projection matrix, as an additional 

parameter in the index, will be jointly optimized along with the parameters of the 

classifier. In some cases, the classification error is calculated based on the projected 

training samples, which may result in a projected subspace with very low training 

error but unsatisfactory generalization performance due to overfitting. For example, 

Flick et al. [201] used projection pursuit regression to model a desired response (class) 

as a sum of ridge functions according to the minimum expected squared error as the 

projection pursuit index. Choi and Lee [203] proposed an algorithm for multi-class 

feature extraction and classification that searches for multiple projection directions in 

either sequential or batch manner to minimize the classification error on training 

samples by the Gaussian Maximum Likelihood classifier. To improve the 

generalization capability, additional factors related to the generalization performance 

can be combined with the training error to constitute the projection pursuit index, e.g. 

genetic algorithm based dimensionality reduction [208] and evolutionary pursuit 

[209]. In other cases, the classification error is defined over the whole projected 

subspace instead of over the limited number of projected training samples, and thus 

good generalization performance can be expected. For instance, many BODLDR 

methods reviewed in section 2.2 employ indices directly or indirectly related to the 

minimum probability of error achieved by the Bayes classifier, which cover the entire 

projected space. A drawback of such methods is that they will resort to the parametric 

or non-parametric class density estimation, which generally requires a large number of 

training samples and possibly leads to the high computational cost.  

 

Many optimization techniques have been used to derive the optimal projection with 

respect to a chosen index, e.g. random search, gradient descent, stochastic 

approximation, structure removal, simulated annealing and evolutionary algorithms, 
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etc. A major problem of the SPP techniques is that the possibility of getting stuck into 

local optimal solutions as well as the computation & storage complexity will increase 

dramatically with the increment of the original feature space dimensionality. To 

mitigate such difficulty, some reasonable initialization schemes [207] of the projection 

matrix can be considered instead of a purely random choice, e.g. projections obtained 

by the FLDA can serve as good starting solutions for the SPP methods. Or one can 

resort to the two-stage dimensionality reduction methods, which first project the 

original high-dimensional feature space into a intermediate lower-dimensional 

subspace by some simple descriptive or discriminative dimensionality reduction 

techniques such as PCA or FLDA, then followed by the SPP techniques to further map 

the intermediate subspace to the eventually projected subspace. It is worthwhile to 

note that the two-stage approach also provides an effective way to generalize the 

conventional SPP techniques into their nonlinear counterparts. Specifically, in the first 

stage, the original feature vectors can be nonlinearly mapped into a new feature space, 

e.g. via kernel tricks or multiplayer perceptrons, where the complexity of class 

distributions may possibly be reduced. In the second stage, the SPP techniques can be 

carried out to project the new feature space obtained in the first stage to a lower-

dimensional subspace. 

 

4.2.2 Discriminative manifold learning 

 

It is generally believed that high-dimensional data generated from many kinds of 

applications, such as facial and character images, lie on or nearly on the intrinsically 

lower-dimensional manifold embedded in the ambient high-dimensional space and 

governed by a few principal factors. Therefore, modeling manifold in the low-

dimensional space can effectively reduce the feature space dimensionality without loss 

of essential information underlying the available feature vectors. Note that since many 

manifold learning algorithms perform only on a fixed set of training samples and 

return their corresponding lower-dimensional representations, there does not exist an 

explicit mapping from the original feature space into the obtained low-dimensional 

embedding space for newly presented data. To address this problem, some non-

parametric and parametric methods have been employed [210] to construct the 
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mapping based on manifold learning results on the training samples.  Recent years 

have seen rich progresses in manifold learning methods, which can be roughly 

dichotomized into: descriptive and discriminative ones. This thesis will only focus on 

the discriminative manifold learning methods, which differ from the descriptive 

manifold learning approaches in taking into account the class label information to 

guide the manifold learning. According to ways of incorporating the class label 

information into learning the manifold, the discriminative manifold learning methods 

can be divided into single-stage and two-stage approaches. Several representative 

examples in each category are described as follows. 

 

Single-stage approaches use the class label information to artificially modify the 

Euclidean distances between two original feature vectors belonging to the same or 

different classes, which serve as building blocks to construct the neighborhood 

structure of the training samples in the original feature space. Some examples are 

briefly described as follows.  

 

Supervised Locally Linear Embedding (SLLE) was introduced to handle labeled the 

training samples that possibly contain multiple manifolds corresponding to different 

classes. If the manifold associated with each class is fully disjoint with each other, the 

local neighborhood of a feature vector in one class should be totally composed of the 

feature vectors belonging to the same class. In practice, however, manifolds of 

different classes may overlap to some degree. Consequently, the local neighborhood of 

some feature vectors may contain the feature vectors from different classes. To yield 

good class separation in the low-dimensional embedding space so as to facilitate the 

supervised pattern analysis, the SLLE artificially increases the pre-calculated distance 

metric (e.g. Euclidean distance) between any two feature vectors belonging to 

different classes while remains unchanged those distances between the feature vectors 

within the same classes. Some SLLE algorithms [211] modify this distance metric 

before establishing the neighborhood relationship via the formula 

( ) ΛDDD ⋅⋅+= max' α , where D  and ( )Dmax  represent a distance matrix composed 

of distances between any two original feature vectors and its maximum entry, 

respectively. The matrix Λ  has binary entries with “1” and “0” denoting two feature 
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vectors with the corresponding matrix column and row indices belong to different and 

same classes, respectively. The parameter α  controls the amount of class label 

information that is incorporated into the local neighborhood formation.  When 0=α , 

the conventional unsupervised LLE is obtained. When 1=α , a fully supervised LLE 

is devised where nearest neighbors for a certain feature vector will definitely be 

selected from its own class and thus this method is actually α  free. Varying α  

between 0 and 1 can generate a class of partially supervised LLE techniques, which 

attempt to increase the class separation while preserve the intrinsic manifold structure 

to some extend and thus may result in the better generalization performance. In 

contrast, the SLLE algorithm proposed by Bai et al. [212] performed the distance 

metric modification after establishing the neighborhood relationship. The distances 

from a specific feature vector to its neighbors belonging to the different class will be 

increased. Ridder et al. [213] presented a local Fisher embedding algorithm called 

Fisher LLE, which modified the key matrix formulated in the LLE embedding stage 

by combining both local geometric and global class information. This method has the 

flexibility to adjust the amount of supervision. 

 

The weighted Isotropic Feature Maps (ISOMAP) algorithm, proposed by Vlachos et 

al. [214], rescales with a constant factor ( )1 <λλ  the Euclidean distances between 

any two feature vectors belonging to the same class when constructing the 

neighborhood graph. Consequently, the feature vectors within the same class in the 

original feature space are forced to be closer in the obtained low-dimensional space 

where the classification becomes easier. However, Geng et al. [215] indicated that the 

weighted ISOMAP algorithm could be much sensitive to noise, sensitive to the proper 

choice of parameter  λ  and thus not suitable for the supervised visualization tasks. 

They accordingly proposed a supervised ISOMAP algorithm, in which the 

neighborhood graph is constructed according to a newly defined dissimilarity measure, 
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parametersβ  and α  are used to control the noise influence and avoid the overfitting 

as well as the possibly occurred disconnected neighborhood graph, respectively. Such 
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dissimilarity measure, as two monotonically increasing functions of the Euclidean 

distance between the feature vectors belonging to the same and different classes 

respectively, can preserve intrinsic geometrical and topological structures underlying 

training samples and are capable of effectively identifying and controlling the noise 

influence. 

 

Two-stage approaches firstly map in an unsupervised manner the original feature 

space into an intermediate feature space where the geometric characteristics of the 

manifold are maximally retained. Then discriminative subspace analysis techniques 

are carried out in such intermediate feature space to seek for an optimal linear 

transformation. We hereby briefly mention some representative examples. The 

MLA+FLDA technique, proposed by Zhang et al. [216], starts with a manifold 

learning algorithm (MLA) where the LLE is used to find the low-dimensional 

embedding of the training samples in the original high-dimensional feature space.  The 

corresponding mapping is learnt via Gaussian RBF kernel functions according to the 

Weiestrass approximation theory. The FLDA is followed to further map the 

embedding space into its lower-dimensional discriminative subspace in order to 

improve the class separation. Zhang et al. [217] also proposed a unified algorithm 

ULLELDA based on LLE and FLDA techniques. Different from the MLA+FLDA, the 

newly presented test samples can be directly mapped into the ultimate discriminative 

space in an efficient way that avoids the time-consuming calculation of their locations 

in the embedding space. It is worth noting that the manifold learning algorithm, in the 

MLA+FLDA or ULLEFLDA framework, does not restrict to the LLE algorithm. 

Other popular manifold learning algorithms such as ISOMAP, diffusion maps, local 

tangent space alignment and Laplacian eigenmaps can be readily incorporated into this 

framework. Yan et al. [218] introduced a novel technique to perform discriminant 

analysis in terms of the embedded manifold structures. Firstly, an intra-cluster 

balanced k-means (ICBKM) algorithm is developed to obtain a number of clusters 

with balanced samples with respect to each class therein. Then, local discriminative 

features for each cluster are simultaneously calculated according to a global weighted 

Fisher criterion. The obtained nonlinear mapping function can easily map any newly 

presented test sample into the low-dimensional space. This method can be regarded as 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4: Generalized CWFLDA on High-dimensional and Undersampled Problems 
 

       158

a locally linear yet globally nonlinear discriminant analyzer with the geometry-

adaptive kernel. Extended ISOMAP algorithm, developed by Yang [219], maps the 

original feature space into a new space where each training sample is represented as a 

vector of geodesic distances from it to all the training samples. The FLDA is executed 

subsequently to find an optimal transformation from the new space to its lower-

dimensional subspace. For a test sample, geodesic distances from it to all the training 

samples are calculated to form the new feature vector. Then, the already obtained 

FLDA transformation is used to map it into the ultimate low-dimensional space. A 

similar work named discriminative manifold learning was proposed by Wu et al. [220] 

Different from the extended ISOMAP, a novel CK-neighborhood graph construction 

scheme is devised to calculate the geodesic distance matrix, and the relevant 

component analysis [221] replaces the FLDA to find the optimal transformation from 

the new feature space to the ultimate lower-dimensional space. 

 

4.3 Complementary subspaces based CWFLDA techniques 

 

Due to easy-to-use nature, closed-form solutions and encouraging empirical 

performance to facilitate supervised pattern analysis, the FLDA related techniques 

remain a most popular and active research topic for dimensionality reduction. Review 

given in the previous section highlights their prominent roles in solving high-

dimensional and undersampled problems: modifications and extensions of the 

conventional FLDA constitute an important class of discriminative subspace analysis 

techniques, provide good initializations for the SPP and play a crucial role in the two-

stage discriminative manifold learning.  

 

Many CWFLDA techniques proposed in the previous chapter have shown superior 

performance over their archetypes based on the conventional Fisher criteria when 

dealing with well-sampled datasets, in which the training sample size much exceeds 

the dimensionality of the feature space. Therefore, it is natural to evaluate their 

performance in the high-dimensional and undersampled scenario. However, singular 

scatter matrices encountered in high-dimensional and undersampled problems will 
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disable the utility of these techniques: the between-class weight and the within-class 

weight involved in the class-wise weighted Fisher criteria are functions of the 

Mahalanobis distance between two classes, which requires the average within-class 

scatter matrix to be non-singular. Moreover, optimization of the quotient Fisher 

criterion will lead to solve an eigenvalue decomposition problem involving the inverse 

of a scatter matrix, and accordingly requires the non-singularity of this scatter matrix. 

A simple way to solve the singularity problem is to resort to the two-stage 

dimensionality reduction, in which the original feature space is first mapped into a 

lower-dimensional space without suffering from the singularity problem, and then the 

CWFLDA is applied therein. However, certain amount of the useful discriminatory 

information can be undesirably discarded at the intermediate dimensionality reduction 

stage. On the other hand, many empirical results and some theoretical analysis [164]-

[167] have highlighted the role played by the null space of the average within-class 

scatter matrix, i.e. ( )WN S  in class discrimination. In fact, a large amount of useful 

discriminatory information resides in such subspace. Therefore, we can consider two 

complementary orthogonal subspaces with respect to the scatter matrix WS , i.e. its null 

space ( )WN S  and column space ( )WC S , and apply the CWFLDA in both ( )WN S  and 

( )WC S . We name such class of techniques Complementary Subspaces Based 

CWFLDA (CS-CWFLDA) since the discriminatory information is extracted from two 

complementary subspaces. Some general characteristics on the null and column spaces 

with respect to a positive semi-definite square matrix are described in Theorem 4.1. 

 

Theorem 4.1 Assume that nn×∈RA  is a positive semi-definite symmetric matrix with 

( ) rrank =A  and let  ( )AN  and ( )AR  denote the null space and the column spaces of 

A, respectively. Then, (1) nR  is a direct sum of the two subspaces ( )AN  and ( )AR , 

i.e. ( ) ( )AAR RNn ⊕= , with ( )( ) rR =Adim  and ( )( ) rnN −=Adim ; (2) ( )AN  and 

( )AR  are complementary orthogonal subspaces; (3) If [ ]nββB ,...,1=  consist of the 

eigenvectors of A corresponding to eigenvalues in the non-ascending order 

nrr λλλλ ===>≥≥ + ...0... 11 , then ( ) { }rR ββA ,...,span 1=  and 

( ) { }nrN ββA ,...,span 1+= . 
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Proof. See [92]. 

 

It has been demonstrated [162], [176] that the null space of the total scatter matrix 

( )TN S  is the intersection of the null space of the between-class scatter matrix ( )BN S  

and the null space of the average within-class scatter matrix ( )WN S , and thus contains 

no discriminatory information. Therefore, removal of ( )TN S  before determining 

( )WN S  and ( )WC S  can result in a much compact discriminative null space ( )W
dN S  

retaining all the discriminatory information in ( )WN S . In the following discussion, we 

assume that ( )TN S  has been removed, with ( )W
dN S  and ( )W

dC S  estimated in the 

column space of the total scatter matrix ( )TC S . According to Theorem 4.1, it is easy 

to verify that ( )( ) ( )( ) ( )( )W
d

TW
d CCN SSS dimdimdim −= . 

 

The CWFLDA techniques can be applied in ( )W
dN S  and ( )W

dC S  separately without 

suffering from the singularity problem. However, the discriminant vectors extracted 

from each of these two subspaces may not simultaneously satisfy some conjugated 

orthogonality constraint. For example, the CWFLDA may extract a set of uncorrelated 

features from each subspace but cannot ensure the two sets of extracted features to be 

uncorrelated to each other. As a result, some features extracted from one subspace 

may be highly correlated with some features extracted from the other subspace, which 

will lead to a less compact pattern representation. To address this issue, we choose the 

CWFLDAq2 technique proposed in the previous chapter and generalize it to the 

Complementary Subspaces Uncorrelated CWFLDA (CS-UCWLDA) technique, in 

which the CWFLDAq2 is first applied in ( )W
dN S  to sequentially extract a set of 

discriminant vectors subject to the conjugated orthogonality constraint to TS  and then 

applied in ( )W
dC S  to sequentially extract another set of discriminant vectors under the 

constraint that any newly extracted discriminant vector together with all the previously 

extracted discriminant vectors should satisfy the conjugated orthogonality to TS . 

Consequently, the eventually obtained discriminant vectors from the two subspaces 

can result in a set of uncorrelated features in the transformed subspace. The pseudo-

code of the CS-UCWFLDA technique is given in Table 4.1. 
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Table 4.1: Pseudo-code of the CS-UCWFLDA technique 
 

• Remove ( )TN S : perform Singular Value Decomposition (SVD) to obtain 

eigenvectors and the corresponding eigenvalues of TS . Let TcP  be a linear 

transformation matrix composed of eigenvectors of TS  corresponding to the 

largest ( )Ttr Srank=  eigenvalues. The average within-class scatter matrix defined 

in ( )TC S  can be expressed by TcWTc PSP T . 

• Determine ( )W
dN S  and ( )W

dC S : perform SVD to obtain eigenvectors and the 

corresponding eigenvalues of TcWTc PSP T . Let WcP  and WnP  denote two linear 

transformation matrices composed of the eigenvectors of TcWTc PSP T  corresponding 

to the largest ( )TcWTcwr PSPTrank=  eigenvalues and the smallest ( )( ) wT rC −Sdim  

eigenvalues, respectively. The pairwise weighted between-class scatter matrix 

defined in ( )W
dN S  can be expressed by n

BwS~ . The average weighted within-class 

scatter matrix and the pairwise weighted between-class scatter matrix defined in 

( )W
dC S  can be expressed by c

WwS~  and c
BwS~ . 

