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Abstract

This thesis presents a new perspective on the observer design and analysis for a
class of nonlinear uncertain systems in which the uncertainties enter the systems
through unknown-state-dependent distribution vectors, i.e., the systems have non-
matching uncertainties in the observer sense. The main idea lies with exploiting
the observabilities of the unknown states and uncertainties from the measurable
outputs. This allows us to design appropriate robust terms to asymptotically
track the uncertainties and thereby estimating the unmeasurable states so that
precise control and monitoring of control systems can be achieved.

The first part of the thesis addresses the estimation problem of a single input
single output (SISO) nonlinear Lipschitz system with the unknown input being
non-matching in the observer sense. A hybrid observer that combines the high
gain observer with a higher order sliding mode related nonlinear feedback term is
proposed. For such a hybrid observer, the high gain feedback works to constrain
the estimation error to within an invariant set regardless of the initial conditions,
in which the sliding mode condition is satisfied. Then, the sliding mode feedback
ensures that the sliding mode surface is reached in finite time and remained there-
after. As a result, the unknown input can be recovered from the sliding mode
term after all states have converged to their true values. However, the identifi-
ability of the unknown input is strictly related to the stability of the estimation
dynamics on the sliding surface, which is only dependent on the structure of the

nonlinear system and is difficult to be verified.

As an application example, the application of the proposed results to the series
DC motor which is widely used due to its high ratio of torque per ampere of

current, especially in the industrial applications that require high starting torque,
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is studied. The non-matching flux related motor parameter of the series DC
motor is time-varying because of magnetic saturation or imperfect manufacturing.
Together with the effect of an unknown external load disturbance, they often
limit the corresponding control system’s performance. In order to overcome such
limitations, the proposed robust hybrid sliding mode observer that is developed
via the Lie derivatives transformation is applied. With the measurable current
and input voltage, the non-matching parameter can be exactly estimated without
filtering effect, and the identified flux related parameter is then used to enhance
the speed estimation performance in the presence of the external disturbance. The
expected estimation performance is demonstrated through a series of experimental

results.

We explore how the proposed sliding mode observer design can also be applied
to the rotor speed and position estimations of a surface-mounted permanent mag-
net synchronous motor (PMSM), in which the asymptotical stability property of
the reduced order system is not satisfied. Unlike the conventional sliding mode
observers, we treat the position related dynamics as new unknown system states
instead of as a part of the system uncertainties, then the filtering/chattering ef-
fect on the position estimation can be completely avoided. Such methodology can
be used to improve the accuracy of position estimation at low-speed situations
when a one time calibration of the rotor position is available. The results are

demonstrated through simulation studies.

The second part of the thesis focuses on the identifiability of a class of multi-
input-multi-output (MIMO) nonlinear systems with non-matching unknown in-
puts, i.e., without satisfying the involutive condition, but the number of the mea-
surement outputs is assumed to be one more than the number of the unknown
inputs. We shall establish conditions for uniform observability of these uncertain
systems as well as the identifiability of the unknown inputs. For this class of un-
certain systems the original nonlinear system can be divided into two subsystems,
of which one is a square subsystem with the matching unknown inputs appearing
in the corresponding last equation, and the other subsystem has non-matching

unknown inputs.
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To handle such a nonlinear uncertain system, a high gain observer appended
with multiple higher order sliding mode terms is proposed, where the nonlinear
sliding mode feedbacks are designed to track the unknown inputs individually, and
replace them with some nominal dynamics on the sliding mode surfaces. As a
result, the uniform observability for the subsystem with the non-matching inputs
can be guaranteed, and the high gain observer works to ensure that the remaining
dynamics on the sliding mode surfaces is asymptotically stable. Therefore, the
unknown inputs can be reconstructed after all the states have converged to their
true values.

A class of more general MIMO nonlinear uncertain systems in which the un-
known inputs or disturbances appear in both the state dynamics and the mea-
surement outputs, is then considered. With one more output than the number
of unknown inputs, it guarantees that at least one clean output signal can be
achieved in the initial stage. Then, a recursive sliding mode observer with high
gain feedback is developed, in which the sliding mode feedbacks with recursive
structures are designed to ensure that the sliding mode surfaces are reached se-
quentially, and that the valuable signals on the measurement outputs are gradu-
ally extracted by cancelling the unknown inputs in sequence. Then, the high gain
feedback works to guarantee the unknown inputs and the states can be identified

asymptotically.
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Chapter 1

Introduction

1.1 Motivation

Real-time and accurate information of the system state is often necessary for
effective control of a system or monitoring of a process. However, in practice, there
are only partial state and/or input information available through the measurable
outputs, plus the existence of system uncertainties or disturbances that are caused
by parameter deviations or modeling errors. The lack of full state information
and the presence of uncertainties often limit the performance of the controlled
processes. For such situations, a robust observer with high estimation accuracy
is required to estimate the unknown states and recover the uncertainties!.

The sliding mode observer (SMO) has been proven to be an effective approach
for handling uncertain systems, due to its insensitivity to the uncertainties and the
capability of reconstructing the uncertainties based on the equivalent injection in-
put concept. Essentially, the SMO works with a switching feedback mechanism to
control the estimation system’s trajectory towards a predefined manifold (namely
the sliding surface) and staying on it thereafter.

In this context, the motivation for this research arises from the desire to design
a robust estimation method for a class of nonlinear uncertain systems, so as to

provide highly accurate and reliable estimates of the unmeasurable states as well

!Through out the thesis, the terms 'uncertainties’ or ’disturbances’ or 'unknown inputs’ are
used interchangeably. They indicate the presence of unknown dynamics in the system.
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2 Chapter 1. Introduction

as the unknown dynamics present in the systems.

1.2 Earlier Works

An observer is a dynamic system that models a real system in order to provide
on-line estimations of its internal states, or the unknown dynamics itself, based

on the measurements of the inputs and outputs of the real system.

1.2.1 Observers for Linear and Nonlinear Systems

The observer design was first presented by Luenberger in [1]- [3] for deterministic
continuous-time linear time-invariant (LTT) systems, and later extended into time-
varying systems, discrete-time systems, and time-delay systems [4]- [8]. In [9],
the Luenberger observer with adapting parameters was proposed to estimate the
states of an unknown linear system, and the convergence rates can be made
arbitrarily fast by choosing large adaptive gains. Similar works based on Lyapunov
stability theory have been reported in [10]- [12]. Meanwhile, the Kalman filter
based algorithms can provide an optimal estimate with the minimum variance for
a class of stochastic systems with white noise [13, 14].

In general, the linear estimation problem for deterministic linear systems with
or without the white noise is almost solved with the development of Luerberger-
like observer and Kalmam filter based algorithms. Their successes and practical
limitations have motivated further research and development of various extensions
for handling uncertain linear and nonlinear dynamic systems, to provide accurate
system state estimation as well as unknown parameter identification [15]- [19], so
that the results can be applied to most practical systems.

Unlike linear systems, the observability of a nonlinear system is input-dependent,
which means the nonlinear system may have singular or bad input that makes it
unobservable [35].

The early attempt to design asymptotic observer for a nonlinear system through
the coordinate transformation was reported in [20] - [22], in which the transformed

dynamic system is linear and observable, and all the previous linear estimation
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1.2. Earlier Works 3

techniques can be applied by means of inverse mapping. The work in [23] pre-
sented the necessary and sufficient conditions for the existence of such lineariza-
tion transformation for nonlinear systems with or without inputs. Moreover, the
results in [24, 25] provided a general introduction to the geometric methods by
linearizing the error dynamics based on exact nonlinear feedback or correction
terms. However, these observer design methods are hampered by the requirement
of strict existence conditions of the invertibility of the state transformation or the
so-called Jacobian matrix, which is obtained from higher order Lie derivatives of

the system output [26].

The Lyapunov-based approach has also been proposed as an effective observer
design methodology for nonlinear systems [27]- [32]. The early attempt for non-
linear observer design based on Lyapunov function was Thau [27], in which the
sufficient conditions for convergence were also addressed. Later, extensions to
Thau’s work for a class of Lipschitz nonlinear systems were developed based on
the off-line solution of a Riccati equation [30,31]. However, the feedback gain
design based on Lyapunov method is not straight forward and only sufficient

conditions are available.

