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Summary
In many real-life applications, such as radar, sonar, communications, and biomedical engineering, the signals under consideration are often characterized by timevarying spectral contents. For this type of signals, time analysis or frequency
analysis alone cannot fully describe the time-varying characteristics of the signals.
The tools for the analysis of signals with time-varying frequencies can be
generally divided into two categories: parametric and non-parametric methods.
The former models the signal's instantaneous phase as a polynomial function
of time and need to estimate the phase coefficients. The later represents the
cosignal's energy
over bothinformation.
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use. Its advantages mainly come from two aspects, one is
and
are positive
that PTFT can be used to compute Maximum Likelihood Estimation (MLE)
In practice, many applications inherently deal with real-valued signals. The
of the phase coefficients, and the other is that it can be combined with other
natural signals such as speech, marine mammal sounds, heart rate etc. are realmethods to analyze signals with time-varying frequencies, especially in the case
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
that there is no prior information on the signals under study.
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III

However, PTFT generally requires a huge computational complexity as it
involves in multi-dimensional (MD) calculation. One of the primary objectives
of this research project is to propose fast algorithms to calculate PTFTs efficiently. We have proposed a general class of fast algorithms for the computation
of the PTFTs of complex-valued length-aPb input sequence, where a, band p
are integers. The proposed algorithms provide the flexibility to support various
input sequence lengths by setting the parameters of a, band p, and have regular
computational structures for an easy implementation. Analysis and comparison
on the computational complexity are also reported in terms of the numbers of
complex additions and complex multiplications. It is verified that the computational complexity of the PTFTs is significantly reduced by using the proposed
algorithms.
Next, fast algorithms for the computation of the PTFTs of real-valued sequences are presented. Similar to the fast algorithms for complex-valued input
sequences, the proposed algorithms can support various input sequence lengths
by setting the parameters of a, band p, and have regular computational struccotures. Analysis and comparison on the computational complexity are made in
efficients carry desirable information. For complex-valued PPSs, the PTFT
terms of the numbers of real additions and real multiplications. With the conserves as the MLE of the phase coefficients, and can be efficiently computed
jugate symmetric property, the presented fast algorithms, with a = 3, 4 and
using the generalized class of fast algorithms presented in Chapter 4, which
8, effectively reduce the computational complexity to be about one-half of that
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
needed by the reported fast algorithms for complex-valued sequences.
and b are positive integers.

In many practical applications, real-time processing is required. Under these
In practice, many applications inherently deal with real-valued signals. The
conditions, the software implementation may not be fast enough. To support
natural signals such as speech, marine mammal sounds, heart rate etc. are realhigh processing throughput, it is necessary to implement the fast algorithms
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
in hardware. We propose a hardware-oriented radix-2 2 algorithm for PTFT of
signals are embedded as watermark signals, where each chirp rate corresponds
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IV

input sequence whose length is a power of 2. In addition, a single-path pipelined
hardware structure is presented, and the hardware requirement of the proposed
architecture is analyzed.
Finally, we work on applying signal processing techniques to communications. In particular, we present a carrier frequency offset (CFO) estimation
algorithm based on lag diversity techniques for the orthogonal frequency division multiplexing (OFDM) system. Compared with other reported estimators,
such as single-h, and pilot assisted estimator, theoretical analysis and simulations show that the proposed method effectively achieves a wide estimation
range with reduced mean square errors (MSEs).
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Chapter 1
Introduction

1.1

Motivation

Although most signals are generated, analyzed and processed in the time domain, their characteristics are often better understood in the frequency domain,
which is generally known as frequency or spectral analysis. The time and fre-

coquency representations of signals are related by the Fourier transform. In many
efficientsapplications,
carry desirable
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suchinformation.
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1.1. Motivation

approximated by a polynomial of sufficient order. Methods within this category
focus on the estimation of the polynomial phase coefficients, and include the
maximum likelihood (ML) estimator based on the polynomial time-frequency
transform (PTFT) [1-4J and suboptimal methods such as those based on highorder ambiguity function (HAF) [5-9J and its extensions [10, 11J. The later
typically implies the time-frequency representation (TFR) to reveal the evolution of signal content as a function of both time and frequency or over t - WO(t)
space, where WO(t)

= (r2(t), r2 1(t)," . ,r2m - 1(t)) is the vector of the instanta-

neous frequency (IF) r2(t) and its derivatives. There exist many TFRs [12-16J.
The choice of a TFR depends on the specific application at hand and the available properties of the TFR.
Most applications require the estimation of the coefficients which usually
carry the most desirable and relevant information, as shown in the following
examples:
• In conventional synthetic aperture radar (SAR) imaging, it is assumed
cothat the received slow-time signal of a discrete scattering point in a synefficients carry desirable information. For complex-valued PPSs, the PTFT
thetic aperture time (SAT) may be appropriately approximated as a 2nd
serves as the MLE of the phase coefficients, and can be efficiently computed
order polynomial phase signal (PPS) [17, p.168J. More recently, there is
using the generalized class of fast algorithms presented in Chapter 4, which
an increasing need for high resolution at low frequencies to recognize tarsupports arbitrary order of PTFT with the dimension size being aPb, where a, P
gets moving on the ground, possibly hidden under foliage [18J. In such a
and b are positive integers.
case, longer observation intervals are needed to model the received signal

Inaspractice,
manyPPS
applications
inherently
with real-valued
The
higher order
[l1J. Estimation
of deal
the phase
coefficients signals.
can be used
natural
suchradial
as speech,
marine (and
mammal
sounds,
rate etc.
are realto signals
obtain the
acceleration
higher
order heart
derivatives,
if desired),
valued.
In to
image
andfocused
audio watermarking
[36,images.
37], the real-valued chirp
then
obtain
and properly schemes
positioned
signals are embedded as watermark signals, where each chirp rate corresponds
• In some communication scenarios, the received signal may suffer from
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significant time-varying Doppler distribution due to the relative motion
between the transmitter and the receiver [19]. This occurs, for instance,
in the mobile-satellite communication systems based on a constellation of
nongeostationary low-earth-orbit (LEO) satellites [20], and in millimeterwave mobile communications for traffic control and assistance [21]. In
such situations, both Doppler shift and Doppler rate should be estimated
and compensated by the receiver. These two parameters can be estimated
from the received signals which are modeled as the 2nd order PPSs.
• In digital video processing, motion estimation is an important topic. By
using frame projections on coordinate axis and the fJ,-propagation [22, 23],
the video sequences are mapped to frequency modulated (FM) signals.
Estimations of the phase coefficients provide the estimates of velocity and
acceleration of moving objects.

The ML method, which is implemented by discretising the search space, computing the polynomial time-frequency transform (PTFT), and searching for peaks
coof PTFT, has comparatively high output SNR and achieves a good statistiefficients carry desirable information. For complex-valued PPSs, the PTFT
cal performance which asymptotically approaches the Cramer-Rao lower bound
serves as the MLE of the phase coefficients, and can be efficiently computed
(CRLB) [2, 24]. Due to its linear property, the PTFT has the advantage of no
using the generalized class of fast algorithms presented in Chapter 4, which
crossterms or deterministic noise for multicomponent signals. The main disadsupports arbitrary order of PTFT with the dimension size being aPb, where a, P
vantage of the PTFT is that it requires a huge computational complexity to deal
and b are positive integers.
with the multi-dimensional computation. Therefore, the use of fast algorithms

In practice, many applications inherently deal with real-valued signals. The
to reduce the computational load of the PTFT is critical for many real-time
natural signals such as speech, marine mammal sounds, heart rate etc. are realapplications.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
In practice, the signals to be analyzed are always embedded in noise. In
signals are embedded as watermark signals, where each chirp rate corresponds
general, the corrupting noise is assumed to be additive white Gaussian noise
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(AWGN). This assumption is made mainly because of the central limit theorem
and the easiness in analytic manipulations. However, in some situations, signals
are disturbed by noise exhibiting impulsive characteristic. The sources of impulsive noise may be either natural (e.g. lightning, ice-cracking), or man-made.
It has been observed that the performance of the standard signal transforms
and TFRs deteriorates greatly in these cases. To address this problem, alternative techniques are often used, such as the M -estimation method based on
the minimax Huber's theory [25-27] and the L-estimation method using linear
combination of order statistics

[28~31].

To the best of the author's knowledge,

no performance comparison (statistical/computation) has been made between
them. In addition, the realization of these approaches requires recursive or sorting procedures. For example, to obtain the robust forms of Fourier transform
(FT), for each frequency bin, the M -estimation based method requires several iterations with one FT calculated in every iteration; while the L-estimation based
method needs two sorting processes. Typical algorithm to sort N elements needs
a computational complexity in the order from O(N log N) to O(N 2 ). It is obvicoous that either method adds much computation compared to the standard FT.
efficients carry desirable information. For complex-valued PPSs, the PTFT
Similar observations can be made for the robust forms of TFRs. To minimize
serves as the MLE of the phase coefficients, and can be efficiently computed
the computation overload, computationally efficient algorithms are desirable.
using the generalized class of fast algorithms presented in Chapter 4, which
It is common that the solutions to different problems may share the same or
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
similar basic ideas. For instance, the principle of HAF-based method for PPS's
and b are positive integers.
phase parameter estimation is to non-linearly transform the signal to obtain a
In practice, many applications inherently deal with real-valued signals. The
sinusoid at a certain frequency that is directly related to the higher-order phase
natural signals such as speech, marine mammal sounds, heart rate etc. are realcoefficient of that signal. The basic idea of data-aided carrier frequency oITset
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
(CFO) estimation in orthogonal frequency division multiplexing (OFDM) is to
signals are embedded as watermark signals, where each chirp rate corresponds
transmit at least two identical parts in the training-symbol block, and convert it
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into a phase estimation problem, because the CFO produces phase shifts in these
identical parts. This fact motivates us to extend some improving techniques for
the HAF to the CFO problem in order to minimize its estimation error and/or
to solve the aliasing problem inherent to phase/frequency estimation.

1.2

Objectives

This thesis aims to develop new signal processing algorithms for the study of signals with time-varying frequencies and their applications. The main objectives
of this thesis are summarized as follows:
• To compare the performances of various approaches for the analysis of
signals with time-varying frequencies in impulsive channels and to propose
simple and efficient methods dealing with impulsive noise.
• Because the PTFT can provide ML estimates for the phase parameters
of complex PPSs with a large computational cost, fast algorithms for the
coPTFT are to be developed to reduce its computational complexity.
efficients carry desirable information. For complex-valued PPSs, the PTFT
serves
as the
MLE of the
phase
coefficients,
and can PPSs
be efficiently
• The
performance
of the
PTFT
for real-valued
is to becomputed
studied,
thethe
generalized
of fast
algorithms
presented incomplexity
Chapter 4,
usingand
potential class
to further
reduce
its computational
for which
realarbitrary
PTFT with the dimension size being aPb, where a, P
supports
valued
input isorder
to beofinvestigated.
and b are positive integers.
• To propose a hardware-oriented algorithm and pipelined structure for the
In practice, many applications inherently deal with real-valued signals. The
high-speed computation of the second order PTFT, which is very imnatural signals such as speech, marine mammal sounds, heart rate etc. are realportant for practical applications that deal with high speed sequentially
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
presented data streams.
signals are embedded as watermark signals, where each chirp rate corresponds
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• To develop a signal processing algorithm with emphasis on its application to carrier frequency offset (CFO) estimation in orthogonal frequencydivision multiplexing (OFDM) system.

1.3

Major Contributions

The major contributions of the thesis are as follows:
• The performance of M -estimation and L-estimation based forms of signal
transforms and TFRs is evaluated in terms of statistical measures and
computation time. In addition, a simple and efficient clipping method is
proposed. Simulation results show that this method can provide similar
performance as the M -estimation and L-estimation based methods, and
reduce the computation overhead significantly. It also has the advantage
of keeping the standard transform's efficient computation structure (if
available) .
co• A general class of fast algorithms for computing the arbitrary order PTFT
efficients carry desirable information. For complex-valued PPSs, the PTFT
of complex-valued input sequence with length N = aPb is proposed, where
serves as the MLE of the phase coefficients, and can be efficiently computed
a, p and b are integers. By assigning the values of a, p and b, various
using the generalized class of fast algorithms presented in Chapter 4, which
algorithms, for examples, radix-a and split-radix 2/(2a), can be easily
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
obtained to provide the flexibility of supporting various input sequence
and b are positive integers.
length. Detailed analysis on the computational complexity required by

In these
practice,
many applications
inherently deal with real-valued signals. The
algorithms
is also presented.
natural signals such as speech, marine mammal sounds, heart rate etc. are real• The performance of PTFT for real-valued PPSs is studied, and it is shown
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
that PTFT has a conjugate symmetric property, which is similar to that
signals are embedded as watermark signals, where each chirp rate corresponds
of the discrete Fourier transform, if the input sequence is real-valued.
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Combining with this property, the fast algorithms for complex sequence
are extended for real-valued input. The computational complexity needed
by the resulting algorithms is analyzed, and comparisons show that the
required computational complexity of some of the algorithms is about one
half of that needed by the fast algorithms for complex sequence.
• Single-path pipelined algorithms and designs for the computation of FFTs
and PTFTs are introduced. The proposed architectures are based on
simple concepts, have regular structures, and are particularly attractive
for applications dealing with sequentially presented input streams. The
hardware requirements of proposed architectures are analyzed. Compared
with the reported pipelined FFT structures, the proposed structure has
reached the minimum requirement for both multipliers and adders.
• A CFO estimation algorithm is proposed based on lag diversity techniques
for OFDM systems. Theoretical analysis and simulations show that the
proposed methods effectively achieve a wide estimation range with reduced
comean square errors (MSE) compared to the recently proposed single-h
efficients
carryWhen
desirable
information.
For channels,
complex-valued
PPSs,
the PTFT
simulation
results
show
method.
dealing
with multipath
serves
as the
theproposed
MLE of method
the phase
coefficients,
and can
efficiently
that
significantly
reduces
MSEbecompared
to computed
the pilot
the generalized
usingassisted
estimator.class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

1.4

Organization of the Thesis

In practice, many applications inherently deal with real-valued signals. The
natural
such as
marine
mammal sounds, heart rate etc. are realThe
rest signals
of the thesis
is speech,
organized
as follows.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Chapter 2 outlines the basics on the analysis of signals with time-varying fresignals are embedded as watermark signals, where each chirp rate corresponds
quencies. It shows, by an example, the limitations of classical methods such as
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Fourier transform or time analysis in characterizing the spectral contents of signals with time-varying frequencies. Then, the study based on parametric methods is reviewed, including the background of the PPS model, the CRLB of the
estimates of the phase parameters of PPSs, and several PPS-related transforms
such as HAF, PHAF, and PTFT. Next, the study based on the non-parametric
methods is given. In particular, it will focus on the time-frequency representations (TFRs). In the last part of this chapter, the principles of deriving fast
Fourier transform (FFT) algorithms are briefly reviewed.
In Chapter 3, the performances of two classes of methods are compared,
and the comparison results show the importance and effectiveness of the PTFT.
Next, M-estimation and L-estimation based signal transforms and TFRs dealing
with impulsive noise are also reviewed. A simple and efficient preprocessing
algorithm is presented, and performance comparisons, in terms of statistical
and computation, are conducted.
In Chapter 4, a general class of fast algorithms for computing the arbitrary
order PTFT is presented. Then, the required computational complexity of the
cofast
algorithms
analyzedinformation.
and compared
previously reported
fast PTFT
algoefficients
carry is
desirable
Forwith
complex-valued
PPSs, the
that of
significant
reduction
of computation
is achieved.
rithms
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as show
the MLE
the phase
coefficients,
and can beoverload
efficiently
computed
the generalized
class to
of the
fast phase
algorithms
presented
in Chapter
4, PPSs.
which
using
Chapter
5 is dedicated
parameters
estimation
of real
arbitraryoforder
of PTFT
withinthe
size being
aPb,thewhere
a, P
supports
The
performance
applying
PTFT
thisdimension
case is studied,
and
specific
and b are positive
integers.
properties
of the PTFT
for real-valued input are explored to further reduce its
computational
compared
with thedeal
PTFT
of real-valued
complex input.
In practice, complexity
many applications
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with
signals. The
natural
signals
such ason
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heart rate etc.
are realChapter
6 focuses
the pipelined
hardwaresounds,
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of FFT
and
valued. The
In image
and audio
watermarking
[36, 37],a the
chirp
PTFT.
reported
pipelined
structuresschemes
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compared. In addition, a pipeline structure for computing the 2nd order PTFT
is proposed based on radix-2 2 algorithm.
Chapter 7 applies a signal processing technique reviewed in the previous
chapters to solve the ambiguity problem of CFO estimation in OFDM systems.
This thesis is concluded in Chapter 8. Some recommendations for future
work are also given in Chapter 8.

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 2
Background

2.1

Introduction

The main focus of this chapter is to review some fundamental concepts related
to the study of signals with time-varying frequencies, and to provide the necessary background for understanding the subsequence chapters. The rest of this

cochapter is organized as follows. Section 2.2 lists the most frequently used symefficients
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for the PTFT in Chapters 4 to 6.

2.2

Notation

Throughout this thesis, the most frequently used symbols are listed as follows.

• Italic upper (lower) boldface letters: matrices (vectors)

• j: the imaginary unit
• ~(.): the real part of the argument

• 'S(.): the imaginary part of the argument
•

H

superscript: Hermitian (complex conjugate transpose)

•

T

superscript : transpose

• * superscript: complex conjugate

•

superscript: the estimator of the given parameter

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
• E: expectation
serves as the MLE of the phase coefficients, and can be efficiently computed
the variance
generalized class of fast algorithms presented in Chapter 4, which
using
• var:
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
• N: natural numbers
and b are positive integers.
• Z: integer numbers

In practice, many applications inherently deal with real-valued signals. The
natural
such as speech, marine mammal sounds, heart rate etc. are realreal numbers
• IR:signals
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Integrals whose limits are not indicated will denote the limits from minus to
plus infinity. Likewise, summations whose limits are not indicated will denote
summations over the complete range of the indices.
The expression x

rv

N(p"

0"2)

indicates that a random variable x E JH. is nor-

mally distributed with mean p, and variance

0"2.

The expression z = mod(x, y)

yields the smallest z 2: 0 such that x = ny

+z

for some nonnegative integer

n. The expression c = gcd(a, b) is the greatest common divisor (GCD) of two
positive integers a and b. The expression y
which is smaller than or equal to x, and y

= LxJ returns the largest integer

y

= rx 1 returns the smallest integer y

which is larger than or equal to x. The binomial coefficient is defined to be the
natural number

n!
k!(n - k)!

o

if k < 0 or k > n

where m! is the factorial of m for mEN.

2.3

Signals with Time-varying Frequencies

efficients carry desirable information.

co-

For complex-valued PPSs, the PTFT

serves
as the
MLEtime
of the
phaseand
coefficients,
can be
efficiently
computed
As stated
earlier,
domain
frequencyand
domain
constitute
two
alternathe for
generalized
of fastandalgorithms
presented
in Chapter 4, which
using
the Fourier
transform
(FT) is the bridge
tive ways
analyzingclass
a signal,
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
connecting these two domains. The spectrum or FT of a signal s(t) is defined
and b are positive integers.
as

J

In practice, many applications inherently deal with real-valued signals. The
S(w) = s(t)e-jwtdt.
(2.3.1)
natural signals such as speech, marine mammal sounds, heart rate etc. are realConversely,
the signal
can be
obtained from
its spectrum
valued.
In image
and audio
watermarking
schemes
[36, 37], as
the real-valued chirp

2~

J

signals are embedded as watermark signals, where each chirp rate corresponds

s(t) =

S(w)ejwtdw.

(2.3.2)
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The importance of the FT, its properties, and its physical significance are
well detailed in the literature. However, the frequency contents of most signals
encountered in our everyday life change over time, such as biomedical signals,
speech signals, stock indexes, and vibrations. Because the basis functions, e- jw ,
used in the classical Fourier analysis do not associate with any particular time
information, the resulting measurements, S(w), can show which frequencies exist
and their relative strength, but cannot provide easy-to-interpret information
about the time localization of a spectral component [32].
To illustrate this point, let us consider a bat sonar signal, recorded with a
sampling frequency of 230AkHz 1 . The time domain representation, Figure 2.1
(a) cannot say precisely what is the frequency content at each time instant.
Similarly, its spectrum, Figure 2.1 (b) does not give information on what time
the signal is located around a given frequency.

'"'

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
-10000;----:::--~----;;-;,,~--:~-~-'

',.'0-,----:::,,--:,:0-,--:::,,~,:o-, -----:::
..--:,:0-,-----:::----=~~--!.

using the generalized class of fast algorithms presented in Chapter 4, which
(a)
(b)
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Figure 2.1: Time domain representation (a) of the bat sonar signal and its
and
b are positive
integers.
spectrum
(b).
TllnQlms)

FrRquQncYlkHz]

In practice, many applications inherently deal with real-valued signals. The
Two major approaches exist in the literature for the analysis of signals with
natural signals such as speech, marine mammal sounds, heart rate etc. are realtime-varying frequencies.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
IThis recording was part of the research program RCP 445 supported by CNRS (Centre

corresponds
signals
embedded
watermark
signals,
each
chirp rate
Recherche as
Scientifique,
France),
and where
the data
is available
for download
from
Nationalare
de la
http)/tftb.nongnu.org
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2.4

Parametric Methods

For analysis tools within this category, the most commonly used model is the
polynomial phase signal (PPS) model which is motivated by the Weierstrass
approximation theorem.

This theorem implies that for a finite duration of

observations, an arbitrary time varying phase can be well approximated by a
polynomial of properly chosen order. This class of methods aim to estimate the
coefficients of a polynomial series for the phase.

2.4.1

Polynomial-Phase Signal and Its CRLB

The general form of analog Mth order polynomial-phase signal (PPS) is expressed as sCt)

= A(t )ej¢(t), where the phase ¢( t) = 21T I:~=o amtm is a polyno-

mial, and the amplitude A(t) is a constant or a real-valued stationary process.
The model of PPS has been used in many applications of signal processing,
for example, radar [11, 17, 18], sonar [33] and communication systems [34, 35],
image and audio watermarking [36, 37] and motion estimation in a video
co-sequence [22,
The Cramer-Rao
lowerFor
bound
(CRLB) expresses
lower
bound
efficients
carry23].desirable
information.
complex-valued
PPSs, a the
PTFT
on the
of aand
deterministic
parameter.
For a
serves
as variance
the MLEofofunbiased
the phaseestimators
coefficients,
can be efficiently
computed
PPS algorithms
corrupted by
additiveinwhite
Gaussian
noise
constant
amplitude complex
the generalized
class of fast
presented
Chapter
4, which
using
the sampled
signal
is given
by dimension size being aPb, where a, P
(AWGN),
arbitrary
order of
PTFT
with the
supports

and b are positive integers.

I

(2.4.1)

In practice, many applications inherently deal with real-valued signals. The
where I:l is the sampling interval, w(n) is i.i.d complex Gaussian random varinatural signals such as speech, marine mammal sounds, heart rate etc. are realables with zero mean and variance er 2 . It is reported in [38] that, for the unbiased
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds

I,
r

Il
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mth order phase coefficient estimate, am, the CRLB for its variance is given by
var {am }

1

~ 81f2N2m+l,6,2m. SNR
·[(M + m

[1

2m + 1

(M + 1)2

+ 2N(m + 1)2

1

- 2N

+0

(N- 2 )]

+ I)CM+m cMF

(2.4.2)

where C~ is the binomial coefficient, and SNR

= A 2 /(J2 is the input signal-to-

noise ratio. Some special cases are given by
var{ao}
var{ih}

+ 2) O(N- 2 )] (M + I?
> [1 + M(M
2N
+
81f 2N· SNR
> ~ (M - 1)(M + 3) O(N- 2 )] [M(M + l)(M + 2)]2

[3 +

[1

+ O(N-

+

8N

2)

(2M

81f 2N3,6,2 . SNR

+ 1)(C~)2

(2.4.3)

]81f 2N2M+l,6,2M . SNR .

In the rest of the thesis, unless otherwise indicated, unit sampling frequency is
assumed, that is to say, we discuss the discrete multicomponent PPSs, which
can be written as
I

i(n)

=

L Ai(n)ej27l"~~=o

ai,rn

nrn

+ w(n), O:s: n :s: N

- 1

(2.4.4)

i=l

cowhere the parameter ai,m is related to the actual phase coefficient by ai,m =
efficients carry desirable information. For complex-valued PPSs, the PTFT
ai,m,6,m, and the subscript i denotes the ith component. If the subscript is
serves as the MLE of the phase coefficients, and can be efficiently computed
omitted, we are analyzing mono component case. For simplicity of notation,
using the generalized class of fast algorithms presented in Chapter 4, which
the symbol - is omitted in the following.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

2.4.2

Maximum Likelihood (ML) Method

In practice, many applications inherently deal with real-valued signals. The
For asignals
constant
embedded
AWGN,
it has
natural
suchamplitude
as speech,PPS
marine
mammalinsounds,
heart
ratebeen
etc. shown
are real-that
the maximum
likelihood
estimation (MLE)
of [36,
the 37],
phase
and the
valued.
In image and
audio watermarking
schemes
the coefficients
real-valued chirp

signals are embedded as watermark signals, where each chirp rate corresponds
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amplitude are given by [24]
N-I

L

arg max
a
n=O
phase

2

x(n)e-j21l";:'~=1 ctm nm

(I: x(n)e-j21l"L~=1

m
amn )

n=O

1

N

N-I

L x(n)e-j21l"L~=1 amnm

(2.4.5)

n=O

where a

=

,aI}. If the amplitude A(n) is assumed to be a real-

{aM, aM-I,'"

valued stationary process with any structure and independent of the AWGN,
the MLE method estimates the phase coefficients as follows [2]:
2

N-l

L

argmax
x2(n)e-j21l"L~=12ctmn=
a
n=O

~ ph..,e (~X2(n)e-j2'E;:~'2a",n

m

ao

)

•

(2.4.6)

The MLE asymptotically approaches the CRLB [2, 9, 24].
To obtain the MLE, a

=

{aM,aM-I,'"

,al} is discretised. Therefore, the

Mth order polynomial time-frequency transform (PTFT) is defined ascoefficients carry desirable information.

For No-I
complex-valued PPSs, the PTFT

~ y(n)WkonWkln2 ... WkM-lnM (247)
No efficiently
Nl
NM-l
..
serves as the MLE of the phase coefficients,~
and can be
computed
n=O

using the generalized j2class of fast algorithms presented in Chapter 4, which2
where W N = e- 1l"/N, y(n) = x(n) for constant amplitude and y(n) = x (n) for
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
time-varying amplitude,
kr :::; N r - 1 for T = 0,1"" ,M - 1, and kr/Nr
and b are positive integers.
is the discrete form of a r +1. The quantization error caused by discretion is

°:: ;

In practice,
applications
deal with
real-valued signals.
dimensioninherently
size N r . Define
a demodulated
sequenceThe
y(d) (n) =
controlledmany
by the
M

kM
n marine mammal sounds, heart rate etc. are realk 2
naturaly (signals
speech,
n)WN~nsuch
... as
WNM=~
, (2.4.7) can be expressed as

valued. In image and audio watermarking schemes [36,
37], the real-valued chirp
No-l

L

y(d)(n)W;,,~n

signals are embedded as watermark signals, where each chirp rate corresponds
n=O

(2.4.8)
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i.e., PTFT of y(n) is equivalent to the DFT of y(d)(n). If the demodulated
sequence consists of sinusoidal components, due to the property of DFT, sharp
peaks appear in the PTFT. This occurs when integer kr for r = 1" .. ,M - 1
can take values satisfying kr/Nr

~ a r+l.

Since the parameters are estimated

according to the defined grids, the performance of PTFT is influenced by the
quantization errors. Let 6r denote the deviation along the rth dimension, i.e.,

6r = a r+l - kr/Nr . Since N r points are used for quantization in the rth dimension, the maximum quantization error along this dimension is given by
(2.4.9)

The frequency deviation caused by the quantization errors should be much
smaller than the frequency of the sinusoidal component, which can be expressed
as
M-l

L

6r n T

«l a ll < 0.5,

0:::; n :::; No - 1,

(2.4.10)

r=1
otherwise the peak may not be easily identified due to the quantization errors.
Combining the above two equations, we have

co-

M-l Nt
efficients carry desirable information.
For complex-valued PPSs, the(2.4.11)
PTFT
NO «1.
r=1 r
serves as the MLE of the phase coefficients, and can be efficiently computed
A sufficient condition for this is N r » No for r = 1, .. , ,M - 1.
using the generalized class of fast algorithms presented in Chapter 4, which

L

Should the above constraint is satisfied the PTFT of a multicomponent
arbitrary order of PTFT with the dimension size being aPb, where a, P
supports
PPS exhibits the same number of peaks as that of components in the PPS.
and b are positive integers.
Figure 2.2 shows the PTFT of the sum of two 2nd order PPSs having the same
In practice, many applications inherently deal with real-valued signals. The
amplitude. The parameters of the first component are al,1 = 0.1, al,2 = 0.0015.
natural signals such as speech, marine mammal sounds, heart rate etc. are realIn Figure 2.2(a), the parameters for the second component are a2,1 = 0.2, a2,2 =
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
0.001, and in Figure 2.2(b), they are a2,1 = 0.05, a2,2 = 0.0015. In spite of the
signals are embedded as watermark signals, where each chirp rate corresponds
presence of the -3 dB AWGN, two peaks of the PTFT are still evident.
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•

o

0

(a)

0

(b)

Figure 2.2: PTFT of the sum of two 2nd order PPSs having the same amplitude.
The output SNR (SNRout ) is an important measurement of the estimator's sensitivity to noise. For an Mth-order PPS, without noise, the maximum absolute value of PTFT(ko, k1 ,"
Q =

in

Q,

.

,kM-d lies on the points of coordinates

(a1No, a2Nl, ... ,aMNM-d· In the presence of noise, the PTFT, evaluated
is a random variable. The SNRout is defined as
(2.4.12)

which is analog to the definition in [6, 10]. The relationship between the SNR
coat the input and at the output of the PTFT has been derived in [39], which is
efficients carry desirable information. For complex-valued PPSs, the PTFT

serves as the MLE of the phase
coefficients,
and
can be efficiently computed
(2.4.13)
SNRout
= N SNR
in .
using the generalized class of fast algorithms presented in Chapter 4, which
It is clear that the ratio between the output SNR and the input SNR of PTFT
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
is a function of the number of samples and independent of the order M.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The

2.4.3

Suboptimal Maximum Likelihood Methods

natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued.
In image and audio
watermarking
schemes
[36,later
37], called
the real-valued
chirp
The polynomial-phase
transform
(PPT), which
was
the high-order
rate the
corresponds
signals
are function
embedded
as watermark
signals,introduced
where eachtochirp
estimate
parameambiguity
(HAF)
was specifically
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ters of PPS's [5-8]. Among the suboptimal ML methods, HAF-based estimation
is the most popular candidate due to its computational efficiency.
The generalized Mth order multi-lag high-order instantaneous moment (mlHIM) [10] is defined recursively as
mlHIMl[x(n)]

x(n),

mIHIM 2 [x(n); Tl]

mlHIMk-dx(n + Tk-d; 'Tk-2]
xmlHIM~_l[x(n- Tk-d; 'Tk-2],

3:::; k :::; M
(2.4.14)

where 'Tk-l =

[Tl' T2,' .. ,Tk-l]

is the vector containing all the lags for kth order

mlHIM. Applying the Fourier transform of the mlHIM, we obtain the multi-lag
HAF (mlHAF) of the signal x(n),
N--l

mlHAFM[x, f,

'TM-l]

=

L mlHIMM[x(n);

'TM_l]e-j21rfn.

(2.4.15)
co-

n=O

efficients carry desirable information. For complex-valued PPSs, the PTFT
In particular, the HIM and HAF given in [5-8] correspond to the case of Tl =
serves as the MLE of the phase coefficients, and can be efficiently computed
T2 = ... = TM-l = T and nonsymmetric definitions (for example, HIM2 [x(n); T] =
using the generalized class of fast algorithms presented in Chapter 4, which
x(n)x*(n - T)). It has been proved in [40] that the symmetric definition yields
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the same variance in the estimation of the highest order coefficient but smaller
and b are positive integers.
variances for the estimates of all other coefficients compared with the nonsym-

In practice,
many
applications
inherently definition
deal with is
real-valued
metric
definition.
Therefore,
the symmetric
preferred.signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realOne remarkable property, which makes mlHIM an attractive tool in the
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
analysis of PPS , is that the Mth order mlHIM reduces a sampled PPS of degree
signals are embedded as watermark signals, M
where each chirp rate corresponds
M into a single tone with frequency f = 2 - l M! Il~~l TkaM. Thus, finding
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the peak of the magnitude of (2.4.15) enables us to estimate the coefficient

aM,

I.e.,

1
M

1

2 - M!

M-l

argmaxlmlHAFM[x,j,TM-l]l·

(2.4.16)

f

rrk=l Tk

Removing the Mth order phase contribution from the observed signal by multiplying x(n) with cj27riiMnM, we obtain a PPS of order M - 1, which can be
expressed as x1(n)

= x (n)e-j27riiMnM , where aM-l can be obtained from the peak

location of the magnitude of mlHAFM-dx\ j, TM-2]. The above procedures are
repeated until all the coefficients are estimated.
The parameter

aM

can be estimated unambiguously only if
1

laMI <

2 M'rr
M

.

M- 1

k=l Tk

.

(2.4.17)

Clearly large lags limit the dynamic range of the estimated parameters [41, 42].
However, the bigger the lags, the better is the resolution of aM [11]. Hence, the
choice of lags is facing conflicting requirements. Two types of solutions have
been proposed. One is the iterative approach [41] that uses a small lag to obtain
coa rough estimate followed by fine estimations with the increased values of lags.
efficients carry desirable information. For complex-valued PPSs, the PTFT
The other is to compute two HAFs with two large co-prime lags and to solve the
serves as the MLE of the phase coefficients, and can be efficiently computed
ambiguity problem via liner Diophantine equation [42]. Note that the second
using the generalized class of fast algorithms presented in Chapter 4, which
approach motivated us to use lag diversity to avoid aliasing in carrier frequency
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
offset (CFO) estimation, which will be presented in Chapter 7.
and b are positive integers.
Due to its nonlinear nature, mlHAF suffers from noise-masking effects at low
In practice, many applications inherently deal with real-valued signals. The
SNR and crossterms when dealing with multicomponent signals [8]. Moreover, it
natural signals such as speech, marine mammal sounds, heart rate etc. are realhas been shown in [11,40] that HAF exhibits spurious peaks if multicomponent
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals have the same highest order phase coefficients, from order P to M, with
signals are embedded as watermark signals, where each chirp rate corresponds
P > 1. To avoid identifiability problem and improve noise rejection capability,
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a transformation called product high-order ambiguity function (PHAF) was
proposed. Given L different lag sets, the PHAF is obtained by multiplying the
mlHAFs computed for some lag sets, i.e.,
(L)[
f (L)]
PH AF M
X, ,T

-

TIL mlH AF M [IT
T~_l
f ,T (I)]
x,
(1)

IT T M - 1

1=1

where

T(l)

M-1

=

[T(l) 70(1) ... T(l) ]
l ' 2'
'M-1 ,

and

(2.4.18)

IT T(l)
returns the product of all the
M-1

elements of the vector. The PHAF is based on the observation that the useful
sinusoids remain at the same positions, thus the frequency scaling operation
ensures that the desirable peak locations are aligned and hence amplified in
the product. In contrast, the crossterms with different lags fall in different
positions related with the lag parameters, thus spurious sinusoids and higher
order crossterms are weakened in the product.
Several algorithms have been proposed to improve the statistical performance including SNRout and asympotic variance. For instance, the observation that the number of crossterms increases drastically with the order of HAF
(PHAF) motivated the authors to propose a "bottom-up" PPS parameter esticomation algorithm, which estimates the parameters from the lowest order [43].
efficients carry desirable information. For complex-valued PPSs, the PTFT
Another algorithm is the integrated generalized ambiguity function (IGAF) [10],
serves as the MLE of the phase coefficients, and can be efficiently computed
which is defined by coherent integrations along each lag in the mlHIM defined
using the generalized class of fast algorithms presented in Chapter 4, which
in (2.4.14). Two phase parameters can be estimated at each iteration. Because
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the integrations effectively suppress the crossterms, the IGAF provides higher
and b are positive integers.
output SNR, which leads to a lower SNR threshold and a better accuracy to
In practice, many applications inherently deal with real-valued signals. The
approach to the CRLB.
natural signals such as speech, marine mammal sounds, heart rate etc. are realIt should be mentioned that the improvements on the output SNR and estivalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
mation variances of these reported methods are limited, especially for PPSs with
signals are embedded as watermark signals, where each chirp rate corresponds
high order and/or low input SNR. This is because these methods do not change
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the nonlinearity and sequential estimation structure, which are the fundamental
reasons for the performance deterioration.