• Sequentially extract m discriminant vectors from ( )W
dN S  and ( )W

dC S : 

• Case 1: ( )( )  0dim =W
dN S  

The 1st discriminant vector 1ϕ  is obtained as 
1

1
1 φ

φ
ϕ

WcTc

WcTc

PP
PP

= , where 1φ  is the 

eigenvector of ( ) c
Bw

c
Ww SS ~~ 1−

 corresponding to the largest eigenvalue. After ith 

discriminant vector 1 , ≥iiϕ  is extracted, the (i+1)th discriminant vector 1+iϕ  is 

obtained as 
1

1
1

+

+
+ =

iWcTc

iWcTc
i φ

φ
ϕ

PP
PP

, where 1+iφ  the eigenvector of  ( ) c
Bw

c
Ww SMS ~~ 1−

 

corresponding to the largest eigenvalue, where 

( ) ( ) ( )( ) ( ) 11
TT1TT ~~ −−−

−= c
WwWcTcTTWcTc

c
WwWcTcTTWcTc SPPDSDSPPSPPDSDSPPIM

, [ ]
T

1

1T
1  ,...,  ,..., 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
==

iWcTc

iWcTc

WcTc

WcTc
i φ

φ
φ
φ

ϕϕ
PP
PP

PP
PP

D  and I is an identity matrix. 

• Case 2: ( )( ) ( )( )W
d

W
d NmN SS dim  0dim ≤∧≠  
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The 1st discriminant vector 1ϕ  is obtained as 
1

1
1 φ

φ
ϕ

WnTc

WnTc

PP
PP

= , where 1φ  is the 

eigenvector of n
BwS~  corresponding to the largest eigenvalue. After ith 

discriminant vector 1 , ≥iiϕ  is extracted, the (i+1)th discriminant vector 1+iϕ  is 

obtained as 
1

1
1

+

+
+ =

iWnTc

iWnTc
i φ

φ
ϕ

PP
PP

, where 1+iφ  the eigenvector of  n
BwSM~  

corresponding to the largest eigenvalue, where 

( ) ( )( ) WnTcTTWnTcWnTcTTWnTc PPDSDSPPPPDSDSPPIM
1TTTT −

−= , 

[ ]
T

1

1T
1  ,...,  ,..., 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
==

iWnTc

iWnTc

WnTc

WnTc
i φ

φ
φ
φ

ϕϕ
PP
PP

PP
PP

D  and I is an identity matrix. 

• Case 3: ( )( ) ( )( )W
d

W
d NmN SS dim  0dim ≥∧≠  

The 1st discriminant vector 1ϕ  is obtained as 
1

1
1 φ

φ
ϕ

WnTc

WnTc

PP
PP

= , where 1φ  is the 

eigenvector of n
BwS~  corresponding to the largest eigenvalue. After ith 

discriminant vector 1 , ≥iiϕ  is extracted: 

• If ( )( )W
dNi Sdim< , the (i+1)th discriminant vector 1+iϕ  is obtained as 

1

1
1

+

+
+ =

iWnTc

iWnTc
i φ

φ
ϕ

PP
PP , where 1+iφ  the eigenvector of  n

BwSM~  corresponding to 

the largest eigenvalue, where 

( ) ( )( ) WnTcTTWnTcWnTcTTWnTc PPDSDSPPPPDSDSPPIM
1TTTT −

−= , 

[ ]
T

1

1T
1  ,...,  ,..., 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
==

iWnTc

iWnTc

WnTc

WnTc
i φ

φ
φ
φ

ϕϕ
PP
PP

PP
PP

D  and I is an identity matrix. 

• If ( )( )W
dNi Sdim≥ , the (i+1)th discriminant vector 1+iϕ  is obtained as 

1

1
1

+

+
+ =

iWcTc

iWcTc
i φ

φ
ϕ

PP
PP

, where 1+iφ  the eigenvector of  ( ) c
Bw

c
Ww SMS ~~ 1−

 

corresponding to the largest eigenvalue, where 
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( ) ( ) ( )( ) ( ) 11
TT1TT ~~ −−−

−= c
WwWcTcTTWcTc

c
WwWcTcTTWcTc SPPDSDSPPSPPDSDSPPIM

, [ ]
T

1

1T
1  ,...,  ,..., 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
==

iWcTc

iWcTc

WnTc

WnTc
i φ

φ
φ
φ

ϕϕ
PP
PP

PP
PP

D  and I is an identity matrix. 

• Normalization: calculate the diagonal covariance matrix in the transformed 

subspace tT ΛDDS =T . Normalize D  to make the uncorrelated features in the 

transformed subspace to have unit variances. 21T' −= tΛDD . 

• The m extracted discriminant vectors constitute the columns of 'D . 

 

The justifications for the equations involved in the CS-UCWFLDA pseudo-code can 

be easily verified according to the proof in [222]. 

 

The CS-UCWFLDA technique is attractive from the following aspects: 

 

1. When ( )W
dN S  is empty, the CS-UCWFLDA comes down to the CWFLDAq2, and 

accordingly inherits the eminent performance of the CWFLDAq2 when dealing 

with well-sampled datasets. From this perspective, the CS-UCWFLDA technique 

can be regarded as the generalization of CWFLDAq2. 

 

2. The dimensionality of ( )W
dN S  is determined by ( )( ) ( )( )TW

d CN SS dimdim =  

( )( )W
dC Sdim−  which varies with the training sample size and the number of 

classes. When ( )( )W
dN Sdim  is fairly small, the conventional NFLDA techniques 

will deteriorate much since they can only extract very few discriminant vectors in 

( )W
dN S . In this sense, the CS-UCWFLDA can be regarded as a generalized 

NFLDA technique, which can extract additional discriminant vectors in ( )W
dC S  

so as to improve the performance of the subsequent patter analysis task. 

 

3. The class-wise weighted Fisher criterion used in CS-UCWFLDA compensates 

several deficiencies inherent in the conventional Fisher criterion. Consequently, a 

more compact lower-dimensional pattern representation may be obtained, which 

can retain most of the useful discriminatory information present in the original 
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high-dimensional feature space. It is worth noting that in the high-dimensional and 

undersampled case, most estimated pairwise two-class Bayes errors or their upper 

bounds under Gaussian assumptions may achieve the common minimum values 

since most class pairs in high-dimensional and undersampled problems are well 

separated in the sparse high-dimensional feature space. As a result, the weighting 

factors will be mainly determined by the reciprocal of the squared Mahalanobis 

distance between two classes. Obviously, outlier classes located remotely from the 

remaining classes will receive small weights and thus contribute less to the 

estimate of the average within-class and between-class scatter matrices. 

 

4. Some of the existing techniques, such as DS-FLDA and GFLDA, can also 

explicitly or implicitly take into account the discriminatory information present in 

both ( )W
dN S  and ( )W

dC S . In comparison with our proposed CS-UCWFLDA 

technique, they have several limitations. The DS-FLDA techniques separately 

extract the maximum possible number of discriminative features from each 

subspace and then fuse the obtained two sets of features in a weighted manner for 

classification. Although demonstrating promising performance in classification, 

such kind of techniques cannot further reduce the dimensionality. The GFLDA 

techniques can implicitly extract additional discriminant vectors from ( )W
dC S  to 

compensate the limited number of discriminant vectors extracted from the possibly 

low-dimensional ( )W
dN S , and result in uncorrelated features in the transformed 

subspace. However, such kind of techniques is subject to the equality 

BWT SSS += . Both DS-FLDA and GFLDA techniques employ the conventional 

Fisher criterion and accordingly suffer from the deficiencies described in the 

previous chapter. 

 

5. Normalization applied in the transformed subspace can eliminate the problem 

caused by the magnitude discrepancy among different features in the transformed 

space. 
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Although uncorrelated features extracted by the CS-UCWFLDA technique can 

eliminate the undesirable correlatedness among features, they may overfit the training 

samples as indicated in [124]. As a solution, we perform the QR decomposition of the 

matrix composed of the discriminant vectors obtained by the CS-UCWFLDA to yield 

a set of orthogonal discriminant vectors. We name this technique Complementary 

Subspace Orthogonal CWFLDA (CS-OCWFLDA). 

 

4.4 Regularized subspace based CWFLDA techniques 

 

Besides the unified extraction of discriminatory information from the null and column 

spaces of the average within-class scatter matrix to avoid the singularity problem, 

direct regularization of the singular average within-class scatter matrix provides 

another effective way to generalize the utility of the CWFLDA techniques to handle 

high-dimensional and undersampled problems. Since ( )TN S  does not contain any 

discriminatory information, it will be removed in the beginning and regularization is 

subsequently applied in ( )TC S , a subspace of the original feature space. We therefore 

name this class of techniques as the Regularized Subspace Based CWFLDA (RS-

CWFLDA). 

 

In this section, we choose 2 representative CWFLDA techniques proposed in the 

previous chapter, namely CWFLDAq0 and F-CWFLDAq0, and reactive their feasibility 

in the high-dimensional and undersampled scenario via regularization. Note that 

CWFLDAq0 and F-CWFLDAq0 techniques have demonstrated superior performance in 

the experiments of the previous chapter. 

 

Even since the pioneering work by Hong and Yang [136], many regularization 

methods have been devised to compensate the singular or poorly estimated average 

within-class scatter matrix in the FLDA, such as singular value perturbation [136], 

shrink towards the identity matrix [137], [138], addition with a scaled identity matrix 

[139], [140], multiple parameter regularization [141] and maximum entropy 
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covariance selection [142] and so on. Among them, we choose two simple but 

effective schemes to generalize the 2 representative CWFLDA techniques. 

 

The first regularization method is to add a multiple of the identity matrix to the 

average within-class scatter matrix as IS σ+W  with 0>σ . It is easy to verify that the 

regularized average within-class scatter matrix IS σ+W  is positive definite. To 

generalize the CWFLDA techniques, the average weighted within-class scatter matrix 

and the pairwise weighted between-class scatter matrix will be estimated in the 

regularized ( )TC S . The resulting regularized CWFLDAq0 and F-CWFLDAq0 

techniques are named R1CWFLDAq0 and R1F-CWFLDAq0 respectively. A limitation 

of such regularization method is that the optimal value of the multiplier σ  is hard to 

determine. A very small value of σ  may result in the poorly estimated scatter matrix 

and accordingly lead to numerical instability, while a very large value of σ  may 

distort the useful information contained in the original scatter matrix. In practical, 

cross-validation is typically used to seek for the optimal value of σ  at the expense of 

computational costs. 

 

The second regularization method is based on the Maximum Entropy Covariance 

Selection (MECS), which was developed by Thomaz et al. [142] according to the 

maximum entropy (uncertainty) principle [223] to improve the performance of the 

quadratic discriminant classifier on undersampled problems. The core of MECS is to 

maximize the Gaussian entropy of the convex mixture of a singular or poorly 

estimated individual covariance matrix and a well-estimated pooled covariance matrix 

by selecting the larger variance between the two component covariance matrices along 

each of the orthonormal eigenvectors of the mixed matrix. The selected variances and 

the corresponding orthonormal eigenvectors of the mixed matrix constitute the re-

estimated individual covariance matrix. The Maximum Uncertainty FLDA 

(MUFLDA) technique, proposed by Thomaz et al. [223], takes advantage of the 

MECS idea to regularize the singular average within-class scatter matrix based on the 

following equation suggested by Friedman [137]. 

                                ( ) ( )
( ) I
S
SSS

W

W
WW dim

trace1 γγ +−=  with [ ]1 ,0∈γ                            (4.1) 
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The MECS method used in the MUFLDA is described in Table 4.2.  

 

Table 4.2: The MECS method used in the MUFLDA 
 

• Perform eigenvalue decomposition of ( ) nn
Wp CN ×∈−= RSS , i.e. 

      ( )npppp λλ ,...,diag 1
T == ΛPSP  

• Calculate the average eigenvalue of pS , i.e. ( ) np /trace S=λ  

• Establish a new diagonal matrix as: ( ) ( )( )nλλλλ ,max,...,,maxdiag 1
* =Λ  

• The re-estimated non-singular average within-class scatter matrix is defined by: 

( )( )T**
ppW CN PΛPS −=  

 

Compared with Friedman’s idea in Eq. (4.1), the MECS method expands only the 

smaller and consequently less reliable eigenvalues of the average within-class scatter 

matrix while keeping unchanged most of its larger eigenvalues, instead of 

simultaneously decreasing the larger eigenvalues and increasing the smaller 

eigenvalues. Moreover, the MECS avoids the estimation of the parameter γ  .  

 

Furthermore, the MECS has a reasonable justification originating from the maximum 

entropy principle [223]: “When we make inferences based on incomplete information, 

we should draw them from that probability distribution that has the maximum entropy 

permitted by the information we do have.” In fact, the MECS method can also be 

regarded as a special case of the singular value perturbation method [136] with the 

threshold value chosen as ( ) ( )WW SS dimtrace , which is larger than that suggested in 

[136]. To generalize the CWFLDA techniques, the average weighted within-class 

scatter matrix and the pairwise weighted between-class scatter matrix will be 

estimated in the regularized ( )TC S . The resulting regularized CWFLDAq0 and F-

CWFLDAq0 techniques are named R2CWFLDAq0 and R2F-CWFLDAq0, respectively. 

Obviously, in the well-sampled case, the RS-CWFLDA techniques come down to the 

CWFLDA. 
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4.5 Experiments 

 

In this section, we conduct extensive experiments to evaluate the performance of the 

generalized CWFLDA techniques including 2 CS-CWFLDA techniques and 4 RS-

CWFLDA techniques to handle high-dimensional and undersampled problems. We 

compare them with 10 state-of-the-art FLDA variants consisting of PCA+FLDA, 

regularized FLDA (RFLDA), MUFLDA, DLDA, Regularized DLDA (RDLDA), 

DCV, NUFLDA, ULDA, OLDA and FLDAs1. Among them, PCA+FLDA is a famous 

two-stage FLDA technique, which is widely used as a baseline approach in many face 

recognition literatures. RFLDA and MUFLDA use the two simple but effective 

regularization methods as introduced in our proposed RS-CWFLDA techniques. 

DLDA and RDLDA have received remarkable attentions in recent computer vision 

literatures. DCV and NUFLDA stands for two popular null space based FLDA 

techniques. ULDA and OLDA are two recently proposed techniques with good 

theoretical foundations, which have demonstrated promising empirical performance. 

FLDAs1 in terms of the maximum margin criterion have demonstrated promising 

performance in face recognition applications. For convenience, we summarize all 

techniques involved in our experiments in Table 4.3 with their indices and names 

interchanged in the following context. Our proposed 10 generalized CWFLDA 

techniques are typeset in bold. 

 

Table 4.3: The 20 DLDR techniques evaluated in our experiments. Information is 
provided on technique index, technique name and their provenance in this thesis 
or previous literatures. 

Technique index Technique name Provenance 

1 CS-UCWFLDA pp. 161 

2 CS-OCWFLDA pp. 165 

3 R1CWFLDAq0 pp. 166 

4 R2CWFLDA q0 pp. 167 

5 R1F-CWFLDA q0 pp. 166 

6 R2F-CWFLDA q0 pp. 167 

7 PCA_LDA [161] 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4: Generalized CWFLDA on High-dimensional and Undersampled Problems 
 

       169

8 RFLDA [139] 

9 MUFLDA [224] 

10 DLDA [168] 

11 RDLDA [140] 

12 DCV [167] 

13 NUFLDA [166] 

14 ULDA [124] 

15 OLDA [124] 

16 FLDAs1 [129] 

 
4.5.1 Experimental setup 

 

We choose 10 datasets from various data sources to perform the experimental study. 

Among them, the Multiple Feature (MultiFeat) dataset taken from the UCI machine 

learning repository [78] consists of 200 binary images for each of the ten handwritten 

digits “0” to “9” extracted from Dutch utility maps. Each image is characterized by 

649 features in terms of Fourier coefficients, profile correlations, Karhunen-Love 

coefficients, pixel averages, Zernike moments and morphological features. Three 

facial image datasets, including AT&T14, YALE15, PIX16, have been used widely to 

evaluate face recognition algorithms. Another five bioinformatics datasets, including 

ALL [225], ALLAML4 [226], GCM [227], [228], NCI [229] and SRBCT [230], [231] 

belong to the microarray gene expression profiles, which record tens of thousands of 

gene expression levels simultaneously but usually contain a very few number of 

samples due to high sensing costs. We also include one text document dataset tr41, 

which is derived from the TREC-5, TREC-6 and TREC-7 collections [232]. Note that 

most of these datasets are provided by Dr. Jieping Ye in his academic webpage and we 

use the same preprocessing steps as suggested in [124], [156], [175]. The statistics of 

these datasets are summarized in Table 4.4. All the datasets are normalized to [-1, 1] 

before use. In our experiments, the Nearest Center (NC) classifier and the kNN (k=1) 

classifier are used for classification due to their efficiency and effectiveness in the 

                                                 
14 http://www.cl.cam.ac.uk/Research/DTG/attarchive/facedatabase.html 
15 http://cvc.yale.edu/projects/yalefaces/yalefaces.html 
16 http://peipa.essex.ac.uk/ipa/pix/faces/manchester/test-hard/ 
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high-dimensional and undersampled scenario. The whole experiments are divided into 

two parts as follows. 

