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Summary

The increasing demand of bandwidth in the recent years has made broad-

band access networks more and more important. Because of its potential

advantages in realizing low cost broadband access networks, subcarrier mul-

tiplexing (SCM) with the help of lightwave techniques continues to be an

area of active research. However, in such systems, nonlinear distortions are

also introduced by the lightwave components and fibre. This thesis aims to

provide a comprehensive analysis of the nonlinear distortion in SCM optical

communication systems. After the basic introduction to subcarrier multi-

plexed optical communication systems, the three most significant types of

nonlinear distortions are analyzed:

• Nonlinear distortion due to dual-drive Mach-Zehnder modulator

(DD-MZM);

• Nonlinear distortion due to stimulated inelastic scattering, in-

cluding stimulated Brillouin scattering (SBS) and stimulated Ra-

man scattering (SRS);

• Nonlinear distortion due to nonlinear refraction of fibres, includ-

ing self-phase modulation (SPM) and cross-phase modulation

(XPM).
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For each type of nonlinear distortion, an analytical model is presented and

verified by numerical simulations and experiments. These analytical mod-

els result in many new closed-form expressions. Therefore, the analytical

models enable one to get a better physical insight into the nonlinear dis-

tortion phenomena and help one to evaluate the impact of these distortions

quickly. Hence, these analytical models can facilitate the task of system de-

sign greatly. The thesis concludes by mentioning the major conclusions and

achievements of the work presented here and the proposed future work.

iv

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Contents

Acknowledgement i

Summary iii

Table of Contents viii

List of Figures ix

List of Tables xv

List of Acronyms and Symbols xvi

1 Introduction 1

1.1 Subcarrier Multiplexing (SCM) . . . . . . . . . . . . . . . . 2

1.2 Applications of SCM . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 HFC CATV System . . . . . . . . . . . . . . . . . . . 4

1.2.2 RoF System . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.3 Microwave/Millimetre Wave Fibre-Optic System . . . 7

1.3 Advantages of SCM . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Noise and Distortion in SCM Systems . . . . . . . . . . . . . 10

1.4.1 Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4.2 Distortion . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.3 Dynamic Range . . . . . . . . . . . . . . . . . . . . . 13

v

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



1.5 Objectives of Research . . . . . . . . . . . . . . . . . . . . . 15

1.6 Major Contributions . . . . . . . . . . . . . . . . . . . . . . 17

1.7 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . 18

2 Basic Theory of Fibre Dispersion and Nonlinearity 22

2.1 Fibre Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Fibre Nonlinearities . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.1 Nonlinear Refraction . . . . . . . . . . . . . . . . . . 27

2.2.2 Stimulated Inelastic Scattering . . . . . . . . . . . . 29

2.2.3 Importance of Fibre Nonlinear Effects . . . . . . . . . 31

2.3 Nonlinear Propagation Equation . . . . . . . . . . . . . . . . 32

2.4 Numerical Method for Solution of NLSE . . . . . . . . . . . 41

2.4.1 Split-Step Fourier Method . . . . . . . . . . . . . . . 41

2.4.2 Accuracy of SSF Numerical Method . . . . . . . . . . 43

2.5 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . 44

3 Nonlinear Distortion due to DD-MZM 48

3.1 Transfer Function of DD-MZM . . . . . . . . . . . . . . . . 51

3.2 Analysis for Single-Subcarrier Modulation Using DD-MZM . 56

3.2.1 The Exact Analytical Model . . . . . . . . . . . . . . 56

3.2.2 ODSB and OSSB for Single-Subcarrier Modulation . 59

3.3 Analysis for Multi-Subcarrier Modulation Using DD-MZM . 62

3.3.1 The Exact Analytical Model . . . . . . . . . . . . . . 62

3.3.2 ODSB and OSSB for Multi-Subcarrier Modulation . 66

3.3.2.1 ODSB Modulation . . . . . . . . . . . . . . 67

3.3.2.2 OSSB Modulation . . . . . . . . . . . . . . 69

3.4 Intermodulation and Dynamic Range Analysis for Microwave

Fibre-Optic Links . . . . . . . . . . . . . . . . . . . . . . . . 72

vi

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.4.1 ODSB Modulation . . . . . . . . . . . . . . . . . . . 72

3.4.2 OSSB Modulation . . . . . . . . . . . . . . . . . . . 77

3.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . 81

4 Nonlinear Distortion due to Stimulated Inelastic Scattering 83

4.1 Stimulated Brillouin Scattering . . . . . . . . . . . . . . . . 84

4.1.1 Brillouin-Gain Spectrum . . . . . . . . . . . . . . . . 85

4.1.2 Analytical Model . . . . . . . . . . . . . . . . . . . . 88

4.1.3 Noise due to Phase Dithering . . . . . . . . . . . . . 92

4.1.4 Suppression the Noise due to Phase Dithering . . . . 96

4.2 Stimulated Raman Scattering . . . . . . . . . . . . . . . . . 99

4.2.1 Raman-Gain Spectrum . . . . . . . . . . . . . . . . . 100

4.2.2 Raman-Induced Nonlinear Crosstalk . . . . . . . . . 102

4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5 Nonlinear Distortion due to Nonlinear Refraction 109

5.1 Distortion due to Nonlinear Refraction . . . . . . . . . . . . 112

5.2 Nonlinear Crosstalk . . . . . . . . . . . . . . . . . . . . . . . 115

5.2.1 The General Analytical Model . . . . . . . . . . . . . 116

5.2.2 Two Special Cases: ODSB and OSSB . . . . . . . . . 120

5.2.2.1 The ODSB modulation . . . . . . . . . . . . 121

5.2.2.2 The OSSB Modulation . . . . . . . . . . . . 122

5.3 Nonlinear Intermodulation . . . . . . . . . . . . . . . . . . . 123

5.3.1 The General Analytical Model . . . . . . . . . . . . . 124

5.3.2 Two Special Cases: ODSB and OSSB . . . . . . . . . 127

5.4 Analysis and Discussion . . . . . . . . . . . . . . . . . . . . 130

5.4.1 Calculated Results . . . . . . . . . . . . . . . . . . . 130

5.4.2 Experiments . . . . . . . . . . . . . . . . . . . . . . . 138

vii

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.4.2.1 Nonlinear Crosstalk due to XPM . . . . . . 139

5.4.2.2 Effect of Optical Amplification . . . . . . . 142

5.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . 144

6 Conclusion and Future Work 146

6.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Bibliography 152

Author’s Publications 167

Appendices

A Addition Theorems of Bessel Functions 170

A.1 Neumann’s Addition Theorem . . . . . . . . . . . . . . . . . 170

A.2 Graf’s Addition Theorem . . . . . . . . . . . . . . . . . . . . 171

A.3 Gegenbauer’s Addition Theorem . . . . . . . . . . . . . . . . 171

B MATLAB Programs 173

B.1 SSF Algorithm for Single Channel . . . . . . . . . . . . . . . 173

B.2 Soliton Propagation . . . . . . . . . . . . . . . . . . . . . . . 175

viii

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



List of Figures

1.1 Subcarrier multiplexing system configuration with wavelength

division multiplexing technique. AMP: Amplifier; BPF: Band-

pass filter; LPF: Low pass filter; L.O.: Local oscillator; E/O:

Electronic-to-optical conversion; O/E: Optical-to-electronic

conversion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 A HFC CATV network. . . . . . . . . . . . . . . . . . . . . 4

1.3 A radio-over-fibre network. . . . . . . . . . . . . . . . . . . . 6

1.4 A microwave/millimetre wave fibre-optic system. . . . . . . . 8

1.5 Parameters for the dynamic ranges of a system. MDS: Mini-

mum discernible signal power; SFDR: Spur-free dynamic range;

IIP3: The input 3rd-order intercept point; OIP3: The output

3rd-order intercept point; IMP3: The 3rd-order intermodula-

tion distortion; P1dB: 1-dB compression point. . . . . . . . . 14

2.1 Simulation results for soliton output based on theory and SSF

numerical method (normalized to peak power). . . . . . . . . 44

3.1 Transfer function of DD-MZM (Output optical intensity P

vs. the applied electric field difference ∆V ). Pmax is the

maximum output optical intensity. . . . . . . . . . . . . . . 53

3.2 Subcarrier multiplexing dispersive microwave fibre-optic link

using DD-MZM. PD: Photo-detector. . . . . . . . . . . . . . 55

ix

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.3 Detected microwave signal power for fundamental and second

harmonic normalized to the detected dc level vs φ/(2π) for

ODSB modulation. (N, θ2) is (1, ±π/2) for solid line, (2,

±π/2) for dashed line, (2, 0) for dotted line and (2, ±π) for

dash-dot line. Modulation index = 0.92. . . . . . . . . . . . 60

3.4 Detected microwave signal power for fundamental and second

harmonic normalized to the detected dc level vs φ/(2π) for

OSSB modulation. (N, θ2) is (1, ±π/2) for short dash line,

(1, 0) for dash-dot line, (1, ±π) for solid line, (2, ±π/2) for

dashed line, (2, 0) and (2, ±π) for dotted line. Modulation

index = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.5 The detected RF power of the fundamental subcarrier nor-

malized to detected dc power versus fiber length for several

modulation indices for ODSB modulation. The markers rep-

resent the results of numerical simulation. . . . . . . . . . . 68

3.6 The detected RF power of the 3rd-order IMP normalized to

detected dc power versus fiber length for several modulation

indices for ODSB modulation. The markers represent the

results of numerical simulation. . . . . . . . . . . . . . . . . 68

3.7 The detected RF power of the fundamental subcarrier nor-

malized to detected dc power versus fiber length for several

modulation indices for OSSB modulation. The markers rep-

resent the results of numerical simulation. . . . . . . . . . . 70

3.8 The detected RF power of the 3rd-order IMP normalized to

detected dc power versus fiber length for several modulation

indices for OSSB modulation. The markers represent the re-

sults of numerical simulation. . . . . . . . . . . . . . . . . . 71

x

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.9 The relative output RF power loss due to subcarrier multi-

plexing for several modulation indices. The solid lines are

calculated using Eq. (3.18) and the short dot lines are calcu-

lated using Eq. (3.27). . . . . . . . . . . . . . . . . . . . . . 74

3.10 Relative detected RF power (fundamental, IMP3, IMP5 and

IMP7) versus the square of modulation index for ODSB mod-

ulation. The markers are experiment results. The fibre length

is 40 km and the two modulating subcarrier frequencies are

1 GHz and 1.1 GHz. . . . . . . . . . . . . . . . . . . . . . . 76

3.11 Relative detected RF power (fundamental, IMP3, IMP5 and

IMP7) versus the square of modulation index for OSSB mod-

ulation. The markers are experiment results. The fibre length

is 40 km and the two modulating subcarrier frequencies are

1 GHz and 1.1 GHz. . . . . . . . . . . . . . . . . . . . . . . 80

4.1 Experiment setup of an RoF link using phase dithering to sup-

press SBS. PM: Phase modulator; MZM: Mach-Zehnder mod-

ulator; EDFA: Erbium-doped fibre amplifier; SSMF: Stan-

dard single mode fibre. . . . . . . . . . . . . . . . . . . . . . 88

4.2 Measured RF average power as well as fluctuation range with

SBS present. . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.3 Detected spectrum without phase dithering (measured). . . . 93

4.4 Detected spectrum with phase dithering (measured). . . . . 94

4.5 Detected spectrum (results calculated from analytical expres-

sions). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.6 Detected spectrum with phase dithering but without filtering

the phase dithering signal. . . . . . . . . . . . . . . . . . . . 97

4.7 The output spectrum of PPG for 1 Gbps PRBS. . . . . . . . 97

xi

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



4.8 Detected spectrum with phase dithering and with filtering the

phase dithering signal by a low pass filter with 3 dB cut-off

frequency 933 MHz. . . . . . . . . . . . . . . . . . . . . . . . 98

4.9 Detected spectrum after dispersion compensation . . . . . . 99

4.10 Raman-gain spectrum for optical fibre. . . . . . . . . . . . . 100

4.11 The relative RF power of IMPs normalized to the maximum

vs. subcarrier frequency for several optical channel spacings.

The fibre length is 25 km. . . . . . . . . . . . . . . . . . . . 105

4.12 The phase of IMPs vs. subcarrier frequency for two optical

channels with 100 GHz channel spacing. The fibre length is

25 km. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.1 A typical electrooptical upconversion system configuration

with WDM. LD: laser diode; DD-MZM: dual-drive Mach-

Zehnder modulator; PD: photodetector; fIF : the frequency

of intermediate frequency oscillator; fMO: the frequency of

master oscillator. . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2 The setup for simulations and experiments. Demux: Wave-

length demultiplexer; PD: Photodetector. . . . . . . . . . . . 129

5.3 Calculated ratio of crosstalk to detected dc current level vs.

fibre length. The solid lines and dotted lines are numerical

and analytical calculation results, respectively. The dashed

line is the sine approximation for the 10 GHz subcarrier. . . 131

5.4 Calculated ratio of crosstalk to detected dc current level vs.

fibre length. The solid lines and dotted lines are numerical

and analytical calculation results, respectively. The dashed

line is the sine approximation for the 10 GHz subcarrier. . . 131

xii

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.5 The relationship between the crosstalk magnitude and optical

channel spacing. The results are normalized to the crosstalk

magnitude at 50 GHz channel spacing. The solid line is the

result by our analytical model; the short dash line is the re-

sult by our theoretical approximation; the square markers are

numerical results. . . . . . . . . . . . . . . . . . . . . . . . . 134

5.6 The relationship between the crosstalk magnitude and the

modulating subcarrier frequency. The results are normalized

to the crosstalk magnitude of the subcarrier at 5 GHz. The

solid line is the result by our theoretical approximation; the

square markers are the numerical simulation results. . . . . . 134

5.7 Calculated ratio of NIMP at 27 GHz to detected dc current

level vs. fibre length for both channels. The solid lines and

dotted lines are numerical and analytical calculation results,

respectively. Channel 1 is OSSB modulated by a 5 GHz sub-

carrier while channel 2 is OSSB modulated by a 22 GHz sub-

carrier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.8 Calculated ratio of NIMP at 27 GHz to detected dc current

level vs. fibre length for both channels. The solid lines and

dotted lines are numerical and analytical calculation results,

respectively. Channel 1 is ODSB modulated by a 5 GHz sub-

carrier while channel 2 is OSSB modulated by a 22 GHz sub-

carrier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

xiii

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.9 Calculated ratio of NIMP at 27 GHz to detected dc current

level vs. fibre length for both channels. The solid lines and

dotted lines are numerical and analytical calculation results,

respectively. Channel 1 is ODSB modulated by a 5 GHz sub-

carrier while channel 2 is ODSB modulated by a 22 GHz sub-

carrier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.10 Simulation and experiment results of the nonlinear crosstalk

due to XPM for a 40 km fibre. The solid line is of the re-

sults by analytical model; the square (15dBm RF source) and

triangle markers (12 dBm RF source) are experiment results. 140

5.11 Measured and linear fitted CSR versus launched optical power

at the CW channel for 5 GHz and 10 GHz subcarrier. . . . . 141

5.12 The impact of nonlinear crosstalk due to XPM on the SFDR

of a microwave fibre-optic link. IMD3: the 3rd-order inter-

modulation; MDS: minimum discernible signal power. . . . . 142

5.13 The crosstalk-to-subcarrier power ratio versus the modulating

subcarrier frequency for a 40 km fibre with DRA. The solid

line represents the results by our analytical model; the square

makers and hollow triangle markers are the measured results

for 7 dB and 3.5 dB gain of DRA respectively. . . . . . . . . 143

A.1 Graf’s and Gegenbauer’s addition theorem. . . . . . . . . . . 172

xiv

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



List of Tables

1.1 Proposed frequency allocations for some services. MVDDS:

Multichannel Video Distribution and Data Service; DBS: Di-

rect Broadcast Satellite; W-ATM: Wireless Asynchronous Trans-

fer Mode; W-B-ISDN: Wireless Broadband Integrated Ser-

vices Digital Network; LMDS: Local Multipoint Distribution

System; MBS: Mobile Broadband Services; HS-WLAN: High-

Speed Wireless LAN. . . . . . . . . . . . . . . . . . . . . . . 7

3.1 The Definitions of Some Symbols . . . . . . . . . . . . . . . 63

5.1 The general expressions used in Eq. (5.33) for ODSB modu-

lation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.2 The general expressions used in Eq. (5.33) for OSSB modu-

lation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

xv

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



List of Acronyms and Symbols

Abbreviations Full Expressions

CATV Cable Television

CSO Composite Second-Order

CTB Composite Triple-Order

CW Continuous Wave

DD-MZM Dual-Drive Mach Zehnder Modulator

EDFA Erbium Doped Fibre Amplifier

FWM Four-Wave Mixing

GVD Group-Velocity Dispersion

HFC Hybrid Fibre Coax

IIP3 The Input Third-order Intercept Point

IM/DD Intensity Modulation/Direct Detection

IMP Intermodulation Products

LAN Local Area Network

LD Laser Diode

LO Local Oscillator

EAM Electro-Absorption Modulator

IMP Intermodulation Products

NIMP IMP through Fibre Nonlinearity

NLSE Nonlinear Schrödinger Equation

xvi

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



ODSB Optical Double Side Band

OIP3 The Output Third-order Intercept Point

OSSB Optical Single Side Band

OTDM Optical Time Division Multiplexing

RIN Relative Intensity Noise

RoF Radio-over-Fibre

SBS Stimulated Brillouin Scattering

SCM Sub-Carrier Multiplexing

SFDR Spur-Free Dynamic Range

SNR Signal-to-Noise Ratio

SPM Self-Phase Modulation

SRS Stimulated Raman Scattering

SSF Split-Step Fourier

WDM Wavelength Division Multiplexing

XPM Cross-Phase Modulation

Mathematical Symbols

g standard Raman gain coefficient divided by

the fibre effective area

j imaginary unit

m modulation index

n2 the nonlinear index coefficient of a fibre

t the physical time

vg the group velocity at the central wavelength

z the fibre coordinate and the direction

of propagation

A the slowly varying envelope of the electric field

xvii

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library
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Chapter 1

Introduction

Over the past 30 years, the enormous progress realized in optical fibre com-

munication field has been leading us to a world of broadband network. Nowa-

days, the bit rate-distance product of modern optical fibre communication

systems can exceed by a factor of 107 compared with the first-generation

optical fibre communication systems, reaching about 107 Gbps · km. There-

fore optical fibre communication systems have been deployed worldwide over

years for long-haul communications [1].

The great success of optical fibre communication systems for long-haul

communications comes from the extremely low loss and large bandwidth of

fibre. The low attenuation windows of fibre at 1.3µm and 1.55µm have

bandwidths of about 30,000 GHz. In contrast to the huge capacity of fibre-

optic systems, in electronic systems even with carrier frequencies of many

gigahertz (GHz), bandwidths are limited to a few GHz at most. This mis-

match between the bandwidth of fibre-optic systems and electronic systems

results in two major issues. The first one is the well known “electronic bot-

tleneck”: how can the optical bandwidth be exploited when the bandwidth

of electronics driving the optical devices is so limited? The other one is how

1
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L.O. #1

L.O. #2

L.O. #N

E/O O/E
λ1
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λM

L.O.

OPTICAL
FIBER

Signal 1

Signal 2

Signal N
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AMP+BPF
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Optical

Multiplexer

Optical

Demultiplexer

Figure 1.1: Subcarrier multiplexing system configuration with wavelength
division multiplexing technique. AMP: Amplifier; BPF: Bandpass filter; LPF:
Low pass filter; L.O.: Local oscillator; E/O: Electronic-to-optical conversion;
O/E: Optical-to-electronic conversion.

to group a number of various types of low data-rate traffics in electronic

systems to form a high data-rate traffic for transmission in fibre-optic sys-

tems. These two issues are especially prominent when one wants to interface

the fibre-optic systems with electronic systems to realize a broadband access

network because traditionally the access network is dominated by electronic

systems and provides different services over a distribution network [2, 3].

Many approaches to solve these problems have been suggested, includ-

ing optical time division multiplexing (OTDM) and wavelength division

multiplexing (WDM). In this dissertation, we will consider a simple, cost-

effective and promising alternative approach known as subcarrier multiplex-

ing (SCM) [2–12].

1.1 Subcarrier Multiplexing (SCM)

The principle of SCM is reasonably straightforward and it is an easy tech-

nique to employ in practice. As shown in Figure 1.1, a number of base-band
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Chapter 1. Introduction 3

analogue and/or digital signals are first modulated onto different radio fre-

quencies by using local oscillators (LO), which are the so-called sub-carriers,

in contrast to the optical carrier frequencies. The up-converted signals are

then combined to drive a high-speed light source, typically a laser diode

(LD), and then transmitted over fibres. The modulation of optical carriers

can be achieved by direct modulation of LDs or by using external modu-

lators. In both cases, typically, current limits to modulation rates are less

than 20 GHz. To exploit the bandwidth of fibre more fully, it is necessary to

combine SCM with other more broadband methods of dividing the optical

spectrum such as WDM. Therefore, several optical channels centred at dif-

ferent wavelengths with SCM signals can be multiplexed together optically

and transmitted in the same fibre. At the receiver site, after optical demul-

tiplexing and converting the optical signals to electrical signals, a user can

receive any one of the sub-carrier channels by tuning a local oscillator and

down-convert the RF or microwave signals to base-band or IF frequencies,

similar to the way we tune in radio or TV channels.

1.2 Applications of SCM

SCM is a very good interface between fibre-optic systems and electronic sys-

tems. Therefore, it can be used for a very wide range of applications. Its

potential application areas include: microwave and millimetre-wave signal

distribution for antenna remoting or fibre radio applications; replacement of

coaxial cable systems for cable TV (CATV); telephony; data transmission

and local area networks (LANs). It is also used for chromatic dispersion mon-

itoring in long-haul optical digital communication systems. In this section,

we introduce 3 typical systems using SCM: hybrid fibre coax (HFC) CATV
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Figure 1.2: A HFC CATV network.

system, radio-over-fibre (RoF) system and microwave/millimetre wave fibre-

optic system.

1.2.1 HFC CATV System

Optical fibre links were widely deployed from the late 1980s to work as fibre

trunk lines in coaxial cable-based CATV networks. Nowadays, almost all

CATV services over the world are carried by such HFC CATV networks.

A typical HFC CATV network is shown in Figure 1.2, which consists of a

fibre trunk and a coaxial distribution network. Traditionally, CATV net-

works provide the multichannel services over a wide spectrum, typically

spanning about 1 GHz. For example, in North America, the networks pro-

vide amplitude modulated-vestigial sideband (AM-VSB) modulation over

the frequency range from 50 to 88 MHz and from 120 to 550 MHz, whilst

the band from 88 to 120 MHz is reserved for frequency modulated (FM)

radio broadcast. Each AM-VSB channel occupies a bandwidth of 6 MHz

and the networks can provide about 80 channels simultaneously. Currently,

HFC CATV networks are required to provide digital services and the band

between 550 MHz and 1 GHz is utilized for these services. Because so many
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channels are multiplexed, the modulation index of each subcarrier during

the translation to optical frequency domain is very small, typically only 4%.

Besides, due to the wide spectrum width of CATV systems, the 2nd order in-

termodulation products (IMPs) (fi±fj) can also fall in this spectrum range.

Therefore, both the 2nd order IMPs and the 3rd order IMPs (fi ± fj ± fk)

are important nonlinear distortions in CATV systems [2, 13].

In summary, the characteristics of HFC CATV networks are:

• A large number of subcarriers;

• Subcarrier frequencies are typically less than 1 GHz;

• Very small modulation index for each subcarrier;

• Both the 2nd and the 3rd order IMPs are important nonlinear

distortions. These IMPs may result from modulation, fibre non-

linearity, etc.;

• Fibre dispersion also leads to IMPs and some other nonlinear

distortions.

1.2.2 RoF System

RoF systems were first developed in the early 1980s in the Unites States for

military applications to place the radar emitters (dish) far from the control

electronics and personnel due to the development of radar-seeking missiles

(antiradiation missiles). More recently, with the quick development and wide

deployment of mobile communication systems, RoF technology has received

more and more attention in solving problems for these systems. The next

generation of mobile communications systems will make extensive use of mi-

crocells. This will permit a large increase in the numbers of users and will
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Figure 1.3: A radio-over-fibre network.

also allow a significant increase in the available channel bandwidth, so that

broadband services can be offered, in addition to the voiceband services of-

fered with current systems. The introduction of large numbers of microcells

will result in the need to interconnect huge numbers of cells and microcells,

and this can be carried out effectively using optical fibre, which offers a high

transmission capacity at low cost. As shown in Figure 1.3, the transmis-

sion of radio signals over fibre, with simple optical-to-electrical conversion,

followed by radiation at remote antennas, which are connected to a central

station, has been proposed as a method of minimizing costs.

Depending on the application of mobile communication systems, the sub-

carrier frequency in RoF systems is typically above 1 GHz. Table 1.1 shows

the frequency bands used or proposed for some services. Different from

HFC CATV systems, the occupied bandwidth of subcarriers in RoF systems
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Services Frequency Allocation

Mobile Phone 1.8 or 1.9 GHz
Wireless LAN 2.4 or 5.1 GHz
MVDDS and DBS 12.2 ∼ 12.7 GHz
W-ATM 5.2 or 17 GHz
W-B-ISDN 19 GHz
LMDS 27.5 ∼ 31.3 GHz
MBS 40 GHz
HS-WLAN 60 GH

Table 1.1: Proposed frequency allocations for some services. MVDDS: Mul-
tichannel Video Distribution and Data Service; DBS: Direct Broadcast Satel-
lite; W-ATM: Wireless Asynchronous Transfer Mode; W-B-ISDN: Wireless
Broadband Integrated Services Digital Network; LMDS: Local Multipoint
Distribution System; MBS: Mobile Broadband Services; HS-WLAN: High-
Speed Wireless LAN.

is very small, typically at the level of tens of MHz. Therefore, the dominant

nonlinear distortion in RoF is the 3rd order IMPs [6, 14, 15].

In summary, the characteristics of RoF systems are:

• A central station supports a large number of remote antenna

sites;

• Subcarrier frequencies are typically above 1 GHz;

• Fibre dispersion may lead to RF power fading.

• The 3rd order IMPs are the dominant nonlinear distortions.

1.2.3 Microwave/Millimetre Wave Fibre-Optic System

The idea of RoF systems can be extended to microwave and millimetre wave

bands. The primary reason to use these bands is to meet the increasing

demand to provide broadband data services such as image-based services.

Due to the congestion of conventional frequency bands, many microwave
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Figure 1.4: A microwave/millimetre wave fibre-optic system.

and millimetre wave bands are proposed to be used for these new services,

such as those in Table 1.1. Moreover, the limited propagation distances

achievable at these bands also offer the advantage of efficient frequency re-

use by the adoption of a pico-cellular-based architecture as shown in Figure

1.4, which reduces the total bandwidth required to obtain a given cover-

age. However, due to the serious bandwidth limits of electronics in these

bands, the system architectures are quite different from those of RoF. The

direct modulation of the laser bias level is seldom used in these systems due

to the limited modulation bandwidth of lasers. External modulators, such

as dual-drive Mach-Zehnder modulators (DD-MZM) and electroabsorption

modulators (EAM), are widely used because of their much wider modula-

tion bandwidth. The remote generation of microwave and millimetre wave

signals is also widely used in these systems. This can be achieved through

harmonic generation, electrooptical upconversion and heterodyning two cor-

related laser sources [16–20].

In summary, the characteristics of microwave and millimetre wave fibre-

optic systems are:
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• A central station supports a large number of remote antenna

sites;

• Subcarrier frequency is typically above 10 GHz;

• Effect of fibre dispersion can be quite strong;

• The 3rd order IMPs are the dominant nonlinear distortions.

1.3 Advantages of SCM

SCM systems need not carry out complex digital processing when converting

RF signals to optical signals and vice versa. Also, many of the components

required for SCM systems are readily available. Modulators, mixers and

amplifiers employed in traditional access networks can be used allowing a

realistic low-cost solution to the problem of exploiting optical bandwidth.