In addition to the above mentioned results, the high gain observer, which can
be treated as a kind of extended Luenberger observers, has been given full atten-
tion for its ability to handle nonlinear Lipschitz systems [33]- [37]. In [33], through
the inverse mapping of Lie transformation, a nonlinear observer has been devel-
oped for a class of uniformly observable systems, and exponential convergence
can be achieved in spite of large Lipschitz constants. Later on, the observability
of a general nonlinear systems has been carefully addressed in [35], in which a
nonlinear system with a triangular structure is proven to be uniformly observable
for any arbitrary bounded input, and an exponential observer was developed for
such nonlinear systems. After that, the work in [36] presented an explicit feedback
gain design methodology for a special class of nonlinear system with triangular

structure, which made the high gain observer easier to implement.

Although fruitful results have been reported for linear and nonlinear systems,

the above mentioned observers are only suitable for the nominal dynamic sys-
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4 Chapter 1. Introduction

tems. In other words, the presence of unknown dynamics in the system, such
as variations of the system parameter, uncertainties in modeling or external dis-
turbance, can result in poor estimation performance. Therefore, it is important
and necessary to develop a robust observer for the identification of the unknown
states as well as the system uncertainties.

In order to handle unknown system dynamics, many effective methods and
technologies have been reported during the past few decades [38]- [43], and suc-
cessfully implemented into industrial applications [44]- [50]. The early work on
unknown input observer design was based on the geometric conditions to decou-
ple the uncertainties from the nominal dynamics [38]. The work in [41] presented
a comprehensive analysis on unknown input observability and reconstruction for
LTT systems, and the corresponding necessary and sufficient conditions are also
provided. Based on an adaptive observer design technique, two reduced-order in-
put estimators have been proposed for LTI systems [43], which can also be applied

to certain non-minimum phase systems.

1.2.2 Sliding Mode Observer for Uncertain Systems

The sliding mode control (SMC) has been established as a robust method for
handling system uncertainties [51]- [56]. It forces the system trajectory to move
along a predefined manifold and remain on it thereafter. Based on the same
concept, the sliding mode based observer for the state and disturbance estimations
of uncertain systems became an attractive research field in recent years, due to
its advantages of high state-estimation accuracy, simplicity, robustness and the
capability of reconstructing the uncertainties.

The early works based on Lyapunov method in this area were developed by
Walcott and Zak for dynamic systems with bounded disturbance [57], and ex-
tended to a more general class of nonlinear systems in [58,59].

The idea of sliding mode observer (SMO) design based on the equivalent con-
trol concept was first proposed by Utkin and Drakunov in [52,55], and was applied
into a class of nonlinear system with triangular structure without the knowledge

of the input derivative, in which only the discontinuous term was fed back through
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1.2. Earlier Works 5

properly designed gains [61]. The result in [63] incorporated a sliding mode term
into a high gain observer to realize a robust nonlinear observer for a class of non-
linear Lipschitz uncertain systems, then the unknown disturbance was replaced
with nominal terms on the sliding surface, and reconstructed after all states have
converged. Similar work can be found in [64]. However, these methods were only
applicable to systems where the relative degree between the uncertainty and the
measurement, output is one, moreover, the undesirable chattering will degrade the
estimation performance and that a low pass filter is required for the reconstruction

of the uncertainty.

With the development of higher order sliding mode (HOSM) techniques, the
relative degree restriction has been completely relaxed and a better estimation
accuracy can be achieved with proper design [53,66]- [74]. As a result, the HOSM-
based observers have received increasing attention in recent years [75]- [84], and
the second-order sliding mode observers have been successfully applied in many
applications [85]- [92], such as the suboptimal sliding mode observer with the
first derivative of the output was employed to estimate the unknown velocity and
torque in electrical drives systems [85,89]. Later on, with the modified super-
twisting algorithm the observer was developed without differentiator in [86], and

it has been successfully applied into electromechanical systems [87].

It should be mentioned that the traditional sliding mode techniques are only
robust to uncertainties and disturbances satisfying the matching condition in that
they enter the system via the same channels as the control inputs. In other words,
these sliding mode observers are only suitable for uncertain systems with the un-
certainties appearing only in the corresponding last dynamic equation. In [76], a
traditional Luenberger observer with high order sliding mode differentiator was
developed for a class of LTI systems with the unknown input satisfying the so-
called strong observability or strong detectability condition. The work in [81]
applied a higher order sliding mode observer to a SISO nonlinear system to iden-
tify the unknown disturbance, in which the relative degree between the unknown
disturbance and measurable output is full order or higher order. Similar works

have been extended into the MIMO nonlinear uncertain systems [62, 78] based on
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6 Chapter 1. Introduction

the involutive condition, with which the original uncertain system can be decom-
posed into two subsystems: the first subsystem possesses a strictly differential
structure with the uncertainties in the last dynamic equation, and the other one
has a nominal dynamics. However, the identifiability of the uncertainties are
strongly related to the stability of the nominal subsystem which is difficult to
verify.

Besides the restriction of the matching condition, the chattering effect remains
as another challenging problem in sliding mode observer design, and in order to
alleviate such shortcomings of the sliding mode observers, some researches based
on the integration of SMO with other methodologies (i.e. hybrid sliding mode
designs) have been reported [93]- [100].

1.3 Objectives and Contributions

The focus of this thesis is on robust hybrid sliding mode observer design techniques
for unknown state estimation and disturbance identification of nonlinear uncertain
systems, in which the unknown disturbances enter the system dynamics through
the unknown-state dependent vectors or matrices, i.e., non-matching disturbances
in the observer sense. The main emphasis lies with exploiting the observability
of the system states from the measurement outputs, as well as the identifiability
of the unknown disturbances.

In a controller design, the so-called matching condition of the disturbance
means that it enters the system via the same channel as the control input, and
its corresponding distribution vector is the same as the control input. However,
with regards to observer design, the channels of feedback input can be arbitrarily
chosen, and the corresponding distribution vector can be designed flexibly based
on any known state/output. Therefore, the matching condition in the observer
sense means that the distribution vectors of the uncertainties and disturbances
are independent of any known state 2.

In this thesis, we shall present a new perspective on the design and analysis

2Throughout the thesis, the concept of the non-matching in the observer sense is used for
the system uncertainties or the disturbances or the unknown inputs.
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1.3. Objectives and Contributions 7

of robust observers for unknown state estimation and non-matching uncertainties
identification of nonlinear systems. The whole development relies on the idea
that "the unknown disturbances can be replaced by some nominal dynamics when
the corresponding sliding mode happens”. As a result, the observability of an
uncertain system is related to the reachability of the sliding mode, as well as the
stability of the remaining dynamics on the sliding surface.

The approaches to the robust observer designs in the thesis will be examined
for both single-input-single-output and multi-input-multi-output nonlinear sys-
tems with the input being unknown. The major contributions of this thesis can

be summarized as follows:

(i) A hybrid nonlinear observer that combines a full-order high gain feedback
with a higher-order sliding mode feedback is proposed. With the proposed
observer, the high gain feedback works to constrain the estimation error
to within an invariant set regardless of the initial conditions, in which the
sliding mode condition is satisfied. Then the sliding mode feedback tracks
the unknown input and ensures that the sliding mode surface is reached in
finite time. Finally, both the unknown input and states can be identified
when the remaining dynamics on the sliding surface is self asymptotically
stable. However, it will be pointed out that the stability of the remaining
dynamics is completely independent of the observer gains, and is only related

to the original system structure.

(ii) The proposed hybrid observer design approach is experimentally verified on
a series DC motor. Based on the measurable current and input voltage, a
robust hybrid observer is developed to identify a non-matching time vary-
ing parameter that affects the speed sensorless series DC motor through an
unknown-speed dependent vector. The identified parameter is then used to
enhance the speed estimation performance in the presence of external dis-
turbance. The stability for the developed observers are carefully addressed,
and experimental results are provided to demonstrate the expected esti-
mation performance. Moreover, the sensitivity of the estimated parameter

against variations in resistance and inductance is demonstrated by Monte
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8 Chapter 1. Introduction

carlo simulations.