2.4.4

Advantages of the ML Methods

A significant advantage of the ML method based on the PTFT is that it is a
linear transform with respect to the signal x(n). This linearity makes the PTFT
work well even at low SNRs and/or higher orders. In general, the PTFT holds
advantages in the following three aspects.
First, it is proved in [2] that the PTFT provides ML estimation of the PPS's
phase parameters and asymptotically achieves the CRLB. While statistical analysis in [7] demonstrates that the asymptotic variances of estimates based on
HAF exhibit a consistent departure from the CRLB and the deviation increases
with the phase polynomial order. The IGAF is a sequential approach that estimates two phase parameters at each iterations. It is asymptotically efficient
at the second order but loses the efficiency when the degree of the polynomial
coincreases [10]. As shown in [40], although the PHAF improves the performance
efficients carry desirable information. For complex-valued PPSs, the PTFT
of the HAF in the presence of noise, the variances of the estimates obtained
serves as the MLE of the phase coefficients, and can be efficiently computed
from PHAF cannot reach the CRLB, that is due to the noise masking effects
using the generalized class of fast algorithms presented in Chapter 4, which
caused by the nonlinearity structure of the estimator. Therefore, the estimation
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
based on the HAF or PHAF is comparable to that based on PTFT only when
and b are positive integers.
SNR is high and the phase polynomial order is small. The following experiment
practice,tomany
applications
inherently deal
withorder
real-valued
signals. The
was In
conducted
compare
their performances.
A 2nd
PPS corrupted
by
naturalissignals
such aswith
speech,
marine mammal
sounds,
rateand
etc.N are
AWGN
considered,
the parameter
al = 0.1,
a2 =heart
0.0015
= real128
valued. In
image
and audio
schemesHAF
[36, 37],
real-valued
chirp
The
numbers
of thewatermarking
grids for computing
and the
PTFT
are selected
samples.
corresponds
signals
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as watermark
signals, whereerrors
each smaller
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to keep the
maximum quantization
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of the CRLB. At each SNR, the variances were obtained from 200 independent
trials. Figure 2.3 shows the ratios between the variance of estimates 0,1 and
0,2 and their respective CRLB's [38]. It is observed that the results acquired

from PTFT are always closer to the CRLB than the HAF-based methods. The
results achieved from the HAF-based methods become close to the CRLB only
when the SNR is greater than a threshold. There is a rapid performance degradation when SNR is smaller than the threshold, which means the HAF-based
methods cannot work under this condition. The threshold SNR is about 0 dB
for HAF and -2 dB for PHAF (with L

= 3 sets).
_
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Figurecarry
2.3: Efficiency
of the estimates,
0,1 and (b) 0,2, PPSs,
versus the
SNR
serves as the MLE of the phase coefficients, and can be efficiently computed
Secondly,
comparedclass
with of
HAF-based
methods,
the PTFT
has a higher
outthe generalized
fast algorithms
presented
in Chapter
4, which
using
put
SNR (SNR
is an
important
measurement
of the
operating
rangea,[6JP
out ), which
arbitrary
order of
PTFT
with the
dimension size
being
aPb, where
supports
and
[10, integers.
44J of the algorithm. In Figure 2.4, we plot the output SNR
and sensitivity
b are positive
normalized with respect to the number of samples N as a function of input
In practice, many applications inherently deal with real-valued signals. The
SNR, i.e., SNRout/N vs. SN~n' The dashed, solid and dotted lines refer to
natural signals such as speech, marine mammal sounds, heart rate etc. are realthe PTFT, IGAF and HAF respectively, and the curves are plotted according
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
to equations (2.4.13) and (25)-(28) in [1OJ. Both PTFT and HAF have only
signals are embedded as watermark signals, where each chirp rate corresponds
one line because the normalized output SNRs do not depend on the number of
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samples N. From this figure, it is observed that:

• Both lGAF and HAF exhibit threshold effect, that is to say, below a
certain SNR value (the threshold), the output SNRs decrease rapidly. In
addition, the threshold effect becomes more evident with the increase of
polynomial orders.
• The IGAF has a decreasing threshold as the number of samples increase;
while the HAF has a threshold independent of the number of samples.
• For a given input SNR, the PTFT has the highest output SNR without
threshold effect.
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Finally, the PTFT estimates all the phase coefficients simultaneously, so it
does not suffer from the error propagations in the sequential structures of the
HAF, PHAF and IGAF algorithms. In addition, for multicomponent PPSs,
the PTFT has no crossterms which generally exist in HAF, PHAF and IGAF
algorithms due to their nonlinear characteristics.

2.5

Non-parametric Methods

Analysis tools within this category employ time-frequency representations (TFRs)
to describe the time-varying phases for which the pure frequency or Fourier representation is not sufficient.
There exist many TFRs. The dependence of TFR upon the signal may be
linear or otherwise nonlinear. The choice of the "best" TFR depends on the
nature of the signal to be analyzed and also on issues such as the mathematical
properties required, limitations in computation and storage, etc [12, 32].
coIn the following section, we will review some fundamental concepts related
efficients
carry TFRs.
desirable information.
to the popular

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which

2.5.1

Analytic Signal and Instantaneous Frequency (IF)

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Gabor
introduced
the concept of uniquely constructing an analytic signal [12]'
and
b are
positive integers.
which is complex, from a real one. If the real signal, s(t), has the spectrum
In practice, many applications inherently deal with real-valued signals. The
8(1), the complex signal, z(t), resulted from Gabor's method has a spectrum
natural signals such as speech, marine mammal sounds, heart rate etc. are realcontaining only the positive frequencies in 8(1). Mathematically, z(t) is defined
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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as

z(t) = _2_ (XJ S(J)ej27rftdj.

(2.5.1)

~Jo

The factor of 2 is needed so that the real part of the complex signal will be s(t).
Applying the definition of S(J) into the above expression, and using

roo ej27rfxdj =

Jo

~

(5(X)

2

+

L) ,

(2.5.2)

1rX

we obtain

z(t)

s(t)

+ j HIs(t)]
(2.5.3)

where HI·] means the Hilbert transform (HT).
The importance in using analytic signal is that it allows us to obtain the
phase and amplitude of a real signal unambiguously. Therefore, an expression
of instantaneous frequency (IF) [12] can be used as an indication of the frequency
components that exist at a particular time,

efficients carry desirable

d¢z.(t).
f z.(t) = ~
21r Fordt complex-valued
information.

co(2.5.4)
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loop (LPP), least mean squares (LMS) and recursive least square (RLS) algorithm, etc. This class of methods have difficulties in tracking rapid variations in
IF. The effectiveness of TFDs to provide accurate estimates of the IF has been
extensively investigated in the literature over the past decades [12, 24, 32, 4648].

2.5.2

Short-Time Fourier Transform (STFT)

One of the simplest TFRs is the short-time Fourier transform (STFT). Given a
signal xCi), its STFT is defined as

(2.5.5)
where h(t) is window function of finite sequence length. The technique of multiplying signal by a window function is known as windowing, and it results in
segmented signals. The basic idea of the STFT is to divide the signal into small
time segments and perform Fourier analysis on each time segment to ascertain

cothe frequencies in that segment. The totality of such spectra indicates how the
efficients of
carry
desirable
information.
spectrum
the signal
is varying
in time. For complex-valued PPSs, the PTFT
serves as the MLE of the phase coefficients, and can be efficiently computed
Note that the choice of the window h(t) significantly influences the resoluusing the generalized class of fast algorithms presented in Chapter 4, which
tion of the STFT. There is an uncertainty relationship between the time and
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
frequency resolutions of an STFT. In general, a wide window gives better freand b are positive integers.
quency resolution but poor time resolution, while a narrow window gives good
practice, but
many
applications
timeInresolution
poor
frequency inherently
resolution. deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realDespite this limitation, STFT is still one of the most popular tools for TF
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signal analysis. For instance, it has been used in many applications including
signals are embedded as watermark signals, where each chirp rate corresponds
inverse synthetic aperture radar (ISAR) imaging [49), interference excision in
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direct sequence spread spectrum (DSSS) communications [50], onset detection
in music signals [51] and fingerprint enhancement [52]. This is mainly due to
two desirable characteristics of STFT. One is its simplicity and ease of implementation, and the other is the linearity property which is important to avoid
the undesirable crossterms that appear in many quadratic TFTs.

2.5.3

Quadratic and High-order Time-Frequency Distributions (TFDs)

In the last two decades, intensive efforts have been made to study time-frequency
distributions (TFDs) in order to characterize and analyze signals with timevarying frequencies. Many TFDs of current interest are members of the quadratic
(or Cohen's) class.
All quadratic TFDs can be obtained from

C(t, w) = -12
47r

JJj'

1
1
J t " " ( J J.Ldj.tdTde (2.5.6)
X(f1 + -T)X*(j.t
- -T)cP(e,
T)e- J" (-J7W+.7
2

2

cowhere cP(e, T) is a two dimensional function called the kernel, which determines
efficients
carry and
desirable
information.
complex-valued
PPSs,
PTFT
the
distribution
the properties
of theFor
TFTs,
C(t,w) can also
be the
expressed
serves
as
[12] as the MLE of the phase coefficients, and can be efficiently computed

JJ

j
j7w
which
using the generalized
C(t, class
w) = of
4~2fast algorithms
M(e, T)e-presented
(JtdedTin Chapter 4,(2.5.7)

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
with
and b are positive integers.

M(e,T)

cP(e, T)

J

1

1"(J

x(f1 + "2T)x*(f1- "2T)eJ J.Ldf1

(2.5.8)

In practice, many applications inherently deal with real-valued signals. The
(2.5.9)
cP(e, T)A(e, T)
natural signals such as speech, marine mammal sounds, heart rate etc. are realwhere A(e, T) is the symmetrical ambiguity function. This indicates that a
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
quadratic TFD is obtained from a two-dimensional filtering in the ambiguity
signals are embedded as watermark signals, where each chirp rate corresponds
domain.
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There are many members of the quadratic class, and the Wigner-Ville distribution (WVD) is one of the most popular TFDs. .For the analysis of monocomponent linear frequency modulated (LFM) signal, the WVD has been shown
to be optimal [53] in that it yields delta function around the IF for an LFM
signal in the time-frequency domain. Its importance also stems from the fact
that many other time-frequency analysis tools can be expressed in terms of
WVD [12].
The kernel of WVD is equal to unity, i.e., the WVD of a signal x(t) can be
defined as

WVD(t, w) =

J

x(t + T j2)x*(t -

T

j2)e- jwT dT

(2.5.10)

For the analysis of multicomponent signals, the WVD presents undesirable high
amplitude crossterms. That is because WVD kernel is an allpass filter in the
ambiguity domain, and therefore, the crossterms are neither reduced nor removed.
Therefore, one main deficiency of the WVD is the so-called crossterm incoterference, which has substantially limited the application of WVD. Reducing
efficients
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a real parameter (0 < a :::; 1) which controls the sharpness of cutoff of the
2-D filter ¢>(B, T) in the ambiguity domain. Another method introduced for the
suppression of the crossterms is the S-method proposed in [57]. This approach
performs well if the components are well separated, but its performance deteriorates when the signal components overlap in the time-frequency domain [58].
To represent high-order PPS as delta functions along the IF of the signal
in the time-frequency plane, the polynomial Wigner-Ville distribution (PWVD)
was introduced in [59] as

fn

q/2

PWVD(t,w)

=

X(t+diT)X*(t+d_iT)e-jwTdT

(2.5.12)

i=l

where q is an even integer indicating the order of the PWVD, and di and d_ i are
real coefficients. The realness of the PWVD results in di

= -d_ i - The design

of PWVD and the selection criteria for the optimal set of kernel coefficients are
discussed in [60].
In generally, it is not possible to have a particular TFD that can be used
effectively in all possible applications. The choice of a particular TFD depends
coon the specific
application
at hand [12,For32].
For a monocomponent
efficients
carry desirable
information.
complex-valued
PPSs, the signal,
PTFT
performance
the TFDs
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of theisphase
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andthe
canenergy
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presented insignal,
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4, which
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of each
of
arbitrary
PTFT
with the
dimension size
beingcomponent
aPb, where but
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supports
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as well.
Resolution measure criteria was introduced in [61] to
and resolution
b are positive
integers.
quantify the quality of TFDs instead of relying solely on visual inspection of
In practice, many applications inherently deal with real-valued signals. The
their plots.
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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2.5.4

Local Polynomial Time-Frequency Transform

The local polynomial time-frequency transform (LPTFT) [16] was developed as
a high-order generalization of the STFT. It is in the form of
LPTFT(t,w)

=

J

h(T)x(t+T)e-jO(r,w)dT

(2.5.13)

where
m

e(T,W)

LWiTiji!
i=l

W

(Wl,W2,'"

,wmf

E~

(2.5.14)

here m is the order of local polynomial approximation (LPA), and t is the center
of LPA. The local polynomial periodogram (LPP) is defined as

LPP(t,w) = ILPTFT(t,w)1 2 .

(2.5.15)

The STFT and spectrogram correspond to the particular case of LPTFT and
LPP with m

= 1.

coThe principal difference between the LPTFT and the quadratic and highefficients carry desirable information. For complex-valued PPSs, the PTFT
order TFDs is that the LPTFT is linear with respect to the signal and uses the
serves as the MLE of the phase coefficients, and can be efficiently computed
polynomial function, e( T, w), in the complex exponent (or the transform kernel).
using the generalized class of fast algorithms presented in Chapter 4, which
On the other hand, quadratic and higher degree polynomials of the signals are
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
used with the exponential function e- jwr in TFDs, wherein the argument of the
and b are positive integers.
exponent is linear with respect to variable T.

In practice, many applications inherently deal with real-valued signals. The
The LPTFT can be interpreted as a time-frequency energy distribution
natural signals such as speech, marine mammal sounds, heart rate etc. are realover the t - W O(t) space, where W O(t) is a vector of the true values of the IF
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
S1(t) and the derivatives of IF S1(t), mathematically, it is given by wO(t)
signals are embedded as watermark signals, where each chirp rate corresponds
[S1(t), S1(1)(t), ... ,S1(m-l)(t)]T. The energy concentration of LPTFT(t, w) m
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WO(t) for the time instant t is illustrated in [14, 15]. This concentration motivates the use of the LPTFT as an IF estimator. Asymptotic covariance matrix
and bias of the estimates are studied in [14, 15]. It is also shown that the bandwidth of the window controls the tradeoff of bias and variance. A data-driven
approach based on the intersection of confidence intervals (ICI) was proposed
in [62] to solve the problem of bandwidth selection. Note that when nonsymmetric rectangular window is used and the signal is corrupted by the AWGN,
the LPP estimator coincides with the ML estimator mentioned in Section 2.4.2.
The LPP estimator is computationally demanding because it is based on
pointwise estimation, which involves calculating a multi-dimensional (MD) function and finding the maximum of the MD function. To decrease calculation
burden, the 2nd order LPTFT with pointwise chirp-rate parameter estimation
was proposed in [30, 63], which can be expressed as
LPTFT a(t) (t, w)
a(t)

J

h(T)X(t

+ T)e-ja(t)T2/2e-jWT dT

argmaxH(a, t)

(2.5.16)

aEA

cowhere A is a set of values of considered chirp-rate parameters, and H(a, t) is
efficients carry desirable information. For complex-valued PPSs, the PTFT
concentration measure discussed in [64, 65]. Another efficient method, named
serves as the MLE of the phase coefficients, and can be efficiently computed
modified LPTFT (MLPTFT), was introduced in [66]. It is computed through
using the generalized class of fast algorithms presented in Chapter 4, which
the following steps:
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b• are
positive
the integers.
signal into a number of segments, model each segment as an
Divide
Mth order
PPSapplications
and estimate
the phase
parameters
using PTFT
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with real-valued
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suchwindow
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marine
mammal
heart rate
etc.polynomial
are real• Decide
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according
to sounds,
the difference
of the
valued. phase
In image
and audio
watermarking
schemes [36, 37], the real-valued chirp
function
on consecutive
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signals are embedded as watermark signals, where each chirp rate corresponds
• Compute LPTFT with the obtained estimates and selected window length
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The length of overlap between two consecutive segments controls the computation load as well as the smoothness of the spectrum.

2.6

Fast Fourier Transform Algorithms

As stated in earlier sections, the PTFT can provide MLE for phase coefficients
of PPS signals and can also be combined with LPTFT to analyze signals with
time-varying frequencies. Because the PTFT generally requires a huge computation complexity, fast algorithms for the PTFT are very important for practical
applications. This will be addressed in the following two chapters. Some basic
concepts and terminologies used to derive fast PTFT algorithms are similar to
those utilized to derive fast Fourier transforms (FFT) algorithms. Thus, in this
section, we will review the FFT algorithms briefly.
The DFT of a discrete-time signal x(n) is defined as
N-l

X(k)

= Lx(n)W~k,

O:'S; k:'S; N-1

(2.6.1)

n=O

coDirect calculation of (2.6.1) requires about N 2 complex
where W N =
efficients carry desirable information. For complex-valued PPSs, the PTFT
multiplications and N(N - 1) complex additions.
serves as the MLE of the phase coefficients, and can be efficiently computed

e- j27C / N •

DFT efficiently,
manyalgorithms
FFT algorithms
are reported
in the
literTo compute
the generalized
class of fast
presented
in Chapter
4, which
using
They
can be order
generally
classified
two categories:
the radix-type
ature.
arbitrary
of PTFT
with into
the dimension
size being
aPb, whereand
a, P
supports
the
type. integers.
The radix-type category particularly supports the input seandnon-radix
b are positive
quence length N = qm, where q and m are positive integers. Based on a particIn practice, many applications inherently deal with real-valued signals. The
ular radix number q or a blend of radices, the radix-type algorithms recursively
natural signals such as speech, marine mammal sounds, heart rate etc. are realdivide the entire computation task into DFTs of small lengths. This category
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
includes the well-known radix-2, radix-4 and split-radix algorithms [67, 68] for a
signals are embedded as watermark signals, where each chirp rate corresponds
DFT oflength 2m , and algorithms in [69, 70] for DFT of length 3m and 5m . The
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non-radix type algorithms include the Rader's fast algorithm [71], the prime factor algorithm [72], the Good-Thomas fast algorithm [73], which usually require
an index mapping to rearrange the sequence of the input/output data. The fast
algorithms used for a particular transform size cannot be easily extended for
other transform sizes and/or different number of dimensions. Here, we focus
on the radix-type algorithms as they have a regular computational structure
due to the recursive decomposition processes. The regularity is desirable for
implementation, testing, maintenance and components reuse.
The main concepts and steps involved in the derivation of FFT algorithms,
as shown in examples of the well-known radix-2 and split-radix algorithms, will
be illustrated below. The sequence length N is assumed to be a power of two. In
general, the algorithms use the strategy of "divide and conquer" to decompose
the DFT computation into DFTs of smaller sizes recursively, and explore
Symmetry property: W~+N/2 =
Periodicity property:

wt+ N

=

-wt

wt

(2.6.2)

coof the twiddle factor WN to reduce the computational complexity greatly. The
efficients
carry x(n)
desirable
For subsequences
complex-valued
PPSs,
the PTFT
input
sequence
can information.
be split into two
xl(n)
= x(2n)
and
serves as the MLE of the phase coefficients,
and can be efficiently computed
x2(n)
= x(2n + 1), and the fact WlV nk = WN/rn
is used. Thus the DFT is
generalized class of fast algorithms presented in Chapter 4, which
using the by
calculated
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
X(k)
x(n)W~k +
x(n)W~k
and b are positive integers.
n even
n odd

L

N/2-1

L

L

N/2-1

L

In practice, many applications
inherently deal withx2(n)WN/2
real-valued signals. The
Xl (n)WN/2 + wt
n=O

n=O

natural signals such as speech, marine mammal sounds, heart rate etc. are real(2.6.3)
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
where k = 0,1,··· ,N/2 - 1. Due to the periodicity property shown in (2.6.2),
signals are embedded as watermark signals, where each chirp rate corresponds
we have Xi(k + N/2) = Xi(k) for i = 1,2. Applying the symmetry property,
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we obtain
(2.6.4)
It can be seen from (2.6.3) and (2.6.4) that the length-N DFT can be obtained

by computing two length-N/2 DFTs with input being xl(n) and x2(n) then
combining those results to produce the DFT of the whole sequence. Similarly,
the length-N/2 DFTs can be further divided into length-N/4 DFTs in the same
way. For N

=

2Q , this decimation process can repeat q times until length-2

DFTs remain. Since the input sequence of DFT is traditionally considered to
be in the time domain, the algorithm developed in such a way is known as
the decimation-in-time (DIT) algorithm. The multiplication factor W~ in the
above two equations is known as a twiddle factor, which may become trivial,
i.e., W~ = ±l, ±j. Obviously multiplying a complex number with a trivial
twiddle factor can be easily implemented.
The decimation process can also be performed by splitting the transformed
outputs, which is traditionally considered to be in the frequency domain, into
coeven and odd subsequences. This type of approach is known as the decimationefficients carry desirable information. For complex-valued PPSs, the PTFT
in-frequency (DIF) algorithm. To derive the algorithm, we first split the DFT
serves as the MLE of the phase coefficients, and can be efficiently computed
into two summations, the first one involves the sum over the first N /2 data
using the generalized class of fast algorithms presented in Chapter 4, which
points and the second one involves the last N /2 data points. Thus we obtain
supports arbitrary order of PTFT with the dimension size being aPb, where a, P

and b are positive integers.

X(k)

N/2-1

L

n=O

N-l

x(n)W~k +

L

x(n)W~k

n=N/2

In practice, many applications inherently deal with real-valued signals. The
N/2-1

L

[x(n) +
(-l)kx(n
+ N/2)]W~k
natural signals such as speech, marine
mammal
sounds,
heart rate etc. are(2.6.5)
realn=O

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Then X(k) is split into even and odd indexed samples, which can be expressed
signals are embedded as watermark signals, where each chirp rate corresponds
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as

N/2-1
X(2k)

L

+ x(n + N/2)] Wm2'

(2.6.6)

{[x(n) - x(n + N/2)] W~}Wm2'

(2.6.7)

[x(n)

n=O
N/2~1

X(2k + 1) =

L

n=O

where a = 0,1 and 0 S k S N /2 - 1. This is to say that the length-N DFT
is divided into two length-N/2 DFTs with the input sequence being [x(n)

x(n

+ N/2)]

+

and [x(n) - x(n - N/2)]WN, respectively. Similar to the DIT

decomposition process, this process can be performed recursively untillength-2
DFTs remain.
As stated above, the radix-2 FFT algorithms decompose the length-N DFT
in terms of two length-N/2 DFTs recursively. To improve the computation
efficiency, the split-radix FFT is proposed, which uses a blend of radices 2 and

4, i.e., it recursively decomposes a length-N DFT into one length-N/2 DFT and
two length-N/4 DFTs. The DIF version of split-radix algorithms is illustrated
here. The underlying idea is that the even indexed transform outputs X(2k)
coare given by (2.6.6), while the odd indexed outputs are further decomposed into
efficients carry desirable information. For complex-valued PPSs, the PTFT

N/4-1

L

serves as the MLE
coefficients,
can N
be}WM4
efficiently computed
(2.6.8)
t2(n)]W
X(4kof+the
1) phase
=
{[t1(n) - jand
n=O

algorithms presented in Chapter 4, which
using the generalized class of fast
N/4~1

L

n
(2.6.9)
X(4k
+ 3)of PTFT
=
{[t1(n)
+ jt2(n)]Wt
order
with
the dimension
size}WM4'
being aPb, where
a, P
supports arbitrary

°

n=O

and b are positive integers.
where S k S N/4 - 1, t1(n) = x(n) - x(n + N/2) and t 2(n) = x(n + N/4) -

In practice,
applications
deal with
real-valued
signals.
The
a similar
manner, inherently
the DIT version
of the
split-radix
algorithms
x(n+
3N/4). Inmany
natural
signals such as speech, marine mammal sounds, heart rate etc. are realcan be derived.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
The radix-type algorithm has the advantage that the same recursive decomsignals are embedded as watermark signals, where each chirp rate corresponds
position process can be used for different number of dimensions. Instead of
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providing a general description, let us consider the two-dimensional (2D) DFT,
which is defined as

N2-1
1 2
'L" 'L" x(n 1, n 2 )W'n1k
Nl W'nN2 kl
'nl=O 'n2=O

N1-1

where x(n1' n2) is the input sequence, and ki

= 0,1"" ,Ni

X(k 1, k2) can be computed by first transform along the

n1

(2.6.10)

-

1 for i

= 1,2.

dimension, then

along the n2 dimension, this is known as the row-column algorithm.
The DIT radix-(2 x 2) FFT algorithm [74] splits the samples x(n1' n2) into
four parts X(2n1 +a, 2n2+,6), a,,6

= 0,1, then computes the 2D DFT in (2.6.10)

by combining four terms. Each one of them, Sa(3(k 1, k2), is an (NIf2 x N2/2)point DFT over the samples X(2n1
Nl/2-1 N 2

Sa(3(k1, k2) =

+ a, 2n2 + ,6),

/2-1

L L

nl=O

and can be expressed as

X( 2n 1 + a, 2n2 + ,6)W~~'~ W~~,~. (2.6.11)

n2=O

By exploring the symmetry property, X(k 1, k2), X(k 1, k2 + N2/2), X(k 1 +

NIf2, k2) and X(k 1 + NIf2, k2 + N 2/2) can be simultaneously obtained from
the combinations of Sa(3(k 1, k2) as follows:

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
X(k 1, k2)
W~;l W~~2Sa(3(k1' k 2)
(2.6.12)
serves as the MLE of the phase coefficients,
and can be efficiently computed
a
(3

LL

L L(

X(k 1, k 2class
+ N 2of
/2)fast algorithms
-1)(3W~;lW~~2Sa(3(k1'
) which
presented in Chapterk24,
using the generalized
a

(3

L L(

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
X(k 1 + NIf2, k2)
_1)aW~;lW~~2Sa(3(k1'k2)
a
(3
and b are positive integers.
X(k 1 + NI/2, k2 + N 2/2) =
-It+(3W~~lW~~2Sa(3(k1'k2).
a
(3
In practice, many applications inherently deal with real-valued signals. The

L L(
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DFT
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valued.
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parities of output
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signals are embedded as watermark signals, where each chirp rate corresponds
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and periodicity properties. This leads to
Nl/2-1 N2/2-1

X(2k 1 + a, 2k 2 + (3) =

~
L
nl=O

~
W n 2k2
L [A. a/3 (nl, n2 )wnlaWn2/3]wnlkl
Nl
N2
Nl/2 N2/2
n2=O

k·'l = 0 " 1 ... ,1.
N/2 - 1 for i = 1, 2
a, (3 = 0,1

(2.6.13)

where

(2.6.14)
Equation (2.6.13) can be identified as an (Nd2 x N 2 /2)-point DFT. The DIT
and DIF decomposition processes repeat until only DFTs of small sizes remain.
Split-radix algorithm for 2D FFT can be obtained by further applying radix4 decomposition to the non-even-even indexed terms in (2.6.11) and (2.6.13).
Detailed derivations are given in [75].

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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tral information simultaneously. This chapter presents performance evaluations
of these methods in Gaussian and impulsive noise environments.
In Section 3.2, Gaussian noise model is assumed. Numerical examples are
presented to compare the performance of the two classes of methods.
In some situations the noise deviates from the Gaussian model. Section 3.3
presents the study of signals with time-varying frequencies in these environments. In particular, it generalizes the robust forms of signal transforms and
time-frequency representations (TFRs) based on M-estimation, reviews the robust forms based on L-estimation, and proposes a new approach based on clipping with self-determined clipping threshold value. A comparative investigation on various methods for studying signals corrupted by impulsive noise is
presented and analyzed in terms of computational complexity and mean square
error (MSE).
Finally, Section 3.4 concludes this chapter.

co-

3.2

Study in Gaussian Noise

efficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
To study signals with time-varying frequencies, parametric methods assume the
using the generalized class of fast algorithms presented in Chapter 4, which
signals of interest follow the PPS model, then determine the model coefficients
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
using various approaches including HAF, PHAF, PTFT, etc. Non-parametric
and b are positive integers.
methods employ TFRs, such as STFT, WVD, and LPTFT, to track or estimate
practice,
many applications
deal with real-valued signals. The
the signals.
the In
unknown
time-varying
phase ofinherently
natural signals such as speech, marine mammal sounds, heart rate etc. are realCompared to non-parametric methods, parametric methods have a good
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
noise rejection capability if the number of parameters to be estimated is small
signals are embedded as watermark signals, where each chirp rate corresponds
relative to the number of data samples [76]. Their main drawbacks can be seen
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from the following two aspects. One is that it is often difficult to choose a model
which describes well the signal under analysis. The other is that parametric
approaches are sensitive to deviations of signal from the assumed model.
Now, let us present some examples to compare the performance of different
methods.
Example 1.

The first signal considered is an LFM signal embedded in

AWGN, the signal has N

= 128 samples and its IF is confined in the range

of 0.05 - 0.45Hz. It is known that if the signal follows a linear frequency law,
the WVD will reduce to delta functions on the IF law. This suggests the use of
the WVD peaks as an IF estimator. For parametric methods, we employ HAF
to estimate the phase coefficients and then construct the estimate of IF. The
performance is measured by the MSE of IF estimate, which is given by
MSE(n) = 10 log 10E{[h(n) - fi(n)]2}.

(3.2.1)

Simulations of 1000 realizations were run for each SNR value, and the evaluated
MSEs at SNR = 3dB are plotted in Figure 3.1. It can be observed from this
cofigure that the statistical performance of the IF estimator based on WVD deefficients carry desirable information. For complex-valued PPSs, the PTFT
teriorates as the time instants move away from the middle of the time interval,
serves as the MLE of the phase coefficients, and can be efficiently computed
which is in accordance with the analysis performed in [60]. The average MSEs
using the generalized class of fast algorithms presented in Chapter 4, which
over the whole time interval for WVD and HAF are -25.5 and -62.3 dB, and
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the average MSEs around the middle of the time interval (for example, between
and b are positive integers.
the 40th and 80th time instants) are -63.9 and -64.8 dB respectively. The suIn practice, many applications inherently deal with real-valued signals. The
periority of HAF over WVD is confirmed. Similar observations can be obtained
natural signals such as speech, marine mammal sounds, heart rate etc. are realfor other SNR values. This example illustrates the advantage of the parametric
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
methods over non-parametric methods in the estimation accuracy.
signals are embedded as watermark signals, where each chirp rate corresponds
Example 2. Consider a synthetic signal which has a quadratic phase for the
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Figure 3.1: MSE of IF estimators for WVD and HAF.
first 105 time instants and a cubic phase in the succeeding 195 time instants
embedded in SNR = 3dB AWGN.
Let us first assume a 2nd-order PPS model, HAF and PHAF with 3 sets of
lags used to estimate the phase coefficients. Then IF estimations are obtained
cowith the estimated phase parameters. The same procedures are repeated for a
efficients carry desirable information. For complex-valued PPSs, the PTFT
3rd-order PPS model assumption. The obtained IF estimates (the 'x' symbols)
serves as the MLE of the phase coefficients, and can be efficiently computed
are plotted in Figure 3.2 along with the theoretical IF (the solid lines). It is
using the generalized class of fast algorithms presented in Chapter 4, which
obvious that the evaluated IFs do not match the correct behavior of the signal.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
This illustrates that parametric methods methods are sensitive to deviations
and b are positive integers.
from the assumed model.
In practice, many applications inherently deal with real-valued signals. The
Now, let us employ non-parametric methods, STFT and WVD, to analyze
natural signals such as speech, marine mammal sounds, heart rate etc. are realthe same signal. MLPTFT, which is based on LPTFT and PTFT, is used too.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
The TFR peaks are used as IF estimators. From Figure 3.3 which depicts the IF
signals are embedded as watermark signals, where each chirp rate corresponds
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Figure 3.2: IF estimation using HAF (left column) and PHAF (right column).
The first row assumes 2nd-order phase modeling, and the second row assumes
3rd-order phase modeling.
estimates as well as the exact IFs, it can be seen that the MLPTFT estimates the
IF accurately with respect to the real one, the WVD provides relative accurate
estimates as well, and even the STFT captures some TF characteristics of the
analyzed signal.
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Figure 3.3: IF estimation based on the peak of TFRs. (left) STFT, (middle)
WVD and (right) MLPTFT.
of the signal due to the presence of the crossterms, which detrimentally affect
signal interpretation and limit the practical applications of WVD. The STFT
and MLPTFT present satisfactory behaviors as each component of the signal
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Figure 3.4: (a) IF, (b) normalized ISTFT(t,f)l, (c) normalized IWVD(t,f)l, and
(d) normalized IMLPTFT(t,f)I of a multicomponent PPS.
coefficients carry desirable information. For complex-valued PPSs, the PTFT
peaks. However, the peak on the right side is due to the spurious harmonics.
serves as the MLE of the phase coefficients, and can be efficiently computed
The PHAF, as shown in the bottom plot of Figure 3.5, somehow suppresses the
using the generalized class of fast algorithms presented in Chapter 4, which
crossterms and reveals a distinct peak at zero frequency. But the desired peak
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
corresponding to the highest phase coefficients of Xs (n) is not distinguishable.
and b are positive integers.
The problem of phase parameter estimation of PPS signals with uneven

In practice, many applications inherently deal with real-valued signals. The
amplitudes and/or mixed order has been addressed in [43], where a bottom-up
natural signals such as speech, marine mammal sounds, heart rate etc. are realrecursive approach starting from the lowest order m = 1 was proposed, and a
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
method was also presented to ascertain whether the maximum of HAF (PHAF)
signals are embedded as watermark signals, where each chirp rate corresponds
magnitude at each step can be called a peak, whose location corresponds to the
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phase coefficient of a signal component. The problem is on the decision between
the standard HAF (PHAF) method and the bottom-up HAF (PHAF) method.
In this situation, non-parametric method can be used as an initial guess. As
an illustration, let us look at the MLPTFT representation in Figure 3.4(d),
from which we can find that the signal consists of multi components, has three
different types of phase models, and has different amplitudes. The appropriate
decision can be made based on these observations accordingly.
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supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the middle and bottom plots, respectively. The x-axis: frequency, the y-axis:
magnitude.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
In summary, for the analysis of signals with time-varying frequencies, the
natural signals such as speech, marine mammal sounds, heart rate etc. are realchoice of the appropriate methods is signal-dependent, that is to say, it should
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
be made according to the problem at hand. If the analyzed signal can be well
signals are embedded as watermark signals, where each chirp rate corresponds
modeled by the polynomial approximation, parametric methods can be used to
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describe the signals' behavior correctly. If the signal is not the subject of any
physical assumption, non-parametric methods should be employed to study the
signals and/or act as the initial try before other postprocessing techniques are
applied.