In the context of RoF systems, the reduction in cost is brought about in

two ways. First, the remote antenna or radio distribution point needs to

perform only simple functions, and it is small in size and low in cost. Second,

the resources provided by the central stations can be shared among many

antenna sites. In addition to the advantages of potential low cost, SCM has

the further benefit that transferring the RF frequency allocation to a central

station can allow flexible network channel allocation and rapid response to

variations in traffic demand. Moreover, it has the advantage that it is very

easy to mix different types of traffic on the same fibre by allocating different

subcarriers to different types of traffic, providing several different services at

the same time.
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1.4 Noise and Distortion in SCM Systems

In SCM systems, the effects of noise and distortion are somewhat different

from those in digital transmission systems where the pulses can be regener-

ated with a slight increase in bit error rate (BER). For SCM systems, the

signals can be amplified but are not regenerated and therefore any noise or

distortion added to the signal as it passes through the system appears at

the output of the receiver. It is therefore very important to characterize the

noise and distortion in SCM systems. The noise and distortion can come

from the optoelectronic devices as well as the optical fibre links. As the

noise and distortion due to the optoelectronic devices such as laser diode

and photodetector have been extensively studied earlier [21–25], in this the-

sis we focus on noise and distortion due to external modulators and optical

fibre links.

1.4.1 Noise

There are many sources of noise in an optical communication system. The

optical source will usually introduce some unwanted intensity variations,

caused by effects such as mode instability or spontaneous emission noise.

These intensity noises are usually collected together in the term relative in-

tensity noise (RIN) defined as the ratio of the mean square of the intensity

fluctuations to the square of the mean of the intensity. It varies with fre-

quency and for semiconductor laser diodes tends to peak near the relaxation

oscillation frequency ΩR but decreases rapidly for frequency greater than ΩR

since the laser is not able to respond to fluctuations at such high frequencies.

At a given frequency, RIN decreases with an increase in the laser power as

P−3 at low powers, but this behaviour changes to P−1 dependence at high

powers. At power levels above a few milliwatts, the SNR, which is defined as
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P̄ /σp, where P̄ is the average optical power and σp is the root-mean-square

(RMS) noise, exceeds 20 dB and improves linearly with the power. However,

at high powers, the nonlinear gain parameter of laser plays a crucial role and

leads to a saturated SNR value of about 30 dB.

The optical fibre channel is not considered to add noise to the signal but

rather to degrade the signal through attenuation, dispersion and the intro-

duction of distortion through nonlinearities. Further, the optical amplifiers

used in many optical links increase the signal level but also degrade the SNR

by at least 3 dB. There are several types of optical amplifiers such as Erbium-

doped fibre amplifiers (EDFA), semiconductor optical amplifiers (SOA), fibre

Raman amplifiers (FRA) and fibre parametric amplifiers (FPA) [26]. EDFA

is the most popular amplification scheme in current optical fibre links due

to its maturity and moderate cost compared to other amplification schemes.

However, the noise figure of EDFA is not the best. FRA provides an amplifi-

cation scheme with very low noise figure but its cost currently is quite high.

SOA is a very promising scheme for integration in one chip but currently

it is still noisy. FPA is still a developing technique and has attracted con-

siderable attention in recent years. The noise due to optical amplifiers has

significant impact on the performance of a system. Therefore, many efforts

have been made to optimize the placement of optical amplifiers. Besides the

noise due to optical amplifiers, optical fibre channel can change the distri-

bution of noise through some nonlinearities such as those due to external

modulators, self-phase modulation, cross-phase modulation, stimulated Ra-

man scattering and parametric gain [27–34].

At the receiver the usual noise sources, including shot (quantum) noise,
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photodiode dark current noise and thermal noise from the load resistor and

from the voltage amplifier. In SCM systems, the optical power levels incident

on the receiver photodiode are often quite high with a result that the receiver

can be operating in the shot-noise-limited domain. Therefore, the emphasis

tends to be on minimising the transmitter noise contribution, i.e. the RIN.

1.4.2 Distortion

The distortions in SCM systems are caused by dispersion and nonlinearities.

These can be due to the laser intensity-current characteristic for direct laser

bias modulation or as a result of the nonlinear transfer function of external

modulator, such as the cosine transfer function of MZM. Optical fibre can

also lead to nonlinear distortion due to fibre dispersion and nonlinearity. The

dominant effects due to fibre nonlinearity are self-phase modulation (SPM),

cross-phase modulation (XPM), stimulated Brillouin scattering (SBS) and

stimulated Raman scattering (SRS). These effects are introduced in Chap-

ter 2. Here we confine our discussion to the parameters used to quantify

distortion in SCM systems.

Basically, a nonlinear transfer function can be expanded as a polynomial

according to Taylor expansion and represented by the equation below:

V0 = a V1 + b V 2
1 + c V 3

1 + · · · (1.1)

where V1 is the input signal and V0 is the output signal. If the input is a

signal at frequency f1, then the higher order terms in Eq. (1.1) will gener-

ate harmonics at 2f1, 3f1, etc. The harmonics may fall in-band and cause

distortion. If the signal contains more than one frequency, for example two
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frequencies at f1 and f2, then mixed frequency components will occur at

f1 + f2, f1 − f2, 2f1 + f2, 2f1 − f2 and so on. In SCM systems, some of

these components will fall in-band and cause unwanted interference. The

term 2f1−f2 (and 2f2−f1) commonly occurs and gives rise to the 3rd order

intermodulation distortion (IMP3).

System distortion performance and limits are usually set by collecting

all of the appropriate distortion components together into two agreed terms.

The composite second order (CSO) and composite triple beat (CTB) levels

are the ratios of the sums of the in-band second order components to carrier

and third order components to carrier, respectively. A typical specification

for an AM-VSB video distribution system is CSO < −55 dBc and CTB <

−65 dBc.

1.4.3 Dynamic Range

While the noise floor determines the minimum RF signal detectable for a

given link, nonlinearities in the system tend to limit the maximum RF signal

that can be transmitted. For links transmitting a single tone where there

is little concern for it interfering with other signals, the 1 dB compression

point is generally used to specify the dynamic range. For links transmitting

a larger number of signals, the input power at which IMP3 exceed the noise

floor is frequently used to calculate the spur-free dynamic range (SFDR).

These parameters are shown graphically in Figure 1.5.

The most straightforward limitation on the power of an input signal is

the 1 dB compression point, P1dB. At this RF input power, the output sig-

nal is 1 dB less than what would be predicted by the small signal gain of
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Figure 1.5: Parameters for the dynamic ranges of a system. MDS: Minimum
discernible signal power; SFDR: Spur-free dynamic range; IIP3: The input
3rd-order intercept point; OIP3: The output 3rd-order intercept point; IMP3:
The 3rd-order intermodulation distortion; P1dB: 1-dB compression point.

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 1. Introduction 15

the link. A more precise treatment for a large number of subcarriers uses

the third-order intercept. As explained before, IMPs are generated due to

interaction of subcarriers. In particular, if two equal-level sinusoidal tones

at f1 and f2 modulate the fibre-optic link, third-order distortion products

are generated at 2f1 − f2 and at 2f2 − f1. The magnitude of these third-

order distortion products expressed in dBm has a slope of three when plotted

against the input or output power level. To quantify this effect, the slopes

of the output signal and distortion terms are extrapolated to higher power

until they intersect. The input power corresponding to this intersection is

defined as the input third-order intercept point (IIP3 or input TOI). Simi-

larly, the output power corresponding to this intersection is defined as the

output third-order intercept point (OIP3 or output TOI). Once the IIP3 is

determined, the SFDR can be calculated. The SFDR corresponds to the

case of a link transmitting two input signals of equal power. The SFDR is

defined as the range of the two input signals in which the signals are above

the noise floor and the third-order products are below the noise floor. The

SFDR can be calculated by the following equation:

SFDR =
2

3
(IIP3 − MDS) (1.2)

1.5 Objectives of Research

The rapidly increasing demand of broadband services in the recent years

has been driving optical fibre penetration into access networks deeper and

deeper. In practical access networks, the cost is always the first considera-

tion and hence distribution networks are typically designed to share the cost

among many clients. Fibre provides us extremely low loss and huge band-

width. Therefore an access network with fibre as the backbone or trunk can
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support many more clients than that with coaxial cable, lowering the cost

per client.

The marriage of fibre-optic communication and electronic communica-

tion in access networks makes SCM more and more attractive, providing a

convenient bridge between the two communication systems. Even though

the concept of SCM emerged soon after optical fibre communication began

to be used, the scenarios of today’s access networks are very different from

those a few decades ago. To meet the requirement of current access networks,

some new techniques, such as WDM, electrooptical upconversion [35,36], mi-

crowave remote generation [19, 37–39], etc., have been introduced to work

together with SCM. Moreover, the subcarrier frequencies are in the range of

tens of gigahertz now. Therefore, some problems that were trivial before are

now important and should be studied in depth. For example, higher sub-

carrier frequency means serious power fading due to fibre dispersion. The

nonlinear distortion due to modulators or fibres also becomes more compli-

cated when more than one subcarriers or optical channels are used. This is

especially true when we study the optical fibre communication part of access

networks because traditionally the research focus was put on digital optical

fibre communication systems.

The primary objective of this thesis is to study SCM signals in optical

fibre communication systems in a current scenario of access networks. The

focus is on some problems which have not been addressed in sufficient detail

before. These problems are mainly due to nonlinearities of the systems, in-

cluding the nonlinearities of fibre and modulator. Existing research work on

these problem does not fully satisfy the needs of current SCM optical fibre
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communication systems. For instance, some of the existing work is limited

to links using small signal modulation or low subcarrier frequencies [40–44];

some of the current approaches involve time-consuming numerical analy-

ses [5] and do not reveal much information about the physical mechanism.

The final purpose of this thesis is to provide some closed-form analytical

expressions to evaluate and quantify the distortion due to these nonlinear

effects with adequate accuracy. Besides their accuracy, the expressions are

very general and can be used in a number of current SCM optical fibre com-

munication systems. The closed-form expressions enable us to gain better

physical insight into the impact of various physical parameters and hence

facilitate system design greatly.

1.6 Major Contributions

In this thesis, the nonlinear effects for SCM/WDM signals in optical fibre

communication systems have been studied in detail. The nonlinear dis-

tortion in such systems arises mainly from the Dual-Drive Mach-Zehnder

modulator (DD-MZM) and cross-phase modulation (XPM) in the fibre. For

both types of nonlinearities, closed form expressions to study the nonlinear

distortion have been developed, including the effect of fibre dispersion. For

the nonlinearity due to DD-MZM, a new exact analytical model for SCM

systems has been presented. For the first time, theoretical estimates for in-

tercept points (IIPs) and 1-dB compression points have been obtained; also,

it is shown that the capacity of an SCM system using DD-MZM, is limited

by the nonlinearity of DD-MZM.

For the nonlinearity due to XPM, a new analytical model and new ex-

pressions have been developed and it is shown that the nonlinear crosstalk
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due to XPM in fibre can be significant and may impose much lower launched

optical power requirement than the threshold of SBS. Interestingly, the study

also points out that the maximum nonlinear crosstalk for a higher frequency

subcarrier due to XPM may be lower than that for a lower frequency sub-

carrier. Even though this is contrary to common belief, it is confirmed by

experiments. These results should be helpful in the design and optimisation

of SCM-WDM access networks.

In this thesis, analytical models have also been presented for SBS and

SRS, respectively. Our analysis and experiment show that in a dispersive

RoF link, when phase dithering is used to suppress SBS, besides the ran-

dom noise due to phase modulation, there are discrete spectral lines spaced

at dither rate in the detected signal, which may act as interference. Our

analysis reveals that the sharp rising/falling edges of the phase dithering

signal can cause these discrete spectral lines. We demonstrate that the low

pass filtering of the phase dithering signal can suppress such noise and in-

terference. With regard to SRS, our analysis shows the low pass character

of SRS induced nonlinear distortion. Therefore the nonlinear distortion due

to SRS is significant for systems that have low subcarrier frequencies and

large spacing between optical channels.

1.7 Outline of the Thesis

The thesis is organized as follows:

In this chapter, a general background introduction is presented. Also

presented are the research motivation, objectives, and major contributions

for the work presented in the thesis.
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In chapter 2, the basic theory for describing fibre dispersion and nonlin-

earities is given. The nonlinear propagation equation, nonlinear Schrödinger

equation (NLSE), is presented as the basis of the analytical model and anal-

ysis in this thesis. The standard numerical method for the solution of NLSE,

the split-step Fourier (SSF) method, is introduced together with its program-

ming and verification, which serves as a benchmark to evaluate the accuracy

of the analytical models developed in this thesis. A literature review of the

past analytical approaches in this field is also given in this chapter.

In chapter 3, the nonlinear distortion due to Mach-Zehnder modulator

(MZM) under dispersive transmission in fibre is studied. A new exact an-

alytical model is presented to analyze the dispersive transmission in SCM

fibre-optic links using DD-MZM. The model is very general and can be ap-

plied to almost all operating conditions of DD-MZM, such as bias point,

drive level, phase shift and modulation index difference between DD-MZM

drives. The model results in simple, new, closed form expressions for output

power spectrum, permitting an accurate and fast analysis of such links. Two

special cases, optical double sideband (ODSB) and optical single sideband

(OSSB) modulation, are studied in detail. Some important system param-

eters, such as 1-dB compression point, the input 3rd-order intercept point

(IIP3) and the system capacity, are derived theoretically for the first time.

In chapter 4, the nonlinearity due to stimulated inelastic scattering of

fibre, including SBS and SRS, is studied. The low SBS threshold is shown

to be a serious launch power limiting factor in SCM optical fibre commu-

nication systems. Even though phase dithering of laser diode output can
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significantly increase SBS threshold, the noise floor is greatly enhanced af-

ter dispersive transmission in fibre. Besides the enhanced noise, there are

discrete spectral lines spaced at dither rate in the detected signal, which may

act as interference. The analysis and experiments in this chapter reveals that

these discrete spectral lines are caused by sharp rising/falling edges in the

PRBS used for phase dithering and can be suppressed by signal filtering.

SRS is shown to lead to crosstalk among optical channels. Moreover, the

analysis shows that the crosstalk due to SRS is stronger at lower frequencies

and larger wavelength spacing. Therefore, SRS should be carefully treated

in HFC CATV systems.

In chapter 5, the nonlinearity due to nonlinear refraction of fibre, includ-

ing self-phase modulation (SPM) and XPM, is studied. A new analytical

model is presented to study the nonlinear distortion due to XPM in dis-

persive WDM microwave fibre-optic links. The model is not based on the

pump-probe approach which is widely used in the previous literature. Hence

the results of our model can be used in more applications such as electroop-

tical upconversion systems. Our simulations and experiments show that the

model predicts the nonlinear distortion due to XPM quite accurately, even

when the modulating microwave frequency is in tens of gigahertz and the

fibre length is in tens of kilometres. Detailed analyses of the distortion due

to XPM for two commonly used modulation methods, ODSB and OSSB, are

also presented. Measured results for OSSB are shown to match our theoreti-

cal predictions very well. Our results show that the nonlinear distortion due

to XPM can be a limiting factor for optical launch power in WDM microwave

fibre-optic links; moreover, the maximum possible nonlinear distortion level

for a higher frequency may be lower than that for a lower frequency. Also
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presented are some simple approximations for quick estimate of the nonlin-

ear distortion level.

Chapter 6 summarizes and concludes this thesis.
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Chapter 2

Basic Theory of Fibre

Dispersion and Nonlinearity

This chapter is intended to provide an overview of the fibre dispersion and

fibre nonlinearities, which are important for understanding the fibre-related

distortion effects discussed in later chapters. Particular attention is paid

to chromatic dispersion because of its importance in the study of nonlin-

ear effects due to fibre. For fibre nonlinearities, brief introduction to self-

phase modulation (SPM), cross-phase modulation (XPM), stimulated Bril-

louin scattering (SBS) and stimulated Raman scattering (SRS) is given.

These four phenomena are the dominant nonlinear effects in SCM optical

fibre communication systems. Nonlinear pulse propagation equation and its

simplified version, nonlinear Schrödinger equation (NLSE), are then intro-

duced in detail. The NLSE governs the wave propagation in a single mode

fibre and is the starting point of the models and analyses in later chapters.

This chapter also includes a review of recent literature addressing the effects

of fibre dispersion and nonlinearity in SCM optical fibre communication sys-

tems.

22
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2.1 Fibre Dispersion

When an electromagnetic wave propagates in a medium, it interacts with

the bound electrons in the medium. Generally the medium response to

the electromagnetic wave, which is shown as the medium absorbs the elec-

tromagnetic radiation through oscillations of the bound electrons at some

characteristic resonance frequencies, is frequency dependent. This property,

referred to as chromatic dispersion, manifests through the frequency depen-

dence of the mode-propagation constant β(ω) [45]. Normally, β(ω) is not

linear with frequency. Therefore, the effects of fibre dispersion are then ac-

counted for by expanding β(ω) in a Taylor series about the frequency ω0 at

which the pulse spectrum is centred

β(ω) = n(ω)
ω

c
= β0 + β1(ω − ω0) +

1

2
β2(ω − ω0)

2 + · · · (2.1)

where

βm =

(

dmβ

dωm

)

ω=ω0

(2.2)

β0 is the dominant mode-propagation constant at ω0. In single mode fibres,

because β = n̄ω/c where c is the speed of light in the vacuum, the parameters

β1 and β2 are related to the mode index n̄(ω) and its derivatives through

the relations

β1 =
1

νg

=
n̄g

c
=

1

c

(

n̄+ ω
dn̄

dω

)

(2.3a)

β2 =
1

c

(

2
dn̄

dω
+ ω

d2n̄

dω2

)

(2.3b)

where n̄g is the group index and νg is the group velocity. As the speed of

travel of an electromagnetic wave is c/n̄, the speed of light in a fibre is then

also frequency dependent because of fibre dispersion. It means that different
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spectral components associated with a pulse travel at different speeds and

may lead to a change of pulse shape. Moreover, the envelope of an optical

pulse moves at the group velocity while the parameter β2 stands for disper-

sion of the group velocity, leading to pulse broadening. This phenomenon

is known as the group-velocity dispersion (GVD) and hence β2 is called as

GVD parameter. In the fibre-optic literature, another dispersion parameter

D is commonly used and is related to β2 by the relation

D =
dβ1

dλ
= −2πc

λ2
β2 ≈

λ

c

d2n̄

dλ2
(2.4)

where λ stands for the wavelength of the light.

In single mode fibres, the mode index n̄ has two contributors: one is

the material refractive index; the other is due to the waveguide structure of

fibres. Therefore, the fibre dispersion also has two contributions: material

dispersion DM and waveguide dispersion DW . Consequently, D can be writ-

ten as the sum of the two terms: D = DM +DW .

The origin of material dispersion is related to the characteristic reso-

nance frequencies at which the medium absorbs the electromagnetic radi-

ation through oscillations of bound electrons. Far from the medium res-

onances, the refractive index n(ω) can be approximated by the Sellmeier

equation [45]

n2(ω) = 1 +
m

∑

i=1

Biω
2
i

ω2
i − ω2

(2.5)

where ωi is the resonance frequency and Bi is the strength of ith resonance.

The parameters ωi and Bi are obtained experimentally for the material of

optical fibres by fitting the measured dispersion curves to Eq. (2.5).
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The waveguide dispersion is related to the fibre-design parameters such

as core radius a and core-cladding index difference ∆ [45–47]. Therefore,

these parameters can be intentionally adjusted to design a fibre with desired

waveguide dispersion so that the overall fibre dispersion curve meets some

particular requirements.

An important feature of chromatic dispersion is that pulses at different

wavelengths propagate at different speeds inside a fibre because of a differ-

ence in their group velocity, which is called as walk-off effect that plays an

important role in the description of the nonlinear phenomena involving two

or more closely spaced optical pulses. This walk-off effect is governed by the

walk-off parameter d12 defined as

d12 = β1(λ1) − β1(λ2) = ν−1
g (λ1) − ν−1

g (λ2) (2.6)

where λ1 and λ2 are the centre wavelengths of two pulses and β1 at these

wavelengths is evaluated using Eq. (2.3a). In the normal-dispersion regime

(β2 > 0 or D < 0), a longer wavelength travels faster, while the opposite

occurs in the anomalous-dispersion region (β2 < 0 or D > 0). The group-

velocity difference plays an important role for nonlinear effects involving two

or more optical channels, such as cross-phase modulation and stimulated

Raman scattering.

2.2 Fibre Nonlinearities

Fibre nonlinearities originate from the nonlinear response of a dielectric

medium to intense electromagnetic fields. Basically, this nonlinear response
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can be modelled as anharmonic motion of bound electrons under the influ-

ence of an applied field. As a result, instead of being linear in the electric

field E, the total polarization P induced by electric dipoles satisfies the more

general relation [48–51]:

P = ε0

(

χ(1) · E + χ(2) :EE + χ(3) ...EEE + · · ·
)

(2.7)

where ε0 is the vacuum permittivity and χ(i) (i = 1, 2, . . .) is ith order sus-

ceptibility. Generally, χ(i) is a tensor of rank i+ 1. The linear susceptibility

χ(1) stands for the dominant contribution to P, which results in the the

refractive index n and the fibre attenuation coefficient α as shown in the

previous section. χ(2) vanishes for optical fibre made of silica glasses. There-

fore, the lowest-order nonlinear effects in optical fibres originate from the

third-order susceptibility χ(3).

In addition to nonlinear refraction, which is a nonlinear effect governed by

the third-order susceptibility χ(3), there is another category of nonlinearities

in optical fibres known as stimulated inelastic scattering. There is another

manifestation of fibre nonlinearity governed by the third-order susceptibility

χ(3), which can generate new frequencies, such as third-harmonic generation

and four-wave mixing (FWM). However, unless special efforts are made to

achieve phase matching, the nonlinear processes that involve generation of

new frequencies are not efficient in optical fibres. Because these nonlinear-

ities are quite weak in practice, they may require very strong intensity or

very long fibre length to take significant effect. For example, the parametric

processes studied in [32–34] take fibre lengths of thousands of kilometers

to show their impact. Since the focus of this thesis is on the applications
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of subcarrier multiplexing in access network where the fibre length is sel-

dom longer than 100 km, only nonlinear refraction and stimulated inelastic

scattering are studied in detail.

2.2.1 Nonlinear Refraction

Nonlinear refraction is due to changes in the refractive index with optical

power. As has been mentioned above, the response of any dielectric to light

becomes nonlinear for intense electromagnetic fields. Therefore the refractive

index will be intensity dependent. In its simplest form, the refractive index

after including the nonlinear effect can be written as

nNL(ω, |E|2) = n(ω) + n2|E|2 (2.8)

where n(ω) is the linear part of refractive index given by Eq. (2.5), |E|2 is

the optical intensity inside the fibre and n2 is the nonlinear-index coefficient

related to χ(3).

The mode-propagation constant β is related to refractive index by Eq.

(2.1). Hence β is now intensity dependent since refractive index is intensity

dependent. It means that when a lightwave travels along a fibre, nonlinear

refraction will induce intensity dependent phase shift to the optical field. Its

magnitude can be obtained by

φ = nNLk0L = (n+ n2|E|2)k0L (2.9)

where k0 = 2π/λ and L is the fibre length. The intensity-dependent non-

linear phase shift φNL = n2k0L|E|2 is due to self-phase modulation (SPM)

since the phase shift is self-induced.
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Another optical field having a different wavelength, direction, or state

of polarization can also induce nonlinear phase shift to an optical field;

this phenomenon is called cross-phase modulation (XPM). Its origin can be

understood by noting that the total electric field E is given by

E =
1

2
x̂[E1 exp(−jω1t) + E2 exp(−jω2t) + c.c.] (2.10)

when two optical fields at frequencies ω1 and ω2, polarized along the x axis,

propagate simultaneously inside the fibre. (The abbreviation c.c. stands for

complex conjugate). The nonlinear phase shift for the field at ω1 is then

given by

φNL = n2k0L(|E1|2 + 2|E2|2) (2.11)

where the terms that generate polarization at frequencies other than ω1 and

ω2 have been neglected because of their non-phase-matched character. The

two terms on the right-hand side of Eq. (2.11) are due to SPM and XPM re-

spectively. Clearly, for equally intense optical fields of different wavelengths,

the contribution to the nonlinear phase shift by XPM is twice that of SPM.

Hence nonlinear refraction induces intensity dependent nonlinear phase

fluctuation to original optical field, which is time dependent and therefore

new frequency components are generated. Because of fibre dispersion, these

new frequency components travel at different speeds and then lead to ad-

ditional intensity change, that is, the nonlinear phase shift is converted to

nonlinear intensity distortion by fibre dispersion.
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2.2.2 Stimulated Inelastic Scattering

The nonlinear effects governed by the third-order susceptibility χ(3) are elas-

tic because no energy is exchanged between the electromagnetic field and the

dielectric medium. For the nonlinear effects resulted from stimulated inelas-

tic scattering, the optical field transfers part of its energy to the nonlinear

medium. In optical fibres, stimulated Raman scattering (SRS) and stim-

ulated Brillouin scattering (SBS) [52–54], are the two important nonlinear

effects of this type. Both of them are related to vibrational excitation modes

of silica. The main difference between the two is that optical phonons par-

ticipate in SRS while acoustic phonons participate in SBS.

Both SRS and SBS involve a photon of the incident field (called the

pump) annihilated to create a photon at a lower frequency (belonging to

the Stokes wave) and a phonon with the right energy and momentum to

conserve the energy and the momentum. Besides, a higher-energy photon at

the so-called anti-Stokes frequency can also be created if a phonon of right

energy and momentum is available. Even though SRS and SBS are very

similar in their origin, different dispersion relations for acoustic and optical

phonons lead to some basic differences between the two. A fundamental

difference is that SBS in optical fibres occurs only in the backward direction

whereas SRS can occur in both directions.

The complete description of SRS and SBS in optical fibres is quite in-

volved. However, the initial growth of the Stokes wave can be described by

a simple relation. For SRS, this relation is given by

dPs

dz
= gRPpPs (2.12)
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where Ps is the Stokes intensity, Pp is the pump intensity and gR is the Ra-

man gain coefficient. A similar relation holds for SBS with gR replaced by the

Brillouin-gain coefficient gB. For silica fibres, the Raman-gain spectrum is

found to be very broad, extending up to 30 THz [52] while the Brillouin-gain

spectrum is extremely narrow, with a bandwidth less than 100 MHz [53].

For SRS, the peak gain gR ≈ 7 × 10−14 m/W at pump wavelengths near

1.5µm and occurs for the Stokes shift of about 13 THz. For SBS, the peak

gain is about 6×10−11 m/W for a narrow-bandwidth pump and decreases by

a factor of ∆νp/∆νB for a broad-bandwidth pump, where ∆νp is the pump

bandwidth and ∆νB is the Brillouin-gain bandwidth.

Different from nonlinear refraction, SRS and SBS exhibit a threshold-like

behaviour. Significant conversion of pump energy to Stokes energy occurs

only when the pump intensity exceeds a certain threshold level. For SRS,

in a single-mode fibre with fibre loss α and length L, when αL ≫ 1, the

threshold pump intensity is given by [54]

P th
p ≈ 16α

gR

(2.13)

Typically P th
p ∼ 10 MW/cm2 and SRS can be observed at a pump power

∼ 1 W. The threshold pump intensity for SBS is given by [54]

P th
p ≈ 21α

gB

(2.14)

Since the Brillouin-gain coefficient gB is larger by nearly three orders of

magnitude compared with gR, typical values of SBS threshold are ∼ 1 mW.

Such a low threshold may be detrimental for some SCM optical communica-

tions systems. Because the Brillouin-gain coefficient gB decreases with pump
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bandwidth, values of SBS threshold can be significantly increased by phase

dithering the laser output to intentionally broaden the pump bandwidth.

Usually we cannot observe significant SRS in SCM optical communication

systems due to the large values of SRS threshold except when Raman ampli-

fication is used. However, the nonlinear crosstalk between optical channels

due to SRS can still be a limiting factor and should be carefully treated.

2.2.3 Importance of Fibre Nonlinear Effects

As discussed before, the magnitude of the nonlinear effect due to the nonlin-

ear refraction is determined by the nonlinear-index coefficient n2. Similarly,

the Raman- and Brillouin-gain coefficients determine the magnitude of SRS

and SBS respectively. However, all the three parameters in silica fibres are

smaller by two orders of magnitude or more compared with other common

nonlinear media. For example, the typical nonlinear-index coefficient n2 in

silica fibres is in the range 2.2 ∼ 3.4 × 10−20 m2/W, depending on both the

core composition of fibre and whether the input polarization is preserved

inside the fibre or not. Compared to most other nonlinear media, this value

is smaller by at least two orders of magnitude.