(iii) The sliding mode observer design for rotor position and speed estimations
of a surface-mounted permanent magnet synchronous motor (PMSM) is
considered. By separating the rotor position related dynamics from the
back electromotive forces (EMFs) and modeling them as new unknown sys-
tem states, the filtering effect on the position estimation can be completely
avoided. From the observer design point of view, the reduced-order esti-
mation error dynamics is self-stable, but not asymptotically stable. Then,
a one time rotor position calibration is required for accurate position es-
timation. The observability of speed and position estimations is carefully
addressed, and the effectiveness of the proposed method is verified by sim-

ulation studies.

(iv) Robust observer design for a class of MIMO nonlinear systems in which the
number of measurement outputs is one more than the number of unknown
inputs is considered. A new hybrid observer that combines a reduced-order
high gain feedback with multi sliding mode terms is proposed based on the
Lie derivatives transformation. The sliding mode feedbacks work to ensure
the corresponding sliding mode surface will be reached individually and
remained thereafter. Then, with all the sliding mode surfaces being reached,
the high gain feedback designed based on the extra output guarantees that
the remaining dynamics is asymptotically stable on the sliding surfaces.

Therefore, all the unknown inputs and states can be exactly identified.

(v) A general class of MIMO nonlinear systems in which the unknown inputs
appear in both the dynamics of the states and the measurement outputs is
also examined. A novel hybrid observer that combines higher order sliding
mode observers with a reduced-order high gain feedback is proposed. The
sliding mode observer is designed with recursive structures to ensure that
the sliding mode surfaces are reached sequentially, and that the valuable sig-
nals on the measurement outputs are gradually extracted by cancelling the

unknown inputs in sequence. Then, the reduced-order high gain feedback
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designed based on the extra output works to guarantee that the unknown
inputs and the states can be identified asymptotically on the sliding mode

surfaces.

1.4 Organization of the Thesis

The rest of the thesis is organized as follows:

In Chapter 2, a comprehensive review of sliding mode observers is presented.
The methodologies of the high gain observer theory and nonlinear transformation

are also reviewed.

In Chapter 3, a new perspective on the design of robust observer for a class
of SISO nonlinear systems with non-matching unknown input is presented. The
identifiability of the unknown input is carefully addressed, and a hybrid observer
design approach that integrates a full-order high gain feedback with sliding mode

term is proposed.

In Chapter 4, a robust hybrid observer is developed to identify a non-matching
time-varying parameter that affects the speed sensorless series DC motor via an
unknown-speed dependent vector. Based on the measurable current and input
voltage, the non-matching parameter can be exactly identified, as well as the
unknown speed. Then, the identified parameter is applied into another observer
to enhance the speed estimation performance in the presence of external distur-
bance. Experimental results are provided to demonstrate the effectiveness of the

proposed results.

In Chapter 5, a novel perspective on the sliding mode observer design for speed
sensorless estimation of a PMSM is proposed. Based on the idea that the chatter-
ing/filtering effect of the sliding mode observer only affects the reconstruction of
unknown dynamics, but not the system states, the rotor position can be identified
without filtering effect if its related dynamics are considered as new system states

instead of a part of the unknown back-EMFs.

In Chapter 6, a class of MIMO nonlinear uncertain systems where the number

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



10 Chapter 1. Introduction

of measurement outputs is one more than the number of the unknown inputs
is considered. A hybrid observer that combines a reduced-order high gain feed-
back with multiple sliding mode terms is proposed, in which the sliding mode
feedbacks ensure that the corresponding sliding surfaces are reached individually
and remained thereafter. Then the reduced-order high gain feedback guarantees
the asymptotic stability of the reduced-order estimation dynamics on the sliding

mode surface.

In Chapter 7, a class of more general MIMO nonlinear systems is considered,
in which the non-matching unknown inputs appear in both the dynamics of
states and the measurement outputs. A novel nonlinear observer that combines
a reduced-order high gain feedback with a recursive sliding observer is developed.
The number of measurable outputs is assumed to be more than the number of
unknown inputs, so as to guarantee that as least one clean output signal can be
extracted in the initial stages. Then the recursive sliding mode observers ensure
that the sliding mode surfaces are reached sequentially and the valuable signals
on the measurement outputs are gradually extracted as well. Finally, the high
gain feedback guarantees the asymptotic stability of the remaining dynamics on

the sliding surfaces.

In Chapter 8, the thesis is concluded. Several interesting research topics are

also presented as possible future research directions.
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Chapter 2

Sliding Mode Observer: A

Review

In this chapter, a comprehensive review on existing sliding mode techniques will
be conducted. The existing results of high gain observer theory will also be
reviewed, to provide a theoretical framework for the development of new results

in the remainder of the thesis.

The chapter is organized as follows: Section 2.1 presents an overview on the
theory of sliding mode control, as well as sliding mode observer designs. In section
2.2, some existing sliding mode observer techniques will be reviewed according to
the relative degree of the unknown disturbance. In section 2.3, the observability of
nonlinear systems will be discussed, and brief review of a nonlinear state transfor-
mation is also presented. Then the high gain observer theory will be introduced.

Section 2.4 concludes this chapter.

2.1 Sliding Mode Theory

The sliding mode control (SMC) concept was first derived from the varying struc-
ture control (VSC) theory in the early 1990’s by Emelyanov and several co-
researchers, in which a discontinuous control action is adopted to force the system

trajectory onto a prescribed manifold, namely the sliding surface, regardless of

SINGAPORE SINGAPORE



12 Chapter 2. Sliding Mode Observer: A Review

any bounded matching dynamics ! [54].

In general, the whole trajectory of a sliding mode control system consists of
two modes : the reaching mode, or called nonsliding mode, in which the system
trajectory moves towards the sliding surface from anywhere; and the sliding mode,
in which the trajectory reaches the sliding surface and stays on it thereafter.
Therefore, the corresponding design procedure of sliding mode control can be
divided into two steps: selecting a sliding mode surface, and designing a sliding
control law to ensure the existence of sliding mode.

Consider the control problem of a continuous-time single-input-single-output

system given by
x = f(x)+ b(x)u 2.1)
y = o(x)
where x € R" is the state, u € R is the input, y € R is the measurable output,
and f,b € R are smooth functions.
Suppose the relative-degree r between the output o and the input u is constant

and known. Then the nonlinear system (2.1) can be expressed in the form of the

measurement output as [105]
o™ = h(x)+g(x)u (2.2)

where g(x) = Lo (x), h(x) = Ly LY Vo (x), with the Lie derivative being de-
fined as Lgo(x) = [0o(x)/0x]|f. Therefore, the control input that could bring
about the sliding mode in system (2.2) would be of the form

ut(x)  with o1 >0

u™(x)  with o1 <0
and the functions u™(x) # u™(x).

Definition 2.1. [53,69, 74] Consider a smooth dynamic system with a smooth

output o, the successive total time derivatives 0,7, ...,V are continuous func-

r—1)

tions, and the set 0 = 6 = --- = o = 0 s non-empty and consists of locally

'The dynamics can include any nonlinear function, disturbance, and uncertainty.
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Filippov trajectories. Then, the motion on the set 0 = ¢ = --- = ¢ = 0 is
said to exist in the rth-order sliding mode, and the rth derivative o) is mostly

supposed to be discontinuous or non-existent.

It is well-known that the intrinsic robustness of SMC lies with its switching
control mechanism, but it may cause the undesirable chattering issues due to the
limitation of bandwidth in real applications. Such phenomenon is dangerous in a
control system since it may excite the high frequency un-modeled dynamics, which
may degrade the system performance or even dominate the system’s stability. In
order to attenuate or remove the chattering effect, several interesting techniques
to overcome the limitation have been proposed in the past two decades [53,69,78,
101].

With regards to the sliding mode observer (SMO) which is a numerical model
implemented in the computer, the existing sliding mode control techniques can be
seamlessly ported into the observer design. Then, the chattering issues are only
related to the uncertainty of the estimation accuracy because of the requirement
of a low-pass filter, but it has no effect on the state estimation accuracy. Moreover,
the channels of feedback input can be arbitrarily chosen, and the corresponding

distribution vector can be designed flexibly based on any known state or output.

