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AbStI'aCt In this report, we use Fourier analysis and Dio-

phantine analysis to study functions associated to polyhedral cones and finite
point sets. We present a close relationship between the function associated to
integral cones and the classical Dedekind sums. The theory of the polytope
algebra—the universal group for translation-invariant valuations—was developed
by many mathematicians (see | |, | |). In this report, we employed forms
of evaluation, namely rational function valuation, which lead us to Dedekind
sums.

The report is constructed as follows. The first chapter is served as an intro-
duction to the whole thesis. In Chapter 2, we consider the decomposition of the
first quadrant cone into integral cones and study the asymptotic behavior of an

infinite sum:

J 1 . e—ﬂs(m2+n2)
fed=gly X Gnvdy
(m,n)EL

m(cm~+dn)#0

The motivation for us to study this function arises from the Fourier transform
of indicator function of cones. Decomposition of the first quadrant cone leads
to an identity: the indicator function of the first quadrant cone is equal to the
sum of indicator functions of the two cones after decomposition. In order to
apply harmonic analysis in our work, we first smooth out indicator function of
cones by Gaussian function. By doing so we may apply certain identities such as
the Poisson Summation Formula to the modified indicator function. These facts
combined grant us to explore the limit of an infinite sum f(c, d) where the integral
vector (c,d) € Z? is the common edge shared by two cones after decomposition of
the first quadrant cone. In the end of Chapter 2, we discovered a nice relationship
between f(c,d) and the classical Dedekind sum s(¢, d) which is the main research
object of Chapter 4.

In Chapter 3, we continue to use a similar technique which appeared earlier in
Chapter 2 to investigate an infinite sum defined over cones. The main difference

is here we focus on real cones while earlier in Chapter 2, we are interested in
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integral cones. We managed to generalize our argument from integral cones to

real cones. We studied the convergent property of the sum:

e—we(m2+n2)

fle,a, 0) = ,
(M%ZQ (m%22 (am + n)(m + /G’n,)
(am-+n)(m-+Bn)#0 (am-+n)(m-+An)#0

which is defined on real cones. Our conclusion is when o and 3 are both quadratic
irrationals, this infinite series will converge absolutely. Meanwhile we also gave a

sufficient condition for the existence of the limit:
lim £ .
lim £(e,, )

In the following two chapters, our main interest lies in Dedekind sums. In

Chapter 4, we focus on the classical Dedekind sum:

wo-£() (%)

and answer the question of when two Dedekind sums are equal to each other.
We have found a necessary condition which is b|(1 — ajaz)(a; — ag) in order for

s(ay,b) to be equal to s(ag,b). A parallel analysis for the Dedekind-Rademacher

nan =% ((*5)) ((5))

is also given in Chapter 4. We include part of the content from this chapter in our

sum, namely

paper | |. In Chapter 5, our focus is on Zagier-Dedekind sums, or higher

dimensional Dedekind sums:

2p_1 mkay rka,
d(p;ala'” 7an) = (_1)"/ ZCOt -+ -cot )
k=1 p p

where p is a positive integer, ay,--- ,a, are integers relatively prime to p and
n even. The condition for two Zagier-Dedekind sums to be equal to each other
is slightly more complicated than the one we gave for classical Dedekind sums.

An interesting fact about Zagier-Dedekind sums is that there is a nice relation
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between d(p;ay,--- ,a,) and counting lattice points whose definition depends on
ai,as, -+ ,a, and p.

In Chapter 6, we study a curve which is defined as a set of generalized centers
of a finite point set. We call it u-curve for short. This curve is infinitely smooth,
and it captures the symmetrical properties of the original point set such as ra-
dial symmetry, reflectional symmetry, and rotational symmetry. We generalize
Weiszfeld’s algorithm to find u(r) through an iteration process for r > 1. We
prove that the p-curve is invariant under rigid motions, and we conjecture that
the nondegenerate p-curve is uniquely determined by a point set. An example is
given to support this conjecture. We also give plenty of examples of the p-curve

for different point sets in the end of this chapter.
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Chapter 1

Introduction and Outline

We aim to establish a connection between the well studied geometrical object
called polyhedral cones and the classical number theoretic object called Dedekind
sums. This chapter is informal, and therefore we do not define all the terms
mentioned here. We will give the formal definitions carefully in the main body
of this thesis, and focus on the intuition instead. We set off the pursuit of this

connection by studying the decomposition of cones.

Y4 5
@, = (05:/8) € Rgo
]C}'
KC
wz :(5:'}/)ER§O
K.
0 z

Figure 1.1: Decomposition of the first quadrant into three cones



2 Chapter 1. Introduction and Outline

To avoid overlap between adjacent cones, we define all cones here to be half-
open. As shown in Figure 1.1, we decompose the first quadrant iy into a

disjoint union of three half-open cones: K, K and ;.

Kise = K, | KUK, (1.1)
We will utilize the concept of indicator functions, seeking a nice mathematical in-

terpretation of decompositions of cones. From (1.1), by using indicator functions

of cones, we obtain:

Iy, (x) = 1, (%) + 1k (x) + 1k, (%), (1.2)

where x € R?.
It is tempting for us to apply Fourier transforms to indicator functions at
this point. But after examining the definition of the Fourier transform, we find
out that the integral defined by the Fourier transform of a cone is divergent. In

order to guarantee convergence, we multiply the indicator functions by a complex

factor > first, that is,
1lclst (X)e2m'(x,s) _ 1le (X)627ri<x,s) + IK(X)e2m(x,s> + 11@; (X)62m<x’s>, (13)

where x,s € R

Next we will convolve these “modified” indicator functions with Gaussian func-
tions. The main reason is because we would like to apply Poisson Summation
later and convolution makes sure all functions involved will lie in the space of
Schwartz functions. Let
Loz,

G (x) = -e

where € > 0, x € R?, and || - || denotes the Euclidean norm. Its Fourier transform
is:

é:(s) — e_TrE||S||2.

Then (1.3) becomes:

1., ()()62’”("’S> *Ge(x) = 1k, ()()62’”("’S> *GE(X)+1K(X)627ri<X’S> *Ge(x)+1xc, (x)ez’r“’“S> *Ge(X).
(1.4)



Now we can take Fourier transform of (1.4) on both sides:
F (Lo ()€™ 5 G (x)) = F (L, (0" « G(x)
+F (1;¢(X)62’”<X’S> * GE(X))
+ F (Li, (%)% % G (x)) . (1.5)
We use both F(f(x)) and f(x) interchangeably to denote the Fourier transform
of f(x). If h(x) = (f * ¢)(z), then h(€) = f(£)7(€). As a result, (1.5) becomes:
F (L (x)e"™0) F (Ge(x)) = F (1, (x)e?™ ™) F (Go(x))
+F (Le(x)e’™ ™) F (Ge(x))
+F( z(x)e2“<x’s>) F(G(x)). (1.6)

1k

Or equivalently:

o~

L., (X)62”i<x75>Ge(X) =1k, (X)e27ri(x,s>/G\e(X> + 1’C(X)627ri(x,s>/G\e(X>

+ 1, (x)e2m 8 G (x). (1.7)

Now we can apply the Stretch Theorem of Fourier transforms: Theorem B.1

mentioned in Appendix B , and (1.7) becomes:

—

T (x + is)e ™I = T (x 4 is)e ™ IXI 4 T(x + is)e ™I

—_

+ 1, (x + is)e el (1.8)

We will denote x + is as z = m + is from now on. Then (1.8) is equivalent to:

— —

Ti,,, (m + is)e ™ mI® = T (m 4 ds)e™™ImI" 4 T (m - is)elml”
+ 1, (m + is)e I, (1.9)

We now consider the case of Z2. Our next step will be summing over every term

in (1.9) over the whole lattice Z?:

Z 1/1c;(m + is)e—weHmHz = Z (T@(m + Z’S)e_WE”m”Q + le(m + is)e—weHmHz

meZ2 meZ2

+ T (m + is)emImI?). (1.10)
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Denote z = m + is = (my + is1, mg + 189) = (21, 22).

Applying results that we will prove in Chapter 2, (1.10) becomes:

1 _ 2 (0% _ 2 | det M| _ 2
o—melml? _ <—€ melm| o—melm]
mez2 F172 mez2 2 (az1 + B22) (w1,2) (w2, 2)
v —mumn?)
S S— : 111
z1(621 + 722) (1)
where
o ( ) a 0
B v
The motivation of us looking at these infinite sums mainly comes from papers
written by Bruce C. Berndt, Paul Gunnells and Robert Sczech. In | |, the
author investigated the infinite sum
3 1
(m,n)€z? m<cm + dn)
m(cm~+dn)#0
In | |, Gunnells and Sczech defined an infinite sum on a lattice which becomes
one of the motivations of what we are going to do next besides | |. Let £ be

a rank [ sublattice of Z? satisfying £ = Sat £ where Sat£ = {m € Z" : km €
L for some k € Z} denotes the saturation of £. In other words, any Z-basis of £

can be extended to a Z-basis of Z™. Here

denotes an integral (dx d)-matrix with primitive columns oy, - -+, 04.> For v € R?,

define the Dedekind sum:

e2mi (x,v)

S(Lyov) = (2ni) E:L/ (x,01) -+ (x,0q)

This series only converges conditionally and Sczech discussed the convergence of

it in detail in | ]. The dimensional one version of S(L, o, v) is:
, 627rivx 1
> = Bi(v) =v—[] -3,
T EL x 2

Ithe coordinates of o; are relatively prime as a d-tuple.



which is the Sawtooth function we will encounter in Chapter 2.

We will continue our argument by letting (sq,s2) = (0,0) in (1.11), and we
will get four infinite sums. For each of them, we will sum it over the whole lattice
Z? excluding those points that make the denominators of the summands vanish.
Note that in our infinite sums defined over cones, there is an extra e~<I™I* in the
numerator which is absent from Gunnells and Sczech’s work. The existence of
this e relaxed the condition for the series to converge, but allows us to investigate
the situation when ¢ — 0%. We denote m € Z? by (m,n) € Z?* from this point

on. In conclusion, we get the following four different infinite sums:

o
1
Sie) = Y ——ememtn),
(m,n)€z2 n
mn##0
&
(6% 9, o
52(67 O{, /8) = —e—ﬂ'E(m +n )
(m%22 n(am + ﬁn)
n(am+8n)#0
<&
| det M| o
Sg(e’a’ﬁ’57 ’7) = me(m?+n )>
('m,zn):eZQ (am + fBn)(dm + yn)
(am+pn)(6m+yn)#0
where
a o
Gy
<&
Y _ 2,2
54(675> 7) = S me(m?+n )
m(§m+vyn)#0

Our research path splits into two different directions based on whether the

infinite sums are defined over integral cones or real cones:
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1. When the cones are integral, we mainly investigate the sum:

é:(m’ TL) e—we(m2+n2)
fleeq= ¥ Odmmo_ g e
(m,n)€22 m(cm + dn) (m,n)€z2 m(cm + dn)
m(em~+dn)#0 m(cm-+dn)#0

and the following limit:

e—we(m2+n2)

1 1
= i = |
fle,d) = — lm f(e,c,d) = — lim (n§n)€fz2

m(cm—+dn)#0

m(em + dn)’

Note that, f(e,c,d) is essentially Sy(e, c,d). We proved a relationship be-
tween f(c,d) and the classical Dedekind sum s(c, d) in Chapter 2:

arctan(d/c)  arctan(c/d) N 1

df (¢,d) + cf(d,c) = s(c,d) + s(d, c) — o o 5

Note that there are several different representations for the classical Dedekind

sums. One of them involves the Sawtooth function:

e -8 ((5))((5)

Another representation uses cotangent functions. Let (h, k) = 1. Then

S k) = QL i cot(ﬂhn/k).

™ n

n

nZ0(modk)

Historically, Dedekind sums are named after Richard Dedekind. He intro-
duced them to express the functional equation of the Dedekind eta function
in 1877 which we can find in | |. It has many other connections besides
the one we mentioned here. In 1951, Mordell published a paper | | in
J. Indian Math Soc. which first connected lattice points in a tetrahedron
with Dedekind sums, and thereafter led discrete geometry into a new era.
In [BR], Dedekind sums arise from the study of lattice point enumera-
tion of rational polytopes. Another interesting connection is mentioned in

[ |, the author found an expression for the codimension two part of



the Todd class of an arbitrary toric variety given in terms of Dedekind sums.
In | |, Garoufalidis and Pommersheim used toric geometry to explain
properties of the values of zeta functions and Dedekind sums. The authors
also relate cones with Dedekind sums, but their approach is fundamentally
different from what we are doing here. Dedekins sums are also connected
to random number generating. In The Art of Computer Programming, vol-
ume 2 | |, Donald Knuth pointed out that Dedekind sums happen to

be exactly the standard deviation of pseudo random number generators.

2. When the cones are real, we focus on the following sum:

—me(m2+n?)

fle,a, B) = Z ¢

2 (am +n)(m + Bn)’
(am-n)(m+6n)£0

and the following limit:

lim f(e, a, ).

e—0t

Note that £ (¢, «, 3) is essentially Ss(e, a, 1, 1, 3). We proved that the infinite

series
€—7re(m2 +n?)

(am +n)(m + fBn)

fle,a, B) = Z

(m,n)€Z2
(amn)(m-+Bn)£0

converges absolutely for each fixed € > 0, where both e and (3 are quadratic

irrationals in Chapter 3.

We also look into another infinite sum:

—me(m2+4n?)

e
f =
(67 a? /8’ 67 ’Y) (77L%:€Z2 (O{m + ﬁn) (6m —I— ’}/n) )

(am+pBn)(dm+yn)#0

which is S3(€, a, 3, 6,) in essence. We prove that if ad + Gy = 0, then the

infinite series lim,. o+ £ (€, o, 3,0, 7) exists.

In Chapter 4, we answered the question: when are two Dedekind sums equal

to each other? Let b be a positive integer, and a;, as any two integers that are



8 Chapter 1. Introduction and Outline

relatively prime to b. If the Dedekind sum s(aq,b) is equal to s(ag,b), then

b | (1 — alag)(al — ag).

In Chapter 5, we partially answered the following question: when are two
Zagier-Dedekind sums equal? We adopted the same technique used in Chapter 4
in our proof.

In the last part of this report, Chapter 6, we define a curve of generalized
centers for a finite point set. Given any finite point set S C R?, and given r > 1,

we define

pu(r) = argmin »_ [la — ||,
zeR?  geg

so that u: [1,00) — R,

The motivation for us to define our p-curve goes way back to Fermat. The
curve pu(r) is a generalization of the Fermat point. We generalize Weiszfeld’s
algorithm to find p(r) by an iteration process. We prove that to a certain extent,
this curve captures the symmetric property of the original point set. We also
prove that the p-curve is invariant under rigid motions. We conjecture that
nondegenerate p-curves are uniquely determined by the point sets. An example
is given in support of this conjecture. In the end of this chapter, we give several

examples for the p-curve both in two-dimension and three-dimension.



Chapter 2

Integral cones and classical Dedekind

SUIIS

2.1 Cone decompositions

Dedekind sums arise naturally from decompositions of cones. Our main goal
in this chapter is to study a Dedekind-like function defined on two-dimensional
integral cones, and to interpret the reciprocity law of Dedekind sums as the

interplay of two adjacent integral cones.
Definition 2.1. A pointed polyhedral cone K, C R? is a set of the form

Ky = {V + Z AW | \AS Rd, all wy, € Rd, all N\, > 0},
k=1

where v,wy, - -+, wpy, are such that there exists a hyperplane H for which HN K =
{v}. Or equivalently, KC does not contain an infinite line. The vector v is called

the apex of K.

All cones mentioned in this dissertation are pointed polyhedral cones unless

stated otherwise.
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Definition 2.2. For a pointed polyhedral cone K, C R, we call a finite set

{wi,ws, -+ ,wn} generators of K if every element in KC can be written as
v+ M| v eRY allwy, € R all Ay, > 0}
k=1

where v is the vertex of IC.

Definition 2.3. Let the finite set {wi,ws, - ,wn} be generators of a pointed
polyhedral cone K. The collection of vectors {ej, -+ ,e4} is a minimal set of

generators for ICy provided that:

1. {ey, - ,eq} are also generators of K.
2. m>d.
3. If another collection of vectors {y1,- - ,ya} generates the pointed cone Ky,

then up to reordering, it must be the case that'y; is a scalar multiple of e;

forallj=1,2,--- .d.