Although the nonlinear coefficients in fused silica are small, the nonlinear

effects in optical fibres can be observed at relatively low power levels. This

is due to two important characteristics of single-mode fibres: a small spot

size (mode diameter < 10µm) and extremely low loss (< 1 dB/km) in the

wavelength range 1.0 − 1.6µm. A figure of merit for the efficiency of a

nonlinear process is the product PLeff where P is the optical intensity and

Leff is the effective length of interaction region [55]. Compared with the

efficiency in bulk media, it shows that the efficiency of a nonlinear process
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in optical fibres can be improved by a factor [55]

(PLeff)fibre

(PLeff)bulk

=
λ

πw2
0α

(2.15)

where w0 is the spot size of optical intensity. In the wavelength region near

1.55µm for optical fibre communication, α = 0.2 dB/km and the enhance-

ment factor can approach 109. It is this tremendous enhancement in the

efficiency of the nonlinear processes that makes nonlinear effects due to fibre

significant at low power levels. Therefore, nonlinear distortion due to fibre

should be carefully studied in SCM optical fibre communication systems.

2.3 Nonlinear Propagation Equation

The propagation of optical waves in a single mode fibre is governed by

Maxwell’s equations which lead to the wave equation [56]

∇2E− 1

c2
∂2E

∂t2
= µ0

∂2P

∂t2
(2.16)

where E is the electric field vector, P is the induced electric polarization, µ0

is the vacuum permeability and c is the speed of light in vacuum.

For very weak optical powers, the induced electric polarization is related

to E according to [49, 50]

PL(r, t) = ε0

∫

∞

−∞

χ(1)(t− t′) · E(r, t′)dt′ (2.17)

where ε0 is the the vacuum permittivity. To account for fibre nonlineari-

ties, a nonlinear electric polarization part has to be included. If we include

only the third-order nonlinear effects governed by χ(3), the induced electric
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polarization consists of two parts such that

P(r, t) = PL(r, t) + PNL(r, t) (2.18)

where the nonlinear part PNL is related to the electric field by the general

relation [49, 50]

PNL(r, t) = ε0

∫

∞

−∞

∫

∞

−∞

∫

∞

−∞

χ(3)(t− t1, t− t2, t− t3)
...

×E(r, t1)E(r, t2)E(r, t3)dt1dt2dt3 (2.19)

Eq. (2.16) now reduces to

∇2E − 1

c2
∂2E

∂t2
= µ0

∂2PL

∂t2
+ µ0

∂2PNL

∂t2
(2.20)

Even though Eqs. (2.16) ∼ (2.19) are very general, they are quite com-

plicated and some simplifying approximations are necessary. Because the

nonlinear effects are relatively weak in silica fibres, the nonlinear polariza-

tion PNL in Eq. (2.18) can be treated as a small perturbation to the total

induced polarization. Besides, the optical field is assumed to maintain its

polarization along the fibre length so that a scalar approach is valid. More-

over, the optical field is assumed to be quasi-monochromatic, i.e., the pulse

spectrum centred at ω0 is assumed to have a spectral width ∆ω such that

∆ω/ω0 ≪ 1. Given that ω0 ∼ 1015 rad/s, the last approximation is valid for

pulses as short as 0.1 ps. For such slowly varying envelope approximation, it

is useful to separate the rapidly varying part of the electric field by writing

it in the form

E(r, t) =
1

2
x̂[E(r, t) exp(−jω0t) + c.c.] (2.21)

where x̂ is the polarization unit vector andE(r, t) is a slowly varying function
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of time (relative to the optical period) standing for the envelope. Similarly

the polarization components PL and PNL can be written as

PL(r, t) =
1

2
x̂[PL(r, t) exp(−jω0t) + c.c.] (2.22a)

PNL(r, t) =
1

2
x̂[PNL(r, t) exp(−jω0t) + c.c.] (2.22b)

For pulse widths greater than 1 ps, the nonlinear response can be assumed

to be instantaneous and the time dependence of χ(3) in Eq. (2.19) is given

by the product of three delta functions of the form δ(t− t1). Eq. (2.19) then

reduces to

PNL = ε0χ
(3) ...E(r, t)E(r, t)E(r, t) (2.23)

Eq. (2.19) results in a term oscillating at ω0 and another term oscillating at

the third-harmonic frequency 3ω0. Only the first term is considered since the

latter requires phase matching and is generally negligible in optical fibres.

With Eq. (2.22b), PNL(r, t) is given by

PNL(r, t) ≈ ε0εNLE(r, t) (2.24)

where the nonlinear contribution to the dielectric constant is defined as

εNL =
3

4
χ(3)

xxxx|E(r, t)|2 (2.25)

Note that εNL is intensity dependent and therefore Eq. (2.20) is nonlinear

after substituting Eq. (2.24) into Eq. (2.20). To make solution possible, εNL

is treated as a constant during the derivation of the propagation equation due

to the slowly varying envelope approximation and the perturbative nature

of PNL. Given Eqs. (2.20) ∼ (2.22), the Fourier transform Ẽ(r, ω − ω0)
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defined as

Ẽ(r, ω − ω0) =

∫

∞

−∞

E(r, t) exp[j(ω − ω0)t]dt (2.26)

is found to satisfy the Helmholtz equation

∇2Ẽ + ε(ω)k2
0Ẽ = 0 (2.27)

where ∼ denotes the Fourier transform, k0 = ω/c and

ε(ω) = 1 + χ̃(1)
xx (ω) + εNL (2.28)

is the dielectric constant whose nonlinear part εNL is given by Eq. (2.25).

The dielectric constant ε is related to the nonlinear refractive index n(ω)

and the nonlinear absorption coefficient α(ω) by the following equation

ε = (nNL +
jαNLc

2ω
)2 (2.29)

Because of εNL, both nNL and αNL are intensity dependent. It is customary

to introduce

nNL = n + n2|E|2 (2.30a)

αNL = α + α2|E|2 (2.30b)

where n and α are the intensity independent parts of nNL and αNL, respec-

tively. Neglecting the very small terms proportional to |E|4, Eqs. (2.25),

(2.28) and (2.29) result in

n2 =
3

8n
Re(χ(3)

xxxx) (2.31a)

α2 =
3ω0

4nc
Im(χ(3)

xxxx) (2.31b)
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In the derivation of Eqs. (2.31), the terms with α/k0 are neglected because

they are much smaller than the terms with n in optical fibres. As α2 is rela-

tively small for silica fibres, it is ignored in the following derivations, leaving

n2 as the parameter to measure the fibre nonlinearity.

Eq. (2.27) can be solved by using the method of separation of variables.

Assuming a solution of the form

Ẽ(r, ω − ω0) = F (x, y)Ã(z, ω − ω0) exp(jβ0z) (2.32)

where Ã(z, ω−ω0) is a slowly varying function of z and β0 is the propagation

constant at ω0. Eq. (2.27) reduces to the following two equations for F (x, y)

and Ã(z, ω − ω0)

∂2F

∂x2
+
∂2F

∂y2
+ [ε(ω)k2

0 − β2
NL]F = 0 (2.33a)

2jβ0
∂Ã

∂z
+ (β2

NL − β2
0)Ã = 0 (2.33b)

The second derivative ∂2Ã/∂z2 was neglected in Eq. (2.33b) since Ã(z, ω −

ω0) is assumed to be a slowly varying function of z. Moreover, a new term,

β2
NLFÃ exp(jβ0z), is introduced into Eqs. (2.33a) and (2.33b) with oppo-

site signs to stand for the frequency-dependent propagation constant. The

solution of eigenvalue Eq. (2.33a) determines βNL by using the first-order

perturbation theory. Besides, the dielectric constant ε(ω) in Eq. (2.33a) can

be approximated by

ε = (n+ ∆n)2 ≈ n2 + 2n∆n (2.34)

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 2. Basic Theory of Fibre Dispersion and Nonlinearity 37

where ∆n is a small perturbation given by

∆n = n2|E|2 +
jα̃

2k0
(2.35)

Eq. (2.33a) is solved by neglecting the fibre nonlinearity at first. Hence, we

can find the modal distribution F (x, y) and the corresponding propagation

constant β(ω) by replacing ε with n2. Then we include the effect of ∆n in

Eq. (2.33a). In the context of first-order perturbation theory, ∆n does not

affect the modal distribution F (x, y). However, the eigenvalue βNL becomes

βNL(ω) = β(ω) + ∆β (2.36)

where

∆β =
k0

∫

∞

−∞

∫

∞

−∞
∆n|F (x, y)|2dxdy

∫

∞

−∞

∫

∞

−∞
|F (x, y)|2dxdy (2.37)

Clearly, ∆β is related to ∆n shown by Eq. (2.35) and hence includes the

effect of fibre nonlinearity and loss. Taking the approximation β2
NL − β2

0 ≈

2β0(βNL − β0), Eq. (2.33b) can be re-written as

∂Ã

∂z
= j[β(ω) + ∆β − β0]Ã (2.38)

Eq. (2.38) shows that during the propagation along the fibre, each spectral

component in the pulse envelope acquires a phase shift whose magnitude is

both frequency and intensity dependent.

Eq. (2.38) can be transformed back to time domain after replacing β(ω)

by its Taylor series shown by Eq. (2.1). The cubic and higher-order terms

in the expansion of Eq. (2.1) are generally negligible if the spectral width

∆ω ≪ ω0. During the inverse Fourier transform operation, ω−ω0 is replaced
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by the differential operator j(∂/∂t). Therefore, the resulting equation for

A(z, t) becomes

∂A

∂z
= −β1

∂A

∂t
− jβ2

2

∂2A

∂t2
+ j∆βA (2.39)

By using Eqs. (2.35) and (2.37), ∆β can be evaluated and substituted in

Eq. (2.39); this results in

∂A

∂z
+ β1

∂A

∂t
+
jβ2

2

∂2A

∂t2
+
α

2
A = jγ|A|2A (2.40)

where the nonlinear parameter γ is defined as

γ =
n2ω0

cAeff

(2.41)

The parameter Aeff is known as the effective core area and is defined as

Aeff =
(
∫

∞

−∞

∫

∞

−∞
|F (x, y)|2dxdy)2

∫

∞

−∞

∫

∞

−∞
|F (x, y)|4dxdy (2.42)

Eq. (2.40) describes propagation of picosecond optical pulse in single-mode

fibres. It is often referred to as the nonlinear Schrödinger equation (NLSE)

because it can be reduced to that form under certain conditions. It includes

the effects of fibre losses through α, of chromatic dispersion through β1 and

β2 and of fibre nonlinearity through γ. It is customary to simplify Eq. (2.40)

further as

∂A

∂z
+
jβ2

2

∂2A

∂T 2
+
α

2
A = jγ|A|2A (2.43)

by taking the transformation

T = t− z

νg

≡ t− β1z (2.44)
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which means a frame of reference moving with the pulse at the group veloc-

ity νg (the so-called retarded frame).

Eq. (2.43) is the simplest nonlinear propagation equation for studying

the third-order nonlinear effects resulting from χ(3) in optical fibres. The

term at the right side of Eq. (2.43) leads to nonlinear phase shift, which

will be converted to intensity change by chromatic dispersion shown by the

second term at the left side of the equation. Because this nonlinear phase

shift depends on the optical intensity itself, this effect is known as self-phase

modulation (SPM).

The discussion above is for a single optical channel only. If there are

two or more optical channels as in the case of WDM system, the nonlinear

phase shift can be caused by the optical intensity at other optical channels,

which is known as cross-phase modulation (XPM). To describe such cases,

a set of coupled equations are necessary, as shown below for two optical

channels [57–59]:

∂A1

∂z
+

1

νg1

∂A1

∂t
+
jβ21

2

∂2A1

∂t2
+
α1

2
A1

= jγ1(|A1|2 + 2|A2|2)A1 (2.45a)

∂A2

∂z
+

1

νg2

∂A2

∂t
+
jβ22

2

∂2A2

∂t2
+
α2

2
A2

= jγ2(|A2|2 + 2|A1|2)A2 (2.45b)

where Ai, νgi, β2i, αi and γi are the optical field envelope, group velocity,

GVD parameter, fibre loss and fibre nonlinearity parameter for the ith chan-

nel.
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Stimulated Raman scattering (SRS) also leads to interaction between

optical channels but it is not included in the model presented above. Intro-

ducing the Raman gain coefficient defined by

gp = 2γpfR|h̃R(ΩR)| (2.46a)

gs = 2γsfR|h̃R(ΩR)| (2.46b)

where fR represents the fractional contribution of the delayed Raman re-

sponse to nonlinear polarization PNL and h̃R is the Fourier transform of the

Raman response function h(t) with gain peak located at ΩR, the coupled

amplitude equations including both nonlinear refraction and Raman effects

are [60]:

∂Ap

∂z
+

1

νgp

∂Ap

∂t
+
jβ2p

2

∂2Ap

∂t2
+
αp

2
Ap

= jγp

[

|Ap|2 + (2 − fR)|As|2
]

Ap −
gp

2
|As|2Ap (2.47a)

∂As

∂z
+

1

νgs

∂As

∂t
+
jβ2s

2

∂2As

∂t2
+
αs

2
As

= jγs

[

|As|2 + (2 − fR)|Ap|2
]

As +
gs

2
|Ap|2As (2.47b)

where p stands for the pump channel and s stands for the Stokes channel.

If only SRS is considered and continuous wave (CW) propagation is as-

sumed, the interaction through SRS is then governed by much simpler cou-

pled equations

dPs

dz
= gRPpPs − αsPs (2.48a)

dPp

dz
= −ωp

ωs

gRPpPs − αpPp (2.48b)

where I is the channel intensity, ω is the optical angular frequency and gR
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is the Raman-gain coefficient.

2.4 Numerical Method for Solution of NLSE

It is not possible to obtain an exact solution of NLSE (Eq. (2.40 or 2.43))

analytically when both the dispersion and the fibre nonlinearities are present,

except in the very special case of soliton transmission. Therefore a number

of numerical algorithms have been developed to solve NLSE. The split-step

Fourier (SSF) method is one of the most popular methods because of its

good accuracy and relatively modest computing cost [61, 62].

2.4.1 Split-Step Fourier Method

Eq. (2.43) can be expressed as

∂A

∂z
= (D̂ + N̂)A (2.49)

where D̂ is a differential operator that accounts for dispersion and absorption

in a linear medium and N̂ is a nonlinear operator that governs the effect of

fibre nonlinearities on pulse propagation. The operators are given by

D̂ = −jβ2

2

∂2

∂T 2
− α

2
(2.50a)

N̂ = jγ|A|2 (2.50b)

When the electric field envelope A(z, T ) has propagated from z to z + ∆z,

the analytical solution of Eq. (2.43) will have the form of

A(z + ∆z, T ) = exp
[

∆z(D̂ + N̂)
]

A(z, T ) (2.51)
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SSF method ignores the noncommutating nature of the operators D̂ and N̂ .

Therefore

A(z + ∆z, T ) ≈ exp(∆zD̂) exp(∆zN̂)A(z, T ) (2.52)

Eq. (2.52) means that A(z + ∆z, T ) can be estimated by applying the

two operators independently. The exponential operator exp(∆zD̂) can be

evaluated in the Fourier domain using the prescription

exp(∆zD̂)B(z, T ) = F−1
T exp

[

∆zD̂(jω)
]

FTB(z, T ) (2.53)

where FT denotes the Fourier-transform operation, D̂(jω) is obtained by

replacing the differential operator ∂/∂T by jω and ω is the frequency in the

Fourier domain. Therefore SSF first Fourier transforms A(z, T ) to A(z, jω),

multiplies the result by exp[∆zD̂(jω)] and then inverse-Fourier transforms

the multiplication result, and finally multiplies the transformation result by

exp(∆zN̂ ) to get A(z + ∆z, T ). Then repeat the procedure above to cal-

culate the next section till the end. It has been reported that when the

maximum phase shift (Φmax = γ|Ap|2∆z , Ap is the peak value of A(z, T ))

due to nonlinear operator is below 0.05 rad, SSF gives a good result for

simulation of most contemporary optical communication systems.

When simulating the performance of WDM systems, the numerical model

can be too complicated to be practical when the channel number is great

if the total optical field is split into individual channel fields. A simpler

approach solves a single NLSE by using an input field of the form

A(0, T ) =
M

∑

m=1

Am(0, T ) exp
[

j(ωm − ω0)
]

(2.54)
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where Am(0, T ) is the input signal belonging to the mth channel and M is

the number of channels. This technique includes the SPM, XPM and four

wave mixing (FWM) effects for all channels automatically.

2.4.2 Accuracy of SSF Numerical Method

In this thesis, the results predicted by the analytical expressions derived in

later chapters have been compared with those obtained by SSF numerical

method. Therefore the accuracy of SSF method should be addressed first by

comparing with a known theoretical prediction. It is known that Eq. (2.43)

can lead to soliton solutions by applying the inverse scattering method in

a lossless fibre. To support solitons, the dispersion should be in anomalous

region (β2 < 0 or D > 0) and the input pulse should have a hyperbolic secant

shape. One of the solutions is the fundamental soliton, which propagates

without change of pulse shape for arbitrarily long distance in an ideal case.

For fundamental soliton, the following equation should be satisfied [26]

N2 =
LD

LNL

=
γP0T

2
0

|β2|
= 1 (2.55)

where P0 is the peak power of the pulse and T0 is the pulse half-width (at

1/e-intensity point) and dispersion length LD = T 2
0 /|β2|, nonlinear length

LNL = (γP0)
−1 respectively. We chose T0 = 10 ps, D = 1 ps/nm · km,

γ = 2.43 W−1/km and P0 to satisfy Eq. (2.55). The resulting LD is about

78 km and we simulated by SSF numerical method till 150LD which is over

10000 km. The results by theoretical calculation as well as by SSF numerical

method are shown in Figure 2.1 for comparison. Note that the magnitude

scale is logarithmic. In the simulation, a maximum phase shift of 0.01 rad

was used. The results show that the error introduced by SSF method is
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Figure 2.1: Simulation results for soliton output based on theory and SSF
numerical method (normalized to peak power).

negligible. Hence the numerical results by SSF method provide a reliable

reference.

2.5 Literature Review

To meet the increasing bandwidth demand in access networks, SCM op-

tical fibre communication systems have attracted attention for decades.

In the early stage, the studies centred on HFC CATV systems with a

single optical channel [4, 63] where the subcarrier frequencies were quite

low. However, a typical SCM optical communication system today may

also involve WDM techniques [5, 43, 44, 64, 65]. The subcarrier frequencies

have also increased from RF to millimetre-wave band; this in turn requires

more sophisticated technologies such as external modulation, electroopti-

cal upconversion, microwave remote generation, optical phase lock loop,

etc., [16, 19, 36–39, 66–69]. Thus, system using SCM technique have be-

come more complicated with time.
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The impairment induced by optical fibre link in SCM systems is always

a major concern in system design. This impairment can come from optical

transceiver, fibre dispersion and fibre nonlinearities [21–24,29, 36, 40, 42–44,

65, 66, 70–73]. P. P. Mitra and J. B. Stark have shown that the information

capacity of optical fibre communications is limited by nonlinearities [74].

Many works have confirmed the great impact of various nonlinearities in

optical fibre links, such as SPM, XPM, SRS and DD-MZM, on the system

performance [5,29–31,75]. Normally, the impairment due to the optical fibre

link is frequency dependent because the fibre dispersion, the fibre nonlin-

earities and the response of modulators and photodetectors are frequency

dependent. Therefore, the systems operating at higher frequencies may en-

counter more serious impairments than those at lower frequencies. Because

the modulating subcarrier frequencies in current SCM systems tend to be in

the millimetre wave frequency range, such as those shown in Table 1.1, the

study of such impairment becomes very important.

The most serious problem caused by fibre dispersion is RF power fad-

ing. Since fibre dispersion creates phase difference between the two side

bands of a double sideband modulated optical carrier, RF power detected

at the receiver will fade completely when the two side bands are out of

phase. Therefore, optical single sideband (OSSB) modulation is typically

implemented through dual-drive Mach-Zehnder modulator (DD-MZM) to

combat power fading due to fibre dispersion for many SCM systems, espe-

cially microwave fibre-optic links [5,42,69]. This, plus its wider modulation

bandwidth compared with direct modulation of laser diode, makes DD-MZM

quite popular in SCM systems [19, 76–79].
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However, DD-MZM exhibits a cosine transfer function. The distortion

due to MZM external modulator in conventional digital optical fibre com-

munication systems has been studied intensively due to the extensive usage

of the MZM in these systems [80, 81]. Then, the nonlinear distortion due

to DD-MZM should also be addressed in an SCM system using DD-MZM.

Currently, the analysis of this nonlinear distortion due to DD-MZM is lim-

ited to some small signal approximation cases [40, 42] or complicated series

expansion [36,65,66]. Hence the applications of those results are rather lim-

ited. This is an important problem addressed in this thesis; considerable

effort has been spent in deriving closed form expressions for the cases where

large RF signals are applied to DD-MZM.

The nonlinear distortion due to fibre nonlinearity also has attracted at-

tention in SCM systems. Normally in conventional digital optical fibre com-

munication systems, numerical methods such as SSF and Volterra series

approach are used to analyse the nonlinear distortion due to fibre nonlinear-

ity [82,83]. For SCM systems, analytical studies with closed-form expressions

are preferred. M. R. Phillips calculated the second and third harmonics in

the case of lossless fibre due to SPM in [84], and later, in [85], fibre loss

was included to get a new expression for CSO and two limits for CTB. In

1996 an experiment [86] was conducted to verify the CSO induced by SPM,

which showed that it could cause intolerable amounts of CSO distortion in

external modulation systems even when the transmission distance is only a

few tens of kilometres. In 1995 the effects of XPM in WDM SCM systems

were investigated [87]. Following that, experiment as well as theoretical

analysis was performed in [43]. Both analyses were based on two channels
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modulated by a single tone with the same frequency. An analysis for two

channels with one CW and the other single tone modulated was also intro-

duced in [29, 43, 44, 65, 72, 73].

The methods of the analyses for fibre nonlinearities in SCM lightwave

systems available so far are not adequate to fully understand the impairment

due to fibre nonlinearities. For instance, the analysis in [43, 44] is adequate

when the modulating subcarrier frequency is not very high, as the case is

in CATV systems. However, when the frequency goes up to tens of GHz,

the models in [43,44] will result in significant error even for short fibre links

since these models essentially predict an infinite increase of nonlinear dis-

tortion along with the fibre length, which in practice is impossible. The

models presented by other authors, such as those in [28, 29, 65, 88], are still

based on pump-probe model and generally cannot be used for the analysis of

the intermodulation across optical channels due to XPM. Solution of these

problems has been attempted in this thesis.

For SCM systems with WDM, the analyses are normally based on two op-

tical channels to study the effects of SRS and XPM [28,29,43,44,65,72,73,88].

The results based on two optical channels can be easily expanded to a sys-

tem with more optical channels by regarding the system as a summation

of several systems with two optical channels only [29, 75]. The interactions

between these two-optical-channel systems are neglected in this approach.

This is reasonable since these are generally weaker, especially for systems

with short fibre length as faced by most SCM systems used in access net-

works. Therefore, in this thesis, we also follow this model with two optical

channels only to study SCM systems with WDM.
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Chapter 3

Nonlinear Distortion due to

DD-MZM

Optical modulators are an essential component in lightwave systems. How-

ever, generally, these may also be the most important source of nonlinear

distortion in the systems, especially in single-wavelength channel systems.

Direct modulation of laser diode (LD) is the most straightforward method to

modulate the lightwave. Hence the nonlinear distortion due to direct mod-

ulation has been studied intensively [21–24, 70]. However, the modulation

bandwidth of direct modulation is quite limited. Therefore, external mod-

ulators, such as dual-drive Mach-Zehnder external modulators (DD-MZM),

are widely used in broadband applications [76].

For many years, DD-MZM and its variants have been used widely in

the fibre-optic field for various purposes, such as communications, sensing

and measurements [89, 90]. Often, a DD-MZM is driven by one or more

radio frequency (RF) or microwave subcarriers. For example, in communi-

cation field, there has been an increasing interest in microwave fibre optic

48
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links in recent years, which deliver microwave signals through optical fibre,

taking advantage of the extremely low loss of fibre. Such systems cover a

spectral range from several gigahertz to tens of gigahertz and are widely

proposed for various applications such as high-speed wireless local area net-

work and antenna remoting [19,77–79]. For all these applications, DD-MZM

plays an important role due to its wider modulation bandwidth and higher

performance compared with direct modulation; besides modulation, such a

modulator can also provide functions such as harmonic-generation and elec-

trooptical upconversion.

For different applications, the DD-MZM may operate at different set-

tings. Some systems drive the DD-MZM by large amplitude microwave sub-

carriers to meet the signal-to-noise ratio (SNR) requirement; some systems

use small signal modulation but with a large number of subcarriers such as

hybrid fibre coax (HFC) systems; some other systems bias the DD-MZM at

some nonlinear operating point to realize functions such as electrooptical up-

conversion [36]. No matter what the applications of the DD-MZM, we always

try to maximize the system performance. This requires a thorough knowl-

edge of the DD-MZM due to its important role in the systems. A general

and accurate analytical model will permit study of all systems in a uniform

manner and should be very helpful for system design. However, due to the

inherent nonlinearity of DD-MZM, typically small signal approximation has

been used, e.g., [40, 42]. Results of the more general and rigorous analyses

have been in terms of infinite series [36,65,66]. In particular, these works are

for single-subcarrier modulation [66], or electrooptical upconversion where

only one subcarrier is applied to the DD-MZM [36, 66]. For the subcarrier

multiplexing (SCM) system studied in [65], only small signal modulation is
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considered. Therefore, an exact analytical model for SCM systems using

DD-MZM is lacking; if closed-form expressions are available, these will be a

convenient and powerful tool for us to understand the nonlinear distortion

in such systems.

In this chapter, we present an exact analytical model to study the disper-

sive transmission of microwave fibre-optic links using DD-MZM for single-

subcarrier modulation at first. The effects of fibre nonlinearity are ignored

in this chapter because these will be considered in Chapter 5. The model

presented here results in simple closed form expressions for the RF power

spectrum at the output of the detector. The model is more general than that

used in [66] in that the modulation indices of the two DD-MZM drives can

be unbalanced; such a scheme has been proposed to produce some chirped

signal [42]. Hence, these results can be applied to almost all types of opera-

tion of DD-MZM. Expressions for two special cases, optical double sideband

modulation (ODSB) and optical single sideband modulation (OSSB), are

also included; based on these, calculated results are presented in a novel

manner, providing insight into the evolution and power fading of fundamen-

tal subcarrier and 2nd harmonics. Then, based on the study for single-

subcarrier modulation, the analysis is extended to subcarrier multiplexing

(SCM) cases. We show that in an intensity modulation/direct detection

(IM/DD) dispersive fibre-optic system using DD-MZM, the system can be

completely studied through a set of closed form expressions. Two special

cases are studied in detail: ODSB and OSSB. For these cases, some impor-

tant system parameters, such as 1-dB compression point, the input 3rd-order

intercept point (IIP3) and the system capacity, are derived for the first time.

While this study is in a scenario of dispersive microwave fibre-optic links,
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the results presented here can be used for all applications using DD-MZM

and its variants. We believe that such an exact and generalized analysis of

an SCM optical fibre system using DD-MZM, resulting in closed-form ex-

pressions, has not been reported earlier.

The rest of the chapter is organized as follows. The architecture of DD-

MZM as well as its transfer function are introduced. Then the exact analyt-

ical model for single-subcarrier modulation using DD-MZM is present. The

harmonic analyses for two special cases, ODSB and OSSB are presented. The

next section contains the general theoretical analysis for multi-subcarrier

modulation. Once again, we analyze ODSB and OSSB modulation in detail

for this multi-subcarrier modulation case. In the following section, we give a

thorough analysis of system performance for ODSB and OSSB modulation

respectively, presenting some new results for important system parameters;

also presented are measured results for intermodulation products (IMPs) of

different orders. The final section summarizes and concludes this chapter.