 

Table 4.4: The 10 datasets used in our experiments. Information is provided on 
dataset index, dataset name, number of classes (C), feature space dimensionality 
(n) and total number of samples (N). 

Index Datasets C n N 

a MultiFeat 10 649 2000

b AT&T 40 10304 400 

c YALE 15 12573 165 

d PIX 30 10000 300 

e ALL 6 12558 248 

f ALLAML4 4 7129 72 

g NCI 9 6167 61 

h SRBCT 4 2308 83 

i GCM 14 11485 198 

j tr41 7 7454 210 

 

The 1st experiment aims at verifying the promising performance of the CS-CWFLDA 

as the generalized null space based FLDA techniques. To achieve this goal, we choose 

the MultiFeat dataset and artificially change the number of samples per class so as to 

alter the dimensionality of the discriminative null space of the average within-class 

scatter matrix, i.e. ( )W
dN S . With the dimensionality of ( )W

dN S  gradually decreased 

from 9 to 0, we compare the performance of the proposed CS-UCWFLDA and CS-

OCWFLDA techniques with several state-of-the-art null space related FLDA variants 

including NUFLDA, DCV, ULDA and OLDA. Among them, the NUFLDA and DCV 

can only extract discriminant vectors in ( )W
dN S  and in the whole null space of the 

average within-class scatter matrix ( )WN S , respectively, while the ULDA and OLDA 

can implicitly extract discriminant vectors in ( )W
dN S  via the simultaneous 

diagonalization scheme. Moreover, when ( )W
dN S  is empty, the NUFLDA will be 

switched to the conventional FLDA, while the DCV will obtain meaningless 
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discriminant vectors. In contrast, as long as the dimensionality of ( )W
dN S  is below 

certain degree, the ULDA and OLDA can implicitly extract additional discriminant 

vectors in ( )W
dC S  to augment the performance. Furthermore, both NUFLDA and 

ULDA can yield uncorrelated transformed features while both DCV and OLDA can 

generate orthogonal discriminant vectors. In this experiment, we also study the 

numerical instability problem in our proposed CS-CWFLDA techniques. In the 

subspace based FLDA techniques, determination of the null and column spaces of a 

scatter matrix plays a crucial role. However, the typical way to obtain the null and 

column spaces of a scatter matrix based on its rank (as described in Theorem 4.1) may 

possibly lead to the numerical instability problem in the resulting column space. 

Specifically, suppose the rank of a scatter matrix A is ( )Ar  and accordingly the 

eigenvectors of A corresponding the largest ( )Ar  eigenvalues span the column space 

of A. Since ( )Ar  is generally defined as the number of eigenvalues above a specific 

threshold, if this threshold is too low, it may possibly happen that some eigenvectors 

of A corresponding to the relatively smaller eigenvalues may also serve as the basis 

vectors of the resulting column space, in which some estimated scatter matrix may 

become nearly singular. In fact, the column space determined by the matrix rank can 

only eliminate the singularity problem but may not avoid the numerical instability 

problem. To compensate this deficiency in our proposed CS-CWFLDA techniques, we 

introduce a matrix stability index ( )Asθ , and accordingly the eigenvectors of A 

corresponding to eigenvalues above this index value will span the column space of A 

and the remaining eigenvectors will span the null space of A. In our experiments, we 

set ( )Asθ  equal to one millionth of ( )Atrace , and compare two groups of CS-

CWFLDA techniques using the matrix rank and matrix stability index respectively to 

determine the null and column spaces of scatter matrices. We reserve names CS-

UCWFOLDA and CS-OCWFLDA for the CS-CWFLDA techniques using the matrix 

stability index, while use oCS-UCWFLDA and oCS-OCWFLDA to denote the CS-

CWFLDA techniques employing the matrix rank. In this experiment, we will 

randomly choose l samples from each class of the MultiFeat dataset to constitute the 

training set with the remaining samples serving as the testing test. This process will be 

repeated 20 times to obtain 20 pairs of training and testing sets. The mean 
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classification error at each possible dimension that can be reduced to is computed by 

averaging the classification errors at that dimension over the 20 pairs. The maximum 

possible dimension to reduce to is specified as C-1, hereby equal to 9. We choose l as 

10, 30, 50, 55, 60, 65, 80 and 100, respectively, to reduce the dimensionality of 

( )W
dN S  from 9 to 0. 

 

The 2nd experiment aims at extensively evaluating the effectiveness of our proposed 

generalized CWFLDA techniques to deal with various types of real-world problems 

involving high-dimensional and undersampled data, and compare their performance 

with that of the state-of-the-art FLDA variants. We employ the same performance 

evaluation scheme as that used in the previous chapter. The Wilcoxon signed rank test 

is carried out to compute the 3 relative performance indices, i.e. RBPI, RAPI and 

ROPI, for each experimental technique on per dataset. These relative performance 

indices are eventually averaged over all the experimental datasets to evaluate each 

experimental technique. In this experiment, the training and testing sets are generated 

in different ways with respect to different types of datasets. For facial image and text 

document datasets, due to its balanced sample size over all classes, we randomly 

choose around half of the total samples per class to constitute the training set with the 

remaining samples serving as the testing set. Specifically, we randomly choose 5 

samples per class for ORL, YALE and PIX datasets, respectively and randomly 

choose 15 samples per class for dataset tr41. For microarray gene expression datasets, 

because of its unbalanced sample size over all classes, we randomly choose two third 

of the whole dataset as the training set with the remaining samples constituting the 

testing set. This process will be repeated 20 times to obtain 20 pairs of training and 

testing sets. The mean classification error at each possible dimension that can be 

reduced to is calculated by averaging the classification errors at that dimension over 

the 20 pairs. We specify the maximum possible dimension to reduce to as C-1. 

 

4.5.2 Result analysis 

 

For the 1st experiment, Tables 4.5 and 4.6 report, by using the kNN and NC classifiers 

respectively, the minimum mean classification errors and the corresponding reduced 
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dimensions attained by the null space related FLDA techniques including CS-

UCWFLDA, CS-OBFOLDA, oCS-UCWFLDA, oCS-OCWFLDA, NUFLDA, DCV, 

ULDA and OLDA, on various splits of the MultiFeat dataset with different numbers 

of training samples per class (#TSPC). The average dimensionality of ( )TC S  and 

( )W
dN S  over 20 pairs of training and testing sets with regard to different data splits, 

determined by the matrix rank and matrix stability index respectively, is shown in 

Table 4.7. For each data split, the optimal technique with the overall smallest 

minimum mean classification error 17  among all the null space related FLDA 

techniques is typeset in bold. Note that we do not provide a direct way to determine 

the optimal dimensionality to reduce to, however, the observed minimum mean 

classification errors give an indication of the optimally attainable performance and 

thus can be used to compare different techniques. 

 

Table 4.5: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by the null space related FLDA (NS-
FLDA) techniques with respect to the kNN classifier. 

           #TSPC 

 

NS-FLDA 

10 30 50 55 60 65 80 100 

CS-UCWFLDA 0.0702 

(7) 

0.0504 

(8) 

0.0790 

(9) 

0.0622 

(9) 

0.0505 

(9) 

0.0416 

(9) 

0.0247 

(8) 

0.0173 

(8) 

CS-OCWFLDA 0.0596 

(9) 

0.0328

(9) 

0.0511

(9) 

0.0502

(9) 

0.0399

(9) 

0.0289 

(9) 

0.0204 

(9) 

0.0147

(9) 

oCS-UCWFLDA 0.0702 

(7) 

0.0504 

(8) 

0.1016 

(8) 

0.1617 

(8) 

0.2803 

(7) 

0.6714 

(9) 

0.0402 

(8) 

0.0198 

(8) 

oCS-OCWFLDA 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.5966 

(9) 

0.0736 

(9) 

0.0335 

(9) 

NUFLDA 0.0717 

(8) 

0.0524 

(8) 

0.1030 

(9) 

0.1620 

(8) 

0.2835 

(7) 

0.6966 

(4) 

0.0400 

(9) 

0.0197 

(9) 

DCV 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.6826 

(6) 

0.5443 

(9) 

0.4824 

(9) 

                                                 
17 When several techniques reach the overall smallest minimum mean classification error, the 
corresponding reduced dimensions are compared. The optimal technique should achieve the overall 
smallest minimum mean classification error at the smallest dimension. When the dimensions are same 
again, standard deviations of the classification error are compared. The optimal technique should have 
the smallest standard deviation. 
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ULDA 0.0742 

(9) 

0.0526 

(9) 

0.1030 

(9) 

0.1747 

(9) 

0.3049 

(9) 

0.7078 

(9) 

0.0400 

(9) 

0.0197 

(9) 

OLDA 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.5810 

(9) 

0.0713 

(9) 

0.0327 

(9) 

 

Table 4.6: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by the null space related FLDA (NS-
FLDA) techniques with respect to the NC classifier. 

           #TSPC  

 

NS-FLDA 

10 30 50 55 60 65 80 100 

CS-UCWFLDA 0.0702 

(7) 

0.0504 

(8) 

0.0810 

(9) 

0.0639 

(9) 

0.0519 

(9) 

0.0429 

(9) 

0.0263 

(8) 

0.0179 

(8) 

CS-OCWFLDA 0.0596 

(9) 

0.0328

(9) 

0.0514

(9) 

0.0509

(9) 

0.0397

(9) 

0.0295 

(9) 

0.0213 

(9) 

0.0164

(9) 

oCS-UCWFLDA 0.0702 

(7) 

0.0504 

(8) 

0.1016 

(8) 

0.1617 

(8) 

0.2803 

(7) 

0.6717 

(9) 

0.0421 

(8) 

0.0207 

(9) 

oCS-OCWFLDA 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.5981 

(9) 

0.0804 

(9) 

0.0388 

(9) 

NUFLDA 0.0717 

(8) 

0.0524 

(8) 

0.1030 

(9) 

0.1620 

(8) 

0.2835 

(7) 

0.6966 

(4) 

0.0424 

(9) 

0.0205 

(9) 

DCV 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.6826 

(6) 

0.6061 

(9) 

0.5758 

(9) 

ULDA 0.0742 

(9) 

0.0526 

(9) 

0.1030 

(9) 

0.1747 

(9) 

0.3049 

(9) 

0.7086 

(9) 

0.0424 

(9) 

0.0205 

(9) 

OLDA 0.0596 

(9) 

0.0328

(9) 

0.0574 

(9) 

0.0930 

(9) 

0.1784 

(9) 

0.5814 

(9) 

0.0788 

(9) 

0.0389 

(9) 

 

Table 4.7: The average dimensionality (standard deviation in bracket) of ( )TC S  
and ( )W

dN S  over 20 pairs of training and testing sets with regard to different 
data splits, determined by the matrix rank and matrix stability index, 
respectively. 
 

#TSPC Dimension Matrix rank Matrix stability index 

10 Ave ( )( )TC Sdim  98.95 

(0.22) 

98.95 

(0.22) 
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Ave ( )( )W
dN Sdim  9 

(0) 

9 

(0) 

Ave ( )( )TC Sdim  298.75 

(0.44) 

298.75 

(0.44) 

30 

Ave ( )( )W
dN Sdim  9 

(0) 

9 

(0) 

Ave ( )( )TC Sdim  498.85 

(0.49) 

479.40 

(0.88) 

50 

Ave ( )( )W
dN Sdim  9 

(0) 

7 

(0.65) 

Ave ( )( )TC Sdim  548.70 

(0.47) 

501.45 

(0.83) 

55 

Ave ( )( )W
dN Sdim  9 

(0) 

3.95 

(0.61) 

Ave ( )( )TC Sdim  598.45 

(0.61) 

518.45 

(0.89) 

60 

Ave ( )( )W
dN Sdim  9 

(0) 

1.65 

(0.67) 

Ave ( )( )TC Sdim  646 

(0) 

531.95 

(0.89) 

65 

Ave ( )( )W
dN Sdim  6.20 

(0.52) 

0.55 

(0.61) 

Ave ( )( )TC Sdim  646 

(0) 

556.70 

(0.66) 

80 

Ave ( )( )W
dN Sdim  0 

(0) 

0 

(0) 

Ave ( )( )TC Sdim  646 

(0) 

572.8 

(0.83) 

100 

Ave ( )( )W
dN Sdim  0 

(0) 

0 

(0) 

 

Some remarkable observations are outlined as follows: 

 

1. When the matrix rank is used to determine the null and column spaces of a scatter 

matrix, the dimensionality of ( )W
dN S  will decrease dramatically from its 

maximum value to zero, starting from a certain number of training samples per 

class, hereby around 65. In contrast, when using the matrix stability index, the 
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dimensionality of ( )W
dN S  will decrease gradually from its maximum value to 

zero, starting from a fewer number of training samples per class, hereby around 

50. Moreover, the dimensionality of ( )TC S  determined by the matrix stability 

index is always less than or equal to that determined by the matrix rank, which can 

remove instable factors.  

 

2. The CS-UBOFDLA and CS-OCWFLDA techniques, which use the matrix 

instability index to determine the null and column spaces of scatter matrices, 

achieve remarkably better performance than other techniques employing the 

matrix rank. And the CS-OCWFLDA technique always wins the first place among 

all the experimental techniques in comparison over various data splits. 

 

3. Among the techniques using the matrix rank to determine the column and null 

spaces of scatter matrices, when the dimensionality of ( )W
dN S  reaches its 

maximum value of 9 in the cases of 10, 30, 50, 55 and 60 training samples per 

class, the oCS-OCWFLDA, DCV and OLDA techniques, which can generate the 

orthogonal discriminant vectors, demonstrate the same performance. The study of 

the intrinsic relationships between these techniques is among our future plans. 

When the dimensionality of ( )W
dN S  starts to decrease in the case of 65 training 

sample per class, all the oCS-UCWFLDA, oCS-UCWFLDA, NUFLDA, DCV, 

ULDA and OLDA techniques demonstrate inferior performance. The reason might 

be that some estimated scatter matrices are numerically instable. Among oCS-

OCWFLDA, DCV and OLDA, the DCV performs worst since it cannot extract 

additional discriminant vectors from ( )W
dC S . When the dimensionality of  

( )W
dN S  decreases to zero in the cases of 70 and 100 training samples per class, 

the performance of DCV is fairly bad since it can no longer extract any 

discriminatory information. In contrast, the oCS-UCWFLDA, oCS-UCWFLDA, 

NUFLDA, ULDA and OLDA techniques can extract discriminant vectors in 

( )W
dC S , and thus demonstrate satisfactory performance. In comparison with the 

ULDA, the oCS-UCWFLDA technique can generally achieve the competitive 

performance at the smaller dimension. 
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For the 2nd experiment, Tables 4.8 and 4.9 report, by using the kNN and NC classifiers 

respectively, the minimum mean classification error and the corresponding reduced 

dimension attained by each of the 20 experimental techniques on per dataset. For each 

dataset, the optimal technique with the overall smallest minimum mean classification 

error 18  among all the experimental techniques is typeset in bold. The mean 

classification errors in the original feature space without reducing the dimensionality 

are also reported in the tables. Analogous to the previous chapter, we resort to the 3 

relative performance indices, i.e. RBPI, RAPI and ROPI, to evaluate the performance 

of each experimental technique. 