3.3

Study in Impulsive Noise

The effects of AWGN to the above mentioned transforms have been well studied
in [5, 13, 15, 47, 77, 78]. In some situations, however, the Gaussian assumption does not hold and the noise processes that are characterized by infrequent
appearances and high amplitude/energy over short periods. This kind of noise,
sometimes referred to as spikes noise or impulsive noise, exists in many applications. For instance, impulsive noise is frequently encountered in digital image
transmission as a consequence of man-made noise sources or decoding errors [79].
It is encountered in extremely low frequency (ELF) electromagnetic field due to

thunderstorms or in under-ice acoustic environment due to iceberg breakup [78].

co-

In wireless data communication systems, it originates from co-existing electroefficients carry desirable information. For complex-valued PPSs, the PTFT
magnetic and electronic equipment [80]. It is also a serious problem in digital
serves as the MLE of the phase coefficients, and can be efficiently computed
video broadcasting (DVB) systems [81].
using the generalized class of fast algorithms presented in Chapter 4, which
When
thearbitrary
noise deviates
the Gaussian
assumption,size
thebeing
standard
signal a, P
order from
of PTFT
with the dimension
aPb, where
supports
transforms
and
TFRs produce
and b are
positive
integers. poor performance, therefore, alternative analysis
tools are required. The purpose of this section is to study different impulsive
In practice, many applications inherently deal with real-valued signals. The
noise correction mechanisms.
natural signals such as speech, marine mammal sounds, heart rate etc. are real-

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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3.3.1

Problem Model

In general, the discrete-time signal transforms can be written as
N-l

X(k) =

L x(nT)l(Jk(nT)

(3.3.1)

n=O

where x(nT) is the length-N signal samples, T is the sampling interval, and

l(Jk(nT), 0 :s; k :s; N -1, is the basis functions. With the appropriate basis function, numerous discrete transforms can be defined, including DFT, Hadamard,
discrete Walsh, discrete cosine, and discrete sine transforms.
Similarly, if we denote the TFR kernel as Kx(t, nT), and the exponential
function as

e-jg(W,nT) ,

where

W =

(Wl, W2,'"

,wmf, 0 :s;

Wi

< 27f(i - 1)!, a

general form of TFRs can be expressed as
(3.3.2)
n

where wh(nT) = T/h· w(nT/h), with h denoting the window width and w(t)
being a real-valued symmetric window, i.e. w(t) = w( -t). A specific TFR is
coobtained by substituting the appropriate Kx(t, nT) and g(w, nT) into (3.3.2).
efficients carry desirable information. For complex-valued PPSs, the PTFT
For example, the STFT can be obtained with
serves as the MLE of the phase coefficients, and can be efficiently computed
(3.3.3)
Kx(t, nT)class
= x(t
nT),algorithms
g(w, nT) presented
= w· nT, in Chapter 4,
of +fast
which
using the generalized
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the WVD with
and b are positive integers.
(3.3.4)
Kx(t, nT) = 2x(t + nT)x*(t - nT), g(w, nT) = 2w· nT,
In practice, many applications inherently deal with real-valued signals. The
natural
signals with
such as speech, marine mammal sounds, heart rate etc. are realand
the LPTFT
valued. In image and audio watermarking schemes
[36,(nT)i
37], the real-valued chirp
m
(3.3.5)
Kx(t, nT) = x(t + nT), g(w, nT) =
W i - .- ·
signals are embedded as watermark signals, where
each't.fchirp rate corresponds
i=l

L
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Note that the LPTFT with nonsymmetric rectangular window coincides with
the maximum likelihood estimation (MLE) of PPS phase coefficients based on
the PTFT (see Section 2.5.4). Therefore, the robust PTFTs can be obtained
from the generalized robust TFR with LPTFT's kernel and exponential functions, as well nonsymmetric rectangular window function.
Consider the noisy sampled signal x(n) given by x(n)

= s(n) + v(n), where

v(n) are i.i.d. random observation errors with the probability density function
(pdf) fv(x). The goal here is to estimate the signal transform or TFR of the
noiseless signal, i.e., S(k) or S(t, w), using signal samples x(nT). The solutions
are obtained from the optimization problem given by [82]

S(k)

argminJ(m,k)
m

argmin
m

L F(e(nT, k))

(3.3.6)

n

or

S(t,w)

argmin Jh(t, w; C)

c

argmin

c

L wh(nT)F(e(t, nT, w))

co(3.3.7)

n

efficients carry desirable information. For complex-valued PPSs, the PTFT
where F(e) is the loss function, and
serves as the MLE of the phase coefficients, and can be efficiently computed
class k)
of fast algorithms
presented
in Chapter 4, (3.3.8)
which
using the generalized e(nT,
x(nT)<pk(nT)
- m
of PTFT
with
thenT)
dimension
size being aPb, where
a, P
supports arbitrary order
Kx(t,
- Cejg(W,nT)
e(t, nT,
w)
(3.3.9)
and b are positive integers.
are the error functions.
In practice, many applications inherently deal with real-valued signals. The
The loss function F(e) = -logfv(e) produces the maximum likelihood esnatural signals such as speech, marine mammal sounds, heart rate etc. are realtimation (MLE) of S(k) or S(t,w) [82]. That is to say, the MLE depends on
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the distribution of the noise. When v(n) is Gaussian noise, the standard signal
signals are embedded as watermark signals, where each chirp rate corresponds
transforms and TFRs given in (3.3.1) and (3.3.2) coincide with the MLE of
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S(k) and S'(t,w). When the noise pdf fv(x) deviates from the Gaussian assumption, the standard transforms produce poor performance. In this case, the
implementation of MLE requires to approximate the noise distribution function.
For some types of noise, such as Middleton Class A noise [83J and the symmetric
a-stable (SaS) distribution [84], algorithms like these in [85-87J are available to
perform this task at the cost of complex estimators. Furthermore, the MLE is
quite sensitive with respect to deviations from the hypothetical distribution [25J.
For instance, an MLE designed for the Cauchy distributed noise is tested under
the S as noise environments in [88J. Cauchy distribution is a special case of
the SaS distribution with a

=

1. As la -

11

increases, the degradation in the

performance of the estimator can be observed. To address the above problems,
alternative analysis tools are to be introduced.

3.3.2

M -Estimation Based Methods

M-estimator, where M stand for maximum likelihood-type, is the solution which
optimizes certain function of the data.

coIt is one type of robust estimators

efficients
carry
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information.
complex-valued
PPSs, the
PTFT
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In this
section, we propose
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based
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serves
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of the phase
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basedcoefficients,
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generalized
class ofbyfast
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Chapter 4, kernel
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using the
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noise.presented
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varying
frequencies
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arbitrary
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with the dimension
size
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supports
corresponding
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can
bewhere
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and
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functions,
and b an
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discussed.
In practice,
many applications
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natural
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sounds,embedded
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are realTo analyze
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and audio watermarking
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real-valued chirp
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theInrobust
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As discussed in Chapter 2, the selection of the optimum TFR is a signal-oriented
problem and some TFRs outperform others for certain class of signals [13, 61].
For instance, comparative study in [89] shows that Bessel distribution performs
the best for the Doppler ultrasound blood flow signal, while investigation of real
data in [90] recommends the Cone-Shaped distribution (CSD) as the most appropriate TFR for the analysis of spinal somatosensory evoked potential (SSEP)
signals. Therefore, it is important to have alternative tools to deal with different
classes of signals with time-varying frequencies corrupted by impulsive noise.
The general form of signal transforms, obtained from using the loss function

F(e) =

lel P in (3.3.6), are presented in Appendix A of [29], which is given by
S(k) =

I:n le(nT, k)IP-2 x (nT)<pk(nT)
I:n le(nT, k)lp-2
.

(3.3.10)

The robust and standard signal transforms are obtained with p = 1 and p = 2
respectively. Consider the same loss function, the robust M -estimation based
TFR can be derived from the optimization problem

S(t, w) =

argmin

L

C

n

efficients
It can be carry
easily desirable
seen that information.

wh(nT)le(t, nT, w)IP.

(3.3.11)
co-

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
fJJh(t, w; C)
fJC* class of fast algorithms presented in Chapter 4, which
using the generalized
=~
wh(nT)le(t, nT, W)IP-2 . [C - Kx(t, nT)e-jg(W,nT)]. (3.3.12)
supports arbitrary order of PTFT with the dimension size being aPb, where a, P

L
n

and
b are positive integers.
According to the minimum condition 8Jh1tc~;C)

= 0, we get

In practice,
real-valued signals. The
S t w many
= Lnapplications
wh(nT)le(t,inherently
nT, W)IP-2deal
Kx(t,with
nT)e-jg(W,nT)
(3.3.13)
(, )
I:n wh(nT)le(t, n, W)lp-2
natural signals such as speech, marine mammal sounds, heart rate etc. are real-

= image
2, the and
standard
are foundschemes
to be [36, 37], the real-valued chirp
When p In
valued.
audio TFRs
watermarking
signals are embedded
signals,
each chirp rate corresponds
S (t w)as= watermark
~ wh(nT)
K (twhere
nT)e-jg(W,nT)
(3.3.14)

s,

~
n

I: nWh (nT)

x

,
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while the robust TFRs are obtained from p

L le(t,wh(nT)
Kx(t, nT) e-jgCW,nT)
nT, w)1

A

SR(t,W)

= 1,

=

n

(3.3.15)

wh(nT)

I: le(t, nT, w)1
n

Note that the error function e(t, nT, w) on the right-hand side of the solution (3.3.15) needs to be calculated using BR(t, w). Since BR(t, w) appears on
both sides of (3.3.15), we need to solve an equation of the form x

= f(x).

Here, we will use an iterative procedure, similar to the calculation in [25-27],
to calculate the robust TFR. It is stated as follows.
• With iteration index k

= 0, calculate the standard TFR, and set CO (t, w) =

Bs(t,w).
• Set k

= k + 1, compute e(t,nT,w) = Kx(t,nT) -

CCk-l)(t, w)ejgCW,nT) ,

and evaluate CCk)(t,w) using (3.3.15). If the relative absolute difference
between two iterations is smaller than a fixed threshold

ICCk)(t,W) - CCk-l)(t,w)1 <
ICCk-l)(t, w)1
- T]

T],

i.e.,
co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
or the maximal number of iterations (K) has been reached, i.e., k = K,
serves as the MLE of the phase coefficients, and can be efficiently computed
then stop the iteration. Otherwise repeat this step.
using the generalized class of fast algorithms presented in Chapter 4, which
arbitrary
order=ofCCk)(t,w).
PTFT with the dimension size being aPb, where a, P
supports
BR(t,w)
• Obtain
and b are positive integers.
Uniqueness and convergence of the iterative procedure for robust WVD are given
In practice, many applications inherently deal with real-valued signals. The
in [26], and the analysis can be easily extended to the general case. The solunatural signals such as speech, marine mammal sounds, heart rate etc. are realtion (3.3.15) can be expressed in the form mCk+ 1) = 2:n hn(mCk))xnj 2:n hn(m Ck )),
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
where hn(m Ck )) = wh(nT)je(t, nT, w), and x n = Kx(t,nT)e-jg(W,nT). If the inisignals are embedded as watermark signals, where each chirp rate corresponds
tial value is within Co E [min(x n ), max(x n )], the fix-point iterative algorithm
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will converge to a local minimum within the same range [26]. In this case, the
initial value (3.3.14) is a mean value, so it satisfies CO E [min(xn ), max(x n )]. Because Jh(t, W; C) has a single minimum, the iterative procedure will converge to
that single minimum. Note that the robust TFRs introduced in [25-27J can be
obtained from (3.3.15) and calculated through the above iterative procedures
by substituting the corresponding kernel function Kx(t, nT) and exponential
function

3.3.3

e-jg(W,nT).

L-Estimation Based Methods

L-estimator, where L stand for linear combination of order statistics, is another
type of robust estimator utilized when the noise has impulsive characters. In this
section, we review the main concepts and the reported algorithms for parameter
selection in L-estimators.
It has been shown in [29] that the optimization problems in (3.3.6) can be
solved using the marginal median (MM) approach. The MM approach treats
cothe real and imaginary parts of the error function, i.e., !R{ e} and S'{ e}, as
efficients carry desirable information. For complex-valued PPSs, the PTFT
statistically independent processes which are separately minimized. With the
serves as the MLE of the phase coefficients, and can be efficiently computed
loss function F(e) = 1!R{e}1 + 1S'{e}l, the solution is of the form [29]
using the generalized class of fast algorithms presented in Chapter 4, which
(3.3.16)
a, P
supports arbitrary order of PTFT with the dimension size being aPb, where

and b are positive integers.
where E k = {x(nT)cpk(nT),O :::; n :::; N - 1}. If the signal and the basis

In practice,
many applications
inherently
with real-valued
signals.
the above
solution deal
is reduced
to a median
filter, The
functions
are real-valued,
natural signals such as speech, marine mammal sounds, heart rate etc. are real(3.3.17)
SMM(k) = median{x(nT)cpk(nT),O:::; n:::; N -1}.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
rate corresponds
signals
are embedded
as watermark
signals,
whereusing
each MM
chirpapproach
The optimization
problem
in (3.3.7) can
be solved
similarly,
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and the solution is given by [28, 29]

SMM(t,W) = median{R{Et,w}} + jmedian{SS{Et,w}},
where Et,w

(3.3.18)

= {wh(nT)Kx(t, nT)e-jg(W,nT) , -h/(2T) < n < h/(2T)}. Some

TFRs have the property of realness, i.e. X*(t,w)

= X(t,w), then the MM

based TFRs are reduced to

SMM(t, w) = median{R{ wh(nT)Kx(t, nT)e-jg(W,nT)} ,
-h/(2T) < n < h/(2T)}.

(3.3.19)

Note that the optimization problems in (3.3.6) and (3.3.7) can also be solved
using vector median (VM) method [91]. As illustrated in [28], the optimization
problems with the loss function F( e)

= lei can be understood as filtering of the

vector-based variables x(nT)cpk(nT) or wh(nT)Kx(t, nT)e-jg(W,nT) , where the
real and imaginary parts of the variables are the vector coordinates. The experiments in [28] show that the robust forms using VM and MM produce similar
results. The statistical comparisons in [92] also confirm that the VM filter and
coMM filter have similar performances. The latter is preferable in most practical
efficients carry desirable information. For complex-valued PPSs, the PTFT
systems because the former requires a higher computational complexity.
serves as the MLE of the phase coefficients, and can be efficiently computed

using the generalized class of fast algorithms presented in Chapter 4, which

3.3.4 arbitrary
Clipping
orderMethod
of PTFT with the dimension size being aPb, where a, P
supports
and b are positive integers.
A standard tool dealing with impulsive noise is clipper [84] due to its natural

In practice,
manyoutliers.
applications
inherently
real-valued
signals.
The
ability
to eliminate
Passing
a signal deal
x(n) with
through
a clipper,
the output
natural
such as speech, marine mammal sounds, heart rate etc. are realis givensignals
by
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
x(n)
Ix(n)1 :::; c
(3.3.20)
signals are embedded y(n)
as watermark signals, where each chirp rate corresponds
{ cej arg(x(n» otherwise
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where the arg function extracts the angular component of a complex number
or function, and c is the threshold value of the clipper. The design problem
of clipper is the selection of threshold value c. In this section, we propose a
method to determine the threshold value according to the characteristic of the
available observation samples, and then apply the standard signal transform or
TFR to the clipped signal.
Assume for a given vector y, y and

y return

the mean and median values

of the vector, the function mad(y) returns the median absolute deviation about
the median (MAD) of the vector, i.e.,
mad(y)

= median{ly(n) - yl, 0:::; n :::;

N - I}.

(3.3.21 )

Let xr(n) and xi(n) denote the real and imaginary parts of x(n), I.e., x.,.
{1~{x(n)}1

,0 :::; n :::; N - I} and Xi

=

= {1<J{x(n)}1 ,0 :::; n :::; N - I}. The

threshold value is determined by
2
c =

~:,:~ Ix(n)1 IN

{ (mad( x.,.)

+ mad( Xi) 18

P < Po

otherwise

(3.3.22)
co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
where
serves as the MLE of the phase coefficients, and can be efficiently computed

(Prfast
+ Pi)/2
algorithms presented in Chapter 4,(3.3.23)
which
using the generalized Pclass of
:::; N - 1 size being aPb, where a, P
Ixr(n)l,
with0:::;
the ndimension
supports arbitrary order of PTFT
and b are positive integers.

1 Xi

(n)I

,

0:::; n :::; N - 1

In practice, many applications inherently deal with real-valued signals. The
natural signals such as
marine mammal
sounds,
Pi speech,
Pr{xai(n)
2': 2Xai,O:::;
n:::; Nheart
-I}.rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Clipping may introduce distortion to signal samples. If we choose relatively
signals are embedded as watermark signals, where each chirp rate corresponds
large value of Po, more signal samples may not be corrupted. However, more
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effect of impulsive noise remains. The parameter Po was set as 5% in all the
numerical examples in this chapter. This setting of Po was based on intensive
experiments.
Note that it is generally hard to determine the optimal clipping value, especially when the impulsive noise model and parameters are unknown. The
basic idea here is to use characteristics of the signal samples to decide threshold values, in particular, the characteristics used include the average of sample
amplitude, the MADs of the real and imaginary part of samples, the percentage
of the absolute values of real and imaginary part of samples larger than twice
of their averages. If the average percentage is small, we

s~t

a relatively large

threshold value, which is twice of the average of sample amplitude, otherwise
we choose a relatively small value.
Compared with the standard transforms, the major computation overload
introduced by the proposed method comes from the two MAD calculations
in (3.3.22). The MAD can be computed with two median operations. The
median of n items can be obtained by sorting the list and then extracting cothe
desired element.
This method
typicallyFor
requires
a computation
in
efficients
carry desirable
information.
complex-valued
PPSs,complexity
the PTFT
O(nlgn)
O(n 2coefficients,
). It shouldand
be pointed
out that the
median
the order
from
serves
as the
MLE
of the tophase
can be efficiently
computed
using
a "divide
conquer"
algorithm
as well,
which
can bethecomputed
generalized
class
of fast and
algorithms
presented
in [93]
Chapter
4, which
using
requires only
O( n)order
operations.
arbitrary
of PTFT with the dimension size being aPb, where a, P
supports

and b are positive integers.

3.3.5
Numerical
Study inherently deal with real-valued signals. The
In practice,
many applications
natural signals such as speech, marine mammal sounds, heart rate etc. are realThis section presents several numerical examples to justify the proposed apvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
proach, and compares the performances of different methods dealing with imsignals are embedded as watermark signals, where each chirp rate corresponds
pulsive noise. Error performance and computational complexity are used as
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comparison measures.
Experiment 1: Consider the HAF of a noisy signal x(n) with N = 256

samples. The noiseless signal is a linear FM given by
(3.3.24)
where al

= 0.2, a2 = 0.001, ¢ is uniformly distributed in (0, 27f), and it is

influenced by standard Cauchy distributed complex noise, i.e.,
(3.3.25)
where vl(n) and v2(n) are mutually independent with the standard Cauchy distribution fv(x)

=

1l"(1-~x2)" Figure 3.6(a) shows the signal and noise waveforms.

As mentioned in Chapter 2, the mlHIM 2[x(n); TJ reduces the signal into a harmonic at frequency fa

= 4Ta2, thus, the estimate of a2 can be obtained from the

peak location of mlHAF[x, f, TJ. Figure 3.6(b) displays the standard, medianbased, M-estimation based mlHAF[x, f, T], and the standard mlHAF[x, f, TJ
with clipping pre-processing. For convenience, all the plots are shown on a
coscaled frequency axis, i.e., f / (4T) instead of f, so that the phase coefficient estiefficients carry desirable information. For complex-valued PPSs, the PTFT
mate can be read directly from the peak locations in these plots. It can be easily
serves as the MLE of the phase coefficients, and can be efficiently computed
seen that the impulsive noise destroys the standard mlHAF[x, f, T], as the peak
using the generalized class of fast algorithms presented in Chapter 4, which
of the harmonic at scaled frequency a2 is not distinguished. At the same time,
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the peak at a2 can be clearly seen on the other three figures. Besides the typiand b are positive integers.
cal realizations shown in Figure 3.6(b), the MSEs of the estimates 0,2 obtained
In practice, many applications inherently deal with real-valued signals. The
from the standard, median, M -estimation, and clipping methods are calculated
natural signals such as speech, marine mammal sounds, heart rate etc. are realfrom 100 independent realizations, which are 1.9501 x 10- 6 , 5.6833 X 1O- 11 ,
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
5.5492 X 1O- 11 , and 5.566 X 1O- 11 , respectively. It is obvious that the robust
signals are embedded as watermark signals, where each chirp rate corresponds
forms provide orders of magnitude improvements in MSE.

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

58

3.3. Study in Impulsive Noise

{v(n)}

{s(n)}

150
100
50
0
-50

100

50

150

200

-100
250

0

50

100

150

200

250

200

250

{v(n)}

{sIn)}

150

100

50

0

50

150

100

200

50

250

100

150

(a)
median

standard

0.8
0.6

0.3 L.!-_ _
-2
-1

co-

_ _~ _ _- - '

~_~

o

efficients carry desirable information.

For complex-valued PPSs, the PTFT
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using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
0.4

and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal
sounds, heart rate etc. are real(b)
valued.
In image
and audio watermarking
[36,x-axis:
37], the
real-valued
chirp
Figure 3.6:
(a) Observations
of the signal schemes
and noise,
time,
y-axis: amplitude, (b) standard and robust forms of mlHAF[x, j, T], x-axis: scaled frequency,
signals
embedded
as watermark signals, where each chirp rate corresponds
y-axis: are
normalized
magnitude.
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Experiment 2: Consider a signal with a linear IF corrupted by heavy-

tailed noise. The phase model considered in [14} is used here, which is <p(t)
27ft +87ft 2 /2, and the sampling interval T

=

= O.ls. The impulsive noise is assumed

to have the same model as in [31, 94}, that is to say, positive and negative
impulses with the same probability p/2

= 5% and amplitude A = 10 appear

in both real and imaginary parts. Figure 3.7(a) shows the signal and noise
waveforms. The TFR used here is the second-order LPP with a window width
h

= 1O.1s. For Gaussian noise, the standard LPP has the energy concentration

in the points wO(t)

= [D(t), D(1)(t)}, thus IF can be estimated from the peaks of

Max-LPP. In impulsive noise environment, however, the standard LPP yields
poor performance, as shown in Figure 3.7(b), where the normalized standard
and robust forms of LPP(t, WI, W2) at the time instant t

= 0.2s are depicted.

It is obvious that the robust forms of the LPP show concentrations around IF

D(0.2) = 11.31 and its first derivative [2(1)(0.2) = 25.13. Figure 3.8 displays the
IF estimates (plus sign "+") obtained from standard and robust forms of LPP
at four time instants t

= (0.2,0.4,0.6,0.8) s. It also plots the exact IFs in solid

colines. It can be clearly seen that the robust forms produce accurate estimates
efficients carry desirable information. For complex-valued PPSs, the PTFT
while the standard one becomes useless due to the effect of impulses. Generating
serves as the MLE of the phase coefficients, and can be efficiently computed
100 independent realizations, the MSEs of IF estimate D(t), obtained from the
using the generalized class of fast algorithms presented in Chapter 4, which
standard, median, M-estimation, and clipping methods, are found to be 1.4267,
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
0.0196, 0.0002 and 0.0003, respectively. The superiority of the robust forms
and b are positive integers.
over the standard one is obvious.

In practice, many applications inherently deal with real-valued signals. The
Experiment 3: Consider a sinusoidal FM (SFM) signal with N = 520 samnatural signals such as speech, marine mammal sounds, heart rate etc. are realples embedded in impulsive noise. The signal's IF is within the range [0.05, 0.45},
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the period of SFM is 380, the IF at time instant to = 200 is 0.3 and the IF is
signals are embedded as watermark signals, where each chirp rate corresponds
in the increasing direction around to. The noise model used is the cubic of
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Gaussian noise [25], i.e.,

v(n) = a(vt(n)

+ jv~(n)),

(3.3.26)

cowhere vl(n) and v2(n) are mutually independent Gaussian noise with zero mean
efficients carry desirable information. For complex-valued PPSs, the PTFT
and unitary variance, i.e., Vi N(O, 1) for i = 1,2, and the variance of the kind
serves as the MLE of the phase coefficients, and can be efficiently computed
of noise is
= 30a 2 • Figure 3.9(a) shows the signal and noise waveforms.
using the generalized class of fast algorithms presented in Chapter 4, which
The TFR adopted is the modified LPTFT (MLPTFT) proposed in [66], which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
first divides the signal into a number of segments, then locally estimates the
and b are positive integers.
parameters needed by LPTFT using 2nd order PTFT within each segment, and
In practice, many applications inherently deal with real-valued signals. The
finally computes the LPTFT at every time instant with the obtained estimates.
natural signals such as speech, marine mammal sounds, heart rate etc. are realIn order to obtain the robust forms to deal with the impulsive noise, we need
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
to apply robust PTFT estimations within each segment, and then calculate
signals are embedded as watermark signals, where each chirp rate corresponds
robust LPTFT at each time instant. In the simulations, the noise parameter
I""V

0-;
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is set as a
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= 0.75, and the MLPTFT divides the given signal into non-overlap

segments with length 65. Figure 3.9(b) presents the standard and robust forms
of the MLPTFT, and clearly shows that good performance is achieved by using
robust forms instead of the standard one, for the robust forms can achieve
concentration along the signal's IF while the standard one cannot. The MSEs
of the IF estimates, calculated from 100 independent realizations, are 12.6134,
0.5854, 0.5713, and 0.1563, respectively.
From these examples we can observe a significant improvement of the robust
forms over the standard ones in the case of impulsive noise. This observation
verifies our proposed robust forms in Sections 3.3.2 and 3.3.4.
Computational complexity analysis: Now, let us analyze the computational complexity of robust forms of transforms. The M-estimation based
forms and the L-estimation based forms require iterative procedures and sorting procedures, respectively. In general, the transforms map 1-D signal to 1-D
or multi-dimensional space to obtain the robust forms, and the iterative or sorting procedure must be performed for each point in the space. For instance,
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proposed clipping method, as discussed earlier, its main computation overhead
In practice, many applications inherently deal with real-valued signals. The
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natural signals such as speech, marine mammal sounds, heart rate etc. are realFigure 3.9: (a) Observations of the signal and noise, x-axis: time, y-axis: amvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
plitude, (b) standard and robust modified LPTFT (MLPTFT), x-aXIS: time,
and y-axis:
frequency.as watermark signals, where each chirp rate corresponds
signals
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FFT algorithms for DFT and fast algorithms for PTFT. Because the proposed
clipping method processes the signal before applying the standard transform, it
can still use the efficient computation methods (if available). On the contrary,
the M-estimation based and L-estimation based forms change the computation
structures, thus they cannot use the existing fast algorithms.
To compare the computational complexity required by the different robust
forms, we compute the ratio between the computation time needed by the corresponding robust form transform and that required by the standard transform.
The speed comparisons are performed on a MATLAB 6.5 platform to measure
the computation time by using the variable 'clock' and function etime provided by MATLAB. In experiment 1 and experiment 3, FFT and fast PTFT
algorithms (which will be described in the following chapters) are utilized in
the implementations of standard transforms, while in experiment 2, the LPP is
computed directly according to its definition. The results based on the average
of computation time for 100 simulations are listed in Table 3.1. Compared with
the standard form, both M-estimation and L-estimation based robust forms
coare computationally consuming, especially when the standard form can be imefficients carry desirable information. For complex-valued PPSs, the PTFT
plemented via efficient algorithms. For the proposed clipping method, if the
serves as the MLE of the phase coefficients, and can be efficiently computed
computational complexity required by the MAD calculations is trivial comusing the generalized class of fast algorithms presented in Chapter 4, which
pared to that needed by the standard transform, it requires almost the same
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
computation time as the standard form. Otherwise its computation complexity
and b are positive integers.
is several times of that of standard transform. Among all the robust forms,
In practice, many applications inherently deal with real-valued signals. The
the M -estimation based forms requires the longest computation time, while the
natural signals such as speech, marine mammal sounds, heart rate etc. are realclipping method is the most computational efficient one.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
It should be mentioned that the ratios shown in Table 3.1 can be used
signals are embedded as watermark signals, where each chirp rate corresponds
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only as the general tendency of the comparison between the computational
complexities required by different algorithms because the measured computing
time may be affected by a number of factors that may not directly related to
the computational complexity.
Table 3.1: Comparison of computation time in impulsive noise.
ratio-median ratio-M ratio-clipping
experiment 1
112.05
439.04
3.86
experiment 2
2.76
6.02
1.05
experiment 3
80.97
260.02
1.06

3.4

Summary

In this chapter, comparisons were made between different methods for the analysis of signals with time-varying frequencies.

In general, there is no single

method that is effective in all situations. If the signal under study is well modeled by the polynomial approximation, parametric methods should be employed
cofor the analysis; otherwise other methods may be a appropriate choice. Among
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this chapter. A general form ofrobust M-estimation based signal transform and
TFR is proposed for analyzing signals in the impulsive noise environments. The
robust form can be calculated from the standard one through a recursive process.
L-estimation based forms are another class of algorithms for use when the noise
deviates from the Gaussian model, and they are briefly reviewed. Clipper is a
standard tool to deal with impulsive noise. A method is introduced to decide the
clipping value according to the observation samples. Experiments are performed
to justify the proposed methods. Comparisons among the M-estimation based
form, L--estimation based form and the proposed clipping method are made
according to the criteria including statistical error measure and the required
computation time. Among all the robust forms, the proposed clipping method
requires the smallest computational cost with a performance similar to that
obtained by other methods, especially when the standard transforms can be
computed effectively using fast algorithms.

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 4
Fast Algorithms for PTFTs of
Complex-Valued Sequences

4.1

Introduction

Polynomial-phase signals (PPSs) are often used in many applications, such as
copulse compression radar systems [5], synthetic aperture radar imaging [95] and
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can also be found in [66] and the comparative investigations in Section 2.6.
In [2], minimizing the nonlinear least-squares (NLS) criterion results in the
PTFT for a complex PPS. The analysis in [1, 4] uses complex signal and complex PPS model is adopted in [3, 5-11] as well. Thus, in this chapter, the signal
is assumed to be complex-valued. This chapter is organized as follows. In Section 4.2, we review the reported fast algorithms to compute PTFT. Section 4.3
presents a symmetric property of the PTFT to reduce the number of transform
points that are to be computed. Procedures are also proposed to convert a
PTFT, whose dimensional sizes are different, into a number of smaller PTFTs
whose dimensional sizes are the same. Section 4.4 describes the derivation details of the fast algorithm. Section 4.5 provides the analysis of the required
computational complexity for the length-a PTFT, and examples are given for
the 2nd and 3rd order PTFTs. Finally, Section 4.6 presents the conclusions.

4.2

Review of the Reported Fast PTFT Algoco-

rithms
efficients carry desirable

information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
In general, the PTFT requires a huge computation complexity to deal with
using the generalized class of fast algorithms presented in Chapter 4, which
multi-dimensional (MD) calculation. To reduce the computational complexity,
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
some algorithms proposed in the literature are to be reviewed in this section.
and b are positive integers.
The definition of the PTFT was mentioned in Chapter 2 and is rewritten
In practice, many applications inherently deal with real-valued signals. The
here for the convenience of the readers to have a better understanding on the
natural signals such as speech, marine mammal sounds, heart rate etc. are realremaining part of this chapter. The (r + l)th order PTFT is generally defined
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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as:
No~l

" x ()WkonWkln2
X(k 0, k 1, ... , kr ) -- 'L...J
n No Nl ... Wkrnr+l
Nr
'

(4.2.1)

n=O

o:::; ki
where W N

:::;

Ni

-

1,

0 :::; i :::;

l'

= e- j27r / N , x(n) is the one-dimensional (lD) input sequence of No

points and N i is the size of the ith dimension of X (k o, k 1 , ... , k r ). As discussed
in section 2.4.2, it is required that N j > N i > No for j > i > 0 to achieve a
satisfactory accuracy for parameter estimation.
Defining demodulated sequences of x(n) as
(4.2.2)

the PTFT of x(n) can be expressed as
(4.2.3)

where the subscript n indicates that the DFT is performed in terms of index n.
Thus, the computation task defined in (4.2.1) can be performed using 1D DFT
cocalculations. This is similar to the row-column method for the MD DFTs. For
efficients carry desirable information. For complex-valued PPSs, the PTFT
an (1' + l)th order PTFT of a length-No input sequence, (rr~=l N i ) 1D lengthserves as the MLE of the phase coefficients, and can be efficiently computed
No DFTs are required. Although the computational cost can be reduced with
using the generalized class of fast algorithms presented in Chapter 4, which
the use of 1D fast Fourier transforms (FFTs) [98], the PTFT still needs a huge
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
computational complexity. For example, assuming the input sequence length
and b are positive integers.
N is a power of two, it is well known that the computational complexity of 1D
In practice, many applications inherently deal with real-valued signals. The
FFT is O(N log2 N). Thus the computational complexity of an (1' + l)th order
natural signals such as speech, marine mammal sounds, heart rate etc. are realPTFT is in the order of (rr~=l Ni )Nlog 2 N.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
To achieve a higher computational efficiency, fast quadratic phase transform
signals are embedded as watermark signals, where each chirp rate corresponds
(FQPT) [3] was proposed for the second order PTFT, which can reduce the
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computational complexity by a factor of log2N compared with that needed by
directly using the 1D FFTs, where N is the input sequence length. The work
in [3] was extended for the third order PTFT and was reported in [99]. It was
further generalized to support arbitrary order PTFT in [100] which exploits
the "quasi-periodic property" of the PTFT to reduce the overall computational
complexity. The algorithm uses the concept of DIT decomposition along each
dimension of ki for i

= 1,2,,,, ,r. For a given (k1 , k 2, ...

,kr ), the output at

qth stage of the decomposition can be defined as
(4.2.4)

where q is from l0,92N -1 to 0, m

= 0,1,'" ,No/2 q -1, and s = 0,1", . ,2r -1.

A "key property" was found, which can be stated as [100, (16)]
X~kl +alNl/Zq+l ,k2+a2N2/2Q+l , ..

<p(q,
{

where ai

=

s)

,kr+arNr/2Q+l) (k )
o

[X~~{2,. .. ,kr)(ko) + WhX~~ik2,. .. ,kr)(ko + 2r )]

<p( q, s) [X~~ik2"" ,kr)(k o) - Whx~~(2"" ,kr\ko + 2r )]

°

(4.2.5)
,
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102] was reported to achieve a better computational efficiency for an arbitrary
order of the PTFT.
It is noted that these reported fast algorithms for PTFT [3,99-102] support
sequence length being a power of two only. Fast algorithms for other sequence
lengths are also desired for applications that need sequence lengths rather than
a power of two. It is well known that when the sequence length is not supported by the available fast algorithms, zero padding techniques have to be
used to augment the input sequence to the next available size supported by the
fast algorithm. This mismatch obviously wastes the computational resources
and decreases the computational efficiency of the system. The availability of
fast algorithms based on various radix numbers is very useful to minimize the
possibility and the degree of the mismatch between the input sequence length
and the transform sizes supported by the fast algorithm. This motivates us to
proposes a general method to derive fast algorithms for the PTFTs of various
sequence lengths and any order of the PTFTs.
co-

4.3 Properties
and Decomposition
efficients
carry desirable information.
For complex-valued PPSs, the PTFT
serves as the MLE of the phase coefficients, and can be efficiently computed
The (r + l)th order PTFT is defined in (4.2.1). To support various sequence
using the generalized class of fast algorithms presented in Chapter 4, which
lengths, we assume that No = aPb, where a, band P are positive integers and
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
a -# b. In practice, it is often N j > Ni > No for j > i > 0 to achieve a
and b are positive integers.
satisfactory accuracy of the parameter estimation. Thus, it is assumed that
In practice, many applications inherently deal with real-valued signals. The
Pi = NdNo is a positive integer for any i > O.
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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4.3.1

The Symmetric Property

Let us first minimize the number of PTFT outputs to be computed in (4.2.1)
by using a symmetric property of the PTFT described as [100]:

Nl

NT

X(ko,kl,'" ,kr )

if

X (ko, kl

+ ell 2' ... , kr + elr 2 )

(4.3.1)

2.:~=leliiseven

- { X(k o + ~,kl'''' , kr ) if 2.:;=1 eli is odd
where 0 ::; k o ::; No - 1, 0 ::; ki

::;

Nd2 - 1, and eli

= 0,1 for i = 1,2" .. ,r.

This symmetric property indicates that the computation for those PTFT points
with indices ki

= Ni /2, ... ,Ni -1 is not necessary because they can be replaced

by those with indices ki = 0"" , Nd2 - 1. For an (r

+ 1)th-order PTFT,

this

property means that the space for each ki is reduced by half. Thus, the entire
PTFT computation space is reduced by 21 times if there are l dimensions whose
sizes are even. With the symmetric property, for example, the 3rd-order PTFT
can be expressed as:

X(k o, kl

+ NI/2, k2 + N 2 /2)

X(k o, k l , k2 ),

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
X(k o, kl + NIf2, k2 )
X(k o + N o/2, kl , k 2 ),
serves as the MLE of the phase coefficients, and can be efficiently computed
(4.3.2)
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X(k o + N o/2, kl , k 2 ),
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where
ki =arbitrary
0, ... ,Nd2
It canwith
be verified
that thesize
total
number
of PTFT
order- of1. PTFT
the dimension
being
aPb, where
a, P
supports
outputs
is positive
(NoN l N 2integers.
)/4, instead of N oN l N 2 .
and b are
In
is difficult
to apply
the decomposition
techniques
based The
on
In general,
practice, itmany
applications
inherently
deal with real-valued
signals.
anatural
radix value
PTFTs
that marine
have different
sizes.
canrealbe
signalsfor
such
as speech,
mammaldimensional
sounds, heart
rate This
etc. are
illustrated
the and
following
PTFT,
which[36,
is given
byreal-valued chirp
valued. In by
image
audio 2nd-order
watermarking
schemes
37], the
No-l

rate corresponds
signals are embedded as watermark ~
signals,
where each chirp
x(n)WkonWkln2
.
(4.3.3)
~
No
Nl'
n=O

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.3.