3.1 Transfer Function of DD-MZM

External modulated optical systems using DD-MZM offer a number of ad-

vantages arising from the use of continuous-wave (CW) laser sources. Semi-

conductor lasers exhibit reduced relative intensity noise (RIN) when not

modulated and problems such as chirp and distortion in the laser are elim-

inated. Probably the major attraction of such systems is the ability to use

higher power solid-state sources with lower RIN for some applications. On

the other hand, the main disadvantage of external modulated SCM systems

is the nonlinearity of the light output power versus voltage transfer charac-

teristics of DD-MZM.
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A DD-MZM has two waveguides with equal length. The refractive index

of the waveguides can be changed a little by applying an electric field. This

refractive index change is proportional to the strength of the electric field.

An input optical field splits equally into two parts, which enter and propa-

gate through the two waveguides separately. The refractive index change due

to the applied electric field leads to the relative optical field phase variation

according to the strength of the electric field. Therefore, the combination

of the two waveguides’ output results in interference and finally leads to

intensity variation according to the electric field.

Typically, only one waveguide of a MZM has an electric field applied,

which is the so-called single-drive MZM (SD-MZM). A DD-MZM means

that both waveguides have an electric field applied. SD-MZM has been

widely used in optical communication systems as external intensity modula-

tor for years, providing much better extinction ratio than direct modulation

of laser. However, the DD-MZM provides a greater flexibility to control the

properties of modulation output and enables one to realize more functions

such as OSSB modulation and harmonic generation desired in some appli-

cations. Moreover, SD-MZM can be viewed as a special case of DD-MZM.

Hence, the analysis of DD-MZM is also useful to analyze SD-MZM.

Assuming that the input optical field is Ai(t) and the phase variations

in the two waveguides due to the applied electric fields are πV1(t)/Vπ and

πV2(t)/Vπ where Vπ is the voltage required to vary the phase of optical field

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Nonlinear Distortion due to DD-MZM 53

Vπ

Input

Output

ΔV

P

0

Pmax

2

Pmax

Figure 3.1: Transfer function of DD-MZM (Output optical intensity P vs.
the applied electric field difference ∆V ). Pmax is the maximum output optical
intensity.

by π, the output optical field of a DD-MZM can be written as

Ao(t) =
1

2
Ai(t) · exp

[

j
πV1(t)

Vπ

]

+
1

2
Ai(t) · exp

[

j
πV2(t)

Vπ

]

(3.1)

Eq. (3.1) shows that the input optical field Ai(t) is equally split into two

branches to enter the two waveguides. The phase variations in the two

waveguides due to the applied electric fields V1(t) and V2(t) result in the

phase modulation of the signal in the two waveguides as shown by the two

terms at the right hand side of Eq. (3.1). The outputs of the two waveg-

uides are then combined together to form the final output optical field Ao(t).

Hence, the conjugate of the output optical field is

A∗

o(t) =
1

2
A∗

i (t) · exp

[

−j πV1(t)

Vπ

]

+
1

2
A∗

i (t) · exp

[

−j πV2(t)

Vπ

]

(3.2)
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The output intensity is then

Po(t) = |Ao(t)|2 = Ao(t)A
∗

o(t)

=
1

2
Pi(t) +

1

2
Pi(t) cos

[

π
V1(t) − V2(t)

Vπ

]

=
1

2
Pi(t) +

1

2
Pi(t) cos

[

π
∆V (t)

Vπ

]

(3.3)

where Pi(t) = |Ai(t)|2 is the input optical intensity and ∆V (t) = V1(t) −

V2(t). Eq. (3.3) shows that the output optical intensity of a DD-MZM is

determined by the difference between the two electric fields and the output

power versus voltage transfer function is a raised-cosine, as shown in Figure

3.1.

The raised-cosine transfer functions of DD-MZM leads to operation at a

bias point known as the quadrature point (the half-power point) for most

applications. From the DD-MZM transfer functions or P-∆V characteristics

of Eq. (3.3), it can be seen that the slope efficiency and therefore link gain

can be improved by using DD-MZM with low Vπ. Even for a given modu-

lation depth, overall link gain can be further enhanced simply by increasing

the source power level (Pi). At the quadrature point, even-order nonlinear-

ities are minimised but odd-order are problematical. In some SCM systems

using equi-spaced subcarriers, a large number of triple beat products will

fall at frequencies coincident with the subcarrier frequencies, especially near

the centre of the band.

The above analysis of DD-MZM does not include the effect of fibre dis-

persion. Usually, a practical SCM optical communication system has some

dispersion and this dispersion will change the overall impact of DD-MZM
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Figure 3.2: Subcarrier multiplexing dispersive microwave fibre-optic link
using DD-MZM. PD: Photo-detector.

significantly. Figure 3.2 shows a dispersive microwave fibre-optic link using

DD-MZM for subcarrier multiplexing. The electric voltages applied on the

two branches of a DD-MZM consist of a dc bias term and an RF component:

V1(t) = VDC1 +

M
∑

i=1

VRF1i sin(ωrfi + ψRF1i) (3.4a)

V2(t) = VDC2 +

M
∑

i=1

VRF2i sin(ωrfi + ψRF2i) (3.4b)

where VDC1, VDC2 are the dc terms, VRF1i, ψRF1i and VRF2i, ψRF2i are the

amplitude and phase of the i-th RF component on the two branches respec-

tively and ωrfi is the angular frequency of the i-th RF component. M is the

total number of subcarriers. The parameters in Eq. (3.4) are related to the

parameters used for derivation later according to the following equations:

m1i =
πVRF1i

Vπ

(3.5a)

m2i =
πVRF2i

Vπ

(3.5b)

ωi = ωrfi (3.5c)

θ′1i = ψRF1i (3.5d)

θ0i = ψRF2i (3.5e)

θ2 =
π(VDC1 − VDC2)

Vπ

(3.5f)
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where Vπ is the DD-MZM switching voltage.

3.2 Analysis for Single-Subcarrier Modula-

tion Using DD-MZM

3.2.1 The Exact Analytical Model

We consider a generalized case where the drives in the DD-MZM are unbal-

anced. Then, the output optical field envelope of Mach-Zehnder Modulator

(MZM) can be written as [91]:

A(t) = A0 · exp[jm1 cos(ωrf t+ θ1) + jθ2] + A0 · exp[jm2 cos(ωrf t)]

= A0 ·
∞

∑

n=−∞

an · exp(jnωrf t) (3.6a)

an = jn · [Jn(m1) exp(jnθ1 + jθ2) + Jn(m2)] (3.6b)

where m1 andm2 are modulation indices of the two branches of DD-MZM re-

spectively, ωrf is the angular frequency of the modulating microwave signal,

θ1 is the phase difference between the microwave drives of the two branches

and θ2 is the bias phase shift. Jn(x) is the Bessel function of first kind with

order n and argument x. Next, due to fibre dispersion, the output spectrum

at fibre length z is written as

Ã(z, ω) = Ã(ω) · exp

(

jβ2ω
2z

2

)

= 2πA0

∞
∑

n=−∞

an · exp

[

jβ2(nωrf)
2z

2

]

δ(ω − nωrf ) (3.7)

where Ã(z, ω) and Ã(ω) are the Fourier transform of optical field envelope

at fibre length z and 0, respectively, β2 is the 2nd-order fibre dispersion
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parameter. Similarly, we can get the expression for the conjugate of optical

field envelope. Then the spectrum of the optical power incident on the

photodetector for detection is

P̃ (z, ω) =
Ã(z, ω) ⊗ Ã∗(z, ω)

2π

= 2πA2
0

∞
∑

N=−∞

P̃ (z,Nωrf ) · δ(ω −Nωrf) (3.8a)

P̃ (z,Nωrf ) =
∞

∑

k=−∞

ak+Na
∗

k exp

[

jβ2(N
2 + 2Nk)ω2

rfz

2

]

= exp

(

jNφ

2

) ∞
∑

k=−∞

ak+Na
∗

k exp(jkφ) (3.8b)

ak+Na
∗

k = jNejNθ−1JN+k(m1)Jk(m1) + jNJN+k(m2)Jk(m2)

+jNej(Nθ1+θ2)JN+k(m1)Jk(m2)e
jkθ1

+jNe−jθ2JN+k(m2)Jk(m1)e
−jkθ1 (3.8c)

where ⊗ denotes convolution and N = n − k, φ = β2Nω
2
rfz. With Eq.

(3.8c), Eq. (3.8b) can be re-written as

P̃ (z,Nωrf ) = exp

[

jN

(

θ1 +
φ+ π

2

)]

·
∞

∑

k=−∞

JN+k(m1)Jk(m1)e
jkφ

+ exp

[

j
N(φ+ π)

2

]

·
∞

∑

k=−∞

JN+k(m2)Jk(m2)e
jkφ

+ exp

[

jN

(

θ1 +
φ+ π

2

)

+ jθ2

]

·
∞

∑

k=−∞

JN+k(m1)Jk(m2)e
jk(φ+θ1)

+ exp

[

j
N(φ+ π)

2
− jθ2

]

·
∞

∑

k=−∞

JN+k(m2)Jk(m1)e
jk(φ−θ1) (3.9)

Let α1 = α2 = φ, α3 = φ + θ1 and α4 = φ − θ1. With Graf’s addition

theorem [91], Eq. (3.9) reduces to

P̃ (z,Nωrf) = exp

[

jN

(

θ1 +
φ+ π

2
+ χ1

)]

· JN (w1)
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+ exp

[

jN

(

φ+ π

2
+ χ2

)]

· JN(w2)

+ exp

[

jN

(

θ1 +
φ+ π

2
+ χ3

)

+ jθ2

]

· JN(w3)

+ exp

[

jN

(

φ+ π

2
+ χ4

)

− jθ2

]

· JN (w4) (3.10a)

wi =
√

u2
i + v2

i − 2uivi cosαi (3.10b)

ui − vi cos(αi) = wi cosχi (3.10c)

vi sinαi = wi sinχi (3.10d)

where u1 = v1 = m1 for w1 , u2 = v2 = m2 for w2, u3 = m1 and v3 = m2 for

w3, u4 = m2 and v4 = m1 for w4. ui, vi and wi form a triangle with αi and

χi as two of its angles. Specially, if αi = 0, then Eq. (3.10) leads to χi = 0

and wi = ui − vi.

The parameter φ, representing the accumulated fibre dispersion, plays a

critical role in the four terms of Eq. (3.10), showing the importance of fibre

dispersion in characterizing the evolution of harmonics along fibre. The

four terms in the right hand side of the equation represent the coherent

interference results of the outputs of the two waveguides of the DD-MZM

at the photodetector after dispersive transmission. They show that the

evolution of harmonics follows the Bessel functions of the first kind whose

oder is the order of the harmonics. The values of modulation indices, bias

point, phase difference between RF carriers and the parameter φ characterize

the relationship between the four terms. Compared to conventional analyses

in terms of small signal approximation or infinite series, e.g., [36,40,42,65,66],

Eq. (3.10) gives us a complete and accurate description of each harmonic,

in a very neat, closed form, for dispersive transmission in microwave fibre

optic links using DD-MZM and hence greatly simplifies our analyses of such
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links without any loss of accuracy.

3.2.2 ODSB and OSSB for Single-Subcarrier Modula-

tion

ODSB and OSSB modulation are the two most popular formats in mi-

crowave fibre-optic links. For the commonly used case of balanced drives,

m1 = m2 = m for both formats and χi = (π − αi)/2, wi = 2m · sin(αi/2).

For ODSB modulation, θ1 = π, χ1 = χ2 = (π − φ)/2, χ3 = −φ/2 and

χ4 = π − φ/2. Using Eq. (3.10), one gets:

P̃ (z,Nωrf ) = 2 · JN

(

2m sin
φ

2

)

+2 · jN cos(θ2) · JN

(

2m cos
φ

2

)

(3.11a)

P̃ (z,Nωrf ) = 2 · jN−1 sin(θ2) · JN

(

2m cos
φ

2

)

(3.11b)

Eq. (3.11a) and Eq. (3.11b) are for even and odd order harmonics, respec-

tively.

For OSSB modulation, θ1 = π/2, χ1 = χ2 = (π − φ)/2, χ3 = π/4 − φ/2

and χ4 = 3π/4 − φ/2. Then

P̃ (z,Nωrf )

exp(j5Nπ/4)
= 2 · cos

Nπ

4
· JN

(

2m sin
φ

2

)

+ exp(jθ2) · JN

{

2m sin

[

φ

2
+

(

π

4

)]}

+ exp(−jθ2) · JN

{

2m sin

[

φ

2
−

(

π

4

)]}

(3.12)
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Figure 3.3: Detected microwave signal power for fundamental and second
harmonic normalized to the detected dc level vs φ/(2π) for ODSB modulation.
(N, θ2) is (1, ±π/2) for solid line, (2, ±π/2) for dashed line, (2, 0) for dotted
line and (2, ±π) for dash-dot line. Modulation index = 0.92.

Eqs. (3.11) and (3.12) show that the harmonic evolution along fibre is com-

pletely characterized by two simple parameters, φ and θ2. φ is a key pa-

rameter, incorporating the effect of fibre dispersion parameter and length,

as well as microwave frequency and harmonic order.

As a demonstration of the application of the above expressions, Figures

3.3 and 3.4 show the detected microwave signal magnitudes for fundamental

signal and second harmonic as a function of φ/(2π), for ODSB and OSSB

modulation, respectively, for a few different bias settings of the modulator.

Numerical results (not shown) are exactly the same as the analytical re-

sults calculated from Eqs. (3.11) and (3.12). The simple expressions in Eqs.

(3.11) and (3.12) also make performance prediction quite easy and enable one

to optimize settings (m and θ2) of DD-MZM for different applications such as

upconversion and harmonic generation. For example, m = 0.92 is chosen in
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Figure 3.4: Detected microwave signal power for fundamental and second
harmonic normalized to the detected dc level vs φ/(2π) for OSSB modulation.
(N, θ2) is (1, ±π/2) for short dash line, (1, 0) for dash-dot line, (1, ±π) for solid
line, (2, ±π/2) for dashed line, (2, 0) and (2, ±π) for dotted line. Modulation
index = 1.

Figure 3.3 for ODSB modulation, which maximizes the detected microwave

fundamental signal magnitude for bias ±π/2 (the solid line) according to

Eq. (3.11). Larger m will not result in link performance improvement; it

will cause stronger harmonics and more dips in Figure 3.3, meaning quicker

power fading. Similarly, for OSSB modulation, m = 1 used in Figure 3.4

also maximizes the detected microwave fundamental signal magnitude for

bias 0 (the dash-dot line) and it is the smallest one of the 3 bias settings to

realize the same goal.

Figures 3.3 and 3.4 also show some cases without significant power fading:

(2, ±π) for ODSB, (1, ±π/2), (2, 0) and (2, ±π) for OSSB. The first two

have been studied extensively [5, 42, 66, 92]. However, it can be shown that

the expressions for (2, 0) and (2, ±π) of OSSB are the same as that for (2,

±π) of ODSB except being smaller by half and a π/4 rotation, which shows

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Nonlinear Distortion due to DD-MZM 62

that these cases may also be useful in application of harmonics generation.

On the contrary, a noteworthy case is (1, ±π) of OSSB, which experiences

very serious power fading compared with other cases. Such quick power

fading cases may be useful for some microwave photonic filter applications.

The results for OSSB, corresponding to (N, θ2) = (2, 0), (2, ±π), and (1,

±π), do not appear to have been discussed in the literature so far.

3.3 Analysis for Multi-Subcarrier Modulation

Using DD-MZM

In this section, the derivation for single subcarrier modulation in Section 3.2

is generalized to multi-subcarrier modulation. Therefore, vectors, with each

entry representing one subcarrier, are used throughout this section. The

definitions of some symbols are listed in Table 3.1.

3.3.1 The Exact Analytical Model

For microwave fibre-optic links with subcarrier multiplexing (SCM), the out-

put optical field envelope of Mach-Zehnder Modulator (MZM) can be written

as:

A(t) = A0 exp
[

jm1cos(ωrf t+ θ′
1) + jθ2

]

+A0 exp
[

jm2cos(ωrf t+ θ0)
]

= A0

∞
∑

n1=−∞

· · ·
∞

∑

nM=−∞

an ·exp(jnωrf t) (3.13a)

an = jΣn ·
[

ΠJn(m1)
]

exp(jnθ′

1 + jθ2)

+jΣn ·
[

ΠJn(m2)
]

exp(jnθ0) (3.13b)
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Table 3.1: The Definitions of Some Symbols

N = harmonic orders of subcarriers

(N1 · · · NM)

m1 = modulation indices of subcarriers

(m11 · · · m1M ) in one branch of the DD-MZM

m2 = modulation indices of subcarriers

(m21 · · · m2M ) in the other branch of DD-MZM

ωrf = angular frequency of subcarriers

(ωrf1 · · · ωrfM)T

θ1 = phase difference between the subcarriers

(θ11 · · · θ1M ) in the branches of the DD-MZM

θ2 bias phase shift of the DD-MZM

Jn(x) = a vector of the Bessel functions

(Jn1
(x1) · · · JnM

(xM)) of the first kind

F(x) = a vector of function F,

F(x) = (F(x1) · · · F(xM ))

β2 the 2nd-order fiber dispersion parameter

D = 17 ps/nm · km the dispersion parameter and

the value used in the paper

Σ an operator, Σa = a1 + · · · + aM

Π an operator, Πa = a1a2 · · · aM

• an operator, a • b = (a1b1 · · · aMbM)

(x)M a vector, (x)M = (x · · · x)
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where A0 is the optical field amplitude in one branch of the DD-MZM;

m1 = (m11 · · · m1M ) and m2 = (m21 · · · m2M) are the modulation indices

of the two branches of DD-MZM respectively with each element for one mi-

crowave subcarrier; ωrf = (ωrf1 · · · ωrfM)T is the angular frequency of each

modulating microwave subcarrier; θ′

1 = (θ′11 · · · θ′1M )T , θ0 = (θ01 · · · θ0M )T

are the initial phases of microwave subcarriers for the two branches of DD-

MZM respectively with each element for one microwave subcarrier and θ2

is the bias phase shift; n = (n1 · · · nM) is the harmonic order of each mi-

crowave subcarrier; Jn(x) is a function vector with its each element equal

to Jni
(xi), the Bessel function of first kind with order ni and argument xi;

M is the total subcarrier number. Next, due to fibre dispersion, the output

spectrum at fibre length z is written as:

Ã(z, ω) = Ã(ω) · exp

(

jβ2ω
2z

2

)

= 2πA0 ·
∞

∑

n1=−∞

· · ·
∞

∑

nM =−∞

an ·exp

[

jβ2(nωrf)
2z

2

]

δ(ω − nωrf) (3.14)

where Ã(z, ω) and Ã(ω) are the Fourier transform of optical field envelope

at fibre length z and 0 respectively, β2 is the 2nd-order fibre dispersion

parameter. Similarly, we can get the expression for the conjugate of optical

field envelope. Then the spectrum of the optical power incident on the

photodetector for detection is:

P̃ (z, ω) =
Ã(z, ω) ⊗ Ã∗(z, ω)

2π

= 2πA2
0

∞
∑

N1=−∞

· · ·
∞

∑

NM =−∞

P̃ (z,Nωrf)δ(ω − Nωrf) (3.15a)
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P̃ (z,Nωrf) = exp

(

jNΦ

2

) ∞
∑

k1=−∞

· · ·
∞

∑

kM=−∞

ak+Na
∗

k
exp(jkΦ) (3.15b)

ak+Na
∗
k

jΣN
= ejNθ′

1

[

ΠJN+k(m1)
][

ΠJk(m1)
]

+ejNθ0

[

ΠJN+k(m2)
][

ΠJk(m2)
]

+ej(Nθ′

1+θ2)
[

ΠJN+k(m1)
][

ΠJk(m2)
]

ejkθ1

+ej(Nθ0−θ2)
[

ΠJN+k(m2)
][

ΠJk(m1)
]

e−jkθ1

(3.15c)

where ⊗ denotes convolution, k = (k1 · · · kM), Φ = β2z(ωrfNωrf) and

N = n−k = (N1 · · · NM). Each element in N stands for the harmonic order

of one subcarrier in the spectrum after intensity detection. For example,

N1 is the harmonic order of the first subcarrier. Therefore, N denotes the

intermodulation distortion (IMP) pattern and Nωrf is the angular frequency

of intermodulation products (IMPs). θ1 = θ′

1 − θ0 stands for the phase

difference between the two branches for each microwave subcarrier. Let

α1 = α2 = Φ, α3 = Φ + θ1 and α4 = Φ − θ1. For simplicity, we take one

product in the third term of Eq. (3.15c) for demonstration of the derivation.

aki+Ni
a∗ki

exp(jkiΦi)

jNi exp(Niθ
′
1i + θ2)

=
∞

∑

ki=−∞

JNi+ki
(m1i)Jki

(m2i) exp(jkiα3i)

= ejNiχ3iJNi
(w3i) (3.16a)

w3i =
√

m2
1i +m2

2i − 2m1im2i cos(α3i) (3.16b)

wi cos(χ3i) = m1i −m2i cos(α3i) (3.16c)

m2i sin(α3i) = w3i sin(χ3i) (3.16d)
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The Graf’s addition theorem is used for the derivation of Eq. (3.16) [91].

Therefore, we can re-write Eq. (3.15b) as:

P̃ (z,Nωrf)

jΣN exp(jNθ0)
= ejN(θ1+Φ

2
+χ1) ·

[

ΠJN(w1)
]

+ejN(Φ

2
+χ2) ·

[

ΠJN(w2)
]

+ejN(θ1+Φ

2
+χ3)+jθ2 ·

[

ΠJN(w3)
]

+ejN(Φ

2
+χ4)−jθ2 ·

[

ΠJN(w4)
]

(3.17a)

wi =
[

ui
2 + vi

2 − 2ui • vi • cos(αT
i )

]
1

2 (3.17b)

wi • cos(χT
i ) = ui − vi • cos(αT

i ) (3.17c)

vi • sin(αT
i ) = wi • sin(χT

i ) (3.17d)

• in Eq. (3.17) denotes array multiplication, that is, the entry-by-entry

product of two vectors with the same dimensions and u1 = v1 = m1 for w1,

u2 = v2 = m2 for w2, u3 = m1 and v3 = m2 for w3, u4 = m2 and v4 = m1

for w4. ui, vi and wi form a triangle with αi and χi as two of its angles. Eq.

(3.17a) shows that the initial phase relationship between various microwave

subcarriers does not have an effect on the final detected microwave signal

magnitude except for a fixed phase shift according to Nθ0.

3.3.2 ODSB and OSSB for Multi-Subcarrier Modula-

tion

ODSB and OSSB modulation are the two most popular formats in microwave

fibre-optic links. For both cases, the two branches of DD-MZM are driven

at the same RF power, that is, m1 = m2 = m. Hence, we can find that

χi =
[

(π)M − αi

]

/2, wi = 2m • sin
(

αT
i

)

, and (π)M = (π · · ·π) with M

entries.
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3.3.2.1 ODSB Modulation

For ODSB modulation, DD-MZM is typically biased at the quadrature point

and the phase difference between the two RF drives is π. Here we keep the

bias point arbitrary for generality. Therefore, θ1 = (π)M , χ1 = χ2 =
[

(π)M − Φ
]

/2, χ3 = −Φ/2 and χ4 = (π)M − Φ/2. Using Eq. (3.17), one

can get:

P̃ (z,Nωrf)

exp(jNθ0)
= 2 · ΠJN

(

2m • sin
ΦT

2

)

+2 · jΣN cos(θ2) · ΠJN

(

2m • cos
ΦT

2

)

(3.18a)

P̃ (z,Nωrf)

exp(jNθ0)
= 2 · jΣN−1 sin(θ2) · ΠJN

(

2m • cos
ΦT

2

)

(3.18b)

Eq. (3.18a) and Eq. (3.18b) are for subcarriers or intermodulation products

(IMPs) with even ΣN and odd ΣN respectively.

Specially, for single-subcarrier modulation, Eq. (3.18a) and Eq. (3.18b)

simplify into the following equations:

P̃ (z,Nωrf )

exp(jNθ0)
= 2 · JN

(

2m sin
φ

2

)

+2 · jN cos(θ2) · JN

(

2m cos
φ

2

)

(3.19a)

P̃ (z,Nωrf )

exp(jNθ0)
= 2 · jN−1 sin(θ2) · JN

(

2m cos
φ

2

)

(3.19b)

Eq. (3.19a) and Eq. (3.19b) are for even and odd order harmonics, respec-

tively, and are identical to Eq. (3.11a) and Eq. (3.11b), respectively.
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Figure 3.5: The detected RF power of the fundamental subcarrier normal-
ized to detected dc power versus fiber length for several modulation indices
for ODSB modulation. The markers represent the results of numerical simu-
lation.
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Figure 3.6: The detected RF power of the 3rd-order IMP normalized to
detected dc power versus fiber length for several modulation indices for ODSB
modulation. The markers represent the results of numerical simulation.
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For the case of two DSB subcarriers propagating in a dispersive optical

fiber link, Figures. 3.5 and 3.6 show calculated results, obtained from Eq.

(3.18b), for the evolution of the fundamental subcarrier and the 3rd-order

IMP (IMP3) along the fiber length. The angular frequencies of the modulat-

ing subcarriers are ωrf/(2π) = (10 10.1) GHz. The fundamental subcarrier

N = (1 0) and the IMP3 N = (2 −1) are shown in Figures. 3.5 and 3.6,

respectively, for several values of modulation index. The well-known power

fading behaviour for ODSB modulation due to dispersion is clearly visible.

Numerical simulations based on split step Fourier (SSF) method [26] are

also performed with fiber nonlinearity parameter set to 0 and the calcula-

tion step set to the whole fiber length. The simulation results shown as

square markers are exactly the same as those by our analysis.

3.3.2.2 OSSB Modulation

For OSSB modulation, DD-MZM is typically biased at the quadrature point

and the phase difference between the two RF drives is π/2. Similar to

the ODSB case, we keep the bias point arbitrary for generality. Therefore,

θ1 = (π/2)M , χ1 = χ2 =
[

(π)M − Φ
]

/2, χ3 = (π/4)M − Φ/2 and χ4 =

(3π/4)M −Φ/2. Then Eq. (3.17) leads to:

P̃ (z,Nωrf )

exp
[

j5(ΣN)π/4 + jNθ0

]

= 2 · cos
πΣN

4
· ΠJN

(

2m • sin
ΦT

2

)

+ exp(jθ2) · ΠJN

{

2m • sin

[

ΦT

2
+

(

π

4

)

M

]}

+ exp(−jθ2) · ΠJN

{

2m • sin

[

ΦT

2
−

(

π

4

)

M

]}

(3.20)
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Figure 3.7: The detected RF power of the fundamental subcarrier normal-
ized to detected dc power versus fiber length for several modulation indices for
OSSB modulation. The markers represent the results of numerical simulation.

Specially, for single-subcarrier modulation, Eq. (3.20) simplifies into the

following equation:

P̃ (z,Nωrf )

exp(j5Nπ/4 + jNθ0)

= 2 · cos
Nπ

4
· JN

(

2m sin
φ

2

)

+ exp(jθ2) · JN

{

2m sin

[

φ

2
+

(

π

4

)]}

+ exp(−jθ2) · JN

{

2m sin

[

φ

2
−

(

π

4

)]}

(3.21)

which is identical to Eq. (3.12).

For the case of two SSB subcarriers propagating in a dispersive optical

fiber link, Figures. 3.7 and 3.8 show calculated results, obtained from Eq.

(3.20), for the evolution of the fundamental subcarrier and the IMP3 along

the fiber length. The angular frequencies of the modulating subcarriers are
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Figure 3.8: The detected RF power of the 3rd-order IMP normalized to
detected dc power versus fiber length for several modulation indices for OSSB
modulation. The markers represent the results of numerical simulation.

ωrf/(2π) = (10 10.1) GHz. The fundamental subcarrier N = (1 0) and

the IMP3 N = (2 −1) are shown in Figures. 3.7 and 3.8, respectively, for

several values of modulation index. The numerical simulation results shown

by the square markers are exactly the same as those based on our analysis.

Unlike DSB, neither the fundamental subcarrier nor the IMP3 experience

deep power fading. However IMP3 experiences power level fluctuation while

the power of the fundamental subcarrier shows clear fluctuation only at

large modulation indices. This fluctuation will be discussed in detail in the

following section.
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3.4 Intermodulation and Dynamic Range Anal-

ysis for Microwave Fibre-Optic Links

Without loss of generality, henceforth the discussion and derivation are for

ODSB and OSSB modulation only. Also we assume that the subcarrier fre-

quencies are very closely spaced around a centre frequency, ωrf . Therefore,

ωrf ≈ (ωrf0)M . Basically, we then use a two-subcarrier modulation model

for our discussion. Hence, N = (1 0) and N = (0 1) for modulating sub-

carriers themselves and N = (2 − 1) and N = (−1 2) for the 3rd-order

IMPs.