Table 4.8: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by 20 experimental techniques as well 
as the mean classification errors obtained in the original feature space (org) with 
respect to the kNN classifier. 

 b c d e f g h i j 
0.0722 0.0539 0.0323 0.0536 0.1042 0.4400 0.0405 0.2754 0.1010 1 (19) (14) (7) (5) (3) (7) (3) (13) (6) 
0.0365 0.0883 0.0217 0.0265 0.0958 0.4550 0.0405 0.2722 0.1576 2 (39) (14) (14) (5) (3) (7) (3) (13) (6) 
0.0365 0.0883 0.0213 0.0265 0.0958 0.4550 0.0405 0.2722 0.1576 3 (39) (14) (15) (5) (3) (7) (3) (13) (6) 
0.0298 0.1061 0.0230 0.0410 0.1021 0.4675 0.0714 0.2937 0.1652 4 (33) (14) (27) (5) (3) (5) (3) (13) (6) 
0.0628 0.1161 0.0280 0.0548 0.0979 0.4975 0.0476 0.2881 0.2643 5 (38) (14) (21) (5) (3) (8) (3) (13) (6) 
0.0403 0.1100 0.0237 0.0566 0.1083 0.4825 0.0690 0.2873 0.2024 6 30) (14) (28) (5) (3) (8) (3) (13) (6) 
0.6060 0.6044 0.4453 0.2211 0.1875 0.6600 0.1571 0.5548 0.6157 7 (39) (14) (21) (5) (3) (6) (3) (13) (6) 
0.0365 0.0889 0.0217 0.0265 0.0958 0.4700 0.0405 0.2722 0.1581 8 (39) (14) (28) (5) (3) (7) (3) (13) (6) 
0.0298 0.1044 0.0233 0.0446 0.1063 0.4775 0.0667 0.3016 0.1686 9 (37) (14) (22) (5) (3) (8) (3) (13) (6) 
0.0455 0.1417 0.0243 0.0819 0.1562 0.4850 0.1214 0.3270 0.2062 10 (38) (11) (19) (5) (3) (7) (3) (13) (6) 
0.0682 0.1489 0.0423 0.0795 0.1542 0.4625 0.1214 0.3286 0.1662 11 (37) (11) (10) (5) (3) (7) (3) (12) (6) 
0.0365 0.0883 0.0217 0.0265 0.0958 0.4650 0.0405 0.2722 0.1576 12 (39) (14) (28) (5) (3) (7) (3) (13) (6) 
0.0827 0.0539 0.0340 0.0536 0.1021 0.4550 0.0405 0.2754 0.1010 13 (39) (14) (8) (5) (2) (7) (3) (13) (6) 
0.0827 0.0539 0.0483 0.0536 0.1042 0.4600 0.0405 0.2754 0.1010 14 (39) (14) (29) (5) (3) (8) (3) (13) (6) 
0.0365 0.0883 0.0227 0.0265 0.0958 0.4725 0.0405 0.2722 0.1576 15 (39) (14) (29) (5) (3) (8) (3) (13) (6) 

                                                 
18 When several techniques reach the overall smallest minimum mean classification error, the 
corresponding reduced dimensions are compared. The optimal technique should achieve the overall 
smallest minimum mean classification error at the smallest dimension. When the dimensions are same 
again, standard deviations of the classification error are compared. The optimal technique should have 
the smallest standard deviation. 
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0.0483 0.1628 0.0340 0.0578 0.1063 0.4825 0.0762 0.3262 0.1595 16 (39) (14) (29) (5) (3) (7) (3) (13) (6) 
Org 0.0685 0.2722 0.0413 0.1337 0.1083 0.5400 0.1429 0.3921 0.7124 

 

Table 4.9: The minimum mean classification errors and the corresponding 
reduced dimensions (in bracket) attained by 20 experimental techniques as well 
as the mean classification errors obtained in the original feature space (org) with 
respect to the NC classifier. 

 b c d e f g h i j 
0.0722 0.0539 0.0323 0.0536 0.1042 0.4400 0.0405 0.2754 0.1010 1 (19) (14) (7) (5) (3) (7) (3) (13) (6) 
0.0365 0.0883 0.0217 0.0265 0.0958 0.4550 0.0405 0.2722 0.1576 2 (39) (14) (14) (5) (3) (7) (3) (13) (6) 
0.0365 0.0883 0.0213 0.0265 0.0958 0.4550 0.0405 0.2722 0.1576 3 (39) (14) (15) (5) (3) (7) (3) (13) (6) 
0.0355 0.1039 0.0257 0.0307 0.0833 0.4750 0.0619 0.2841 0.1657 4 (35) (14) (19) (5) (3) (6) (3) (13) (6) 
0.0628 0.1161 0.0280 0.0548 0.0979 0.4975 0.0476 0.2881 0.2643 5 (38) (14) (21) (5) (3) (8) (3) (13) (6) 
0.0445 0.1183 0.0243 0.0500 0.0896 0.4725 0.0571 0.2960 0.2157 6 (27) (14) (28) (5) (3) (8) (3) (13) (6) 
0.6065 0.6033 0.4453 0.2229 0.1854 0.6550 0.1476 0.5524 0.6114 7 (34) (14) (21) (5) (3) (8) (3) (13) (6) 
0.0365 0.0889 0.0217 0.0265 0.0958 0.4700 0.0405 0.2722 0.1581 8 (39) (14) (28) (5) (3) (7) (3) (13) (6) 
0.0365 0.1056 0.0250 0.0289 0.0833 0.4800 0.0619 0.2849 0.1652 9 (38) (14) (21) (5) (3) (8) (3) (13) (6) 
0.0508 0.1317 0.0263 0.0783 0.1417 0.4775 0.1238 0.3087 0.2324 10 (35) (12) (29) (5) (3) (7) (3) (13) (6) 
0.0892 0.1300 0.0487 0.0765 0.1438 0.4400 0.1310 0.3008 0.1481 11 (36) (11) (10) (5) (3) (7) (3) (13) (6) 
0.0365 0.0883 0.0217 0.0265 0.0958 0.4650 0.0405 0.2722 0.1576 12 (39) (14) (28) (5) (3) (7) (3) (13) (6) 
0.0827 0.0539 0.0340 0.0536 0.1021 0.4550 0.0405 0.2754 0.1010 13 (39) (14) (8) (5) (2) (7) (3) (13) (6) 
0.0827 0.0539 0.0483 0.0536 0.1042 0.4600 0.0405 0.2754 0.1010 14 (39) (14) (29) (5) (3) (8) (3) (13) (6) 
0.0365 0.0883 0.0227 0.0265 0.0958 0.4725 0.0405 0.2722 0.1576 15 (39) (14) (29) (5) (3) (8) (3) (13) (6) 
0.0745 0.1783 0.0547 0.0373 0.0833 0.4825 0.0786 0.3706 0.1600 16 (39) (14) (29) (5) (3) (8) (3) (13) (6) 

Org 0.0975 0.2589 0.0737 0.0584 0.1333 0.6150 0.1262 0.4413 0.1829 

 

The RBPI, RAPI and ROPI values of each experimental DLDR technique averaged 

over all the experimental datasets with respect to the kNN and NC classifiers 

respectively, are illustrated as box charts in Figures 4.1 and 4.2. Some remarkable 

observations are discussed as follows. 
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1. From the perspective of the relative best performance measured by the RBPI 

values, several techniques including R1CWFLDAq0 (technique index19 3) CS-

OCWFLDA (technique index 2), RFLDA (technique index 8) and DCV 

(technique index 12) demonstrate consistently high performance with respect to 

both kNN and NC classifiers. Among them, three regularized subspace based 

techniques by adding a multiple of identity matrix to the singular average within-

class scatter matrix estimated in ( )TC S , i.e. R1CWFLDAq0, R1F-CWFLDAq0 

(technique index 5) and RFLDA,  demonstrate better performance than the other 

three regularized subspace based techniques by using the MECS method, i.e. 

R2CWFLDAq0 (technique index 4), R2F-CWFLDAq0 (technique index 6) and 

MUFLDA (technique index 9). The CS-OCWFLDA technique obtained from the 

CS-UCWFLDA (technique index 1) via the QR decomposition demonstrates 

improved performance. The similar fact can also be observed from the OLDA 

(technique index 15) and ULDA (technique index 14) techniques. The NUFLDA 

(technique index 13) technique demonstrates better performance than the ULDA 

technique. The DLDA (technique index 10) technique and its regularized version 

RDLDA (technique index 11) demonstrate inferior performance in comparison 

with many other techniques, among which the RDLDA outperforms the DLDA. 

The FLDAs1 (technique index 16) also perform not well in comparison with many 

other techniques. Among all the experimental techniques, the PCA+LDA 

(technique index 7) technique always performs worst since it discards most of the 

important discriminatory information present in ( )W
dN S . 

 

2. From the perspective of the relative average performance measured by the RAPI 

values, four of our proposed techniques, i.e. CS-UCWFLDA, CS-OCWFLDA, 

R1CWFLDAq0 and R2CWFLDAq0 demonstrate consistently better performance 

than the other techniques with respect to both kNN and NC classifiers.  

 

3. From the perspective of the relative overall performance measured by the ROPI 

values, three of our proposed techniques, i.e. R1CWFLDAq0, CS-OCWFLDA, 

and CS-UCWFLDA win the first three places with respect to both kNN and NC 
                                                 
19 See Table 4.2. 
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classifiers. The RFLDA and DCV techniques also demonstrate good performance. 

The QR decomposition makes the CS-OCWFLDA and OLDA always outperform 

the CS-UCWFLDA and ULDA, respectively.  Three regularized subspace based 

techniques by adding a multiple of identity matrix to the singular average within-

class scatter matrix estimated in ( )TC S , i.e. R1CWFLDAq0, R1F-CWFLDAq0 and 

RFLDA, demonstrate better performance than the other three regularized 

subspace based techniques by using the MECS method, i.e. R2CWFLDAq0, R2F-

CWFLDAq0 and MUFLDA. The DLDA technique and its regularized version 

RDLDA as well as the FLDAs1 techniques perform not well in comparison with 

many other experimental techniques. The PCA+LDA always perform worst 

among all the experimental techniques with regard to both classifiers. 

 

4. Two of our proposed techniques, i.e. R1F-CWFLDAq0 and R2F-CWFLDAq0 do 

not show promising performance as they have behaved in the well-sampled 

datasets. The plausible explanation is that in the high-dimensional and 

undersampled scenario, the pairwise two-class Bayes accuracies of most class 

pairs may achieve the common maximum values. Consequently, due to the 

definition of the between-class weights, the direction associated with each 

component pairwise scatter matrix in the weighted pairwise between-class scatter 

matrix will be equivalently emphasized in the eigenvalue decomposition. 

Therefore, the step-wise dimensionality reduction step cannot effectively 

differentiate the relatively least important discriminative direction to remove. This 

problem might be addressed by increasing the power of the Mahalanobis distances 

in the denominator position of the between-class weights. We attempt to address 

this problem in the future research work. 

 

Generally speaking, the two generalized CWFLDA techniques, i.e. R1CWFLDAq0 and 

CS-OCWFLDA, demonstrate consistently better performance relative to the other 

techniques. It is interesting to note that the regularization scheme by simply adding a 

multiple of identity matrix to the singular average within-class scatter matrix estimated 

in ( )TC S  can make the resulting algorithms, e.g. R1CWFLDAq0 and RFLDA 

demonstrate promising performance. 
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Figure 4.1: The RBPI (top), RAPI (middle) and ROPI (bottom) values of each 
experimental technique averaged over all the experimental datasets in terms of 
the kNN classifier. 
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Figure 4.2: The RBPI (top), RAPI (middle) and ROPI (bottom) values of each 
experimental technique averaged over all the experimental datasets in terms of 
the NC classifier.  
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4.6 Conclusions 

 

In this chapter, we provided an extensive overview of the existing discriminative 

dimensionality reduction techniques capable of handling high-dimensional and 

undersampled problems along two main avenues: discriminative subspace analysis and 

discriminative manifold learning. Two categories of generalized CWFLDA techniques 

were proposed to handle the high-dimensional and undersampled problems, which can 

take advantage of the discriminatory information present in different subspaces while 

retaining their superior performance in the well-sampled scenario. The CS-CWFLDA 

techniques extract discriminant vectors subject to different conjugated orthogonality 

constraints from the null and column spaces of the average within-class scatter matrix 

in the sequential forward manner. The RS-CWFLDA techniques extract discriminant 

vectors subject to different conjugated orthogonality constraints from the column 

space of the regularized average with-class scatter matrix in the batch or sequential 

backward fashion. Although most weighted terms in the quotient class-wise weighted 

Fisher criterion degenerate since the pairwise two-class Bayes accuracies of most class 

pairs may achieve the maximum values in the high-dimensional and undersampled 

scenario, the degenerated weighting terms can still suppress the undesirable influences 

from the possibly existing outlier classes.  Experiments were carried out on various 

types of data sources to evaluate the performance of the proposed techniques in 

comparison with several state-of-the-art FLDA variants. Two of the proposed 

generalized CWFLDA techniques, i.e. R1CWFLDAq0 and CS-OCWFLDA, 

demonstrated consistently better overall performance relative to the other techniques. 

Some proposed techniques such as R1F-CWFLDAq0 and R2F-CWFLDAq0 did not 

perform as well as they behaved in the well-sampled scenario due to the degeneration 

of the weighting terms. 
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Chapter 5:  Robust Growing Neural Gas 

Algorithm with Application in Cluster Analysis 
 

5.1 Introduction 

 

Cluster analysis [44]-[46] is a crucial and powerful tool for exploring and discovering 

the underlying data substructures by crisply or softly partitioning a set of N available 

n-dimensional feature vectors (also called training samples or data points), i.e. 

{ }Nin
iN ...,2,1 , |,...,, 21 =∈∀= RxxxxX  into C ( NC ≤≤1 ) natural groups (so-

called clusters) such that each feature vector can be assigned to per cluster with a 

certain degree of membership. Cluster analysis has found applications in diverse fields 

[233]-[238] ranging from pattern recognition, data mining, computer vision and 

communication to information retrieval and bioinformatics. 

  

There exist no definite categorization standards for grouping different clustering 

techniques. Traditionally, clustering methods can be dichotomized into hierarchical 

clustering and partitioning clustering. Hierarchical approaches sequentially build 

nested clusters with the graphical representation known as dendrogram. Partitioning 

approaches directly assign all the available feature vectors according to some criteria, 

such as similarity and density, into different clusters. Representative algorithms for the 

partitional clustering include Prototype-based Clustering (PBC) [47], density-based 

clustering [48], [49] and graph theory based clustering [50], etc. Agglomerative [52] 

and divisive [53] clustering algorithms constitute two main types of hierarchical 

clustering. In recent years, many novel clustering techniques have been developed 

such as neural network-based clustering (e.g. self-organizing maps [18], Neural Gas 

(NG) networks [54] and adaptive resonance theory network [55], etc.), kernel 

clustering [56], [57], spectral clustering [59], information clustering [58], relationship-

based clustering [60], subspace clustering [51], evolutionary clustering [61], and 

online clustering [62], [63], [64], etc. These clustering algorithms can either fit into 
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one of the two traditional categories or be regarded as a unique category of clustering 

techniques.  

 

Research work in this thesis focuses on the PBC algorithms with point prototypes, 

which are simply characterized by reference vectors and the Euclidean distance 

metric. The PBC is probably the most popular class of partitioning clustering methods 

and can also be extended to the hierarchical approaches via superposition. Hard 

clustering and soft clustering can be regarded as two major branches of the PBC 

algorithms. Hard clustering assigns each feature vector to exactly one cluster with the 

nearest prototype, while soft clustering assigns each feature vector to all clusters with 

different degrees of membership. According to the updating strategies, the PBC 

algorithms can also be dichotomized into the batch and sequential methods. 

 

Hard c-means (HCM), also called k-means [1], [2], [71], is a well-known hard 

clustering algorithm, which is suitable for well-separated clusters. However, in real 

applications, the underlying clusters usually overlap to some extent. Therefore, it is 

not reasonable to assign each feature vector to a single cluster with the full certainty. 

The famous Fuzzy c-means (FCM) algorithm [233], [239], devised by Bezdek [72], 

can well handle such case, in which prototypes are derived by using the Alternative 

Optimization (AO) method. The fuzzy competitive learning algorithm [240] is 

intrinsically same with the FCM but uses the sequential learning strategy and the 

gradient descent scheme to derive prototypes. 

 

Although widely applied, the robustness of many existing PBC algorithms may not be 

satisfactory. For example, the performances of many conventional PBC algorithms are 

sensitive to initializations, input sequence orders, the present of outliers and the 

correct assumption of the underlying cluster numbers for a given dataset. In the past 

few decades, many improved PBC versions have been developed to tackle these 

robustness issues. We describe some representative methods as follows. 

 

• Initialization and input sequence order problems 
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Due to the use of winner-take-all strategy [41], the performance of the conventional 

HCM algorithm is very sensitive to initializations. If prototypes are initialized 

improperly, some of them may never win and get updated during the whole training 

process, which is known as the prototype-under-utilization or “dead nodes” problem. 

Comparatively, the FCM algorithm may mitigate the “dead node” problem by using 

the fuzzy membership concept. Specifically, any feature vector will, to some degree, 

contribute to the updating of all prototypes. However, due to the use of the AO 

scheme, different initializations for the FCM may possibly lead to different clustering 

results. In the sequential learning methods, the initialization problem is intertwined 

with the input sequential order problem. Specifically, with respect to a certain initial 

state, randomly shuffled input sequence orders may lead to different clustering results. 

 

Many approaches have been devised to tackle the initialization and input sequence 

order problems. Frequency sensitive competitive learning algorithm [235] is a typical 

method that can eliminate the dead nodes by gradually increasing the wining chance 

for those infrequently winning prototypes. Observing that sub-sampling can provide 

information about the underlying joint probability density function that generate the 

available feature vectors, Bradley [242] refined the initial state of the HCM algorithm 

based on an effective approach estimating the modes of the distribution. The k-

harmonic means algorithm [243], proposed by Zhang, modified the criterion function 

of the HCM algorithm by substituting the minimum distance from each feature vector 

to its nearest prototype with the harmonic average of the distances from such feature 

vector to all prototypes. Consequently, each available feature vector can influence the 

updating of all prototypes to effectively cope with the initialization problem. The hard 

robust clustering algorithm developed by Yang et al. [244] employs the sequential 

learning strategy. At the presence of a feature vector, its nearest prototype together 

with other prototypes are all updated but with distinct updating strengths.  Although 

the so far mentioned robust variants claim to successfully solve the “dead nodes” 

problem, they may take a risk of getting stuck into some inferior local minima if the 

initial states are not carefully chosen or the input sequence are not properly ordered. 