73

Properties and Decomposition

where

a :::; ko :::; No -

1,

a :::; k1 :::;

N1

-

1 and No is a power of two. If we use

the DIT decomposition to split the input sequence into two subsequences x(2n)
and x(2n + 1), the X(k o, k1) is written as
No/2-1
' " x(2n)Wkon w2kln2
L
No/2 Nt/2
n=O

No/2-1

+

L

x(2n

+ 1)W~~W~~(4n+1)W~~/2W~~/~2.

(4.3.4)

n=O

Unlike the 2D FFT, the PTFT with size (No x N 1 ) cannot be decomposed into
two PTFTs with size (No/2 x Nl/2). If DIF decomposition is used, we have

It is easy to see that the PTFT can be decomposed into four sums only when the
twiddle factor inside the square brackets e

_ "27rk
J

(

2nNO

1

Nl

2)

+~
2Nl

= 1, in which No =
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and is to be presented in the next section.
In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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4.3.2

First Step Decomposition (FSD)

It is shown in [101, 102] that the (r

+ l)th order PTFT defined in

(4.2.1) can

be expressed as

X(kO,pIk l + ml,'" ,Prkr + m r )
No-I
r
1
=
{x(n)W~ln2 ... w;;n + } W~(n,k)
(4.3.6)
n=O
where Br(n, k) = kon + ... + krn r+1, 0 ::; k i ::; No - 1 and 0 ::; mi ::; Pi - 1

L

for i

= 1"" ,r. If the symmetric property in (4.3.1) is used, the range of ki

should be reduced by one half. Equation (4.3.6) defines PIP2"'Pr (r + l)th order
PTFTs whose sizes of all dimensions are the same, i.e., No. The decomposition
cost is (PIP2 ...Pr - l)(No - 1) complex multiplications. It was pointed out in
[101, 102] that when Pi, 1 ::; i ::; r, is odd, the multiplicative overhead could be
further minimized.
We now consider the general case in which the values Pi can be even or odd.
The decomposition process is similar to that reported in [102]. In general, the
coPTFT defined in (4.2.1) is converted into PIP2"'Pr PTFTs whose sizes of all
efficients carry desirable information. For complex-valued PPSs, the PTFT
dimensions are No. When mi = 0 for i = 1, . .. ,r, we have
serves as the MLE of the phase coefficients,
and can be efficiently computed
No-I

L

X(kO,pIk
··· ,Prkr) =
x(n)W~~(n,k).
classl of
fast algorithms presented
in Chapter 4, (4.3.7)
which
using the generalized
n=O
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Define
and b are positive integers.
No-I
XI(k o,'" ,kr ) =
[x(n) cosh)] w~~(n,k)
In practice, many applications inherently
deal with real-valued signals. The
n=O
No-I
natural signals such X
as2speech,
marine
sounds,W~(n,k)
heart rate etc. are
real(ko,'" ,k
[x(n) sinh)]
(4.3.8)
r ) = mammal
n=O
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
where, = 27rBr (n, m')/No and m~ = simi/Pi for Si E {I, -I}. It is noted that
signals are embedded as watermark signals, where each chirp rate corresponds
the sinusoidal factors in (4.3.8) are real and each requires two real multiplica-

L
L

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

4.3. Properties and Decomposition

75

tions. The final PTFT outputs can be easily obtained from
(4.3.9)

where 0

:s;

ki

:s;

No -1 for i = 0, 1, ... ,r. The above decomposition can be used

for any values of Pi. When Pi is even, the range of mj is from zero to Pi/2 - 1
and when Pi is odd,
given when

mi =

mi

is from zero to (Pj - 1)/2. Special attention must be

pj2. In addition, when Pi = 0, i.e., the index of the transform

output is negative, the periodicity property of WN needs to be applied. For
illustration, let us consider an example for r

= 2. Define

No-l

A(ko, k 1 , k 2 )

=

L [x(n) cos(27f0!)]W~(n,k)

n=O
No-l

B(ko, k 1 , k2 ) =

L [x(n) sin(27f0!)]W~(n,k)

n=O
No-l

C(ko, k 1 , k 2 ) =

L

[x(n) cos(27f,B)]W~(n,k)

n=O
No-l

D(ko, k 1 , k 2 ) =

L [x(n) sin(27f,B)]W~(n,k)

n=O

(4.3.10)
co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
outputs can be easily obtained from
serves as the MLE of the phase coefficients,
and can be efficiently computed
No-l

L

presented in Chapter 4,(4.3.11)
which
using the generalized class of fast algorithms x(n)W~(n,k)
n=O
arbitrary
order in
of (4.3.10),
PTFT with
supports
and the PTFTs
defined
suchthe
as dimension size being aPb, where a, P
and b are positive integers.

A(~,~,~)±jB(~,~,~)

In practice, many applications inherently
deal with real-valued signals. The
C(~,~,~)±jD(~,~,~)
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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To obtain all the transform outputs when
overall additive overhead is

(PIPZ -

the multiplicative overhead is

2(PIPZ

PI

and pz are odd numbers, the

l)Ng complex additions/subtractions and
-l)(No -1) real multiplications. When Pi

is even, special attention must be given when

mi

= pd2. For example, if PI is

even, we have
No-I

E(ko, k l , k z ) =

L

x(n) cos(¢)W~(n,k)

(4.3.13)

x(n) sin(¢)W~(n,k).

(4.3.14)

n=O
No-I

P(k o, kl , k z ) =

L

n=O

E(k o, kl , k z ) =r= jP(ko, kl , k z )(4.3.15)
No-I

L

2

x(n)W~W~(n,k).

(4.3.16)

n=O
Similarly, when pz is even, we have
No-I

G(k o, kl , k z ) =

L

x(n) cos(<p)W~(n,k)

(4.3.17)

n=O

coNo-I
,
)
,
H(k o kl k z =
x(n) sin(<p)W~(n,k)
(4.3.18)
efficients carry desirable information.
For complex-valued PPSs, the PTFT
n=O
serves as the MLE of the phase coefficients, and can be efficiently computed

L

using the generalized class of fast algorithms presented in Chapter 4, which
) =r= jH(k
kl , kwhere
z ) (4.3.19)
o, kl , k zsize
dimension
beingo,aPb,
a, P
supports arbitrary order of PTFT with the G(k
No-I

3

~

()W ;W02 (n,k)
(4.3.20)
L..J x n No No
•
n=O
In practice,
inherently
deal withhas
real-valued
signals.
The
When
both PI many
and pzapplications
are even, special
arrangement
to be made
for ml
=

and b are positive integers.

natural signals such as speech, marine mammal sounds, heart rate etc. are realpd2 and mz = pz/2.
valued. In image and audio watermarking schemes
[36, 37],
the real-valued chirp
No--I
2
3

L

(4.3.21 )
X(kO,PI(k
0.5),Pz(k
= where
x(n)W~o
W~(n,k).
l + as
z + 0.5))
rate corresponds
signals are
embedded
watermark
signals,
each tchirp
n=O
n
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It is seen that the sinusoidal factors in (4.3.13), (4.3.14), (4.3.17) and (4.3.18)
are real and each requires two real multiplications, while the twiddle factors
in (4.3.16), (4.3.20) and (4.3.21) need complex multiplications. The total computational overhead needed by the above decomposition process is shown in
Table 4.1.
Table 4.1: The number of arithmetic operations required by the FSD.
Number of real multiplications Number of complex additions
Pl
P2
odd odd
2(P1P2 - l)(No - 1) (P1P2 - l)N~
odd even
2P1P2(No - 1) (P1P2 - 2)N~ + (No -1)
even odd
2P1P2(No - 1) (P1P2 - 2)N~ + (No - 1)
even even
2(P1P2 + 2)(No - 1) (P1P2 - 4)N~ + 3(No - 1)

4.4

Fast Algorithms

This section presents the second step decomposition that is a general method
used to derive various fast algorithms. It is assumed that the sizes of all dimena
sions are the same, i.e., N. We first consider the radix-a algorithm, whereco-

is
an integer
greater
than information.
1. Then the radix-2/(2a)
algorithmPPSs,
is to the
be derived
efficients
carry
desirable
For complex-valued
PTFT
algorithm. and can be efficiently computed
from
servesthe
as extension
the MLE ofofthe
theradix-a
phase coefficients,
using the generalized class of fast algorithms presented in Chapter 4, which

4.4.1
Radix-aorder
Algorithm
of PTFT with the dimension size being aPb, where a, P
supports arbitrary
and b are positive integers.
The (r + l)th order PTFT is defined as
In practice, many applications inherently deal with real-valued signals. The
N-l

,kr ) = mammal
Lx(n)W~·(n,k).
(4.4.1)
natural signals suchX(ko,k1,oo.
as speech, marine
sounds, heart rate etc. are
realn=O

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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By using the periodic property of W N, (4.4.1) is expressed as

X(ak o + lo, ak 1 + h,'" ,akr + lr)

L x(n)W$ko+lo)n+(akl+h)n2+.+(akr+I,.)nr+l

N-1

=

n=O
N-1

_ ' " ( )WBr(n,l)WBr(n,k)
N
N/a
- L...t x n

(4.4.2)

n=O

where 0 ::; k i

::;

N/a - 1 and 0 ::; li ::; a-I for i

= 0,1"" ,r. The above

equation can be rewritten as

x (ak o + lo, . . .

,akr + lr)

N~' {~x(n+c~)~«n+c:'),~} W'j;/~',k)
When p

~

(4.4.3)

2 and by using

and the periodic property of WN, we have

coThus, (4.4.2) can be simplified into
efficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE X(ak
of theo +
phase
and can be efficiently computed
lo, akcoefficients,
1 + h,· .. ,akr + lr)
N/a-1
using the generalized class of fast algorithms presented in Chapter 4, which
'L...t
" [U a(n, l0, l 1, ... ,r
l )WBr(n,I)]
WBr(n,k)
(4.4.4)
N
N/a
of PTFT with the dimension size being aPb, where a, P
supports arbitrary order n=O
where
and
b are positive integers.
ua(n,lo,h,'"
,lr)inherently deal with real-valued signals. The
In practice, many
applications

(n +
{-J21f
. sounds,
e 2:~=0(iheart
+ l)l{n
natural signals such =
as ~
speech,
marine
mammal
rate }etc.
realL...tx
-eN)
exp
. are(4.4.5)
a
a
c=O
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
With the radix-a decomposition described above, (4.4.4) defines the (r + 1)th
signals are embedded as watermark signals, where each chirp rate corresponds
order PTFT whose dimensional size is N / a. With all the combinations of li
i
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values, an (1' + l)th order PTFT of length-N is decomposed into ar+l (1' + l)th
order PTFTs of length- (N j a).
To study (4.4.5), let us define
r

P =

L(i + I)li ni = Pr + 2P2

(4.4.6)

i=O

Lr/2J

L

PI

12t n2t

t=O

Lr/2J

H

=

L

LCr-I)/2J

12t tn2t

+

t=l

L

b+l(t + l)n2t+1

t=O

where lx J returns the largest integer that is smaller than or equal to x. It is
clear that the parity of P is the same as that of Pl.
When a is odd, using exp[-j27r(a-c)Pja]

= exp[j27rcPja]' (4.4.5) is rewrit-

ten into

(a-I)/2
ua(n, la, h,··· ,lr) = x(n)

+

L

[sl,c(n) cos(j3) - jS2,c(n) sin(j3)]. (4.4.7)

c=l

When a is even and mod(a, 4)

=I 0, using exp{ -j27r(aj2-c)Pja} = (-It exp{j27rcPja},
l

we have

co-

efficients carry desirable information.

For complex-valued PPSs, the PTFT

+ (-I)Plx(n+ ~)]

serves as the MLE of the phase coefficients, and can be efficiently computed

[x(n)

using the generalized class of fast algorithms presented in Chapter 4, which
La/4J
order of +
PTFT
with
the dimension
being sin(j3)}
aPb, where
a, P
supports arbitrary
+
{[sl,c(n)
s2,c(n)]
cos(j3)
-j [sl,c(n) size
- s2,c(n)]
,(4.4.8)

L

c=l

and b are positive integers.
when mod(a,4) = 0,

In practice, many applications inherently deal with real-valued signals. The
ua(n,lo,h,'" ,lr)
natural signals such as speech, marine mammal sounds, heart rate etc. are real-

[x(n)

+ (-l)Plx(n + ~)] + (-jt

[x(n +

~) + (-ltlx(n +

3:]

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
a/4-1

L

rate corresponds
signals are
signals,
where each
chirpsin(j3)}.
+ embedded
{[sl,c(n)as+watermark
s2,c(n)] cos(j3)
-j [sl,c(n)
- s2,c(n)]
(4.4.9)
c=l
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In (4.4.7) to (4.4.9), the following definitions are used
eN
x(n + -)
a

eN
a
eN
P
N
eN
x(n+N--)+(-l) l(X+
)
a
2
a

(3

4.4.2

N
2

+ (-l)Pl(x + - +-)

(4.4.10)

27feP/a.

Split-radix-mj(ma) Algorithm

A further extension of the above decomposition is to derive split-radix type
algorithms. Here, we derive split-radix-m/(ma) type algorithms, where m is a
positive divisor of the integer a, which is usually denoted as mla. Note that
for m = 1, split-radix-1/a is equivalent to radix-a algorithm, which has already
been analyzed in the last section. Thus, we exclude the case of m
The outputs of an (r
for i

= 1.

+ l)th order PTFT, whose indices are divisible by m,

= 0,1" .. , r, are computed by
~-l

X(mko,mk 1 ,'" ,mkr ) = L

um(n,O,··· ,O)W~/~~,ic)

(4.4.11)
co-

n=O

efficients carry desirable information. For complex-valued PPSs, the PTFT
where O::S; ki::S; N/m -1, and
serves as the MLE of the phase coefficients, and can be efficiently computed
m-l
N
(4.4.12)
um(n,O,···
,0)
=
Lx(n+e-).
using the generalized class of fast algorithms presented
m in Chapter 4, which
c=O

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
It is easily seen that the sequence um(n, 0, ... , 0) is formulated from the input
and b are positive integers.
sequence x(n) with operations of real additions only.

In practice, many applications inherently deal with real-valued signals. The

The other PTFT outputs can be computed according to
natural signals such as speech, marine mammal sounds, heart rate etc. are real-

h,··· , mak
+ lr)the real-valued chirp
o + lo, mak1 +schemes
valued. In image andX(mak
audio watermarking
[36, r37],

't
N

IT

signals are embedded as watermark
each chirp rate corresponds
~l x(n + signals,
e: ) where
W~maki+li)(n+c:a)i+l
(4.4.13)
n=O

1

c=O

i=O
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°::; ki ::; N / (ma) °::; li ::; ma
-1,

-1, and at least one li is not a multiple

of m. Note that to use this decomposition process, N/(ma)

= aP - 2 b(a/m) must

be an integer. Since m is a factor of a, the condition can be guaranteed by
p

2: 2. Now, let us study the twiddle factor in (4.4.13), when i = 0,
(makO+lO)(n+C,;;'a)
W N

For other values of i, using (n

_
-

Wlon Wkon
N
N/(ma)

e

-j2rrc.!:JL
rna

(4.4.14)

+ b)j = ~{=o Cjnj-ibi , we have

W (mak ·+l·)(n+c...!'L)'i+l
rna
1,

't

N

Since

U:J -l,j 2: 2, is an integer, the fourth term in (4.4.15) equals 1.
j

tionally, ~~~

= aP(j-l)- 2j lJi- l (a/m)j,j 2: 2, is an integer when p 2: j~l'

AddiIt is

easily seen that the maximum value of j~l for an integer j 2: 2 is 4. If p 2: 4,
the fifth term in (4.4.15) becomes 1 too. Therefore, (4.4.13) is simplified into
co(4.4.16)
,makr + lr)
...!'L-l
rna
efficients carry desirable information.
For complex-valued PPSs, the PTFT
-- '"'
L...J 'Uma (n,l 0,'" ,lr )WOr(n,l)WOr(n,k)
N
N/(ma)'
serves as the MLE of the phase
n=O coefficients, and can be efficiently computed

X(mak o + lo, mak l

+ [1, ...

the generalized
of fast (r
algorithms
presented
which
using
To obtain
the outputs class
of length-N
+ 1) th order
PTFT,inweChapter
need to 4,compute
arbitrary order
theand
dimension
size-1)
being
aPb, where a, P
supports
(r + 1)ofthPTFT
orderwith
PTFT
ar+l(mr+l
length-(N/(ma))
one length-(N/m)
and
are positive
integers.
(r +b1)th
order PTFTs.
The above decomposition process can be further continued
until themany
decomposed
PTFTs
become deal
sufficiently
small to besignals.
easily comIn practice,
applications
inherently
with real-valued
The
puted. signals such as speech, marine mammal sounds, heart rate etc. are realnatural
valued.
In consider
image and
audio
watermarking
[36, 37],
real-valued
chirp
Let us
some
special
cases. Forschemes
any integer
a, itthe
must
have a divisor
corresponds2
signals
as watermark
signals,
whereand
each
chirp rate
Substituting
m = a into
(4.4.11)
(4.4.16),
split-radix-a/a
of m =area.embedded

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

82

4.5. Computational Complexity

algorithm is obtained, which decomposes the (1'

+ l)th

order PTFT into one

PTFT of length-(N/a) and [a 2 (r+l) - ar+1] length-(N/(a 2 )) PTFTs.
When a is an even number, it must have a divisor of m = 2. Thus, the even
indexed outputs and the other outputs of the PTFT can be computed according
to (4.4.11) and (4.4.16), respectively. Therefore, the (1'

+ l)th order PTFT

is

decomposed into one PTFT oflength-(N/2) and [(2aY+l_ a r+1] length-(N/(2a))
PTFTs. When a

= 2 and 4, for example, split-radix-2/4 and -2/8 algorithms

are obtained.

4.5

Computational Complexity

We now look at the required computational complexity. It is known that arithmetic operations are needed for computing U a(n, la, h, ... , lr) and the twiddle
factors W~(n,i). Let

Ca,addf(;

and

Ca,mulf(;

represent, respectively, the numbers

of complex additions and complex multiplications needed by the computation of

ua(n,la,h,··· ,lr), for n = 0,1"" ,N/a-l. When calculating the number coof
complex
by the twiddle
factors W~(n,r),
the operations
efficientsmultiplications
carry desirablerequired
information.
For complex-valued
PPSs,
the PTFT

°

for
trivial
twiddle
=
and/or and
la =can
h =be...
= lr = 0
are not
serves
as the
MLEfactors
of thewhen
phasen coefficients,
efficiently
computed
counted
in generalized
our analysis.class of fast algorithms presented in Chapter 4, which
using the
orderdecomposition
of PTFT with procedures
the dimension
size being
aPb,
where
a, P
supports
Based arbitrary
on the radix-a
presented
in the
last
section,
andnumbers
b are positive
integers.
the
of complex
additions and multiplications required by the radix-a
algorithm
are: many applications inherently deal with real-valued signals. The
In practice,

(N)
N
natural signals
such as speech,
marine
real(4.5.1)
a r+lA r+1
+mammal
C aadd - sounds, heart rate etc. are
Ar +1 (N)
a

'a

valued. In image and audio
watermarking
schemes
37], the real-valued
chirp
Ca,mulN +[36,
(r+l
a r+lMr+ 1 (N)
+
a - I )(N
- - 1) (4.5.2)
a
a
a
signals are embedded as watermark signals, where each chirp rate corresponds
where N = aPb and the last term in (4.5.2) is the number of complex multipli-
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cations needed by the twiddle factors. At the mth step of the decomposition
process, the length-N PTFT is decomposed into length-(Njam) PTFTs. After
necessary manipulation, Ar+1(N) and Mr+l(N) can be expressed as
A r+l (aP-mb)am(r+l)

Mr+1(aPb)

(Mr+l(aP-mb) - l)am(r+l)
+(Ca,mul

where Q =

+ Ca,add Q(amr

A r 1-l (aPb)

p-1b

~r-l.

+ ar+l -

1)

l)Q(amr - 1) + 1.

(4.5.3)

(4.5.4)

By setting b = 1, let us consider the case that uses initial

values of Ar+l (a qo ) and Mr+l (a qo ) to obtain
Ar+l(aqO)a(r+l)(p-qO)

+ Ca,add(ar(P-qa) -

l)Q

(4.5.5)

(Mr+1(a qO ) - l)a(r+l)(p-qo)
+(Ca,mul + ar+1 - l)Q(ar(p-Qo) - 1) + 1.

(4.5.6)

In order to minimize the total computational complexity, the initial values used
in the above equations are the numbers of multiplications and additions required
by the optimized program subroutines to implement the length-( a qo ) PTFTs.
coWe now consider some special cases. When a is even, the split-radix alga-efficients carry desirable information. For complex-valued PPSs, the PTFT
rithms can be obtained as shown in (4.4.11) and (4.4.16). The required numbers
serves as the MLE of the phase coefficients, and can be efficiently computed
of complex additions and complex multiplications are
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realIn particular, when N = 2P , with the initial values of A r+1(8), A r+1(16), Mr+l (8)
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
and M,.+1(16), the closed form solutions to the above recursive equations are
signals are embedded as watermark signals, where each chirp rate corresponds
(4.5.9)
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where

(2 r -1)Ar + l (16) + (2 r - 1)(2r + l - 1)Ar + l (8) + 32
8r + l (2 r - 1)(2 r +2 - 1)
2r +l(2 r +l + 1)Ar + l (8) - (2 r +l + 1)Ar + l (16) + 64
(2 r +l - 1)3(2 r +2 - 1)(2r +l + 1)
4

and
(4.5.10)

where

Mr +l(16) - 2r + l
[(2 r - 1)Mr +l(8) + 2r +3 ](2 r + l - 1)
8r + l (2 r +2 - 1) +
8r +l (2 r - 1)(2r +2 - 1)
2r +lMr+ l (8) - Mr + l (16)
2r +4 - T t l - 1
(2 r +l - 1)3(2 r +2 - 1)
(2 r +l - 1)2(2 r +2 - 1)(2 r +l + 1)
2r (2 r +l - 1)

4.5.1

Computation Details
co-

In this section, we consider the computational complexity needed by ua(n, la, h,··· ,lr),
efficients carry desirable information. For complex-valued PPSs, the PTFT
where 0 :::; n :::; z:£- - 1, 0 :::; li :::; a-I for i = 1,2" .. ,r. One desirable property
serves as the MLE of the phase coefficients, and can be efficiently computed
obtained from the analysis (which will be shown in the sequel) is that the comusing the generalized class of fast algorithms presented in Chapter 4, which
putational complexity for ua(n, la, iI,' .. ,lr) is independent of the order of the
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
PTFT computation.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
4.5.1.1 a is odd
natural signals such as speech, marine mammal sounds, heart rate etc. are realBy
representing
common divisor
of a and
c), we define
valued.
In imagethe
andgreatest
audio watermarking
schemes
[36, cas
37], gcd(a,
the real-valued
chirp

signals are embedded as watermark
signals,
a
,where
c each chirp rate corresponds
a' =
and c = -----,------,-gcd(a,c)
gcd(a, c)'
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The use of a' and d helps to discount the multiplications for the trivial twiddle
factors from the required computational complexity. It can be easily proven
that a' should be odd when a is odd. In this case, ua(n, lo, h,·" ,lr) can be
rewritten as

ua(n, lo, h,··· ,lr) = x(n)
(a-l)/2
(a-l)/2
+
Vl,c,a(n, lo, h,··· ,lr) - j
V2,c,a(n, lo, ll,'" ,lr)(4.5.11)

L

L

c=l

c=l

where

[x(n +
[x(n

c:) +

+ C~)

x(n + N -

- x(n + N -

c:)] (21fC':)
cos

C~)] sin (21fC'~) .
(4.5.12)

Let us analyze the possible values of the sinusoidal terms (cos(21fc' P/ a'), sin(21fc' P fa')),
which are in the form

(1, 0), (Yl' ±zd, (Y2, ±Z2),'"
,

'V

(a'-1)/2 terms

J

co-

efficients
desirable
information.
For= complex-valued
PPSs,
PTFT
Based
on carry
the above
observations,
let tl(n)
x(n + cN/a) + x(n
+ Nthe- cN/a),
serves
as thevalues
MLE of
ofVl,c,a(n,
the phase
coefficients,
canform
be efficiently
computed
the
possible
lo, h""
,lr) are and
in the
of tl(n) and
Yitl(n)
generalized
class Thus,
of fastthe
algorithms
presented
in isChapter 4, which
using
for
i =the
1,2",
. ,(a' - 1)/2.
computation
required
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
complexintegers.
additions are needed by h(n)
and• b N/a
are positive

• (a'
-l)N/ many
a real multiplications
are needed
Yitl (n)
for i = 1,2,
... ,(a'In
practice,
applications inherently
dealbywith
real-valued
signals.
The
natural
signals such as speech, marine mammal sounds, heart rate etc. are real1)/2
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Because when a' = 3, the cosine terms become 1 or -0.5, shift operations rather
signals are embedded as watermark signals, where each chirp rate corresponds
than multiplications are needed when the cosine terms equal 0.5. In this case,
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V1,c,a(n, la, h,· .. ,lr) needs only N / a complex additions. For the computation of

t 2(n)

=

x(n+eN/a)-x(n+N-eN/a), the possible values of V2,c,a(n, la, h,· " ,lr)

are 0 and ±zit2(n) for i

=

1,2, ... , (a' - 1)/2. Thus, the computation required

by V2,c,a(n, la, h,··' ,lr) is also N/a complex additions and (a' - I)N/a real
multiplications. Therefore, the total required numbers of complex additions and
the real multiplications to form V1,c,a(n, la, h,· .. ,lr) and V2,c,a(n, la, h,' .. ,lr)
for e = 1,2", . ,(a - 1)/2 are, respectively, L::~:~1)/2 2~ = a:1 Nand

(a-1)/2

L

c=1,a'r'o3

N
(a' -1)a

(a-1)/2

+

L

c=l

N
(a-1)/2
N
(a-1)/2 N
(a' -1)- = 2
(a' -1)- ~4.5.13)
a
a
a
c=l
c=1,a'=3

L

L

The number of complex additions for summing up the three terms in (4.5.11)
is L::~:~1)/2[1

+ (a' -

1)/2 + (a' - 1)]N/a.

In total, the numbers of complex additions and real multiplications for the
computation of ua(n, la, h,'" ,lr) are
a-l

a-I
-N+

Au(N)

a

(a-1)/2

L [1+-(a
3,
N
-1)]2

c=l

2

a

(4.5.14)

N
(a-1)/2 N
co(4.5.15)
2
(a' - 1) - - 2
efficients carry desirable information.
For complex-valued
c=l
a
c=1,a'=3 a PPSs, the PTFT

Mu (N)

=

L

L -.

serves
as the when
MLE aof=the
phase
coefficients,
and can
be efficiently
3, the
numbers
of complex
additions
and realcomputed
multipliIn
particular,
generalized
presented in Chapter 4, which
using the
cations
needed
by U3 (n,class
la, h,of.. fast
. ,lr)algorithms
are
supports arbitrary order2of PTFT
4 with the dimension size being aPb, where a, P
-N+-N=2N
(4.5.16)
Au(N)
3
3
and b are positive integers.
(3-1)/2
(3-1)/2
3
N
N
2
(gCd(3,
e)
1)3
2
In practice, many applications inherently deal with real-valued3signals. The
c=l
c-1
3
- 'gCd(3,c) 3
natural signals such as speech, marine mammal sounds, heart rate etc. are real~N
(4.5.17)
valued. In image and audio
3 watermarking schemes [36, 37], the real-valued chirp

L

L

signals are embedded as watermark signals, where each chirp rate corresponds
thus, C3 ,add = 11/2 and C3 ,mul = 1/2.
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4.5.1.2

a is even

When a is even, it is difficult to obtain a general formula of the computation
complexity needed by ua(n, la, 12, ... ,lr) because there exist many trivial twiddle
factors that are useful to reduce the number of arithmetic operations. Let us
consider a few widely used cases as follows.
Case 1.

When a = 2 for 0 :::; n :::; N /2 - 1, we have

u2(n, la, h,'" ,lr) = x(n)

+ (-l)H x (n + N/2)

(4.5.18)

where PI is defined in (4.4.6). Because only N complex additions/subtractions
are needed, C2 ,a,dd = 2 and C2 ,mul =
Case 2.

o.

When a = 4 for 0 :::; n :::; N/4 -1,

u4(n,lo,h,'" ,lr) =

[x(n)

+ (-1)Pl x (n+N/2)]

(4.5.19)

+( -j)P [x(n + N/4) + (-ll1 x(n + 3N/4)] .
Because PI and P have the same parity, as seen in (4.4.6), when PI is even
we have (-l)H = 1 and (- jl =

±1.

The computational complexity for
con = 0, 1, ... ,N/4 - 1 is N complex additions only.
efficients carry desirable information. For complex-valued PPSs, the PTFT
When PI is odd, P is odd, (-1 )P1 = -1 and (- j)P = ±j. The computational
serves as the MLE of the phase coefficients, and can be efficiently computed
complexity is the same as that when PI is even. Thus, C4 ,add = 8, and C4 ,mul = o.
in Chapter 4, which
using the generalized class of fast algorithms presented
Case 3. arbitrary
When a order
= 6 forof 0PTFT
:::; n :::;with
N /6the
- 1,dimension size being aPb, where a, P
supports

and
b are positive
u6(n,lo,h,'"
,lr) integers.
= [x(n)

+ (-ll x(n+N/2)]
1

(4.5.20)

In practice, many applications
inherently
deal with
real-valued
signals.
The
+[xI(n) + x2(n)]
cos(Pn/3)
- j[xI(n)
- x2(n)]
sin(Pn/3)
natural signals such as speech, marine mammal sounds, heart rate etc. are realwhere
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp

xl(n)

x(n + N/6) + (-1) P1 x(n + 2N/3)

signals are embedded as watermark signals, where each chirp rate corresponds

x2(n)

(-l)Pl x(n + N/3) + x(n + 5N/6)
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If Pl and P are both even, (-l)Pl = 1, cos(P7r/3) = 1 or -0.5, and sin(P7r/3)

= 0 or ±0.866. The computational complexity for n = 0,1,··· ,N/6 - 1 is
summarized as follows:

• N/2 complex additions are needed by to(n) = x(n) + x(n + N /2), h(n) =
x(n + N/6) + x(n + N/3) and t 2(n) = x(n + N/3) + x(n + 5N/6);
• 2N/3 complex additions are needed by t 3 (n) = tl(n) + t 2(n), t4(n)
tl(n) - t2(n), t5(n) = to(n) + t 3 (n) and t 6 (n) = to(n) - 0.5t 3 (n);
• N/3 real multiplications are needed to obtain ±0.866t4(n);
• N/3 complex additions are needed to obtain ±0.866t4(n) + t 6 (n)
In total, 3N/2 complex additions and N /3 real multiplications are needed.
When Pl and P are odd, (-ltl = -1, cos(P7r/3)= -1 or 0.5, and the values of sin(P1r/3) = 0 or ±0.866. Therefore, the required computation is the
same as that needed for the case that Pl is even. Thus, the required computational complexity for

U6 (n,

colo, h, ... ,lr) is 3N complex additions and 2N/3 real

efficients carry desirable
information.
Forand
complex-valued
to C6 ,add = 17,
C6 ,mul = 1. PPSs, the PTFT
multiplications,
which leads
serves 4.as the
MLE
of the phase coefficients, and can be efficiently computed
Case
When
a = 8 for 0 :::; n :::; z;} - 1,
using the generalized class of fast algorithms presented in Chapter 4, which

us(n,lo,h,'" ,lr)

(4.5.21)

supports arbitrary order of PTFT with the dimension size being aPb, where a, P

[x(n)positive
+ (-ltlx(n
+ N/2)]
and =b are
integers.

+ (-j)P [x(n + N/4) + (-ltl x(n + 3N/4)]

+[xl(n) + x2(n)] cos(P1r/4)) - j[xl(n) - x2(n)] sin(P1r/4)
In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realwhere
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp

xl(n)

x(n + N/8) + (-ltl x(n + 5N/8)

signals are embedded as watermark signals, where each chirp rate corresponds
(-l)Pl x(n + 3N/8) + x(n + 7N/8)
x2(n)
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With PI and P being even, (-I)H

= 1 and (- j)P = ±1. Therefore,

(cos(P7r /4), sin(P7r/4)) = (±1, 0) and (0, ±1).
The computational complexity for n = 0,1, ... ,N/8 - 1 is summarized as follows:
• N/2 complex additions are needed by to(n)

x(n + N /4) + (x + 3N/4), t 2(n)

=

=

x(n)

+ x(n + ~), tI(n) =

x(n + N /8) + (x + 5N/8), and t3(n) =

.x(n + 3N/8) + (x + 7N/8);
• N /2 complex additions are needed by t 4(n)

= t 2(n)+t 3(n), t 5(n) = t 2(n)-

t 3(n), t 6(n) = to(n) + tI(n) and t 7(n) = to(n) - tI(n);
• N /2 complex additions are needed by ±t4(n)

+ t 6(n)

and ±jt5(n)

+ t 7(n)

In total, 3N/2 complex additions are needed.
With PI and P being odd, (-I)Pl = -1, (-j)p = ±j and (cos(P7r /4), sin(P7r/4))
= (±1/ v'2, ±1/ v'2). For this case, similar analysis of computational complexity
co-

leads to 7N
/4 complex
additions
and N /2For
realcomplex-valued
multiplications.PPSs,
In summary,
the
efficients
carry
desirable
information.
the PTFT

us(n,oflo,the
h, ...
,lr)coefficients,
requires 13N
/4 can
complex
additionscomputed
and N /2
computation
serves
as the of
MLE
phase
and
be efficiently
real multiplications,
equivalently,
CS,add = 25,presented
and CS,mulin =Chapter
1.
the generalizedorclass
of fast algorithms
4, which
using
order
of PTFT
with the
dimension sizeand
being
aPb, where
a, P
supports
Table arbitrary
4.2 lists the
numbers
of complex
multiplications
complex
additions
and
b are
ua(n, lo,integers.
it, ... ,lr) where 0 ::; n ::;
needed
forpositive

It - 1, 0 ::; li

::; a-I for i

=

1,2,·
,r, and many
a = 2,applications
4, 6 and 8.inherently
One desirable
property
observed
from The
the
In ..practice,
deal with
real-valued
signals.
above analysis
is that
the computational
complexity
U a (n, lo, it, ... ,lr) is
natural
signals such
as speech,
marine mammal
sounds,for
heart
rate etc. are realindependent
of the
order
ofwatermarking
the PTFT computation.
valued.
In image
and
audio
schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Table 4.2: The computational complexity required by ua(n, lo, it,," ,lr)
a= Complex additions Complex multiplications
2
N
0
3
11N/6
N/6
4
2N
0
6
17N/6
N/6
8
25N/8
N/8

4.5.2

Computation Complexity for the 2nd Order PTFT

Based on the presented analysis of the required computational complexity, let us
consider the example for the 2nd Order PTFT. Substituting r = 1 into (4.5.3)
and (4.5.4), at the mth step of the decomposition process, we have
(4.5.22)

(M2(a P- mb) - 1)a2m
+(Ca,mul

+ a2 -

l)Q(a m - 1) + 1 .