Any vector in a minimal set of generators for K is called an edge.

Definition 2.4. Define the first orthant cone to be:

Klst:R[éoz{(xlax%"' ,2q) € RYzy > 0,29 >0,--- 24 > 0}

When the dimension is clear, we also use K4 to denote the first quadrant
cone:
Klst = RZZO = {(l’,y) € R2|ZE 2 an 2 0}
Let a pointed cone K be an integral cone in the first quadrant as shown in

Figure 2.1.
Let the two generators of K be wy = (a,b) € Z2, and wy = (c,d) € Z2,,.

Denote the pointed cone with generators wy = (0,1) and wy by KC,. Denote
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K, K
o =(a,b)eZ,
o =(c,d)el
K,
O- :r*

Figure 2.1: Decomposition of the first quadrant into three integral cones

the pointed cone with generators wy and w, = (1,0) by K,. To avoid overlap,
we let every cone be half-open. For example, the first quadrant cone becomes
Kist = {(z,y) € R*z > 0,y > 0}. From Figure 2.1, we can decompose the first

quadrant cone Ky into a disjoint union of three half-open cones:
Kig =K, UKUK,.

We can place the two generators of the pointed cone K as column vectors of

a matrix M:

a c
b d

Note that the four entries of M are all positive integers.

(o )

iti .5. For any cone K C we can associate an indi r i
Definition 2.5. F K C RY, t indicator function

1x to K which indicates membership of an element in K. Specifically,
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'{1 ifx e

kO otherwise.

From Figure 2.1 and the decomposition of the first quadrant cone ICi4, we
get a nice identity about the indicator functions of the four cones Ky, Ky, K
and IC, :

lgy,, = 1x, + 1 + 1, (2.1)

The presence of the indicator function of a cone allows us to apply Fourier trans-

forms to cones and thus leads to many amazing properties.

Definition 2.6. We define the Fourier transform of any compact set P € R?

as follows:

T\ :/ —27ri<x,y>1 d :/ —27ri(x,y>d )
P(y) = [ e I (g = [ e a

This integral converges for compact bodies P, but if we replace P with an
unbounded cone K, the convergence of the integral will not be guaranteed any-
more. In order to employ the methods of harmonic analysis, we need to consider
functions of complex variables. For this reason, we will let the variable y in the

above Fourier transform be a complex vector:
y = (21,22,"' ,Zd) =m+is = (m1 +’i81,7ﬂ2+i82,"' ,md+isd).

Definition 2.7. Let K € R? be a pointed cone with apex at the origin. The polar

cone K* is defined as
K*={xcRY(x,y) <0 forally € K}.

Example 2.1. We give two ezamples of polar cones here.
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y
Kl‘s!
X o
A
Figure 2.2: Cones and their polar cones
Lemma 2.1. The Fourier transform of the first orthant ICy4 C R‘éo 1S5
- d
1 m + is)
SHC <2m) 1;[ ;+is;
Proof. By Definition 2.6, we have:
1k, (m +is) = / e 2mibemtis) gy (2.2)
— / / —2mz1(m1+zsl) . e—Qﬂixd(md+isd)dx1dx2 . d.’I?d, (23)
—27rw:1(m1+zsl) - e—27m'zd(md+isd) -
= 0o "’ . . |0 ) (24)
—2mi(my + isy) —27rz(md +isq)
1 1
- L — (2.5)
2i(my +is1)  2mi(mg + isq)
_ < 1 )d ﬁ L (2.6)
S \2mi) o (my +isy) ’
In (2.3), aslong as s1, s9, - -+, Sq < 0, or equivalently, when's = (s1, 89, -, 84) €
1st, the integral will converge. O

An example of Lemma 2.1 in R? is as follows.
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Example 2.2. The Fourier transform of the first quadrant Kis C Rzzo I8

Lic,., (m + is) < ! >2 L
m+is) = [ —
K1t 2w/ (my +is1)(mg +is2)’

where s = (s1, $2) € K-

We will define simple cones and then give a general result of the Fourier
transform of simple cones in R%. To set off, we need to introduce the definition

of tangent cones.

Definition 2.8. Let P € R? be a non-empty polyhedron and let v € P be a point.
We define the tangent cone of P at v by:

tcone(P,v) ={v+y:v+ey €P for somee>0}.

This definition is given in | |. Here is an illustration of a polyhedron

P € R? and its tangent cones at three different points in P.

A
[ ]
o
[ 3]
2
A
B .
<
24

Figure 2.3: A polyhedron P and its tangent cones

Notice that the tangent cone tcone(P, B) is a half plane, and tcone(P,C) is
the whole plane R2.
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Definition 2.9. For a tangent cone K C RY, if the number of its generators is

equal to the dimension of IKC, then we call K a simple cone .

Lemma 2.2. For any simple tangent cone K C R? with generators wy = (a,b) €
7%, and wy = (c,d) € 72, the Fourier transform of K is:

— 2 det(M

To(m + is) = <_> | .e( )| .
2mi/) (w1, m +is) (we, m + is)

where (s1,$2) € K* and

u=loro)=( 3

Proof. The main idea is to find a linear transformation which could map the
simple tangent cone K C R? bijectively onto the positive quadrant K., then by
applying Corollary 2.2, we can find the Fourier transform of any simple tangent

cone without much difficulty. According to Definition 2.6, we have:

To(m + is) / —2milxmets) gy (2.7)
- / o~ 2mMym)| ot (M) dy, (2.8)
_ / e~ 2mily M (mtie)) qet(0)|dy, (2.9)
_ / o2ty (wrmtis), (2 m4is)) | ot (M) dy, (2.10)
( ) [det(M)] (2.11)
211/ (w1, m + is) (wa, m + is)

In (2.8), we mapped K to K4 by letting KK = MK, where

a ¢

M = (u)l,UJQ) =
b d

The reason for (2.10) to hold is because we have

MT — a b
c d 7
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and

b
M"(m +is) = ¢ (m + is),
c

= ((a,b),m +is) ((¢,d), m + is) ,
= (w1, m + is) (wo, m + i8) .
=

amy + bmgy + i(asy + bsg))(cmy + dmsg + i(csy + dss)).

Since (s1, $2) € K*, we always have as; + bsy < 0 and ¢s; 4+ dsy < 0. Therefore

the convergence of the Fourier transform of K is guaranteed. O

T;E(m +1is) is in fact a rational function of s; and sy, so it has a meromorphic

continuation of all vectors (si, s9) € C2.

Example 2.3. The Fourier transform of the cone IC, with generators wy = (0,1)

and wy = (a, b) is:

1\2 a
2—m> (mg +is9)(a(my +is1) + b(mg + is7))’

1/;c\y(m+is) = (

where s = (s1, 52) € K.

This is a direct application of Lemma 2.2 by letting

0 a

M:(wawl):
! 1 b

Example 2.4. The Fourier transform of the cone K, with generators wy =

(c;d) € Z2, and wy = (1,0) is:

12 d
%) (my + is1)(c(my +is1) + d(mo + iss))’

I, (m +is) = <

where s = (s1, $2) € K=.
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This is also a direct application of Lemma 2.2, with

c 1
d 0

M = (wy,w,) =

Now let us go back to equation (2.1):
ko = li, + 1 + 1e,.

If we apply the Fourier transform to both sides of this equation, we will get

11 _<L>2 a

2miz) 2mizy  \2mi/) zo(az + bzo)
1\? det(M

() ldetin

omi) (az + bze)(czy + dz)
n (iy 4 (2.12)
2mi)  z(cz + dzs)
Further simplification of (2.12) gives us:
1 a | det(M)| d

217y zolaz +bz)  (az +bz)(czr +dz)  zi(cz +dz)
where z = m + is = (mq + sy, my + is3) = (21, 22). We can view it as taking the
transforms on both sides of (2.1), or a “valuation” at any z = (m+isy, ma+iss) €
C?, therefore sending cones to rational functions| .
Next we will introduce a class of rapidly decreasing functions: Schwartz func-

tions.

Definition 2.10. Let S be the collection of rapidly decreasing continuous func-

tions:
SRY) = {f € C*R)| [[fllas < 00, Yo, 5},
where a, 3 € N¢ are multi-indices, C*(RY) is the set of smooth functions from
R? — C, and
1 Fllas = supyemalx*D” f(x)].
When the dimension d is clear, we can also write S = S(RY). In words, these are

the infinitely differentiable functions whose derivatives decrease faster than any

power of x at infinity. These functions have the properties that:
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1. If f(x) isin S, then the Fourier transform F f(s) is in S.
2. If f(x)isin S, then F1Ff=f.

We also refer to the functions in S simply as Schwartz functions . Here F

denotes the Fourier transform of a function:

Fis)= [, e 0 f(w)at.

and F~1 denotes the inverse Fourier transform of a function:

Flg(t) = /

R4

eQm(S’t>g(s)ds.
Definition 2.11. Let ¢ be a Schwartz function in R%. Then

> Fok) =3 o(k).

kezd kezd

This is called the Poisson Summation Formula.

This result also holds for some more subtle classes of functions (see Theo-
rem 3.1.7 in | | for a more detailed description of the Poisson Summation
Formula). An example is the function f(r) = e 21Xl where x € R", and || - ||
denotes the Euclidean norm. This function does not belong to &, but the Poisson
Summation Formula is true for f and its Fourier transform.

The Poisson Summation Formula is an idea certainly at the heart of Fourier
analysis (the interested reader may consult the book | |). Indicator functions
of cones do not belong to S because they are not continuous in R?, let alone
infinitely differentiable. If we want to apply the Poisson Summation Formula
in our analysis of cones, we need to modify the indicator function of a cone by

smoothing it out.

Definition 2.12. Let (S, 0, ) be a measure space. Consider the set of all mea-
surable functions from S to C (or R) whose absolute value has finite integral, or

equivalently, that
11l = [ |fldp < oo.

The set of such functions form a vector space, which is denoted by L1(R).
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Definition 2.13 (| |). If g is in L1(R) and has mass 1 and gy satisfies

-1 -1

gg(y) =€ gley),

then the collection
{g[d LE> 0}

of functions is called the approximate identity for convolution —or simply

the approximate identity—generated by g.

In light of this, we can smooth the indicator function of cones by convolving it
with Gaussian functions. The main reason for us to choose them as the candidates
of smoothing functions is because their Fourier transform is essentially themselves.

There are several different ways to define Gaussian functions. The reason why
we choose the following definition for a Gaussian function is because its Fourier

transform is relatively simpler than those of other Gaussians.

Definition 2.14. Define a Gaussian function G.(x) on R? as follows:

1

Ge(x) = e,
€

where € > 0, x € RY, and || - || denotes the Euclidean norm.

Example 2.5. For example, a Gaussian function in R? would be:

1 =
Ge(m7 TL) = _6_;(m2+n2)7
€

where € € Ryq. It has Fourier transform:

o~

Go(m,n) = e~

In Lemma 2.2, for any simple cone K C R? with generators w; = (a,b) and

wy = (¢,d), we can interpret the Fourier transform of K in a different way.
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1k(z) = 1 (m,n), (2.13)

1
%) o2 (00, 7) (2.14)
1

(
_ <_>2 - | det M| (2.15)
(

270 m+ sy, n + 189)) {(wa, (M + is1,n + i83))’
1 >2 | det M|
2mi/)  (am + bn + i(as; + bsa))(cm + dn +i(csy + dss))’

(2.16)

Following this interpretation of the Fourier transform of a cone, the convolu-
tion of the Gaussian function G.(m,n) and the indicator functions in (2.1) will

give us the modified indicator functions:
(L, ¥ Ge)(myn) = (1, x Ge)(m,n) + (L x Ge)(m, n) + (1, * Ge)(m,n), (2.17)

where (m,n) € R% The modified functions 1x * G, will fall in the category of
“nice” functions for any cone K. In other words, (1x % G.) € S.

Now take the Fourier transform of (2.17) on both sides:

(i, xG)(m,n) = (1, * Go)(m,n)+(1 * Ge)(m,n)+(1x, * Ge)(m,n). (2.18)

~

We know that if h(z) = (f * g)(z), then h(€) = F(€)G(€). As a result, (2.18)
becomes:

— o~ o~ o~ o~

Lyt (m,n)Ge(m, n) = T, (m, n)Ge(m, n) +1x(m, n)G(m, n)+Lx, (m, )G (m, n).

(2.19)
We can sum both sides of (2.19) over the whole lattice Z:
> @(m, n) —=a _ é\e(”% n) -
(m,n)ez? (m +is1)(n + isy) (m,n) €72 (n +is2)(a(m +is1) + b(n + isz))
Ge(m,n)
+d : : :
(m,nZ)EZQ (m +is1)(c(m +is) +d(n +isy))
Ge(m,n)
+ | det(M : _ - . .
| det(M)] (m%:ezg (a(m +is1) 4+ b(n +isq9))(c(m +is1) + d(n + isz))

(2.20)
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Here we applied the results from Example 2.2, Lemma 2.2 Example 2.3,

and Example 2.4 which give us the Fourier transforms of indicator functions.

2.2 Fourier transform of integral cones in R? and

classical Dedekind sums

To simplify our argument later, instead of analyzing the decomposition of the
first quadrant into three half-open cones as shown in Figure 2.1, we decompose
the first quadrant into a disjoint union of two half-open cones where the edge

belonging to K; and adjacent to Ky is w = (¢, d) € Z2,,.

o=(cd)eZ’,

R

Figure 2.4: Decomposition of the first quadrant into two integral cones

Imagine that we squeeze the cone K in Figure 2.1 until it becomes a line ray.
We will then get a new decomposition of the first quadrant cone as is shown in

Figure 2.4. The decomposition of Ky becomes:

Kist = K1 UK.
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The relationship between the indicator functions of the three cones in Figure
2.4 is:
1’C15t = 1/C1 + 1/C2'

By applying Lemma 2.2, Example 2.3 and Example 2.4, we have:

- c n d
2z ez +dz)  z(cz +dz)’

(2.21)

where z = (21, 29) = (m +is1,n + isy) € C% Now we fix (s1, s2) € R% Following

the argument used previously in Section 2.1, we will get:

3 Ge(m,n) 3 Ge(m,n)

: - =cC - - -
(mm)ez (m +is1)(n +isq) (m.myez? (n+is2)(c(m +is1) + d(n + isz))

G.(m,n)
+d _ . .
(m,nz):EZQ (m 4 isy)(c(m +is1) + d(n +isz))

(2.22)

We now turn our attention to the second sum on the right hand side of (2.22):

G (m,n)
<mmz>:ez2 (m +is1)(c(m +is1) + d(n +is2))’

(2.23)

In | ], the author investigated the infinite sum

1
2 m(em +dn)’

(m,n)€z?
m(cm—+dn)#0

which is one of the motivations for what we are going to do next. Another
motivation for us to choose the direction of our work comes from | |. The
authors defined an infinite sum on a lattice which looks very similar to what
we have here. Let £ be a rank [ sublattice of Z? satisfying £ = Sat £ where
Sat L = {m € Z" : dm € L for some d € Z} denotes the saturation of L. In
other words, any Z-basis of £ can be extended to a Z-basis of Z". Note that o
denotes an integral (dx d)-matrix with primitive columns oy, - -+, 04.> For v € R?,

define
S(L ) (2 ')—d Z €<X,V>
,o,V) = (2mt .
x€L <X7 (71> T <X7 Ud>

Ithe coordinates of o; are relatively prime as a d-tuple.
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Due to the above reasons, we define the following infinite sum based on (2.23).

Definition 2.15. Define an infinite series f(e,c,d) by letting (s1,s2) = (0,0) in
(2.23). We will remove two lines m = 0 and cm + dn = 0 from the whole lattice

72 -

G.(m,n) o me(m?+n?)
feed— y  Cdmm g et
(m,n)€22 m(cm + dn) (m,n)ez2 m(cm + dn)
m(cem~+dn)#0 m(cm-+dn)#0

We wish to exclude the two straight lines m = 0, and ¢m + dn = 0 in the
definition of f(e, ¢, d) because the denominator of all summands vanish at points
on those two lines. We are interested in the asymptotic behavior of f(e, ¢, d) when

e — 0T,

Definition 2.16. Define

d 1 li d L li e
fed=gelpfead=galn 2
m(cml—i—dn);éO

We will find out later that f(c, d) defined here is closely related to the classical
Dedekind sums s(c, d). A nice relationship between these two functions is given
later and we would like to remind the reader that the technique introduced by

Q. N. Le and S. Robins | | plays a pivotal rule.

Definition 2.17. Define the first Bernoulli polynomial

r—1 ifzel0,1],

0 otherwise.