3.4.1 ODSB Modulation

For ODSB modulation, Eq. (3.18b) leads to:

|P̃ (z, ωrf1)| = 2| sin(θ2)| · |J1[2m1 · cos(ωrf1ϕ1)]|

·|J0[2m2 · cos(ωrf2ϕ1)]| (3.22a)

|P̃ (z, 2ωrf2 − ωrf1)| = 2| sin(θ2)| · |J1[2m1 · cos(ωrf1ϕ2)]|

·|J2[2m2 · cos(ωrf2ϕ2)]| (3.22b)

where ϕ1 = β2zωrf1/2 and ϕ2 = β2z(ωrf2 − ωrf1)/2. Given that ωrf1 ≈

ωrf2 ≈ ωrf and hence ϕ1 ≈ ϕ2 ≈ ϕ, when m1, m2 are small (< 1), Eq.

(3.22) can be approximated to:

|P̃ (z, ωrf1)| ≈ 2m1 · | sin(θ2)|

·| cos(ωrfϕ)| (3.23a)

|P̃ (z, 2ωrf2 − ωrf1)| ≈ m1m
2
2

·| sin(θ2)| · | cos(ωrfϕ)|3 (3.23b)
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Assuming m1 = m2 = m, with Eq. (3.19b) and Eq. (3.23a), we can find

the 1-dB compression point by solving the following equation for ODSB

single-subcarrier modulation:

20 · log

∣

∣

∣

∣

x

J1(2x)

∣

∣

∣

∣

= 1 (3.24)

where x = m · cos(ωrfϕ). Hence, the 1-dB compression point for ODSB

single-subcarrier modulation is x = 0.475. Note that this value will gradually

drop when the number of modulating subcarriers increases. The general

equation for multi-subcarrier cases is:

20 · log

∣

∣

∣

∣

x

J1(2x) · JM−1
0 (2x)

∣

∣

∣

∣

= 1 (3.25)

Therefore, x = 0.275 for two-subcarrier modulation and x = 0.214 for triple-

subcarrier modulation. It then shows that for the same input RF power for

each subcarrier into DD-MZM, the output RF power level for each subcar-

rier decreases as the number of modulating subcarriers increases. This is

expected since more energy is transferred to IMPs as the number of subcar-

riers increases. The estimate of the relationship between output RF power

level and the number of subcarriers may be desired for system design. Ac-

cording to the following relation [91]:

1 = J0(x) + 2
∞

∑

k=1

J2k(x) (3.26)

we can take the approximation J0(2m) ≈ 1 − 2J2(2m) when m < 1. Ac-

cording to Eq. (3.18b), we find the output RF power loss due to subcarrier

multiplexing:
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Figure 3.9: The relative output RF power loss due to subcarrier multiplexing
for several modulation indices. The solid lines are calculated using Eq. (3.18)
and the short dot lines are calculated using Eq. (3.27).

ML = 20 log
J1(2m)JM−1

0 (2m)

J1(2m)

≈ −8.7(M − 1)m2 (3.27)

Fig. 3.9 shows the output RF power loss of each subcarrier for multi-

subcarrier modulation relative to the output power of single-subcarrier mod-

ulation for several modulation indices. The curves calculated by using the

approximation in (3.27) match very well those by exact theory even for mod-

erately high modulation index. The figure shows that for a given reduction

in output power the number of subcarriers drops quickly as the modulation

index increases, limiting the system capacity greatly. If we set the maximum

number of subcarriers at which 1 dB input RF power leads to 1 dB output

RF power loss due to subcarrier multiplexing, we can find the following

relationship:

−8.7(M − 1)(100.1m2 −m2) = −1
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⇒ (M − 1)m2 ≈ 0.44 (3.28)

Hence a modulation index 0.1 can support 45 subcarriers. Moreover, since

m2 is directly related to the SNR of the link, Eq. (3.28) is actually an equa-

tion for the system capacity using DD-MZM.

For multi-subcarrier modulation, spur-free dynamic range (SFDR) is also

an important parameter, which can be characterized by the input 3rd-order

intercept point (IIP3). This parameter can be obtained by equating Eq.

(3.23a) and Eq. (3.23b). Then:

2x · | sin(θ2)| = x3 · | sin(θ2)| (3.29)

Clearly, x =
√

2 for IIP3.

Note that the 1-dB compression point and IIP3 defined by x include

effects of fibre dispersion and driving RF power and hence they can com-

pensate each other. For ODSB modulation, fibre dispersion degrades the

system sensitivity due to power fading but does not change its dynamic

range (DR) because each 1 dB power fading leads to 3 dB decrease of the

3rd-order IMP and 1 dB increase of 1-dB compression point (increasing driv-

ing RF power to compensate power fading). This means that, essentially,

the power fading due to fibre dispersion for ODSB modulation undermines

the modulation depth and can be compensated by increasing the driving RF

power without any loss of linearity of the link.

Also note that Eq. (3.25) and Eq. (3.29) are independent of the dc
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Figure 3.10: Relative detected RF power (fundamental, IMP3, IMP5 and
IMP7) versus the square of modulation index for ODSB modulation. The
markers are experiment results. The fibre length is 40 km and the two mod-
ulating subcarrier frequencies are 1 GHz and 1.1 GHz.

bias, θ2. Therefore the dc bias does not have an effect on the link linear-

ity. Besides, for fundamental subcarriers, with Eq. (3.18b) and (3.19b), we

can easily conclude that the dc bias does not have any effect on all odd

order IIPs. In practice, the bias point may not be at ideal quadrature point.

Therefore, for ODSB modulation, the unideal bias point does not add to

the odd order nonlinearity of the dispersive link except for some output RF

power loss. This point is even intentionally employed for some special pur-

poses [44]. However, because the noise level due to shot and thermal noise

remains unchanged, this output RF power loss will eventually cause degra-

dation of SNR and SFDR.

For the two-subcarrier DSB modulation case, Figure 3.10 shows the rela-

tive detected RF power versus the square of modulation index for fundamen-

tal (N = (1 0)), IMP3 (N = (2 −1)), IMP5 (N = (3 −2)) and IMP7
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(N = (4 −3)). These results have been calculated using Eq. (3.18) for a

40 km standard single mode fiber (SSMF). Because other factors, such as

link gain and photodetector response, are not included, the power in Figure

3.10 only means a relative value. This figure also includes measured val-

ues, up to a modulation index of about 5 dB, for the fundamental, IMP3

and IMP5. During the experiment, the relationship between the input RF

power and m is decided by the relative power between the fundamental and

IMP3 for m = 0.2. The measured RF power for m = 0.2 is compared with

the calculated RF power based on the data sheet of the DD-MZM (JDSU,

Model 21013114) taking into account the measured RF loss. The difference

between these two power levels is less than 1.5 dB, which is reasonable since

not all RF loss can be measured accurately. The other values of m in the

experiment data are then decided according to their input RF power dif-

ference with the case of m = 0.2. The results obtained from our analysis

closely match the experiment results. It can be seen that the fundamental

subcarrier and the IMPs experience multiple power dips at large values of

modulation index, clearly showing the energy transfer between them; the

dips in the power of the fundamental correspond to the peaks in the power

of the IMPs.

3.4.2 OSSB Modulation

For OSSB modulation, Eq. (3.20) leads to:

|P̃ (z, ωrf1)| =
∣

∣

√
2J1[2m1 sin(ωrf1ϕ1)]J0[2m2 sin(ωrf2ϕ1)]

+ejθ2J1[2m1 sin(ωrf1ϕ1 + π/4)]

·J0[2m2 sin(ωrf2ϕ1 + π/4)]

+e−jθ2J1[2m1 sin(ωrf1ϕ1 − π/4)]
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·J0[2m2 sin(ωrf2ϕ1 − π/4)]
∣

∣ (3.30a)

|P̃ (z, 2ωrf2 − ωrf1)|

=
∣

∣

√
2J1[2m1 sin(ωrf1ϕ2)]J2[2m2 sin(ωrf2ϕ2)]

+ejθ2J1[2m1 sin(ωrf1ϕ2 + π/4)]

·J2[2m2 sin(ωrf2ϕ2 + π/4)]

+e−jθ2J1[2m1 sin(ωrf1ϕ2 − π/4)]

·J2[2m2 sin(ωrf2ϕ2 − π/4)]
∣

∣ (3.30b)

For small signal modulation, Eq. (3.30) can be approximated as:

|P̃ (z, ωrf1)| ≈ m1

∣

∣

√
2 · sin(ωrfϕ)

+ejθ2 · sin(ωrfϕ+ π/4)

+e−jθ2 · sin(ωrfϕ− π/4)
∣

∣ (3.31a)

|P̃ (z, 2ωrf2 − ωrf1)| ≈
m1m

2
2

2

∣

∣

√
2 · sin3(ωrfϕ)

+ejθ2 · sin3(ωrfϕ+ π/4)

+e−jθ2 · sin3(ωrfϕ− π/4)
∣

∣

(3.31b)

For commonly used OSSB modulation, θ2 = ±π/2 , then Eq. (3.31) reduces

to:

|P̃ (z, ωrf1)|≈
√

2m1 (3.32a)

|P̃ (z, 2ωrf2 − ωrf1)|≈
m1m

2
2

4

√

5 − 3 cos(2ωrfϕ) (3.32b)

Eq. (3.32) shows that the fundamental subcarrier does not experience power

fading while the 3rd-order IMP experience 6 dB power fluctuation. There-

fore, unlike ODSB modulation, both 1-dB compression point and the IIP3

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 3. Nonlinear Distortion due to DD-MZM 79

for OSSB modulation change with accumulated fibre dispersion.

Assuming m1 = m2 = m, equating Eq. (3.32a) and Eq. (3.32b) lets us

find the IIP3:

m2 = 4

√

2

5 − 3 cos(2ωrfϕ)
(3.33)

Hence m = 2 for the largest IIP3 and m =
√

2 for the smallest IIP3.

Similarly, the 1-dB compression point is also dispersion dependent but

in a rather complicated form. Generally, Eq. (3.30a) has its maximum value

at ωrfϕ = 0 and minimum value at ωrfϕ = ±π/2. Then the maximum

and minimum 1-dB compression point can be found by solving the following

equations:

20 · log

∣

∣

∣

∣

√
2mmax

2J1(
√

2mmax)J
M−1
0 (

√
2mmax)

∣

∣

∣

∣

= 1 (3.34a)

20 · log

∣

∣

∣

∣

mmin

J1(2mmin)JM−1
0 (2mmin)

∣

∣

∣

∣

= 1 (3.34b)

Eq. (3.30a) is expanded to multi-carrier case to get Eq. (3.34). It is easy

to find from Eq. (3.34) that mmax =
√

2mmin. Therefore, for single-tone

modulation, mmax = 0.672 and mmin = 0.475; for two-tone modulation,

mmax = 0.388 and mmax = 0.275; for triple-tone modulation, mmax = 0.302

and mmax = 0.214. For the system capacity, it is easy to find that Eq. (3.27)

and Eq. (3.28) derived for ODSB can also be used for OSSB to estimate the

worst results.

We should note that, even though the maximum 1-dB compression point

and IIP3 in OSSB increase 3 dB with respect to ODSB, the output RF power

of OSSB is 3 dB less than ODSB at the same driving RF power. Therefore
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Figure 3.11: Relative detected RF power (fundamental, IMP3, IMP5 and
IMP7) versus the square of modulation index for OSSB modulation. The
markers are experiment results. The fibre length is 40 km and the two mod-
ulating subcarrier frequencies are 1 GHz and 1.1 GHz.

OSSB does not show better linearity than ODSB. When the link is disper-

sive, the linearity of OSSB links may even be 3 dB worse than ODSB links.

The greatest advantage of using OSSB is to avoid sensitivity degradation

due to power fading.

For the two-subcarrier SSB modulation case, Figure 3.11 shows the rela-

tive detected RF power versus the square of modulation index for fundamen-

tal (N = (1 0)), IMP3 (N = (2 −1)), IMP5 (N = (3 −2)) and IMP7

(N = (4 −3)). These results have been calculated using Eq. (3.20) for a

40 km SSMF. Because other factors, such as link gain and photodetector

response, are not included, the power in Figure 3.11 only means a relative

value. This figure also includes measured values, up to a modulation index of

about 5 dB, for the fundamental, IMP3 and IMP5. During the experiment,

the relationship between the input RF power and m is decided following the
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same method as in the case of DSB. The results obtained from our analysis

closely match the experiment results. Very similar to the DSB case, the SSB

case also shows power dips for the fundamental subcarriers and the IMPs.

3.5 Summary and Conclusion

We have presented an exact analytical model to study the dispersive trans-

mission of SCM fibre-optic links using DD-MZM. The model results in sim-

ple, new, closed form expressions for output power spectrum, permitting an

accurate and fast analysis of such links. In general, for SCM links, the RF

output of one subcarrier is not decided by its input solely. Instead, other

RF inputs have significant impact on the output of a particular subcarrier.

Moreover, the evolution of one subcarrier and the IMPs in a dispersive fibre

link depends not only on the frequency of the subcarrier itself but also on the

frequency of the other subcarriers. Therefore, the behaviour of subcarriers is

inter-dependent on each other. This complicated behaviour can be analyzed

quickly through our closed form expressions as demonstrated in this chapter.

Based on our model, we have studied two commonly used modulation

methods, ODSB and OSSB, in detail. Simple expressions for some impor-

tant system parameters, such as 1-dB compression point, the IIP3 and the

system capacity, have been derived for the first time. ODSB shows serious

power fading under dispersive transmission while OSSB does not experience

such power fading except some power level fluctuation along fibre. However,

OSSB does not show better linearity than ODSB. Instead, the linearity of

OSSB may be even 3 dB worse than that of ODSB under dispersive trans-

mission. For both modulation methods, at the same input RF power level,

the output RF power level drops as the number of multiplexing subcarriers
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increases. Because the output SNR is directly proportional to the output

RF power, the SNR of the system degrades as the output RF power level

drops. Hence, the capacity of a system using DD-MZM is actually limited

by a bound arising from the nonlinear distortion due to the DD-MZM, which

has been given by our analysis. For the case of two subcarriers, for both

ODSB and OSSB, a very good match is observed between the analytical

results derived here and the measured results for the power level of the fun-

damental subcarrier and IMPs.

Finally, given that the model presented here is general and exact, its

application can be extended to other fields using DD-MZM and its variants,

enabling us to perform quick and accurate analysis of such systems.
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Chapter 4

Nonlinear Distortion due to

Stimulated Inelastic Scattering

In Chapter 3, the nonlinear distortion due to dual-drive Mach-Zehnder ex-

ternal modulators (DD-MZM) for dispersive transmission has been analyzed

in detail. Besides nonlinear distortion caused by DD-MZM, fibres also intro-

duce nonlinear distortions. In this chapter, the nonlinear distortions due to

stimulated inelastic scattering in fibre, including stimulated Brillouin scat-

tering (SBS) and stimulated Raman scattering (SRS), are discussed. SBS is

notorious for its very low threshold, which limits the launched optical power

seriously. Therefore, for SBS, we study the noise due to fibre dispersion in

radio-over-fibre (RoF) links where phase dithering is used to suppress SBS.

Our analysis and experiment show that, besides the random noise due to

phase modulation, there are discrete spectral lines spaced at dither rate in

the detected signal, which may act as interference. Our analysis reveals that

the sharp rising/falling edges of the phase dithering signal can cause these

discrete spectral lines. We demonstrate that the low pass filtering of the

83
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phase dithering signal can suppress such noise and interference. With re-

gard to SRS, the nonlinear distortion due to SRS between optical channels

is studied through analytical and numerical analysis, which shows the low

pass character of SRS induced nonlinear distortion. Therefore the nonlin-

ear distortion due to SRS is significant for systems that have low subcarrier

frequencies and large spacing between optical channels.

4.1 Stimulated Brillouin Scattering

Radio-over-fibre (RoF) technique can provide broadband access in a cost ef-

ficient way if the cost of the access network can be shared among many users.

To achieve this, many techniques such as subcarrier multiplexing (SCM) [5],

wavelength division multiplexing (WDM) [64] and higher order modulation

formats [93] have been proposed. In addition to these techniques, increasing

the launched optical power is the easiest way to support more users. However

this optical power is limited by SBS due to the presence of a strong optical

carrier in RoF system. Besides, SBS threshold decreases as fibre length gets

longer. Therefore SBS greatly limits the number of users in an RoF system.

Typically, one can suppress SBS by phase dithering technique [44], which

has been used for years in hybrid fibre coax (HFC) CATV systems. But the

RF frequency in RoF links is much higher than that in HFC CATV systems

and the RoF links are longer. Due to fibre dispersion in RoF links, the phase

dithering can convert to undesired intensity noise and degrade a system’s

performance. Therefore RoF links are more vulnerable to problems caused

by phase dithering and need careful examination.

Generally phase dithering involves large signal modulation, which means

that the phase shift can approach π. However, to the best of knowledge of
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the authors, only small signal modulation models [94] have been reported so

far; these small signal models cannot satisfactorily account for the effects of

phase dithering in practice.

In this section, after a brief introduction to Brillouin-gain spectrum, we

examine the effects of using phase dithering to suppress SBS in an RoF

system. We present a large signal modulation model, which explains our

experiment results satisfactorily. For the first time, we theoretically show

the origin of discrete spectral lines observed in the spectrum of detected

phase dithered signal, which can be a strong interference source for some

multicarrier systems. Our theory shows that these spectral lines can be

removed either by low pass filtering the phase dithering signal or by fibre

dispersion compensation; this is confirmed experimentally by implementing

low pass filtering which is the simpler of the two remedies.

4.1.1 Brillouin-Gain Spectrum

Basically, the process of SBS can be modelled as a nonlinear interaction

between the pump and Stokes fields through an acoustic wave which is gen-

erated by the pump field through the process of electrostriction [51]. This

acoustic wave in turn modulates the refractive index of the medium to form

an index grating. The pump-induced index grating scatters the pump light

through Bragg diffraction, resulting in a scattered light downshifted in fre-

quency because of the Doppler shift associated with the index grating mov-

ing at the acoustic velocity vA. This scattering process can also be viewed

quantum-mechanically as the annihilation of a pump photon to create a

Stokes photon and an acoustic phonon simultaneously. Since both the en-

ergy and the momentum must be conserved during each scattering event,
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the frequencies and the wave vectors of the three waves are related by [26]

ΩB = ωp − ωs (4.1a)

kB = kp − ks (4.1b)

where ΩB, ωp and ωs are the angular frequencies, and kB, kp and ks are the

wave vectors of the acoustic, pump and Stokes waves, respectively.

The frequency ΩB and the wave vector kB of the acoustic wave satisfy

the standard dispersion relation [26]

ΩB = vA|kB| ≈ 2vA|kp| sin
(

θ

2

)

(4.2)

where θ is the angle between the pump and Stokes fields and |kp| ≈ |ks| is

used in Eq. (4.1). Eq. (4.2) shows that the frequency shift of the Stokes

wave depends on the scattering angle. In particular, ΩB is maximum in the

backward direction (θ = π) and vanishes in the forward direction (θ = 0). In

a single-mode optical fibre, the only relevant directions are the forward and

backward directions. Therefore, SBS occurs only in the backward direction

with the Brillouin frequency shift given by [26]

νB =
ΩB

2π
=

2n̄vA

λp

(4.3)

where Eq. (4.2) was used with |kp| = 2πn̄/λp and n̄ is the modal index at

the pump wavelength λp. If we use vA = 5.96 km/s and n̄ = 1.45, the values

appropriate for silica fibres are νB ≈ 11.1 GHz at λp = 1.55µm.

The Brillouin-gain spectrum gB(Ω) characterizes the growth of the Stokes
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wave of SBS with a peak at Ω = ΩB. A noteworthy character of SBS is that

the spectral width of the gain spectrum is very small (∼ MHz) because it

is related to the damping time of acoustic waves or the phonon lifetime. In

fact, if acoustic waves are assumed to decay as exp(−ΓBt), the Brillouin gain

has a Lorentzian spectrum of the form [51]

gB(Ω) = gp

(ΓB/2)2

(Ω − ΩB)2 + (ΓB/2)2
(4.4)

where the peak value of the Brillouin-gain coefficient occurring at Ω = ΩB

is given by [95]

gp ≡ gB(ΩB) =
2π2n̄7p2

12

cλ2
pρ0vAΓB

(4.5)

where p12 is the longitudinal elasto-optic coefficient and ρ0 is the material

density. The full width at half maximum (FWHM) of the gain spectrum is

related to ΓB as ∆νB = ΓB/(2π) while the phonon lifetime itself is related

to ΓB as TB = Γ−1
B ∼ 10 ns.

Noting from Eq. (4.3) that νB varies inversely with λp, ∆νB is expected to

obey a λ−2
p dependence on the pump wavelength. Therefore the dependence

on λp is cancelled out in Eq. (4.5). As a result, the peak value gp is nearly

independent of the pump wavelength. Taking the typical parameter values

of fused silica into Eq. (4.5), gp ≈ 5 × 10−11 m/W, which is larger by

nearly three orders of magnitude compared with that of the Raman-gain

coefficient shown later. As a result, the threshold of SBS is much lower than

that of SRS. However, this value is only for a narrow-bandwidth pump. As

mentioned in Chapter 2, for a broadband pump with bandwidth ∆νp, the

peak value of Brillouin gain is reduced by a factor of ∆νp/∆νB [96] and then

the SBS threshold can be increased.
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Figure 4.1: Experiment setup of an RoF link using phase dithering to sup-
press SBS. PM: Phase modulator; MZM: Mach-Zehnder modulator; EDFA:
Erbium-doped fibre amplifier; SSMF: Standard single mode fibre.

4.1.2 Analytical Model

A typical RoF link using phase dithering is shown in Figure 4.1. Because

dithering the phase of optical carrier can widen the laser linewidth, SBS is

then suppressed significantly. This method has been used in HFC CATV

systems for years and potentially, it can also be used in RoF systems. How-

ever, this random phase dithering can be converted to intensity noise by

fibre dispersion. In this section, we set up an original analytical model to

analyze this conversion from phase dithering to intensity noise.

It is well known that the propagation of optical envelope in a single mode

fibre is governed by nonlinear Schrödinger equation (NLSE). Neglecting the

terms related to fibre nonlinearity, NLSE can be rewritten as [26]

∂A

∂z
+
jβ2

2

∂2A

∂T 2
+
α

2
A = 0 (4.6)

where A = A(z, T ) is the optical field envelope, β2 is the second-order fibre

dispersion parameter and α is the fibre loss parameter. Fourier transform of

Eq. (4.6) results in

∂Ã

∂z
− jβ2ω

2

2
Ã+

α

2
Ã = 0 (4.7)
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where ∼ denotes Fourier transform. Eq. (4.7) results in an analytical solu-

tion in frequency domain

Ã(z, ω) = Ã(0, ω) · exp

(

jβ2ω
2z

2

)

· exp

(

−αz
2

)

(4.8)

Besides fibre loss, Eq. (4.8) shows that each spectral component of the in-

put signal acquires a frequency dependent phase shift, which leads to the

distortion of pulse shape. The phase modulation will be converted to in-

tensity modulation under dispersive transmission. For phase dithering, the

phase modulation signal is a random data stream. Therefore, the resultant

intensity modulation is an undesired noise source in subcarrier multiplexing

systems.

The conjugate equation of Eq. (4.6) results in the solution for A∗, the

conjugate of A

Ã∗(z, ω) = Ã∗(0, ω) · exp

(

−jβ2ω
2z

2

)

· exp

(

−αz
2

)

(4.9)

Therefore, the detected signal spectrum, which is proportional to the optical

power spectrum, can be written as

P̃ (z, ω) = Ã⊗ Ã∗

= e−αz

[

Ã0 · exp

(

jβ2ω
2z

2

)]

⊗
[

Ã∗
0 · exp

(

−jβ2ω
2z

2

)]

(4.10)

where ⊗ denotes convolution, A0 = A(0, T ) and A∗
0 = A∗(0, T ). After Taylor

expansion of exp(jβ2ω
2z/2) and exp(−jβ2ω

2z/2), Eq. (4.10) reduces to

P̃ (z, ω)

exp(−αz) =
∞

∑

n=0

(−jβ2z)
n

2nn!

(

−ω2
)n
Ã0 ⊗

∞
∑

k=0

(jβ2z)
k

2kk!

(

−ω2
)k
Ã∗

0 (4.11)
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In time domain, Eq. (4.11) reduces to

P (z, T )

exp(−αz) =

∞
∑

n=0

∞
∑

k=0

(−jβ2z)
n

2nn!

(jβ2z)
k

2kk!

∂(2n)A0

∂T (2n)

∂(2k)A∗
0

∂T (2k)
(4.12)

The various order derivatives in Eq. (4.12) show that the rising and falling

edge of the input signal plays an important role in the shape and the spec-

trum of the final detected signal.

Even though Eq. (4.12) is an exact solution, it does not show clearly the

relationship between the phase modulation and the detected signal. Several

transformation have to be made to reveal this relationship.

A(z, T ) = U(z, T ) · exp(−αz) (4.13a)

U(z, T ) =
√

P (z, T ) · exp[jφ(z, T )] (4.13b)

B(z, T ) = lnU(z, T ) =
1

2
lnP (z, T ) + jφ(z, T ) (4.13c)

where P (z, T ) and φ(z, T ) are the intensity and phase of the optical field

envelope A(z, T ) respectively. Eq. (4.13) defines a logarithm signal of the

original signal, which helps us to find the relationship between phase mod-

ulation and the detected signal. With these definitions, NLSE reduces to

∂B

∂z
+
jβ2

2

∂2B

∂T 2
+
jβ2

2

(

∂B

∂T

)2

= 0 (4.14)

To be able to handle this nonlinear equation, one usually has to make some

simplifying approximations. Here we assume that the generated noise due

to fibre dispersion is small and hence assume that the nonlinear term in

Eq.(4.14) does not change over fibre length. Then (∂B/∂T )2 = (∂B0/∂T )2,

where B0 = B(0, T ). With this approximation and Fourier transformation
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of Eq.(4.14)

∂B̃

∂z
− jβ2ω

2

2
B̃ − jβ2

2
(ωB̃0) ⊗ (ωB̃0) = 0 (4.15)

where ⊗ denotes convolution. We can find a solution:

F [B] = F [B0] · exp

(

jβ2ω
2z

2

)

+

[

1 − exp

(

jβ2ω
2z

2

)]

· 1

ω2
· F

[(

∂B0

∂T

)2]

(4.16)

where F [•] denotes Fourier transform. In a similar manner, through the

conjugate form of Eq. (4.14), we can find the solution for conjugate loga-

rithm signal, F [B∗]. Further, assume that P (z, T ) = P (0) · P ′(z, T ) where

P (0) is the average optical intensity and P ′(z, T ) stands for the modulated

microwave signals or subcarriers normalized to the average optical intensity.

Therefore, using Eq. (4.13c) and the relationship F [lnP ] = F [B + B∗] =

F [B] + F [B∗], we get

F [lnP ′] = F [lnP ′

0] · cos θ − 2 · F [φ0] · sin θ

+β2z

{

1

4
F

[(

∂ lnP ′
0

∂T

)2

− F

[(

∂φ0

∂T

)2]}

· sin
(

θ

2

)

· Sa

(

θ

2

)

+β2z · F
[

∂P ′
0

∂T
· ∂φ0

∂T

]

· Sa(θ) (4.17)

where P ′
0 = P ′(0, T ), φ0 = φ(0, T ), Sa(x) = sin(x)/x and θ = β2ω

2z/2.

At the right hand side of Eq. (4.17), the first term and the second term

show the intensity-to-intensity and the phase-to-intensity conversion after

dispersive transmission, respectively. The other two terms involve the time

derivatives of the intensity and the phase, and hence show the impact of the

rising and falling edges of the modulation signal.