(4.5.23)

coefficients carry desirable information. For complex-valued PPSs, the PTFT
A 2(a qO )a 2(p-qo) + Ca,add(aP - QO - l)Q
(4.5.24)
serves as the MLE of the phase coefficients, and can be efficiently computed
(M2(a QO ) - 1)a2(p-Qo)
using the generalized class of fast algorithms presented in Chapter 4, which
2 - l)(aP - QO - l)Q + 1 .
(4.5.25)
+ athe
PTFT with
dimension size being aPb, where
a, P
supports arbitrary order of +(Ca,mul
and b are positive integers.
It is also possible to use split-radix algorithm to further reduce the required

In practice,
many applications
deal with
real-valued
signals. The
With (4.4.11)
and (4.4.16),
split-radix-2/4
number
of arithmetic
operations. inherently
natural
as speech,
marine
heart rate
are realand
-2/8signals
can besuch
obtained
by setting
a mammal
= 2 and 4,sounds,
respectively.
Theetc.
numbers
of
valued. In
image and audio
schemes
[36,split-radix-2/4
37], the real-valued
chirp
complex
multiplications
andwatermarking
additions required
by the
algorithm
signals are embedded as watermark signals, where each chirp rate corresponds
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are
(4.5.26)
(4.5.27)
When N = 2P , for example, with the initial values of A 2 (8), A 2 (16), M2 (8) and

M2 (16), the solutions to the above equations are
(4.5.28)
where

A 2 (16)

+ 3A2 (8) + 32

64 x 7
20A 2 (8) - 5A 2 (16)
27 x 7 x 5

+ 64

4

5 '

and
(4.5.29)
coefficients carry desirable information.
where

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
M 2 (16) + 3M2 (8) + 44
64 x 7
presented in Chapter 4, which
using the generalized class of fast algorithms
20M2 (8) - 5M2 (16) + 81
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
27 x 7 x 5
6
and b are positive integers.
5

In practice, many applications inherently deal with real-valued signals. The
The PTFT can be also decomposed into one length-(N/2) PTFT and 48 lengthnatural signals such as speech, marine mammal sounds, heart rate etc. are real(N/8) PTFTs, which is the split-radix-2/8 algorithm. Due to the space limit,
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the analysis of the required computational complexity is not presented. Tasignals are embedded as watermark signals, where each chirp rate corresponds
ble 4.3 shows comparison on the numbers of complex multiplications needed by
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various proposed fast algorithms for the 2nd order PTFT. For the radix-a algorithms, initial values, shown in Italic font, are used. It is seen that in general,
the number of complex multiplications is reduced as the value of a is increased,
and the split-radix-2j8 uses the lowest number of complex multiplications. The
additive complexity needed by the presented algorithms can be analyzed similady. Table 4.4 shows the number of complex additions for the 2rd order PTFT.
In general, it is observed that similar comparisons can be made among the additive complexities needed by the algorithms previously discussed. For example,
the split-radix algorithms generally require smaller additive complexities than
other proposed algorithms. Compared to other reported fast algorithms, our
split-radix-2j4 algorithm uses the same computational complexity as that in
[101] and achieves significant savings on computational complexity compared to
that in [3].
Table 4.3: The number of complex multiplications for the 2nd order PTFT
N radix-2 split-radix-2j4 radix-4 split-radix-2j8 radix-8
2
2
2
2
2
8
16
29
24
24
24
24
co132
32
161
132
137
132
64 carry737
600
572
609 complex-valued
efficients
desirable information.
For
PPSs,577
the PTFT
128
3137
2556
2657
2460
2497
serves 256
as the 12929
MLE of the 10512
phase coefficients,
be efficiently
computed
10689 and can
10316
10433
52481
42708
44417
40860
40961
512 generalized
class of fast algorithms presented in Chapter 4, which
using the
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

4.5.3

Computation Complexity for the 3rd Order PTFT

In practice, many applications inherently deal with real-valued signals. The
Let
us consider
the example
for marine
the 3rd mammal
Order PTFT.
.Forheart
r = 2,rate
at the
step
natural
signals such
as speech,
sounds,
etc. mth
are realdecomposition
process,
the watermarking
numbers of complex
andreal-valued
multiplications
valued. In image
and audio
schemesadditions
[36, 37], the
chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Table 4.4: The number of complex additions for the 2nd order PTFT
N radix-2 split-radix-2j4 radix-4 split-radix-2j8 radix-8
58
58
58
58
8
58
16
248
234
234
234
234
32
1024
946
992
946
946
64
4160
3872
3780
3762
3786
15202
15112
128 16768
16128
15076
256 67328
60762
62464
60720
60744
243442
242560
512 269824
259072
241168
are
(4.5.30)

(M3 (a P- m b) - 1)a3m
+(Ca,mul + a3

-

1)(a2m - 1)Q + 1 .

(4.5.31 )

With b = 1, and the initial values of A 3 (a qo ) and M 3 (a qo ), we have
(4.5.32)

(M3 (a qO )

-

1)a3 (p-qo)

+(Ca,mul

+ a3 -

1)(a2(p-qo)

-

1)Q + 1 .

(4.5.33)
co-

For the split-radix-2j4 algorithm, when N = 2P , the solutions are
efficients carry desirable information. For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently (4.5.34)
computed
using the generalized class of fast algorithms presented in Chapter 4, which
where
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
3A 3 (16) + 21A 3 (8) + 32
and b are positive integers.
83 x 3 x 15
72A 3 (8) - 9A 3 (16) + 64
In practice, many applications inherently
9 with real-valued signals. The
73 x 15 xdeal
4
natural signals such as speech, marine mammal sounds, heart rate etc. are real27 '
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
and
signals are embedded as watermark signals, where each chirp rate corresponds
(4.5.35)
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where

3M3 (16)

+ 21M3 (8) + 200

83 X

3 x 15

72M3 (8) - 9M3 (16)
73 x 15 x 9

+ 385

28
27 .
Table 4.5 lists the number of complex multiplications required by various
proposed fast algorithms for the 3rd order PTFT. It is seen that the splitradix algorithms generally need less computational complexity than the radix-a
algorithms, and the algorithms with higher radix also use less computational'
complexity. However, the saving on the computational complexity by using the
higher radix for the 3nd order PTFT is not substantial as that for the 2rd order
PTFT. One possible reason is that as the order of the PTFT increases, the
number of complex multiplications needed for the twiddle factors become more
dominating so that the saving achieved by the decomposition process becomes
less effective.

coTable 4.5: The number of complex multiplications for the 3rd order PTFT
efficients
desirable
information. radix-4
For complex-valued
PPSs,
the PTFT
radix-8
N carry
radix-2
split-radix-2/4
split-radix-2/8
2
2
8
2
2
2
serves as the MLE of the phase coefficients, and can be efficiently computed
16
65
65
65
65
65
32
625
569
569
569
569
using the generalized class of fast algorithms presented in Chapter 4, which
64
5217
5049
5105
4609
4609
PTFT with 38369
the dimension40465
size being aPb,
where a, P
supports
40961
128 arbitrary
38649
42177 order of
256 338305
324921
307201
309297
330689
and b are positive integers.
512 2708225
2496377
2463617
2402417
2392065

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Summary

A general class of fast algorithms for the computation of the PTFTs is presented.
Analysis and comparison on the computational complexity are also reported in
terms of the numbers of complex additions and complex multiplications. The
proposed algorithms provide the flexibility to support various input sequence
lengths by setting the parameters of a, band p, and generally have regular computational structures for an easy implementation. With the use of symmetric
property and the presented fast algorithms, computational complexity for the
applications of the PTFTs is significantly reduced to support applications that
deal with the polynomial phase signals.

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 5
Fast Algorithms for PTFTs of
Real-Valued Sequences

5.1

Introduction

As stated in Chapter 4, most applications require the estimation of the phase
coefficients from the received polynomial-phase signal (PPS), because these coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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+ l)th

order real-valued PPSs is

+ w(n)

(5.1.1)

to a unique message. The general form of (r
expressed as

x(n) = A(n) cos[<p(n)]
where <p(n)

= 271 2:~=o amnm, n = 0,1"" ,N -1, and w(n) is white Gaussian

noise. The amplitude A(n) is a constant or a real-valued stationary Gaussian
process, and am,

°::;

m ::; r, are the coefficients associated with the polynomial

phase.
There has not been much research reported in the literature for processing
real-valued PPSs. But since one real-valued PPS is equivalent to 2 complexvalued PPSs,

s(n)

A(n) cos[<p(n)]
1
·2 " r
m
-A(n)eJ
1r L-m=Oamn
2
1
·2 " r
m
-A(n)eJ
1rL-m=Oa m n
2

the (r

1
J·2
+ -A(n)e-

"r

1r L-m=Oamn

m

2
1
'2 ",.
(1
) m
+ -A(n)eJ
1rL-m=O -am n
2

(5.1.2)

+ l)th order

PTFT of s(n) will show peaks when kdNi matches ai and
co1 - ai for i = 0,1"" ,r. As a simple illustration, Figure 5.1 shows the 2nd
efficients carry desirable information. For complex-valued PPSs, the PTFT
order PTFT of a real-valued signal that has 2 chirp components. It is seen that
serves as the MLE of the phase coefficients, and can be efficiently computed
for each chirp component, the values of ao and a1 can be easily obtained from
using the generalized class of fast algorithms presented in Chapter 4, which
the peak locations of the PTFT.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
PTFT of real-valued sequences, it is possible to convert the
calculate
and To
b are
positivethe
integers.
rcal-valued signal to its analytic version (see Section 2.5.1 for the conversion
In practice, many applications inherently deal with real-valued signals. The
procedure) on which the fast algorithms reported in Chapter 4 can be applied.
natural signals such as speech, marine mammal sounds, heart rate etc. are realThe other approach is to develop fast algorithms to direct compute the PTFT
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
of real-valued sequence. It is well known that for discrete Fourier transform,
signals are embedded as watermark signals, where each chirp rate corresponds
the fast algorithms for real-valued sequence generally require about one half of
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Figure 5.1: The normalized IX(ko, k1W of a real-valued signal with two chirp
components (SNR = 3 dB).
the computational complexity needed by the fast algorithms of complex-valued
sequence (for example, see [103, 104]). By using some interesting properties,
the fast algorithms for the PTFT of real-valued sequence can also achieve further savings on computational complexity compared to the fast algorithm for
the PTFTs of complex-valued sequences. This chapter proposes such fast algocorithms that also have good computational structures.
efficients carry desirable information. For complex-valued PPSs, the PTFT
This chapter is organized as follows. Section 5.2 describes the symmetric
serves as the MLE of the phase coefficients, and can be efficiently computed
and Hermitian properties of the PTFT that are used to reduce the number of
using the generalized class of fast algorithms presented in Chapter 4, which
transform points to be calculated. Procedures are also presented to convert a
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
PTFT, whose dimensional sizes are different, into a number of smaller PTFTs
and b are positive integers.
whose all dimensional sizes are the same. Section 5.3 describes the derivations
In practice, many applications inherently deal with real-valued signals. The
of the fast algorithm for an arbitrary order of the PTFT of length-aPb, where
natural signals such as speech, marine mammal sounds, heart rate etc. are reala, band p are positive integers, and presents an example for the 2nd order
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
PTFT to show the details of the proposed fast algorithm. In Section 5.4, the
signals are embedded as watermark signals, where each chirp rate corresponds
required computation complexity is analyzed and compared for different values
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of a. Section 5.5 presents the split-radix algorithms and their computation
complexity. Finally, Section 5.6 presents the conclusions.

5.2

Properties and Decomposition

To support various sequence lengths, as in Chapter 4, we assume that No = aPb,
where a, band P are positive integers and a =1= b. In practice, it is often required
that N j

~

Ni

~

No for j > i > 0 to achieve a satisfactory accuracy of the

parameter estimation [3]. Thus, we assume that Pi

5.2.1

= N i / No is a positive integer.

The Hermitian and Symmetric Properties

In general, for an (r

+ l)th

order PTFT, the total number of PTFT outputs

is rr~=o N i · For real-valued sequences, the PTFT has properties that can be
explored to reduce the number of transform outputs to be calculated. Let us
first consider the Hermitian property of the PTFTs for real-valued sequence as
cofollows:
efficients carry desirable information. For complex-valued PPSs, the PTFT
X(N,o
k o,phase
... ,Nr
- k r ) = X*(k
... be
k)
(5.2.1)
r efficiently
.
serves as the MLE
of -the
coefficients,
ando" can
computed
using the generalized class of fast algorithms presented in Chapter 4, which
This property, as illustrated in Figure 5.1, indicates that for an (r + l)th orsupports arbitrary order of PTFT with the dimension size being aPb, where a, P
der PTFT, it is not necessary to calculate these transform points with k i =
and b are positive integers.
INi /2l, ... ,Ni - 1, where i is anyone and only one value in the range be-

In practice,
applications
dealfrom
with those
real-valued
signals. kThe
because
they caninherently
be obtained
with indices
tween
0 and r,many
i =
natural
speech,
marine
mammal sounds,
etc. areisreal1, ... , lsignals
N i /2 J. such
Thus,asthe
number
of transform
outputs heart
to berate
calculated
de-

rr;=O,#i

valued.
watermarking
[36, 37],
real-valued
to image
(l Nd2and
J + audio
1)
N j , whereschemes
lx J returns
an the
integer
smaller chirp
than
creased In
rate
signals
watermark
signals,
where
chirp to
or equalare
to embedded
x and Ix l as
returns
an integer
larger
thaneach
or equal
x. corresponds
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When N i is even, the PTFT has a symmetric property, which is described
as [100]
(5.2.2)

where 0 :::; k o :::; No - 1, 0 :::; k i

:::;

Nd2 - 1, and

ai

= 0,1 for i = 1,2,," ,r.

This property indicates that the range of ki is reduced by half, which leads to
a reduction of the computational complexity by a factor of 2r . For real-valued
input sequence, this symmetric property is also valid. Furthermore, applying
the Hermitian property (5.2.1) to (5.2.2), we obtain the following property

X(No - ko, (31N1 - k1,'" ,(3r N r - kr )
X* (k o, k1, ... ,kr )

if

(5.2.3)

2::~=1 (3i is integer

- { X*(k o + ~,kl"" ,kr ) otherwise
where 0 :::; k o :::; No - 1, 0 :::; ki :::; N i /2 - 1 for i
and (3i

= 1 or 1/2 for

i

= 1, ... ,r - 1, 0 :::; kr

:::;

l Nil 4J,

co= 1,'" ,r. With this property, the range of ki can

efficients
desirable
information.
PPSs, the
PTFT
in (5.2.2)
be furthercarry
reduced
by roughly
another For
half.complex-valued
Using the properties
serves
as thethe
MLE
the phase
coefficients,
and can
be calculated
efficiently iscomputed
and (5.2.3),
totalofnumber
of transform
outputs
to be
reduced
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

5.2.2

First Step Decomposition (FSD)

In practice, many applications inherently deal with real-valued signals. The
It has been illustrated in Chapter 4 that the radix-type decomposition is only
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalid when the sizes of all dimensions of the PTFT are the same. Otherwise,
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the original PTFT has to be decomposed into a number of PTFTs that have
signals are embedded as watermark signals, where each chirp rate corresponds
the same but smaller dimensional sizes. For real-valued input sequences, the

I
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x(n)

coxH
For complex-valued
yMX-y PPSs, the PTFT
X

P -1
1~ml ~_l_

efficients carry desirable information.

+Y

2

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
Figure 5.2: Decomposition process for a 2nd order PTFT when PI is odd.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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PT'Oper-ties and Decomposition

x(n)

No point
cPTFT

efficients carry desirable information.

coFor complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
Figure 5.3: Decomposition process for a 2nd order PTFT when PI is even.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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first step decomposition (FSD) process is similar to that for complex-valued
input sequences presented in Chapter 4. However, the decomposition cost can
be reduced. Because the input sequences are real, one half of the multiplicative
cost needed by (4.3.8) is saved compared to that required by complex-valued
input sequences. In addition, for complex-valued input sequences, the dimension
range in (4.3.9) is 0 ::::; ki

::::;

No - 1 for i = 1,··· ,r. While for real-valued

input sequences, assume ki being the dimension used for the Hermitian property
in (5.2.1), ki is in the range of 0,'"

,lNo/2J,

and kj

= 0,·,· ,No -1 for 1 ::::;

j ::::; rand j =I- i.

Instead of providing a general analysis of the decomposition overhead, let us
consider an example for the 2nd order PTFT, which is defined as
No-I

X(k 0, k)
= ~
x(n)WkonHlkln2.
1
~
No
Nl

(5.2.4)

n=O

Figures 5.2 and 5.3 show the FSD for a 2nd order PTFT with PI being odd
and even, respectively. In these figures, cPTFT denotes the PTFT of complexvalued sequence and r/cPTFT denotes the PTFT of real or complex sequence
codepending on the input.
efficients carry desirable information. For complex-valued PPSs, the PTFT
Based
on the
depicted
it can and
be easily
seen
that for computed
complexserves
as the
MLE
of the FSD
phaseprocess,
coefficients,
can be
efficiently
PTFTs
complex-valued
valued
sequence,
(5.2.4)class
is converted
into PI 2nd order
generalized
of fast algorithms
presented
in of
Chapter
4, which
using the
PI 2nd
order
sequence,
and for real-valued
sequence,
(5.2.4)
is converted
intoaPb,
order of PTFT
with the
dimension
size being
where
a, P
supports arbitrary

PTFTs,
PI isintegers.
odd, of real-valued sequence with a dimensional size No x No,
and b arewhere
positive
or (PI - 1) 2nd order PTFTs, where PI is even, of real-valued sequence and one
In practice, many applications inherently deal with real-valued signals. The
2nd order PTFT of complex-valued sequence. The computational overhead
natural signals such as speech, marine mammal sounds, heart rate etc. are realneeded by the FSD is analyzed and summarized in Table 5.1. It is clear that
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the decomposition cost for the real-valued sequence is about one half of that for
signals are embedded as watermark signals, where each chirp rate corresponds
complex-valued sequence.
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Table 5.1: The computational overheads needed by
PTFT
PI is odd
Input
No. of real multiplications
No.
Real
(PI - l)(No - 1)
Complex
2(Pl - l)(No - 1)
PI IS even
Real
Pl(No - 1)
Complex
2pl(No - 1)
2(Pl -

5.3

the FSD for a 2nd order

of real additions
(PI - 1)N5
2(Pl - 1)N5

(PI - 2)N5
2)N5 + 2(No - 1)

Radix-a Algorithms

This section derives fast algorithms based on the radix-a decompositions for the

(r

+ l)th order

PTFT whose sizes of all dimensional are the same, i.e., N. In

the following, this kind of PTFT will be called length-N PTFT. In addition, an
example for r

= 1 is to be presented,

First, let us briefly review the radix-a algorithm derived in section 4.4.1,
where complex-valued input sequence is assumed. Based on that fast algorithm,
an (r

+ l)th

order length-N PTFT is decomposed into

ar+l

(r

+ l)th

order

length-(Nja) PTFTs. The mathematical expressions for the radix-a algorithm
co-

are
given by
(4.4.4)(4.4.9).
efficients
carry
desirable
information.

For complex-valued PPSs, the PTFT

serves
as the(4.4.4)
MLE for
of the
phase coefficients,
can be efficiently computed
To study
real-valued
input, let usand
define
using the generalized class of fast algorithms presented in Chapter 4, which
l' - mod(a - li, a)
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
~

and b are positive integers.

{
{

0

li

=0

(5.3.1)

a -li otherwise

In practice, many applications inherently deal with real-valued signals. The
0 mammal
li = 0 sounds, heart rate etc. are realnatural signals such as speech,
marine
(5.3.2)
Cti
1 otherwise
valued. In image and audio watermarking
schemes [36, 37], the real-valued chirp

N
- signals,
Cti - k i .where each chirp rate corresponds
(5.3.3)
signals are embedded as kwatermark
'
a
~
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From (5.3.1) and (5.3.2), it can be easily verified that
(5.3.4)
1:'rom (4.4.6), we have
Lr/2J

Lr/2J

~l'

p'1

L

2t

n 2t

~

=

L

t=O

t=Ohti'0

Lr/2J

L

=a

2t

n

(5.3.5)

PI

-

t=ohdO

and
r

r

L(i + l)l~ni = L

P'

(i + l)(a -li)ni

t=O,lii'O

i=O

r

L

a

(i + l)n i

-

(5.3.6)

P.

t=o,ldo

By defining

27rcP'ja

f3'

(5.3.7)
co-

r

27rC

L

(i + l)n i

-

27rcPja,

efficients carry desirable information.
i=O,l;i'0 For complex-valued PPSs, the PTFT
serves
we haveas the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
(5.3.8)
cos(f3') = cos(f3), sin(f3') = - sin(f3).
supports arbitrary order of PTFT with the dimension size being aPb, where a, P

to (5.3.6),
the twiddle factors can be expressed as
Fromb are
(5.3.1)
and
positive
integers.
wOr(n,l')wOr(n,k')
WOr(n,l')WOr(n,N/a-a-k)
In practice, many
applications _inherently
deal with real-valued signals. The
N·

N/a

-

N

N/a

natural signals such as
marine mammal sounds, heart rate etc. are real_ speech,
WOr(n,l')W-Or(n,a+k)
-

N

N/a

valued. In image and _audio
watermarking schemes [36, 37], the real-valued chirp
wOr(n,l')w-Or(n,aa)W-O(n,k)
(5.3.9)
N
N
N/a
signals are embedded as watermark signals, where each chirp rate corresponds
_ W-Or(n,aa-I')W-Or(n,k) _ W-Or(n,l)W-Or(n,k)
N
N/a
N
N/a'
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With the above derived results, let us now consider ua(n, lo, h,·· . ,lr) for realvalued sequence according to the parity of a as follows.
(i). a is odd. In this case, following the expression (4.4.7) and applying the
property (5.3.8), we have
(5.3.10)
which leads to the conjugate symmetric property of the PTFT of real-valued
sequence as shown latter.

(ii). a is even. In this case, we have
(5.3.11)
When mod(a,4)

=J=.

0, with the expression (4.4.8) and the properties (5.3.8) and

(5.3.11), the equality in (5.3.10) is also satisfied. When mod(a, 4)

(-J')PI -- - (-J')P .

= 0, we have
(5.3.12)

With (4.4.9), (5.3.8), (5.3,11) and (5.3.12), it is straightforward to prove the
corelationship in (5.3.10).
efficients carry desirable information. For complex-valued PPSs, the PTFT
Using
(4.4.4),
(5.3.9),
and (5.3.10),and
we have
serves
as the
MLE
of the(5.3.10)
phase coefficients,
can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
X (ak~ + l~, ak~ + l~, .. · ,ak~ + l~)
N/a-1
of PTFT with the dimension size being aPb, where a, P
supports arbitrary order
"""
[ ( l' l' ... ' r
l' )wer(n,P)]
wer(n,kl)
L.-J U a n, 0' l'
N
N/a
and b are positive integers.
n=O
N/a-1

= applications
"""
l1, ... ,lr )w-er(n,l)w-er(n,k)
In practice, many
deal
with real-valued
signals. The
L.-J u a*( n, l0,inherently
N
N/a
n=O

natural signals such as speech, marine mammal sounds, heart rate etc. are real(5.3.13)
= X* (ak o + lo, ak1 + h, ... ,akr + lr).
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
When the index of the output akb+lb = N, it is replaced by 0 due to the property
signals are embedded as watermark signals, where each chirp rate corresponds
WRF i = W.zZ,-. Equation (5.3.13) shows the conjugate symmetric property of
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the PTFT of real-valued sequence, which leads to a further reduction of the
computational complexity compared to that needed by the fast algorithms for
complex-valued sequences. For simplicity, denote X(ak o+lo, ak 1 +h,· " ,akr +

IT) as Xlo.!l, .. ,lr' Therefore, (5.3.13) can be written as
(5.3.14)
where y :=;, x means that y can be obtained from x.
Based on (5.3.14), when a is odd, the outputs of length-N (r + l)th order
PTFT of real-valued sequence can be obtained from one length-(N/a) (r + l)th
order PTFT of real-valued sequence for li

= 0, i = 0,1, ... ,T',

and (aT+! - 1)/2

length-(N fa) (r + l)th order PTFTs of complex-valued sequence. When a is
even, the outputs oflength-N (r+1)th order PTFT real-valued sequence can be
obtained from one length-(N/a) (r + l)th order PTFT of real-valued sequence
for li = 0, i = 0,1," . ,r, and (aT+! /2 + 2T - 1) length-(N/a) (r + l)th order
PTFTs of complex-valued sequence.
The entire computation can be accomplished by jointly using the above
copresented algorithms for real-valued sequences and those for complex-valued
efficients
desirable
information.
sequencecarry
reported
in section
4.4.1.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
Let us consider an example for r = 1 to illustrate the details of the derived
using the generalized class of fast algorithms presented in Chapter 4, which
fast algorithms.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
When a is odd, (5.3.14) is elaborated into
and b are positive integers.
XO,ll :=;, XO,a-lr'
1:::; h :::; (adeal
- 1)with
/2 real-valued signals. The
In practice, many
applications inherently

Xlo,oas:=;,speech,
Xa~lo,O,marine
1:::; mammal
lo :::; (a - sounds,
1)/2 heart rate etc. are realnatural signals such
valued. In imageXloJ!
and audio
watermarking
[36, :::;
37],
chirp
:=;, Xa-lo,a-lp
1 :::; lo schemes
:::; (a - 1),1
h the
:::; (areal-valued
- 1)/2. (5.3.15)
signals are embedded as watermark signals, where each chirp rate corresponds
Therefore, to obtain all the PTFT outputs, we need to compute one length-
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(N/a) 2nd order PTFT, Xo,o, of real-valued sequence and (a 2 - 1)/2 length-

(N fa) 2nd order PTFTs of complex-valued sequence.
When a is even, (5.3.14) is elaborated into
XO,h =?

X1o,0

=? Xa~lo,O, 1

X 1o ,a/2
X1o,h

XO,a-h, 1 :::; it :::; a/2-1

=?

=?

:::; lo :::; a/2 - 1

X a- 1o ,a/2' 1 :::; lo :::; a/2 - 1

Xa-lo,a-lll1 :::; lo :::; (a - 1),1 :::; it :::; a/2 - 1.

(5.3.16)

and Xo,o, X O,a/2, X a/ 2,0 and Xa./2,a/2 are also to be computed. For all the PTFT
outputs, we need to compute one length-(N/a) 2nd order PTFT, Xo,o, of realvalued sequence and (a 2 /2

+ 1)

length-(N/a) 2nd order PTFTs of complex-

valued sequence. It should be pointed out that when a = 2 , the conjugate
symmetric property in (5.3.16) is not valid.

Appendix A gives the Matlab

implementation of the radix-a algorithm for the length-N 2nd order PTFTs of
real-valued sequence.
coefficients carry desirable information.

5.4

For complex-valued PPSs, the PTFT

Computational Complexity

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
This section considers the required computational complexity of the fast algosupports arbitrary order of PTFT with the dimension size being aPb, where a, P
rithms presented in the last two sections in terms of the number of arithmetic
and b are positive integers.
operations on real numbers. It is assumed that a complex multiplication uses
practice,
many applications
inherently
dealFirstly,
with real-valued
The
and two real
additions.
we considersignals.
the compufourInreal
multiplications
natural
such as
speech, marine
mammal
heart
rate etc. to
arePTFT
realPTFT,
then thesounds,
analysis
is extended
tationalsignals
complexity
of length-N
valued.
In image
and audio
watermarking schemes [36, 37], the real-valued chirp
of arbitrary
dimensional
sizes.
signals are embedded as watermark signals, where each chirp rate corresponds
In general, arithmetic operations are needed for U a(n, lo, ll, ... ,lr) and the
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twiddle factors W~(n,[). Table 5.2 lists the numbers of real multiplications
and real additions needed for ua(n, la, it, ... ,lr) for real-valued input, where
0::; n::; N/a-1, 0::; li::; a-I for i

= 1,2,··· ,r, and a = 2,3,4,6

and 8. One desirable property observed from the above analysis is that the
computational complexity for ua(n, la, it, ... , lr) is independent of the order
of the PTFT. When calculating the number of multiplications required by the

Table 5.2: The computational complexity required by ua(n, la, it" .. ,lr) for
real-valued input
a
2
3
4
6
8
real add.
N 4N/3 3N/2 7N/3 5N/2
real mui.
0
0
N/3 N/4
N/3

twiddle factors, we discount the operations that are needed by the trivial twiddle
factors when n

= 0 and/or li = 0 for i = 0, 1"" ,r. Because ua(n, la, it"" , lr)

is complex, complex multiplications are generally needed by the twiddle factors.
In the case of a = 2 and 4 (for some combinations of li), 'ua(n, la, it,,,, ,lr)
becomes real and only real multiplications are needed.

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
Let Ca,add,R!j; and Ca,mul,R!j; represent the numbers of real additions and
serves as the MLE of the phase coefficients, and can be efficiently computed
real multiplications, as shown in Table 5.2, needed by the computation of
using the generalized class of fast algorithms presented in Chapter 4, which
ua(n,lo,h,'" ,lr) for real-valued input, where n = 0,1"" ,N/a - 1, and
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Da,add(!j; - 1) and Da,mul(!j; - 1) represent the numbers of additions and muland b are positive integers.
tiplications required by the twiddle factors. The total numbers of additions
practice, many needed
applications
withalgorithms
real-valuedare
signals.
The
proposeddeal
radix-a
derived
as
andInmultiplications
by theinherently
natural
follows.signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Based on the radix-a algorithm presented in the last section, the required
signals are embedded as watermark signals, where each chirp rate corresponds
numbers of real additions and real multiplications for the (r + 1)th order PTFT
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of real-valued sequence can be calculated by

where the subscript, R or C, indicates that the quantity is for PTFTs of realor complex-valued sequence,
(ar+! -

Ka -

{

1)/2

ar +! /2 + 2r

-

a is odd

1 a

IS

(5.4.3)

even

and

o
Da,add =

Ka

-

2Ka

a=2
1

a=4
other values

a=2
, Da,mul

=

3Ka

-

1

a

=4

(5.4.4)

other values

At the mth step of the decomposition process, the length-N PTFT of realvalued sequence is decomposed into length-(N/am ) PTFTs of real-valued and
cocomplex-valued sequences. After necessary manipulation, AR(N) and MR(N),
efficients carry desirable information. For complex-valued PPSs, the PTFT
where N = aPb, can be expressed as
serves as the MLE of the phase coefficients, and can be efficiently computed

using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
-mDa,mul.

(5.4.6)

natural signals such as speech, marine mammal sounds, heart rate etc. are realBased on the radix-a algorithm for complex-valued sequence proposed in Chapvalued.
In image and audio watermarking schemes [36, 37], the real-valued chirp
ter 4, are
the embedded
numbers of
multiplications
for the
(r + 1)th
corresponds
signals
as additions
watermarkand
signals,
where eachneeded
chirp rate
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order PTFT of complex-valued sequence can be computed from

Ac(N)
Mc(N)

T+1- I )(N
(5.4.7)
ar+1A C (N)
+ Caadd
CN- + 2( a
- - 1)
a
"a
a
N + 4 (1"+
aT+ 1 MC (N)
+ Ca,mul,Ca 1- I ) ( -N - 1) . (5.4.8)
a
a
a

Therefore,
m

N

L A c (---:-)
at

[Ac(;J - 2] E1(a, m, r)

+ 2m

i=l

+ [Ca,add,C + 2(ar+1 m

L
i=l

N
Me( ---:-)
at

1)]NE 2 (a, m, r)

[McC:'J - 4] E1(a, m, r)

(5.4.9)

+ 4m

+[Ca,mul,C + 4(ar+1 - 1)]NE 2 (a, m, r)

(5.4.10)

E1(a, m,r)

am(r+l)-l
aT+1 - 1

(5.4.11)

E 2 (a, m,r)

am+1(aT -1) E1(a,m,r) -

where

1

[

am -1]
a-I .

coSubstituting (5.4.9) and (5.4.10) into (5.4.1) and (5.4.2), we obtain
efficients carry desirable information. For complex-valued PPSs, the PTFT

N
N(I- a- m)
A
mDa,add
+
[Ca,add,R
+
Da,add]
1 computed
serves as the MLE ofR(---;;:)
the
a phase coefficients, and can be efficiently
a-

2]

class
of fast algorithms
presented in Chapter 4, which
using the generalized
+Ka
{[Ae(;)
E1(a,m,r)
dimension size being aPb, where a, P
supports arbitrary order of PTFT with
+[Ca,add,C + 2(ar+1 -the1)]NE
(5.4.12)
2(a, m, T) + 2m}
and b are positive integers.
N
N(1- a- m )
MR ( ---;;:) - mDa,mul + [Ca,mul,R + Da,muzJ
1
a
aIn practice, many applications inherently deal with real-valued signals. The
+Ka {[Mc (;) E1(a, m, T)
natural signals such as speech, marine mammal sounds, heart rate etc. are real+[Ca,mul,C + 4(aT+1 - 1)]NE 2 (a, m, r) + 4m} .
(5.4.13)
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp

4]

rate corresponds
signals
are embedded
asthat
watermark
signals,
where
each chirp
Let
us consider
the case
uses initial
values
of AR(aqOb),
MR(aqOb),
Ae(aqOb)
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AR(N) = AR(aqOb) - (p - gO)Da,add + [Ca,add,R
+Ka {[Ac(aqOb) - 2] E1(a,p - go, r)
+[Ca,add,C + 2(ar +l

-

-

+ 2(p -

aqOb)/(a - 1)

go)

l)]NE 2(a,p - go, r)/a}

+Ka {[Mc(aqOb) - 4] E1(a,p - go, r)
+[Ca,mul,C + 4(ar +l

+ Da,add](N -

+ 4(p -

(5.4.14)

go)

1)]NE 2(a,p - go, r)/a} .

(5.4.15)

For the 2nd order PTFT, let 10 = 2qOb for a = 2, the numbers of real additions
and real multiplications are
A~(N)

(I ) _ A 2 (I )
= Ab(Io) 1- 2 2 + 510N2 _ 13N + A 2R
OC 0
o

+810 + 2 + 6(p - go)

MA(N)

(5.4.16)

2(1 ) _ M2(l)
M~(Io) 1-2 4 + 610 N2 -12N + M RO
CO
a

+610 + 4 + 6(p - go).

(5.4.17)
co-

efficients
Similarly, carry
let 10 desirable
= 4qOb for information.
a = 4, we haveFor complex-valued PPSs, the PTFT
serves as the MLE of the phase coefficients, and can be efficiently computed
2 + 2310/6 N2 _ 41 N A2 (T ) _ ~A2 (T )
A 2R(N) = ~5 Ab(Io) - 12
6
+ R.10
5 c.1o
in Chapter
4, which
using the generalized class of ofast algorithms presented

6

68

with- the
a, P
supports arbitrary order
10 + 10(p
+-5 +of15PTFT
go) dimension size being aPb, where
(5.4.18)
and b M
are2(N)
positive integers.
~ M~(Io) - 4 + 510N 2 _ 19 N M 2(I) _ ~M2 (I)
R
5
15
3 + R 0
5 C 0
10
In practice, many 12
applications
inherently deal with real-valued signals. The
+5 + 3 10 + 10(p - go).
(5.4.19)
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued.
image
andcomparisons
audio watermarking
schemesof[36,
the real-valuedneeded
chirp
real37],
multiplications
TableIn5.3
shows
on the numbers
signals
are embedded
as watermark
eachPTFT.
chirp rate
For corresponds
the radix-a
by various
proposed fast
algorithms signals,
for the where
2nd order
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algorithms, initial values, shown in Italic font, are used. It is seen that in general, the number of real multiplications decreases as the value of a is increased.
The additive complexity needed by the presented algorithms can be analyzed
Table 5.3: The number of real multiplications for
of real-valued sequence
N 1 radix-2 radix-4 radix-8
8
4
4
4
16
70
70
70
32
258
508
258
64
2626
1504
1208
128 11848
5996
5910
27946
22498
256 50254
512 206932 104950 85816

the length-N 2nd order PTFT
N2
3
9
27
81
243
729
2187

radix-3
2
53
614
5969
55082
499853
4511054

similarly. Table 5.4 shows the number of real additions for the 2nd order PTFT.
Similar observations to that from Table 5.3 can be made among the additive
complexities needed by the proposed fast algorithms. For example, the algorithms using larger values of a generally require smaller additive complexities.
When a

= 3, however, the proposed algorithm needs more real additions and

multiplications than the algorithms for other values of a.