2.2 Sliding Mode Observers

Based on Definition 2.1, it can be found that the sliding control law design (2.3)
is strictly related to the order of the relative degree between the measurement
output and the system input. In other words, with regards to the sliding mode
observer design for uncertain systems, the feedback input design is related to the
relative degree between the system output and the uncertainty/disturbance 2.
In this section, existing sliding mode observers for a class of SISO nonlin-

ear uncertain systems will be reviewed. Moreover, the chattering effect and the

corresponding attenuation methodologies will also be included.

2In the following, the relative degree means it between the system uncertainty and the
measurable output.
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2.2.1 Standard Sliding Mode Observer

Let’s consider the following uncertain system which is expressed in the form of

the measurement output, as given by

i o= fla,u)+d(t) (2.4)

where x € R is measurable state, u € R is known system input, f(-) is a known
continuous function, and d(¢) denotes the system uncertainty or disturbance,
which is to be identified.

A sliding mode observer can be designed as
= f(@u)+u, (2.5)
where the sliding mode term w, is given by
u, = —psign(z — x) (2.6)
with sign(-) being a discontinuous signum function, defined by

+1 if >0
sign(o) = 0 if 0=0 (2.7)
-1 it 0<0

Then, the dynamics of the estimation error e = & — x can be described as

¢ = fli,u)— flz,u) —d(t) - psign(e) (2.8)

Suppose that the disturbance d(t) is bounded, and the system state x is locally
bounded, then the existence is ensured of a positive constant F', such that the

following inequality holds:

[f(&,u) = fz,u) —d(t)] < F (2.9)
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Therefore, the sliding gain p can be chosen large enough, i.e., p > F', and it has

d, .

%6 = €€
< —{p—I[f(@,u) = f(z,u) —d(t)|}e]
< —(p—F)le|
< 0 (Ve #0)

The above inequality implies the estimation error e will asymptotically converge
to zero provide that the sliding mode gain is chosen large enough, i.e., p > F. In
other words, the first order sliding surface e = & — x = 0 will be asymptotically

reached and remained thereafter.

Once the sliding mode occurs, i.e., & = z, f(Z,u) = f(x,u), the unknown
disturbance d(t) can be recovered based on the equivalent input control concept,
either by using a low-pass filter [52], or by using a small positive scalar ¢ [59], as

follow:

d(t) = {psign(e) Yoy = pwid) (2.10)

with {-}., denoting the equivalent signal obtained by the low-pass filter. Clearly,
the accuracy of the disturbance estimation is strictly dependent on the parameter

0 or the low-pass filter parameters.

In order to improve the estimation accuracy of the unknown disturbance by
attenuating the chattering effect, some results in which the sliding mode feedback
u, is designed by replacing the switching function with a continuous function in
a predefined boundary layer have been proposed [102,103]. One common method
is using the following saturation function:

o/e if |o| <e

sat(o,€) = (2.11)
sign(o)  if |o| > €

where € indicates the thickness of the boundary layer.

It can be found that inside the boundary layer, the signum function will be
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approximated by a high gain linear feedback which is a continuous function. As
a result, the sliding feedback u, remains continuous everywhere and the unknown
disturbance can be directly recovered without the filtering effect. However, the
implementation of the boundary layer method will cause a trade-off between the
robustness of observer and the estimation accuracy of disturbance because the
Lyapunov stability cannot be guaranteed inside the boundary layer [104].

The super-twisting algorithm generates a continuous feedback on the sliding
surface [53], which means the unknown disturbance can be recovered on the sliding
surface without the filtering effect, as well as without sacrificing the robustness

of the observer. Then, the sliding mode term u, in (2.5) can be replaced by

2sign(e) + v

—u,, it |up| > (2.12)

—Msign(e), if |u,| <a,

u. = —plel

with the positive parameters p, M, @, being properly chosen.
Once the sliding mode occurs, the unknown disturbance can be directly ob-

tained from the sliding mode term, as
dt) ~ u, (2.13)

Remark 2.1. Note that the sliding mode term w, in (2.12) is a continuous func-
tion on the sliding surface e = 0, then the additional low-pass filter is completely
avoided in the reconstruction of the unknown disturbance, without sacrificing the
robustness of the observer. Moreover, the super-twisting algorithm belongs to the
second order sliding mode family, which implies that the state estimation accuracy

can be improved, as compared with other first order sliding mode observers.

2.2.2 Second-order Sliding Mode Observer

In general, the second order sliding mode observers are used for handling uncertain
systems in which the relative degree between the unknown disturbance and the

measurement output is two. They are mainly designed based on the existing
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second order sliding mode control techniques, such as the twisting-algorithm [53],
the modified super-twisting algorithm [86], the terminal sliding mode algorithm
[66], the sub-optimal sliding mode algorithm [101], etc.

Consider a nonlinear uncertain system in the form of

Ztlzl'Q

2.14
ng = f(.Tl,.CEg,U)—i‘d(t) ( )

where x; is the measurable state, u is the known system input, f(-) is a nominal
continuous function, and d(¢) indicates the bounded unknown disturbance. Then,
the purpose is to design a robust observer to estimate the unknown state o, as
well as the disturbance d(t).

The sliding mode observer can be designed in the form of

io= @
! ? (2.15)

To = f(‘%hiéau)—i_ur

where the sliding mode term u, can be designed based on the twisting algorithm

[53], as given by

w = P —;msign(el) - 2 Pign(en) (2.16)

with the sliding gains p; > ps > 0 being chosen large enough, e; = z; — z;.

Suppose that the disturbance d(t) is bounded, and the system states z; and
xo are locally bounded, then the existence is ensured of a positive constant F

such that the following inequality holds:

‘f(ilviéau) - f(l'l,l'Q,U) - d(t)‘ < F (217)

By defining a Lyapunov function V' = (é1)?/2 + |e1|(p1 + p2)/2, which is continu-
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ously differentiable except on e; = 0, it can be verified that

pP1+ p2

V = €1€1+ é1Sign(€1)

_P1— P2

= é1[f (@1, @o,u) — f(a1, 22,u) — d(t)]

élsign(él)

< |22 -l 218)
which implies that it has V < 0 if the sliding gains are chosen large enough, i.e.,
(p1—p2) > 2F. In other words, the second order sliding surface é; = e; = 0 will be
reached in finite time and remained thereafter. Then, the unknown disturbance
d(t) can be recovered from the sliding mode term w, through a low pass filter.
Similar proof can be found in [126].

Obviously, the nonlinear term u, can also be designed based on other second
order sliding mode techniques, such as the sub-optimal sliding mode algorithm

[70,101], which has the form of

U, = —#Sign(el —e)/2) +

P1 5 P2 Gign(e?) (2.19)
where €7 is the value of e; detected at the closest time in the past when é; was 0.

Note that both the twisting algorithm in (2.16) and the sub-optimal algorithm
in (2.19) require the information on the sign of the first time derivative of the
system output. A modified super-twisting algorithm without any differentiator
is developed in [86], and the second order sliding mode observer in (2.15) can be

replaced by

T = ITa+z
. 2 (2.20)
'1%2 — f(l'l,.ﬂ%g,U)—f—ZQ
and the correction variables z; and z, are output injections of the form
21 = —>\|£i‘1 — xﬂsign(ﬁvl — Il'l) (221)
29 = —psign(z; — a4)

with A and p being two positive and properly chosen parameters.

Remark 2.2. The modified super-twisting algorithm based observer provides a ro-
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bust estimation for the system states without any differentiator, and the unknown

disturbance can be reconstructed from the variable zo on the sliding surface.

Remark 2.3. Unlike the first order sliding mode techniques, the second order
(including higher order) sliding mode techniques guarantee that the corresponding
sliding surface will be reached in finite time, but not exponential convergence. The

stability analysis can be found in references [53, 86, 101, 126].

2.2.3 Higher-order Sliding Mode Observer

To the best of our understanding, the finite time convergence of arbitrary order
sliding mode techniques is still a challenging issue that has yet to be completely
addressed. So far, there are only one or two families of higher-order (r > 3)
sliding mode algorithms available based on the homogeneity properties that are

proposed by Levant [69,72].