 

• Outlier Problem 
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In cluster analysis, outliers can be regarded as the feature vectors faraway from any 

clusters. Consequently, outliers should have low degrees of membership with respect 

to all clusters. On the other hand, inliers denote the feature vectors belonging to some 

cluster with high degrees of membership. The sum of squared quantization error 

(SSQE), defined by the summation of squared Euclidean distances from the available 

feature vectors to all the prototypes weighted by the corresponding degrees of 

membership, is a widely used criterion function in the PBC algorithms. However, 

without differentiating the inliers’ and outliers’ influences, minimization of SSQE may 

often lead to unsatisfactory clustering results. For both the HCM and FCM algorithms, 

outliers may significantly influence the prototype updating process. In order to yield 

satisfactory clustering results, it is desirable to identify the existing outliers and 

suppress their influences on the updating of the prototypes. 

 

As an outlier resistant clustering algorithm, F should have the following 

characteristics [245]: P1: inliers and outliers should be differentiated during the 

minimization of criterion function such that outliers exert negligible influences on the 

updating of the prototypes. P2: final prototypes obtained by F on a contaminated 

dataset should not significantly deviate from those attained by F on the corresponding 

“clean” dataset. In recent years, many outlier resistant clustering algorithms have been 

developed. 

  

The partition around medoides algorithm [45], as one of the famous k-medoides 

clustering techniques [246], aims at finding k medoides out of the available feature 

vectors and accordingly assigning each of the remaining feature vectors to its most 

similar medoide so as to minimize the SSQE. Here, the medoide means the feature 

vector most centrally located within a specific cluster. Since the criterion function of 

the partition around medoides cannot differentiate the influences coming from the 

inliers or the outliers during the training process, i.e. violating P1, the final clustering 

results may possibly deviate from the desirable one. The noise cluster approach [247], 

[248] defines an extra noise cluster, which aims at including all the existing outliers in 

the given dataset and assigning them with high degrees of membership. Therefore, the 

prescribed C clusters can be almost composed of the inliers. This algorithm can 
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perform well given a reasonable noise cluster assignment cost, which, however, is 

usually problem-dependent and should be determined by the trail and error scheme. 

Moreover, due to the use of the AO scheme, the final clustering result will inevitably 

depend on the initial state.  

 

The Possibilistic c-means (PCM) developed by Krishnapuram and Keller [249] and 

the least biased fuzzy clustering algorithm proposed by Beni and Liu [250] belong to 

the possibilistic clustering methods, in which any available feature vector with the 

higher possibility to be an outlier will give little influence on updating prototypes. 

Although P1 is carefully considered, these two algorithms are fairly sensitive to 

different initializations. Specifically, the PCM usually employs the FCM to yield its 

initial states. Since the FCM itself is sensitive to the presence of outliers, the PCM 

may be bad initialized. Moreover, PCM may generate coincident prototypes since all 

the prototypes are independently optimized during the training process. Timm et al. 

[251]-[253] proposed two possibility fuzzy clustering algorithms to avoid the 

coincident cluster problem. Pal et al. [254] proposed a mixed c-means algorithm, 

called the fuzzy possibilistic c-means algorithm, which simultaneously considers the 

membership (probability) and typicality (possibility) of each available feature vector 

with respect to a specific cluster. The typicality values of the outliers can be very 

small although their membership values may be large. Therefore, P1 is satisfied. 

However, this algorithm may sometimes violate P2 because the mixture of typicality 

and probability may still generate large membership values with respect to some 

existing outliers in the AO process. Moreover, when the dataset is of a very large size, 

the typical values of all the available feature vectors with respect to a specific cluster 

will become fairly small since the summation of the typical values over all the 

available feature vectors is required to equal “1”, and consequently the algorithm may 

perform similar to the FCM. To overcome this problem, Pal et al. [255] proposed a 

possibility fuzzy c-means algorithm recently, which removes such summation to “1” 

constraint. By introducing a credibility value for each available feature vector to 

represent the typicality of such feature vector with respect to all the existing clusters, 

Chintalapudi and Kam [245] presented a credibilistic fuzzy c-means clustering 

algorithm. Since calculation of the credibility value for each available feature vector 
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depends on the choice of the neighborhood of such feature vector, this method is 

sensitive to parameter settings. Density weighted fuzzy c-means algorithm, proposed 

by Chen and Wang [256], aims at eliminating the possible outliers before applying the 

clustering algorithms. As a byproduct, some inliers may also be wrongly discarded as 

outliers. Therefore, the performance of this method is problem-dependent. 

 

By modifying the conventional criterion functions, many improved PBC algorithms 

were developed. For example, by replacing the Euclidean distance metric used in the 

SSQE criterion function with some robust distance metrics, alternative c-means 

algorithms [257], generalized fuzzy c-means clustering strategies using PL  norm 

[258], robust deterministic annealing algorithms by pruning outliers [259] were 

proposed. In general, the robust distance metrics can better suppress the influences 

from outliers than the Euclidean distance. However, these algorithms are actually 

sensitive to initializations since, in these batch learning methods, the initial states of 

the prototypes may determine which features vectors will be regarded as outliers in the 

subsequent training process. A bad initial state may mistake some inliers for outliers 

and wrongly suppress their influences on the updating of prototypes. Further, some 

parameters such as the scale factor are hard to determine in these robust distance 

metrics. Fuzzy robust clustering method, proposed by [260] can perform well on 

datasets with outliers only if the initial state is carefully configured. 

  

To be a robust PBC algorithm, two conditions should be satisfied: (1) as training 

proceeds, prototypes should move towards the underlying clusters, and this procedure 

should be less sensitive to initializations and input sequence orders. (2) The influences 

from potential outliers whose distances from the current prototypes are large should be 

suppressed. Most of the existing robust PBC variants described above only satisfy the 

second condition while violating the first condition.  

 

• Choice of the number of prototypes 

 

Robustness of a PBC algorithm also depends on the proper choice of the number of 

prototypes. However, most of the conventional PBC algorithms and their robust 
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variants as described above can only subjectively presume this crucial number. In 

general, only if the number of prototypes is equal to the actual number clusters, each 

prototype may be able to detect and represent a meaningful cluster. Otherwise, the 

final clustering results may be unsatisfactory or even meaningless. Determining the 

number of underlying clusters remains a challenging problem. Some researchers 

suggested initializing the clustering algorithm with a large number of prototypes, and 

then employing the merging or pruning scheme during the training process to reduce 

the number of prototypes to an optimal value. Some representative examples are 

robust competitive clustering algorithm [261], [262], robust vector quantization 

algorithm [236], etc. However, due to lack of the prior knowledge about the given 

dataset, it might be hard to choose the starting prototype number. Excessively large 

number may significantly increase the computational cost. Another class of methods 

employs the growing strategy, which starts with a few prototypes, and then inserts new 

prototypes via certain rules. Comparatively, the growing methods often require less 

computational cost than the pruning methods. Usually the maximum number of 

prototypes to grow to and the extreme score of some specific validation measure are 

used to stop the growing process and determine the optimal number of clusters as well 

as their center positions. The X-means algorithm [263] and G-means algorithm [264] 

are two representative methods. However, the performance of most existing growing 

methods may significantly deteriorate when the given dataset is contaminated by 

outliers. Consequently, even if the number of prototype reaches the number of 

underlying clusters, the detected cluster center positions may deviate from the actual 

ones due to the presence of outliers. Although many robust PBC algorithms have been 

developed as described above, only a few of them using the pruning methods, such as 

the algorithms proposed by Bischof et al. [236] and by Frigui and Krishnapuram [262], 

claim to have the ability to detect the number of underlying clusters and their center 

positions at the presence of outliers. 

 

In this chapter, a novel Robust Growing Neural Gas (RGNG) algorithm will be 

presented. By introducing into the Growing Neural Gas (GNG) framework [75] the 

outlier resistant strategy, the adaptive modulation of learning rates with respect to each 

prototype and the cluster repulsion scheme used to avoid the coincident prototypes, the 
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proposed RGNG algorithm can effectively suppress the sensitivity to initializations, 

input sequence orders and the presence of outliers at each growing stage. The RGNG 

starts with a small number of prototypes, usually 2, and gradually inserts new 

prototypes. The adaptive learning rates with respect to the winning prototype and its 

direct topological neighbors are introduced to differentiate the prototypes according to 

their insertion order such that newly inserted prototypes should be assigned with larger 

learning rates so as to better explore some unidentified clusters. At the completion of 

each growing stage, Minimum Description Length (MDL) measure [79] is calculated 

to evaluate the cluster validity with respect to the current number of prototypes and 

their positions. Consequently, the RGNG can output the optimal number clusters and 

their center positions with the minimal MDL value over the whole growing process. 

Furthermore, the topological relations among all the prototypes can be established 

[265]. Compared with the original GNG algorithm incorporating the MDL algorithm, 

named GNG-M, the proposed RGNG algorithm can effectively detect the number of 

underlying clusters when dealing with a dataset containing many outliers. 

 

The remainder of this chapter is organized as follows. In section 5.2, we revisit the 

GNG algorithm. The proposed RGNG algorithm is described in section 5.3. 

Experimental results on 5 artificial and UCI benchmark datasets are discussed in 

section 5.4. Section 5.5 summarizes this chapter. 

 

5.2 Review of growing neural gas algorithm 

 

The Neural Gas (NG) network algorithm, proposed by Martinetz [54], has been 

successfully applied [266]-[270] to cluster analysis, vector quantization, pattern 

recognition and topology representation, etc. It is similar to Kohonen’s self-organizing 

feature map [18] but exempted from the fixed topological arrangement of the network. 

As a single hidden-layer soft competitive learning neural network, it not only adjusts 

the nearest prototype with respect to an input feature vector but also updates the 

remaining prototypes according to their proximities to this input feature vector by 

using the soft-max updating rule [41]. Three attractive merits [54] of the NG algorithm 
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are: (1) faster convergence to the low distortion error; (2) distortion error lower than 

those resulting from HCM clustering, maximum-entropy clustering [271] and 

Kohonen’s self-organizing feature map; (3) obeying the stochastic gradient descent 

[94] on an explicit energy surface.  

 

In the NG algorithm, the updating strength for the C prototypes Cii ,...,1 , =w  depends 

on their positions in the “neighborhood ranking” list. When a feature vector x is 

presented, we determine the neighborhood ranking ( )
110

,...,,
−Ciii www  of this 

prototypes with 
0i

w  being the closest to x in terms of the Euclidean distance, 
1i

w  

being the second closest to x, and 1,...,1 , −= Ck
ki

w  being the prototype for which 

there are k prototypes jw  with 
kij wxwx −<−  where ⋅  denotes the Euclidean 

distance. The ranking index associated with each prototype iw  with respect to x is 

denoted by ( )wx,ik .  According to the Hebbian learning rule [41], the prototype 

Cii ,...,1 , =w  can be updated by: 

 

                               ( ) ( )( ) ( ) Cikht iii ,...,1 ,, =−⋅⋅ε=Δ λ wxwxw                               (5.1) 

 

The learning rate ( ) [ ]1 ,0∈tε  denotes the overall updating strength, which usually has 

an exponentially decreasing formula as ( ) ( ) ( )onMaxiteratit
ifit εεεε /⋅=  where t and 

Maxiteration stand for the iteration step and the pre-specified maximum number of 

iterations, respectively. The term ( )( ) ]1 ,0[, ∈wvikhλ  accounts for the topological 

arrangement of iw  within the feature space. The exponential function ( )λ/exp k−  

was suggested in [54] for ( )khλ  to obtain the overall best performance. The parameter 

λ  controls the number of prototypes that can significantly change their positions in 

the updating step and usually monotonically decreases with the iteration step t by 

( ) ( ) ( )onMaxiteratit
ifit λλλλ /⋅= . 
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Acting as a PBC algorithm, the NG is closely related to the FCM. Instead of using the 

fuzzy membership NjCiuij ≤≤≤≤ 1 ,1  ,  as in the FCM, the NG employs 

( )( ) ( )λλ Ckh i wx,  to assign feature vector x to each prototype Cii ,...,1 , =w . The 

criterion function of the NG algorithm is expressed by:  

 

                                ( ) ( ) ( )( )∑∫
=

λ −
λ

=
C

i
iing dkhp

C
E

1

2,
2

1 xwxwxx  

                                with  ( ) ( ) )(
1

01
khkhC

C

k
i

C

i
∑∑
−

=
λ

=
λ ==λ                                              (5.2) 

 

The updating rule in Eq. (5.1) can be derived by applying the stochastic gradient 

descent scheme to minimize this criterion function with respect to each prototype 

Cii ,...,1 , =w  [54]. To obtain a set of satisfactory prototypes, we start with a large λ  

value and gradually decrease it during the updating process and correspondingly the 

algorithm transits from a soft model to a hard one. By using this deterministic 

annealing [271], [273] like strategy, we expect good local minima of the criterion 

function to emerge slowly and thereby efficiently prevent the prototypes from getting 

stuck into the inferior suboptimal states. In addition, compared with batch learning 

algorithms such as HCM and FCM, the NG algorithm is less sensitive to initializations 

due to the use of the sequential learning scheme and the neighborhood cooperation 

rule. The detailed implementation of NG algorithm can be referred to [54]. 

 

Originating from the NG algorithm, Fritzke proposed an incremental self-organizing 

network with a variable topological structure, called Growing Neural Gas (GNG) 

algorithm [75]. It combines the growing mechanism inherited from the growing cell 

structures algorithm [275] with the topology formation via the competitive Hebbian 

learning scheme [241], [274]. For each prototype Cii ,...,1 , =w , a set of edges 

emanating from it is defined to represent the connection between it and its direct 

topological neighbors. The GNG algorithm starts with a few prototypes, usually two. 

The new prototypes will be successively inserted around the prototype with the largest 

local accumulated error after a pre-specified number of training epochs. Here, one 
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training epoch denotes that each available feature vector has been used for training 

once time. The growing process stops when the pre-specified maximum number of 

prototypes is reached or some performance requirements are met. In the GNG, at the 

presence of a feature vector x, the updating is only applied to the winning prototype 

1sw  located closest to x and its direct topological neighbors 
1

 , si Ni ∈∀w , where 
1sN  

denotes the set of indices of the direct topological neighbors of 
1sw  that are connected 

with 
1sw  by edges. Furthermore, the updating strength is different for the winning 

prototype and its topological neighbors and remains constant during the whole training 

process. The updating rule of the GNG algorithm is defined by: 

 

                             ( )
11 sbs wxw −⋅=Δ ε ,  ( )ini wxw −⋅=Δ ε ,   

1sNi ∈∀                 (5.3) 

 

Here, bε  and nε  represent the constant learning rates for the winning prototype and its 

topological neighbors, respectively. The GNG algorithm can detect inactive prototypes 

that never win within a certain time interval by tracing the change of the age variable 

associated with each edge. Therefore, it is able to modify the network topology by 

removing the edges with their age variables not being refreshed within the time 

interval maxα  and the possibly resulting inactive prototypes. Unlike the NG algorithm, 

the neighborhood ranking is no longer used in the GNG since the growing process 

coupled with the local neighborhood updating rule can achieve the similar effect. The 

pseudo-code of the GNG algorithm is given in Table 5.1. 

 

Table 5.1: Pseudo-code of the Growing Neural Gas (GNG) algorithm 

 

Initialize a set of prototypes (usually 2) { }21 ,wwW =  randomly, the learning rates 

bε  and nε  and a connection set C, WWC ×⊂  to an empty set, i.e. φ=C . Set the 

maximum number of prototypes to grow to pre_numnode and the maximum training 

epoch Max_iter at each growing stage. Set the initial training epoch number: m = 0 

and the iteration step in the training epoch m: t=0. Accordingly, the overall iteration 
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step iter at one growing stage is: tNmiter +⋅= .  The set of available feature vectors 

is denoted by { }NxxxX ,...,, 21=  

(a) While the current number of prototypes is smaller than or equal to 

pre_numnode and some predefined performance requirement, if exists, is not met 

     (b) For m = 0 to Max_iter -1 

• Set t=0, and accordingly tNmiter +⋅=  

• Set trainingset=X, i.e. include all available feature vectors into trainingset 

(c) If trainingset is not empty 

• Draw randomly a feature vector m
tx , at the iteration step t in the training 

epoch m, from the trainingset 

• Determine the neareat 1s  and the second nearest prototype 2s ( W∈21 , ss ) 

by iter
i

m
tis wxW −= ⊂minarg1 , { }

iter
i

m
tsis wxW −= ⊂ 1\2 minarg  with 

tNmiter +⋅=  

• If a connection between 1s  and 2s  does not exist already, create it: 

( ){ }21 , ss∪= CC . Set the age of the connection between 1s  and 2s  to 0, i.e. 