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
Table 5.4: The number of real additions for the length-N 2nd order PTFT of
serves as the
MLE of the phase coefficients, and can be efficiently computed
real-valued
sequence
N2
radix-3
N 1 radix-2 radix-4 radix-8
class
of
fast
algorithms
presented
in Chapter 4, which
using the generalized
88
88
88
3
9
8
16 order
464of PTFT
9 size 173
464 with the
464dimension
being aPb, where a, P
supports arbitrary
32
2158
1272
1272
27
1769
and b are positive
64 integers.
9332
4670
81
16493
5666
128 38842
22034
20056
243
150089
In practice,256
many158528
applications
inherently
with real-valued
92684
78472 deal729
1355693 signals. The
512 640582 361948 306382 2187 12215849
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Now, we compare the required computational complexities of the proposed
signals are embedded as watermark signals, where each chirp rate corresponds
fast algorithms, as listed in Tables 5.3 and 5.4, with those needed by the fast
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algorithms for complex-valued sequences. Figure 5.4 shows the comparisons on
the required numbers of real multiplications for a

= 2,3,4 and 8. For

a

= 2,

the proposed algorithm does not achieve much reduction of the computational
complexity because the conjugate symmetric property is not valid. When a

=

3, 4 or 8, the proposed algorithms achieve about 40% to 50% savings on the
computational complexity. Similar observations can be made about the ratios
between the number of real additions needed by the proposed algorithms for
real-valued input and the algorithms for complex-valued input.

- 0 - radix-2. Mul
- b - radix"'!, Mul
- 0 - radix-S, Mul
-'V- radix-3, Mul

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

1000

1500

2000

serves as the MLE of the phase coefficients, and can be efficiently computed
N

using the generalized class of fast algorithms presented in Chapter 4, which
Figure 5.4: The ratios between the numbers of multiplications needed by the
arbitrary
order
of PTFT
with the
dimension
being aPb,
a, P
supports
fast 2nd order
PTFT
(with
dimensional
sizes
N x N)size
algorithms
forwhere
real- and
complex-valued
inputs.
and
b are positive
integers.

In practice, many applications inherently deal with real-valued signals. The

Next, let us analyze the computational complexity of 2nd order PTFT with
natural signals such as speech, marine mammal sounds, heart rate etc. are realdimensional sizes N x N I , where N =J N I and N I = PIN. Based on the FSD,
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the required numbers of real additions and real multiplications can be obtained
signals are embedded as watermark signals, where each chirp rate corresponds
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from:

AR(N x N l ) = PlAR(N)

+ (PI

MR(N x Nd = PlMR(N)

- 1)N 2

+ (PI -

l)(N - 1)

for odd PI, and

AR(N x Nd = (PI - l)A R(N)

+ Ac(N) + (PI -

MR(N x Nd = (PI - l)MR(N)

+ Mc(N) + Pl(N -

2)N2
1)

for even Pl. Thus, the ratio of the number of multiplications between the fast
algorithms for real and complex inputs can be written as

MR(N x N l )
Mc(N x N l )
_

{

(5.4.20)

P1MR(N)+(Pl-l)(N-l)
P1Mc(N)+2(Pl-l)(N-l) ,

PI is odd

(Pl-l)MR(N)+Mc(N)+Pl(N-l)
P1Mc(N)+2(PI-l)(N-l)
,

PI is even

Since MR(N) »N and Mc(N)

»

N, this ratio can be approximated by

~ ~~i~~,

MR(N x N l ) {
Mc(N x N l ) ~
~

PI is odd

(5.4.21)
cois even
PI
efficients carry desirable information. For complex-valued PPSs, the PTFT
The ratio of the numbers of additions between the fast algorithms for real- and
serves as the MLE of the phase coefficients, and can be efficiently computed
complex-valued sequences is given by
using the generalized class of fast algorithms presented in Chapter 4, which
AR(N x N l )
with the dimension size being aPb, where
a, P
supports arbitrary order of PTFT
(5.4.22)
Ac(N x N l )
and b are positive integers. pIAR(N)-f-(PI-1)N2
PI is odd
_
PI Ac(N)+2(PI-l)N2 ,

+ (1 _ ~)
MR(N)
PI
PI Mc(N) ,

In practice, many applications
inherently deal with PI
real-valued
signals. The
{ (PI-l)A R (N)+Ac(N)+(PI-2)N2
IS even
PIAc(N)+2(PI-2)N2+2(N-l) ,

natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Figure 5.5 and Figure 5.6, respectively, show the ratios between the numsignals are embedded as watermark signals, where each chirp rate corresponds
bers of real multiplications and additions needed by the fast algorithms for the
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2nd order PTFT of dimensional sizes N x N I with real- and complex-valued
sequences. The computation of the PTFT of real-valued sequence for these
figures are implemented by jointly using the FSD and radix-8 algorithm. In
these two figures, the axis associated with N I is indirectly expressed in terms
of parameter Pl' It is clearly shown that the ratios change with the value of PI
and their averages tend to be about 0.53.
-N~32

- - - N=64

0.65

L>

N~

•

N~256

128

0.60

0

'::l

'"

0.55

~

0.50

0.45

0.40
4

10

12

Figure 5.5: The ratios between the numbers of multiplications needed by the
cofast 2nd order PTFT (with dimensional sizes N x Nd algorithms for real- and
complex-valued
inputs. information. For complex-valued PPSs, the PTFT
efficients
carry desirable
serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which

5.5 Split-radix
Algorithms
arbitrary order of PTFT
with the dimension size being aPb, where a, P
supports
and b are positive integers.
In this section, we derive split-radix-mj(ma) type algorithms for real-valued
In practice, many applications inherently deal with real-valued signals. The
input sequence, where m is a positive divisor of the integer a, which is usually
natural signals such as speech, marine mammal sounds, heart rate etc. are realdenoted as mla. Note that for m = 1, split-radix-lja is equivalent to radix-a
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
algorithm, which has already been analyzed in Section 5.3. Thus, we exclude
signals are embedded as watermark signals, where each chirp rate corresponds
the case of m = 1.
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0.64

-N=32
---N=64
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Figure 5.6: The ratios between the numbers of additions needed by the the
fast 2nd order PTFT (with dimensional sizes N x N 1 ) algorithms of real- and
complex-valued inputs.
Based on the decomposition process derived in Section 4.4.2, we know that
for an (r
i

+ l)th order PTFT,

the outputs whose indices are divisible by m, for

= 0, 1"" ,r, can be computed by
~-1

X(mko,mk 1 ,'" ,mkr ) = Lum(n,O, ... ,O)W~/~,k),

co(5.5.1)

n=O

efficients carry desirable information. For complex-valued PPSs, the PTFT
and the other PTFT outputs can be computed according to
serves as the MLE of the phase coefficients, and can be efficiently computed
(5.5.2)
X(mak o + lo, mak1 + h,··· , makr + lr)
using the generalized class of fast algorithms presented in Chapter 4, which
...!'L-l
rna

8r(n,k)
- ~ with
(l
l )w 8r(n,l)w
where a, P
supports arbitrary order of
- PTFT
L..J Uma n, the
0,'"dimension
,r
N size being
N/(ma) aPb,
,

°:: ;

n=O

and b are positive integers.
where
k i :::; N/(ma) - 1,

°:: ;

li :::; ma - 1, and at least one li is not a

In practice,
many
applications
inherently
with real-valued
signals.
The
input
sequence,deal
applying
the properties
(5.3.14)
multiple
of m. For
real-valued
natural
signals
such as speech, marine mammal sounds, heart rate etc. are realwe have
to
(5.5.2),
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
(5.5.3)
X (mak~ + l~, mak~ + l~, .. · ,mak~ + l~)
signals are embedded as watermark signals, where each chirp rate corresponds
= X*(mak o + lo, mak1 + h,'" ,makr + lr)'
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i.e., among all the combinations of li in (5.5.2), one half of them can be obtained
from the other outputs. Therefore, to obtain the outputs of length- N (T' + 1) th
order PTFT of real sequences, we need compute one length-(N/m) (r
order PTFT and

K:/ Cma ) = ar+l(mr+1 -

+ 1)

th

1)/2 length-(N/(ma)) (r + 1)th order

PTFTs of complex sequences.
Let us consider an example for r

1 to support the derived split-radix

algorithms as follows.

(a). N

=

2P b

With m

= 2 and a = 2, a split-radix 2/4 algorithm is obtained. Following

(5.5.3), we have [X03 , X 23 , X 30 , X 33 , X 32 , X 31 ]

====}

[XOl , X 21 , X lO , X ll , X 12 , Xd·

Thus, the entire computation task includes one length-(N/2) 2nd order PTFT
of real-valued sequence and 6Iength-(N/4) 2nd order PTFTs of complex-valued
sequence.

(b). N = 4P b
With m

= 2 and a = 4, a split-radix 2/8 is obtained. Applying the property

coin (5.5.3), we need to compute one length-(N/2) 2nd order PTFT ofreal-valued
efficients carry desirable information. For complex-valued PPSs, the PTFT
sequence and 24 length-(N/8) 2nd order PTFTs of complex-valued sequence to
serves as the MLE of the phase coefficients, and can be efficiently computed
obtain all the transform outputs.
using the generalized class of fast algorithms presented in Chapter 4, which
In general, it is quite difficult and tedious to derive mathematical expressions
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
for split-radix algorithms with the parameters of m and a. As an example, the
and b are positive integers.
details of derivation for split-radix-a/a 2 algorithm are presented here. For an
In practice, many applications inherently deal with real-valued signals. The
(r+ 1)th order PTFT of complex-valued input sequence, the number of additions
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

119

5.5. Split-radix Algorithms

and multiplications are given by the recursive equations as follows

Ac(N) = Ac(N)
a

Mc(N)

+ ar+l(ar+l -1)AC (N2 ) + CaaddC N2
a'

+2ar +l ( ar +l _ l)(N - 1)
a2
N) + a r+l( a
'r+l
)MC (N)
MC ( --;;
-I
a
2

+4 a r+l(a r+l -

1)(~
a

'a

(5.5.4)

+ Ca,mul,C aN2

- 1).

(5.5.5)

While for real-valued input sequences, the number of additions and multiplications are expressed as

(5.5.6)

(5.5.7)
It can be easily seen that the equations for complex-valued and real-valued input

sequence can be expressed in the form of
(5.5.8)
coefficients carry desirable information. For complex-valued PPSs, the PTFT
and
serves as the MLE of the phase coefficients, and can be efficiently computed
(5.5.9)
using the generalized class of fast algorithms presented in Chapter 4, which
respectively,
where order
x = aPb,
Vo, VI, with
to and
are constants.
AfteraPb,
m-th
decomof PTFT
thet ldimension
size being
where
a, P
supports arbitrary
position,
can
be written as
and b are (5.5.9)
positive
integers.
m+l

m-l

i=2

i=O

1

(5.5.10)
In practice,
inherently
deal
with
The
g(x)many
= applications
g( ~) + K j+\
'" f( ~)
+ tox
'"
-: + mtl · signals.
am
a a L...J
a'
L...Jreal-valued
a'
r

natural signals such as speech, marine mammal sounds, heart rate etc. are realIt is obviously that the closed form expression of g( x) requires expression of
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
f(x) which will be analyzed next. The solution to (5.5.8) is in the form
signals are embedded as watermark signals, where each chirp rate corresponds
(5.5.11)
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Substituting (5.5.11) back into the recurrence relation, we get:

(5.5.12)
Looking only at the coefficients of aPb and 1 (constants), respectively,
c

{

Ca

= -: +

C4

= C4

aT+1(aT+1_I)

+ Vo
1)c4 + VI,

Ca

a2

+ aT+l(aT+l -

(5.5.13)

(5.5.14)

To determine the values of CI and C2, we need two initial values f(xo) and f(XI),
where Xo

= aPOb,

Xl

= axo = aP1b . With the initial values we have

+ c2(1 -

+ caaPob + C4

co(5.5.15)
I )Pl + caaP1 b + C4PPSs, the PTFT
{ f(XI)
efficients carry
desirable
information.
= CI (aT+l
)Pl + c2(1 - For
aT+complex-valued

f(xo) = CI(aT+l)PO

aT+l)PO

serves
as the to
MLE
of equations
the phaseare
coefficients, and can be efficiently computed
The
solutions
these
using the generalized class of fast algorithms presented in Chapter 4, which

a, P
supports arbitrary order of PTFT with the dimension size being aPb, where
(5.5.16)
and b are positive integers.
Therefore, using two initial values, f(xo) and f(XI), the number of operations
In practice, many applications inherently deal with real-valued signals. The
for complex-valued input sequence can be obtained from (5.5.11) with the coefnatural signals such as speech, marine mammal sounds, heart rate etc. are realficients CI to C4 given in (5.5.14) and (5.5.16). Substituting the obtained expresvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
sion into (5.5.9) and use an initial valued of g(xo), the number of operations for
signals are embedded as watermark signals, where each chirp rate corresponds
real-valued input sequence is obtained.
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Table 5.5 lists the number of real multiplications and additions that are
needed by the split-radix algorithm with m

= 2 and a = 2 and 4. It is seen that

the split-radix algorithm is more computational efficient than the radix-a algorithm. Compared to the split-radix algorithms for complex-valued sequence,
the proposed algorithms achieve about 50% savings on the computational complexity.
Table 5.5: The number of real multiplications and additions required by the
split-radix algorithm
Split-radix-2j4
Split-radix-2j8

N=
8
16
32
64
128
256
512

5.6

MR(N)

AR(N)

MR(N)

AR(N)

4

88
276
1095
4394
18317
73504
299203

4

88
276

40
207
1038
4733
20204
83707

Summary

efficients carry desirable information.

40
207

1095

1087
4863
20575
81663

4471
17895
74071
296775

coFor complex-valued PPSs, the PTFT

This chapter
andcoefficients,
split-radix and
fast algorithms
for the computed
computaserves
as the presents
MLE of radix-a
the phase
can be efficiently
thegeneralized
PTFTs of class
real-valued
the
tion ofthe
of fast sequences.
algorithms Analysis
presentedand
in comparison
Chapter 4, on
which
using
computational
complexity
alsowith
made
terms of the
of where
real addiarbitrary
order of are
PTFT
theindimension
sizenumbers
being aPb,
a, P
supports
The proposed algorithms provide the flexibility
tionsb and
real multiplications.
and
are positive
integers.
to support various input sequence lengths by setting the parameters of a, band
In practice, many applications inherently deal with real-valued signals. The
p. With the use of conjugate symmetric property, the presented fast algorithms,
natural signals such as speech, marine mammal sounds, heart rate etc. are realwith a = 3, 4 and 8, effectively reduce the computational complexity compared
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
to that needed by the reported fast algorithms for complex-valued sequences.
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 6
Pipeline Structure for PTFT
Computation

6.1

Introduction

In Chapters 4 and 5, fast algorithms have been reported for the computation
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carry desirable
information.
For complex-valued
PPSs,
PTFT
sequence lengthes
and the
efficiently
posed
algorithms
can support
various input
serves as the
thePTFTs.
MLE of However,
the phasereal-time
coefficients,
and can
be efficiently
computed
processing
is required
in many
praccompute
the generalized
of fast algorithms
presented
which
usingapplications
the software
implementation
may in
notChapter
be fast 4,
enough.
tical
and class
arbitrary
order of PTFT
with the
aPb, where
a, P
supports
it dimension
is necessarysize
to being
implement
the fast
To
support
high processing
throughput,
and b are positive
integers.
that should generally require the chip area and power
algorithms
in hardware
consumption
as many
small applications
as possible. inherently
Therefore,deal
it iswith
critical
to selectsignals.
a suitable
In practice,
real-valued
The
structure
has themarine
potential
for achieving
hardware
natural signals
suchthat
as speech,
mammal
sounds, such
heartrequirements.
rate etc. are realvalued.
and audio
watermarking
schemes
37], the
real-valued
particular
computational
algorithm
and[36,
problem
size,
there arechirp
two
GivenIna image
rate corresponds
signals are
embedded
as watermark
where
each chirpstructure
and the
popular
hardware
architectures.
Onesignals,
is based
on pipelined

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

6.1. Introduction

123

other is based on parallel structure. For some applications, high throughput
and low latency require the use of parallel architecture at the expense of high
cost of hardware and power consumption because many arithmetic functions
are implemented in hardware. An alternative is the pipelined structure that
allows concurrent operations on a number of hardware elements in an organized
manner to support high-speed, real-time applications. These operations can be
scheduled in various ways according to the specific application requirements.
One type of pipelined structure is particularly useful to deal with sequential
input data streams which is the dominant format for communication applications. Furthermore, in the literature, it is often observed that the maximum
processing throughput (or capability) that can be offered by the arithmetic
units is not fully utilized for applications that have sequential input and output
streams. This is because a waiting time is needed for sequentially collecting
the data that is simultaneously processed by the parallel arithmetic functions.
For example, such phenomena is observed from the earlier reported pipelined
FFT processor implementation [105] in which radix-4 butterfly cannot be fully
coutilized if a sequentially presented data stream is dealt with. To avoid the
efficients carry desirable information. For complex-valued PPSs, the PTFT
throughput mismatch, it is necessary to map the algorithm into a hardware
serves as the MLE of the phase coefficients, and can be efficiently computed
structure that contains the arithmetic units whose processing throughput is just
using the generalized class of fast algorithms presented in Chapter 4, which
enough to cope with the throughput of the input data stream. The purpose of
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
this chapter is to examine some related algorithms and propose new algorithms
and b are positive integers.
suited to high-speed pipelined hardware architectures. The rest of this chapter
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is organized
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hardware structure for DFT computation based on the radix-2 2 FFT algorithm
is proposed in this section. Section 6.3 presents the description of the singlepath pipelined structure based on the radix-2 2 fast algorithm for the PTFT.
The operations of the functional blocks used in the pipelined structure are explained, and the merits of the proposed structure are also discussed. Finally,
conclusions are given in Section 6.4.

6.2

Algorithms and Pipeline Structures for FFT

Discrete Fourier transform (DFT) has been an important signal processing function for many applications. A recent application is the orthogonal frequency division multiplexing (OFDM) for digital video broadcasting, digital audio broadcasting and very high-speed digital subscriber line [106, 107].
The DFT of an N-point sequence x(n), n

= 0,1, ... N

- 1, is defined as

N-l

X(k)

=

L

n=O

x(n)WR;k

(6.2.1)
co-
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and bsection
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This
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on the reviews and discussions of hardware-oriented FFT
processors.
In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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6.2.1

Algorithms

The FFT algorithms share the same strategy, i.e., decomposing the DFT into
two or more DFTs of shorter input sequences recursively. Here, we stick to
the principle of decimation in frequency (DIF). Decimation in time (DIT) algorithms can be easily derived by applying the transposition theorem to the DIF
type algorithms.
In short, using the radix-2 decomposition, (6.2.1) is decomposed into even
and odd frequency components as

N/2-1
X(k 1 + 2k2) =

L

{[x(n)

+ (-I)k l x (n + N/2)]W~ln}W~/~

(6.2.2)

n=O
where k1

= 0,1 and k 2 = 0,1, ... ,N/2 - 1. :For the radix-4 algorithm, (6.2.1)

equates the sum of 4 DFTs of length- N /4 sequences, the resulting formula is
N/4-1

X(k 1 + 4k2 ) =

L

{[x(n)

+ (_j)k l X (N/4 + n) + (-I)k l x (N/2 + n)

n=O
(6.2.3)
cowhere k1 = 0,1,2,3 and k 2 = 0,1, ... ,N/4 -1. A more in-depth description of
efficients carry desirable information. For complex-valued PPSs, the PTFT
FFT algorithms can be found in Section 2.6.
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where k1 and k 2 are 0 or 1, k 3

= 0,1, ...
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N/4 -1 and

which is equivalent to a butterfly computation in radix-2 algorithm. In (6.2.4),
the twiddle factors inside and outside of the braces can be combined for a further
decomposition, which is the key difference from the decomposition process of
the radix-2 fast algorithm. It was demonstrated in [108J that the combined
twiddle factors can be expressed into
(6.2.6)
Substituting the twiddle factors in (6.2.4) with (6.2.6), (6.2.4) can be written
into a set of length-(N/4) DFTs as follows:
N/4-1

X(k 1 + 2k2 + 4k3) =

I:

{BN/4(n3, k1 , k 2)W;;3(k 1 +2k2 )} W;;/~3

(6.2.7)

n3=O

where B N/ 4(n3, k j , k 2) is the butterfly computation at the next stage defined as:

coefficients carry desirable information. For complex-valued PPSs, the PTFT
The entire DFT computation is now decomposed into four length-(N/4) DFTs,
serves as the MLE of the phase coefficients, and can be efficiently computed
defined in (6.2.7), and each ofthem can be further decomposed in the same way
using the generalized class of fast algorithms presented in Chapter 4, which
untillength-2 or length-4 DFTs are reached.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
above integers.
decomposition procedures, we can see that
andFrom
b arethe
positive

In practice, many applications inherently deal with real-valued signals. The
• The radix-2 algorithm decomposes the entire DFT into log2 N stages,
natural signals such as speech, marine mammal sounds, heart rate etc. are realeach stage requires the radix-2 butterfly operation, and non-trivial twiddle
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
factors are generally needed at the outputs of every stage (except the last
signals are embedded as watermark signals, where each chirp rate corresponds
one).

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

6.2. Algorithms and Pipeline Structures for FFT

127

• The radix-4 algorithm decomposes the entire DFT into log4 N stages, each
stage requires the radix-4 butterfly operation which is fairly complicated,
and non-trivial twiddle factors are required at the outputs of every stage
(except the last one) .
• The radix-2 2 algorithm also decomposes the entire DFT into log2 N stages,
each stage requires the radix-2 butterfly operation. However, the nontrivial twiddle factors are necessary only at the outputs of every other
stages.

To understand the relationship among the three algorithms, the signal flow
graphs (SFG) of the radix-2, radix-4 and radix-2 2 fast algorithms for a length16 DFT are shown in Figure 6.1. From the figure, it can be easily observed
that for N = 16, both the radix-2 algorithm and radix-2 2 algorithm consist
of 4 stages, and each stage requires 16 complex additions/subtractions. Nontrivial multiplications are needed at the outputs of stage 1 and 2 for radix-2
algorithm, but they are only needed at the outputs of stage 2 for radix-2 2 alcogorithm. The radix-4 algorithm consists of 2 stages, each needs 32 complex
efficients carry desirable information. For complex-valued PPSs, the PTFT
additions/subtractions, and non-trivial multiplications are required at the outserves as the MLE of the phase coefficients, and can be efficiently computed
put of stage 1. From these observations we know that the radix-2 2 algorithm
using the generalized class of fast algorithms presented in Chapter 4, which
has the same computational complexity as the radix-4 algorithm, and remains
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the same radix-2 butterfly structure as the radix-2 algorithm.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The

6.2.2
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Figure 6.1: Signal flow graph of (a) radix-2, (b) radix-4, (c) radix-2 2 fast algorithm (N=16).
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the global interconnection, the input stream has to be stored, delayed and distributed timely to the arithmetic units for processing. Thus a pipelined FFT
hardware structure consists of five types of primary building blocks: butterfly
units, delay units, complex multipliers for the twiddle factors, ROM devices
for twiddle factors, and the commutators for the control of data stream movements. The differences between the architectures stem from the structure of the
commutators and their associated control signals, and the length of delay units.
There are basically three kinds of commutators: multipath delay commutator
(MDC), single-path delay feedback (SDF) and single-path delay commutator
(SDC).
Radix-2 MDC (R2MDC) and radix-4 MDC (R4MDC) [109] are the most
straightforward ways for pipelined implementations of radix-2 and radix-4 FFT
algorithms, respectively. The input sequence is broken into 2 or 4 parallel data
streams flowing forward. At each stage the MDC distributes the data streams
into the data elements with proper delays to enter the butterfly units. The
butterfly units and multipliers are in 50 and 25 percent utilization for R2MDC
coand R4MDC algorithms, respectively. Radix-4 SDF (R4SDF) [110] employs
efficients carry desirable information. For complex-valued PPSs, the PTFT
CORDIC iterations and uses the registers more efficiently by storing 3 out of 4
serves as the MLE of the phase coefficients, and can be efficiently computed
radix-4 butterfly outputs. A single data stream goes through the multiplier at
using the generalized class of fast algorithms presented in Chapter 4, which
every stage. The utilization of multipliers is increased to 75 percent while the
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
utilization of the butterfly is dropped to 25 percent. With the condition that
and b are positive integers.
the processing elements for arithmetic operations are operated at the input data
In practice, many applications inherently deal with real-valued signals. The
rate with a processing latency of N word cycles, more attention has recently
natural signals such as speech, marine mammal sounds, heart rate etc. are realbeen paid to two single-path pipelined structures reported many years ago.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Both structures have the capabilities of naturally interfacing with the sequential
signals are embedded as watermark signals, where each chirp rate corresponds
input/output stream and performing processing for consecutive DFTs without
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requiring any extra cycles for resetting operations. The one with SDF [111] is
based on the radix-2 FFT algorithm and the other one with the SDC [112] is
based on a modified radix-4 FFT algorithm. Attempts of further improvements
on these two types of structures have also reported in the literature. To minimize
the power consumption, a novel coefficient ordering is presented in [113] to
reduce the switching activities between the successive coefficients fed to the
complex multipliers for the structure reported in [112]. A multi-path pipelined
structure is reported in [114jl to increase the processing throughput.
A radix-2 2 fast algorithm was reported in [108] to combine the twiddle factors
located at two consecutive stages in the radix-2 FFT algorithms into those
located at one stage only. Thus the complex multiplier is needed only at the
output of every other stage. The number of complex multipliers needed by a
pipelined implementation based on the radix-2 2 algorithms is reduced by about
one half, i.e., the same as that needed by the implementation based on the
radix-4 algorithm. Because it uses the SDF structure, it also requires N - 1
complex data stores.
efficients carry desirable information.

coFor complex-valued PPSs, the PTFT

6.2.3as the
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serves
MLE of the
phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented 2in Chapter 4, which
Based on the concepts reported in [112] and the radix-2 fast algorithm, this
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
section reports a new cascaded single-path pipelined structure to reduce the
and b are positive integers.
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and power consumption than the RAM. To avoid this drawback, considerations
are also given to use RAMs to replace the shift registers. Section 2 briefly

Input

DAC

Add/sub

DAC

Stage 1

Output

Stage 2

DAC

Add/sub
Stage 4

Add/sub

Add/sub

DAC
Stage 3

Figure 6.2: Block diagram of the single-path pipelined structure based on the
radix-2 2 algorithm (N = 16).

presents the radix-2 2 fast algorithm and Section 3 gives the general description
of the single-path pipelined structure based on the radix-2 2 fast algorithm. The
operations of the functional blocks used in the pipeline are also discussed. The
merits of the proposed structure are discussed in Section 4. Finally, conclusions
are given in Section 5.

co-

efficients carry desirable2 information. For complex-valued PPSs, the PTFT
Based on the radix-2 fast algorithm, the length-16 DFT can be computed
serves as the MLE of the phase coefficients, and can be efficiently computed
by a cascaded single-path pipelined hardware structure as shown in Figure 6.2.
using the generalized class of fast algorithms presented in Chapter 4, which
Each of the four stages contains the functions that are needed by the processing
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
operations for the corresponding stage in Figure 6.1(c). The complex multiplier
and b are positive integers.
is used for the non-trivial twiddle factors located at the outputs of stage 2 in
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Table 6.1: Operations of
n
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next consider the functionalities and the implementation of these units used in
a stage.

6.2.3.1

Delay and commutator unit

The main function of the DAC unit is to provide correct timing for the input
data required by the adder/subtracter for butterfly computations defined in the
ith stage of Figure 6.1 (c). The DAC unit can be implemented with either shift
coregisters or RAMs to obtain the same function.
efficients carry desirable information. For complex-valued PPSs, the PTFT
former
consists of and
two shift
registers,
as shown
in Figserves The
as the
MLEimplementation
of the phase coefficients,
can be
efficiently
computed
N/2 i complex
data,
1 :::;4, i which
:::; l092N
urethe
6.3(a),
each storing
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generalized
class and
of fast
algorithms
presented
in where
Chapter
using

is the arbitrary
stage index,
two 2-to-1
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Let
us where
consider
orderand
of PTFT
with complex
the dimension
size being
aPb,
a, Pthe
supports
= 16. In the first 8 word cycles, i.e., n = 0 to 7, x(O), x(1), ...,
for N integers.
andexample
b are positive

and x(7) are sequentially shifted into the first length-8 shift register with x(O)
In practice, many applications inherently deal with real-valued signals. The
available at its output. At the next word cycle, i.e., n = 8, both x(O) and x(8)

natural signals such as speech, marine mammal sounds, heart rate etc. are realappear at the two outputs of the DAC unit when the 2-to-1 complex multiplexvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
ers are at position O. Similarly the other seven pairs of x(n) and x(n + 8) for n
signals are embedded as watermark signals, where each chirp rate corresponds
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= 1 to 7 sequentially appear at the outputs of the DAC unit within the next 7
word cycles. Table 6.1 shows the details of the operations in which it is assumed
that the first data x(O) arrives at the input of the DAC unit to enter the shift
register at the first cycle, i.e., n

=

O. Before n

= 16, the entire input sequence

is in the two shift registers, and x(O) and x(8) are available at the outputs of
the two shift registers. When the 2-to-l multiplexers are at position 1 in the
next 8 word cycles, the same output sequence as that in the previous 8 cycles
is obtained at the outputs of the DAC unit. The same operations are repeated
for the computation of the next DFT computation. Table 6.1 also shows the 8
outputs (in bold face) of the DAC unit for the next DFT computation.

Nli

Out ut I

o
I

Nli

o
(a). Implementation with shift registers

Input

efficients carry desirable information.

Output 2
Control

Output 1
coo
For complex-valued PPSs, the PTFT

If~",2

serves as the MLE of the phase coefficients, and can be efficiently computed
Read/write
Control
algorithms presented
in Chapter 4, which
using the generalized class of fast
controls

(b). Implementation with RAMs

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Figure 6.3: Block diagram of delay and commutator.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realWhen the block size of the DFT is large, i.e., N > 64, the use of shift
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
registers to implement the DAC unit may require a large chip area and consume
signals are embedded as watermark signals, where each chirp rate corresponds
more power since the data is actively shifted all the time. One alternative
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implementation is to use RAMs to replace the shift registers, particularly for
the front stages of the pipeline, as shown in Figure 6.3 (b). Let us consider stage
1 of the pipelined structure for a length-16 DFT and assume that the RAMs
can write and read once in each word cycle. The 16 input data are written
into the two RAMs sequentially with the first 8 data in RAM 1 and the next
8 data in RAM 2. From cycle 8, the 2-to-1 multiplexer is at position 0 so that

x(n) and x(n

+ 8),

where n = 0, 1, ... , 7, are available at outputs 1 and 2,

respectively within word cycles 8 to 15, i.e., for n = 8 to 15. In the next 8
cycles, the 2-to-1 multiplexer is at position 1 to obtain the same data sequence
as that in the previous 8 cycles. At the same time, the first 8 input data of the
next DFT computation are sequentially written into RAM 1 before the data for
the current computation are sequentially read out.
--------I

a

I

b

C

d
efficients carry desirable

+
tdd/Sub

+-

I
Real part
I
I
Complex I
Add/Sub I
I
I
+
0
Imag. part
I
I
idd/Sub
I
+information.
For complex-valued
PPSs,
I
I
L..! _ _
----- I

cothe PTFT

serves as the MLE of the ophase
coefficients, and can be efficiently computed
no swap o a clition
1 swap

1 subtraction

using the generalized class of fast algorithms presented in Chapter 4, which
6.4:order
Blockofdiagram
of modified
adder/subtracter
unit.where a, P
arbitrary
PTFT with
the dimension
size being aPb,
supports Figure
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
The structure of the DAC unit in Figure 6.3 can be used for any stage in
natural signals such as speech, marine mammal sounds, heart rate etc. are realthe pipeline. For stage i, however, the number of complex data storcs in a
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
shift register (or a RAM) should be N /2 i , and the control signals for the DAC
signals are embedded as watermark signals, where each chirp rate corresponds
operations at stage i should be accordingly designed.
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Table 6.2: Operations of addition and subtraction at the first stage for N = 16.
n=
Add/sub
Swap
Output
n=
Add/sub
Swap
Output
n
Add/sub
Swap
Output
n
Add/sub
Swap
Output

6.2.3.2

8

x(O)

+

+

+

+

no

no

no

no

+ x(8)

x(l)

12

x(4)

11

10

9

+ x(9)

x(2)

13

+ x(10)

x(3)

14

+ x(11)
15

+

+

+

+

no

no

no

no

+ x(12)

x(5)

+ x(13)

x(6)

+ x(14)

x(7)

+ x(15)

16

17

18

19

-

-

-

-

no

no

no

no

x(O) - x(8)

x(l) - x(9)

x(2) - x(10)

x(3) - x(11)

20

21

22

23

-

-

-

-

yes

yes

yes

yes

-j[x(4) - x(12)]

-j[x(5) - x(13)]

-j[x(6) - x(14)]

-j[x(7) - x(15)]

Butterfly computation

Let us consider the implementation of butterfly computation. Closely observing
cothe operations defined in (6.2.5) and Figure 6.1(c), it is seen that at the first
efficients carry desirable information. For complex-valued PPSs, the PTFT
stage of Figure 6.1 (c), 8 complex additions are performed sequentially within
serves as the MLE of the phase coefficients, and can be efficiently computed
8 cycles, and 8 complex subtractions are performed sequentially in the next
using the generalized class of fast algorithms presented in Chapter 4, which
8 cycles. Therefore, a controllable adder/subtracter, as shown in Figure 6.4,
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
is sufficient to perform these operations within 16 cycles. Because a trivial
and b are positive integers.
twiddle factor, -j, at the first and third stages of the DFT computation (see
In practice, many applications inherently deal with real-valued signals. The
Figure 6.1 (c)), a further consideration is to combine the operations needed by
natural signals such as speech, marine mammal sounds, heart rate etc. are realthe trivial twiddle factor and those for butterfly computation. It is known that
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the computation -j[(a + jb) - (c + jd)] can be expressed into (b - d) + j(c - a)
signals are embedded as watermark signals, where each chirp rate corresponds
so that the multiplication by - j can be met by a modified complex subtracter
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with swapped inputs and outputs. Figure 6.4 shows the implementation of
a complex adder/subtracter for the computation of [(a

+ jb) ±

(c

+ jd)]

or

-j[(a+ jb) - (c+ jd)]. The 2:1 multiplexers are used for swapping the real and
imaginary parts of the input/outputs when the trivial twiddle factor is applied.
In this figure, the add/subtraction control is specified according to the butterfly
operations and a swap control is applied only when the trivial twiddle factor - j
is applied. Table 6.2 shows the details and timing information of the butterfly
operations and the multiplications with the trivial twiddle factor.
Up to now, the operations for the first stage of Figure 6.1(c) is completed
within the 16 cycles. The presented concepts can be easily generalized for the
operations of other stages.

6.2.4

Discussions

The proposed single-path pipelined structure is able to continuously process
a sequential input stream without requiring any extra cycle for resetting opcoerations between successive DFT blocks, i.e., the proposed structure is able
efficients carry desirable information. For complex-valued PPSs, the PTFT
to compute a length-N DFT within exactly N cycles. It can be easily calcuserves as the MLE of the phase coefficients, and can be efficiently computed
lated that the structure needs 2(N - 1) complex data stores, l092N complex
using the generalized class of fast algorithms presented in Chapter 4, which
adder/subtracters, and l094N -1 complex multipliers. It also needs 2lo92N and
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
l092N 2-to-1 complex multiplexers for the DAC unit realized with shift regisand b are positive integers.
ters. In addition, one more complex 2:1 complex multiplexer is used for any

In that
practice,
many applications
inherently
dealfactor.
with real-valued signals. The
is associated
with the trivial
twiddle
stage
natural signals such as speech, marine mammal sounds, heart rate etc. are realFor the length-N DFT computation, Table 6.3 lists the hardware requirevalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
ments for the pipelined implementations. Compared with other single-path
signals are embedded as watermark signals, where each chirp rate corresponds
pipelined structure reported previously, the proposed one uses the same num-
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Table 6.3: Comparisons among different pipelined implementations.
Architecture
Multiplier
Adder Data Stores
R2MDC [109] 2(log4N - 1) 4log4N
3N/2 - 2
N -1
R2SDF [111] 2(lo94N - 1) 4log4N
R4MDC [109] 3(lo94N - 1) 8log4N
5N/2 - 4
N -1
8log4N
R4SDF [110]
lOg4N -1
2(N -1)
R4SDC [112]
lOg4N -1
3log4N
N -1
4log4N
R2 2 SDF [108]
lOg4N -1
Proposed
2log4N
2(N -1)
lOg4N -1

ber of complex multipliers as those in [108, 112], and 67% and 50% of the
number of complex adder/subtracters used in [112] and in [108], respectively
(see Table 6.3).
The proposed structure has about the same processing latency as that in
[108], i.e., (N-1) word cycles

+

(lOg2N)Ta

+

(lOg4N - l)Tm , where T a and T m

are the latencies for complex adder/subtracters and multipliers, respectively.