Considering an rth-order SISO nonlinear uncertain system expressed in the

form of measurement output, as described by

1 = X9
R (2.22)
b o= f(xu)+d(t)

where x = [, 23, ...,2,]7 € R", z1 is the only measurable state, u is the known

system input, the function f(-) is known and assumed to be locally bounded, and
d(t) represents the bounded unknown disturbance that has a relative degree r
with respect to the measurement output x;. Our objective is to design a robust
observer to estimate the unknown states x»,...,x,, as well as the disturbance
d(t).

By duplicating the nominal form of the given system (2.22) and replacing the

uncertain part with a feedback term, a nonlinear observer can be designed in the
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form of
T = o
o= (2.23)
T, = f(%u)+u,

where X = [21,49,...,%,]7 € R" indicates the estimate of x, and w, can be

designed based on an rth-order quasi-continuous sliding mode algorithm, as given

by [72]

U = —pV,_q(e, 21,00y 2021), i=1,...,r—1
Yo,r = €1, No» = e, Vo, = o,/ No»r = sign(er), (2.24)
Vi Vit
Gir =2 + @Nﬁlfﬁ/(’" i+ )\Ijifl,m Ni, = |z + @J\éilfﬁ/“ it )’
\Iji,r = Spi,r/Ni,r
with e; = 2y — 21, p,01,..., -1 being positive parameters, and zy,..., 2,1
represent the corresponding estimate of derivatives, i.e., éq, ... ,eY‘”, which are
computed via the (r — 1)th-order sliding mode differentiator [69], as
ZO = Wy,
wy = 21 —agM"|zg — er|" "V sign(zg — e1)
2':1 = Wi,
wy, = 2o — ar MYz — we|2/ 0 Dgign(z; — wy
| | ( ) (2.25)
Zr_g = Wy—2,
Wr—2 = Zpr—1— ar—2M1/2|Zr—2 - wr—3|1/281gn(zr—2 - wr—S)
2. = —a,_1Msign(z._1 —w,_2)
where the positive numbers ag, . .., a,_1 are chosen in advance, one possible choice

with r <6isa,_1 =1.1,a,_9o =1.5,a,_3 = 3,a,_4 = 5,a0,_5 = 8,a,_¢ = 12. And

the parameter M is chosen to satisfy M > |f(x,u) — f(x,u) — d(t) + p|.

It has been proven in [69, 72] that the robust differentiator (2.25) ensures the

derivatives of e; will be estimated in finite time, i.e., egi) =z,0=1,...,r— 1.
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Then, the quasi-continuous sliding mode term u, given in (2.24) ensures that the
(r—1)

rth-order sliding surface e; = .- = ¢, = 0 will be reached and remained
thereafter. Thus, the unknown states x»,...,x, can be exactly estimated by
To,...,Z,, and the disturbance can be reconstructed based on the equivalent

input injection concept, as

d(t) =~ {ur}eq (2.26)

2.3 Observability and High Gain Observer

2.3.1 Observability and Nonlinear Transformation

It is well-known that if a linear system is observable or detectable, it means that
the initial states can be identified for any arbitrary control input. However, this is
not true for nonlinear systems. In general, the observability of nonlinear systems
is input-dependent, there may exist some "bad inputs”, namely singular inputs,
that make the system states unobservable. Therefore, it is important to verify
whether the nonlinear system is observable, independent of input or not, before
the observer design.

Consider a class of SISO nonlinear system in the form of

x(t) = f(x)+ b(x)u(t)

(2.27)
y(t) = hx)

where x = [1, Z3,..., x,]" € R, the nonlinear functions f(x), b(x) are smooth
known vector field in R, h(x) is a smooth function on R, u(t) is the system

control input and y(t) is the measurable output.

Definition 2.2. (Observability) [35, 104] The system given by (2.27) is said to
be uniformly observable if, for any pair of initial states (xy, Ty) with xy # Ty, and
for all admissible inputs u(t) during the time t € [0,T], it has y(x(xo, u,t),u) #
y(x(xo, u, t), u).

Definition 2.3. (Observability for any input) [35, 104] The system given by
(2.27) is said to be uniformly observable if, for any input u(-) € R and for any
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pair of initial states (xo, Ty) with xy # Ty, there exists a time t > 0 such that
y<w07u()at) 7£ y(io, U’()7t)

The above definitions imply that the uniform observability of a system holds
when the initial states can be recovered based on the data of the measurable
output as well as its derivatives [33]. In order to analyze the observability of the

nonlinear system in (2.27), a nonlinear state transformation is defined as

where the Lie derivative is defined as Lgh(x) = [0h(x)/0x] f, and it has

T = Leh(x) + Lpyh(x)u 2 Ty + Lph(x)u
iy = LPh(x)+ LpLeh(X)u £ i3+ LyLeh(x)u
L= : (2.29)
i = LUVRA) + DL Ph(x)u £ 7, + Ly L P h(x)u
Fn = LIh(X)+ LoL{" Vh(x)u
Therefore, the original nonlinear system in (2.27) can be transformed into
X = Ax+aX) +y(X)u
(%) +7(x) (2.30)
y = Cx
with
010 00
A = 7 lew, C=[10 - 0eR
000 0 1
000 -~ 00
a®) = [0 0 - 0 Lhx)T € R
YX) = [Loh(x) LpLeh(x) -+ LyL{" Ph(x) LyL" Vh(x)) e ®"

Lemma 2.1. [35, 104] For a general nonlinear system in the form of (2.50),
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suppose that the vectors a(&) and (&) have the triangular structures, as given by

3

041(51) 042(5'1@2) an(jlaj%-"@n)]TE?Rn

) =

—

ol (2.31)

72(52'17572) Vn(i‘l?f?)"'ai‘n)]T € éRn

®
Il

o)

=
=

7(

Then, the nonlinear system in (2.30) is uniformly observable for any arbitrary

bounded input u.

Compared the dynamics of the system given in (2.30) with Lemma 2.1, it is
clear that the transformed system (2.30) is uniform observable if the vector v(X)
has the triangular structure, i.e., LbLff_l)h(x) = vi(Z1, T2, ..., 3;), i=1,...,m.
Furthermore, the original nonlinear system given in (2.27) is also uniformly ob-

servable in the case when the mapping ®(x) in (2.28) is a diffeomorphism Vx.

The work in [35] has proved that the triangular structure condition in Lemma
(2.1) is a sufficient condition, but not necessary, to ensure the uniform observabil-
ity of the system for any system input. In the following subsection, a high gain
observer for handling the state estimation of a nonlinear Lipschitz system with

triangular structures will be reviewed.

2.3.2 High Gain Observer

The high gain observer provides one of the most effective techniques to estimate
the unknown states of Lipschitz systems, and has been widely used due to its
explicit feedback gain design [33,36]. It was first proposed in [33] to achieve the
exponential convergence of the estimation error dynamics, and was highlighted

in [36] by providing an explicit feedback gain design methodology.

Now, we shall demonstrate the high gain observer design for the nonlinear

transformed system given by (2.30).

Assumption 2.1. For the transformed system (2.30), the vectors a(x) and ()

are assumed to satisfy the triangular structure condition in (2.31) in Lemma 2.1,
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and their components are global Lipschitz functions with respect to &, such that

lai(®) — ()| < laal| = &

(2.32)
(&) —n(@) < Lill€— &

hold with some positive Lipschitz constants lai, 1y, = 1,...,n.

Consider the transformed nonlinear system (2.30) satisfying Assumption 2.1,

a high-gain observer can be designed in the form of
% = A%+ a®) (%) —S;CT(Ck —y) (2.33)
where Sy is the unique solution of the Lyapunov algebraic equation
0Sy + ATSy;+SyA —CT'C = 0 (2.34)

with 6 being a positive tuning parameter, and the explicit solution of (2.34) can

be obtained as [36]

(MO . . n!
SQ(Z,]) = T{HQ’ 1<, 5 <n, with C:z = m (235)

Furthermore, Sy is symmetric positive definite matrix for any 6 > 0.

Defining the estimation error e = X — X, the corresponding dynamics can be

obtained from (2.30) and (2.33) as
e = (A-S;'CTCle + a(x) — a(X) +v(X)u — y(X)u (2.36)

Lemma 2.2. For the transformed system (2.30) satisfying Assumption 2.1, there
exists 0y > 0 such that Y0 > max{6y, 1}, the high gain observer (2.33) ensures

that the estimation error e will asymptotically converge to zero.