Instead of giving the detected signal spectrum directly, Eq. (4.17) gives
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Figure 4.2: Measured RF average power as well as fluctuation range with
SBS present.

the logarithm of the detected signal spectrum. However, through Taylor

expansion, we can get

F [P ] = F [P0 · P ′] = P0 · F [exp(F−1[F [lnP ′]])]

= 2πP0δ(ω) + P0

∞
∑

n=1

1

n!
F

[

(F−1[F [lnP ′]])n
]

≈ 2πP0δ(ω) + P0 · F [lnP ′] (4.18)

where F−1[•] denotes inverse Fourier transformation. Therefore the loga-

rithm spectrum actually reveals the character of detected spectrum.

4.1.3 Noise due to Phase Dithering

The experiment setup shown in Figure 4.1 is used to study the noise due

to phase dithering to suppress SBS. A phase modulator dithers the opti-

cal phase of a laser with a 1 Gbps pseudorandom bit stream (PRBS). The

output of the phase modulator is modulated by an RF subcarrier at 5 GHz

applied through the Mach-Zehnder modulator (MZM) with a modulation
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Figure 4.3: Detected spectrum without phase dithering (measured).

index of 0.1. The optical power launched into the fiber is 10 dBm except

in Figure 4.2 where the optical power launched into the fiber is variable.

The 50 km standard single mode fibre (SSMF) has a dispersion parameter

of D = 17 ps/km · nm.

The spectrum of the photodetected signal, analyzed by RF spectrum an-

alyzer, is shown in Figures 4.3 and 4.4, without and with phase dithering,

respectively. To clearly see the noise level change due to phase dithering

and fibre dispersion, 1 kHz resolution bandwidth (RBW) of RF spectrum

analyzer was chosen so that the inherent spectrum analyzer noise does not in-

terfere with our observation. Shown by Figure 4.2, without phase dithering,

when the launched optical power is greater than about 6 dBm, significant

SBS is observed and the detected signal level becomes very unstable because

the optical power is fluctuating due to the loss induced by backward scatter-

ing of SBS [71,97]. Moreover, the power fluctuation range increases with the

launched optical power, showing that SBS gets stronger at larger launched
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Figure 4.4: Detected spectrum with phase dithering (measured).

optical power. Basically, the average output optical power at the fibre end

tends to saturate at a certain level, putting an upper limit on the system

capacity.In Figure 4.3 one can observe an RF signal at 10.9 GHz, which is

generated by SBS because it can be eliminated by suppressing SBS in later

measurements. Even though SBS should generate a backward Stokes wave

with a Stokes shift of about 10.9 GHz for 1550 nm system as calculated by

Eq. (4.3), this backward Stokes wave can be scattered back by Rayleigh

scattering of fibre and observed after detection. Because the Brillouin-gain

spectrum occupies a spectrum of tens of MHz, this phenomenon makes SBS

extremely troublesome for RoF systems at the band of 10 - 11 GHz because a

strong interference around 11 GHz generated by SBS is introduced. Indeed,

during our experiment, we observed that 10 GHz RF subcarriers experience

much more serious power fluctuation than subcarriers at other frequencies

due to the interference between the subcarrier and the Stokes wave of SBS.

Detailed observations and analyses have been given in [27].
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Figure 4.5: Detected spectrum (results calculated from analytical expres-
sions).

To suppress SBS, we phase modulate the tuneable laser (1540 nm) by

1 Gbps binary phase shift keying (BPSK) NRZ pseudorandom signal. The

detected signal level becomes quite stable, showing that SBS is suppressed.

However, the noise level is greatly increased due to phase modulation to

intensity modulation conversion by fibre dispersion. Comparing Figure 4.3

and 4.4, the noise level increases by more than 20 dB when phase dithering

is applied, showing the conversion of phase modulation to intensity modu-

lation of the 1 Gbps pseudorandom signal by fibre dispersion.

Also, there are many discrete spectral lines spaced at 1 GHz in the de-

tected spectrum. In Figure 4.4, we can easily identify these spectral lines at

2, 6, 8, 9, 10, 11 GHz even though they are quite small due to the 1 kHz

RBW. With small signal analysis only (the first two terms on the right side

of Eq. (4.17)), we cannot predict these discrete spectral lines although the

noise floor can be predicted because the first two terms on the right hand
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side of Eq. (4.17) are directly related to the power spectral density of PRBS

but NRZ code used by PRBS does not show these spectral lines. When the

other terms in Eq. (4.17) are included, we can predict these spectral lines,

as shown in Figure 4.5. Figure 4.5 is calculated by using the same values

of physical parameters (PRBS bit rate, RF frequency, optical power, fibre

length and dispersion parameter) as those in Figure 4.4 but assuming flat

response of the Mach-Zehnder modulator and the photodetector. Figure

4.5 then shows that the spectral lines of the experimental measurement in

Figure 4.4 arise from the time derivative of the PRBS used for phase dither-

ing, which physically means that the sharper edges lead to stronger spectral

lines. These discrete spectral lines may introduce undesired interference in

some multicarrier systems. Besides, as shown by the figure, the interference

is much stronger than the noise level. This also makes phase dithering tech-

nique to suppress SBS, less attractive in some microwave fibre optic links

due to the high noise level and interference, since in the latter systems, the

microwave subcarrier frequency is typically larger than phase dithering rate.

4.1.4 Suppression the Noise due to Phase Dithering

According to Eq. (4.17), we can suppress the noise and interference due to

phase dithering through either fibre dispersion compensation or windowing

the phase dithering signal. Windowing smoothes the phase dithering signal

and hence can suppress the discrete spectral lines. It also limits the spectral

range of phase dithering signal, lowering the noise level at RF subcarrier.

This is confirmed by further experiments, as shown in Figures 4.6 - 4.9, by

using the same experiment setup and parameters as those in Figure 4.1.

This time, the RBW is set to 100 kHz so that the interfering spectral
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Figure 4.6: Detected spectrum with phase dithering but without filtering
the phase dithering signal.
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Figure 4.7: The output spectrum of PPG for 1 Gbps PRBS.
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Figure 4.8: Detected spectrum with phase dithering and with filtering the
phase dithering signal by a low pass filter with 3 dB cut-off frequency 933
MHz.

lines due to phase dithering are clearly seen (Figure 4.6). Note that, in

practice, the output of pulse pattern generator (PPG) is not pure NRZ and

consists of many harmonics. In our experiment, the output of the PPG is

measured and shown in Figure 4.7. However, the levels of these harmonics

are stable while the observed spectral lines in Figure 4.6 are actually un-

stable, showing that there is some randomness. Therefore, even though the

harmonics in the PPG output can cause those spectral lines, a part of those

spectral lines is caused by the rising and falling edges of the PRBS data

which introduce the randomness. Clearly, both types of spectral lines can

be filtered out by low pass filtering of the PPG output. We then filter the

PRBS stream before it drives the phase modulator by a low pass filter with

a 3-dB cut-off frequency 933 MHz. The results in Figure 4.8 clearly show

that low pass filtering successfully remove the spectral lines due to phase

dithering.
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Figure 4.9: Detected spectrum after dispersion compensation

Of course, without fibre dispersion compensation, there is always some

residual noise even after filtering. Fibre dispersion compensation can remove

almost all of the noise and interference due to phase dithering. The detected

spectrum after dispersion compensation is also shown in Figure 4.9. How-

ever, low pass filtering is still an attractive technique to suppress noise and

interference due to phase dithering in RoF links because it is much simpler

than fibre dispersion compensation.

4.2 Stimulated Raman Scattering

Stimulated Raman scattering (SRS) is an important nonlinear process that

can turn optical fibres into broadband Raman amplifiers and tuneable Ra-

man lasers. However, on the other hand, it can also severely limit the per-

formance of multichannel lightwave systems by transferring energy from one

channel to the neighbouring channels, causing nonlinear crosstalk between

channels. In this section, the Raman-gain spectrum is derived first and then
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Figure 4.10: Raman-gain spectrum for optical fibre.

we present the analysis of the nonlinear crosstalk due to SRS in wavelength

division multiplexing (WDM) SCM systems.

4.2.1 Raman-Gain Spectrum

As shown in Chapter 2, in a simple approach valid under the continuous-

wave (CW) and quasi-CW conditions, the initial growth of the Stokes wave

is described by [51]

dPs

dz
= gRPpPs (4.19)

where Ps is the Stokes intensity, Pp is the pump intensity and the Raman-

gain coefficient gR is related to the cross section of spontaneous Raman scat-

tering [49]. The Raman-gain spectrum is given by gR(Ω), where Ω stands

for the frequency difference between the pump and Stokes waves.

The Raman-gain spectrum for silica fibres was experimentally measured.
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Basically, gR depends on the composition of the fibre core and can vary sig-

nificantly with the use of different dopants. The most significant feature of

the Raman gain in silica fibres is that gR(Ω) extends over a large frequency

range (up to 40 THz) with a broad peak located near 13 THz as shown in

Figure 4.10 [98].

To show how the process of SRS develops, we consider a CW pump beam

inside a fibre at optical frequency ωp propagating in the same direction as

a probe beam at frequency ωs. The probe beam will be amplified due to

the Raman gain as long as the frequency difference Ω = ωp − ωs lies within

the bandwidth of the Raman-gain spectrum. Without the probe beam,

spontaneous Raman scattering acts as a probe and is amplified along with

propagation. Because spontaneous Raman scattering generates photons in

the entire bandwidth of the Raman-gain spectrum, all frequency components

are amplified. However, the frequency component for which gR is maximum

is amplified most rapidly. For pure silica, gR is maximum for the frequency

component downshifted from the pump frequency by about 13.2 THz. It

has been shown that when the pump power exceeds a threshold value, this

component builds up almost exponentially [54]. Consequently, SRS results

in the Stokes wave whose frequency is determined by the peak of the Raman

gain. The corresponding frequency shift is called the Raman shift (or the

Stokes shift). These feature are intentionally exploited for making Raman

fibre amplifiers and lasers.
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4.2.2 Raman-Induced Nonlinear Crosstalk

Even though fibre amplifier and lasers benefit from the Raman gain, SRS

can cause problems in WDM systems. Because a short-wavelength chan-

nel can act as a pump for longer-wavelength channels and transfer part of

the pulse energy to neighbouring channels, SRS leads to nonlinear crosstalk

among channels that may affect the system performance considerably.

To analyze this nonlinear crosstalk in SCM systems, we consider an op-

tical communication link with two optical channels. Due to SRS, the two

channels satisfy the following coupled equations [26]

∂P1

∂z
+

1

νg1

∂P1

∂t
= (gP2 − α)P1 (4.20a)

∂P2

∂z
+

1

νg2

∂P2

∂t
= (−gP1 − α)P2 (4.20b)

where νgk is the group velocity for the transmitted signal at wavelength λk

and g is the standard Raman gain coefficient divided by the fibre effective

area. Assuming that the optical intensity at channel k is Pk = Pk0(z, t) ·

exp(−αz) and considering the walk-off effect between the two channels due

to fibre dispersion, Eqs. (4.20) reduce to:

∂P10(z, T1)

∂z
= gP20(z, T1 + u12) exp(−αz)P10(z, T1) (4.21a)

∂P20(z, T2)

∂z
= −gP10(z, T2 − u12) exp(−αz)P20(z, T2) (4.21b)

where T1 = t − z/νg1, T2 = t − z/νg2 and u12 = 1/νg1 − 1/νg2. Fourier

transform of Eqs. (4.21) gives

∂P̃10(z, ω)

∂z
= gP̃20(z, ω) exp[−(α − jωu12)z] ⊗ P̃10(z, ω) (4.22a)

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Nonlinear Distortion due to Stimulated Inelastic Scattering 103

∂P̃20(z, ω)

∂z
= −gP̃10(z, ω) exp[−(α + jωu12)z] ⊗ P̃20(z, ω) (4.22b)

where ∼ denotes Fourier transform and ⊗ denotes convolution. Eq. (4.22)

describes the interaction between the subcarriers of the two optical channels

through SRS.

For SCM system, the optical intensity is generally written as

P (0, T ) = Pavg ·
[

1 +
∑

i

mi cos(ωiT )

]

(4.23)

where Pavg is the average intensity, i denotes various subcarriers with mod-

ulation index mi. Therefore, the optical intensity spectrum is

P̃ (0, ω) = πPavg ·
[

2δ(ω) +
∑

i

miδ(ω − ωi) +
∑

−i

miδ(ω − ω−i)

]

(4.24)

where δ denotes Dirac Delta function. Hence, the convolution in Eqs. (4.22)

reduces to summations and multiplications and can be evaluated easily for

SCM systems. Basically, P̃ (z, ω) cannot be replaced by P̃ (0, ω) because of

the distortion induced by fibre dispersion such as RF power fading. How-

ever, as we will see later that for SRS, this replacement is reasonable because

SRS exhibits a low pass character.

The interaction between the subcarriers of the two optical channels through

SRS shown by Eq. (4.22) generates many new intermodulation products

(IMPs) across the two channels. Because higher order IMPs are very small

compared with the second order and SRS exhibits low-pass property, we

only consider the second-order IMPs, that is, the products generated by the

interaction between the subcarriers across the two channels directly. Then
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P̃10(z, ω) and P̃20(z, ω) at the right hand side of Eqs. (4.22) can be replaced

by P̃10(0, ω) and P̃20(0, ω). Integration of Eqs. (4.22) lets us calculate the

IMP analytically. For example, we can get the expression for a intermod-

ulation product at ωi + ωj generated at channel 1 by a subcarrier at ωi on

channel 1 and a subcarrier at ωj on channel 2, which is

IMP2SRS12 = gm1m2Pavg1Pavg2ze2jδ(ω − ωi − ωj) (4.25a)

ze2j =
1 − exp(−α2j)

α2j

(4.25b)

α2j = α− jωju12 (4.25c)

Similarly, the IMPs generated at channel 2 have a similar form

IMP2SRS21 = −gm1m2Pavg1Pavg2ze1jδ(ω − ωi − ωj) (4.26a)

ze1j =
1 − exp(−α1j)

α1j

(4.26b)

α1j = α + jωju12 (4.26c)

When one of the two subcarriers is the optical carrier itself, which has a

nominal frequency 0, the expressions for IMPs shown by Eqs. (4.25) and

(4.26) reduce to those for nonlinear crosstalk due to SRS derived in [43,44].

Eqs. (4.25) and (4.26) show that the magnitude and phase of the non-

linear crosstalk or IMPs on channel 1 through SRS are determined by the

frequency of the interaction subcarrier on channel 2 rather than by the final

crosstalk or IMP frequency if the frequencies of the two subcarriers are dif-

ferent. Also, because the Raman-gain, g, is generally larger at larger optical

channel spacing, the magnitude of the nonlinear crosstalk or IMPs is then
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Figure 4.11: The relative RF power of IMPs normalized to the maximum
vs. subcarrier frequency for several optical channel spacings. The fibre length
is 25 km.

more significant at larger optical channel spacing. Some SCM systems em-

ploy WDM technology and occupy a very wide wavelength range. For such

systems, the nonlinear crosstalk and IMPs due to SRS should be carefully

considered.

Figure 4.11 shows the relative RF power of IMPs normalized to the max-

imum as a function of subcarrier frequency for several optical channel spac-

ings and a fibre length 25 km. SRS exhibits a low pass character. Besides,

the wider the optical channel spacing, the narrower the pass band. There-

fore, the crosstalk and IMPs due to SRS are more significant for systems

using lower frequency subcarriers such as hybrid fibre-coax (HFC) systems

which typically employ subcarriers below 1 GHz. Figure 4.12 shows the

phase of IMPs as a function of subcarrier frequency for two optical channels

with 100 GHz channel spacing and a fibre length is 25 km. The two chan-

nels have opposite phase relationship because one experiences Raman gain
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Figure 4.12: The phase of IMPs vs. subcarrier frequency for two optical
channels with 100 GHz channel spacing. The fibre length is 25 km.

enhancement while the other experiences Raman gain depletion. The phase

increases generally linearly with the subcarrier frequency at low frequency

range and eventually fluctuates around π/2. It has been shown [43,44] that

the crosstalk and IMPs due to SRS and XPM can cancel each other because

these can have opposite phase relationship.

4.3 Summary

In this chapter, the impact of stimulated inelastic scattering in optical fi-

bres on SCM systems has been analysed. It is shown that both types of

stimulated inelastic scattering, SBS and SRS, may degrade the system per-

formance considerably.

With regard to SBS, the SBS-gain spectrum is very narrow and peaks

around 11 GHz in optical fibres. The backward scattered Stokes wave with

downshift frequency 10.9 GHz in our experiment leads to significant power
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loss. Therefore, SBS puts stringent upper limit on the launched optical

power. Besides, the Stokes wave can be reflected back to the forward direc-

tion by Rayleigh scattering, presenting itself as a strong interference source

at around 11 GHz. Moreover, SBS also causes serious power fluctuation

of the detected RF signal. Therefore, SBS should be carefully avoided or

suppressed. In our experiment, significant SBS is observed when launched

optical power is greater than 6 dBm.

To suppress SBS, one modulates the phase of the laser output by a PRBS

stream to widen the output laser spectrum. The SBS threshold is then

greatly enhanced. However, due to the fibre dispersion, the phase dithering

signal is converted to intensity noise. Moreover, one experiment shows that

there are many spectral lines spaced at the PRBS data rate. These spectral

lines can be strong interference sources in RoF or microwave fibre-optic links.

Our analysis shows that these spectral lines come from two aspects: one is

the harmonics in the PPG output; the other is the sharp rising and falling

edge of PRBS data stream. Both types of interference can be removed by

low pass filtering of the PPG output, which is confirmed by our experiment.

With regard to SRS, the SRS-gain spectrum is very wide. Such broad-

band gain spectrum can cause significant nonlinear crosstalk and IMPs

across optical channels. Moreover, typically, the wider the channel spac-

ing, the stronger the crosstalk level due to SRS. Our analysis shows that

SRS exhibits low pass character. Hence, the lower the subcarrier frequency,

the stronger the crosstalk level due to SRS. This means that SRS should be

carefully treated in HFC systems where the subcarrier frequencies are typ-

ically below 1 GHz. We also study the phase relationship of the crosstalk
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and IMPs.
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Chapter 5

Nonlinear Distortion due to

Nonlinear Refraction

In recent years, there has been an increasing interest in exploitation of the

microwave region of the electromagnetic spectrum with the help of fibre-

optic techniques [19, 77, 78]. The extremely low loss and wide bandwidth

of the fibre enable us to distribute microwave signals from a central control

station to a number of base stations, resulting in simple base station ar-

chitectures with low cost and good system flexibility. Microwave fibre-optic

links have been widely proposed for many applications such as broadband

wireless communications and antenna remoting. Moreover, it is desired to

incorporate wavelength division multiplexing (WDM) into microwave fibre-

optic links to improve the bandwidth efficiency [38, 64].

Generally, microwave fibre-optic links impose stringent limits on nonlin-

ear distortion. Therefore nonlinear distortion needs to be studied carefully.

Both modulator, such as widely used dual-drive Mach-Zehnder Modulator

(DD-MZM), and fibre can introduce significant nonlinear distortion in the

109

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 5. Nonlinear Distortion due to Nonlinear Refraction 110

Data

fIF

LD

fMO

Bias
Optical

Multiplexer

PDλ1

λ2

λM

OPTICAL
FIBER

Optical

Demultiplexer

fIF+fMO

Optical

Amplifier

DD-MZM

Figure 5.1: A typical electrooptical upconversion system configuration with
WDM. LD: laser diode; DD-MZM: dual-drive Mach-Zehnder modulator; PD:
photodetector; fIF : the frequency of intermediate frequency oscillator; fMO:
the frequency of master oscillator.

links. For single wavelength microwave fibre-optic links, DD-MZM is the

dominant source of nonlinear distortion. As shown in Chapter 3, the non-

linear distortion due to the combined effect of DD-MZM and fibre disper-

sion has been analyzed in the past through exact general analytical mod-

els [36,66,99]. For the nonlinear distortion due to fibre, stimulated Brillouin

scattering (SBS) must be considered in the system design [71], which has

been presented in Chapter 4. Due to the very low SBS threshold of fibres,

the launched optical power of a microwave fibre-optic link has to be very low,

typically less than 6 dBm, when no special measures are taken to suppress

SBS. Such a low launched optical power makes other fibre nonlinearities,

such as the third order intermodulation (IMD) due to self-phase modulation

(SPM), rather insignificant in a single wavelength link.

The scenario is different in a WDM microwave fibre-optic link where the

nonlinear distortion due to cross-phase modulation (XPM) between adjacent

optical channels can be significant. Consider an electrooptical upconversion

system [36,66] with two optical channels shown in Figure 5.1. Let us assume

that each channel is modulated by a 5 GHz subcarrier (fIF ) and a 22 GHz

subcarrier (fMO) and the upconverted 27 GHz subcarrier (fIF + fMO) is the
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desired signal. The nonlinear distortion at 27 GHz due to XPM has three

components: the first one, called as nonlinear crosstalk, is due to the inter-

action between the intensity change of the 27 GHz subcarrier in one optical

channel and the optical carrier in the other optical channel; the second one

is due to the interaction between the 5 GHz intensity change in one optical

channel and the 22 GHz subcarrier in the other optical channel; the third one

is due to the interaction between the 22 GHz intensity change in one optical

channel and the 5 GHz subcarrier in the other optical channel. The two latter

ones involve the interaction with subcarriers and are called intermodulation

products through fibre nonlinearity (NIMPs). Therefore, typically, the non-

linear distortion in a WDM microwave fibre-optic link consists of two parts:

the nonlinear crosstalk and the NIMPs. The nonlinear crosstalk due to XPM

in WDM systems has been studied by many researchers [29,43,44,65,72,73].

Their studies show that the nonlinear crosstalk level due to XPM increases

rapidly as the modulation frequency increases, which suggests that the non-

linear crosstalk level for WDM microwave fibre-optic links may be signif-

icant even when the launched optical power is well below SBS threshold.

However, because these models are essentially based on the pump-probe ap-

proach where only one channel is modulated by subcarriers, only nonlinear

crosstalk due to XPM can be analyzed. Moreover, even though these models

work well to analyze the nonlinear crosstalk due to XPM, the expressions are

complicated and hence the impact of various parameters, such as the fibre

dispersion, the modulating subcarrier frequencies and the channel spacing,

is not very clear.

In this chapter, we present a new analytical model, not based on pump-

probe approach, to study the nonlinear distortion due to XPM in dispersive
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WDM microwave fibre-optic links. The model predicts quite well the nonlin-

ear distortion due to XPM, including both nonlinear crosstalk and NIMPs,

even when the modulating microwave frequencies are in the range of tens

of gigahertz and the fibre length is tens of kilometre. Also, we show that

after reasonable approximation the nonlinear distortion can be expressed

in a very simple form, showing clearly the influence of various parameters.

Detailed analyses of the nonlinear distortion for two commonly used modu-

lation methods, optical double sideband (ODSB) and optical single sideband

(OSSB), are also presented. Numerical simulations as well as experiments

confirm the accuracy of our analytical model. Moreover, the study shows

that in an electrooptical upconversion system, the NIMPs can be more detri-

mental than nonlinear crosstalk.

The rest of this chapter is organized as follows. First we explain the phys-

ical mechanism of nonlinear distortion due to nonlinear refraction. Then,

we present analytical models for the nonlinear distortion due to nonlinear

refraction, followed by the analyses of the nonlinear distortion due to XPM

through simulations and experiments. Finally, we summarize and conclude

this chapter.

5.1 Distortion due to Nonlinear Refraction

It has been shown in Chapter 2 that the pulse propagation in optical fibres

is governed by NLSE when nonlinear refraction is included

∂A

∂z
+
iβ2

2

∂2A

∂T 2
+
α

2
A = jγ|A|2A (5.1)
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where A is the optical field envelope and T stands for a frame of reference

moving with the pulse at the group velocity νg (the so-called retarded frame).

The meaning of various symbols has been explained in Section 2.3. If there

is no fibre dispersion, Eq. (5.1) reduces to

∂A

∂z
+
α

2
A = jγ|A|2A (5.2)

Therefore, we can get

∂A

∂z
A∗ +

α

2
AA∗ = jγ|A|2AA∗ (5.3a)

∂A∗

∂z
A +

α

2
A∗A = −jγ|A|2A∗A (5.3b)

Because the optical power P = |A|2 = AA∗, combination of the two equa-

tions, Eq. (5.3a) and Eq. (5.3b), results in

∂P

∂z
+ αP = 0 (5.4)

which give us a solution of the optical power

P = |A|2 = P0 exp(−αz) (5.5)

where P0 is the launched optical power. Eq. (5.5) shows that the optical

power does not experience distortion except power loss due to fibre loss even

though nonlinear refraction is present when there is no fibre dispersion.

Replacing |A|2 in Eq. (5.2) by Eq. (5.5), the solution of A is

A = A0 exp

(

−αz
2

)

exp(jγP0Le) (5.6a)

Le =
1 − exp(−αz)

α
(5.6b)
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where A0 is the initial optical field envelope at the fibre input. Eq. (5.6)

shows that without fibre dispersion, nonlinear refraction only introduces a

nonlinear phase modulation to the optical field envelope, which will not re-

sult in optical power distortion by itself. However, if there is fibre dispersion,

this phase modulation gets converted to intensity modulation by dispersive

transmission, resulting in optical power distortion. Because most current

optical fibre communication systems are intensity modulation and direct de-

tection, this optical power distortion will then leads to the distortion of the

final detected signal. For subcarrier multiplexing systems (SCM), this dis-

tortion shows up as nonlinear intermodulation and nonlinear crosstalk.

However, when both nonlinear refraction and fibre dispersion are con-

sidered, Eq. (5.1) cannot be solved analytically. Therefore, many analytical

approximation models have been proposed in the past to find solutions with

reasonable approximations for particular applications. Basically, these ap-

proximations can be categorized into the following types:

• Assume no fibre dispersion at first and find the phase modula-

tion due to nonlinear refraction. Then calculate the additional

intensity distortion due to this phase modulation under dispersive

transmission [43, 44];

• Find the intensity evolution for dispersive transmission only. Based

on the results, find the intensity distortion due to nonlinear re-

fraction for a tiny fibre section and carry out integration to get

the final distortion for the whole fibre span [73, 100, 101];

• Write the optical field envelope in the form of magnitude and

phase. Find the coupled equations from NLSE for magnitude
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and phase. Neglect the nonlinear terms in the equations and

then try to solve the equations analytically [28, 29, 88, 94];

• Treat nonlinear refraction as a small perturbation and use per-

turbation theory to find the first order nonlinear distortion due

to nonlinear refraction [102].

Essentially, all of the above methods are based on the perturbation theory

with different levels of approximation for different applications. A compre-

hensive study based on perturbation theory has been given in [103]. How-

ever, the result in [103] is for conventional digital optical fibre communication

systems and needs numerical integration for calculation. In this chapter, we

follow the idea to use the perturbation theory. However, different from the

work in [103], this chapter studies SCM optical fibre communication systems

and results in closed-form expressions, providing more physical insights and

enabling quicker calculation. Moreover, while systems with only one optical

channel are the focus in [103], this chapter focuses on WDM systems. Com-

pared with previous works in SCM optical fibre communication systems, this

chapter provides more general and rigorous analyses.

5.2 Nonlinear Crosstalk

When multiple optical wavelengths propagate in a single fibre, XPM can

lead to interactions and crosstalk between optical wavelengths. Without fi-

bre dispersion, XPM leads to only the phase modulation of the signals in one

optical channel according to the power at other optical channels and hence

does not affect intensity modulation and direct detection (IM-DD) systems.

However, fibre dispersion can convert this phase modulation into intensity

modulation, leading to undesired nonlinear crosstalk. On the other hand,
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it is well known that fibre dispersion can lead to subcarrier power fading.

Hence, fibre dispersion not only generates but also fades nonlinear crosstalk.

The overall effect of XPM and fibre dispersion will result in a nonlinear

crosstalk with a finite level.

In this section, we first present an original general analytical model

to study the nonlinear crosstalk due to XPM. Then we study two com-

monly used modulation methods by DD-MZM, ODSB and OSSB, resulting

in closed form expressions for nonlinear crosstalk level.