6.3

Algorithms and Pipeline Structures for PTFT
co-

efficients carry desirable information.

For complex-valued PPSs, the PTFT

6.3.1
serves as Algorithms
the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
Fast algorithms for computing the PTFT, such as radix-2 and radix-4, have been
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
reported in Chapter 4. In this section, we focus on the new hardware-oriented
and b are positive integers.
algorithm development for a high speed pipelined implementation of the PTFT.
practice, many
inherently
deal withmultipliers
real-valuedtosignals.
TheInrealization
of theapplications
design should
use minimum
reduce The
the
natural signals
such as Because
speech, marine
mammal
sounds,
heartapplications
rate etc. arefollow
realhardware
complexity.
the signals
in most
practical
valued.
In of
image
and audio watermarking
[36, 37], the
real-valued
chirp
the model
the second-order
PPS, i.e., theschemes
linear frequency
modulated
or chirp
corresponds
signals are
as hardware
watermark
signals, for
where
chirp ratePTFT,
we embedded
consider the
structure
the each
second-order
which
signals,
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is defined by
N-l

L

X(k,l)

x(n)wtn + 1n2

(6.3.1)

n=O

where

a ::; k ::; N -

1,

a ::; 1 ::; N -

1, W N = e-j2-rr/N, N = 2r and r > 2 is an

integer.
By using the same principle of decomposition as the radix-2 2 FFT algorithm,
we consider the first 2 steps of decomposition in radix-2 PTFT algorithm together. Applying a linear index map,

n

N
N
< 2n1 + 4n2 +n3 >N

k

< k1 + 2k2 + 4k3 > N

< it + 21 2 + 41 3 > N

(6.3.2)

where nl = {0,I},n2 = {0,I},n3 = 0,1,'" ,N/4 -1, k1 = {0,I},k 2 =

{0,I},k 3

=

0,1,'" ,N/4-I, it

=

{0,I},12

=

{O,I},h

=

0,1"" ,N/4-1.

The PTFT takes the form of

coX(k 1 + 2k2 + 4k3 , it + 21 2 + 41 3 )
(6.3.3)
efficients carry
desirable
N/4-1
1
1 information.
N
N For complex-valued PPSs, the PTFT

LMLEL ofLX(2TL1+4TL2+n3)
serves as then3=O
the phase coefficients, and can be efficiently computed
n2=Onl=O
n 3)+(h +212+413)(
W(k1
l'fnl +Jt n2+n
3)( l'fnl +Jt n 2+
of +2k2+
fast 4kalgorithms
presented
in Chapter
4, 3)2
which
using the generalized class
N

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Expanding the summation with regard to index nl, and using
and b are positive integers.

In practice, many applications inherently deal with real-valued signals.(6.3.4)
The
natural signals such as speech, marine mammal sounds, heart rate etc. are realand
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
(6.3.5)
signals are embedded as watermark signals, where each chirp rate corresponds
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we have
X(k 1 + 2k 2 + 4k 3 , h + 21 2 + 4l 3 )
N/4-1

1

"" " B (N n2
L L
N/2 4

(6.3.6)

+ n3, k1 )W(k
+ 2k2+4ka)( l;('n2+ n a)+(h + 2l 2+ 4b)( l;('n2+ n a)2
N
1

na=O n2=O

where

Expanding the summation with regard to index n2, and using

(6.3.9)
and

N=8

efficients carry desirable information.

co(6.3.10)
N ~ 16 PPSs, the PTFT
For complex-valued

we
obtain
serves
as the MLE of the phase coefficients, and can be efficiently computed

using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.
where
In practice, many applications inherently deal with real-valued signals. The

natural signals such as speech, marine mammal sounds, heart rate etc. are real(6.3.12)
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
B N / 2 (n3, k1 ) + (_l)h(na+l)( _j)k 1 +2k2 B N / 2( ~ + n3, kd N=8
signals are embedded as watermark signals, where each chirp rate corresponds
B N/ 2(n3, k1 ) + (_l)h na(_j)k 1 +2k 2 B N / 2( ~ + n3, k1 )
N 2': 16
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Consider all the combinations of {k 1, k2, h, l2}, (6.3.11) indicates that the PTFT
of length-N input sequence is decomposed into 16 PTFTs of length N/4. The
decomposition procedure repeats until PTFTs of length-2 or length-4 remain.
As an example, the signal flow graph of the radix-2 2 fast algorithm for a second
order PTFT of length-16 input sequence is shown in Figure 6.5.

The first

and second stages implement the first two columns of butterflies represented
by (6.3.7) and (6.3.12), respectively, wherein only trivial multiplications are
required. The non-trivial twiddle factors are needed at the output of stage 2,
and then a set of PTFTs of length-4 input sequences are to be computed.
Now, let us analyze the computational complexity of the above derived
algorithm.

It can be easily seen that each of the first two butterfly struc-

tures, represented by (6.3.7) and (6.3.12), respectively, requires N complex additions/subtractions. Full multiplications are required to apply the decomposed
tWl'ddle factor W(kl+2k2)n3+(h+212)n~.
N
III ( 6.3.11 ) . Th erefore, t h e numb ers 0 f complex additions and multiplications required by the radix-2 2 algorithms can be
expressed by

co-

NFor complex-valued PPSs, the PTFT
efficients carry desirable
information.
(6.3.13)
A(N)
16A(4)
+ 2N
serves as the MLE of the phase coefficients,
andNcan be efficiently computed
N
(6.3.14)
16M(-) + 15(- -1).
M(N)
4
4
using the generalized class of fast algorithms presented in Chapter 4, which
the same
of the radix-4
PTFT
These recursive
equations
arbitrary
order ofare
PTFT
with as
thethose
dimension
size being
aPb, algorithm,
where a, P
supports
2
i.e., bthe
and
areradix-2
positivealgorithm
integers. has the same computational complexity as radix-4

algorithm.
In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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XO

X(l5)

8(0,0)

8(7,1)
~

j
8(0,0,0,0)

8(1,0,0,0)

8(2,0,0,0)

8(3,0,0,0)

8(0,0,1,0)

B(1,O,1,0)

B(2,0,1,0)

8(3,0,1,0)

8(0,1,0,0)

8(1,1,0,0)

B(2,1,0,0)

8(3,1,0,0)

B(0,1,1,O)

8(1,1,1,0)

B(2,1,1,0)

8(3,1,1,0)

X(4k+l,41+2)
X(4k+3,4! +2)

denotes a length-4 PTFT

co-

efficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
X(4k+l,41+3)

and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
X(4k+3,41+3)

natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Pipelined Structure

Based on the radix-2 2 fast algorithm, the PTFT can be computed by a cascaded
pipelined hardware structure. For input sequence of length-N, this structure
contains log2 N cascaded stages. Each stage contains a delay and commutator
(DAC) unit and a controllable adder/subtracter unit. The DAC unit temporarily stores input data and distributes them in a proper order to be processed by
the complex adder/subtracter. At the outputs of every other stage (except the
last one), another type of delay and commutator unit (DACII) is required to
arrange the order of data, and a complex multiplier is used for the non-trivial
twiddle factors. Note that the implementation of the adder/subtracter unit of
the last stage is different from that of other stage. As an illustration, Figure 6.6
shows the block diagram of the pipelined structure for PTFT of length-16 input
sequence. There are four stages, each stage (except the last one) produces one
output within each word cycle, and the last stage produces two outputs within
one word cycle. It should be stressed that for length-N input sequence, contiguous data blocks can be processed by FFT processor (as discussed in Section 6.2),
cobut
for thecarry
2nd desirable
order PTFT,
a new block
data cannot enter
thethe
processor
efficients
information.
Forofcomplex-valued
PPSs,
PTFT
until
PTFT
computation
is completed,
due to the computed
introducservesthe
as former
the MLE
of the
phase coefficients,
and which
can beis efficiently
the generalized
DACII unit class
placedofatfast
thealgorithms
output of stage
2. The
and
tion
presented
in functionalities
Chapter 4, which
usingofthe
implementations
of order
the building
units
used
the stagessize
arebeing
discussed
in details
of PTFT
with
the in
dimension
aPb, where
a, P
supports arbitrary
in
theb are
following
sections.
and
positive
integers.

In practice, many applications inherently deal with real-valued signals. The
6.3.2.1 Delay and Commutator Units
natural signals such as speech, marine mammal sounds, heart rate etc. are real-

valued.are
In two
image
and audio
watermarking
schemes
37], the real-valued
There
different
DAC
structures used
in the[36,
implementation.
Theychirp
are
corresponds
signals
are embedded
as watermark
signals, by
where
each chirp rate
to store
and distribute
the data required
the controllable
adder/subtracter
used
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Input

DAC

Add/sub

DAC

Stage 1

OutputO

Add/sub
II

Outputl

DAC
II

Stage 2

DAC
Stage 4

Add/sub

Add/sub

DAC
Stage 3

Figure 6.6: Block diagram of the radix-2 2 fast algorithm for PTFT of length-16
input sequence.

within each stage and after every other stage, respectively.
The function of the first type of DAC unit is to break the data entering the
ith stage into two parallel data streams flowing forward, with N i /2 being the
distance of indices between the data elements entering the adder/subtracter,
where N i

=

N/2 i , 1 :::; i :::; log2 N is the stage index. As discussed in Sec-

tion 6.2.3.1, this DAC can be implemented with either shift registers or RAMs,
coand the control signals for the DAC operations at stage i should be designed
efficients carry desirable information. For complex-valued PPSs, the PTFT
accordingly. The data required by the implementation of the first butterfly
serves as the MLE of the phase coefficients, and can be efficiently computed
can be arranged using this type of DAC. Let us consider the arrangement
using the generalized class of fast algorithms presented in Chapter 4, which
of the data required by the second butterfly. The data streams entering the
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
adder/subtracter to implement B N/ 4(n3, k1 , k 2, 0) for n3 = 0, 1"" ,N/4 -1 are
and b are positive integers.
B N / 2 (n3, k1 ) and B N / 2 (n3 + N /4, k1 ), and they can be arranged by using the
In practice, many applications inherently deal with real-valued signals. The
above mentioned DAC unit. Examining the expression (6.3.12), we can find
natural signals such as speech, marine mammal sounds, heart rate etc. are realthat B N / 4 (n3, k1 , k 2 , 1) can be obtained from the elements of B N / 4 (n3, k1 , k 2 , 0)
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
depending on the values of k1 , k 2 and the parity of n3. For example, when
signals are embedded as watermark signals, where each chirp rate corresponds
N 2: 16, B N/ 4(n3, 0, 0,1) can be obtained from B N/ 4(n3, 0, 0, 0) for even n3 and
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4-10-1:

Input
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i Output
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1-r--+-l2

else
X=2N/
Y = N;{NI2-1)

(a) Implementation with shift registers

Input

Output

2

(b) Implementation with RAMs

Figure 6.7: Block diagram of the second type of delay and commutator unit
co(DACII).
efficients carry desirable information. For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
- ......

D

- - .....1------<>

......

output

C ...... dimension size --.-.
order of PTFTc with
being aPb, where a, P
supports arbitrary--.-.
...... >the