Proof. For ease of analysis, the following equalities are given [64]

. 1 1 1
Ay = d1ag(1,5,--- ’W)’ Se = EAGSIAQ
ApAN; = 0A, CAy = CAP = C
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Let £ = Age, a Lyapunov function can be defined as V = ¢7'S,¢, in which S,

is a constant matrix of Sy with 6 = 1. Then, it has

Vo= 278, Ape
= 2TS1Ag(A — S;'CTC)e + 278 Aga(x) — a(X) + 7(X)u — Y(X)u]
)

= 20678, AE — 206" CTCE + 2678, Agla(x) — () + (X)u — (X)u]
(2.37)

Based on the equation in (2.34), it can be obtained that
267S1AE = ETSIAE +ETATS € = 7S£ +¢TCTCe (2.38)

With Assumption 2.1 of vectors «(-) and (), and 6 > 1, it can be deduced that

0faR) — a £ 3 srla® — a0l < 3 sladlel] <l (2.39)

18603 =16 < Y- 5 hi®) = w1 < D grtallell < LlEI (240)

where l, = sup{la1,...,lan} and I, = sup{l,1,...,l,,} denote the maximum
Lipschitz constants of a;(-) and ~;(-), respectively. In fact, for the transformed

system in (2.30), it has l, = lon.

Now, by substituting the above inequalities into (2.37), we have

Vo< —0E7S1€ - 0I|CE|P + 20167 S| (Lall€] + Lalléll)
_peT [T
< —0€TS i€+ 2(l + LIS g o1
< —[0—20(S))(la + L@V

—[0 — 6]V

where 0y = 20(S1)(lo + 1, @), with @ denoting the maximum of the modulus of the

system input u, and ¢(S;) denoting the condition number of matrix S;.

It is clear that by choosing 6 > {6y, 1}, the derivative of Lyapunov function is
negative, i.e., V <0, forV # 0. This implies that both £ and e will asymptotically
converge to zero. In other words, the unknown states of the system (2.30) can be

exactly estimated by the observer (2.33), i.e., X = X. |
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In order to construct the observer for the original system given by (2.27),
it is necessary to assume that the nonlinear transformation ®(x) in (2.28) is a
diffeomorphism function with respect to x. In other words, the original system
can be obtained by differentiating the state transformation of x = ®(x) with

respect to time, i.e.,

%= {a‘gix)} e [aq;;x)] T IAR £ (®) £ A(R)u] = Fx) + bdu(t) (2.42)

Therefore, by performing the inverse mapping of X = ¢ (x) for the high gain

observer in (2.30), we can obtain the estimate state x of the original state x as [64]

X=X X=X

a@(x)y S;'C"(y— h(x)) (243)

— (%) + b(X)u(t) + {8—}(

X=X

It can be seen that the high gain observer provides an exponential convergence
of the state estimation for Lipschitz nonlinear systems, and the feedback gain
design is straightforward for any large Lipschitz constant by selecting a large
tuning parameter 6. However, in most practical systems, there may exist system
modeling error or uncertain dynamics due to the effect of parameter variations or
unknown disturbances. For such situations, the high gain observer is not robust
enough, and another well-known issue for high gain observer is the measurement
noise which will be enlarged by the high gain feedback and deteriorate the state

estimation performance.

2.4 Summary

This chapter provided an introduction to the sliding mode observer techniques, as
well as high gain observer design methodologies. It seems that both the high gain
observer and the sliding mode observer have their own characteristics strengths

and weaknesses, which can be summarized as follows:

High gain observer:
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(i) For a Lipschitz nonlinear system, the design of HGO requires the system
to be uniformly observable and with the triangular structures as shown in

(2.31).

(ii) The feedback gain design is straightforward and independent of the initial

conditions.

(iii) However, HGO is sensitive to system uncertainties, as well as measurement

noise.
Sliding Mode Observer:

(iv) SMO is robust to any bounded matching disturbance or uncertainty, and

provides a mechanism to reconstruct it on the sliding surface.

(v) The design of SMO requires the system dynamics to be in the form of a
differentiator, and the last state dynamics in the system should be at least
locally bounded. In other words, the feedback gain design may be related

to the initial conditions.

In the next chapter, we shall develop a hybrid observer that integrates high
gain feedback with sliding mode techniques for the unknown state estimation
and input identification of a class of uncertain nonlinear SISO systems with non-
matching uncertainties. The stability analysis and the observer design procedure

will be carefully addressed.
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Chapter 3

State and Unknown Input
Estimation: HGO plus HSMO

In this Chapter, we shall consider the estimation problem of a class of single-input-
single-output (SISO) nonlinear Lipscthiz systems with non-matching unknown
input or disturbance, in which the distribution vector of the uncertainty may
include the unknown states. A hybrid nonlinear observer structure that combines
a high gain feedback with a higher order sliding mode term is proposed. The high
gain feedback works to constrain the estimation error to within an invariant set
and the sliding mode term will asymptotically track the uncertainty if the system
satisfies strict structural assumptions. Furthermore, with the higher order sliding
mode, the chattering effect will be effectively attenuated without sacrificing the
robustness, and the system uncertainty can then be recovered without filtering

effect.

The chapter is organized as follows: Section 3.1 introduces some existing slid-
ing mode techniques. In section 3.2, we present the system description and prob-
lem formulation. In section 3.3, a hybrid observer is proposed for a class of
uncertain nonlinear Lipschitz systems, and both the stability analysis and the
design procedure are carefully addressed. In section 3.4, based on a numerical
example, some simulation results are presented to illuminate the effectiveness of

the proposed estimator. Section 3.5 concludes this chapter.
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3.1 Introduction

Unlike linear systems, the observability of a nonlinear system is related to the
system inputs, which means there may exist some singular inputs that make the
system unobservable [35]. Thus, it is necessary to discuss the observability of
nonlinear systems with respect to the system inputs before the observer design.

In [33], it has been proven that a nonlinear single-input-single-output (SISO)
system with triangular structure is uniformly observable for any bounded known
input, and an exponential convergence high gain observer is proposed. Later
on, the work in [36] presented an explicit feedback gain design methodology for
a special class of nonlinear Lipschitz systems with triangular structures, which
made the high gain observer easy to implement. However, these methods are only
applicable for nominal nonlinear systems with triangular structures, of which the
observability of the unknown states is clearly guaranteed.

The sliding mode based observer for state estimation of nonlinear uncertain
systems has been an active research field in the last few decades. This is due to its
insensitivity to uncertainties and the capability of reconstructing the uncertainties
based on the equivalent injection input concept. The early works based on the
Lyapunov method in this area were developed by Walcott and Zak for dynamic
systems with bounded disturbance [57], and extended to a more general class of
nonlinear systems in [59, 60].

The idea of sliding mode observer (SMO) design based on the equivalent con-
trol concept was first proposed by Utkin and Drakunov in [52,55]. It was later
employed into a particular nonlinear system with triangular input form [61], in
which only the discontinuous term was fed back through properly defined gains.
In [62], a robust SMO for nonlinear systems subject to unknown input was de-
veloped. The result in [64] incorporated a sliding mode term into a high gain
observer (HGO) to realize a robust nonlinear observer for a class of nonlinear
Lipschitz systems, and the unknown disturbance can be replaced with nominal
terms on the sliding surface. Similar works can be found in [63]. For the above
methods, they are only applicable for systems where the relative degree between

the uncertainties and system output is one, moreover, the undesirable chattering
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will degrade the estimation performance and that a low pass filter is required for

the reconstruction of the uncertainties.

Higher order sliding mode (HOSM) can remove the relative degree restriction
and achieve a better sliding accuracy [53] - [80]. Based on this idea, HOSM-based
observers have received increasing attention in recent years, especially the second
order sliding mode observers (2SMOs). In [85,89], a suboptimal second order slid-
ing mode observer was adopted to estimate the velocity and torque in electrical
drives systems. A robust modified super-twisting observer without differentiator
was proposed in [86], and successfully applied into electromechanical systems [87].
In the meantime, in [76], a traditional Luenberger observer with high order sliding
mode differentiator was designed for linear time invariant systems with high order
of relative degree of the unknown input with respect to the system output. The
results have been extended to nonlinear systems based on Lie derivative trans-
formation [81], where the relative degree between the unknown disturbance and
measurable output is full order or higher order, i.e., the uncertainty or distur-
bance can only appear in the last dynamic equation. Such restriction is required

because the sliding mode is only robust to matching uncertainty.