(
Bi(z) = {
(

The Fourier transform of B is:

B = [ (o e dr,

627ri§ -1 N 627ri§ +1
47r2£2 —4mi€
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When £ € Zo, we have
1

_27Tz'§'
When ¢ = 0, it is easy to see that By(€) = 0. If Bj(z) = By(x — x) for some

B(¢) =

(2.24)

zo € R, then B lives on the interval [0, o + 1]. The translation property of the
Fourier transform says:

Bi(&) = By ©).
Definition 2.18. Define a two-dimension function F' as follows:
By(z1)Bi(z3) if 21 €[0,1] and x5 € [0, 1],
0 otherwise.
(21— ) (w2 —3) ifx1 €[0,1] and 25 € [0, 1],

0 otherwise.

F' is a product of two Bernoulli polynomials of independent variables. The

Fourier transform of F is:

ial ! ! 1 1 —2mix —2mix
F(&,&) :A [) (931 - 5) <IL"2 — 5) e 2miTit g2 252d:81d:)32>

1 1 . 1 1 .

_ / <:l?1 . _) 6—27rzx1£1d1.1/ <:132 _ _) 6_2””252(1:172,
0 2 0 2

B e2mié1—1 N e2mig1+1 e2mig2—1 N e2mig2+1

o\ 4r2e T —4mig 4263 —Ami&y )

When & € Zyo and & € Zy, we have:

=~ 1
F(&1,&) = TIag,
When & = 0 or & = 0, we have:
F\(£17£2) = 0

Lemma 2.3. Let wy = (o, 8) € Z*, and wy = (8,7) € Z*. Let
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Denote the inverse transpose of K by K~T. Let £ € Zio. Denote Fo K=T(£) by
§(&). Then we have:

( | det K| . .
0 | an2 (T T if (wi1t,&) (w2, &) # 0,
S = (Fok g ={ 1 CLO6EY (.6 (a.6)

{

0 otherwise.

The proof of this lemma follows from Theorem B.1 in Appendix B.
Our goal is to study

4 1 r e—we(m2+n2)
fle,d) = 4n? oo 2 , m(em+dn)
(m,n)€EL
m(em~+dn)7#0

The denominator in the summand of f(c, d) is a product of two inner products:
m{em + dn) = ((1,0), (m, n)) x {(c,d), (m, ).

As shown in Figure 2.4, we denote w = (¢, d) € Z2, and w, = (1,0). Let

0 1/d

We have det J = —d, and J~1 =
1 —c/d

> . From the definition of § in

Lemma 2.3, we have
F&,&)=F(J " (,8) =F <%7§1 - c%;) ; (2.25)

where § = (£, &) € ZiO'

Lemma 2.3 also tells us that

.{_ | det J| -~ d .
ey - | TRE ) a0

10 otherwise.

{
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On the one hand,

lim Y F(m, n)G.(m,n)

e—0t

(m,n)eZ?

T ~ —me(m2+n?)

Y Bmne , (226)
(m,n)eZ?

d e—ﬂE(m2+n2)
=1l - —— 2.27
st (m%:ez2 < 47r2> m(em +dn)’ (227)

m(cm~+dn)#0

— _df(c,d). (2.28)

By Lemma 2.3, when m(cm + dn) = 0, we have F(m,n) = 0. Therefore the
equality in (2.27) holds.

On the other hand, the Poisson summation formula guarantees that:

S Fmn)Gmn)= S FxGlmn)= Y (3G (m,n).

(m,n)eZ? (m,n)eZ? (m,n)eZ?
So we hope to give another identity of lim_o+ 3=, yez2 F(m, n)é\e(m, n) by an-
alyzing 3=, nyezz (§ * G¢) (m,n) more carefully.

The function F(m,n) = F o J-T(m,n) lives on a region where F(m,n) #
0. The definition of F implies that J=7(m,n) € [0,1] x [0,1] (or equivalently
(m,n) € JT([0,1] x [0,1])) if and only if F(m,n) # 0. Thus the support of F is
the parallelogram H with vertices (0,0), (1,0), (¢ + 1,d), and (¢, d). The reason

c d
J = ,

is as follows:

then we have

0
and similarly, J7 < > = <
1

Hence,
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(c.d) (c+1,d)
9\

A
(L1) df
1 JT .Y:
(=%)
d
(0.0) 1
(0,0) (1.0) X
Figure 2.5: The parallelogram where § lives
supp(F) = H = {(m,n) € R*| (m,n) € J7([0,1] x [0, 1])}, (2.29)
= {(em +n,dm) € R*| (m,n) € [0,1] x [0,1]}, (2.30)
—{(@,m) eRYar e |22 22 41| me o). (231)

Our aim here is to analyze 3, ,ez2 (8 * Ge) (m,n). We will introduce a
lemma | | which incorporates a class of functions defined on a polytope P

and the solid angle defined on P.

Lemma 2.4. If f is a continuous function on the polytope P in RY, and is zero

outside P, then for all x € R,

lim (f * Go)(x) = f(X)wp(x).

e—0t
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Here wp(x) denotes the solid angle of P at x.

Proof. We can compute (f * G.) according to the definition of convolution in
Fourier analysis. We remind our reader of the definition of Gaussian functions

given by Definition 2.14:

Gul) = e £

(%G = [, F¥)Celx ~ y)dy. (2:32)
:/ f(y)Ge(x —y)dy, (2.33)
= / f(y)G(y —x)dy, (2.34)
letu=y—x
= /T . f(u+x)G.(u)du, (2.35)
N /%TX(P) fx+vVe)Gi(v)dv. (2.36)

Here T_«(P) denotes the translation of P by the vector —x. Since the polytope
P is closed and bounded, the function f is uniformly continuous. Thus, when €

approaches 0, the limit of f * G (x) is:

l_i)lron+ (f*xG.) / Gi(v
= f(x)wie, (0),
= f(x)wp(x),

where Ky is the tangent cone of P at the vertex x. O
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We can interpret lim o+ 3, n)ez2 3(m,n)G.(m,n) from this point of view.

lim Y §(m,n)Ge(m,n) = lim Z F(m, n)G.(m,n), (2.37)
O e 0" (minmyez?
m(cm~+dn)#0
=lm > FxGe(mn), (2.38)
(m,n)€Z?
= lim 37 (§+G)(m,n), (2.39)
(m,n)€Z?
= Y Sl z)wn(z, @), (2.40)
(z1,x2)€Z2NH
d
= > S(21, 2o)wm (1, 72) | -
22=0 \ 2,€Zn[=2,22 41)

(2.41)

Here (2.39) is true due to the Poisson Summation Formula, and (2.40) holds

because of Lemma 2.4.

Let the inner sum in (2.41) be:

f(z2) = Z S(x1, w2)wp (21, 22).

(E1€Zﬂ[cx2 ’cmg +1]
o We consider the case when xo # 0 and xy # d first.

cr
1. If =2 is an integer, then

d

o= (5 (52m) (22 1.0,
(B0 r ().

O N RN =N =

I
TN
N

o
qF
[N}
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cr
2. If 72 is not an integer, then

o =15 (| 1)
)

= (@) (=),
== (@)

Here we use the following identities of Sawtooth functions :

and
for all z ¢ Z.

LML
e

1
2|

Figure 2.6: Sawtooth function

In conclusion, when x5 # 0 and xy # d, we have:

>, Smmeate) == ((F)) ()

x1€ZN[ 2, 52 41]

¢ When 25 = 0. Let § = wy(0,0), then from Figure 2.5 we have wy(0,0) =

tan(d
wr(c+1,d) = %W(/C) And we have wyr(1,0) = wy(c,d) = § .
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When x5 = 0, we have:
f(z2) = f(0) =F(0,0) - wy (0, 0)—1—8’(1 0)-wu(1,0), (2.42)
= F(0,0)0 + F(0, )(— —0), (2.43)
1 1
(D6 o
1 1
=0 (2.45)
Here (2.43) is due to the definition of § in (2.25).
o When z5 = d, we have:
f(l’g) = f(d) = %(07 d) ' WH(C> d) + S(C + 17 d) ’ WH(C + 17 d)v (246)
— F(1,0) (% - 9) + F(1,1)6, (2.47)
1 1 1
_ <_Z> (5 - 9) + 0 (2.48)
_ %9 _ é (2.49)
Here (2.46) is due to the definition of § in (2.25) as well.
Therefore (2.41) becomes:
lir(l)q+ > 3(m,n)G.(m,n) (2.50)
= cx 1,1 1,1
==X (EDEF)+(Ge-5)+ (3o-5) e
s cx 1
B (@) () o- e
d T2 Cxo arctan(d/c) 1
() L s
— s(ed) + arctz;r;(d/c) B i (2.54)
So (2.28) becomes:
—s(e, d) + etan(d/e) i = —df(c,d), (2.55)

2T
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or equivalently:

arctan(d/c) N 1

df (¢, d) = d) — : 2.
fe,d) = s(e.d) — LA 2 (2.56)
This result gives us the main theorem in this chapter.
Theorem 2.1. (Wang) Let ¢ and d be positive integers. Define
1 e—we(m2+n2)
,d)=—li —
fle,d) A% o <m%:ez2 m(cm + dn)
m(cm~+dn)#0
then we have:
arctan(d/c) 1
df (¢, d) = d) — ———=+—.
f(e,d) = se,d) - T L
Corollary 2.1. (Wang)
arctan(c/d) 1
d,c)=s(d,c) — ———=+ . 2.
cf(d,c) = s(d,c) o +4 (2.57)
This is a direct corollary of Theorem 2.1 by exchanging ¢ and d.
Adding up the two equations (2.56) and (2.57) gives us:
tan(d t d) 1
df (c, d)+cf(d, ¢) = s(c, d)+s(d, ¢)— 25 a;( c) _arc a;(c/ )+§. (2.58)
T T

Now let’s take a look at a right triangle with leg lengths equal to ¢ and d.

From Figure 2.7, we have

arctan(c/d)

h=——F—"7,
2m

arctan(d/c)

by = ———,
2

and
_arctan(c/d) ~arctan(d/c) w 1
01+ 0y = o + o =5=71 (2.59)
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Figure 2.7: A right triangle

The equality (2.59) together with (2.58) lead us to a very nice relationship
between f(c,d) and s(c, d).

Corollary 2.2. (Wang) Let

y 1 r 6—7r5(m2+n2)
fle,d) = 4% e 2 , m(em+dn)’
(m,n)€EL
m(em~+dn)7#0

for (¢,d) € Z2,. Then the following identity holds:
1
df (¢,d) + cf(d,c) = s(c,d) + s(d, c) + 7
where s(c,d) is the classical Dedekind sum.

This result follows directly from (2.58) and (2.59).

Corollary 2.3. (Wang) Let

y 1 i e—ﬂﬁ(m2+n2)
= — m _
fle,d) An? ot 2 , m(em+dn)’
(m,n)€eZ
m(em~+dn)7#0

for (¢, d) € Z2,. Then the following identity is true:

d
df (c,d) + cf(d, c) = 1—12 <§ +E+£> .
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Before we proceed to our next chapter, we would like to mention another

representation of classical Dedekind sums | |. Let (h,k) = 1. Then

s(ho k) = 2i i cot(ﬂhn/k).

T = n
nZ0(modk)
What is worth mentioning here is in | |, the sum
) 1 cot(mm/0 cot(mnb
fO) = tm —{ ¥ cot(mm/0) 3 g}
oo aT 0<m/h<Rp m 0<n/k<Rp n
m#z0(modh) n#0(modk)

converges for any irrational ¢, but the individual two sums diverge. When 6 is
irrational, then
1 1 1
6) = — (9 —) .
f0=5\9%5) 1
Recall the infinite sum defined in Definition 2.15:

e—ﬂs(m2+n2)

fle e, d) = Z

= m(cm +dn)’
m(cm~+dn)#0
and its limit defined by Definition 2.16:
1 e—we(m2+n2)
d)=—1li —_—.
fle,d) 4% e (m%:ez2 m(cm + dn)
m(em~+dn)#0

We will extend the infinite sum f(e, ¢, d) from integer parameters to real pa-

rameters in Chapter 3. We will look at a more general sum:

e—7re(m2 +n?)

f(E,Oé,ﬁ,(;,’)/): Z

(m,n)€Z2
(am+n) (Sm-+ym)£0

(am + fBn)(dm +yn)’

@
and prove this extended infinite sum converges when both — and % are quadratic

irrational numbers. Furthermore, we will prove that the limit lim,_ o+ £(e, o, 3, 6, 7)

exists when @ = —1.
ad



Chapter

Real cones and a certain infinite series

3.1 Fourier transform of real cones

Our main goal in this chapter is to discuss the convergence of an infinite series
defined over real cones. In Chapter 2, we investigated an infinite sum defined
over integral cones which is closely related to the classical Dedekind sums. Here
we will extend the sum and proceed over real cones using the same argument,

developed earlier in Chapter 2.

VvV A

K

3 i

o, = (. p) € R

@, =(8,7)cR?,
K

x

Figure 3.1: Decomposition of the first quadrant into three real cones

35
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As in Chapter 2, we decompose the first quadrant i into a disjoint union
of three half-open real cones as shown in Figure 3.1: K, K, and K,. We have

the following decomposition:
Kise = Ky | KK, (3.1)

Denote the generators of K by wy = (o, 8) € R2 and wy = (v,0) € R%,. Then
we have the generators of K, are wy, = (0,1) and wq. The generators of IC, are
we and wy = (1,0).

From (3.1), we find a relationship involving the indicator functions of three

real cones:
1/Clst (X) = 1ICy (X) —+ 1]C(X) + 1/CZ<X>7 (32)

where x € R?, and 1 is the indicator function defined in Definition 2.5. Next

2r<x,8>.

we multiply both sides of (3.2) by a factor e
11C1st (X)e27r<x,s> — 1]Cy (X)e27r<x,s> + ]_IC(X)627T<X,S> + ]"Cx (X)627r<x,s>’ (33)

where s € R2. The reason for us to do so is to guarantee the convergence of
Fourier transform (see Definition 2.6) of indicator functions.

Taking the convolution of 1x(x)e*<*$> in (3.3) with Gaussian gives us:

i, (X)e¥™%5> % G (x) = 1k, (X)e2™5 x G (%) + 1 (%)e?™5 % G (x)

+ 1, (%)™ % G (x), (3.4)
where
1 ™ 2
G. _ I
() = e EII

for x € R?, and its Fourier transform is:

G.(s) = e ™I,

Then we take the Fourier transform of both sides in (3.4):

F (Licy, (x)€™957 % Ge(x)) = F (L, (x)€™9% % Ge(x)) + F (Lie(x)e”™% % Ge(x))
+ F (1;@? (x)e2m<%s> GE(X)) ,
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We know that if h(z) = (f * g)(z), then h(€) = f(£)§(€). Following this property

of convolution in Fourier analysis, the above equation is equivalent to:
TN oo, _ 2 T oTTo 2 oo 2
Lic,., (x)ezm<xs>e melxl® = 1 (x)e2m<xs>emmelxl® 1) (x)e2m<xs>emellxl
TN o oo _ 2
+ 1, (x)erexs> X, (3.5)

Theorem B.3 in Appendix B allows us to simplify (3.5) to:

—

Ty, (x +is)e ™ X = T (x 4 is)e ™ IxI* 4 T (x + is)e X
+ T (x + ds)emelxI?, (3.6)

We will use m + is instead of x + is from now on.

Now we sum both sides of (3.6) over the whole lattice Z?:

3 I (mtas)e ™ = ST T (m tds)e ™I ST T (m o gs)e eI

meZ? meZ? meZ2
+ ) I, (m + is)e eI’ (3.7)
meZ?

Let z = (21, 29) = m +is = (m + isy,n + ise) € C%. According to Example
2.2, Lemma 2.2, Example 2.3, and Example 2.4, we have:

—me(m2+n?) —me(m2+n?) —me(m24+n?)

(& ae

e
2129 N (wy, m +is) (wy, m + is) + (We, M + 18) (Wo, M + i8)
| det M |e=me(m*+n?)