1

inpu
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0-,

and b are positive integers.
ctrl1

switch

i

ctrl2

B->D
In practice, many applications
inherently
deal with real-valued signals. The
C->E
B->E
~~~~~ ~~~~~~~~ STRAIGHT THROUGH
~..~.~ ~~~~.~.~. CRISSCROSS

natural signals such as speech, marine mammal sounds, heart rate etc. are real-

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
Figure 6.8: Block diagram of the index reorder unit.
signals are embedded as watermark signals, where each chirp rate corresponds
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B N/ 4(n3, 0,1,0) for odd

n3.

This observation leads to the design of the second type of DAC unit (DACII).
First, we consider the implementation with shift registers. As shown in Figure 6.7(a), the DACII unit consists of shift registers, an index reorder unit, two
4-to-1 multiplexers and a 1-to-4 demultiplexer. Figure 6.8 depicts the block
diagram of the index reorder unit and its operations will be explained in details
later. Here we make a few remarks about this unit. It requires 2Ni delay elements, has a processing latency of N i word cycles, and the switches are opened
at the same rate as input data rate.
Figure 6.9 shows the operations performed by the DACII unit, where the
input sequence and the sequence after passing through the index reorder unit
are denoted as y(n) and y'(n), respectively, where n = 0,1" .. ,Ni - 2

-

1. Let

us define the following operation:
if log2 N is even
X

= Nl, Y = Ni (Nd4 -1);

else
efficients carry desirable information.

co-

For complex-valued PPSs, the PTFT
(6.3.15)
serves as the MLE of the phase coefficients, and can be efficiently computed

In
the the
first generalized
N i - 2 word cycles,
signalspresented
are set asinCOCI
= 00, thus
the
class ofthe
fastcontrol
algorithms
Chapter
4, which
using
input,
y(Oarbitrary
: N i - 2 - order
1), isofconnected
directly
to the output
of the
4-to-1
PTFT with
the dimension
size being
aPb,first
where
a, P
supports
The input
is also shifted into the length-X shift register. In the
multiplexer.
and b are positive
integers.
next X word cycles, the control signals are set as COCI = 01, i.e., the output
In practice, many applications inherently deal with real-valued signals. The
of the first 4-to-1 multiplexer equals the output of the register. From the Xnatural signals such as speech, marine mammal sounds, heart rate etc. are realth word cycles, y(O : N i - 2 - 1) is shifted out sequentially and appears at the
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
output of the first 4-to-1 multiplexer and the input of the index reorder unit.
signals are embedded as watermark signals, where each chirp rate corresponds
In the following X word cycles, the control signals are set as COCI = 10. As
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mentioned before, the index reorder unit has a latency of N i word cycles, and
the reordered sequence, y'(n), is connected to a length-(X - N i ) shift register.
Then from the 2X-th word cycle, y'(O : N i -

Z -

1) appears as the output of the

first 4-to-1 multiplexer. The delayed y'(n) is passing through a length-X shift
register too. In the last X word cycles, the control signals are set as
Thus, y'(O : N i - Z

-

COCI

= 11.

1) appears at the output of the first 4-to-1 multiplexer

from the 3X-th word cycle. To analyze the remaining part of DACII unit, we
show the operations in the first X word cycles and the corresponding control
signals in Figure 6.9. The input sequence is broken into 4 length-Ni sequences
separated by a distance of Y

+ Ni .

The operations in the following 3X word

cycles are similar to those in the first X word cycles.
Taking an example for N
2, where N z

= 16, the DACII is placed at the output of stage

= 4. Since N z(Nz/4 - 1) = 0, the control signals

are identical to

C2

and

C3,

C4

and

Cs

respectively. Therefore, the parts from the 1-to-

4 demultiplexer to the second 4-to-1 multiplexer just pass the output of the
first 4-to-1 multiplexer to the final output. The input of DACII is denoted
coas xz(O : 15) with xz(O : 3) = B 4 (0 : 3,0,0,0), xz(4 : 7) = B 4 (0 : 3,0,1,0),
efficients carry desirable information. For complex-valued PPSs, the PTFT
xz(8 : 11) = B 4 (0 : 3,1,0,0) and x2(12 : 15) = B 4 (0 : 3,1,1,0). Figure 6.10
serves as the MLE of the phase coefficients, and can be efficiently computed
explains the operations performed by the index reorder unit. The presented
using the generalized class of fast algorithms presented in Chapter 4, which
concepts can be easily generalized for the operations of other stages.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
the output
of index reorder unit as
and bDenote
are positive
integers.

x~(n),

Table 6.4 shows the input

and output data sequences of the DACII unit. In the first 16 word cycles,
In practice, many applications inherently deal with real-valued signals. The
i.e., n = 12 to 27, the 4-to-1 multiplier is put at position 0, thus the input,
natural signals such as speech, marine mammal sounds, heart rate etc. are realX2(0), xz(l), ... and xz(15), are sequentially available at the unit output, and
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the input is also shifted into the length-16 shift register with xz(O) available as
signals are embedded as watermark signals, where each chirp rate corresponds
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Table 6.4: Operations of the DACII unit after stage 2 for N
word cycle
12···27
28···43
44···59
Input
X2(0) ... x2(15)
o1
10
00
control Co Cl
X2(0)
...
x2(15)
X2(0)
...
x2(15)
x~(O)
...
x~(15)
Output
its output. In the next 16 word cycles, i.e., n
is put at position 1, so X2(0), x2(1),'"

= 16.
60···75

x~(O)

11
... x~(15)

= 28 to 43, the 4-to-l multiplier

and x2(15) are sequentially shifted out

as the unit output, and they are sequentially shifted into the index reorder
unit too. Therefor, it is available at the DACII unit output during word cycles

n

= 44 to 59, since the 4-to-l multiplier is put at position 2. Besides, it is

shifted into a length-16 shift register. Thus, in the next 16 word cycles, i.e.,

n = 60 to 75, at that time the 4-to-l multiplier is put at position 3,
x~(15)

x~(O)

to

appears at the DACII unit output sequentially.

As mentioned in Section 6.2.3.1, when the required memory size is large,
the implementation of the DAC unit using shift registers may require a large
chip area and consume more power since the data are actively shifted all the
time. Besides, the above analysis shows that many shift registers are just used
cothe correct
timing.
One alternative
method is to
use the
RAMs
to
toefficients
provide carry
desirable
information.
For complex-valued
PPSs,
PTFT
implement
the MLE
DAC unit.
shows the
blockcomputed
diagram
serves as the
of theFigure
phase6.7(b)
coefficients,
andcorresponding
can be efficiently
the implementation
input signal
is written
into RAMI
and
ofusing
the generalized with
classRAMs.
of fast The
algorithms
presented
in Chapter
4, which
fed
into the
index reorder
unit
simultaneously,
and the size
output
of aPb,
indexwhere
reorder
arbitrary
order of
PTFT
with the dimension
being
a, P
supports
unit
written
intointegers.
RAM2 immediately. The appropriate portion of the data
and is
b are
positive
in the RAMs is read out by passing the corresponding memory address, and
In practice, many applications inherently deal with real-valued signals. The
the control signal COCI is designed to obtain the result shown in Figure 6.9.
natural signals such as speech, marine mammal sounds, heart rate etc. are realCompared with the implementation using shift registers, using RAMs requires
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
much less memory. Note that the index reorder unit within Figure 6.7(b) can
signals are embedded as watermark signals, where each chirp rate corresponds
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be eliminated to achieve further memory saving if we realize its function by a
memory address controller, but it will increase the complexity.

6.3.2.2

Controllable Adder/Subtracter Units

Let us consider the implementation of butterfly computation. The operations
required by the controllable adder/subtracter are listed in Table 6.5. The im-

Table 6.5: Operations required by the controllable adder/subtracter.
other stage
the last stage
... Add/Sub
Xl
+
Xz
and
Xl
jxz
Xl + Xz
+
Xl - Xz and Xl + jxz Xl - Xz or -j(Xl - xz)

plementation of the adder/subtracter in other stage except the last one was discussed in Section 6.2.3.2. In the last stage, to implement the required operation
within one word cycle, a modified adder/subtracter unit is devised. Figure 6.11
shows its block diagram consisting of two complex adder/subtracters and one
NOT gate.
efficients carry desirable information.

coFor complex-valued PPSs, the PTFT

serves
the MLE of the phase coefficients, and can be efficiently computed
6.3.3 as Discussions
using the generalized class of fast algorithms presented in Chapter 4, which
For the PTFT of length-N input sequence, the proposed pipelined structure has
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
a latency of N - 1 word cycles. When logz N is even, the presented structure is
and b are positive integers.
able to compute the PTFT within N Z /4 word cycles, and when logz N is odd,
In practice, many applications inherently deal with real-valued signals. The
the computation can be completed within N Z /2 word cycles. It can be easily
natural signals such as speech, marine mammal sounds, heart rate etc. are realcalculated that the structure needs logz N + 1 complex adder/subtracters, and
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
the number of required complex multipliers is log4 N - 1 when logz N is even
signals are embedded as watermark signals, where each chirp rate corresponds
and (logz N - 1)/2 when logz N is odd. The memory space required by all the
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a
b

c
d

o addition

1 subtraction

Figure 6.11: Block diagram of the second type of modified adder/subtracter
unit (MASII).

DAC units is
log2 N

L

2Ni

=

2(N - 1).

i=l

It also needs 2log 2 Nand log2 N 2-to-1 complex multiplexers for the DAC unit
corealized with shift registers and RAMs, respectively. For the DACII unit impleefficients carry desirable information. For complex-valued PPSs, the PTFT
mented with shift registers, when log2 N is even, the memory requirement for
serves as the MLE of the phase coefficients, and can be efficiently computed
all the DACII units is
class of fast algorithms2 presented in Chapter 4, which
using the generalized
log4 N-l

~ (~N? -5N ) = 9N -50N+56
with
aPb, where a, P
supports arbitrary order
L of2PTFT
2t
2t the dimension
3 size
0being
'
t=l

and b are positive integers.
and when log2 N is odd, it is

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued.
In image
and audio
watermarking
schemes
[36, 37], the
real-valued
chirp
In addition,
2 4-to-1
multiplexers,
1 1-to-4
demultiplexer,
1 1-to-2
multiplexer
rateDACII
corresponds
signals
are embedded
as watermark
If the
unit is
and 1 1-to-2
demultiplexer
are used signals,
for each where
DACIIeach
unit.chirp
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implemented using RAMs, the memory requirement for all the units is
log4 N-l

L

ION _ 40
10N =
3
2t

t=l

when log2 N is even, and
(log2 N-l)/2

L

10N2t =

ION _ 20
3

t=l

when log2 N is odd. Besides, 1 4-to-l multiplexer, II-to-2 multiplexer and 11to-2 demultiplexer are needed in each DACII unit. Furthermore, the adder/subtracter
in each stage (except the last one) requires 4 2-to-l multiplexers, while in the
last stage, it requires 1 NOT gate.
It should be mentioned that the introduction of the DAC and DACII units

definitely increases the chip area or hardware requirements, but the delays are
important to achieve synchronization between various components for sequential input data streams. When the number of samples is large, it is generally
appropriate to implement the units using RAMs to minimize the hardware reis
quirements, but further considerations are needed when a specific applicationcodealt
with.carry
In addition,
is implemented
using the FFTPPSs,
basedthe
approach,
efficients
desirableif PTFT
information.
For complex-valued
PTFT
N
FFTs
input
x(n)WJt,
0 ::; l ::; N
I} are
each
serves
as ofthe
MLE{xz(n)
of the= phase
coefficients,
and- can
be required.
efficiently Since
computed

FFT
at least (N
- 1)
stores (see Table
6.3), intheChapter
total number
of
the generalized
class
of data
fast algorithms
presented
4, which
using requires
data
stores
requiredorder
is N(N
- 1). with
Compared
with thesize
memory
arbitrary
of PTFT
the dimension
being requirement
aPb, where a,ofP
supports
proposed
FFT-based approach requires much more memory space.
and b are approach,
positive integers.
Thus, the proposed approach is more efficient than the FFT based approach.
In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Summary

Based on the radix-2 2 fast algorithm, this chapter presents pipelined structures
for the computation of DFTs and PTFTs that have sequentially presented input
and output data streams. The concepts are simple and the structure is regular
and easily extendable to any number of stages.
Compared with previously reported structures for the computation of DFTs,
the proposed structure reaches the minimum requirement for both the number
of complex adders/subtracters and the complex multipliers, which is particularly attractive for applications that directly deal with high speed sequentially
presented data streams in real-time.
A hardware-oriented radix-2 2 algorithm for the computation of second order
PTFT is then proposed, the pipelined structure for the implementation is introduced, and the functionalities and the implementation of the building blocks
are discussed in details. The analysis of hardware requirement shows that the
proposed architecture is simple and can be easily realized by log2 N

+ 1 complex

coadders/subtracters and log2 N /2 -1 or (log2 N -1) /2 complex multipliers when
efficients carry desirable information. For complex-valued PPSs, the PTFT
log2 N is even or odd respectively, where N is the length of input sequence.
serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 7
Signal Processing for OFDM

7.1

Introduction

In recent years, orthogonal frequency division multiplexing (OFDM) has become
popular for digital communication systems. It has been adopted or considered
as a standard for digital audio/video broadcasting (DAB/DVB) and wireless
colocal/metropolitan area networks (WLAN/WMAN) such as IEEE 802.11a/g
efficients
carry The
desirable
information.
Forto complex-valued
the PTFT
principle
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divide the data PPSs,
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and WiMAX.
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MLE
of the ofphase
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orderFFT
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anddimension
its abilitysize
to combat
thewhere
effectsa, of
implementation
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and
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by In
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A more
in-depth deal
tutorial
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be
practice,propagation.
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found insignals
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frequency
offset
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(CFO) than single carrier system [115]. Without proper compensation, the system performance would be severely degraded (the effect of CFO on the system
performance will be explained in more details in the next section). The reported
CFO estimators can be generally divided into the categories of data-aided methods and blind methods. Data-aided estimators [115-119] rely on the periodical
transmission of known data blocks or the embedded pilots in every OFDM symbol. Blind estimators utilize the inherit structure of OFDM signal provided by
cyclic prefix (CP) [120] or virtual subcarriers [121] to compensate CFO.
The essential requirements are to obtain low mean square errors (MSEs) of
the CFO estimation within a wide range of variations. It has been reported that
the use of multiple lags is able to achieve substantial performance improvement

[119, 122]. Furthermore, the estimators should be resistant to the multipath
effects of the channels. Effective methods were reported in [119] to use one
training symbol consisting of multiple small identical training parts to achieve
adjustable acquisition range and minimize the multipath effects. Efficient frequency estimation methods were also proposed by using the pulse-pair method
coat various lags in conjunction with the DFT. Comparisons were also made on
efficients carry desirable information. For complex-valued PPSs, the PTFT
performances and the computational complexities required by these methods
serves as the MLE of the phase coefficients, and can be efficiently computed

[122].

using the generalized class of fast algorithms presented in Chapter 4, which
This chapter
focuses
data-aided
estimation
scheme
for packet
transmisarbitrary
order on
of aPTFT
with the
dimension
size being
aPb, where
a, P
supports
sion bOFDM
systems.
Inspired by a novel approach using the co-prime lags for
and
are positive
integers.
high-order ambiguity function (HAF) in [42]' a CFO estimator is constructed
In practice, many applications inherently deal with real-valued signals. The
by using a lag diversity method to solve the frequency ambiguity resolution
natural signals such as speech, marine mammal sounds, heart rate etc. are realproblem. Compared to other reported estimators in [118, 119], the proposed
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
one achieves wider ranges of improved performance in terms of mean square
signals are embedded as watermark signals, where each chirp rate corresponds
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errors (MSEs).
The rest of the chapter is organized as follows. The next section discusses the
OFDM signal model and explains the effect of CFO on system performance. In
Section 7.3, a general form of data-aided CFO estimation method is presented
and the corresponding Cramer-Rao lower bound (CRLB) of the estimator is
given. The proposed method is described in Section 7.4 and simulation results
are shown in Section 7.5. Finally, Section 7.6 concludes the chapter.

7.2

Signal Model

Let us consider a discrete-time baseband OFDM system with N subcarriers,
and define X(k) as a symbol of the quadrature amplitude modulation or phase
shift keying constellation on the kth subcarrier at the transmitter. The OFDM
signal is generated by the inverse discrete Fourier transform of {X(k)} and
preceded by a CPo The received symbols, after passing through a channel and
the CP being removed, are processed by a discrete Fourier transform operation.
coWith the assumption
that information.
perfect timingFor
synchronization
is achieved,
the system
efficients
carry desirable
complex-valued
PPSs, the
PTFT
performance
only of
affected
by the
CFO and and
the channel.
The received
signal
serves
as the isMLE
the phase
coefficients,
can be efficiently
computed
timegeneralized
domain is expressed
as algorithms presented in Chapter 4, which
in the the
class of fast
using
the dimension size being aPb, where a, P
supports arbitrary order of PTFT with
r(n) = ej21r !b..nT' s(n) + w(n),
(7.2.1)
and b are positive integers.
where ff::,. denotes the CFO, Ts = TIN is the sampling period, T is the OFDM
In practice, many applications inherently deal with real-valued signals. The
symbol period, w(n) is the complex additive white Gaussian noise (AWGN)
natural signals such as speech, marine mammal sounds, heart rate etc. are realwith zero mean and variance CT~, and s(n) is the transmitted signal given by
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
N~l

L

signals are embedded ass(n)
watermark
signals,
where each chirp rate corresponds
=
H(k)X(k)ej21rnk/N,
(7.2.2)
k=O
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where H(k) is the channel frequency response associated with the kth subcarrier
and the signal-to-noise ratio (SNR) is defined as (J;I(J~ with
If v is defined as the CFO normalized to subcarrier spacing

(J;

=

E{ls(n)1 2 }.

fsub

= liT, i.e.,

v = ft::,.T, we have
v

= rn+e

(7.2.3)

where mE Z is the integer CFO and e E [-0.5, 0.5) denotes the fractional CFO.
Now, let us consider their effects on the received signal. The lth subcarrier signal
in the frequency domain can be written as [115, 116J
N-l

Y(l) =

L r(n)e-j21rnl/N

n=O

s~n(1fe) ej1rc (l-l/N)H(I)X(I)
sm(~)

+

N-l

~

L

_

k=O,kf'1

.

(

)

sm 1fe _ ej1re(l-l/N)e-j1r(k-I)/N

H(k)X(k)

. (1r(c+k-I))

sm

N

N-l

+L

w(n)e-j21rnl/N

(7.2.4)

n=O

cowhere I = mod(l - m, N). The expression of Y(l) consists of three terms: the
efficients carry desirable information. For complex-valued PPSs, the PTFT
first term is the desired signal component, the second term denotes the interserves as the MLE of the phase coefficients, and can be efficiently computed
channel interference (ICI) produced by the CFO, and the last term represents
using the generalized class of fast algorithms presented in Chapter 4, which
the contribution of AWGN. It can be seen that the desired signal component
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
experiences an amplitude reduction and phase shift due to the fractional CFO
and b are positive integers.
e, and if the integer CFO m =/: 0, the signal on the lth subcarrier is circularly
In practice, many applications inherently deal with real-valued signals. The
shifted to the lth subcarrier. Statistical evaluations of SNR degradation due to
natural signals such as speech, marine mammal sounds, heart rate etc. are realCFO can be found in [123, 124J.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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7.3

Data-aided CFO Estimation

For the data-aided CFO estimation methods, the required training information
contains at least two identical parts available in the training-symbol-block. Because the CFO produces phase shift between these identical parts, the CFO
estimation is considered as a phase estimation. Let

T

denotes the delay sam-

pIes between two identical parts of the training-symbol-block. Based on the
observations
eJ21rfL,,,nTs S

n

+ wn

e j21r!n.(n+T)TsS n

r n +T

+ w n+T,

(7.3.1)

a correlation function is defined as
£-1

PT =

L r~rn+T

n=O

£-1

= e

j21r

s

!n.T T

L I nl
S

2

+ ~w

(7.3.2)

n=O

where L is the total number of samples used in the summation and

~w

is

£-1

C
<"w

j21r
= '""'[w*
] (733)
L....J n sn+T e !n.(n+T)Ts + s*n e-j21r!:,.nTswn+T + w*w
n n+T·
..

co-

n=O

efficients
desirable
For complex-valued
the PTFT
In
(7.3.2), carry
the phase
shift information.
between two identical
samples is cPTPPSs,
= 21rfi':!,.TsT,
and
serves
as estimator
the MLE isofformed
the phase
the
CFO
as coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
(7.3.4)
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
Since
only be
unambiguously in the range [-1r, 1r), the range for the CFO
and b(~T
arecan
positive
integers.
estimate to be accurate is
In practice, many applications inherently deal with real-valued signals. The
1
natural signals such as speech, marine mammal sounds, heart rate etc. are
real(7.3.5)
Ift.1 < 2Ts T '
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
The performance of CFO estimation given by (7.3.4) was previously studied for
signals are embedded as watermark signals, where each chirp rate corresponds
frequency estimation in [122] and was called the pulse-pair (PP) method there.
A
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Based on [122, equations(1)-(3)], the estimate

f)

is asymptotically unbiased, its

range and variance are given by

Iv I <

0.5
TIN'

(7.3.6)

and
1
(min(T,L)
var(v) = (27fTIN)2 L SNR
L
A

+2

1)
SNR .

(7.3.7)

Clearly, both the acquisition range and its variance are enlarged by selecting
smaller value of

which leads to a tradeoff on the choice of

T,

T.

By using the

method is [117], the CRLB on the variance of the estimate of normalized CFO
can be found to be
A

var(v)

1

~ (27fTIN)2 L

SNR

(min(T,L)
L

+2

1)
SNR .

(7.3.8)

Follow the derivations in Appendix of [116], it can be easily verified that using
the observations (7.3.1) the CFO estimator based on (7.3.4) provides maximum
likelihood estimate (MLE) of f/::,.. This fact explains why the CRLB is met by
the estimator.

co-

efficients carry desirable information. For complex-valued PPSs, the PTFT
In [116], Moose estimated the CFO based on the observation of two consecserves as the MLE of the phase coefficients, and can be efficiently computed
utive and identical OFDM symbols. The tracking range and variance of this
using the generalized class of fast algorithms presented in Chapter 4, which
estimator can be obtained from (7.3.6) and (7.3.8) by setting T = L = N. To
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
enlarge the estimation range, Schmidl and Cox estimator (SCE) and two other
and b are positive integers.
ones, known as the pilot assisted estimator (PAE) and the blind estimator (BE),

In practice,were
many
applications
with real-valued
signals.
The
[117, inherently
118]. Theydeal
all employed
two OFDM
training
respectively,
proposed
natural
as speech,
mammal
sounds,
heart rate
etc. are
p pilot
symbolsmarine
that were
inserted
at known
locations
in realeach
symbolssignals
and Nsuch
valued.
image and
audio
schemes
[36, 37], the real-valued chirp
OFDM In
symbol.
These
pilotwatermarking
symbols satisfy
the relation
signals are embedded as watermark signals, where each chirp rate corresponds
(7.3.9)
Cn,OC~,l = dn n E P
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* is the complex conjugate operator and

{dn , n E P} is a pseudo noise

sequence known at the receiver and P is the set of the pilot locations. The first
training symbol has two identical parts and serves to estimate the CFO with an
ambiguity equal to the subcarrier spacing and the pilot symbols are explored
to resolve the ambiguity. Other estimators, such as the estimator proposed
in [119], employed only one OFDM training symbol with the assumption that

1

I

the training symbol consisted of K

= 2Q identical parts, where Q > 1 is an

integer. The estimation performance depends on both parameters K and h,
which are related to

T

and L via
hN

T

= K'

L

=N-

(7.3.10)

hE [1, K - 1].

T,

Substituting (7.3.10) into (7.3.6) and (7.3.8), the tracking range and CRLB on
the variance of estimate of normalized CFO become Ivl < K /2h and
var(v)

2':

1

N(27rh/ K)2(1 - h/ K) SNR

x (

1-

min(h/ K,
h/ K)
1- h/K

+2

1)

SNR

.

(7.3.11)

coIt is noted that the above CRLB is different from that in [119] because the term
efficients carry desirable information. For complex-valued PPSs, the PTFT
+ 2 SlNR) is absent. It will be shown later that the ignorance of
serves as the MLE of the phase coefficients, and can be efficiently computed
this term results in serious estimation errors.
using the generalized class of fast algorithms presented in Chapter 4, which

(min(h!!5:);/IK)

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b areCFO
positiveEstimation
integers.
7.4
with Lag Diversity

In practice, many applications inherently deal with real-valued signals. The
As discussed in the last section, the principle of data-aided CFO estimators is
natural signals such as speech, marine mammal sounds, heart rate etc. are realto transform the received signal to obtain a component whose phase is directly
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
related to the CFO. In fact, similar structure also exists in the polynomial-phase
signals are embedded as watermark signals, where each chirp rate corresponds
signal (PPS) phase coefficient estimation based on the HAF, where the signal

...i,
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is nonlinearly transformed to a sinusoid at a certain frequency that is directly
related to the phase coefficient of the PPS. It is well known that the phase and
frequency (normalized to the sampling frequency) can only be unambiguous in
the range of [-n, n) and [-0.5,0.5), respectively. Thus, the ranges of CFO and
PPS phase parameter are limited.
Let us consider an effective estimation method motivated by the lag diversity
approach in [42]. Our goal is to enlarge the CFO estimation range without
deteriorating the MSE performance. It should be noted that the algorithm
reported in [42] uses two co-prime lags. The method presented below removes
this restriction. When ft,.TsT is not within the range of [-0.5,0.5), as discussed
above, the correlation, P r defined in (7.3.2), rotates a phase larger than n. It
means that the CFO is actually estimated from 2n f t,. T s T

= 2n k + TJ for

k E Z

and TJ E [-n, n). It is assumed that the estimates are obtained from two lags Tl
and

T2

according to the following equations

efficients carry desirable information.

co(7.4.1)
For complex-valued PPSs, the PTFT

where as
TJ'i is
angle
defining
gCd(Tl' T2)
as the
ri for i = 1 and 2.
serves
thethe
MLE
of of
thePphase
coefficients, andBycan
be efficiently
computed
greatest
divisor
of Tl
TI = Til gCd(Tl'
T2), TJ:in =Chapter
TJd(2n) 4,
forwhich
i = 1
thecommon
generalized
class
of and
fast T2,
algorithms
presented
using
and 2, and
manipulating
have
arbitrary
order of(7.4.1),
PTFTwe
with
the dimension size being aPb, where a, P
supports
and b are positive integers.

(7.4.2)

In practice, many applications inherently deal with real-valued signals. The
where M is theoretically an integer. Due to the effect of noise in practice,
natural signals such as speech, marine mammal sounds, heart rate etc. are realhowever, M has to be rounded to its nearest integer value. With the Euclidean
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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algorithm, it is well known that the solution to (7.4.2) are

(7.4.3)

where l E Z,

n1

and

n2

are two integers satisfying the condition
(7.4.4)

It is easily seen that k 1 increases by T{ if l increases by one. Thus, there exists a
unique k 1 satisfying -7fT{ :::; 27fk1 + 171 < 7fT{. Denote this k 1 as ki, the solution
of the inequality can be easily found to be
(7.4.5)

where

LxJ

returns the integer smaller than or equal to x. Putting ki into (7.4.1),

the CFO estimate is obtained from
(7.4.6)

I

coThe tracking range of this estimator is
efficients carry desirable information. For complex-valued PPSs, the PTFT
serves as the MLE of the phase coefficients, and can be efficiently computed
(7.4.7)
using the generalized class of fast algorithms presented in Chapter 4, which
or
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

(7.4.8)

In practice, many applications inherently deal with real-valued signals. The
In summary, the steps of the estimation process using lag diversity are:
natural signals such as speech, marine mammal sounds, heart rate etc. are realandaudio
172 from
PT1 and PT2schemes
, respectively,
the linear
(a) Compute
valued.
In image171and
watermarking
[36, 37],and
theobtain
real-valued
chirp
equation
in (7.4.2);signals, where each chirp rate corresponds
signalsDiophantine
are embedded
as watermark
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(b) Find integers nl and n2 such that (7.4.4) is satisfied using the Euclidean
algorithm;
(c) Find kr satisfying 27rkl +rh E [-7rT{,7rTD according to (7.4.5),
(d) Obtain the CFO estimate from (7.4.6).
Now, let us consider two special cases as follows.
Case (i): When TI and

T2

are co-prime, Le., gCd(TI' T2)

= 1, the tracking range

of the estimator is
A

If6.1 <

1
2T or
s

N

Ivl < 2

(7.4.9)

which is the maximum range of the CFO.
Case (ii): Consider the same training-symbol-block structure as that of [119],

i.e., one training symbol with more than two identical parts. When TI
and

T2

= h/1,

= h/1 and gCd(TI,T2) = gcd(h l , h2 )17, the tracking range becomes
K
or
2NTs gcd(h lJ h 2 )

Ivl <

K
.
2 gcd(h l , h 2 )

If hI and h 2 are co-prime, the range of

Ivl <

coK/2 is reached. While for the

A

If6.1 <

(7.4.10)

efficients carry
desirable
information.
Forestimation
complex-valued
multiple-h
estimator
reported
in [119], the
range isPPSs, the PTFT
serves as the MLE of the phase coefficients, and can be efficiently computed
Ivl <
K
(7.4.11)
2 max(h l , h 2 )
using the generalized class of fast algorithms presented in Chapter 4, which
Since gcd(h l , h2 ) < max(h l , h2 ) for hI =I- h2 , the estimator based on lag diversity
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
can guarantee wider estimation range.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The

7.5
Simulations
natural signals
such as speech, marine mammal sounds, heart rate etc.

are real-

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
This section presents several simulation results to validate our analysis and
signals are embedded as watermark signals, where each chirp rate corresponds
illustrate the improvements achieved by the described method in terms of the
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MSE of the normalized CFO estimate, i.e., i/. It is assumed that the OFDM
system has N

= 64 subcarriers and a guard interval of L = 16 samples. It is

operated in either an AWGN or multipath channel environment. The maximum
path delay is set to be shorter than the guard interval to eliminate the lSI. It is
also assumed that the multipath channel has 16 paths with path delays

Ti

= i

samples. The path gains ai, 0 ::; i ::; 15, are independent complex Gaussian
random variables and the amplitudes are of a Rayleigh distribution with an
exponential power delay profile E{laiI2}
gains

I:i:o lail

2

= exp( -i/1.5). The sum of the power

is normalized to 1. The CFO and the channel path gains are

assumed to be constant during the period of the training-symbol-block.
The first simulation is to verify the CRLB derived in Section 7.3. It is
assumed that the training-symbol-clock has one OFDM symbol consisting of
K

= 8 identical parts with AWGN channels. Figure 7.1 shows the analytic

results from (7.3.11) with dashed lines, the results from [119] with solid lines
and the simulated ones with circle symbols. It is clearly seen that the simulation
results closely agree with their theoretically counterparts given by (7.3.11). In
cocontrast, the curves based on the results in [119] deviate significantly from
efficients carry desirable information. For complex-valued PPSs, the PTFT
(7.3.11) except when h ~ 4 with high SNRs. It is also observed that the
serves as the MLE of the phase coefficients, and can be efficiently computed
minimum MSEs are obtained around h = K 13, and h = 2K13, and the CRLB
using the generalized class of fast algorithms presented in Chapter 4, which
is symmetric around h = 4 when SNR > 5 dB.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and bThe
are single-h
positive estimator
integers. in [119] is simulated to show the ranges in which the
lowest MSEs are achieved. With K = 8, the system is evaluated with an AWGN
In practice, many applications inherently deal with real-valued signals. The
channel environment for SNR = 5 and 10 dB, respectively. Figure 7.2 shows the
natural signals such as speech, marine mammal sounds, heart rate etc. are realMSE performance of single-h estimator for h = 1, 3 and 5. It verifies that the
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
single-h estimator has an estimation range of ±KI(2h). For h = 1, for example,
signals are embedded as watermark signals, where each chirp rate corresponds
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Figure 7.1: MSE versus h, v

= 0.15 in AWGN channel.

the estimator has the widest estimation range in which the MSE is the largest
compared with that for h

= 3 and 5.

Figure 7.3 illustrates the performance achieved by the estimator exploring
the lag diversity from the same system setup as that used for Figure 7.2. coComparing carry
with Figure
7.2,information.
it is seen thatFor
thecomplex-valued
MSEs for SNRPPSs,
= 5 and
dB are
efficients
desirable
the 10
PTFT
reduced,
and h 2 are and
co-prime,
lag diversity
method
serves
as therespectively.
MLE of theWhen
phasehIcoefficients,
can bethe
efficiently
computed
the same tracking
that shown
in Figure
with h 4,
= 1.
When
achieves
the generalized
class ofrange
fast as
algorithms
presented
in 7.2
Chapter
which
using
h > 1,arbitrary
however,order
the of
tracking
of dimension
the single-h
significantly
PTFT range
with the
sizeestimator
being aPb,is where
a, P
supports

than that
achieved with the lag diversity method, even compared with
andsmaller
b are positive
integers.
the case that hI and h2 are not co-prime. In general, the estimator based on lag
In practice, many applications inherently deal with real-valued signals. The
diversity method provides a lower MSE within a wider tracking range compared
natural signals such as speech, marine mammal sounds, heart rate etc. are realwith that achieved by the single-h estimator.
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
computeasthe
MSE as asignals,
function
of SNR,
both
AWGN
and mulrate
corresponds
signalsWe
arealso
embedded
watermark
where
each for
chirp
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tipath fading channels with v

= 3.25, to compare the performances achieved by

the single-h method, the lag-diversity method and the PAE method reported
in [118]. For the first two methods, we assume the training-symbol-block has
one OFDM symbol with K

= 8 identical parts. The PAE requires two con-

secutive OFDM symbols in the training-symbol-block. The first one has two
identical parts to estimate the fractional part of the CFO, c, and the second
symbol has 4 pilots satisfying (7.2.3) to decide the integer part of the CFO,
which is searched within the range of (-5,5) in our simulation. To verify the
implementation of the PAE method, the failure probabilities of the estimators,
Pr(m

=I m), under AWGN and multipath channels,

are shown in Figure 7.4. It

can be easily seen that the failure probability has an error floor at high SNRs
in the multipath channel. Under AWGN channel it has no error floor and has
much smaller values compared with the multipath case. These observations
coincide with the numerical results shown in [118].

Next, the MSE perfor-

mance is displayed in Figure 7.5 to show that both the single-h method and
the lag diversity method achieve about the same performance for both AWGN
coand multipath channels. However, the PAE method generally achieves much
efficients carry desirable information. For complex-valued PPSs, the PTFT
higher MSEs than the single-h method, especially in multipath fading channels,
serves as the MLE of the phase coefficients, and can be efficiently computed
and the estimation method based on lag diversity achieves the best MSE perusing the generalized class of fast algorithms presented in Chapter 4, which
formance. The feature of the PAE method for estimating integer CFO is to
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
search the maximum of the likelihood function A(rh) for different values of ih in
and b are positive integers.
a predetermined set. The computation of the likelihood function requires two

In practice,
many
applications
inherently
withshift
real-valued
signals.
The
length-N
FFTs,
then
for each value
of m, deal
circular
operations
and some
natural
signals such
as speech, marine
mammalare
sounds,
heart
rate etc.Thus
are itrealother complex
multiplications
and additions
needed
by A(m).
has
valued.
In image
and audio
watermarking
schemes
[36, 37], the real-valued chirp
much more
complexity
than
the other two
algorithms.
signals are embedded as watermark signals, where each chirp rate corresponds
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Summary

This chapter considers the frequency ambiguity problem of CFO estimation
in OFDM systems. In addition to providing a more accurate formula for a
previously reported single-h estimation method, a lag diversity based method is
also introduced to achieve improvements on both estimation accuracy and the
range of the desired estimation performance. Comparisons among simulation
results from different methods also confirm the advantages of the lag diversity
based method.

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Chapter 8
Conclusions and Future Work

8.1

Conclusions

The research work carried out in this dissertation is about some aspects of
analysis and processing of signals with time-varying frequencies and possible
extensions of signal processing methods to communication systems.
coThe first stage of this study focuses on reviewing and understanding differefficients carry desirable information. For complex-valued PPSs, the PTFT
ent signal analysis methods. It is shown that the classical time and frequency
serves as the MLE of the phase coefficients, and can be efficiently computed
representations fail to fully characterize the time-varying spectral contents of
using the generalized class of fast algorithms presented in Chapter 4, which
such signals. This limitation motivates two categories of approaches to study
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
signals with time-varying frequencies. Parametric methods mainly deal with
and b are positive integers.
the signals' phase using PPS model and aims at estimating the phase coeffi-

In practice,
many
applications
deal
with real-valued
signals.
The
cients
through ML
method
based inherently
on PTFT or
suboptimal
methods
like HAF,
naturaletc.
signals
such as speech,
marinemap
mammal
sounds, heart
rate etc. are
realPHAF
Non-parametric
methods
one-dimensional
time-domain
signals
valued.
In image andoraudio
watermarkingfunction
schemesto
[36,
37], the
chirp
to
two-dimensional
multi-dimensional
display
thereal-valued
temporal localrate
corresponds
signals are
embedded
watermark
signals,
each chirp of
signal's as
spectral
contents.
Thewhere
characteristics
these
methods
ization
of the
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are discussed and their performances are compared. It has been shown that the
choice of the best method for signal analysis depends on the particular problem
at hand.
Another goal of the first stage of the study is addressed in Chapter 3 where
we have seen that the performance of the standard signal transforms and TFRs
deteriorates when impulsive noise is involved. To address this problem, we
have derived generalized forms of robust signal transforms and TFRs based on
the M-estimation. With the appropriate basis function (for signal transform)
or the kernel and exponential functions (for TFR), the corresponding robust
signal transform or robust TFR can be easily obtained. Iterative processes
are proposed for the implementation of the M -estimation based robust forms.
Uniqueness and convergence of the iterative procedure are also analyzed. Then
we review the general forms of robust signal transforms and TFRs based on the
L-estimation. It is known that clipping is a classical tool to deal with impulsive noise. We also propose a method to automatically determine the level of
clipping according to the characteristics of the signal samples. Finally, comparcoison is made among the above-mentioned methods, and the performance results
efficients carry desirable information. For complex-valued PPSs, the PTFT
are presented in terms of visual plots, statistical measures and the required
serves as the MLE of the phase coefficients, and can be efficiently computed
computation time.
using the generalized class of fast algorithms presented in Chapter 4, which
The study
in the
first
the statistical
advantages
of PTFT
arbitrary
order
of stage
PTFTillustrates
with the dimension
size being
aPb, where
a, P
supports
overb suboptimal
and
are positive methods
integers. from the aspects of estimates' variance, and output
SNRs. Moreover, in some cases we have no prior knowledge about the signal's
In practice, many applications inherently deal with real-valued signals. The
model or the signal is hard to be described using a particular model. In these
natural signals such as speech, marine mammal sounds, heart rate etc. are realcases, the TFR named MLPTFT, which combines PTFT with LPTFT, has
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
been shown to be an appropriate signal analysis tool. For the study of signals
signals are embedded as watermark signals, where each chirp rate corresponds
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with time-varying frequencies in impulsive signals, an efficient method based
on clipping and standard signal transform is proposed. Compared with the Mestimation and L-estimation based methods, it can provide similar performance
with greatly reduced computation complexity, especially when the standard
transforms can be efficiently computed using fast algorithms. The drawback of
PTFT is that it requires a huge amount of computational complexity. A major
objective of this dissertation is to address this problem. In Chapter 4, a general
class of fast algorithms for the computation of the PTFTs of complex-valued
input is presented. The proposed algorithms consist two-step decomposition
processes, the first step splits the PTFT into multiple PTFTs of the same
dimensional sizes, and then the second step uses the symmetry and periodicity
to further decompose the resulting PTFTs of the same dimensional sizes based
on a particular radix or a blend of radices. The proposed algorithms provide
the flexibility to support arbitrary order of PTFTs and various input sequence
lengths N

= aP • b by setting the parameters of a, band p. Furthermore, they

have regular computational structures for an easy implementation. Analysis
coand comparison on the computational complexity are also reported in terms of
efficients carry desirable information. For complex-valued PPSs, the PTFT
the numbers of complex additions and complex multiplications. It is shown that
serves as the MLE of the phase coefficients, and can be efficiently computed
with the use of symmetric property and the presented two-step decomposition
using the generalized class of fast algorithms presented in Chapter 4, which
processes, the computational complexity of the PTFTs is significantly reduced
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
to support practical applications.
and b are positive integers.
Chapter 5 develops fast algorithms to calculate the PTFT of real-valued
In practice, many applications inherently deal with real-valued signals. The
sequences. A "conjugate and symmetric" property is discovered to further renatural signals such as speech, marine mammal sounds, heart rate etc. are realduce the required computational complexity. Similar to the fast algorithms
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
for complex-valued sequences, the proposed fast algorithms for real-valucd scsignals are embedded as watermark signals, where each chirp rate corresponds
quences support arbitrary PTFT order, work for various input sequence length
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= aP . b, and have regular computational structures. Note that the proposed

fast algorithms also utilize two-step decomposition processes, here the second
step decomposes the PTFTs with the same dimensional sizes into PTFTs of
both real and complex-valued inputs of smaller lengths. Thus, the whole computation is performed by jointly using fast algorithms for real-valued sequence
and those for complex-valued sequences. Analysis of the computational complexity is made in terms of the numbers of real additions and real multiplications, and it is shown that the fast algorithms (except radix-2) for real-valued
sequences require about one half of the computational complexity compared to
the counterparts of complex-valued sequences.
Chapter 6 is dedicated to the hardware implementation ofPTFT. A hardwareoriented radix-2 2 algorithm for the computation of the second order PTFT is
proposed, the pipelined structure for the implementation is introduced, and the
functionalities and the implementation of the building blocks are discussed in
details.
The last goal of this research work is to apply certain signal processmg
comethod
communication
systems. In Chapter
7, we consider
the the
ambiguity
efficientstocarry
desirable information.
For complex-valued
PPSs,
PTFT
problem
data-aided
estimator
in the OFDM
The principle
of
serves asofthe
MLE of CFO
the phase
coefficients,
and cansystem.
be efficiently
computed
thefast
same
as PPS phase
coefficient
estimation
data-aided
CFO estimation
classisof
algorithms
presented
in Chapter
4, using
which
using the generalized
to modify
onedimension
method aiming
at enlarging
HAF
HAF.
Thisarbitrary
fact motivates
order ofusPTFT
with the
size being
aPb, where
a, P
supports
estimation
range tointegers.
solve the ambiguity problem of the CFO. The obtained
and b are positive
algorithm explores lag diversity and solves linear Diophantine equations via
In practice, many applications inherently deal with real-valued signals. The
the Euclidean algorithm to recover the correct CFO from ambitious values.
natural signals such as speech, marine mammal sounds, heart rate etc. are realTheoretical analysis and simulations have shown that the proposed method can
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
effectively achieve a wide estimation range with reduced MSEs compared to
signals are embedded as watermark signals, where each chirp rate corresponds
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other reported algorithms.

8.2

Recommendations for Further Research

The following recommendations are made for possible research directions in the
future.

8.2.1

Properties and Practical Implementations ofPTFT

More efforts are needed for analyzing the properties of PTFT. For example, the
side lobes of PTFT, which are the peaks other than the peaks corresponding to
desired signal components, are to be studied further. Since PTFT involves in
multi-dimensional representation, the properties of its side lobes are more complicated than those of one-dimensional DFT. All of the fast algorithms proposed
in this thesis compute the PTFT exactly, i.e. neglecting floating-point errors,
thus the study of floating-point errors accumulated by the PTFT algorithms is
coalso required. Another important issue is to implement the proposed fast PTFT
efficients carry desirable information. For complex-valued PPSs, the PTFT
algorithms using hardware architectures other than pipelined structure, because
serves as the MLE of the phase coefficients, and can be efficiently computed
the choice of appropriate hardware structure is depending on the application at
using the generalized class of fast algorithms presented in Chapter 4, which
hand. The design of such systems will encourage the use of PTFT in real-time
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
applications.
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Application of Time-Frequency Analysis for Signals with Time-varying Frequencies

Another valuable research direction is to explore the applications of LPTFT
and MLPTFT. Since most real-world signals, including speech, sonar, communication, and biological signals, have time-varying frequencies, and it has been
reported that LPTFT and MLPTFT can provide high time-frequency resolution
for signals with time-varying frequencies, it is worthy to investigate the use of
LPTFT and MLPTFT in diverse application areas. Take the problem of blind
source separation (BSS) of signals with time-varying frequencies as an example,
which aims at recovering unknown signals from several observed mixtures. A
few techniques have been reported in the literature, such as the method in [125]
which uses the spatial time-frequency distribution (STFD) to exploit the difference in the TF signatures of the sources to be separated, and the sparse
component analysis (SeA) approach in [126] which relies on TFR to change
the signal into "sparse" component in TF domains. In these algorithms, one
cocan use any TFR. However, the best results are obtained from high resolution
efficients
desirable
For complex-valued
the PTFT
TFRs
withcarry
reduced
or freeinformation.
crossterms, LPTFT
and MLPTFTPPSs,
are appropriate
serves asEvaluation
the MLE of
ofthe
theperformance
phase coefficients,
can
becomparison
efficiently computed
choices.
of usingand
them
and
with that
theother
generalized
of fastto algorithms
presented in Chapter 4, which
using
of
using
TFRs areclass
required
be demonstrated.
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

8.2.3

Robust Receiver Design in Wireless Communica-

In practice, many applications inherently deal with real-valued signals. The

tion Systems

natural signals such as speech, marine mammal sounds, heart rate etc. are realThe
increase
in the
useaudio
of wireless
devices has
put many
such
operating
valued.
In image
and
watermarking
schemes
[36, 37],
thesystems
real-valued
chirp
increase
in interferin
vicinity
other wireless
devices. signals,
This has
caused
rate corresponds
signals
are of
embedded
as watermark
where
eachanchirp
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ence from the other users operating in the same band, which makes the noise
in 'presence of interference to deviate from Gaussianity. Thus in practice the

Gaussian noise assumption does not hold for some communication systems and
scenarios [80, 81]. Robust receiver based on the M -estimation has been reported
in [127]. The numerical study in this thesis indicates that robust form based on

the M -estimation generally requires a large computational complexity. More efficient methods based on L-estimation and clipping are promising techniques to
explore in order to suppress impulsive noise and improve system performance.

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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Appendix A - Subroutine for
2nd order PTFT based on DIF
radix a algorithm
This appendix present Matlab programs, based on the radix-a algorithm, for the
computation of the 2nd order PTFT of complex-valued and real-valued sequence
of N points. It contains the main functions cPTFT_2nd_ra(x, a, p, b, Ns) and
rPTFL2nd_ra(x, a,p, b, Ns), which call function cPTFL2nd_Ns(x) for complexvalued sequence of N s points and function rPTFL2nd_Ns(x) for real-valued sequence of N s points. A function fun_u(x, 10, 11, n) is also included.
function X = cPTFL2nd_ra (x, a, P , b ,Ns) ;
% This is for 2nd order PTFT of complex sequence based on DIF mdix-a algorithm
N = length(x);
if N
a Ap*b
coerror('Error in input parameters!');
efficients
end carry desirable information. For complex-valued PPSs, the PTFT
x = x ( :) .'; % make sure x is a row vector'
serves as the MLE of the phase coefficients, and can be efficiently computed
% The length-N PTFTs is divided into length-Ns PTFTs
Thisgeneralized
step computes
the of
inputs
the length-Ns
PTFTs in Chapter 4, which
class
fast of
algorithms
presented
using%the
A
D = (N/Ns)A2; d = 1; len = N; aa = a 2;
order of PTFT with the dimension size being aPb, where a, P
supports
whilearbitrary
d < D
= d*aa;
new_len = len/a;
and b new_d
are positive
integers.
new-x = zeros(new_d,new_len);
= [0:new_len-1];
w=exp(-j*2*pi/len);
In npractice,
many applications
inherently deal with real-valued signals. The
for i = 0 :d-1
natural signals
such as speech, marine mammal sounds, heart rate etc. are realnum = 0;
for 10 = 0: a-1
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
for 11 = 0: a-1
num = num
1;
signals are embedded
as +watermark
signals, where each chirp rate corresponds
('0=

.. ~
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u = fun_u(x(i+l),:),a,lO,ll,n);
twiddle = w.' (10 * n + 11 * n~2);
new_x(i*aa+num,:) = u.*twiddle
end
end
end
clear x; x = new-x; clear new_x;
d = new_d; len = new_len;
end
% compute the length-Ns PTFTs
X = cellO,D);
for i = l:D
X{i} = cPTFT_2nd_Ns(x(i,:»;
end
% obtain the outputs of length-N PTFT from the length-Ns PTFTs
d = D; len = Ns;
while d > 1

new_d = d/aa; new_len = len*a; new_X = cell(l,new_d);
kO = a*[O:len-l]+l;
for i = O:new_d-l
for 10 = O:a-l
for 11 = 0: a-l
new_X{i+l}(kO+10,kl+1l)
X{l}; X(l)
[];
end
end
end
coclear X; X = new-X; clear new_X;
efficients
carry len
desirable
information. For complex-valued PPSs, the PTFT
d = new_d;
= newJen;
end
serves as the MLE of the phase coefficients, and can be efficiently computed
X = X{l};
using the generalized class of fast algorithms presented in Chapter 4, which
function arbitrary
X = rPTFT_2nd~a(x,a,p,b,Ns);
order of PTFT with the dimension size being aPb, where a, P
supports

% This is fOT 2nd m-der' PTFT of rml sequence based on DIF radix-a algorithm

and
positive integers.
Nb
= are
length(x);
if N cv= a 'p*b
Inerror('Error
practice, many
inherently
in applications
input parameters!
'); deal with real-valued signals. The
end
natural signals such as speech, marine mammal sounds, heart rate etc. are realif any ( imag (x»
% x is not purely real
error
(,
It
only
supports
real-valued
input!');
valued. In image and audio watermarking
schemes
[36, 37], the real-valued chirp
end
signals
as sure
watermark
signals,
x = xare
( :) embedded
.'; % make
x is a row
vectorwhere each chirp rate corresponds
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aa = a
if flag
a2
else
a1 =

A

2; flag = ( mod(a,2) == 0);
% a is even
a/2; Ke = (aa/2+1)/(aa-1); a1

a2-1;

(a-1) /2;

end

% This step computes the inputs of the length-Ns PTFTs
d = 1; len = N; q = 1;
while len > Ns
nlen = len/a; q = q*aa;
if flag
nd
1 + Ke*(q-1);
else
nd = 1 + (q-1)/2;
end

nx = zeros(nd,nlen);
n = [0:nlen-1]; nn = n. 2;
w = 2* pi/len; num = 1;
% (lO,l1)=(O,O)
nx(num,:) = fun_u(x(1, :),a,O,O,n);
tmp = zeros (1, nlen) ;
for 11 = 1: a1 % lO=O
num = num + 1; tmp = tmp + nn;
twi = exp (-j *w* mod (tmp , len)) ;
nx(num,:) = fun_u(x(1,:),a,0,11,n) .*twi;
A

end

co-

tmp = zeros (1 , nlen) ;
efficients
for 10carry
= 1: desirable
a1 % 11 =information. For complex-valued PPSs, the PTFT
num = num + 1; tmp = tmp + n;
serves as the MLE of the phase coefficients, and can be efficiently computed
twi = exp(-j*w*mod(tmp,len));
nx(num,:)
= fun_u(x(1,:),a,10,0,n).*twi;
class of fast algorithms presented in Chapter 4, which
using the generalized

°

end

arbitrary order of PTFT with the dimension size being aPb, where a, P
supports
if flag

% (lO,11)=(a/2,0)
and b are
positive integers.

num = num + 1; w1 = pi/nlen;
twi = exp(-j*w1*n);
In practice,
many applications inherently deal with real-valued signals. The
nx(num,:) = fun_u(x(1,:),a,a2,0,n) .*twi;
naturaltmp
signals
such as speech, marine mammal sounds, heart rate etc. are real= a2*nn;
for 10 = 0:a2 % 11=a/2
valued. In
image and audio watermarking schemes [36, 37], the real-valued chirp
num = num + 1;
twiembedded
= exp(-j*w*mod(tmp,len));
signals are
as watermark signals, where each chirp rate corresponds
nx(num,:)=fun_u(x(1, :),a,10,a2,n) .*twi;
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tmp
tmp + n;
end
end
tmpO = n;
for 10 = 1:a-1
for 11 = 1: a1
num = num + 1; tmp = tmpO + nn;
twi = exp(-j*w* mod(tmp,len));
nx(num, :)=fun_u(x(1,:),a,10,11,n).*twi;
end
tmpO = tmpO + n;
end
for i = 1:d-1
tmpO = zeros(1,nlen);
for 10 = 0:a-1
tmp = tmpO;
for 11 = 0:a-1
num = num + 1;
twi = exp(-j*w* mod(tmp,len));
nx(num,:)=fun_u(x(i+1,:),a,10,11,n).*twi;
tmp = tmp + nn;
end
tmpO = tmpO + n;
end
end
clear x; x = nx; clear nx; d = nd; len = nlen;
coend
efficients
carrythe
desirable
For complex-valued PPSs, the PTFT
% Compute
length-Nsinformation.
PTFTs
X = cell (1, d) ;
serves as the MLE of the phase coefficients, and can be efficiently computed
for i = 1:d
( imag (x (i class
, : ) ) ) of fast
% xalgorithms
is not purelypresented
real
generalized
in Chapter 4, which
usingiftheany
cPTFT_2nd_Ns(x(i,:));
X{i}
supports
else arbitrary order of PTFT with the dimension size being aPb, where a, P
X{i}
rPTFT_2nd_Ns(x(i,:));
and b are
positive
integers.
end
end
In practice, many applications inherently deal with real-valued signals. The
clear x;
natural
signals
as speech,
marine
mammal
heart
rate etc. are real% Obtain
the such
outputs
of length-N
PTFT
from thesounds,
length-Ns
PTFTs
while len < N
valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
q = q/aa;
if
flagembedded as watermark signals, where each chirp rate corresponds
signals are
nd = 1 + Ke*(q-1);
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else
nd = 1 + (q-1)/2;
end
nlen = len * a; nX = cell(1,nd);
kO = a*[O:len-1]+1; kk = nlen-kO+2;
nX{1}(kO,kO)=X{1};
X(t) = []; % (lO,ll)=(O,O)
for 11 = 1: a1 % lO=O
nX{1}(kO,kO+l1) = X{1};
nX{1}( mod(kk,nlen),kk-l1) = conj(X{1}); X(1)=[];
end
for 10 = 1: a1 % 11 =0
nX{1}(kO+lO,kO) = X{1};
nX{1}(kk-lO, mod(kk,nlen))
conj(X{1}); X(1)=[];
end
if flag
nX{1} (kO+a2,kO)=X{1}; X(1)=[]; % (lO,l1)=(a/2,O)
nX{1}(kO,kO+a2)=X{1}; X(t)=[]; % (lO,l1)=(0,a/2)
for 10 = 1: a1 % 11=a/2
nX{1}(kO+lO,kO+a2)=X{1};
nX{1} (kk-lO,kk-a2)= conj(X{1}); X(1)=[];
end
nX{1} (kO+a2,kO+a2)=X{1}; X(1)=[]; %(lO,l1)=(a/2,a/2)
end
for 10 = 1:a-1
for 11 = 1: a1
nX{1}(kO+lO,kO+l1)=X{1};
conX{1}(kk-lO,kk-l1)=conj(X{1}); X(1)=[];
efficientsend
carry desirable information. For complex-valued PPSs, the PTFT
end
serves as the MLE of the phase coefficients, and can be efficiently computed

for i = 1 :nd-1
for generalized
10 = O:a-1class of fast algorithms presented in Chapter 4, which
using the
for 11 = 0: a-1
order of PTFT with
dimension size being aPb, where a, P
supports arbitrary
nX{i+1}(kO+10,kO+l1)
= Xi;theX(1)=[];

and b are end
positive integers.
end
Inend
practice, many applications inherently deal with real-valued signals. The
clear X; X = nX;

clear nX; len = nlen;

natural
end signals such as speech, marine mammal sounds, heart rate etc. are realX = X{1};

valued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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function X = rPTFL2ndJ{s (x);
if any ( imag (x) )
% x is not purely real
errore 'In only supports real-valued input');
end
x = x ( : ); % make sure x is a column vector
N = length(x); X = zeros(N,N);
n = [0:N-1] .'; nn = n. A2; w = 2*pi/N*mod(nn,N);
flag = (mod(N,2)==0);
if flag % N is even
kLend = floor (N/4) ;
else
k1_end = (N-1)/2;
end
% comp'ute via lD FFTs
for k1 = 0:k1_end
tmp = x.* exp(-j*w*k1); XC: ,k1+1) = fft(tmp,N);
end
kO = [0:N-1]; k01 = mod(N-kO,N);
% when N is even, X(N-kO,N/2-kl) = conj(X(kO+N/2,kl))
if flag
k02 = mod(kO+N/2;N); k1 = [1 :kLend] ;
X(k01+1,N/2-k1+1) = conj(X(k02+1,k1+1»;
end
% Hermitian property: X(N-kO,N-kl) = conj(X(kO,kl))
if flag
k1 = [1:N/2-1];
coX(k02+1,N/2+1) = X(kO+l, 1); % X(kO+N/2,N/2) = X(kO,O)
efficients
carry desirable information. For complex-valued PPSs, the PTFT
else
k1 = [1 :kLend] ;
serves as the MLE of the phase coefficients, and can be efficiently computed
end
X(kOl+l,N-k1+1)
= conj(X(kO+1,k1+1»;
class of fast algorithms presented in Chapter 4, which
using the generalized

supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are X
positive
integers. (x) ;
function
= cPTFL2nd_Ns
x = x ( : ); % make sure x is a column vector
applications
NIn= practice,
length (x)many
; flag
= (mod(N inherently
,2)==0) ; deal with real-valued signals. The
A
X = zeros(N,N); n = [0:N-1].'; nn = n. 2;
natural signals such as speech, marine mammal sounds, heart rate etc. are realif flag % N is even
N2 =InN/2;
kLend
= N2-watermarking
1; % range of
kl reduces
onethe
half
valued.
image
and audio
schemes
[36,to37],
real-valued chirp
else
signals
are embedded
as watermark signals, where each chirp rate corresponds
kLend
= N- 1;
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end

w = 2* pi/N* mod(nn,N) ;
for kl = O:kl_end
tmp = x.* exp(-j*w*kl);
X(: ,kl+l) = fft(tmp,N); % compute via lD FFTs
end

if flag % using symmetric property
k = [0 :kLendJ+l;
X(k+N2,k+N2) = X(k,k);
X(k,k+N2) = X(k+N2,k);
end

function u = fun_u (x, a, 10,11, n) ;
N = 1ength(x); x = x(:).'; n = n(:).';
Pi = 10; P2 = 11*n; P = Pi + P2 + P2;
phiO = 2* pi*P/a; indO = N/a; phi = phiO;
nl= n+l; Nl = nl+N;
if rem(a,2),
% a odd
u = x(n1);
indl = nl+indO; ind2 = Nl-indO;
for c = 1:(a-l)/2
sl = x(indl)+x(ind2);
s2 = x(indl)-x(ind2);
u = u + sl.* cos(phi)-j*s2.*sin(phi);
coindl = indl + indO;
efficients
carry desirable information. For complex-valued PPSs, the PTFT
ind2 = ind2 - indO;
phithe
= phi
phiO;
serves as
MLE+ of
the phase coefficients, and can be efficiently computed
end

the generalized class of fast algorithms presented in Chapter 4, which
using
else % a is even
mod(Pl,2)
a2 =arbitrary
a/2; N2 order
N/2;of sgn
PTFT with
the dimension size being aPb, where a, P
supports

if sgn

and b are
u =positive
x(nl) -integers.
x(nl+N2);
else

In practice,
many applications inherently deal with real-valued signals. The
u = x(nl) + x(nl+N2);
endsignals such as speech, marine mammal sounds, heart rate etc. are realnatural

if mod (a, 4) ==0

valued.a4In =image
and audio
watermarking schemes [36, 37], the real-valued chirp
a2/2; N4
N2/2;
mod(P,4);as tmp
= (_j).A
tmp ; where each chirp rate corresponds
signals tmp
are =embedded
watermark
signals,
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if sgn
u = u + tmp.*(x(n1+N4)-x(n1+N2+N4));
else
u

=

u + tmp.*(x(n1+N4)+x(n1+N2+N4));

end
a4-1;
else
index_e = floor (a/4) ;
end
ind1+N2;
ind1
n1+indO; ind2
ind3
N1-indO; ind4
ind3-N2;
for C = 1: index-e
if sgn
x(ind1) - x(ind2);
s2
s1
else
x(ind1) + x(ind2);
s1
end
u = u + (81+82).* c08(phi)
phi
phi + phiO;
ind1
ind1 + indO; ind2
ind3
ind3 - indO; ind4

= x(ind3)-

x(ind4);

s2 = x(ind3)+ x(ind4);
- j*(s1-s2) .*sin(phi);
ind2 + indO;
ind4 - indO;

end
end

coefficients carry desirable information.

For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds
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For complex-valued PPSs, the PTFT

serves as the MLE of the phase coefficients, and can be efficiently computed
using the generalized class of fast algorithms presented in Chapter 4, which
supports arbitrary order of PTFT with the dimension size being aPb, where a, P
and b are positive integers.

In practice, many applications inherently deal with real-valued signals. The
natural signals such as speech, marine mammal sounds, heart rate etc. are realvalued. In image and audio watermarking schemes [36, 37], the real-valued chirp
signals are embedded as watermark signals, where each chirp rate corresponds