The problem of non-matching uncertainty remains a challenging problem both
in the controller design and the observer design. For a controller, the matching
uncertainty means that it enters the system via the same channel as the control in-
put, and they have the same distribution vector. On the other hand, with regards
to observer design, the channel of the feedback input can be chosen arbitrarily
and the corresponding distribution vector can be designed based on any known
state. The matching uncertainty in the observer sense means that its distribution

vector is independent of any unknown state.

In this chapter, we shall consider the state estimation of a class of nonlinear
Lipschitz systems with non-matching uncertainty in the observer sense, and with
higher order sliding mode technique, the system uncertainty can be recovered

without filtering effect.
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3.2 Preliminaries

3.2.1 System Description

In this chapter, the following class of uniformly observable single-input-single-
output (SISO) systems is considered:
x = Ax+ a(x,u) + P(x)d(t)

L~ o (3.1)

where x = |21, s, ..., 2,]7 € R", and

Onfl 1 Infl n—1
A— (n—1)x1  L(n-1)x(n-1) e R CZ[l 0 --. Q]G%n

0151 O1x(n—1)
are constant matrices; the nonlinear functions «(x,u) and P(x) are smooth vec-
tor fields on R™; u is the system input; y is the measurable output; and d(t) € R
denotes the lumped system uncertainty which may include parameters’ deviations

and unknown disturbance.

Assumption 3.1. The smooth vectors a(x) and P(x) have the following trian-

gular structures, 1 <r < mn.

alx) = [0,--,0,a.(x1,...,2),  , an(z1, 29, . ... ,wn)]T (3.2)

P(m) = [07 a0717p7"+1(x17---vwr—‘rl))'” apn(xlvaV'-axn)]T (33)
Moreover, the known functions o;(x) = ay(xy,...,2:), pi(x) = pi(x,...,25);
i=r,...,n, are global Lipschitz functions with respect to (w.r.t.) .

Assumption 3.2. The modulus of distribution vector P(x) is upper bounded

w.r.t. its arguments on R".

Assumption 3.3. The modulus of lumped system uncertainty d(t) is upper bounded

by d.
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Assumption 3.4. The differential of function a,.(x) is Lipschitz function w.r.t.

its arguments on R".

Assumption 3.5. The modulus of the first time derivative of d(t) is bounded by
d.

Remark 3.1. For ease of analysis, the system input u in vector a(-) is omitted.
This is reasonable in the following two cases: First, the distribution vector of
system input u is constant or independent of any unknown state, then it will be
completely canceled and have no effect on the estimation property. Second, the
relative degree between the system input u and the system output y is higher than

or equal to r, then it can be treated as a coefficient of vector a(-) in the form of

(3.2).

In Assumption 3.1, the system given by (3.1) is assumed to satisfy the trian-
gular structure, and such structure is proven in [33] to be one of the sufficient
conditions, but not necessary, to ensure uniform observability for any unknown
input. Assumption 3.2 and Assumption 3.3 are general and necessary to ensure

that the system uncertainty is trackable.

Assumption 3.4 and Assumption 3.5 can be conservative, they are required
to remove the filtering effect without sacrificing the robustness of the observer.
Such assumptions will be satisfied in some practical systems, or at least satisfied
locally almost everywhere. The system uncertainty is assumed to be smooth, this
can be true when it comes from the system parameters’ variations, such as due

to the slowly changing temperature or operating conditions.

The distribution vector P(x) is assumed to be normalized with its first non-
zero component, which means the relative degree between the system uncertainty
d(t) and the system output y is r. In the case when r = n, it is well-known that
the considered system has a complete differentiator structure, and a traditional
rth-order sliding mode differentiator in [69] can be used to handle it. Therefore,

in this chapter, we only consider a general case of r < n.
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3.2.2 Problem Formulation

The problem considered in this chapter is to design a robust observer to guarantee
that the estimates X and k,u, will respectively track the system state x and the

system uncertainty d(¢) within a small bounded set, i.e.,

lim [k —x|| < & (3.4)
lim (|, — b)) < e (3.5)

where ¢; and €y are two constant values. Furthermore, the asymptotic stability
conditions will be carefully addressed, i.e., e; = €5 = 0, if an additional assumption

(Assumption 3.6) is satisfied.

Definition 3.1. Matching/Non-matching condition in observer

Consider the distribution vector P(x) € R™ of the disturbance/uncertainty d(t) €
R, the disturbance d(t) is said to satisfy the matching condition in the observer
sense, if and only if the vector P(x) does not include any unknown state of .

Otherwise, d(t) is called a non-matching disturbance in the observer sense.

According to the definition above, it can be seen that the nonlinear system
described in (3.1) is with non-matching uncertainty in the observer sense, and
to the best of our understanding, there are few effective existing works that can
handle such a system. In [78], a higher order sliding mode observer is adopted for
the states and unknown inputs estimation of a class of multi-input-multi-output
nonlinear systems, for which the reduced-order dynamics are independent of the
unknown inputs, i.e., p;(+) =0, Vi =r 4+ 1,...,n. In other words, such unknown

inputs can be considered to satisfy the matching condition in the observer sense.

In the following, a hybrid observer that combines a high gain feedback with
higher order sliding mode term will be proposed for a class of nonlinear system
with non-matching uncertainty in the observer sense, and the stability analysis

and design procedure will be carefully addressed.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



34 Chapter 3. State and Unknown Input Estimation: HGO plus HSMO

3.3 Main Results

3.3.1 Observer Structure

For the system (3.1) satisfying Assumptions 1-5, a hybrid estimator is designed

in the form of

x = Ax+aX)+ Ly — Cx) + PX)ku,
) 0, if wu, > qu, (3.6)
Uy =

v, if u. <,

where L is the linear feedback gain designed based on HGO [33,36], as given by
L=S,'C"=[0C, 0*°C: --- 0"C) =l lo - 1,)" (3.7)

with Sy being a positive-definite symmetric matrix of parameter 6 > 0,

N G D i o n!
Se(%])zw, 1<i, j<n, Cﬁ:m (3.8)

and k, is a positive tuning parameter of nonlinear feedback wu,, which is designed
as an integral function of the quasi-continuous (r + 1)th-order sliding mode term

v that is given by [71]

U:_IO\IIT,T+1(€17Z17"'7ZT)7 Z':l?"wr

©Yo,r+1 = €1, No,r+1 = ’61’, ‘Ifo,r+1 = 900,r+1/N0,r+1 = Sign(61),
+1—i)/(r—i+2 +1—i)/(r—i+2
firr =2+ BNV T N =l + BN O,

‘I]i,r—i-l = %,7«+1/Ni,7~+1
(3.9)

where 31, ..., [, are positive numbers, and zi,..., 2, are computed via the rth-

order sliding mode differentiator [69], as
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2y = wo =21 — agMVTH |z — e |/ Dsign(zg — eq)
Ho= wy =2z — at MY |z — wi |/ sign(z, — wo)
(3.10)
Gl = W1 =2 — ap MY |2y — w,o|Y?sign(zoy — wpo)
Zr = —CLTMSigl'l(ZT - wr—l)
with e; = ;1 — y, and the positive numbers aq, . .., a, are chosen in advance. One

possible choice with r < 6 is [71]: a,—1 = 1.1, a,_o = 1.5, a,_3 = 3, a,_4 = 5,
a,_5 = 8, a,_g = 12. The choice of the remaining observer parameters 0, k,, u,,

p and M will be discussed in the following subsections.

Remark 3.2. For the nonlinear system (3.1) with rth-order relative degree of the
uncertainty, the (r + 1)th-order sliding mode algorithm (3.9) will attenuate the
chattering effect, and the uncertainty can be directly recovered without filtering
effect. Similar technique can be found in the controller design [101]. Furthermore,
in the case when r = 1, one can use the classical second order sliding mode
algorithms to replace (3.9), such as the twisting algorithm [53], super-twisting
algorithm [53], suboptimal sliding mode [85, 89], etc.