(w1, m + is) (wg, m +is)’

which can also be written as:

—me(m?+n?)
(&
2

(mm)ez2 (m+is1)(n +isy)

=a Y

ez (n+is2)(am + Bn + i(as) + Bsa))

—me(m2+n?)
+ ; ;
K (mmz):eZQ (m + i51) (6m + yn + (651 + 752))

—me(m2+4n?)

e—ﬂs(m2+n2)

(&

e
det M ‘
+ | det M| (m%:ezg (am + pn +i(asy + Bs2))(dm + yn +i(ds; + vs2))

(3.8)
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Here the matrix M is defined as :

wi o
M = 1 — s 7
wi (e

where w; = (a, #) and wy = (9, y) are the two generators of cone K.
We will focus on an infinite sum by letting (si,s2) = (0,0) in the following

sum appearing on the right hand side of (3.8):

Z é:(m, n)
(mmyez? (am + pn +i(as; + B52))(dm + yn + i(dsy +7S2))

We will define a new infinite sum based on it excluding two lines: am + n =0
and dm + yn = 0. As mentioned in Chapter 2, the motivation for us to focus on

the following sum comes from | | and | .

Definition 3.1. Define
e—we(mz—l-nz)

(am + fBn)(dm +yn)’

f<€7a767577): Z
(m,n)€Z2

(am+pBn)(dm+yn)#0

where € € Ryg, o, 3,0,7 € R.

We would like to mention the fact that f(e, «, 3, 0,7) in Definition 3.1 is an
extension of f(¢, ¢, d) in Definition 2.15. If welet « = 1,5 =10, = ¢, and v = d,
then f(e, o, 3,9,7) = £(e,1,0,¢,d) = f(e, ¢, d).

We will answer the following two questions with respect to f(e, «, 3, 9,7):
1. Is the infinite sum £ (e, a, 3, 9, y) convergent?

2. What is the asymptotic behavior of f (e, «v, 3, 0,7)7 In other words, does the

limit lim_q+ £(€, o, 3,9, y) exist?

We first introduce some formal definitions | | related to polytopes and

tangent cones.
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Definition 3.2. Let K be a convex subset of R%. A point x € K is an extreme
point of K provided given any y,z € K, and any 0 < X\ < 1, such that x =
Ay + (1 — Nz, we must have © =y = z.

In other words, z is an extreme point of K if it does not belong to the relative

interior of any segment contained in K.

Definition 3.3. Let K be a convex subset of R?. A set F € K is a face of K if
either F' = ¢ or F = K, or if there exists a supporting hyperplane H of K such
that F = KN H.

Definition 3.4. A compact convez set K € R? is a polytope provided K has

finitely many extreme points.

Definition 3.5. We can attach a cone to each face F of a polytope P, namely

its tangent cone , defined by

Kr={x+Ay—-x):x€F,yeP,\>0}

The tangent cone of F'is the union of all rays that have a base point in F and
point “towards” P.

Recall that in Chapter 2, we defined a tangent cone of a polyhedron at some
point v in Definition 2.8. Let P € R? be a non-empty polyhedron and let v € P
be a point. We define the tangent cone of P at v by:

tcone(P,v) ={v+y:v+ey € P for some € > 0}.

In other words, the tangent cone of P at v is the union of all rays that share the

base point v and point “towards” P, which is consistent with Definition 3.5.

Definition 3.6 (| Il |). Suppose P € R is a convex d—polytope. The
solid angle wp(x) of a point x with respect to P equals the proportion of a small

ball centered at x that is contained in P.
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Consider the solid angle wp(n) at a lattice point n € Z? in a polytope P :

1 s 2
— lim —— —Z[t—nl|
wp(n) 51—1>%1+ 2 [ ¢ dt.
This definition arises from a Gaussian function centering at n with respect to
[2>-norm that is normalized to have a total mass of 1 and then integrating to

calculate the proportion of mass contained in P.

For € > 0, and t € R?, we define

1
—J¢]>

¢5(t) = d—/26 €

€

Therefore, wp(n) becomes the convolution of the indicator function 1p and ¢.:

wp(n) = lilgl+ /79¢E(t —n)dt, (3.9)
= lim /P ¢.(n — t)dt, (3.10)
— lim [ 1p(®)d(n - t)d, (3.11)
= lim (1p * ¢c)(n). (3.12)

Now we introduce a discrete volume Ap = >, cya wp(n), which is an approx-

imation of the volume of P [DeS].

Definition 3.7. For any pointed polyhedral cone K, € R, we define a deter-

minant of the cone as:

| det KCy| = | det(wy(v), wa(V), -+, Wyq)l,

where wi(v) (k=1,2,---,d) denote the generators of K.

Suppose a polytope P € R? has N many vertices vi, Vs, -+, Vy. Denote the
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tangent cone at each vertex v; by Ky, (j = 1,2,---, N). Then we have:

Ap= 3 wp(n), (3.13)
nezd
= > lim (Ip + ¢c)(n), (3.14)
e—0t
nezd
= lim Y (1p % ¢c)(n), (3.15)
ot nezd
— lim Y 1p # ¢c(n), (3.16)
e—0t ez
= lim 3" Tp(n)oc(n), (3.17)
=0 A
(V17Il> <VN,II>
—lm Y | ddet Ky, le L | (diet Kuyle S
=0t Lezavw \ k=1 (Wi (v1),m) [T5— (Wi (vn), n)
' T (m)e—<rllnll?
+€11)I(I)1+ > 1p(n)e : (3.18)
neV
where wy (v;)(k = 1,2,---,d) denote the generators of the tangent cone KC,,, and
V' denotes the set of vectors which are orthogonal to any wy(v;),j =1,2,---, N.

In (3.15) we exchanged summation and limit. The reason is as follows: we know
that 1p * ¢.(n) € Li(R), therefore dominated convergence theorem guarantees us
that we can interchange the sum and limit *; (3.16) is due to Poisson-summation
formula | |; (3.17) is due to a well-known identity: the Fourier transform of
a convolution of two functions is equal to the product of the Fourier transform
of both functions; the last equality (3.18) is due to Brion’s theorem (the proof
of Brion’s theorem can be found in | | or Theorem A.3 in Attachment A).

Note that when v; is the origin, then the term €™ in (3.18) is equal to 1.

Example 3.1. To illustrate Ap, we look at an example where P is a triangle in

R? with vertices v; = (0,0), vy = (0,1) and vs = (/2,0).

! we know that 1p * ¢c(n) = [p €d%e*fllnf‘ﬂ\\vlt.

When € is very small, we have
lim,_,o+(1p * ¢c(n)) = wp(n), which is the solid angle at n in P; when € is big enough, we have

I 6d%e‘%llm—t\‘”lt < [p Ed%e_””n_tudt < [pemIn=tldt and the latter integral is convergent.
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v, =(0.1)

K

R

v
- 3

vV, = (050) V., = (\/E}O)

Figure 3.2: The triangle P and its real tangent cones

10
|det IC,, | = | det | =1,
01

0 2
dethvzdet< \/_>\/§,

We have

-1 -1

—v2 -1
| det K,y | = | det V2 | =1.
1 0

For the cones IC,,, KC,,, and IC,,, the denominator in (3.18) becomes:

kl:[ <Wk(U1), H) = Nng,

H (Wi(v2),n) = (—n2)(\/§”1 — na),

=1

e

and

d
[T (wi(vs),n) = (—n1)(—V2n4 +n2).

k=1
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Remark 3.1. Note that for any cone in R?® with generators w1 = (a,b) and
wy = (c,d), as long as b,c # 0, we can always write [Ta_, (W (v;),n) in the form

of C(am + n)(m + pn) where C' € R is some constant, and «, 3 € R.

There is an infinite series arising from (3.18):
6—7re(m2+n2)

(am +n)(m + Bn)’

fle,a, ) = Z
(m,n)€Z2
(amn)(m+Bn)#0
assuming the vertex of the cone is identical with the origin. This infinite series
is a simplified version of the infinite series defined in Definition 3.1. From now
on we focus on the convergence of this series and the existance of the limit:

lim f(e, o, 3).

e—0t

Theorem 3.2. (Wang)
The infinite series

—me(m2+n?)

e
f(67 a? /8) =
W%ZQ (am 4+ n)(m + (n)
(am+n)(mtn)£0

converges absolutely for each fixed € > 0, where both a and  are quadratic irra-

tionals.

3.2 Proof of the convergence property of an infi-
nite sum defined on real cones, and Diophan-

tine analysis

Before we proceed to the proof of Theorem 3.2, we recall the definition of
quadratic irrationals first, and then give another definition describing how near a
point and a straight line is. We will also introduce Liouville’s theorem as it will

become the main tool in the proof of Theorem 3.2.
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Definition 3.8. Suppose a € R is an irrational number, it is called a quadratic

irrational if it satisfies a quadratic equation
ac® +ba+c=0
with a,b,c € Z and a # 0.
Definition 3.9. Given two straight lines: |, : ax +y=0€ R? and ly : v + Py =

0 € R%, a point P = (m,n) € Z? is said to be near to one of them if the distance

between P and l; (i = 1,2) is less than € with

If the two given lines are of more general form, say l; : am + fn = 0, and

1—ap
BV1+ a?

1—ap
ay/1+ 32

)

O<e*<min{

ly s ym + dén = 0, we can always use elementary computation to transform them

into the form mentioned above as long as 3,y # 0.

Lemma 3.1. If « is an irrational number which is the root of a polynomial f of
degree n > 0, with integer coefficients, then there exists a real number A > 0 such

that, for all integers p and q with ¢ > 0,

This lemma is also known as Liouville’s theorem (on diophantine approxi-
mation). The proof of this lemma can be found in | | (also see | ]-
Now we come to prove our main result Theorem 3.2. Without loss of gen-

erality, we assume «, 5 > 0.

Proof. In order to prove the convergence of this series, we classify the points in

7?2 into 3 classes:
1. Points near to the straight line [ : am +n = 0;

2. Points near to the straight line Iy : m + gn = 0;
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3. All other lattice points except the origin.

We can prove that

—me(m2+4n?)

e
£ =
(e, a, B) (m%:eﬁ (am + n)(m + (n)
(am-+n)(m+Bn)#0

converges for points “away” from [, and [y without too much trouble. Then we

only need to take care of those points near to [; and Is.

o Case 1. When points P = (m,n) are near to [; : am + n = 0, we have

dist(P,1y) = lamEnl
a?+1

i.e. lam+n| < V1 + a?¢*, which is equivalent to —v/1 + a?¢* < am+n <
V' 1+ a?¢*. Then we’ll have the following inequalities:

—V1+4 a2¢" —am < n < V1+a% —am,
—BV1+ a2 — afm < fn < BV1+ o2e* — afm,
—BV1+ a2 —afm+m < fn+m < V14 a2 —afm+m,
ie. [fn+m — (1 —aB)m| < V1 + a2e. (3.19)

Meanwhile we have
[8n +m| —[(1 —aB)m|| <[Bn+m — (1 —aB)m|, (3.20)

(3.19) and (3.20) give us:

1Bn +m| = [(1 — af)m|| < BV1 + a’€",
—BV1+4 a2 < |fn+m|—|(1—af)m| < V14 a2,

—BV1+4 a2 + |(1 —af)m| < |fn+m| < BV]1+ a?e" + |(1 — af)m|.
(3.21)
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Since Be* > 0, we have fe* < fe*|m| for all m € Z, then from (3.21) we

get:

1Bn +m| > —BV1 + a2 4 |(1 — af)m],
> =BVI+ a2 m|+[1—afllm| = (|1 —af| = BVI+a2)|ml.

Therefore,

(am + n)(m + Bn)] = lm + nllm + B,
n
= mllac+ {pm + B,
> | (11— 0] - AVIT P Nml, (3:22)
= A(|1 — af| = BV1 + a2€%). (3.23)

[1—ap|
ByV14+a??

BV1 4 a?e* is positive. In (3.22), A is some positive constant. The reason
why (3.22) holds is due to the fact that « is a quadratic irrational. It

Note: Since 0 < €* <

we can always make sure that |1 — af| —

follows from Definition 3.8 that « is the root of some polynomial f(x) =
ax?® + bx + ¢ where a,b,c € Z and a # 0. By Lemma 3.1, or Liouville’s

theorem (on Diophantine approximation), we know that

a——|>—,
m m

n A

where A is some positive constant. Thus when € > 0, (3.23) implies

6—7re(m2+n2) 6—7re(m2+n2)

(am + n)(m + B0 — A(L—aB] - BT a2e)

where €* is defined in Definition 3.9.
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As a result,
e—ﬂs(m2+n2)

|(am + n)(m + Bn)|’

£(e; o, B)] = >

(m,n)€z?
(am+n)(mtn)£0

—me(m2+n?2)

e
< Y
R <m,nz>622 A1 = af| = BVT + a%e)

(am-+n)(m-+8n)#0

= > g(m.n,e, A, a, B),

(m,n) €72
(am+n)(m-+Bn)7£0

—me(m2+4n?)

e

where we define g(m,n,e, A, o, 3) = . Without
( )~ A= B = pvTT o)

much effort we can see that Z g(m,n, e, A, a, ) converges for

(m,n)ez?
(am-+7) (m-+ )40
fixed e > 0, A > 0 and «, 3 both quadratic irrationals. We conclude from

the comparison test that for any € > 0, the infinite series

6—7re(m2+n2)

fle,a,3) = Z

(m,n)€z?
(am-+n)(mtn)£0

(am + n)(m + (n)

converges absolutely when points P = (m,n) are near to [;.

o Case 2. When points P = (m,n) are near to ly : m + Bn = 0, we have

dist(P, 1,) = % <

i.e. |m + fn| < +/B%+ 1¢*, which is equivalent to —v/32 + 1e* < m + n <
V/B% + 1e*. Therefore we have the following inequalities:
—/B 16 — fn<m < /3 + 1 — fn,
—a/B2 + 1 — afn < am < ay/F? + 1e — afin,
—oz\/me* +n—afn<am+n< oz\/me* +n— afn,
ielam+n—(1—aB)n| < a3+ 1€ (3.24)

Meanwhile we have:

llam +n| —|(1 — afB)n|| < Jam+n — (1 — afB)n|. (3.25)
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It follows from (3.24) and (3.25) that

llam +n| —[(1 = af)n|| < /B> + 1€,

—a/ %+ 1" < |am+n| — |(1 — af)n| < ay/[% + 1€,

—a/ 2+ 1€+ |(1 — af)n| < |am +n| < ay/[%+ 1€ + |(1 — af)n|.
(3.26)

Since ae* > 0, we have ae* < ae*|n| for all n € Z, then from (3.26) we

get
lam +n| > —ay/ % + 1" + |1 — af||n],
> —ay/ (% + 1e|n| + |1 — af]|n],
= (|1 — af| — a/B? + 1€")|n|. (3.27)
Therefore,

|(am +n)(m + Bn)| = |am +nljm + fnl,

m
— [am + nlln] 8 + 2|,

> (11— afl - /B F 1N nllnl S, (329
= B(|1 — af| — ay/ (% + 1€"), (3.29)

where B is some positive constant.

Since 0 < €* < a”%\/%, we always have |1 — af| — ay/B% + 1e* > 0. The
reason why (3.28) holds is due to the fact that (3 is a quadratic irrational. It
follows from Definition 3.8 that (3 is the root of some polynomial g(x) =
a'z? + ¥z + ¢ where a/,b,c € Z and o' # 0. Lemma 3.1 or Liouville’s
theorem (on diophantine approximation) gives us that

B

m
=l

where B > 0.
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Then when € > 0,(3.29) implies:

e—we(m2+n2)

|(am +n)(m+ pn)|’

[£(e; v, B)] = >

(m,n)€Z2
(cm-+n) (m-+Bn)£0

—me(m2+n?)

(&

< , 3.30

S 2 Bliaf—avEiLey W)
(am+n)(m+pBn)#0

= Z g (m,n, e, B, a, 3), (3.31)
(m,n)€z?

(am-+n)(m+Bn)£0

where €* is defined as in Definition 3.9, and we define ¢'(m, n, €, B, o, 3) =
—me(m2+n?)
e

B(|1 = af| — av/p® + 1€)
Z gl(mvnv E,B,O./,ﬁ)

(m,n)€z?
(am-n)(m+6n)£0

. Since

converges, we conclude from the comparison test that for any ¢ > 0, and
a, 3 both quadratic irrationals, £ (e, a, 3) converges absolutely when points

P = (m,n) are near to .

o Case 3. When lattice points (m,n) are not near to [y and ly, according to
( \
tam 4+ n| > €,
Definition 3.9, we have {
Um + Bn| > €.