( ) 0
21 , =ssage  

• Add the squared Euclidean distance from feature vector m
tx  to the wining 

prototype to a local accumulated error variable: 
2

11 s
m
ts wxE −=Δ  

• Update the winning prototype and its direct topological neighbors by     

                            ( )
isbs wxw −⋅=Δ ε

1
,   ( )ini wxw −⋅=Δ ε ,   

1s
Ni∈∀  

      where 
1s

N  is the set of indices of the direct topological neighbors of 1s . 

• Increment the age of all edges emanating from 1s  by 1: 

                           ( ) ( ) 1,, 11
+= isis ageage , 

1s
Ni∈∀              

• Remove edges with age values larger than maxα . If this results in some 

prototypes with no emanating edges, remove those prototypes as well         

• Increment the iteration step t by 1 and remove the used feature vector m
tx  

from the set trainingset. 

          (c) End If 
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     (b) End For 

      

     (d) If the current number of prototypes do not reach pre_numnode 

 

• Determine the prototype q with the maximum accumulated error:  

      iiq EW∈= maxarg . 

• Determine, among the neighbors of q, the prototype f  with the maximum  

      accumulated error: iNi q
f E∈= maxarg . 

• Add a new prototype r into the network and interpolate its prototype position  

      from q and f: 

{ }rwWW ∪= , ( ) 32 fqr www +=  

• Insert edges connecting the new prototype r with the prototypes q and f ,   

      respectively,  and remove the original edge between q and  f: 

( ) ( ){ }frqr ,,,∪= CC ，  ( ){ }fq,\CC =  

• Decrease the accumulated errors of q and f  by a fraction α : 

                           qq EE ⋅−=Δ α , ff EE ⋅−=Δ α  

• Interpolate the error value of r from q and f: ( ) 2fqr EEE += . 

• Decrease the error values of all prototypes: ii beta EE ⋅−=Δ , W∈∀i . 

      (d) End If 

(a) End While 

 

 

5.3 Robust growing neural gas algorithm 

 

Robustness is an important characteristic of a good clustering algorithm. According to 

Huber [73], [74]: a robust algorithm should have the following properties: (1) it should 

achieve a reasonably good accuracy at the assumed model; (2) small deviations from 

the model assumptions should impair the performance only by a small amount; (3) 

larger deviations from the model assumption should not cause a catastrophe. 

Conventional clustering algorithms, such as the PBC algorithms, often satisfy 
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condition (1). The main robustness issues associated with them are the sensitivity to 

initializations, input sequence orders and the presence of outliers. 

 

The GNG algorithm seldom suffers from the initialization problem due to its use of 

growing mechanism, sequential learning strategy and soft-max updating rule. 

However, if the input sequence order is not chosen carefully, unsatisfactory clustering 

results may be obtained. Specifically, if a given dataset contains outliers, the 

conventional prototype updating rule used in the GNG may fail to differentiate the 

influences from outliers and inliers and consequently the prototypes may be 

significantly attracted towards those sequentially presented outliers. 

 

By retaining the merits of the conventional GNG algorithm while tackling its 

robustness problems, we propose a RGNG algorithm, which can be less sensitive to 

initializations, input sequence orders and the presence of outliers during the training 

process. Moreover, by using the MDL value calculated at the completion of each 

growing stage as the cluster validity index, we can automatically determine the 

optimal number clusters and their center positions, which correspond to the smallest 

MDL value over the whole growing process.   

 

5.3.1 Outlier resistant strategy 

 

Through retrospect of the updating rule (Eq. (5.3)) of the conventional GNG 

algorithm, we find that it is inherently sensitive to input sequence orders and the 

presence of outliers. To elucidate this problem, we reformulate Eq. (5.3) by: 

 

                                    
( )

1

1

11

s

s
sbs wx

wx
wxw

−

−
⋅−⋅ε=Δ  

                              
( )

i

i
ini wx

wxwxw
−
−

⋅−⋅ε=Δ ,   
1s

Ni∈∀                                     (5.4)   

                                        

According to Eq. (5.4), it is clear that if an outlier Ox  is fed to the GNG network, the 

Euclidean distances from Ox  to each prototype to be updated, i.e. kO wx − , 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 5: Robust Growing Neural Gas Algorithm with Application in Cluster Analysis 

       198

{ }11
sNk s ∪∈∀  become fairly large. Consequently, it can exert significant influence 

on the updating of prototypes. Moreover, when outliers occur at different positions in 

the input sequence with respect to a specific growing stage, the updating strength from 

these outliers to each prototype may differ and accordingly the final positions of the 

prototypes may become instable. For example, if most of the outliers are presented in 

the beginning, the updating strength from them to all prototypes is so strong that 

prototypes at the current growing stage may get stuck into the inferior local minima. 

To obtain satisfactory clustering results, the outliers should give little impact on the 

updating of prototypes. Therefore, any large distances from a feature vector x to the 

current prototypes to be updated kwx − , { }11
sNk s ∪∈∀  at each growing stage 

should be modulated so as to eliminate the influence from the possible outliers. 

Accordingly, we modify the updating rule in Eq. (5.4) to a new formula as follows.        
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In this new formula, we replace the Euclidean distance metric associated with the 

vector difference kwx − , { }11
sNk s ∪∈∀  by an adaptive parameter ( )iterkσ , 

{ }11
sNk s ∪∈∀  in order to control the influences from the possible outliers to the 

updating of prototypes.  Here, the parameter iter denotes the iteration step with respect 

to a certain growing stage, and once the number of prototypes is increased iter will be 

reset. Assume that the maximum number of training epochs at each growing stage is 

specified as Max_iter. At the iteration Ntt ≤≤1 ,  in the training epoch 

1_0 , −≤≤ iterMaxmm , the overall iteration step iter at the current growing stage is 

tNmiter +⋅=  and the parameter ( )iterkσ  is defined by: 
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where N, m
tx  and iter

kw  represent the total number of the available feature vectors , the 

feature vector presented at the iteration t in the training epoch m and the position of 

the prototype k at the overall iteration step iter, respectively. The term )(td m
k  denotes 

the restricting distance with respect to prototype kw , { }11
sNk s ∪∈ , which takes into 

account both historical and current moving distance information of kw  and is used to 

suppress the outlier influence. The initial restricting distance ( )0m
kd  is defined by Eq. 

(5.8) as the harmonic average of distances from all the available feature vectors 

Njj ,...,1 , =x  to the prototype Nm
k
⋅w  before the first iteration in the training epoch m. 

 

The meaning of ( )iterkσ  can be explained as follows. With respect to a specific 

growing stage, at Nmiter ⋅= , i.e. before the first iteration step in the training epoch 

m, the harmonic average distance ( )0m
kd  for each prototype kw  is calculate by Eq. 

(5.8).  In the training epoch m, when the iteration step t is increased by “1”, we 

average the current distance iter
k

m
t wx −  and the historical restricting distance 

( )1−td m
k  to calculate the current restricting distance ( )td m

k . Eq. (5.7) indicates that if 

the current Euclidean distance is greater than or equal to the historical restricting 

distance we take the harmonic average of them, otherwise we take the arithmetic 

average of them. In this way, the large distances from m
tx  to prototypes iter

kw , 

{ }11
sNk s ∪∈∀  can be suppressed to some extent. Eq. (5.6) shows that if the current 

Euclidean distance is greater than or equal to the historical restricting distance, we 

take the current restricting distance as ( )iterkσ , otherwise the current Euclidean 

distance will be used as ( )iterkσ .  Imagine that if one prototype is currently located at 
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a sparse region containing outliers, the influence from the inliers within actual cluster 

regions may be weakened. However, since the number of inliers in natural clusters is 

generally much larger than the number of training samples in the outlier regions, these 

inliers can gradually increase the restricting distance according to Eq. (5.7) for this 

prototype. Accordingly, this prototype can deviate from the outlier region step by step. 

Finally, if outliers are presented again later, the influence from these outliers on the 

updating of this prototype can be greatly suppressed. In this way, this prototype can 

gradually locate around an actual cluster center. Furthermore, when this prototype has 

entered a natural cluster, inliers therein can gradually decrease its restricting distance 

according to Eq. (5.7). Consequently, this prototype can be stabilized at the current 

cluster. Therefore, by taking into consideration both historical and current moving 

distance information to update each prototype, the RGNG algorithm can suppress the 

significant influence from the possible outliers at each growing stage and consequently 

mitigate the input sequence order problem. 

 

In comparison with the conventional updating rule in Eq. (5.3), the new one in Eqs. 

(5.5)-(5.8) does not change the gradient descent direction while heuristically and 

adaptively adjusting the magnitude of the gradient descent along its original direction 

in order to resist the influence from the possible outliers. 

 

5.3.2 Adaptive learning rates and cluster repulsion scheme 

 

By using the above outlier resistant strategy, the training process at each growing 

stage with a certain number of prototypes become less sensitive to input sequence 

orders and the presence of outliers. Consequently, the prototypes at a certain growing 

stage can locate some meaningful clusters in the given dataset. When a new prototype 

is inserted, we expect that this new prototype should try to find some previously 

unidentified clusters while the already existing prototypes can refine the cluster center 

positions that they have found. However, in the conventional GNG algorithm, both the 

newly inserted prototype and the existing prototypes have the same learning rates bε  

and nε . Consequently, both of them may be significantly influenced by feature vectors 

belonging to the unidentified clusters. In fact, during the training process, most 
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existing prototypes have found some meaningful clusters and thus should gradually 

refine their positions towards the actual cluster center positions. On the other hand, the 

newly inserted prototypes should avoid finding the same clusters as those found by the 

existing prototypes and try to explore some previously unidentified clusters. To realize 

this idea, we introduce the adaptive learning rates bε  and nε  as follows, which rely on 

the insertion order the prototypes. 
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where l
biε , l

bfε , l
niε , l

niε , pre_numnode and C denote the initial and final values of l
bε  

and l
nε  with respect to prototype l, the pre-specified maximum number of prototypes 

to grow to and the number of prototypes at the current growing stage, respectively. 

The parameter prenodel denotes the ranking counter of prototype l. For a newly 

inserted prototype l, prenodel is initialized to “0” and increased by “1” once a new 

prototype is inserted subsequently.  In this way, the “older” a prototype is, the closer 

its learning rates l
bε  and l

nε  approach the final values. Here, we choose the initial 

value to be ten times the final value for each of these two learning rates such that the 

newly inserted prototypes can have the larger flexibility to explore the previously 

unidentified clusters in the given dataset whilist those already existing prototypes can 

refine the cluster center positions that they have found. 

 

However, it may possibly happen that two prototypes simultaneously exploit the same 

cluster since each inlier of this cluster can attract both the wining prototype and its 

direct topological neighbors. To address this prototype coincident problem [251]-[253], 

we introduce a mutual repulsion scheme for prototypes within the local neighborhood. 

Specifically, given a feature vector x, the corresponding wining prototype and its 

direct topological neighbors can be determined. Then, the repulsive force is exerted 

along the direction from the wining prototype to its topological neighbors, the 

magnitude of which is defined by an integer multiple of the average distance from the 
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wining prototype to all its direct topological neighbors. Moreover, an exponential 

function is used to control the strength of the repulsive force according to the 

proximity between the topological neighbors and the corresponding winning 

prototype. We implement the above ideas and accordingly establish the updating rule 

used in the proposed RGNG algorithm as follows. 
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where β , 
1sN  and isd

1
 denote the multiplier in the definition of the repulsive force, 

the number of the direct topological neighbors of the winning prototype 
1sw  and 

distance from the winning prototype 
1sw  to its topological neighbor 

1
 , si Ni∈∀w ,  

respectively. The parameter ς  controls the decreasing effect of the repulsive force 

based on the proximity of two prototypes. In our following experiments, we choose 

values 0.1 and 2 for ς  and β , respectively. According to the preliminary trials, 

clustering performance is not very sensitive to the values of these two parameters. 

 

5.3.3 Determination of the optimal number of clusters 

 

In cluster analysis tasks, automatic determination of the optimal number of clusters 

remains an open problem. Most conventional clustering algorithms need to pre-specify 

the number of prototypes, which is assumed to equal the number of underlying 

clusters. However, a subjectively presumed number may possibly lead to 

unsatisfactory clustering results. In the past few decades, many cluster validity 

measures have been proposed to evaluate the quality of the clustering results obtained 

under different algorithmic configurations, e.g. different pre-specified numbers of 

prototypes. Among them, statistics or information theory based model selection 

criteria, such as Akaike’s Information Criterion (AIC), Bayesian Information Criterion 
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(BIC), Minimum Description Length (MDL) and Minimum Message Length (MML) 

have received much attention [30], [236], [263], [277]. Although these model selection 

criteria are commonly subject to the Occam’s Razor principle, they differ in the 

originations and formulations. The AIC [278] explicitly subtracts the dimension of the 

model from the model log likelihood with respect to the available feature vectors so as 

to penalize the model with high goodness-of-fit but large complexity. The BIC [279] 

was derived within the Bayesian framework to approximate the posterior probability 

of the model, up to normalization. In comparison with the AIC, the BIC tends to 

choose more parsimonious models. Their relative pros and cons have been argued 

extensively in the literature [280]. Both MML [281] and MDL [282] conform to the 

minimum encoding length principle, which means that an optimal model to describe 

the available feature vectors should have the shortest code length to encode the model 

complexity and the goodness-of-fit between the available feature vectors and the 

model. In contrast, the MML takes into consideration the structure of the model 

parameter space (e.g. the priors of parameters and the Fisher information matrix) when 

encoding the model complexity. It is usually used to simultaneously choose the model 

structure and estimate the associated model parameters. The MDL generally employs 

some intuitive and simple ways to encode the model complexity and can be used to 

choose the optimal model structure with the associated model parameters under such 

structure estimated by other techniques. The MDL and MML can incorporate various 

encoding schemes [283], [284], which may result in many variants suitable for 

different applications. It is worth noting that one MDL formulation proposed by 

Rissanen is formally but not conceptually equivalent to the BIC. All the above-

mentioned model selection criteria can be coupled with a suitable clustering algorithm 

to detect the optimal number of clusters. Some successful examples have been 

reported in literatures [30], [79], [236], [263], [277]. Our proposed RGNG algorithm 

follows the MDL framework suggested in [236], which can distinguish between inliers 

and outliers and encode them in different manners. 

 

Specifically, we formulate the task of determination of the optimal number of clusters 

as seeking for the extreme MDL value calculated according to the clustering results 

over different numbers of prototypes on a given a dataset V consisting of N feature 
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vectors. Due to the existence of outliers, we divide V into two subsets I and O, which 

are composed of inliers and outliers, respectively. Accordingly, the MDL measure can 

be expressed by: 

 

                  ( ) ( ) ( )OWIWIWV modLerrorLmodLMDL ++= ,,),(                       (5.11)  

 

where W represents a set of C prototypes, i.e. { }CwwwW ,...,, 21= . We evaluate the 

complexity of the entire clustering model by the term ( )WI,modL . Its encoding length 

is defined by the summation of two terms: (1) the length of encoding all the 

prototypes, denoted by ( )WL ; (2) The length of encoding the prototype indices for all 

the available feature vectors, denoted by ( )( )WVL . The term ( )WI,errorL  denotes 

the residual error when describing all inliers I by the prototype set W. The description 

length of the outlier set O, denoted by ( )OmodL , is usually encoded in the same way 

as the prototype set. The model capacity of describing the whole dataset OIV +=  is 

reflected by the last two terms in Eq. (5.11). According to [236], we implement the 

MDL measure as follows.   

 

  KCNKCMDL
C

i
S

n

k

ikk

i
⋅+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+⋅+⋅= ∑∑ ∑

=
∈

=

O
wx

WV
x

1 1
22 1 ,logmaxlog),(

η
(5.12) 

 

where C, n, N, η , iS  and O  represent the number of prototypes, the feature space 

dimensionality, the total number of available feature vectors in the given dataset, the 

resolution of encoding, the receptive field of prototype iw  to contain inliers and the 

cardinality of the outlier set, respectively. Here, K is the number of bits to encode one 

prototype, which can be calculated in terms of the maximum feature-wise value 

difference and the encoding resolution, i.e.  
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For the term ( )( )WVL , we use the fixed length encoding scheme [236], in which each 

available feature vector is encoded by C2log  bits and accordingly 

( )( ) CNL 2log⋅=WV . If the residual error with respect to feature vector x and the 

prototype iw  is feature-wise independent, the encoding length of x with respect to iw  

can be calculated by ( ) ∑
=

⎟
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wx . Accordingly, the term 

( )WI,errorL  can be defined by: 
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To calculate the MDL value by Eq. (5.12) at the completion of each growing stage, 

outliers with respect to the current prototypes need to be determined. According to 

[236], if a feature vector x is an indeed outlier, the length of encoding it by the index 

of its nearest prototype and the corresponding residual error will be larger than directly 

encoding it like a prototype. Therefore, by checking the change of the MDL value 

defined as follows when x is artificially moved from the inlier set to the outlier set, we 

can judge whether x is an outlier or not. 
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where 
iSϕ  equals “1” if x is the only feature vector in the receptive field iS  before the 

movement, otherwise it equals “0”. If MDLΔ  is negative, feature vector x is regarded 

as an outlier since encoding it as like a prototype results in a smaller code length than 

encoding it as an inlier. In this way, outliers can be detected by Eq. (5.15) at the 

completion of each growing stage. It is worth noting that during the training process, 

when the number of prototypes grows to the actual number of underlying clusters in 
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the given dataset, if the positions of these prototypes are attracted far away from the 

actual cluster centers by the outliers, the resulting MDL value can be very large. 