5.2.1 The General Analytical Model

Following the exact analytical model for a dispersive transmission system

using a DD-MZM in [99], we assume that the nonlinear distortion due to

XPM is a small perturbation of the model in [99]. Instead of relating this

perturbation with the model in [99] by a summation, as is done typically, we

assume a multiplicative relationship; this assumption will show its advantage

later. Therefore we assume that the optical field envelope of an optical

channel in a nonlinear dispersive fibre is [103]:

A(z, T ) =

[

1 +
∞

∑

n=1

γnAn(z, t)

]

· A0(z, T ) (5.7)

where γ is the fibre nonlinearity parameter. As will be shown later mathe-

matically, A0(z, T ) is the optical field envelope when there is no XPM and

An(z, T ) is the n-th order nonlinear distortion due to XPM with coefficient

γn. It is well known that the nonlinear propagation of optical field enve-

lope in single mode fibres is governed by nonlinear Schrödinger equation
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(NLSE) [26]

∂A

∂z
+
jβ2

2

∂2A

∂T 2 +
α

2
A = jγ|A|2A (5.8)

where β2 is the second order dispersion parameter and α is the fibre loss

parameter. For simplicity, we consider the first order perturbation only and

now A(z, T ) =
[

1 + γA1(z, T )
]

· A0(z, T ). Substituting Eq. (5.7) into Eq.

(5.8) and using perturbation theory, we get the following equations:

∂A0

∂z
+
jβ2

2

∂2A0

∂T 2 +
α

2
A = 0 (5.9a)

∂A1

∂z
+
jβ2

2

∂2A1

∂T 2 + jβ2
∂A0

∂T

∂A1

∂T
= j|A0|2 (5.9b)

Eq. (5.9b) is obtained by equating the terms with coefficient γ. When

we consider small signal modulation (the modulation index m < 1), the

nonlinear term in Eq. (5.9b), jβ2(∂TA0)(∂TA1), is proportional to m2 while

the other terms are proportional to m. Therefore we can safely neglect this

nonlinear term and simplify Eq. (5.9b) as:

∂A1

∂z
+
jβ2

2

∂2A1

∂T 2 = j|A0|2 (5.10)

Eq. (5.9a) shows that A0(z, T ) is the optical field envelope evolution with

fibre dispersion only. Generally, the expression for the corresponding inten-

sity evolution of A0(z, T ) is known. For example, when using DD-MZM, the

intensity evolution, |A0|2, has been expressed in exact analytical expressions

in [99]. This makes Eq. (5.10) easy for solution. The relationship assumed in

Eq. (5.7) results in |A0|2, not |A0|2A0 on the right side of Eq. (5.10), avoid-

ing the complicated convolution operation in the Fourier transform coming
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next. Assuming |A0|2 = P0, the Fourier transform of Eq. (5.10) is:

∂Ã1

∂z
− jβ2ω

2

2
Ã1 = jP̃0 (5.11)

where ˜ stands for the Fourier transform. The solution of Eq. (5.11) is:

Ã1(z, ω) = j exp(jκz)

∫ z

0

P̃0(z
′, ω) exp(−jκz′) dz′ (5.12)

where κ = β2ω
2/2. From the conjugate equation of Eq. (5.10), we can also

get the solution of Ã∗
1:

Ã∗
1(z, ω) = −j exp(−jκz)

∫ z

0

P̃0(z
′, ω) exp(jκz′) dz′ (5.13)

where * stands for the complex conjugate. Since the system is IM/DD, the

intensity is our concern. Given that now A(z, T ) =
[

1+γA1(z, T )
]

·A0(z, T ),

we find that the intensity is:

I = |A|2 =
[

1 + γ(A1 + A∗

1) + γ2|A1|2
]

· |A0|2 (5.14)

By neglecting the term with coefficient γ2 in Eq. (5.14), Eq. (5.7) enables

us to calculate a simple A1 + A∗
1 instead of a complicated multiplication.

Therefore, it can then be shown that

Ã1 + Ã∗
1 = 2 cos(κz)

∫ z

0

P̃0(z
′, ω) sin(κz′) dz′

−2 sin(κz)

∫ z

0

P̃0(z
′, ω) cos(κz′) dz′ (5.15)

The expressions for P̃0(z, ω) are given in Chapter 3 and [99] in terms of

Bessel functions. For small signal modulation, the Bessel functions can be
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approximated by trigonometric functions and it becomes possible to inte-

grate Eq. (5.15) analytically. With Eq. (5.14), we can easily identify the

nonlinear distortion level as:

NLD = γ(Ã1 + Ã∗
1) ⊗ P̃0 (5.16)

where ⊗ denotes convolution. For microwave fibre-optic links, both (Ã1+Ã∗
1)

and P̃0 consist of Dirac delta functions and the convolution can be performed

easily through frequency shift and multiplication. Therefore Eq. (5.16) en-

ables us to find the corresponding nonlinear distortion level at different fre-

quencies.

The above derivation is for a single optical channel and the nonlinear

distortion due to SPM. However, the model can be extended to WDM and

XPM easily by modifying Eq. (5.10) suitably:

∂A1

∂z
+
jβ2

2

∂2A1

∂T 2 = j2P ′

0(z, T − β2∆ωz) (5.17)

where P ′
0(z, T − β2∆ωz) = |A′

0(z, T − β2∆ωz)|2 is the optical intensity of

another optical channel at ω′
0 inducing XPM to the channel at ω0, ∆ω =

ω0 −ω′
0 is the angular frequency difference between the two optical channels

and β2∆ωz stands for the optical field envelope time delay between the two

channels due to the walk-off effect. When one does not consider the walk-off

effect, the Fourier transform of P ′
0 is generally in the form of:

P̃ ′
0 = P̃ ′

z(z, ω) exp(−αz) (5.18)
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where P̃ ′
z(z, ω) is the intensity evolution without fibre loss. When the walk-

off effect is included, we find that:

P̃ ′
0 = P̃ ′

z(z, ω) exp(−αz) exp(−jωβ2∆ωz)

= P̃ ′
z(z, ω) exp(−µz) (5.19)

where µ = α + jωβ2∆ω. The introduction of the new complex fibre loss

parameter µ results in the same form of P ′
0 with the walk-off effect as that

without the walk-off effect. Therefore the expression shown by Eq. (5.15)

can also be used for XPM after replacing P0 by P ′
0, α by µ and multiplying

by 2 since XPM is two times greater than SPM.

5.2.2 Two Special Cases: ODSB and OSSB

ODSB and OSSB are the two most commonly used modulation methods

in microwave fibre-optic links. We discuss the nonlinear crosstalk due to

XPM for the standard ODSB and OSSB modulations separately. Some

other modulation methods, which can be viewed as the derivatives of ODSB

and OSSB, will also be discussed briefly. As shown before, the nonlinear

crosstalk comes from the interaction between (Ã1 + Ã∗
1) and P̃ ′

0. For a

certain modulation frequency, typically both (Ã1 + Ã∗
1) and P̃ ′

0 have infinite

harmonic terms and their interaction according to Eq. (5.16) generates

infinite new nonlinear crosstalk terms at various frequencies. Here, we just

calculate the strongest nonlinear crosstalk term which is generated by the

interaction between the subcarrier at frequency 0 in P̃0 and a subcarrier at

frequency ω2 in P̃ ′
0. Hence the resulting nonlinear crosstalk is located at ω2.
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5.2.2.1 The ODSB modulation

The standard ODSB modulation can be generated by using a DD-MZM

biased at the quadrature point and shifting the phase of one radio frequency

(RF) drive to the other by π. Such an ODSB signal does not have chirp, that

is, no accompanying phase modulation. Then the small signal approximation

of the results for ODSB in Chapter 3 is:

P̃ ′
0

∣

∣

ω2

= 2mP̄ ′
0 cos(κ2z) exp(−µz) (5.20)

where κ2 = β2ω
2
2/2 and P̄ ′

0 is the strength of P ′
0 at the frequency 0 and

the beginning of the fibre. Typically, for small signal modulation, P̄ ′
0 equals

the average optical power of the channel at ω′
0 at the beginning of the fibre.

Hence, according to Eq. (5.15) and Eq. (5.16), the strength of the generated

nonlinear crosstalk due to XPM at ω2 is:

Cr|ODSB = 4mγP̄0P̄
′
0e

−µ2ze−αz

×
{

2(eµ2z − 1)µ2κ2 cos(κ2z)

µ3
2 + 4µ2κ2

2

−
[

eµ2z(2µ2
2 + 4κ2

2) − 4κ2
2

]

sin(κ2z)

µ3
2 + 4µ2κ2

2

}

(5.21)

where µ2 = α + jω2β2∆ω and P̄0 is the strength of P0 at the frequency 0

and the beginning of the fibre.

Besides this standard ODSB modulation without chirp, other modu-

lation methods, such as direct modulation of laser, modulation by using

electroabsorption modulator (EAM) or single-electrode MZM, can also pro-

duce ODSB formats. Generally, these modulation methods produce intensity

modulation with some level of phase modulation, that is, some level of chirp
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which can be characterized by a chirp parameter αc. It can be shown [40]

that the intensity evolution for such cases are:

P̃ ′
0

∣

∣

ω2

= 2mP̄ ′
0

√

1 + α2
c cos

[

κ2z + arctan(αc)
]

exp(−µz) (5.22)

Then we can express the nonlinear crosstalk due to XPM for such links as:

Cr|ODSB =
4mγP̄0P̄ ′

0e
−µ2ze−αz

µ3
2 + 4µ2κ

2
2

×
{

2(eµ2z − 1)(µ2 − 2κ2αc)κ2 cos(κ2z)

−
[

eµ2z(2µ2
2 + 4κ2

2) − 4κ2
2

]

sin(κ2z)

+2(1 + eκ2z)µ2κ2αc sin(κ2z)

}

(5.23)

5.2.2.2 The OSSB Modulation

Unlike ODSB, OSSB is immune to RF power fading problem and hence

is widely used in microwave fibre-optic links. Typically, OSSB modulation

can be generated by using a DD-MZM biased at the quadrature point and

shifting the phase of one RF drive to the other by π/2. The small signal

approximation of the results for OSSB in Chapter 3 is:

P̃ ′
0

∣

∣

ω2

= j
√

2mP̄ ′
0 exp(−jκ2z) exp(−µ2z) (5.24)

Similar to the procedure for the ODSB case, according to Eq. (5.15) and

Eq. (5.16), the strength of the generated nonlinear crosstalk due to XPM

at ω2 is:

Cr|OSSB = j2
√

2mγP̄0P̄ ′
0e

−(µ2+jκ2)ze−αz

×e
µ2z

[

j(ej2κ2z − 1)µ2 + 2κ2

]

− 2κ2

µ2(µ2 + j2κ2)
(5.25)
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Besides generation OSSB by using DD-MZM, some microwave fibre-optic

links use remote heterodyning method to generate microwave signal optically

by beating the output of two correlated laser sources operating at desired

frequency spacing. Such a method can be also viewed as OSSB and it is easy

to find that P̃ ′
0 for such links can also be expressed as Eq. (5.24). Therefore

Eq. (5.25) can also be used for the nonlinear crosstalk due to XPM in such

links.

5.3 Nonlinear Intermodulation

Nonlinear intermodulation is different from nonlinear crosstalk in that the

former involves two subcarriers and results in a new subcarrier called as

nonlinear intermodulation product (NIMP) generated by the two subcarri-

ers. This NIMP may appear at such a frequency as to interfere with an-

other original subcarrier. The model for nonlinear crosstalk in the previous

section is actually based on pump-probe approach, which means that we

assume two channels, one modulated by subcarriers and the other operat-

ing as continuous-wave so that the nonlinear time differential terms in the

equations can be neglected. When we study the nonlinear intermodulation,

this terms cannot be neglected and hence the pump-probe approach is not

appropriate any more. Even though NIMP is typically much smaller than

nonlinear crosstalk, it is still very important for some systems. For example,

the desired subcarriers in electrooptical upconversion systems are also gener-

ated by mixing two subcarriers optically. For such systems, the subcarrier-

to-crosstalk ratio and upconverted-subcarrier-to-NIMP ratio should be at

the same level and hence NIMP may have significant impact on the perfor-

mance of such systems.
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5.3.1 The General Analytical Model

Perturbation theory is still the basis of our analysis. However, the pump-

probe approach used in Section 5.2 cannot be used here to derive the ex-

pressions for NIMPs. Hence, we assume that

A(z, T ) = B0(z, T ) +

∞
∑

n=1

γnBn(z, t) (5.26)

Therefore, we get the following two equations from NLSE

∂B0

∂z
+
jβ2

2

∂2B0

∂T 2 +
α

2
B0 = 0 (5.27a)

∂B1

∂z
+
jβ2

2

∂2B1

∂T 2 +
α

2
B1 = j|B0|2B0 (5.27b)

where B0 is the solution with fibre dispersion only. The Fourier transform

of Eq. (5.27) is

∂B̃0

∂z
− jβ2ω

2

2
B̃0 +

α

2
B̃0 = 0 (5.28a)

∂B̃1

∂z
− jβ2ω

2

2
B̃1 +

α

2
B̃1 = jP̃0 ⊗ B̃0 (5.28b)

where P0 = |B0|2. Therefore,

B̃0 = B̃(0, ω) · exp

(

jβ2ω
2z

2

)

· exp

(

−αz
2

)

(5.29a)

B̃1 = j exp

(

jβ2ω
2z

2

)

· exp

(

−αz
2

)

·
∫ z

0

(P̃0 ⊗ B̃0) · exp

(

−jβ2ω
2z′

2

)

· exp

(

αz′

2

)

dz′ (5.29b)
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From the conjugate form of NLSE, we can get another set of equations,

which give us the solution of B∗
0 and B∗

1 .

B̃∗
0 = B̃∗(0, ω) · exp

(

−jβ2ω
2z

2

)

· exp

(

−αz
2

)

(5.30a)

B̃∗
1 = −j exp

(

−jβ2ω
2z

2

)

· exp

(

−αz
2

)

·
∫ z

0

(P̃0 ⊗ B̃∗
0) · exp

(

jβ2ω
2z′

2

)

· exp

(

αz′

2

)

dz′ (5.30b)

For direct detection, we get

P = |A|2 = |B0 + γB1|2 ≈ P0 + γ(B0B
∗

1 +B∗

0B1) (5.31)

and hence

P̃ ≈ P̃0 + γ(B̃0 ⊗ B̃∗
1 + B̃∗

0 ⊗ B̃1) (5.32)

Therefore, the final expression for NIMP is

NIMP = jB̃∗
0 ⊗

[

exp

(

jβ2ω
2z

2

)

· exp

(

−αz
2

)

·
∫ z

0

(P̃0 ⊗ B̃0) · exp

(

−jβ2ω
2z′

2

)

· exp

(

αz′

2

)

dz′
]

−jB̃0 ⊗
[

exp

(

−jβ2ω
2z

2

)

· exp

(

−αz
2

)

·
∫ z

0

(P̃0 ⊗ B̃∗
0) · exp

(

jβ2ω
2z′

2

)

· exp

(

αz′

2

)

dz′
]

(5.33)

For microwave fibre-optic links, B̃0, B̃∗
0 and P̃0 consist of Dirac delta func-

tions and the convolutions in Eq. (5.33) can be performed easily through

frequency shift and multiplication. Therefore Eq. (5.33) enables us to find

the corresponding nonlinear distortion due to fibre at different frequencies.

The above derivation is for a single optical channel and the nonlinear
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distortion due to SPM. However, the model can be extended to WDM and

XPM easily by modifying Eq. (5.27b) as follows:

∂B1

∂z
+
jβ2

2

∂2B1

∂T 2 +
α

2
B1 = j2P ′

0(z, T − β2∆ωz)B0 (5.34)

where P ′
0(z, T − β2∆ωz) = |B′

0(z, T − β2∆ωz)|2 is the intensity of another

optical channel at ω′
0 inducing XPM to the channel at ω0, ∆ω = ω0 − ω′

0 is

the angular frequency difference between the two channels and β2∆ωz stands

for the optical field envelope time delay between the two optical channels

due to the walk-off effect. When we do not consider the walk-off effect, the

Fourier transform of P ′
0 is generally of the form:

P̃ ′
0 = P̃ ′

z(z, ω) exp(−αz) (5.35)

where P̃ ′
z(z, ω) is the intensity evolution without fibre loss. When the walk-

off effect is included, we find that:

P̃ ′
0 = P̃ ′

z(z, ω) exp(−αz) exp(−jωβ2∆ωz)

= P̃ ′
z(z, ω) exp(−µz) (5.36)

where µ = α + jωβ2∆ω. The introduction of the new complex fibre loss

parameter µ results in the same form of P ′
0 with the walk-off effect as that

without the walk-off effect. Therefore the expression Eq. (5.33) can also be

used for XPM after replacing P0 by P ′
0, α by µ, and multiplying by 2 since

XPM is two times greater than SPM.
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Expressions for ODSB

P̃ ′
0 δ(ω) +m2 cos(β2ω

2
2z/2)δ(ω − ω2) +m2 cos(β2ω

2
2z/2)δ(ω + ω2)

B̃0 δ(ω) +m1 exp(jβ2ω
2
1z/2)δ(ω − ω1) +m1 exp(jβ2ω

2
1z/2)δ(ω + ω1)

B̃∗
0 δ(ω) +m1 exp(−jβ2ω

2
1z/2)δ(ω − ω1) +m1 exp(−jβ2ω

2
1z/2)δ(ω + ω1)

Table 5.1: The general expressions used in Eq. (5.33) for ODSB modulation.

5.3.2 Two Special Cases: ODSB and OSSB

For SCM systems, Eq. (5.33) is generally integratable. For demonstration,

we assume that the frequency of a subcarrier in B0 is ω1 and the frequency

of a subcarrier in B′
0 is ω2. The general expressions for P̃ ′

0, B̃0 and B̃∗
0 are

listed in Table 5.1 and 5.2 for ODSB modulation and OSSB modulation

respectively. Eq. (5.33) results in many new subcarriers such as those at

ω1 + ω2 and ω1 − ω2, different from those subcarriers which are generated

by nonlinear crosstalk and located at either ω1 or ω2. These new subcarri-

ers are results of the interaction between at least two subcarriers and their

magnitude is generally at the level of m1m2. Hence, they can be viewed as

a kind of intermodulation through fibre nonlinearity. For XMP, these IMPs

will be generated and cause interference across optical channels. Because

two subcarriers are involved in the process to generate these NIMPs, one of

P̃ ′
0, B̃0 and B̃∗

0 must choose δ(ω) for the interaction. It is easy to find that P̃ ′
0

cannot choose δ(ω), otherwise the result will be zero. Hence, δ(ω) can only

be chosen from B̃0 or B̃∗
0 . This greatly simplifies our analytical calculation

later. Here we just derive the analytical expressions for the NIMP at ω1+ω2,

for different types of modulation on the two optical channels.

Let µ2 = α+ jω2β2∆ω. When both B′
0 and B0 are OSSB modulated, we
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Expressions for OSSB

P̃ ′
0 δ(ω) +m2 exp(jβ2ω

2
2z/2)δ(ω − ω2) +m2 exp(−jβ2ω

2
2z/2)δ(ω + ω2)

B̃0 δ(ω) +m1 exp(jβ2ω
2
1z/2)δ(ω − ω1)

B̃∗
0 δ(ω) +m1 exp(−jβ2ω

2
1z/2)δ(ω − ω1)

Table 5.2: The general expressions used in Eq. (5.33) for OSSB modulation.

find that

NIMP |ω1+ω2
= j2m1m2γP̄0P̄ ′

0 exp(−αz)·

[D1 · Le(µ2 + jβ2ω1ω2) −D2 · Le(µ2 − jβ2ω
2
2)] (5.37)

When B′
0 is ODSB modulated and B0 is OSSB modulated, then

NIMP |ω1+ω2
= jm1m2γP̄0P̄

′
0 exp(−αz)·

{D1 · [Le(µ2 + jβ2ω1ω2) + Le(µ2 + jβ2ω2(ω1 + ω2))]

−D2 · [Le(µ2 − jβ2ω
2
2) + Le(µ2)]} (5.38)

When B′
0 is OSSB modulated and B0 is ODSB modulated, then

NIMP |ω1+ω2
= j2m1m2γP̄0P̄ ′

0 exp(−αz)·

[D1 · Le(µ2 + jβ2ω1ω2) −D2 · Le(µ2 − jβ2ω
2
2)

−D∗

1 · Le(µ2 − jβ2(ω1 + ω2)ω2) +D∗

2 · Le(µ2)] (5.39)

When both B′
0 and B0 are ODSB modulated, then

NIMP |ω1+ω2
= jm1m2γP̄0P̄

′
0 exp(−αz)·

{D1 · [Le(µ2 + jβ2ω1ω2) + Le(µ2 + jβ2ω2(ω1 + ω2))]
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Figure 5.2: The setup for simulations and experiments. Demux: Wavelength
demultiplexer; PD: Photodetector.

−D2 · [Le(µ2 − jβ2ω
2
2) + Le(µ2)]

−D∗

1 · [Le(µ2 − jβ2ω1ω2) + Le(µ2 − jβ2(ω1 + ω2)ω2)]

+D∗

2 · [Le(µ2 + jβ2ω
2
2) + Le(µ2)]} (5.40)

In Eq. (5.37) ∼ Eq. (5.40),

Le(x) =
1 − exp(−x)

x
(5.41a)

D1 = exp

[

j
β2(ω1 + ω2)

2z

2

]

(5.41b)

D2 = exp

[

j
β2(ω

2
1 − ω2

2)z

2

]

(5.41c)

D∗

1 = exp

[

−j β2(ω1 + ω2)
2z

2

]

(5.41d)

D∗

2 = exp

[

−j β2(ω
2
1 − ω2

2)z

2

]

(5.41e)

Note that when ω1 = 0, Eqs. (5.37) - (5.40) reduce to the expressions

for nonlinear crosstalk (Eqs. (5.21) and (5.25)).
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5.4 Analysis and Discussion

We study the nonlinear distortion due to XPM in dispersive WDM mi-

crowave fibre-optic links by using the setup shown in Fig. 5.2 which matches

our analytical model and is also used for experiments. The output of two

tuneable laser sources is combined and transmitted in the same fibre. A

section of standard single mode fibre is used in the set-up. One of the laser

outputs is modulated by an RF tone using a DD-MZM and the other laser

output is continuous wave (CW). For simulation purposes, this CW channel

can also be modulated so that we can study NIMPs across the two channels.

To avoid SBS, the power launched into the fibre for both lasers is kept below

6 dBm. At the output of the fibre, the two channels are demultiplexed and

are measured by an RF spectrum analyzer after photodetection. Due to

XPM, there will be an RF tone present at the CW channel. The magnitude

of the RF tone at this CW channel is a measure of the nonlinear crosstalk

level between the two channels.

5.4.1 Calculated Results

The nonlinear crosstalk evolution along a 100 km fibre for ODSB and OSSB

are calculated based on Eqs. (5.23) and (5.25), and shown in Figure 5.3 and

Figure 5.4 respectively. Both 10 GHz and 20 GHz subcarrier cases are inves-

tigated. The optical channel spacing is 100 GHz and the launched optical

power is 0 dBm for both channels. The modulation index for both cases is

0.1; the fibre loss parameter α = 0.2 dB/km; the fibre dispersion parameter

D = 17 ps/nm·km (D = −2πcβ2/λ
2); and the fibre nonlinearity parameter

γ = 2.4 W−1/km. Using the same parameter values (RF frequencies, modu-

lation formats, channel spacing, optical powers, fibre parameters for length,

loss, dispersion and nonlinearity) as those for our analytical calculations, the
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Figure 5.3: Calculated ratio of crosstalk to detected dc current level vs.
fibre length. The solid lines and dotted lines are numerical and analytical
calculation results, respectively. The dashed line is the sine approximation
for the 10 GHz subcarrier.
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Figure 5.4: Calculated ratio of crosstalk to detected dc current level vs.
fibre length. The solid lines and dotted lines are numerical and analytical
calculation results, respectively. The dashed line is the sine approximation
for the 10 GHz subcarrier.
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numerical simulations shown as the solid curves in the figures are performed

based on the split-step Fourier (SSF) method to verify our analytical results.

Figure 5.3 and Figure 5.4 show that the results calculated using our ana-

lytical model match those obtained by numerical simulation very well, even

when the fibre length is quite long for such high frequency subcarrier cases.

The results show that for WDM microwave fibre-optic links, the crosstalk

level increases sharply at the beginning of the fibre and reaches its max-

imum value very soon. Hence the crosstalk may cause problem even for

short fibre links. A noteworthy character of the crosstalk is its similarity to

periodic power fading. It is very similar to the response of a dispersive link

using phase modulation, which is characterized by sin(κ2z); this behaviour

is shown by a dash curve for the 10 GHz subcarrier in Figure 5.3 and Figure

5.4 for comparison. Actually, although the crosstalk level can periodically

drop to a very low level, it does not go to zero. However, given that Eq.

(5.21) and Eq. (5.23) are quite complicated, the sin(κ2z) approximation lets

us estimate the crosstalk evolution quickly.

Another interesting phenomenon observed in Figures 5.3 and 5.4 is that

the maximum value of the crosstalk for the 20 GHz case is smaller than that

for the 10 GHz case. It has been reported [43], [44] that a higher subcarrier

frequency induces a higher crosstalk among channels through XPM. Indeed,

this is true at the beginning of the fibre, which shows that the crosstalk in

the 20 GHz case is higher and increases more sharply than that in the 10

GHz case. However, it is not true for the maximum crosstalk level. This

interesting phenomenon means less nonlinear crosstalk problem for systems

operating at higher microwave frequency. Hence, it is also important to get
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a proper approximation to estimate the maximum crosstalk level quickly.

With the approximation sin(κ2z), we find that the maximum crosstalk

occurs at κ2z = ±π/2. Then we can find the following relationship for

standard ODSB and OSSB modulation when κ2z = ±π/2:

Cr|ODSBmax
= 4mγP̄0P̄ ′

0e
−αz · Le(µ2)

2µ2/Le(µ2) + 4κ2
2

µ2
2 + 4κ2

2

(5.42a)

Cr|OSSBmax
= j2

√
2mγP̄0P̄ ′

0e
−αz

×Le(µ2)
2/Le(µ2) + j2κ2

µ2 + j2κ2
(5.42b)

where Le(µ2) = (1 − e−µ2z)/µ2. For large fibre lengths, Le(µ2) → 1/µ2 and

Eq. (5.42) can be further simplified as:

Cr|ODSBmax
= 4mγP̄0P̄

′
0e

−αz

×Le(µ2)

[

1 +
1

1 + (2κ2/µ2)2

]

(5.43a)

Cr|OSSBmax
= j2

√
2mγP̄0P̄ ′

0e
−αz

×Le(µ2)

[

1 +
1

1 + j(2κ2/µ2)

]

(5.43b)

Because 2κ2/µ2 ≈ ω2/∆ω which is typically very small, we can further

approximate the two equations, Eq. (5.43) and Eq. (5.44), by a single

relationship:

Cr|max ∝ 2mγP̄0P̄
′
0Le(µ2) →

2mγP̄0P̄ ′
0

µ2

=
2mγP̄0P̄ ′

0
√

α2 + (ω2β2∆ω)2
e−j arctan

(

ω2β2∆ω

α

)

(5.44)

Eq. (5.44) shows that the maximum crosstalk level decreases as the chan-

nel spacing and modulating subcarrier frequency increase. Given that the
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Figure 5.5: The relationship between the crosstalk magnitude and optical
channel spacing. The results are normalized to the crosstalk magnitude at
50 GHz channel spacing. The solid line is the result by our analytical model;
the short dash line is the result by our theoretical approximation; the square
markers are numerical results.
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Figure 5.6: The relationship between the crosstalk magnitude and the mod-
ulating subcarrier frequency. The results are normalized to the crosstalk
magnitude of the subcarrier at 5 GHz. The solid line is the result by our
theoretical approximation; the square markers are the numerical simulation
results.
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crosstalk evolution can be approximated by sin(κ2z), the nonlinear crosstalk

due to XPM can now be estimated quickly by using this simple expression.

The solid curve in Figure 5.5 shows the calculated results according to our

analytical model for a 37 km fibre link, for which case the crosstalk of the

10 GHz system reaches its maximum value. An approximation curve based

on Eq. (5.44) is also shown as a short dash line, which is very close to the

analytical model result. Both theory and approximation results match the

numerical results based on SSF method very well. This figure shows that

the crosstalk level drops gradually as the channel spacing increases, indicat-

ing that XPM typically affects the closest channels. The rate of drop also

gradually slows down and can be quickly estimated from Eq. (5.44). Fig-

ure 5.6 shows the maximum crosstalk level versus the modulating subcarrier

frequency for a 100 GHz optical channel spacing. Numerical results based

on SSF method are gotten by finding the crosstalk level at z = |π/(β2ω
2)|.