As a result,

e—we(m2+n2)

|£(e, v, B)] = : (3.32)
2 Tam+mmT oo
(am-+n) (m-+ )0
e—we(m2+n2)
< > — (3.33)

6*
(m,n) €72
(am+n)(m-+Bn)£0

= > h(m,n,e), (3.34)

(m,n) €72
(cam-+n) (m+6m)£0
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where € > 0, €* is defined in Definition 3.9, and h(m,n,¢€) is defined as
e—we(m2+n2)
. It is a fact that Z h(m,n,€) converges, hence by
(m,n)€z2
(am-+m) (m-+ )40
the comparison test we have for any € > 0,

6*2

e—7re(m2 +n?)

(am 4 n)(m + (n)

fle,a,3) = Z

(m,n)€z?
(am-+n)(mtn)£0

is absolutely convergent under this situation. This completes our proof.

Corollary 3.1. (Wang) Suppose

m=[ " )e GLs(R).
o
Then the infinite series
( ) e=me(m*+n?)
f €, &, ﬂ, 6, ’y =
(M%ZQ (Oém + ﬁn)((Sm + 'yn)

(am+Bn)(dm-+yn) 0

converges absolutely for each fixed € > 0, where both a/ and /0 are quadratic
irrationals (3,0 # 0).

The proof of Corollary 3.1 follows from the proof of Theorem 3.2, but we
need to define the range of € more carefully. We can rewrite the denominator in
the summand of f(e, «, 3,9, 7) as:

(am + Bn)(6m + yn) = g(s(%m +n)(m + %n).

= 7‘ de/‘cﬁ(5]\4)| in the

Lo

36

Therefore, in this case, we need to define 0 < € <

proof.
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3.3 Asymptotic analysis of the infinite series de-

fined over real cones

We will prove the limit of the infinite sum:

e—we(m2+n2)

f(e, . 3,0,7) = 2 (am + Bn)(0m + yn)’

(m,n) €72
(cmtn) (Sm-+ym) 20

where € € R exists under a certain condition .

Theorem 3.3. (Wang) If ad+ 3y = 0, and o,y # 0, then the limit of the infinite

series lim._g+ f(€, o, 3,0,7) exists.

1
Define s(a, 3,0,v,m,n) = (am T I 0m +n)’ We will find the partial
fraction of s first.
(@, 8,6, 7,m,m) = X
S Oé, Y 777m7 - (ozm—i—ﬂn)((Sm—i—’yn)’
1

ad(m+ Zn)(m+ In)’

A 1 1
_$<m+§n_m+%n> (3 -5’
1 1 1
B (m—l—gn_m—l—%TL) (ay — Bo)n’

AR 1 1
B m+£2n  m+In) det(M)n’

where

Q@
M = & € GLy(R).
o
This result will assist us in our future proof of the existence of lim,_, g+ £. Next

we introduce a lemma before proceeding to the main proof.
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Lemma 3.5. Let C'y be a positively oriented circle of radius Ry,1 < N < oo,

centered at the origin. Assume the sequence of radii Ry is increasing to co,for

wrrational 6 = %,
cot(mm/0 cot(mné
f(0) = J\Pm 2_{ Z M + Z y}
T LT gem/h<Ry m O<n/k<Ry
converges.
The proof of this lemma can be found in | .
Lemma 3.6. Let ¢ > 0. ForVz € C,
2
t( =1 3.35
7 cot(mz) EI_I% Z —— (3.35)

There is a series representation as a partial fraction expansion for the trigono-
metric function cot(z), where just translated reciprocal functions are summed up,
such that the poles of the cotangent function and the reciprocal functions match

[ |1 |. It’s a standard fact that

v=n 1
meot(mz) = lim »

n—00 i z _|_ a

(3.36)

where z € C.

Proof of Lemma 35.6. For any fixed € > 0, we have:

—em? n —ev?
lim (Z - >: lim lim 3 ——, (3.37)

=0t \, ez M+ 2 =—n U+ 2
n —EU2
e
= lim li 3.38
n1—>r£>lo Eir(l]lJr v—z—:n v+ z ( )
- 1

= i 3.39
Am X (339)
= mcot(mz). (3.40)

The reason why in (3.38) we can exchange the two limits is due to Lebesgue’s
n —6’!)2

e
dominated convergence theorem. Define f,(e,z) = Y

v=—"n

. As long as we can
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prove that f,(e, z) is uniform convergent, then it is safe for us to exchange the

two limits.
n —E’U2
fale2) = > =
n\%, = v+ Z’
e—e(—n)2 e—s(—n—i—l)2 1 €—5n2
— + + . + — + . + ,
—n+z —(n—-1)+z z n+z

pair the j-th term and the (2n + 2 — j)-th term:

—en? ]. 1 —e(l—n)2 1 ]_
—¢ ( + >+e + -
—n+z n+z —(n—-1)4+2z n—-1+=¢

e 1 1 1
o te < + >+—,
—14+2z 1+z z

—en2 2z + —e(n—1)2 2z 4 4 e 2z 1
=e e e e e _
22 — n? 22— (n—1)2 22—1 2z
n —ek? 1
=2z —.
kzz:l 22 — k2 * z
Since € > 0, we have
e ek? < 1
22 g2 =2 g2
“ 1
And we know that Z m converges absolutely for any fixed z € C. There-
k=1 17"~
fore,we proved the uniform convergence of f, (e, 2). O

Proof of Theorem 3.3. We recall that by the definition of £,

e—7re(m2 +n?)

(am + fn)(dm +yn)’

Jim £(e, 0, 0,6,7) = lim >
(m,n) €72
(am+pBn)(dm+yn)#0

In order to find lim. .o+ £(€, v, 3,0,7), we will sum over m first, and then sum
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over n.
e—ﬂs(m2+n2)
- S = 1 3.41
Lim (e,a,3,6,7) Raei st sz:Z (am + pn)(dm +yn)’ ( )
(am+pn)(6m+yn)#0
—me(m?+4n?) 1 1
e
o _ 7 3.42
2 ge:z det(M)n (m +%n m+ %TL) )

(am+Bn)(0m-+yn) 0
2

—7'('577/2 —7T5m2 —TeEM
— lim ¥ ‘ ( ‘ ‘ > , (3.43)

e—0+ =~ det(M)n \m + gn Com+ In
(am+pBn)(dm~+yn)#0

2 2
. e—ﬂ'En T /8 6—7r6n T ,}/
=1 T oot (mnZ) - =" cot (mn’ A4
;%L,E;* (det(MnCO <7ma> det(M)n <m5>>’ (3:44)

2
, e’ (cot(mnl)  cot(mn?)
=1 @l — o 3.45

o0t né det(M) ( n n (3.45)

Here Z* signifies Z \ {0}.
Define

Cn<€7 a? 67 57 77 n)

—7'('En2
e 7 (cot(mnL) _ cot(mng)
n n '

B det(M)

Then we have:

lir(r]l+ fe,a, 3,0,7) = 111(1)'1+ > cule,, 3,0,7,n), (3.46)
€~ TV ez
2
, e’ [cot(mnl)  cot(mn2)
=1 al _ K 3.47
et né* det(M) ( n n (3.47)
When é% = —1, and é, i both irrationals, Lemmma 3.5 tells us that
Q@ o
1 cot (Wnﬁ) cot (wnl)
lim £ 8,7) = @l — 2
E_I)IOI%F (€>aaﬁ7 a’y) det M) né* ( n n 5

(
1 cot(mnf)  cot(mng)
(

P e

exists, where 0 = b =——.

Q|
)
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By

When ——= = —1 and g, 1 are both rational numbers, we can prove the limit
Q@
Z e—ﬂs(m2+n2)
lim f(e, 0, 3,9,7) = lim ,
e—0+ e—0t s (aom + fBn)(dm + yn)
(am+pn)(dm+yn)#0

exists without much difficulty since we only need to take care of few points which
are near to the two straight lines: am + 6n =0 and ém + yn = 0.

In conclusion, lim,_,q+ f exists when é% =—1.
Q@

O

We remind the reader that in general, for a polytope P € R?, the discrete

volume of P is:

AP = Z (Up(n),

nezd
~ i Z | det Ky, [efVrm L | det Ky, |eVam) exljnl?
=0t iy \ iy (wi(v1), m) I17_; (wi(vn),m)

; 1 —er||n|[?
+ lim gv Tp(n)e .

Here V' denotes the set of vectors which are orthogonal to any wy,(v;), for
1 < 4 < N. These infinite lattice sums extend the f functions as defined in
Definition 3.1. When v; is not the origin, the former part of Ap will be different

from £, and it will be a very interesting research problem in our future work.






Chapter |

When are two Dedekind sums equal?

4.1 An observation about Dedekind sums and a

question arising from it

Dedekind sums arise naturally in many fields, most prominently in combina-
torial geometry | | and in the theory of modular forms | |. We also see
the classical Dedekind sums in Chapter 2 when we analyze an infinite sum defined

on integral cones. Recall that the classical Dedekind sum is defined by:

w0 =5((2)) ()

where a and b are any two relatively prime integers, and where the Sawtooth

function is defined by

{z} -1 ifz¢Z,

(
() =1
LO if x € Z.

The Dedekind sum enjoys two important properties. The first of these prop-
erties is the periodicity of the Dedekind sums in the first variable, namely
s(a+ kb, b) = s(a,b) for all k € Z. The second, and deeper, of these properties is

57
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the famous reciprocity law for Dedekind sums :

1 1 /fa 1 b
S(a7b>+8(b’a):_1+ﬁ<6+%+5>’

valid for any two relatively prime integers a and b.

We made a quite interesting observation with respect to the values of Dedekind
sums s(a, b) for certain b. Here are some examples illustrating what we discovered.
Note that we used the same color to indicate the same value of Dedekind sum

s(a,b) when ged(a, b) = 1.

Example 4.1. Here we give a table of values of Dedekind sums s(a, 11).

a 1 2 3 4 5
s(a, 11) %g f% ——é%
a 6 7 8 9 10
s(a, 11) é% ——é% ——%g

Table 4.1: Dedekind sum s(a, 11)

Example 4.2. Here we give a table of values of Dedekind sums s(a, 15).

a 1 2 3 4 5 6 7
auiEl - REEEEE
a 8 9 10 11 12 13 14
sa.15) [ 0 | & | 1] -1 _a

Table 4.2: Dedekind sum s(a, 15)

Example 4.3. Here we give a table of values of Dedekind sums s(a, 19).
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a 1023 |45 |6 | 7] 8|09
w0 [ S
a |10]11| 12 [13| 14 | 15 | 16 | 17 | 18

11 11 51
s(a, 19) ~u-u -a

Table 4.3: Dedekind sum s(a, 19)

It is very natural to ask under what conditions on the integers aq, as, and b is
it true that
s(a1,b) = s(ag, b)?

We answer this question with the following results.

Theorem 4.4. (Wang) Let b be a positive integer, and aq, ay any two integers

that are relatively prime to b. If s(ay,b) = s(ag,b), then
b | (1 — a1a2>(a1 — CLQ).
An immediate corollary of this theorem is the following result:

Corollary 4.1. (Wang) Let p be a prime. Then s(aq,p) = s(aq,p) if and only if

a1 = as mod p, or ajas = 1 mod p.

We note that the converse of Theorem 4.4 is false in general. Consider, for
example, b = 40, and a; = 37,as = 33. Then b | (1 —37-33)(37 — 33) =204,
and yet s(37,40) = —0.8125 and s(33,40) = —0.3125, so that s(ai,b) # s(ag, b)

in this case.

We also study an analogous question for the Dedekind-Rademacher sums,
which arise in Donald Knuth’s work [[Xnu77] on pseudo-random number genera-
tors. Given any non-negative integer n, and any two relatively prime integers a

and b, we define the Dedekind-Rademacher sum by:

awn-E(=)()
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In order to state the corresponding reciprocity law for the Dedekind-Rademacher
sums, we define

'rl if aln,
Xa(n) =
lO otherwise.

Lemma 4.1 (Reciprocity law for Dedekind-Rademacher sums). Let a and b be

relatively prime positive integers. Then form =1,2,--- a4+ b,

n? mny/1 1 1 1 /b
”@“+“W@:§%—§@+z+@>+_(;+

3 (((59)+((52) + (@ + ()

1 O Xalm) +0(m),

where aa~! =1 mod b and bb~! = 1 mod a.

The proof of Lemma 4.1 can be found, for example, in | |. For the
Dedekind-Rademacher sums, we have the following two results.

Here are some examples of Dedekind-Rademacher sums r,(a,b) for certain
values of n and b. By observing the values of 7,(a,b) in the examples, we ask
the question what is the relationship between a, b, and n given two Dedekind-

Rademacher sums are equal.

Example 4.5. Here we give a table of values of Dedekind-Rademacher sums

r4(a, 11).

a 1 | 2 | 3 |4
15 7 9 3 3
ra(a,11) | =33 | =25 | —21 [ | i
a 6 | 7 9 |10
rq(a, 11) % ﬁ ﬁ

Table 4.4: Dedekind-Rademacher sum r4(a, 11)
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Example 4.6. Here we give a table of values of Dedekind-Rademacher sums

r4(a, 15).

a 1 o | 3| 4 [5] 6 |7
37 17 1 1 1 53

ra(a,15) | =455 | —1s0 _E-E i | 50
a 8 9 | 10| 11 [12] 13 | 14
53 1 1 17 1 37

ro(e1?) [ -3 [ - [ -5 (=55 [ & [T & |

Table 4.5: Dedekind-Rademacher sum r4(a, 15)

Example 4.7. Here we give a table of values of Dedekind-Rademacher sums

re(a, 17).

a 1
re(a,17) | —22

a 9
re(a,17) | —&

Table 4.6: Dedekind-Rademacher sum r4(a, 17)

The examples here give us a clue of what the relationship between aq, as, b,

and n is given r, (a1, b) = r,(az,b).

Theorem 4.8. (Wang) Fiz a non-negative integer n and a positive integer b. Let
ay and as be any two integers that are relatively prime to b.

If rn(a1,b) = rp(as,b), then

b| (60 +1—ajas)(ay — a).

An immediate corollary for prime moduli follows from Theorem 4.8.
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Corollary 4.2. (Wang) Let p be a prime. If r,(a1,p) = rp(as, p), then it follows

that a1 = as mod p, or

ajas = 1 4 6n% mod p.

We note that here the results are a bit different than the corresponding results
for the classical Dedekind sums. Namely, not only is the converse of Theorem
4.8 false in the case of the Dedekind-Rademacher sums, but even the converse
of Corollary 4.2 is false in this case. The best way to elucidate this is by an

example.

Example 4.9. Consider the Dedekind-Rademacher sum r,(a,b) when n = 6,
b=23,a, =3, and ay = 11. We have

3
3,23) = ——
TG( Y ) 92’
and
43
11,23) = —.

Although 3-11 =1+ 6 - 6% mod 23, we don’t have r¢(3,23) = r¢(11,23).

One direction for our further research will be to investigate the number of
solutions to the equation s(x,b) = ¢ and what the solutions are. Note that when
b is composite and c¢ is rational, the equation s(z,b) = ¢ might have more than
2 solutions in x € Z. In fact, Corollary 4.1 shows that if b has r distinct prime
divisors, then the number of solutions to s(z,b) = c is greater than or equal to
2" by the usual elementary modular arithmetic arguments. It would be quite
interesting to study how many integer solutions in x € Z the equation s(z,b) = ¢
has in general. The same question also arises from topological considerations, and
the correction terms of the Heegaard Floer Homology | | is closely related to

it.
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4.2 How Reciprocity Law of Dedekind sums leads
to the proof of the identity s(ai,b) = s(as,b),

and more

We first introduce some lesser-known but useful properties of Dedekind sums.
It is proved in | | that
60 s(a,b) € Z, (4.1)

for any two relatively prime integer a and b. This property of Dedekind sums
gives us a nice upper bound on the denominators that any Dedekind sum s(a, b)
may have, and it plays an interesting role in the proof of Theorem 4.4.

Now we come to the proofs of our results in the previous section.