Accordingly, the minimum value of MDL may not be obtained at such number of 

prototypes even though it actually equals the number of underlying clusters. This 

explains why the GNG-M algorithm may not successfully find the optimal number of 

clusters and their centers, while our proposed RGNG algorithm can find them. 

 

5.3.4 Implementation of the RGNG algorithm 

 

The RGNG algorithm starts with a few prototypes, usually two, and then a certain 

number of training epochs are spent to train the current number of prototypes by the 

updating rule in Eq. (5.10). Due to the incorporation of the outlier resistant strategy, 

the adaptive learning rates and the cluster repulsion scheme, the RGNG algorithm is 

robust to the existence of outliers. At the completion of training the current prototypes, 

a new prototype is inserted around the prototype with the largest local accumulated 

error. At the present of outliers, it may not be reasonable to simply define this 

accumulated error by the sum of residual errors since the outliers may also undesirably 

contribute to the calculation of the local accumulated error. In our proposed GNG 

algorithm, the local accumulated error with respect to prototype iw  is defined by:  
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where harmdisti denotes the harmonic average of distances from prototype iw  to all 

the feature vectors in its receptive field iS . Therefore, excessively large accumulated 

error caused by the outliers can be suppressed. As training proceeds, the MDL value is 

calculated by Eq. (5.12) at the completion of each growing stage until the pre-

specified maximum number of prototypes is reached.  Finally, the number of 

prototypes and their positions corresponding to the smallest MDL value over the 

whole growing process will be detected as the optimal number of clusters and their 

centers. 
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The pseudo-code of the RGNG algorithm is given in Table 5.2. Note that we add a 

small positive number 8 1 −= eε  to any calculated distance so as to avoid trivial 

distance values. 

 

Table 5.2: Pseudo-code of the Robust Growing Neural Gas (RGNG) algorithm 

 

Initialize a set of prototype vectors (usually 2) { }21 ,wwW =  randomly, the learning 

rates nfnibfbi εεεε ,, , , the ranking counter prenodel of each current prototype to 0, a 

connection set C, WWC ×⊂  to an empty set: φ=C  and κ , η  used to calculate the 

MDL value. Set the maximum number of prototypes to grow to as pre_numnode and 

the maximum training epoch Max_iter at each growing stage. Set the initial training 

epoch number: m = 0 and the iteration step in the training epoch m: t=0. Accordingly, 

the overall iteration step iter at one growing stage is: tNmiter +⋅= .  The set of 

available feature vectors is denoted by { }NxxxX ,...,, 21=  

 (a) While the current number of prototypes is smaller than or equal to 

pre_numnode and some predefined performance requirement, if exists, is not met 

     (b) For m = 0 to Max_iter -1 

• Calculate the harmonic average distance ( )0i
md  for each prototype 

Ww ∈∀ii , , with respect to its current position by Eq. (5.8) 

• Calculate the learning rates for the current prototype l, when it serves as a 

winner or its topological neighbors, respectively, by Eq. (5.9). The learning 

rates remain same in the following training for the prototype l, before a new 

prototype is inserted 

• Set t=0, and accordingly tNmiter +⋅= . 

• Set trainingset = X, i.e. include all the available feature vectors into 

trainingset 

(c) If trainingset is not empty 

• Draw randomly a feature vector m
tx , at the iteration step t in the training 

epoch m, from the trainingset 
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• Determine the nearest 1s  and the second nearest prototype 2s ( W∈21 , ss ) 

by iter
i

m
tis wxW −= ⊂minarg1 , { }

iter
i

m
tsis wxW −= ⊂ 1\2 minarg  with 

tNmiter +⋅=  

• If a connection between 1s  and 2s  does not exist already, create it: 

( ){ }21 , ss∪= CC . Set the age of the connection between 1s  and 2s  to 0, i.e. 

( ) 0
21 , =ssage  

• Update the wining prototype and its direct topological neighbors according 

to Eqs. (5.6)-(5.10) 

• Increment the age of all edges emanating from 1s  by 1: ( ) ( ) 1,, 11
+= isis ageage ,  

1s
Ni∈∀              

• Remove edges with age values larger than maxα . If this results in some 

prototypes with no emanating edges, remove those prototypes as well 

• Increment the iteration step t by 1 and remove the used feature vectors m
tx  

from the set trainingset 

          (c) End If 

     (b) End For 

• Calculate the MDL value with respect to the current prototype by Eqs. (5.12)- 

      (5.15) 

• Save the current prototypes, if the calculated MDL value is smaller than the  

      previous value 

• Calculate the local accumulated error for each current prototype by Eq. (5.16) 

• Determine the prototype q with the maximum accumulated error:  

                                                 iiq EW∈= maxarg . 

• Determine, among the neighbors of q, the prototype f with the maximum 

      accumulated error: iNi q
f E∈= maxarg . 

• Add a new prototype r to the network and interpolate its position from q and f: 

{ }rwWW ∪= , ( ) 32 fqr www +⋅=  

• Insert edges connecting the new prototype r with prototypes q and f, and   

            remove  the original  edge between q and  f: 
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( ) ( ){ }frqr ,,,∪= CC ,  ( ){ }fq,\CC =  

• Set the ranking counter prenoder of the newly inserted prototype r to 0 and for  

      other existing prototypes, increment their ranking counters by 1, i.e. 

prenoder=0,   prenodel= prenodel +1, { }rl \W∈∀ . 

(a) End While 

Output the number of prototypes and their final positions corresponding to the 

minimum MDL value over all growing stages as the optimal number of clusters and 

their centers 

 

5.4 Experimental results 

 

In this section, we evaluate the performance of our proposed RGNG algorithm on 5 

artificial and UCI benchmark datasets. Compared with the GNG-M algorithm, which 

incorporates the MDL measure into the conventional GNG algorithm in the same way 

as the RGNG does, the RGNG algorithm shows superior performance. 

 

5.4.1 Experimental setup 

 

In general, a robust clustering algorithm should be less sensitive to different parameter 

configurations and therefore we use the same parameter settings for different 

experimental datasets. In our following experiments, the parameters of the GNG-M 

algorithm are set as their typical values suggested by Fritzke [274], i.e. 05.0=bε , 

006.0=nε , 100=maxα , 5.0=α  and 001.0=beta . The parameter set of our RGNG 

algorithm is set as: 1.0=biε , 01.0=bfε , 005.0=niε , 0005.0=nfε , 100=maxα , 

61 −= eη . The maximum number of prototypes pre_numnode is specified according 

to the scale of the given dataset, and kept same for both GNG-M and RGNG 

algorithms. 

 

We independently run each of these two clustering algorithms 10 times. The initial 

states of the two starting prototypes are differently configured for each of the 10 runs. 
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The detected optimal number of clusters and some other performance measures are 

used to evaluate the cluster quality. Here, we apply the two-sample t-test [81] to 

measure the statistical difference between the clustering results obtained by the RGNG 

and GNG-M algorithms, which is reported in Tables 5.3-5.5. 

 

5.4.2 Experiments on artificial data 

 

To examine the clustering performance of the RGNG and GNG-M algorithms when 

dealing with the datasets containing many outliers, we designed two 2D datasets and 

applied the two clustering algorithms on them. 

 

The first dataset D1 is shown in Figure 5.1a. Five clusters S1, S2, S3, S4 and S5 are 

generated according to different Gaussian distributions with their mean vectors located 

at [0,1], [0,2], [-1,0], [1,0] and [0,-1], respectively. Among them, S1, S2 and S3 have 

spherical shapes; S4 and S5 have elliptical shapes. The number of feature vectors in 

these five clusters is 150, 150, 200, 100 and 100, respectively. Figure 5.1b shows the 

contaminated version of dataset D1, in which 84 outliers are added. Figure 5.2a shows 

the second dataset D2, which consists of k=25 clusters arranged in a 55×  2D grid. 

Each cluster includes 50 feature vectors sampled from the corresponding Gaussian 

distribution with a total number of N=1,250 feature vectors. We add 104 outliers to 

contaminate this dataset as shown in Figure 5.2b. In Figures 5.1a, 5.1b, 5.2a and 5.2b, 

the solid black crosses represent the actual cluster centers. Note that, in the 

contaminated versions of datasets D1 and D2, four outliers with their coordinates at 

(10, 0), (10, 0), (20, 0) and (20, 0) are not displayed in Figures 5.1b and 5.2b. 

 

The following measures are used to evaluate the performance of a clustering 

algorithm. Since the underlying cluster structures are completely known a priori, we 

use the average optimal number of clusters detected by the clustering algorithm over 

10 runs, denoted by OptN, as the first performance measure. The second performance 

measure we employed is a class of external cluster validity indices [285], which 

evaluate the distinction between the obtained clustering results and the actual cluster 

structures known a priori. Specifically, we employ three famous external cluster 
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validity indices, namely Rand Statistic (RS), Jaccard Coefficient (JC), Folkes and 

Mallows index (FM). Assume that a, b, c and d denote the number of feature vectors 

that belongs to the same underlying cluster and the same detected cluster, belongs to 

the same underlying cluster and the different detected cluster, belongs to the different 

underlying cluster and the same detected cluster, belongs to the different underlying 

cluster and the different detected cluster, respectively. Obviously, the maximum 

number of pairs of feature vectors in the dataset ( ) 21−= NNM  equals dcba +++ . 

The three external validity indices are defined by: ( ) ( )dcbadaRS ++++= , 

( )cbaaJC ++= , ( )( )cabaaFM ++= 2 , respectively. It has been proven that 

large values of these indices indicate high similarity between the clustering results 

obtained by applying the clustering algorithms and the already known cluster 

structures. To demonstrate the robustness of our proposed RGNG algorithm, two 

indices are used to evaluate the intermediate clustering results when the number of 

prototypes grows to the actual number of underlying clusters: Founded Clusters 

(FouC) denotes the number of underlying clusters which is detected by at least one 

prototype. Mean Square Error (MSE) is the average distance between the actual cluster 

centers and the positions of the prototypes. These two measures are averaged over 10 

runs to evaluate the performance of the clustering algorithm when applied on the 

datasets containing many outliers with the number of prototypes growing to the actual 

number of underlying clusters. The calculation of these performance measures on the 

contaminated datasets will only rely on the inliers regardless of the added outliers to 

highlight the performance of the algorithm in finding the actual clusters. 

 

Figures 5.1c-5.1f plot the MDL values averaged over 10 runs, calculated at the 

completion of each growing stage by using the GNG-M and RGNG algorithms on the 

clean and contaminated dataset D1, respectively. The maximum number of prototypes 

to grow is specified as 20.  It is obvious that our proposed RGNG algorithm can 

successfully find the actual number of underlying clusters and is less sensitive to 

initializations, input sequence orders and the presence of outliers, while the GNG-M 

algorithm ends with the wrong cluster numbers on both clean and contaminated 

datasets. Other performance measures used to evaluate these two clustering algorithms 

on dataset D1 are reported in Table 5.3. We can observe that the RGNG algorithm 
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yields higher RS, JC and FM values than the GNG-M algorithm in both clean and 

contaminated datasets, which indicate the better partitioning quality of the RGNG. 

Meanwhile, at the growing stage with the number of prototypes equal to the actual 

number of underlying clusters, the RGNG algorithm can successfully detect all the 

underlying clusters in both clean and contaminated datasets over each of the 10 runs 

and achieve much lower MSE values. It is worth noting that the calculation of the 

MDL value at the completion of each growing stage heavily depends on the current 

positions of the prototypes, since the code lengths of the quantization errors and the 

detected outliers will differ significantly with respect to the prototype positions. For 

the GNG-M algorithm, we can observe from Table 5.3 that when the number of 

prototypes grows to “5”, it cannot detect all the actual clusters and thus yield a higher 

MSE value on the clean dataset. On the contaminated dataset, the finally obtained 

prototype positions will deviate significantly from the actual cluster centers when the 

number of prototype equals the actual number of underlying clusters, which can be 

observed from the last two measures in Table 5.3 for the GNG-M. However, after 

some prototypes have been attracted near the outliers, the newly inserted prototypes 

may find the actual clusters. These facts indicate that the GNG-M algorithm is highly 

sensitive to the presence of outliers. This explains why the GNG-M algorithm detects 

the larger number of clusters. 

 
Figure 5.1a 
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Figure 5.1b 

 

 
Figure 5.1c 
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Figure 5.1d 

 

 
Figure 5.1e 
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Fiugre 5.1f 

Figure 5.1: (a) Plot of the clean dataset D1; (b) Plot of the contaminated dataset 
D1; (c) and (d) Plot of the MDL value versus the number of prototypes during the 
growing process of GNG-M and RGNG algorithm on the clean D1; (e) and (f) 
Plot of the MDL value versus the number of prototypes during the growing 
process of GNG-M and RGNG algorithm on the contaminated D1. 
 

Table 5.3: Clustering results of GNG-M and RGNG algorithms on datasets D1 
over 10 runs (standard deviation in bracket). 

Datasets Methods OptN FouC MSE RS JC FM 

GNG-M 15.2 

(4.4) 

3.6 

(0.7) 

0.1712 

(0.0263)

0.8940 

(0.0576) 

0.5052 

(0.2696) 

0.6888 

(0.1781)

RGNG 5.0 

(0.0) 

5.0 

(0.0) 

0.0156 

(0.0072)

0.9937 

(0.0020) 

0.9711 

(0.0090) 

0.9853 

(0.0047)

Clean D1 

p-value 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 

Contaminated 

D1 

GNG-M 9.7 

(1.8) 

1.7 

(0.8) 

1.6072 

(0.9778)

0.8877 

(0.0066) 

0.5676 

(0.0277) 

0.7250 

(0.0219)
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RGNG 5.0 

(0.0) 

5.0 

(0.0) 

0.0197 

(0.0084)

0.8943 

(0.0017) 

0.6029 

(0.0050) 

0.7522 

(0.0039)

p-value 0.0000 0.0000 0.0001 0.0066 0.0009 0.0011 

 

Table 5.4: Clustering results of GNG-M and RGNG algorithms on multimodal 
datasets D2 over 10 runs (standard deviation in bracket). 

Datasets Methods OptN FouC MSE RS JC FM 

GNG-M 26.7 

(1.3) 

21.8 

(1.1) 

0.1483 

(0.2047) 

0.9990 

(0.0005) 

0.9751 

(0.0125) 

0.9874 

(0.0063)

RGNG 25.0 

(0.0) 

25.0 

(0.0) 

0.0041 

(0.0007) 

1.0000 

(0.0000) 

1.0000 

(0.0000) 

1.0000 

(0.0000)

Clean D2 

p-value 0.0004 0.0000 0.0390 0.0000 0.0000 0.0000 

GNG-M 30.3 

(5.2) 

19.9 

(1.3) 

2.6348 

(1.0885) 

0.9888 

(0.0060) 

0.7668 

(0.0838) 

0.8673 

(0.0544)

RGNG 25.0 

(0.0) 

25.0 

(0.0) 

0.0051 

(0.0015) 

1.0000 

(0.0000) 

1.0000 

(0.0000) 

1.0000 

(0.0000)

Contaminated 

D2 

p-value 0.0045 0.0000 0.0000 0.0000 0.0000 0.0000 
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Figure 5.2a 

 
 

 
Figure 5.2b 
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Figure 5.2c 

 
 

 
Figure 5.2d 
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Figure 5.2e 

 

 
Figure 5.2f 

Figure 5.2: (a) Plot of the clean multimodal data set D2; (b) Plot of the 
contaminated multimodal data set D2; (c) and (d) Plot of the MDL value versus 
the number of prototypes during the growing process of GNG-M and RGNG 
algorithm on the clean D2; (e) and (f) Plot of the MDL value versus the number of 
prototypes during the growing process of GNG-M and RGNG algorithm on the 
contaminated D2. 
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Figures 5.2c-5.2f plot the MDL values averaged over 10 runs, calculated at the 

completion of each growing stage by applying the GNG-M and RGNG algorithms on 

the clean and contaminated dataset D2, respectively. The maximum number of 

prototypes to grow is specified as 50. Some performance indices of these two 

algorithms are reported in Table 5.4. Compared with our proposed RGNG algorithm, 

the GNG-M algorithm shows inferior performance as it fails to find the actual cluster 

number 25 on both clean and contaminated dataset D2 and accordingly yields much 

lower RS, JC and FM values than the RGNG algorithm does. Moreover, when the 

number of prototypes grows to equal the actual number of underlying clusters, the 

average number of clusters OptN detected by the GNG-M over 10 runs significantly 

deviates from the actual value 25 and consequently the corresponding MSE value is 

much higher.  