The solid curve is calculated from Eq. (5.44). The theoretical approxima-

tion matches the numerical results very well. The figure also shows that the

maximum crosstalk level decrease as the modulating subcarrier frequency

increases. Moreover, Figure 5.5 and Figure 5.6 show that the approximation

in Eq. (5.44) is very good.

The NIMP evolutions along fibre length between two optical channels

spaced at 100 GHz for several modulation settings are also calculated and

shown in Figures 5.7 - 5.9. Other parameters are the same as those used in

the previous figures. The match between the numerical results based on SSF

method and the analytical results is still very good. NIMP shows similar

characters as those of nonlinear crosstalk. However, the power fading period

of NIMP is not determined by the NIMP frequency. It is determined by the
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Figure 5.7: Calculated ratio of NIMP at 27 GHz to detected dc current
level vs. fibre length for both channels. The solid lines and dotted lines are
numerical and analytical calculation results, respectively. Channel 1 is OSSB
modulated by a 5 GHz subcarrier while channel 2 is OSSB modulated by a
22 GHz subcarrier.
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Figure 5.8: Calculated ratio of NIMP at 27 GHz to detected dc current
level vs. fibre length for both channels. The solid lines and dotted lines are
numerical and analytical calculation results, respectively. Channel 1 is ODSB
modulated by a 5 GHz subcarrier while channel 2 is OSSB modulated by a
22 GHz subcarrier.
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Figure 5.9: Calculated ratio of NIMP at 27 GHz to detected dc current
level vs. fibre length for both channels. The solid lines and dotted lines are
numerical and analytical calculation results, respectively. Channel 1 is ODSB
modulated by a 5 GHz subcarrier while channel 2 is ODSB modulated by a
22 GHz subcarrier.

two subcarrier frequencies together which generate the NIMP.

Similar to the discussion of the approximation of the nonlinear crosstalk

expressions, when the channel spacing ∆ω is much larger than the subcarrier

frequencies ω1 and ω2, all Le(x) in Eqs. (5.37) - (5.40) can be approximated

as Le(µ2). Then, Eqs. (5.37) - (5.40) can be simplified further. When B0 is

OSSB modulated, then

NIMP |ω1+ω2
= −4m1m2γP̄0P̄ ′

0 exp(−αz)Le(µ2)·

exp

[

j
β2(ω

2
1 + ω1ω2)z

2

]

·

sin

[

β2(ω
2
2 + ω1ω2)z

2

]

(5.45)
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When B0 is ODSB modulated, then

NIMP |ω1+ω2
= −8m1m2γP̄0P̄ ′

0 exp(−αz)Le(µ2)·

cos

[

β2(ω
2
1 + ω1ω2)z

2

]

·

sin

[

β2(ω
2
2 + ω1ω2)z

2

]

(5.46)

It is seen that the NIMP evolution is decided only by the modulation format

of B0 and the modulation format of B′
0 does not affect this evolution. More-

over, the power fading period of NIMPs is basically decided by ω2
2 + ω1ω2.

The power fading period of nonlinear crosstalk caused by ω2 is actually a

special case of NIMPs when ω1 = 0. Moreover, the sine approximation can

be clearly identified in Eqs. (5.45) and (5.46).

For the maximum NIMP level, we can further approximate Eq. (5.45)

and Eq. (5.46), resulting in a single relationship:

NIMP |max
ω1+ω2

∝ 2m1m2γP̄0P̄ ′
0Le(µ2) →

2m1m2γP̄0P̄
′
0

µ2

=
2m1m2γP̄0P̄ ′

0
√

α2 + (ω2β2∆ω)2
e−j arctan

(

ω2β2∆ω

α

)

(5.47)

5.4.2 Experiments

For experiments, the fibre length is 40 km. The fibre loss parameter α =

0.2 dB/km; the fibre dispersion parameter D = 17 ps/nm·km; and the fibre

nonlinearity parameter γ = 1 W−1/km. One of the tuneable lasers is operat-

ing in CW mode at λcw = 1553.33 nm. The other tuneable laser is operating

at λmod = 1552.52 nm and is modulated by an RF tone which can be tuned

from 1 GHz to 18 GHz. OSSB modulation is generated by using a DD-MZM

and a 90◦ hybrid. The modulator shows a Vπ = 8.1 V and OSSB modulation
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is realized by biasing the modulator at 4.05 V. The launched optical power

at λmod is -1.7 dBm and that of the CW channel is 5.75 dBm. No significant

SBS is observed for both channels. Since OSSB modulation is used to avoid

the power fading due to fibre dispersion, the crosstalk-to-subcarrier power

ratio (CSR) is defined as the power ratio between the detected RF tone

at λcw and that at λmod. The adjacent channel isolation of WDM is seen

to be greater than 40 dB, resulting in a linear crosstalk well below noise floor.

5.4.2.1 Nonlinear Crosstalk due to XPM

In Fig. 5.10, two RF power levels, 15 dBm and 12 dBm, are used to study

the nonlinear crosstalk response as a function of RF frequency. The figure

shows that the results of our analytical model match very well the experiment

results. Also, the figure confirms the ‘periodic’ nature of crosstalk level and

that for a higher frequency, the maximum possible crosstalk level may not

be higher than that at a lower frequency. Fig. 5.10 also shows that the CSR

is independent of modulation index since both RF power levels produce the

same CSR; this can also be deduced from our expressions easily. Note that

due to the degraded response of the experiment link at high frequency, for

12 dBm RF source power the crosstalk level after 11 GHz is below noise

level.

Even though the CSR is independent of the modulation index, the launched

optical power has an impact on this ratio. From the expressions (e.g., Eq.

(5.47)), every 1 dB increase of the launched optical power at both chan-

nels leads to 2 dB increase of the CSR. Figure 5.11 shows this tendency

graphically by varying the launched optical power at λcw while keeping the
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Figure 5.10: Simulation and experiment results of the nonlinear crosstalk
due to XPM for a 40 km fibre. The solid line is of the results by analytical
model; the square (15dBm RF source) and triangle markers (12 dBm RF
source) are experiment results.

launched optical power at λmod constant at -1.7 dBm. The slope of the linear

fit curves for 5 GHz and 10 GHz subcarrier are 1.97 and 2.22 respectively.

Given that the CSR is optical power intensity dependent but RF power

independent, the nonlinear crosstalk due to XPM may impose stringent

limits on the launched optical power if one wants to keep the nonlinear

crosstalk well below noise level across the whole spurious free dynamic range

(SFDR). Assuming both channels have the same average launched optical

power (P̄0 = P̄ ′
0), with Eqs. (5.43) and (5.44), the maximum CSR can be

approximately written as:

CSR|max ≈ 16(γP̄0)
2|Le(µ2)|2 →

16(γP̄0)
2

α2 + (ω2β2∆ω)2
(5.48)

It is easy to find that Eq. (5.48) also holds for the maximum NIMP-to-

subcarrier power ratio since both NIMPs and upconverted subcarriers are
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Figure 5.11: Measured and linear fitted CSR versus launched optical power
at the CW channel for 5 GHz and 10 GHz subcarrier.

proportional to m1m2. Moreover, for NIMPs, because ω2 can be the inter-

mediate frequency (IF) which is much lower than the subcarrier frequency

at ω1 + ω2, the maximum NIMP-to-subcarrier power ratio is then about

(1 + ω1/ω2)
2 times the maximum CSR. Therefore, the nonlinear distortion

due to XPM can be more detrimental in electrooptical upconversion sys-

tems. For a fibre nonlinearity parameter γ = 1W−1/km and a launched

optical power 0 dBm, Eq. (5.48) predicts that the CSR can be much greater

than -60 dB for a practical system. For example, a 10 GHz microwave fibre-

optic link with 100 GHz optical channel spacing results in this ratio as high

as -46.6 dB. Typically, the SFDR requirement for a microwave fibre-optic

links can be about 100 dB·Hz
2

3 , which means a 3rd-order-intermodulation-

to-subcarrier power ratio smaller than -65 dB for a system with 200 kHz

bandwidth. Hence the nonlinear crosstalk due to XPM can be an important

interference source to limit the SFDR for a practical system; this is shown in

Figure 5.12. To lower the nonlinear crosstalk level, according to Eq. (5.48),
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Figure 5.12: The impact of nonlinear crosstalk due to XPM on the SFDR
of a microwave fibre-optic link. IMD3: the 3rd-order intermodulation; MDS:
minimum discernible signal power.

one can either increase the channel spacing or operate the link at higher

subcarrier frequency. The simplest way is just to lower the launched optical

power. Lowering 1 dB launched optical power can improve CSR by 2 dB.

5.4.2.2 Effect of Optical Amplification

When one lowers the launched optical power to suppress the nonlinear

crosstalk, the received SNR will also be degraded. Optical fibre amplification

may then be used to restore this SNR, which may introduce extra nonlin-

ear crosstalk. However, for a WDM microwave fibre-optic link, |ω2β2∆ω|

is typically much larger than |α| and hence Eq. (5.48) shows that α does
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Figure 5.13: The crosstalk-to-subcarrier power ratio versus the modulating
subcarrier frequency for a 40 km fibre with DRA. The solid line represents the
results by our analytical model; the square makers and hollow triangle markers
are the measured results for 7 dB and 3.5 dB gain of DRA respectively.

not have a significant influence on the nonlinear crosstalk level. For exam-

ple, for a link with a 10 GHz subcarrier, 100 GHz optical channel spacing

and using standard single mode fibre, |ω2β2∆ω| ≈ 0.86 while for a standard

single mode fibre α = 0.05 km−1 at 1.55µm region. This is even true for

practical systems with fibre amplification. For Erbium-doped fibre amplifier

(EDFA), the length of EDF is very short and hence the very small accumu-

lated dispersion in the EDF cannot lead to significant nonlinear crosstalk.

For distributed Raman amplifier (DRA), the equivalent α after taking the

Raman gain coefficient into account is still much smaller than 0.86 for a

practical system.

Shown in Fig. 5.13 are the experiment results to study the influence of

DRA on the nonlinear crosstalk due to XPM for a 100 GHz optical channel

spacing WDM system with 40 km standard single mode fibre. The launched
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optical power at λmod and at λcw is -0.65 dBm and 5.3 dBm respectively and

the RF source power is 15 dBm. Cases with 7 dB and 3.5 dB DRA gain

are studied. The measured results for both cases match with our analytical

results without DRA very well. Note that at the high frequency region, the

link response degrades and hence it is not surprising to see some relatively

large measurement errors at this region for the case of 3.5 dB DRA gain.

Therefore, the figure confirms that the DRA does not have significant impact

on the nonlinear crosstalk level. The nonlinear crosstalk is mainly decided

by the channel spacing, modulating subcarrier frequency, launched optical

power, fibre dispersion and nonlinear parameter. Consequently, Eq. (5.48)

can be used to estimate the maximum nonlinear distortion due to XPM

in most practical WDM microwave fibre-optic links with and without fibre

amplification quickly and accurately.

5.5 Summary and Conclusion

We have presented a new analytical model to study the nonlinear distortion

due to XPM in dispersive WDM microwave fibre-optic links. The model is

not based on the pump-probe approach and hence the results of our model

can be used in systems such as electrooptical upconversion systems. Verified

by simulations and experiments, our analytical model can predict this non-

linear distortion quite accurately even for very long fibre lengths and very

high subcarrier frequencies.

Based on our model, two commonly used modulation methods, ODSB

and OSSB, have been studied in detail and closed form expressions have

been derived. The theoretical prediction matches numerical and experiment

results very well. The studies show that a closer optical channel spacing
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results in a higher nonlinear distortion level. Besides, the nonlinear distor-

tion experiences a variation similar to power fading even when the original

subcarrier does not experience power fading. Moreover, while higher subcar-

rier frequencies lead to sharper increase of nonlinear distortion level at the

beginning of the fibre, a higher subcarrier frequency does not mean higher

maximum nonlinear distortion level. Instead, the maximum nonlinear dis-

tortion level gradually drops as the subcarrier frequency increases. This be-

haviour has been confirmed by experiments as well as numerical simulations.

Further, very simple approximate expressions have been presented to es-

timate the nonlinear distortion quite accurately. These expressions make

the physical mechanism of nonlinear crosstalk generation clearer. It is seen

that the impact of fibre loss parameter on the nonlinear distortion level is

negligible in dispersive WDM microwave fibre-optic links. The experiment

results confirm this point.

In summary, the nonlinear distortion due to XPM in microwave fibre-

optic links, especially in electrooptical upconversion systems, can be signifi-

cant even when the launched optical power is very low and therefore should

be considered carefully.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

Subcarrier multiplexing (SCM) is a very promising technique to interface

electronic communication systems with optical fibre communication systems,

enabling us to utilize the huge bandwidth of optical fibre conveniently and

efficiently. Therefore, it is widely used nowadays in broadband networks,

especially in access networks. With the popularity of wireless communica-

tion and the proposals to exploit microwave and millimetre-wave bands for

broadband communication, SCM has been gaining more and more attention

in recent years.

The introduction of lightwave techniques as the transmission method

leads to some additional nonlinear distortions to SCM signals even though

they provide us very huge bandwidth. In this thesis, these nonlinear distor-

tions have been studied in detail, leading to many new and useful results.

The focus of these studies is SCM and SCM-WDM systems using microwave

or millimetre-wave subcarriers. Moreover, emphasis has been placed on ob-

taining closed-form solutions of the nonlinear Schrödinger equation (NLSE)

146
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that governs the propagation of lightwaves in dispersive, nonlinear optical fi-

bres. These two aspects do not appear to have been fully investigated so far.

Optical modulators may be the most significant source of nonlinear dis-

tortion in SCM optical communication systems. We have studied the non-

linear distortion due to dual-drive Mach-Zehnder modulators (DD-MZM)

with fibre dispersion in detail because of its wide usage in SCM optical com-

munication systems. We have presented an exact analytical model to study

the dispersive transmission of SCM fibre-optic links using DD-MZM. The

model is very general and can take into account different operating condi-

tions and drive levels for the DD-MZM. The model results in simple, new,

closed form expressions for output power spectrum, permitting an accurate

and fast analysis of such links. In general, for SCM links, the RF output

of one subcarrier is not decided by its input solely. Instead, other RF in-

puts have significant impact on the output of the subcarrier. Moreover, the

evolution of one subcarrier in a dispersive fibre link depends not only on

the frequency itself but also on other subcarrier frequencies. Therefore, the

subcarriers are actually coupled with each other. These phenomena can be

analyzed quickly through our closed form expressions. Based on our model,

we have studied two commonly used modulation methods, ODSB and OSSB,

in detail. Some important system parameters have been derived for the first

time. ODSB shows serious power fading under dispersive transmission while

OSSB does not experience such power fading except some power fluctuation

along fibre. However, OSSB does not show better linearity than ODSB.

Instead, the linearity of OSSB may be even 3 dB worse than that of ODSB

under dispersive transmission. For both modulation methods, at the same

input RF power level, the output RF power level drops as the number of
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multiplexing subcarriers increases. Hence, the capacity of a system using

DD-MZM is actually limited by a bound, which has been given by our anal-

ysis.

Besides optical modulators, optical fibres are also an important source of

nonlinearity. The first significant nonlinear distortion caused by the fibre is

stimulated Brillouin scattering (SBS). SBS puts a very stringent upper limit

on launched optical power, which in turn limits the system capacity seriously.

When the launched optical power exceeds SBS threshold, significant amount

of optical power is scattered back as Stokes wave with a frequency down shift

of about 11 GHz. Besides power loss due to backward scattering, SBS also

leads to strong optical power fluctuation and hence the fluctuation in the

final detected RF power. The backward Stokes wave can also be scattered

to forward direction by Rayleigh scattering and is shown as a strong source

of interference at around 11 GHz after detection. Therefore, SBS should be

avoided in SCM optical communication systems. To suppress SBS, phase

dithering can be used to widen the laser linewidth by phase modulation of

the laser output with PRBS signal to increase the SBS threshold. However,

due to fibre dispersion, this random phase modulation can be converted to

intensity noise after fibre transmission. Besides, our experiments show that

there are also some spectral lines spaced at the PRBS data rate which may

be undesired interference sources for some systems. The harmonics in the

pulse pattern generator (PPG) output are one source of these spectral lines.

Our theoretical study shows that the rising and falling edges of PRBS signal

can also lead to these spectral lines. This point is confirmed by our experi-

ments which show that the power of these spectral lines fluctuates randomly.

Both types of spectral lines can be removed by low pass filtering the PPG
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output. Our experiments also confirm this point.

Another type stimulated inelastic scattering, stimulated Raman scat-

tering (SRS), can cause nonlinear crosstalk and nonlinear intermodulation

product (NIMP) across optical channels. The most significant character of

SRS is its low pass character. Therefore, the nonlinear distortion due to

SRS is only significant for low frequency subcarriers such as those in hybrid

fibre-coax (HFC) systems. Generally, the Raman-gain coefficient is larger

at wider channel spacing. Therefore, more attention should be paid to the

nonlinear distortion due to SRS for systems with wider channel spacing.

Nonlinear refraction is another important source of nonlinear distortion

due to fibre in SCM-WDM optical fibre communication systems. A com-

prehensive analysis of such nonlinear distortion is presented in the thesis.

The major difference in the analysis presented here and those available in

the literature is that pump-probe approach is not used here. This makes

the results of the present analysis applicable to systems such as those using

electrooptical upconversion. We have first studied the nonlinear crosstalk

and then have extended the analysis to cover nonlinear intermodulation.

The analytical results match with the numerical analysis and experiments

very well. The studies show that closer optical channel spacing results in

higher nonlinear crosstalk level. Besides, the nonlinear distortion experi-

ences power fading even when the original subcarrier does not experience

power fading. Moreover, higher subcarrier frequencies lead to sharper in-

crease of nonlinear crosstalk level at the beginning of fibre. However, the

maximum nonlinear crosstalk level gradually drops as the subcarrier fre-

quency increases. This point may be contrary to common thought but has
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been confirmed by experiments as well as numerical simulations. Further

studies enabled us to present a very simple approximate expression to es-

timate the nonlinear crosstalk quite accurately. It is also shown that the

impact of fibre amplification on the nonlinear crosstalk level is negligible in

microwave fibre-optic links. The experiment results confirm this point.

In summary, for SCM optical communication systems, the launched op-

tical power should be well below SBS threshold. If phase dithering is used

to increase the SBS threshold, the PRBS stream should be low pass filtered

to remove the interference due to the spectral lines. For SCM-WDM opti-

cal communication systems, nonlinear crosstalk due to nonlinear refraction

may impose more stringent limit on the launched optical power than SBS

according to the nonlinear distortion requirement of the systems. Generally,

nonlinear distortion level increases more sharply for higher frequency sub-

carriers than lower frequency subcarriers. However, the maximum nonlinear

distortion level for higher frequency subcarriers is lower than that of lower

frequency subcarriers. Besides these nonlinear distortion due to fibre, DD-

MZM also leads to serious nonlinear distortion, imposing an upper limit on

the system capacity.

6.2 Future Work

In this thesis, several new analytical models have been presented to analyze

some major nonlinear distortions in SCM optical communication systems.

Based on these models, some suggestions for further works are as follows:

• Optimizing the launched optical power level and the optical am-

plification scheme. The optical power distribution in fibre for
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SCM optical communication systems should be carefully designed

to maximize the performance and minimize the nonlinear distor-

tion due to fibre as well. Both distributed Raman amplification

and multi-span amplification using EDFA can be used to realize

a certain power distribution. Therefore the optical amplification

scheme may need optimization. The model presented here can

be a basis for such optimization.

• Optimizing the frequency arrangement in SCM optical communi-

cation systems. As shown in the thesis, the nonlinear distortion

generally depends on the subcarrier frequencies. Therefore, the

subcarrier frequencies may need optimization to minimize the

nonlinear distortion. For an optimum choice of subcarrier fre-

quencies, the nonlinear distortion from different nonlinear pro-

cesses may cancel each other.

• The nonlinear distortion due to electro-absorption external mod-

ulator (EAM) should be studied. EAM is also gaining wide use as

an external modulator in SCM optical communication systems.

Therefore, the nonlinear distortion due to EAM for dispersive

transmission should be studied.
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Appendix A

Addition Theorems of Bessel

Functions

Let L denotes the Bessel functions of the first kind J , of the second kind Y

(also called Weber’s function) and of the third kind H(1), H(2) (also called

the Hankel functions) or any linear combination of these functions.

A.1 Neumann’s Addition Theorem

Lν(u+ v) =

∞
∑

k=−∞

Lν∓k(u)Jk(v) (|v| < |u|) (A.1)

The restriction |v| < |u| is unnecessary when L = J and ν is an integer or

zero. Special cases are

1 = J2
0 (z) + 2

∞
∑

k=1

J2
k(z) (A.2)

0 =

2n
∑

k=0

(−1)kJk(z)J2n−k(z) + 2

∞
∑

k=1

Jk(z)J2n+k(z) (n ≥ 1) (A.3)
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Jn(2z) =
n

∑

k=0

Jk(z)Jn−k(z) + 2
∑

k=1

(−1)kJk(z)Jn+k(z) (A.4)

A.2 Graf’s Addition Theorem

Lν(w) cos(νχ) =

∞
∑

k=−∞

Lν+k(u)Jk(v) cos(kα) (|v exp(±iα)| < |u|) (A.5)

Lν(w) sin(νχ) =

∞
∑

k=−∞

Lν+k(u)Jk(v) sin(kα) (|v exp(±iα)| < |u|) (A.6)

A.3 Gegenbauer’s Addition Theorem

Lν(w)

wν
= 2νΓ(ν)

∞
∑

k=0

(ν + k)
Lν+k(u)

uν

Jν+k(v)

vν
C

(ν)
k (cosα)

(ν 6= 0, -1, . . . ,|v exp(±iα| < |u|) (A.7)

In Eqs. (A.6) and (A.7)

w =
√
u2 + v2 − 2uv cosα (A.8a)

w cosχ = u− v cosα (A.8b)

w sinχ = v sinα (A.8c)

The branches being chosen so that w → u and χ→ 0 as v → 0. C
(ν)
k (cosα)

is Gegenbauer’s polynomial.

If u, v are real and positive and 0 ≤ α ≤ π, then w, χ are real and

non-negative, and the geometrical relationship of the variables is shown in

the Figure A.1.

The restrictions |v exp(±iα| < |u| are unnecessary in Eq. (A.6) when

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Appendix A 172

u

w

v

Figure A.1: Graf’s and Gegenbauer’s addition theorem.

L = J and ν is an integer or zero, and in Eq. (A.7) when L = J .
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MATLAB Programs

B.1 SSF Algorithm for Single Channel

function [to,fo] = sym_ssf(M,h,gamma,Dh,uf0)

%% Symmetrized Split-Step Fourier Algorithm

%%

%% ====================Inputs==============================

%% M = Simulation step number ( M*h = simulation distance )

%% h = Simulation step

%% gamma = Nonlinearity coefficient

%% Dh = Dispersion operator in frequency domain

%% uf0 = Input field in the frequency domain

%%

%% ====================Outputs=============================

%% to = Output field in the time domain

%% fo = Output field in the frequency domain

%%

%% written by Cheng Linghao

for k = 1:M

173
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%%======================================================

%% Prop. in the first half dispersion region, z to z+h/2

%%======================================================

Hf = Dh.*uf0;

%%======================================================

%% Initial est. of the nonlinear phase shift at z+(h/2)

%%======================================================

%% Initial est. value

ht = ifft(Hf); % time signal after h/2 dispersion region

pq = ht.*conj(ht); % intensity in time

u2e = ht.*exp(h*i*gamma*pq); %Time signal

%%======================================================

%% Prop. in the second Dispersion Region, z+(h/2) to z+h

%%======================================================

u2ef = fft(u2e);

u3ef = u2ef.*Dh;

u3e = ifft(u3ef);

u3ei = u3e.*conj(u3e);

%%======================================================

% %Iteration for the nonlinear phase shift(two iterations)

%%======================================================

u2 = ht.*exp((h/2)*i*gamma*(pq+u3ei));

u2f = fft(u2) ;

u3f = u2f.* Dh;

u4 = ifft(u3f);

u4i = u4.*conj(u4);

u5 = ht.*exp((h/2)*i*gamma*(pq+u4i));
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u5f = fft(u5);

uf0 = u5f.*Dh;

u6 = ifft(uf0); u6i = u6.*conj(u6);

%%======================================================

%% Maximum allowable tolerance after the two iterations

etol = 1e-5;

if abs(max(abs(u6i))-max(abs(u4i)))/max(abs(u6i)) > etol

disp(’Peak value is not converging! Reduce Step Size’)

break

end

%%======================================================

end

to = u6; fo = uf0;

B.2 Soliton Propagation

%% This program simulates a soliton transmission in a

%% single-channel fiber transmission link using the

%% symmetrized split-step Fourier algorithm.

%%

%% written by Cheng Linghao

clear all

%%=============================================

%% Define Time Window and Frequency Window

%%=============================================

taum = 2000; % half of the time window

dtau = 2*taum/2^11; % resolution in time domain
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tunit= 1e-12; % make time unit in psec

tau = (-taum:dtau:(taum-dtau))*tunit; % the full time window

fs = 1/(dtau*tunit); % sample freq. in time domain

tl = length(tau)/2;

w = 2*pi*fs*(-tl:(tl-1))/length(tau); % w=angular freq.

wst = w(2)-w(1); % resolution in freq. domain

%%=============================================

%% Define Physical Parameters

%%=============================================

c = 3e5; %[km/sec] speed of light

ram0 = 1.55e-9; %[km] center wavelength

k0 = 2*pi/ram0;

n2 = 6e-13 ; %[1/mW]

gamm = k0*n2 ; %[1/(km*mW)]

%alphaDB = 0.2 ; % [dB/km] Power Loss in dB

alphaDB = 0; % assuming no fiber loss for soliton trans.

alpha = alphaDB/(10*log10(exp(1))); %[1/km] Power Loss

%% Dispersion parameters

Dp = 1; % [ps/nm.km]

beta2 = -(ram0)^2*Dp/(2*pi*c); % [sec^2/km]

%%=============================================

%% Define Input Signal

%%=============================================

%% Two pulse shapes are listed here: Gaussian pulse

%% and hyperbolic secant pulse (for soliton trans.)

t0 = 10e-12; %[sec] initial pulse width

%% choosing the initial peak power for soliton trans.
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Po = abs(beta2)/(gamm*t0^2); % [mW] initial peak power

%%-----------------Gaussian Pulse--------------------------

% C = 0; % Chirping Parameter

% m = 1; % Super Gaussian parameter (m=1 ==> Gaussian)

%% Input field in the time domain

% at = sqrt(Po)*exp(-0.5*(1+i*C)*(tau./t0).^(2*m));

%%---------------------------------------------------------

%%

%%-----------------Hyperbolic Secant Pulse-----------------

at = sqrt(Po)*sech(tau/t0); % Input field in the time domain

a0 = fft(at);

af = fftshift(a0); % Input field in the frequency domain

%%---------------------------------------------------------

%%=============================================

%% Define Simulation Distance and Step Size

%%=============================================

LD=t0^2/abs(beta2);

zfinal = 150*LD; %[km] propagation distance

%% max allowable phase shift due to the nonlinear operator

pha_max = 0.01; %[rad]

% pha_max = h*gamma*Po (h = simulation step length)

h = pha_max/(gamm*Po); % [km] simulation step length

M = zfinal/h; % Partition Number

% Define Dispersion Exp. operator

Dh = exp((h/2)*(-alpha/2+(i/2)*beta2*w.^2)); %

%%================================================

% %Propagation Through Fiber
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%%================================================

%% Call the subroutine, sym_ssf.m for the

%% symmetrized split-step Fourier method

[bt,bf] = sym_ssf(M,h,gamm,Dh,af);

%% Preamplifier at the receiver

%% Optical amplifier is assumed ideal

GdB = alphaDB*zfinal; % [dB] optical amplifier power gain

gainA = sqrt(10^(GdB/10)); % field gain in linear scale

rt = gainA*bt;

%% plot the received power signal

figure(1)

semilogy(tau,abs(at).^2/Po,’b’, ’LineWidth’, 1);

hold on

semilogy(tau,abs(rt).^2/Po,’--r’, ’LineWidth’, 1);

legend(’Input’, ’Output’);

title(’Soliton Transmission’);

xlabel(’Time (s)’);
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