Proof of Theorem 4.4. For any integers a; relatively prime to b, and ay relatively
prime to b, Dedekind’s Reciprocity law implies that we have the following two

identities:

12a1b (s(ay,b) + s(b,a1)) = —3a;b +aj +b* + 1, (4.2)
12a9b (s(ag, b) + s(b,as)) = —3asb + a3 + b* + 1. (4.3)

Multiplying (4.2) with as, and multiplying (4.3) with a;, we get

12a1asb(s(a1,b) + s(b, a1)) = as (—3a1b+ ai + 0> + 1), (4.4)
12a1asb(s(as, b) + s(b, as)) = a; (—3asb + a3 + b* + 1) . (4.5)

Subtracting (4.5) from (4.4) gives us

12ajasb(s(a1,b) + s(b, ar)) — 12aia2b(s(az, b) + s(b, az)) (4.6)
= ay (—3alb+ af + v+ 1) —a (—3agb+ ag + 02+ 1) )

We know, by assumption, that s(a,b) = s(az, b), and therefore

12a;a9bs(b, ay) — 12a1a2bs(b, ay) = ajag + b*ay — b%a; + ay — a3a; —ap.  (4.7)
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Using the fact (4.1) that (6a1)s(b, a;) and (6as)s(b, az) are both integers, we may
reduce (4.7) mod b to obtain the result

(ay —a1)(1 — ajaz) = 0 mod b. (4.8)
O
Lemma 4.2. For any relatively prime integers a and b, we have

12b ry,(a,b) € Z.

Proof. Note that for relatively prime numbers a and b, there’s always a solution
to the equation ka+n =0 (mod b), while k € {0,1,---,b—1}. We consider two

different situations.

¢ When k = 0, or equivalently if n = 0 (mod b), then r,(a,b) = ro(a,b) =
s(a,b) and it was pointed out in | | that 6bs(a,b) € Z.

o When k = kga +n =0 (mod b) where kg € {1,---,b—1}.

121, (a, b) = 12b]§ ((ka;rn» <<%>>

19 bz—:l <ka+n_ ka+n}_1> <5_1>
etk LD b 2)\b 2)
2 k(ka+n) A 1
=120 <7——+—>,
kz%ko b2 2b 4
B alb—1)(2b—1) nb-1) Ab-2) b-2 Ck0>
_12b< 6b M % 1 b )

= 2a(b—1)(2b— 1) + 6n(b — 1) — 6A(b — 2) + 3b(b — 2) — 12Ck.

where A, C € Z, and immediately we have 12br,,(a,b) € Z.
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Proof of Theorem 4.8. From the reciprocity law for the Dedekind-Rademacher

sums, we know that when aq, as are relatively prime to b, we have:

12a1b (1, (a1, b) + 7, (b, a1)) = 6n* + a] + b + 1 — 9ab
i

-1 -1
a; n b='n
— 6a1b
o ([b]Jr{al b )

+3a10(xa, (1) + x0(n)), (4.9)

n

ai

12a9b (1, (ag, b) + 7, (b, az)) = 6n* + a3 + b* + 1 — Yazh

-1 -1
— 6(1,2b ([CLQ n] + {b n
b a9

+ 3asb(xay (1) + Xxb(R)). (4.10)

To simplify the ensuing algebra, we let

1 -1
_larn b—'n n n
sal_[ : Mal +[3]+[2] e
a;'n b='n n
Say = | = —+|—|ez
=1 B [ [ e

T, = Xay (n) + Xb(n) € Z,
Toy = Xas (TL) + Xb(n) € Z,
we can rewrite (4.9) and (4.10) as follows:

12a1b (1, (a1, b) +7,(b,a1)) = 6n* + a? + b* + 1 — 9a;b — 6a,bS,, + 3a,bT,,,
(4.11)

12a5b (1, (ag, b) + rp(b, ag)) = 6n* + a2 + b? + 1 — 9ash — 6a2bS,, + 3ashT,,.
(4.12)
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Multiplying (4.11) with ay gives us

12aya9b (rp, (a1, b) + rn(b,a1)) (4.13)
= as (6n° + af +b° + 1 — 9asb — 6a1bS,, + 3a1bT,) .

Multiplying (4.12) with a; gives us

12a1a9b (1, (az, b) + 1,(b, as)) (4.14)
= ay (6n° + a3 + b° + 1 — 9ash — 6a2bS,, + 3a2bT,,) .

Since r,(aq1,b) = rp(ag,b) , subtracting (4.14) from (4.13) we get

12a1a9b (1, (b, a1) — (b, az)) (4.15)
= (ag — a1)(6n* + 1 — ajaq) + b*(ay — ay)
— 6&1&26(5,11 + Sa2) + 3&1agb(Ta1 + Ta2).

We notice that, by Lemma (4.1), we have 12a17,,(b, a1) € Z and 12a9r,(b, az) €
Z. We may therefore reduce both sides of (4.15) modulo b to obtain the result:

0= (6n*+1—ajas)(az — a;) mod b.
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When are two Zagier-Dedekind sums

equal?

5.1 Properties of Zagier-Dedekind sums and a con-

dition for two such sums to be equal

In Don Zagier’s 1973 paper | |, the author introduced the following
Zagier-Dedekind sum:

d(p;ala"'va' =

Y

_ 7rka1 wka,
Z - cot
k=1 p

where p is a positive integer, n is an even integer, and aq,--- ,a, are integers
relatively prime to p.

We will partially answer the question of when two Zagier-Dedekind sums are
equal in this chapter. These Zagier-Dedekind sums enjoy very nice properties

which are essential for us to prove our results later.

Theorem 5.1 (Zagier). Let ag,aq,- -+ ,a, (n even) be pairwise coprime positive
integers. Then

= —~ L(ag.- - .a
2 aﬁ“O""a%’w",an)zl—u,
: a ao...an

67
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where 1, (ag, - -+, a,) is the polynomial defined as the coefficient of t" in the power

series expansion of

- - 1 ath 2 66 )
e B 268 )
H tanh(a] EO ( T30 - g
The proof of this theorem can be found in | |. These polynomials are
recognized as Hirzebruch L—polynomials | | by topologists. The first values
of l(ag, - ,a,) are:
lo(a) =1, (5.1)
lo(a,b,c) = (a® +b* + %) /3, (5.2)
li(a,b,c,d,e) = (5(a® +b* + & + d* + €*)?
—7(a* +0* + c* + d* + €"))/90. (5.3)

Each [,, is even in every variable, symmetric under interchange of the variables,

and homogeneous of total degree n. [,, can also be written as:

ln(ao,' e >an) - Lk(pla' T apk)>

where k = n/2 and p; (i = 1,--- , k) is the i elementary symmetric polynomial
in ag?,--- ,a,% Then the first few polynomials L, are:

Lo =1, (5.4)

Li(p1) = m/3, (5.5)

La(p1,p2) = (=p1* + Tp2) /45, (5.6)

L (p1,p2,ps) = (2p1° — 13p1ps + 62p3) /945, (5.7)

Let

(r = the denominator of Ly (p1, -+, pk)-
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From (5.4) to (5.7), we have:

po =1,
p1 =3,
po = 45,
s = 945.

The general result of y can be found in | |:

pe= I 177

! prime

1 odd

Theorem 5.2 (Zagier). Let p be a positive integer and ay, - - - , a,(neven) be in-
tegers prime to p. Then d(p;aq,--- ,ay,) s a rational number whose denominator
divides

H l[lfl]

I prime

1>2

llp
Theorem 5.3 (Zagier). Let p be a positive integer and aq, as, - -+ , a, odd integers

prime to p. Then
d(2p7 ay, - 7an) - d(pu Qy, - 7an) = ptp(ah e 7an)7

where t,(ay, - - ,a,) is the integer
arky + -+ anky
p
arky + -+ apk,
p
The proof of Theorem 5.2 and Theorem 5.3 can be found in | |-

an even integer}

Card{ky, -+, kn|0 < ky,--- ,k, <p and

—Card{ky, - , k|0 < ky,--- ,k, <p and an odd integer}

If we have two higher dimensional Dedekind sums with the same value, what
can we say about the variables? Here we find a relationship between a; and b;
provided d(ag; a1, -+, a,) = d(bo; b1, -+ ,b,) and ag = by.

We now state the main result of this chapter.
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Theorem 5.4. (Wang) Let ag, - - - , a, be pairwise coprime positive integers, and
let by, - - -, b, be pairwise coprime positive integers. If we have p = ay = by and

d(ag;ay, -+ ,a,) = d(bo;b1, -+ ,bn), then the following equality holds:

2 (H ailn(p> e abn) - H bzln(pv U >an)> = 0 mod b,
=0 =0

where p = lem(py, u2), p1 and pse are defined as follows.
Denote the denominator of the Dedekind sum d(a;; ag, -+ , @, - -+, Gy) Y fin a;,

and denote the denominator of the Dedekind sum d(b;; by, - - - by, ybn) Y -

def def
Then H1 = lcm(,un,am Hnays - ?:un,an)> M2 = Zcm(:umbm Hnbysy e a,un,bn)'

We can state the result of Theorem 5.4 in a slightly different way. Let
A= (Il ga;), and B = pu ([T b;) . Then we have:

Aln(pa bla T >bn) = BZN(pv ai,: - 7a'n) mOd b.

Corollary 5.1. (Wang) [fd(ao, ai, g, s, CL4) = d(bo, bl, bg, bg, b4), wherep = Qg =
by 1s a positive integer, p,ai,--- ,a, are pairwise coprime, and p,by,--- by are

also pairwise coprime to each other, then we have

1 (f[l a;ly(p, b1, be,bg, by) — ﬁbih(p, aq, as, as, a4)> = 0 mod p,
or _ _
,u( ﬁ a; (5(])2 + b12 + 622 + bg2 + b42)2 — 7(p4 + b14 + bg4 + bg4 + b44)) /90
i=1
— ﬁ b; (5(p2 +ar? 4 ag? + as® + ag?)? — T(p* + art + axt +az + a44)) /90)
i=1
= 0 mod p,

where p = lem(puy, po). We define py and ps in the following way: denote the de-
nominator of the Dedekind sum d(a;; ag, - -+ , @i, - -+, a4) bY piaq,; similarly, denote

the denominator of the Dedekind sum d(b;; by, - - - ,E, -+, by) by prap,, then

p1 = lem(fiaag, Py - 5 Hagar)s o = Lem(flapg, fapy - 5 Hap,)-
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5.2 Proofs of properties of Zagier-Dedekind sums

and some experimental data of their values

Proof of Theorem 5.4. The reciprocity law for higher dimensional Zagier-Dedekind

sums gives us:

" ln sy 7y Un
Z a,,ao, : >a\ivan) =1- (aO - )7 (58)
0 ag - - Qp
" ' ln(b07 7bn)
d(b;;bo, -+ by, by) =1 — ——————=, 5.9
; ’ ) bo by (5:9)
Denote the denominator of the Dedekind sum d(a;; ag, - -+ , @, - -+ , @) DY fin.a;;

denote the denominator of the Dedekind sum d(b;; bo, - - - ,bAi, o by) by g,
Let 1 = 1cm(:umaonun7a17 o 7/”L77/7an)7u2 = lcm(:umbonumbp e mun,bn)' Let Ho=

lem (g1, pi2)-
Multiplying (5.8) with u [Ty a; [T}, b; :

Hb Zao d(ak;a()v"')an):
Jj=1 =
MHaiHbj —,uln(ao,-~- ,an) HbJ (510)
=0 j=1

j=1
Multiplying (5.9) with u [T, b; ITj—; a; :

n

H Z d<bk7 b07 ’ bn) =
7j=1 k=0
] b H n(bo, -+ 0) I @ (5.11)
i=0 j=1 j=1

Note the first term in the LHS of (5.10) is p [T, a; [Tj=, bjd(ag; ar, -+, an),
and the first term in the LHS of (5.11) is pITiZ, b; [T} a;d(bo; by, - - - , by). Since
we know that d(ag;aq,- -+ ,a,) = d(bo; b1, -+ ,by), these two terms are, in fact,
equal to each other. All the other terms in the LHS of (5.10) are of the form
pT1 = agTy where T} € Z, while all the other terms in the LHS of (5.11) are of
the form pT, = byl where Ty € Z.
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Subtract (5.11) from (5.10), and take modulus p both sides, we have

(H pvblv 7bn)_Hbiln(p7a17"' ,&n)> EOmOdp

=1 =1

0
Proof of Corollary 5.1. The reciprocity law tells us that:

4 1 l4(a0 e, )
“dlagag, - i, =1- -1 12
> o ) (5.12)

11 ~ l4(bo, -+ , by
Z_dbzab()v"'abiv"'7b4):1_M7 (513)
“ b, b - - by,

=

where
li(a,b,c,dye) = (5(a? + 0%+ + d> 4+ e2)? — T(a* + b* + ' + d* + ¢*))/90.

Applying the same technique used in the proof of Theorem 5.4, we can finally

get:
4 4
7 (H ails(p, b1, b, b3, bs) — [ bila(p, ar, az, as, a4)> = 0 mod p,
i=1 =1
where 1 is defined as in Theorem 5.4. O

5.3 Table of 4-dimensional Zagier-Dedekind Sums

We give a table of four-dimensional Dedekind sums for our reader’s interest.

Table 5.1: 4-dimensional Zagier-Dedekind Sums

d(n;a,b,c,d) d(n;a,b,c,d)
d(7;1,1,1,3)= 2 d(7;1,1,3,3)= 6
d(7;1,1,2,3)= 2 d(7;2,3,4,5)= 6
d(7;1,2,3,4)= 2 d(7;1,2,5,6)= 6
Continued on next page
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Table 5.1 — continued from previous page

d(17;1,3,4,5) = 24
d(17:2,3,4,5) = 24

d(17;1,2,3,5) = 32
d(17;1,4,5,6) = 32

d(17:1,2,3,4) = 52
d(17;2,3,5,7) = 52

d(17;2,3,6,7
d(17;2,5,6,7

d(n;a,b,c,d) d(n;a,b,c,d)
d(7:1,2,4,5)= 2 d(7:4,4,5,5)= 6
d(7;3,4,5,6)= 2 d(7;5,5,6,6)= 6
d(7:1,3,5,6)= 2 d(7:1,3,4,6)= 6
d(13:1,1,2,6)= d(13:1,2,3,5)= 12
d(13:2,3 4, 6): d(13:2,3,4,7)= 12
d(13:1,2,34)= 16 | d(13;1,1,1,6)= 4
d(13;2,4,5,7)= 16 d(13;3,5,6,8)= —4
d(13;2,3,5,6)= 16 d(13;3,5,5,7)= —4
d(13:3,5,6,7)= 8 d(16:3,3,5,7)= 2
d(13:4,5,6,8)= 8 d(16:1,1,5,7)= 2
d(13:1,1,3,5)= 8 d(16:1,1,3,3)= 142

)=38 )= 142

) = ) =

) = ) =

) = ) =

) = ) =

) =

d(17;3,4,6,7) = 52

d(17;3,4,5,6) — -4

d(17;2,7,9,11) — 24
d(17:4,7,9,11) = 24
d(17;2,3,8,10) = 24

d(17;2,3,11,12) = 28
d(17:3,5,7,9) = 28
d(17:4,5,10,11) = 28

d(17;1,1,2,3) = 244

(
(
(
(
(
(
(
(
(
(
(
d(13;1,1,3,6
(
(
(
(
(
(
(
(
(
d(17;2,5,5,7) = 244

d(17:5,5,6,7) = 64

(
(
(
(
(
(
(
(
(
(
(
d(16:5,5,7,7
(
(
(
(
(
(
(
(
(
d(17;3,5,7,7) = 64







Chapter

The curve of centers of a finite point set

6.1 Introduction to the p-curve: generalized centers of a finite point

set

In the 17’th century, Pierre De Fermat proposed the following problem, which
has attracted the attention of the mathematical community ever since Fermat
breathed fresh life into this problem. Given three points in the plane, find a
fourth point p in R? such that the sum of the distances from p to the three given
points is minimized.

Pierre de Fermat received a letter from R. Descartes in August 1638, in which

he was asked to investigate the following curves:

1
{x eR*| Y |lpi — x|| =},
i=1

for given points pi, p2, p3, p4 € R%, and where c is a constant. He was probably
inspired by it and asked another related question in 1643: “Given three points
in the place, find the point having the minimal sum of distances to these three
points.” Many mathematicians have given answers to this very interesting ques-
tion, and E. Torricelli gave the initial solution due to which this special point
earns the name “Fermat—Torricelli point” | |. This problem is also called

the “Steiner problem” named after Jacob Steiner. In 1937, the 16-year-old Endre

75
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Weiszfeld (later also known as Emil Varshony) published a celebrated algorithm
that has been successfully used to solve the Steiner problem. The original pa-
per of the Hungarian Jewish Weiszfeld was written in French, and published in a
Japanese journal (Tohoku). This problem was historically known by many names:
the “facility location problem”, the “Fermat-Weber problem”; and the “Torricelli
problem” (see [Cless],[Dal00L[dFA3] | I D

Among one of the generalized problems of the Steiner problem was to find a
point p € R? minimizing the sum of weighted Euclidean distances from p to N
given points. Weiszfeld is the first one who discovered an iterative algorithm to

tackle it. In this chapter, our focus is on a generalization of the Steiner problem.