 

In comparison with the GNG-M algorithm, our proposed RGNG algorithm 

demonstrates superior performance in both clean and contaminated datasets, as 

evidenced by the small p-values shown in Tables 5.3 and 5.4. 

 

5.4.3 Experiments on UCI data 

 

To evaluate the clustering performance of the RGNG and GNG-M algorithms in real-

world applications, we choose one benchmark dataset “Wine” from the UCI machine 

learning repository [78], and compare the clustering performance of the two 

algorithms. In real-world datasets, the number of underlying clusters may not equal 

the number of classes since some classes may contain several sub-clusters. In such 

case, we may have little prior knowledge about the actual number of underlying 

clusters. However, the explicit underlying cluster structures in “Wine” dataset can be 

verified by the particularly high classification accuracy obtained from applying the 

QDC on the whole dataset. In order to demonstrate the robust performance of our 

proposed RGNG algorithm, we also apply the two clustering algorithms on a 

contaminated version of “Wine” dataset generated by adding two outliers faraway 

from the existing feature vectors in the original dataset. To perform cluster analysis, 

we first remove the class labels in the original dataset and then apply the RGNG and 
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the GNG-M algorithms on the unlabeled clean and contaminated “Wine” datasets, 

which is normalized to [-1, 1]. Here, we employ the RS, JC and FM measures to 

evaluate the clustering results. By comparing these values obtained by executing the 

GNG-M and RGNG algorithms, the RGNG algorithm shows better partitioning 

quality in both noisy and contaminated datasets. The performance measures reported 

in Table 5.5 show that the two clustering algorithms actually detect different number 

of clusters. With their respective numbers of clusters, the RGNG algorithm achieves 

higher RS, JC and FM values than those achieved by the GNG-M algorithm, which 

means that the RGNG algorithm can yield better clustering results. 

 

Table 5.5: Clustering results of GNG-M and RGNG algorithms on “Wine” 
datasets over 10 runs (standard deviation in bracket). 

Datasets Methods OptN RS JC FM 
GNG-M 2.5 

(0.5) 
0.7906 

(0.1191)
0.5972 

(0.1603) 
0.7426 

(0.1198) 
RGNG 3.0 

(0.0) 
0.9202 

(0.0146)
0.7875 

(0.0343) 
0.8808 

(0.0217) 

Clean 

p-value 0.0077 0.0031 0.0017 0.0021 

GNG-M 2.6 
(1.0) 

0.7979 
(0.0963)

0.6252 
(0.1411) 

0.7743 
(0.0917) 

RGNG 3.0 
(0.0) 

0.9317 
(0.0054)

0.8165 
(0.0131) 

0.8989 
(0.0079) 

W 

I 

N 

E Contaminated 

p-value 0.2069 0.0004 0.0005 0.0005 

 

5.5 Conclusions 

 

In this chapter, many robust variants of the conventional prototype-based clustering 

algorithms and several prototype-based clustering algorithms that can automatically 

determine the optimal number of clusters were reviewed. We developed a RGNG 

algorithm for offline cluster analysis, which is less sensitive to initializations, input 

sequence orders and the presence of outliers due to the incorporation of the outlier 

resistant scheme, the adaptive modulation of learning rates and cluster repulsion 

method into the conventional GNG framework. By seeking the extreme value of the 

Minimum Description Length (MDL) measure calculated at the completion of each 
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growing stage, the optimal number of clusters can be automatically determined. 

Furthermore, topology relationships among prototypes can be established. 

Experiments over several artificial and UCI datasets demonstrated the superior 

performance of the proposed RGNG algorithm over the GNG-M. 
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Chapter 6:  Conclusions and Future Work 
 

6.1 Conclusions 

 

This thesis investigated respectively dimensionality and prototype reduction 

techniques for pattern analysis and specifically focused on feature extraction 

techniques for supervised classification and clustering techniques for unsupervised 

classification. The major research work covered in the thesis can be summarized as 

follows. 

 

• Dimensionality reduction for supervised classification 

 

We conducted a thorough literature survey on two categories of DLDR techniques: (1) 

the BODLDR techniques, in which the criterion functions are related to the Bayes 

error formulated parametrically or non-parametrically under certain conditions and the 

suboptimal solutions can be numerically derived at the expense of high computational 

costs; (2) The SMDLDR techniques, in which the criterion functions are directly 

formulated based on the geometric class structures of the training samples and the 

globally optimal solutions in the closed form can be analytically derived at the 

expense of losing the link with the Bayes error. The FLDA technique as well as its 

heteroscedastic extension, the CLDA technique proposed recently, was revisited in-

depth. The Bayes optimality condition for the FLDA solutions was recapitulated. The 

potential deficiencies inherent in the conventional Fisher and Chernoff criteria, which 

destroy their link with the Bayes error in general sense, were unveiled and discussed.  

 

Two categories of enhanced parametric BODLDR techniques were developed under 

the Gaussian homoscedastic and heteroscedastic assumptions, respectively. In the first 

category, a direct BODLDR technique and a class of 8 CWFLDA techniques were 

developed under the Gaussian homoscedastic assumption. The former one directly 

used the union of the pairwise Bayes errors in the transformed subspace as the 
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criterion function, which was analytically formulated under the Gaussian 

homoscedastic assumption. A suboptimal orthonormal transformation matrix can be 

obtained by numerically optimizing the criterion function via the gradient descent 

coupled with the Gram-Schmidt orthogonalization scheme. The later class of 

techniques employed the newly devised class-wise weighted Fisher criteria in quotient 

and subtraction forms, respectively, with discriminant vectors subject to different 

conjugated orthogonality constraints being extracted in the batch, sequential forward 

or sequential backward manner. In the second category, a Gaussian heteroscedastic 

direct BODLDR technique and a class of 8 CWCLDA techniques motivated by the 

Bayes optimality under the Gaussian heteroscedastic assumption were developed. The 

former one directly used the union of the pairwise Chernoff upper bounds of the Bayes 

error in the transformed subspace as the criterion function, which was analytically 

formulated under the Gaussian heteroscedastic assumption. A suboptimal orthonormal 

transformation matrix can be obtained by numerically optimizing the criterion 

function via the gradient descent coupled with the Gram-Schmidt orthogonalization 

scheme. The later class of techniques employed the newly devised class-wise 

weighted Chernoff criteria in quotient and subtraction forms, respectively, with 

discriminant vectors subject to different conjugated orthogonality constraints being 

extracted in the batch, sequential forward or sequential backward manner. The class-

wise weighted Chernoff criteria can be regarded as the heteroscedastic extension of 

the class-wise weighted Fisher criteria so as to capture the discriminatory information 

present in the difference between both class means and class covariance matrices. The 

effectiveness of the between-class and within-class weighting terms involved in the 

class-wise weighted Fisher and Chernoff criteria was validated via three artificial 

datasets subject to the Gaussian homoscedastic or heteroscedastic assumption. The 

performance of the proposed techniques to address real-world problems was 

demonstrated on several UCI multi-class datasets and compared with their archetypes 

in terms of both optimal and average dimensionality reduction performance with 

regard to three classifiers, i.e. LDC, QDC, kNN. We proposed three relative 

performance indices, namely RBPI, RAPI and ROPI, to comprehensively evaluate 

each experimental technique. A general observation was that many proposed 
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techniques could demonstrate better performance than their existing archetypes in 

terms of the three relative performance indices. 

 

We conducted an extensive overview of the existing discriminative dimensionality 

reduction techniques capable of handling high-dimensional and undersampled 

problems along two main avenues: discriminative subspace analysis and 

discriminative manifold learning. We developed two classes of subspace based 

CWFLDA techniques, namely 2 CS-CWFLDA techniques and 4 RS-CWFLDA 

techniques, which can take advantage of the discriminatory information present in 

different subspaces while retaining the promising performance in the well-sampled 

cases. Specifically, the discriminant vectors subject to different conjugated 

orthogonality constraints were either extracted in the sequential forward manner from 

the two complementary subspaces, i.e. the null and column spaces of the average 

within-class scatter matrix, or extracted in the batch or sequential backward fashion 

from a single subspace, i.e. the column space of the regularized average with-class 

scatter matrix, based on the quotient class-wise weighted Fisher criterion. The 

performance of the proposed techniques was extensively evaluated on various types of 

high-dimensional data sources including handwritten digit images, facial images, text 

documents and microarray gene expression profiles, and compared with that of several 

state-of-the-art FLDA variants. Two of the proposed techniques demonstrated 

consistently better performance than the other experimental techniques in terms of the 

three relative performance indices. 

 

• Prototype reduction for unsupervised classification 

 

Robust variants of the conventional prototype-based clustering algorithms and several 

prototype-based clustering algorithms that can automatically determine the optimal 

number of clusters were reviewed. We developed a RGNG algorithm for cluster 

analysis, which is less sensitive to initializations, input sequence orders and the 

presence of outliers due to the incorporation of the outlier resistant scheme, the 

adaptive modulation of learning rates and cluster repulsion method into the 

conventional GNG framework. Moreover, by seeking the extreme value of the 
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Minimum Description Length (MDL) measure calculated at the completion of each 

growing stage, the optimal number of clusters can be automatically determined. 

Furthermore, topology relationships among prototypes can also be established. 

Experiments demonstrated the superior performance of the proposed RGNG algorithm 

over the GNG-M. 

 

6.2 Recommendations for future work 

 

Based on the research work conducted in this thesis, some research directions 

deserving future investigations are recommended as follows. 

 

• In this thesis, we have demonstrated the promising performance of the proposed 

enhanced parametric BODDLDR techniques in comparison with their existing 

archetypes. However, we did not provide a detailed analysis on the performance 

distinctions among different types of DLDR techniques, e.g. the DLDR techniques 

subject to different conjugated orthogonality constraints, the DLDR techniques 

based on quotient and subtraction criteria, the DLDR techniques with the 

discriminant vectors extracted in different manners, etc. As one future work, we 

attempt to investigate different scenarios which may specifically suit certain types 

of the DLDR techniques. Moreover, we attempt to further analyze and improve the 

subtraction class-wise weighted Fisher and Chernoff criteria instead of the merely 

direct extensions from the quotient criteria as we did in the current thesis.  

 

• In this thesis, we have only investigated the offline DLDR techniques. However, 

the core idea behind our proposed class-wise weighted criteria can also be 

incorporated into some existing online DLDR techniques to enhance their 

performance. For example, in the existing online FLDA technique [36], [37], the 

class means can be updated in the sequential or chunk manner when new training 

samples are presented, which enable the online updating of the pairwise between-

class scatter matrix. The average within-class scatter matrix and the class prior 

probabilities can also be updated in the online manner. Consequently, we can 
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construct the online class-wise weighted Fisher criterion so as to establish the 

online CWFLDA techniques. It is worth noting that when the sample size is 

particularly small at the initial training stage, the online CWFLDA techniques will 

encounter the small sample size problem, which may be handled by the generalized 

CWFLDA techniques described in Chapter 4. The online Chernoff criteria based 

techniques also deserve further investigations.  

 

• Theoretically speaking, the proposed enhanced parametric BODLDR techniques 

are particularly suitable for the well-sampled problems since the accurate pairwise 

Bayes error estimates require sufficient training samples being available. Although 

several CWFLDA techniques have been generalized to handle the high-

dimensional and undersampled problems in Chapter 4, they actually comes down to 

the weighted FLDA with weighting terms mainly determined by the reciprocal of 

the squared Mahalanobis distances between class pairs. This is because that the 

pairwise two-class Bayes accuracies of most class pairs may achieve the common 

maximum values in the high-dimensional and undersampled scenario and 

consequently no longer influence the between-class and within-class weights. 

However, such degenerated weighting terms can still take effect to suppress the 

undesirable influences from those classes that are far away from the remaining 

classes. In the high-dimensional and undersampled scenario, almost all class 

covariance matrices are singular. Consequently, some regularization schemes must 

be used to enable the feasibility of the Chernoff criteria based DLDR techniques. 

Different types of regularized schemes specifically suitable for the Chernoff criteria 

based DLDR techniques deserve future investigations. However, the Chernoff 

criteria based techniques may still become invalid since the discriminatory 

information present in the difference between the regularized class covariance 

matrices may possibly make little sense in terms of the generalization power. 

That’s why we did not generalize the CWCLDA techniques in this thesis. However, 

in real-world applications, some challenging tasks may involve a considerable 

number of training samples with high dimensionality, e.g. video-based face 

recognition, image retrieval, text categorization, protein fold classification, etc. 

Such kind of problems will not suffer from the small sample size problem due to 
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the relatively high ratio between the training sample size and the feature 

dimensionality. The proposed enhanced parametric BODLDR techniques may 

possibly find promising applications to handle such kind of problems, which 

deserves extensive investigations in future. 

 

• We can observe that some FLDA variants extract the discriminatory information 

from distinct subspaces and thus demonstrate different discrimination power, while 

others extract the discriminatory information from the same subspace and thus are 

essentially equivalent to each other. Therefore, it is desirable to conduct a unified 

analysis of several state-of-the-arts FLDA variants theoretically and empirically so 

as to unveil the intrinsic equivalence and difference between different variants. 

Such analysis may also suggest us assembling the discriminative features extracted 

from many partially or fully disjoint subspaces so as to boost the performance. 

 

• In this thesis, we did not address the problem of automatic determination of the 

optimal dimensionality to reduce to by applying the DLDR techniques. Although 

the determination of the optimal dimensionality remains an open problem, we 

attempt to try some typical solutions in future. For example, we attempt to estimate 

the leave-one-out error on training samples at each reduced dimension to choose 

the optimal dimensionality. Moreover, we can employ feature selection techniques 

after the DLDR techniques so as to further condense the already extracted features.  

 

• Due to use of reference vectors and the Euclidean distance metric to represent 

prototypes, the proposed RGNG algorithm are mainly suitable for datasets having 

hyper-spherical clusters. Extensions to other distance metrics such as the 

Mahalanobis distance involving the covariance matrix as the parameter, and more 

complex prototypes like shell prototypes [286] in which the similarity is measured 

with respect to specific shapes instead of reference vectors deserve future study. 

Moreover, the proposed RGNG algorithm cannot scale well with the feature space 

dimensionality. As one future work, we attempt to apply the RGNG in a lower-

dimensional space obtained by applying the manifold learning techniques to reduce 

the dimensionality of the original feature space while maximally retaining the 
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useful data structure information. Consequently, the RGNG algorithm can be 

applied to handle high-dimensional datasets. It is worth noting that spectral 

clustering intrinsically belongs to such type of methods. In fact, multiple lower-

dimensional spaces with different dimensions or attained by different manifold 

learning techniques allow further applying the cluster ensemble [287] techniques, 

by which a more coherent clustering result can be eventually obtained.  

 

• In this thesis, we have employed the MDL measure to determine the optimal 

number of clusters, which was specifically formulated to consider the existence of 

outliers. As one future work, we attempt to extend other popular cluster validity 

measures to explicitly take into account the possibly existing outliers, incorporate 

them into the RGNG algorithm, and compare the performance of the resulting 

algorithms with that of the currently proposed RGNG algorithm. 

 

• In this thesis, our research work is only focused on the offline clustering 

techniques. As one future work, we attempt to devise an online RGNG algorithm. 

Specifically, when a new input sample is available, we can determine whether it is 

an outlier with regard to the current positions of prototypes via the MDL principle. 

Different from the offline RGNG algorithm, the detected outliers will be treated as 

new cluster centers since they cannot be reasonably assigned to any existing 

clusters. After every certain number of training iterations, all existing clusters may 

undergo the merging and splitting process based on some already presented 

representative training samples stored in the memory. The resulting prototypes will 

be used in the subsequent clustering procedure. If all the input samples are 

available, the offline RGNG can be applied to refine the clustering results obtained 

by the online algorithm with the prototypes obtained by the online algorithm as the 

starting point. It is worth noting that in the online RGNG, the initial restricting 

distance associated with each prototype will be pre-specified by users instead of 

being calculated based on all the available samples as done in the offline RGNG. 

 

• The integration of dimensionality reduction and prototype reduction techniques for 

solving offline or online supervised or unsupervised learning problems may 
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constitute promising research directions deserving future investigations. Some 

existing works [14], [15], [16], [17] have verified it feasibility.  
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