Definition 6.1. Given any finite point set S C R?, and given r > 1, we define

p(r) = argmin y _ |ja — z||".
zeR?  4e9
We note that p : [1,00) — R%.
In other words, we associate a certain continuous curve p to any finite point set
S C R?, and we will show that the p-curve embodies many symmetry properties
of S. The reason we restrict our attention to r > 1 is that in this range of r, the
function ||a — z||" is a convex function of r. If r < 1, we may not necessarily get

a unique point for the minimization problem above.

We generalize the Fermat-Weber problem by finding a series of points pu(r) €
Re(r € [1,00)), each of which minimizes the sum of the r-th power of the distances
from p(r) to N many given points in S. It is an easy fact that u(2) gives the
traditional mean of the point set S; in other words, the center of mass of the point
set S. Moreover, p(1) gives us a nice definition for the multidimensional median
of S. There are various competing definitions for multidimensional medians, but
the definition given here is often used in the literature on facility location. It is
also a standard fact that pu(oo) is the center of the smallest sphere that contains

all of the points of S | .
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The p-curve unifies all of these natural choices of centers of a finite point set

S € R into one curve, and gives us a new kind of “signature” for the point set S.

Definition 6.2. Call the curve comprising of the points u(r) the curve of cen-

ters or simply the p-curve.

We will extend Weiszfeld’s algorithm to find u(r) for 1 <r < oc.

We first study geometric meanings of some special points on the p-curve and
the relationship between it and hyperplane(s) of the point set. Next, we proceed
to expand Weiszfeld’s algorithm to find p(r) and prove that the p-curve is C'.
Then we find an equivalent condition for p-curve to be degenerate, in other words,
a single point. Then we conjecture an upper bound for the distance between any
two points on the p-curve using moments of S. In the end, we illustrate the p-
curve of several point sets and show that we can use p-curve to detect approximate
reflective symmetry and radial symmetry of finite point sets.

Note that there’s another way to interpret our u-curve.

Definition 6.3. We define the t-th moment of our given point set S C R? as

follows:

My(z) =3 [la—z|l",

acesS
for each real t > 1.

Then

p(r) = arg min M,.(x).
z€RY

In words, each point on our p-curve minimizes the r-th moment of our point set
among all possible points z € R%.

Throughout the paper, S is any fixed, finite set of points in RY. We will
sometimes treat the case of two-dimension d = 2 separately. For the sake of

clarity we first recall some standard definitions.

Definition 6.4. A set is called radially symmetric (about the origin) if when-
ever a point p € S, then —p € S.



78 Chapter 6. The curve of centers of a finite point set

We also recall the definition of symmetry about a hyperplane H for any set
S.

Definition 6.5. Given a point p € R, consider the perpendicular line L to H
that passes through x, and call p’ the reflected point about the hyperplane H if p’
1s on the line L, but on the other side of H, and located the same distance from
H as the distance that p is away from H. We say that S is symmetric about
the hyperplane H if for every p € S, we also have the reflected point p' € S.

Some natural intuitive questions immediately arise:

1. What does the length of p-curve say about the point set S7 If the p-curve
is short (but not zero) relative to the diameter of S, does this mean that S is in

some sense “random’?
2. Can we bound the length of p-curve in terms of certain moments of S?7

3. To what extent does the p-curve uniquely capture information about the

point set S7

Theorem 6.4. (Wang) If the point set S has a hyperplane H of symmetry, then
the p-curve lies on the hyperplane H.

Proof. Suppose to the contrary that for a certain r there exists a point p = u(r)
that lies off the hyperplane H. Construct the perpendicular line L to H, from p,
and reflect the point p about the hyperplane H. In other words, we walk from p
along the perpendicular line L to H until we get to the other side of H, a distance
equal to the distance that p is away from H. Call the reflected point q. Now
it’s clear from the hypothesis concerning the symmetry that the set of distances
|lg — ai]| is equal to the set of distances ||[p — a;||. This means that both the point
p and the point ¢ lie on the p-curve for the same r, contradicting the uniqueness
of the point p = pu(r) that is guaranteed by convexity of the u-curve, because

r>1. [
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Note that the p-curve is not a straight line segment in general. However, in
R2, if S does possess a line of symmetry, then it follows that the p-curve is indeed

a line segment which lies on the line of symmetry of S.

Corollary 6.1. (Wang) If a finite point set S € RY has at least d different

hyperplanes of symmetry whose normal vectors are linearly independent, then

n={0}.

Proof. From Theorem 6.4, we know that the p-curve lies simultaneously on the
d linearly independent hyperplanes Hy, ..., Hy;. But these hyperplanes only

intersect simultaneously at the origin. O

6.2 Weiszfeld’s algorithm

Weiszfeld’s algorithm solves the Steiner problem, which corresponds to (1) on
the u-curve. We now expand this algorithm to find p(r) for any 1 < r < co in R2.
Suppose we are given a set S of N points in R?, namely S = {(z1,v1), ..., (zn,yn)},
and we wish to find a point (P, Q) that minimizes the sum of the Euclidean dis-
tances from (P, Q) to each of the given points (z;,y;). This magical point (P, Q)
is called the Steiner point of the point set S.

Pick an initial point in R?, call it (P, Qo), making sure that it does not
coincide with any point of S. Weiszfeld’s algorithm is then defined as follows.

Let
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; <||(Pk,Qk)xi ($i7yz‘)||>

Py = )

zi:v:l <||(Pk,Qk)1 ($i7yz‘)||>

g: <||(Pk,Qk)yi (xi,yi)||>.

Qr+1 = gv:l < . >
\ = (P, Qi) — (3,4
Here || - || denotes the Euclidean norm. The sequence (P, Q) converging to a

point (P, Q) for any initial choice (P, Q) is now a theorem of Weiszfeld | ]
that it does indeed converge to the Seiner point (P, () of the point set S on
condition that during the evolution of the algorithm, none of the points (P, Qx)

coincides with any point of S.

6.3 An extension of Weiszfeld’s algorithm, and the smoothness of

the py-curve

For our problem, we again suppose the points form a finite point set S =
{ay,...,ay}. Our goal is to find a point pu(r) € RY, for each given r € [1,00),

that minimizes the sum I, || — a;||” over all z € R. Let

n
=2 Iz —al"
i=1

The gradient of F' can be calculated as

=Y "r(z—a)||lz — a7

=1
when x does not coincide with any of the a;’s. Solving the equation VF(x) =0
yields the optimality condition

Y rail|p(r) — ail "7

S VT R

(6.1)
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where
n

Ap(r)) =D rllu(r) — a2

i=1
We assume that, unless otherwise specified, the u-curve does not meet any of

the points in S. The reason for this assumption is because p(1) is generally not
uniquely defined.

Similar in spirit to Weiszfeld’s algorithm, we define the following point se-
quence, which will yield the optimal point p(r) for any r in the range r € [1, 00):
Zaies aid;‘,g2

HAT )k = r—2
( ) ! Zaiés di,k2

where d; . is the distance from a; € S to p(r)g.

r—2
Zaies aidi,k

ZaiES d;,;2
above, k =1,2,....If no pu(r)y is a point from the point set S, then limg o pu(r)y =

Theorem 6.5. (Wang) Given any (u(r)o) € R4, define u(r)p1 = as

pu(r).

The proof follows exactly from the one for Weiszfeld’s algorithm. We now

give a structure theorem that tells us the p-curve is infinitely smooth.

Theorem 6.6. (Wang) The unique solution to the minimization problem
argmin » ||z — a;|",
Te i=1
as a function of the parameter r € (1,00), is C* at all v for which u(r) does not

coincide with any of the a;’s.

Proof. Let r be fixed, and let u(r) ¢ {ai,...,a,}. Since pu(r) solves the uncon-

strained minimization problem, then the gradient

r(@ —ai)llr — "

1

n
1=

must vanish at u(r). By viewing the above gradient as a C'*°-function g of the

pair (z,r), the Implicit Function Theorem will prove the theorem if the Jacobian
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of g with respect to z is nonsingular at all (u(r),r), with » > 1, and u(r) # a;.
Indeed, the Jacobian is
Jzg(w,7) s b Ti ((r = 2)lle — iz — a;) (@ — a;)"h — ||z — a;]|"~*R)
i=1
=r||x— ai||r_4§: ((r—2)(z — a;)(z — a;))"h + ||z — a||h) ,
i=1
which is positive definite since
W Jog(,r)h
= rlla; — 95||’"_4i ((r = 2)((a: — 2)"h)* + [|a; — 2*||2]*)
rllas = = s — 2l when r > 2,

2

(rllai = 2" 2 ((r = 2)llai = 2[P[|A)* + [la; — 2[]*[|2]]*)  when r € (1,2)

(
j rlla; — 2" Xlla; — |?|[2]? when 7 > 2,

(= Dlla; — 2"~ Ella; — z[*||h]]*  when r € (1,2)
> (0 whenever h # 0.

0
Remark 6.1. When pu(r) coincides with one of the given points a;, then the
gradient

glx)=" > rle—a)llz—al" +rsga(e — aj)lle — a7,
ie{l,...n\{5}

where (
jo/llell - if ¢ #0,
sgn(z) = {
0 otherwise,
is no longer C% at (u(r),r). In fact it should generally just be C*, where k is
the least integer no less than r — 1, since the term rsgn(z — a;)||z — a;||""" is
only C* while the other summands are C* at (u(r),r). In this case, the Implicit

Function Theorem can only conclude that ju(r) is C*-smooth at r. The exception

1s when r is an even integer, in which case the gradient is still C*°.
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6.4 Invariance of the p~curve under rigid motions and uniqueness

of the p-curve

A natural question that arises from the definition of the p-curve is what will
happen to the curve after an orthogonal transformation to the point set. Here we

prove that our p-curve bears very nice invariance property under rigid motions.

Theorem 6.1. (Wang) Let S be a finite point set in R?, and pu(r) = arg min,cga Y 4eg ||a—

x||".

(i) Fiz any o € Ryg. Dilate S by a factor o, and denote the dilated point set
by aS = {aala € S}. Then pas(r) = aug(r) for ¥Vr € [1,00).

(i9) Let M € O(d) be a d x d orthogonal matriz, then puys(r) = M(us(r)) for
Vr e [1,00).

Proof. (i) Define

ps(r) = argmin y [|a — z|[",
zeR?  geg

then we have

fas(r) = argmin Y |[b— ||,
z€R?  pcas

=argmin »_ |laa — z||",
zeR?  geg

=argmin »_a'|la —z/a||",
zeR?  geg

=argmin »_|la —z/a||",
z€R?  geg

= aug(r).
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pas =argmin Y ||b— ||,
z€R?  pem S

= argmin »_ |[|Ma — z|[",

z€RL  ,c9

— argmin Y (Ma — x, Ma — z)? ,

zcRd acsS

— argmin Y (M (Ma — z), M'(Ma — z))? , (6.2)

zcRd acS

=argmin »_ (a — M'z,a — Mt$>§7

xcRd acS

=argmin y_ |la— M 'z|",

z€RL  ,c8

= Mups(r).

Here equation (6.2) holds due to the fact that (x,y) = (M'xz, M'y) where
M therefor M! is an orthogonal matrix.

O

Another question that we can ask about our p-curve is whether it is uniquely
determined by the point set or not. Asides from degenerate cases where p-curve
is a single point, we conjecture that our p-curve is uniquely determined by the
point set, in other words, given a p-curve, we can always find out what the
original point set is assuming we know the number of points in S. The intuition
comes from the Hilbert Basis Theorem| | which tells us that every ideal
I C k[xy,---,x,] has a finite generating set. That is, I =< gy,---,gs > for
some g1,---,9gs € I, where k is a field, and k[xy,-- -, z,] denotes the set of all
polynomials in x1,- - -, x, with coeflicients in k.

By using this result, we conjecture that the nondegenerate p-curve is uniquely

determined by the point set.

Conjecture 6.1. The nondegenerate p-curve is uniquely determined by a point

set S.
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Suppose we are give a p-curve, and assume the point set which the p-curve
is defined on is S = {ay,as, - ,a,}, from our previous argument, we have the

following formula:

_ iy aillp(r) —ail]"
M) L ) = el

which is essentially a set of infinitely many equations about the coordinates of a;.
According to Hilbert Basis Theorem, we know that every ideal in a polynomial
ring over R is finitely generated, therefore, these equations are also finitely gen-
erated and there exists a solution. In other words, we can find what the original

point set S is by solving these equations.

Example 6.2. In order to show how a p-curve is determined by a finite point set,
we give an example here. Suppose we are given a p-curve of some point set which
has 3 points in R?. We denote this point set by S = {(a,b), (c,d), (e, f)} € R
And suppose we know some of the points on the p-curve with respect to dif-
ferent r.  For example, assume pu(2) = (3,3), pu(4) = (3.1984,2.8016), and
w(6) = (3.2502,2.7498) (In fact, these points are on the p-curve of point set
So = {(1,3),(5,1),(3,5)}). We will try to recover Sy from three points on its

p-curve. According to

||r—2

X allp(r) —a;
") = S ) = a2

we will be able to get 6 equations for r = 2,4,6.

o When r =2, we have:

a+c+e

E ,
{(3 b+d+e

o Whenr = 4, we denote the distance between (a,b) and u(4) = (3.1984,2.8016)
by Dy, the distance between (c,d) and u(4) = (3.1984,2.8016) by Ds, and
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the distance between (e, f) and p(4) = (3.1984,2.8016) by Ds, then we have:

:(31984:a-Df+c-D§+e-D§
' DY+ D5+ D35
28016_6-D%+d-D§+f-D§

Y DY+ D3+ D

Here Dy = /(3.1984 — a)2 + (2.8016 — b)2, Dy = /(3.1984 — ¢)2 + (2.8016 — d)?,
and D3 = /(3.1984 — €)2 + (2.8016 — f)2.

o Whenr = 6, we denote the distance between (a,b) and j1(6) = (3.2502, 2.7498)
by Dy, the distance between (a,b) and u(6) = (3.2502,2.7498) by Dj, and
the distance between (a,b) and pu(6) = (3.2502,2.7498) by Dg, then we have:

[32502:a-Djf+c-D§+e-D§
j Di+Di+Dg
27498_b~D3+d~D§+f-Dg
" DI+ DE+DE

Here Dy = /(3.2502 — a)2 + (2.7498 — b)2, D5 = 1/(3.2502 — ¢)2 + (2.7498 — d)2,
and Dg = 1/(3.2502 — €)2 + (2.7498 — f)2.

Put these 6 equations together:

a+c—H+e

w
I

Y

3
b+d+e

w
I

Y

3

a-D}+c-Di+e-D?
B D?+D3+D;
_b-D{+d-D3+f-Dj
D+ D5+ D35
a-Dj+c-Di+e- D}
Di+Ds+Dg
b-Di+d-Di+ f-D¢
Di+Di+ D¢

@

—_

N

(07]

=
|

LN
o o
ot D
S =
o o
I

2.7498 =

e N e
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The solution is *:

{a20m5%L
b= 2850~ 3,
e — 5250 ~ 5,
idzO%B%L
e = 3016~ 3,
5219~ 5

From this example, we conjecture that nondegenerate p-curves are uniquely de-

termined by point sets.

6.5 Degeneracy of the p-curve and symmetric properties of a point

set

The following result gives a necessary and sufficient condition for the u-curve

to consist only of the origin.

Theorem 6.7. (Wang) The u-curve is {0} if and only if the point set S lies on a
finite union of concentric spheres centered at the origin, and satisfies the following

property: those points lying on each sphere have the origin as their center of mass.

Proof. By the definition of u-curve, we know that

HT’—2

_ X raip(r) — a;
ulr) = Na)

where
n

Ap(r)) =D rllu(r) — a2

1=1

'We used Mathcad to solve the above nonlinear equation system. The method used
is Newton—Raphson method, therefore the result is sensitive to initial guess. Here we set

(GOa bOa Co, d07 €0, fO) = (01 47 61 0741 6)
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When p(r) =0 for V r € (1, 00), we have

Sy agllag| "2

0=
Sl
l.e.
n
0— a7,
2 ol

Let S; = {a; € S : a; has the longest norm L among all points in S }, the above

equation can be written as

0=Y Sty B

a; €51 |Jai] a; €55, [ ail|

a; B
a7

divide both sides by L™!, we get

0=Y @ + ¥ @ (H%H)T_l’

a; €S1 HCLZH a; €ES—S1 ||a7«H

Let r approach oo,notice that lim,,_m(”‘zm)’"_l = 0 for Vr € (1, 00), we have

0=y =&

aes el

In other words, for those points with the longest norm L, their center of mass is
the origin. The same argument can apply to all the points that are left. Thus we
get our conclusion that if p-curve is {0} for a point set S, then S lies on a finite
union of concentric spheres whose center is the origin and for those points lying
on the same sphere, their center of mass is the origin.

Sufficiency follows by checking the (sufficient) optimality condition that de-

fines our p-curve; in other words, checking the gradient:
G(z) = —r> |la; — || *(a; — x) = 0.
i=1

Notice that G(x) can be written as:

"oa;,—T
Glz)=—rY ——|la; —z||"""
2 Tia =2yl
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If S satisfies the property given in the theorem, we can classify all the points in
S according to their norms then G(z) = 0 becomes obvious.
Another way to prove necessity is to use Vandermonde matrix defined by the

coefficients of the equation

O:iQ|

Q;
prt |

qr—1

o)l

by letting  be 1,2, 3, - -+ , [ where [ is the number of classes of a; due to the length
of their norms.

O

Corollary 6.2. (Wang) If the point set S C R® has radial symmetry about the
origin, then the curve p = {0}.

Proof. For any point p € S, by assumption we also have —p € S. Thus, the
sphere that passes through p and —p has the origin as the center of mass of the
subcollection of two points {p, —p}. If we think of S as a finite union of such
antipodal pairs of points, each pair lying on its own sphere, then Theorem 6.7
shows that © = {0}.

O

To illustrate Corollary 6.7, the following figure shows a point set S that is
comprised of three subsets, where each of these subsets lies on a circle with the
center of mass of that subset being the origin. We notice that the p-curve for

this point set S being exclusively {0} which is fully explained by Theorem 6.7.
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15 ! ! !
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Figure 6.1: Example of the u-curve for a point set on concentric circles

If we wish to connect the ideas of radial symmetry to rotational symmetry,
we can use Corollary 6.2, but only for R?. In the case of R?, we have radial
symmetry if and only if we have a rotation by an angle equal to 7 radians.
However, if dimension d > 3, this equivalence is no longer valid. The two notions
are now distinct, and further research is required to find more connections between

rotationally symmetric point sets and the p-curve.

Corollary 6.3. (Wang) Let S be any finite set of points in RY. If S has d linearly
independent hyperplanes of symmetry, then the points of S must lie on spherical
shells, all centered at the point of intersection of the hyperplanes, such that the

center of mass of the points on each shell is this point of intersection.
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Proof. 1t S has d linearly independent hyperplanes of symmetry, then by Corol-
lary 6.4, our p-curve must consist of only the point of intersection. But by
Theorem 6.7, the u-curve is this point if and only if S has the desired property
above, namely the “shell” property. O

0.6 The moments of S and their relation with the distance between

any two points on the pu-curve

We know for any point set in R!, the following inequality is true:

11(2) = p()]] < 0,
where ¢ is the usual standard deviation of the point set S.
We will extend the inequality above in a very general way. As mentioned in
the beginning of our paper, define the ¢-th moment of a given point set S C R?

as follows:
My(z) = > |la; —2|[",
a; €S
for each real ¢ > 1. With this definition, the pu-curve can be interpreted as follows:

p(r) = arg min M,.(x).

zER?
Or equivalently, each point on our curve minimizes the r-th moment of the point

set S among all possible points z € R?.

We can also give the following interpretation to ¢ in terms of the second

M5 (0
moment of our point set: o? = 2(0) where M (z) = ¥, eq]la; — z||* is the

1511

second moment of the point set S, and ||.S|| denotes the number of points in S.

In | |, there is a whole chapter dedicated to moments related theory and we
found a strong connection between our p-curve and the center of P of order r

defined there. We give a brief idea of what the center of P of order r means.

Definition 6.6. Let X = (Xy,---,Xy) be a Ri-valued random variable with
distribution P. Let 1 < r < oo and assume that E(||X||") < oo, where || - ||
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denotes any norm on RY. Define a center of P of order r by a point a € R?

such that

EIX —all = inf, E|X - b

The r-th absolute moment of P about the center is defined by
V.(P)= inf F||X —a]l".
acRd?

If S is a finite point set with S = {X;,Xa, -+, Xn} with distribution P,
then E(S) = 2N, X;P(X;). If all points in S are uniformly distributed, then
P(X;) = 4, and E(S) = + ¥~ X;. In this case, the above V,(P) can be written

as
1N
Vi(P) = inf — 3 |IX; — all",
(P)= inf, 5 3 1%~

which is actually < inf M, (x), while our focus is on argmin M, (z). They are
closely related in the sense that once we know what u(r) = argmin M, (z) is, it
will naturally leads us to V,.(P).

In order to prove our main theorem, we need Conjecture 6.2. Experimental
results show the correctness of it though at this point, we still have no idea of

how to prove it.

i I (p(r) = Xl

Conjecture 6.2. ||(u(r) — p(1))]] < N

If this conjecture is true, then we can find a nice bound for the r-th moment

defined above.

Theorem 6.8.

Sl

Intr) = ) < ()

where k € (1, 00).
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Proof.
[pe(r) — (]| < E([(Xi — p(r))]], (6.3)
2N X = ()l
N b
N1 = )
N b
N ol k %
§<xﬂwxuun>’ 6.4)
:<Mamm§%
2 .

(6.3) holds due to Conjecture 6.2, since

; [((r) = () < ; [(ua(r) = Xl

therefore we have

() — (1) = S () = (W)

= 2 l(u(r) = X))
— N )
= E(|(X; = pu(r)I])-

)

=

(6.4) is true because the function f(z) = 2%,k > 1 is concave, and Jensen’s

inequality tells us that when a function f is concave, we’ll have f (ﬁ) >

N
> flxs)

N
identical with Conjecture 6.2. O

, and in our case x; = ||X; — p(r)||¥. When k = 1, this theorem is

6.7 Examples of some p-curves

Here we obtain experimental information about the shape and other charac-
teristics of some p-curves.

In the following example, the point set given by blue ‘“*’ consists of {(0,0,),(—
1,2),(3,0)}. The u-curve is plotted with step size 0.01 and r € [1,3]. The first few
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values of r are plotted with green ‘O’, while the last few values of r are plotted

ko

with magenta “*’ to distinguish the beginning and the end of the curve. The same

rules also apply to other examples followed.

2.5 T T T T T T T T T

15

0.5

Figure 6.2: the p-curve for S = {(0,0), (—1,2),(3,0)}

In this example, the way we plot out p-curve is to use iteration to approach
to the best possible solution w(r) in finite many steps. MATLAB also gives us
another option to draw p(r) directly for any given r. For any given r, in order to
find p(r), we can solve an equation system given by the extension of Weiszfeld’s
algorithm. In R? we can suppose the coordinates of yu(r) are z and y, and call
the two equations given by (6.1) F(x,y,r) and G(x,y,r). We can plot the curves
F(x,y,r) and G(z,y,r) in R? when r is fixed. An example when r = 6 for the
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point set S = {(0,0,), (—1,2),(3,0)} is given below. Denote 1(6) by (x,y). Then
F(x,y,6) and G(x,y,6) is shown as follows:

( Seyela©-elt _ o

F — _
{ («T y76> x ZZ 1”:“‘() (liH4
Z aillp(6)—aq||*
i G =1y — i=1 = 0.
(Gl 6) =y — S

We can write these two equations explicitly:

( Bt B (G el U 2)2)2+3 (=3 +9%)*
{'”W’G)—“”C P s DP A Gy = P (e =3
| Gy 6) =y — (e -0
L (22 +y?)? +((56+1) +(y - 2)) (( =32 +y?)?

we can get u(6) = (0.9595,0.9317) by iteration process. The numerical result

is consistent with the graphic result shown below.

Gy, 8

Figure 6.3: 1(6) as the solution to an equation system
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In the following example, the point set given by blue “*’ consists of {(-0.8,—
0.2),(0.7,-0.4),(0.3,0.5) }. The p-curve is plotted with step size 0.01 and r € [1, 3].

0.6 - . .

0.4

0.2

!

o

(V)
T

*
1

S
~
T
*
1

Figure 6.4: the u-curve for S = {(—-0.8,—-0.2),(0.7,—0.4), (0.3,0.5)}
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In the following example, the point set given by blue ‘“*’ consists of {(0,0),(3,3),(4,0)}.
The p-curve is plotted with step size 0.05 and r € [1,15].

2.5

15} . B BN BN . . . S S . . . .

0.5

0 0.5 1 15 2 2.5 3 3.5 4

Figure 6.5: the p-curve for S = {(0,0), (3,3),(4,0)}
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In the following example, the point set given by blue ‘“*’ consists of {(0,0),(3,0),(0,2)}.
The p-curve is plotted with step size 0.05 and r € [1, 15].

2.5

. SR T I

0.5

W ¥

0 0.5 1 15 2 2.5 3.5 4

Figure 6.6: the u-curve for S = {(0,0), (3,0), (0,2)}
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In the following example, the point set given by blue “*’ consists of
{(-0.6,-0.2),(0.4,0),(-0.3,0.5),(0.2,0.7)}. The p-curve is plotted with step size
0.01 and 7 € [1, 3].

0.8 - . .

0.6

0.4

. .
1

0.2

Figure 6.7: the p-curve for S = {(—0.6,—0.2), (0.4,0), (—0.3,0.5), (0.2,0.7) }
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In the following example, the point set given by blue “*’ consists of {(1,3),(2,0),(4,4),(4,1)}.
The p-curve is plotted with step size 0.05 and r € [1, 15].

3.5}

3%

2.5}

15}

0.5}

Figure 6.8: the p-curve for S = {(1,3), (2,0), (4,4), (4,1)}
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In the following example, the point set given by blue “*’ consists of

{(1,4),(2,0),(3,2),(5,4)}. The p-curve is plotted with step size 0.05 and r € [1, 15].

3.5}
1.5¢

0.5}

Figure 6.9: the p-curve for S = {(1,4), (2,0), (3,2), (5,4)}
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In the following example, the point set given by blue “*’ consists of {(1,1),(1,3),(4,4),(5,1),(2,0)}.
The p-curve is plotted with step size 0.05 and r € [1, 15].

351
3%

2.5}

15}
(E SIIEI e 1

0.5}

Figure 6.10: the p-curve for S = {(1,1), (1,3), (4,4),(5,1),(2,0)}
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In the following example, the point set S = {(1,1),(1,3), (4,4),(2,1),(2,0)}
is shown as blue “**’. The p-curve is plotted with step size 0.05 and r € [1, 15].

351
3%

2.5}

15}
I * -

0.5}

Figure 6.11: the p-curve for S = {(1,1), (1,3), (4,4),(2,1),(2,0)}
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In the following example, the point set S = {(2,3,7),(4,1,5),(1,6,4)} is in

three dimension, shown as blue ‘*’. The p-curve is plotted with step size 0.05
and r € [1,30].

7

6 ok

Figure 6.12: the p-curve for S = {(2,3,7),(4,1,5),(1,6,4)}
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In the following example, the point set is in three dimension, given by blue ‘*’
consists of {(0,0,0),(3,2,6),(2,2,0),(6,2,5)}. The p-curve is plotted with step size
0.05 and r € [1, 30].

)
4 | e
2 ‘

Figure 6.13: the u-curve for S = {(0,0,0),(3,2,6),(2,2,0),(6,2,5)}
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In the following example, the point set is in 3 dimension, given by blue ‘*’

consists of {(1,3,2),(4,0,5),(2,6,7),(5,3,1)}. The p-curve is plotted with step size
0.05 and 7 € [1, 30].

Figure 6.14: the u-curve for S = {(1,3,2),(4,0,5),(2,6,7),(5,3,1)}

In conclusion, p-curve tends to be degenerate if the point set has symmetric
property to some extent; otherwise p-curve is just a nondegenerate curve lying

inside the convex hull of the point set.
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Brion’s theorem

The following theorems and their proofs can be found in | ]. A convex d-

polytope with exactly d 4+ 1 vertices is called a d-simplex.

Theorem A.1 (Brianchon-Gram identity for simplices). Let A be a d dimen-
stonal polytope. Then

lax) = > (=1)"™ 1k, (x),

FCA

where the sum is taken over all nonempty faces F of A. 1a(x) denotes the indi-

cator function of simplex A as defined in the first chapter.

Let S be any subset of R?, define
os(z) =os(z1,+++ ,2q) = Y, z™.

We call o4 the integer-point transform of S.

Corollary A.1 (Brion’s theorem for simplices). Suppose A C R? is a rational

polytope, and z € C%. Then we have the following identity of rational functions:

oa(z) = > ox, (z).

v a verter of A

107
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Theorem A.2 (Brion’s theorem: discrete form). Suppose P is a rational convex
polytope in R, and z € C. Then we have the following identity of rational

functions:

op(z)= S o (2) (A1)

v: a vertex of P

Theorem A.3 (Brion’s theorem: continuous form). Suppose P is a simple ra-

tional convex d-polytope. For a vertex cone KCy of P, fix a set of generators

w1 (V), Wa(V), -, wq(v) € Z%
Then
ol - 2)dx = (1) exp(v - z)| det(wq(v), wa(v), -+, wq(V))]
/ p( )d ( 1) va ver%x of P Hz:l(wk(v) ' Z) ’
(A.2)
_ (—l)d Z exp(v - z)| det ICV|. (A3)

v a vertex of P HZ:I(Wk(V) ' Z)
for all z such that the denominators on the right-hand side do not vanish.
Note that the left hand side of (A.2) is the Fourier transform of polytope P,

and it’s equal to the sum of the Fourier transform of its tangent cones at their

vertices v.
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The Stretch Theorem and Shift Theorem

for the Fourier transform on RY

Consider real- or complex-valued functions f € L;(R) defined on R<. Let
X = (21, -+ ,24) € R% The Fourier transform of f(x) for V& = (£1,---, &) € R?
is defined by | |:

iy o —2mi(x,£)

()= [, Fooe =

We will introduce a few basic facts about higher dimensional Fourier transform

here.

Theorem B.1 (Stretch Theorem). Let M € GL,(R), the general linear group
over R. For any function f € Li(R), and V¢ = (&,--+, &) € RY, the following
identity holds:

1

JoM(E) = rqagn /MO
Theorem B.2 (Shift Theorem). Suppose & = (&1,-++,&;) € R? and
b = (by, by, -+ ,by) € R is a constant vector. For any function f € Li(R), if

f(x) = F(&), or in other words, the Fourier transform of f(x) is denoted by
F(&), then the following identity holds:

f(x+b) = ™PER(g).

109
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110 transform on R¢

Theorem B.3 (Frequency Shift Theorem). Suppose & = (&1,---,&q) € RY and
€0 = (€0,€9,---,&9) € RY is a constant vector. For any function f € L;(R),

if f(x) = F(&), or in other words, the Fourier transform of f(x) is denoted by
F(&), then the following identity holds:

F(& =€) = & f(x).

Proof of Theorem B.1.

FoM(©) = [, f(dx)e > dx, (B.1)
= dei 0 L, e eay, (B.2)
- deiMﬁ(M—Tg). (B.4)

In (B.2), we let Mx =y, or equivalently, x = M~'y, and the Jacobian
1

determinant is

: O
| det M|
Proof of Theorem B.2 .

—2migx _ —27mié(u—b)
A{d f(x+b)e dx = » f(u)e du,
( substitutingu=x+b )
— —2mifu ,—2mi£(—b)
= /Rd f(u)e e du,
— e—2m’§(—b) » f(u)e—%rifudu’
= e TEEPR(g),
— 62m£bF(§).
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Proof of Theorem B.3 .

F(§ _ 50) _ / ( )6_2”5_50'de,

f
f(X)e—27rz'§-x€—27ri—50-xdx7
f

”

(X>€—27ri§-x€27ri§0-xdx.

Therefore we have

F(&—¢°) = ™ f(x),
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