3.3.2 High Gain Feedback Design

T

Define the estimation error e = [ey,...,e,|" = X — x, then it can be obtained

from (3.1) and (3.6) that
¢ = (A—S8,'CTCle+a(x) - a(x) + P@ku, - P)d(H)  (311)

Theorem 3.1. Suppose system (3.1) satisfies Assumptions 1-8, with the pro-
posed estimator in (3.6), there exists 6y such that Y0 > maz{6y, 1}, the following
inequality holds:

|Avel < e/{(0— 800} (3.12)
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with ¢; and Oy being two positive numbers given by

Oy = 20(S1)(n—r+ 1), + keu,lp)

° (3.13)
c = 20(8)(n—r+1)(d+ ka)bp

where 1, and lp are the largest Lipschitz constants of functions o;(-) and p;(-),
respectively; bp denotes the upper boundary of the modulus of vector P(x); 4, and
d denote the upper boundaries of the modulus of u, and d(t), respectively; Sy is

the matriz of Sy with 0 = 1; o(Sy) denotes the condition number of matrix S;.

Proof. For ease of analysis, the following equalities are defined [64]

Ay = diag(1, %, e ,en%l), S¢ = %AeslAm
ApAA; = 0A, CAy=CA,'=C,

0Sy + ATS, + SyA —CT'C =0
(3.14)

Then, by setting & = Age and defining a Lyapunov function V = ¢7S,¢, it

can be evaluated that

Vo= 2678¢
= 2TS|AY[(A — S, 'CTC)e + a(X) — a(x) + P(X)ku, — P(x)d(t)]
= 267S10(A — STICTC)E 4 267S Ag[a(X) — a(x) + P(X)ku, — P(x
= 20€TS A€ — 20||CE||? 4 2678 Aglav(%) — a(x) + P(X)kpu, — P(x)d(t

N—
QL
—
~
=
P

With the equalities in (3.14), it has

28781AL = =TS+ [|CEP? (3.16)

Under Assumptions 3.1-3.3, vectors «(-) and P(-) are global Lipschitz functions
and have the triangular structures in (3.2) and (3.3), for # > 1, it can be deduced
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that

[Ap[a(x) — ax)]|| < Z 81-1_1 i (%) = i (x)] (3.17)

n
S Z lai
i=r

< (n—r+ 1), A

€;
gi—1

= (n—r+ D]

~ —

where a;(x) = a;(x1, ..., 1), (%) = o(21,...,3:), & = [e1,...,e;,0,...,0]7 €
R"; l,; denotes the Lipschitz constant of function oy (+), and I, = max{las, -, lon}

is the largest Lipschitz constant. Furthermore, we have

180[P(R) — Pl < (0 — 7 + Dyl Age] (3.18)
IAP &)k, — O] < (0 =1+ D(ka, +dbp/0" (3.19)

Therefore, the Lyapunov function in (3.15) can be reduced into

V = =078, — 0||CE|? + 26781 Ap{[a(X) — a(x)] + [P(X) — P(x)]kytty
+ P(x)[ku, — d(t)]}
< —06"81¢ +2(n — 7+ 1)l + krtinlp) [€7 S ] [€]
+2(n —r + 1) (ki + d)bp||€TS,|) /071
< —o(S1)HETS1I{IO — 20(S1)(n — 7 + 1) (la + krtiylp)]||€]]
—20(S1)(n —r + 1)(k @, + d)bp /0" '}
= —o(S1)"HIETS [0 — Oo)I€]| — 1 /07
(3.20)
where 6y £ 20(S1)(n — r + 1)(lo + ketrlp), ¢1 2 20(S1)(n —r + 1)(d + k,a,)bp.
Now, it can be concluded from inequality (3.20) that the variable £ = Age
will be bounded after a transient process, provided that § > max{fp, 1}. In other
words, it has ||Agel|| < c1/{(0 — 6,)671}. ]

Corollary 3.1. For the system (3.1) satisfying Assumptions 1-3, the proposed
estimator in (3.6) will constraint the estimation error within an invariant set after

a transient process and remain inside thereafter, provided that 6 > maz{0y, 1}.
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Then, for the partial error dynamic & = leq,...,€;,0,...,0/0 € R", Vi=1,...,n,

it has

c1 eifr

eil < lleill < 67 1 Avell < 7=

(3.21)

Proof. The above inequality can be readily obtained by substituting the results in
Theorem 1. Then, the boundary for the estimation error e = €, can be evaluated

as
tlim 1% —x|| < c10"7/(0 —6p) = ey (3.22)

which implies that the estimation error will be restrained to within an invariant set
for a given 0, even when the considered system in (3.1) is unstable. Furthermore,
for the individual estimation error e;, ¢ = 1,...,r, it can be made arbitrary small

by selecting a large 6. n

From (3.22), it can be found that asymptotic stability property can be achieved
with high gain feedback when the system (3.1) is without uncertainty, i.e., d = 0,
u, = 0, ¢, = 0. Such conclusion is similar to the results in [33,36]. Besides,
Corollary 3.1 illuminates the infectivity of the system uncertainty in a high gain

observer.

3.3.3 Nonlinear Feedback Design

In this section, we consider the nonlinear feedback design under the condition
u, < uUp, with proper designs of parameters k,, p and M, the sliding surface

eY) =¢é; =e¢; = --- =0 will be reached.

Consider e; as the sliding variable, its (r+1)th-order dynamics can be deduced

from (3.11) as
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r+1
6Y+1) = €py2 — Z liegr_H_l) + Oér+1(§() - ar-l—l(x) + p?"-l-l(f()krur - p7"+1(x)d(t)
+ ol (%) — al(x) = d(t) + ko
= ¢(x,X) + kv (3.23)

with

¢(X7 }A() = Cr42 — Z:ill lie(lr_i—i—l) + O‘T-i-l(f() - CY,«_H(X) + Pr41 (&)krur — Pr+1 (X)d(t)
+ap(x) - an(x) —d'(t)

where egi) denotes the ith-order derivative of e1; ¢(x,X) represents the dynamics
in the right side of equation (3.11). Clearly, the sliding mode surface is reachable

if the modulus of the nonlinear function ¢(x,%) can be proven to be bounded.

Corollary 3.2. For the system (1) satisfying Assumptions 3.1-8.5, the proposed
estimator given by (3.6) will ensure that the modulus of the nonlinear function
o(x, &) remains bounded after a transient process for a given 6 > maz{6y,1}.

Furthermore, its upper boundary ¢ can be represented by

¢ = cr[(1 4+ 3057 5)0% + (lagrsn) + Ly ket )0 + 1,1/ (6 — 6o)

(3.24)
+ bp(k i, +d) +d

where k;, 1 = 1,...,r+1 are positive numbers that are dependent on the dimension
n and the relative degree v, and independent of 0; lopi1), lpps1y and I, denote
the corresponding Lipschitz constants; d.. represents the upper boundary of the

modulus of the first time derivative of d(t).

Proof. As shown in Theorem 3.1 and Corollary 3.1, the proposed estimator in
(3.6) will restrain the estimation error within an invariant boundary for a given

0 > {6y, 1}, and the following inequalities hold after a transient process,

le;| < &l < ‘9i_r01/(9—@o), 1=1,...,n. (3.25)
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With Assumptions 3.1-3.5, it can be evaluated that

lersa| < 0%c1 /(0 — o)

| (%) —al(x)] < larc1 /(6 — o) (3.26)
o ®) = ara ()] € laginfer/0 )
|[Pr1(X) = prr () kpue | <, (r1)krtirfc1 /(0 — o)

where [, lo(4+1) and lp11) denote the Lipschitz constants of functions a;.(-),

a,+1(+) and p,41(+), respectively.
Based on the structures of vectors «(-) and P(-) in Assumption 1, and the

feedback gains [; = #°C? in (3.7), one can find positive numbers x; such that

‘lT+1€1‘ S 9r+1 C’:flﬁl_rcl/(e — 90) = 510201/(9 — 90)
|l 611)| < QTC:L|€2‘ + 0TC71;|9071L€1| S Cg(l + C%J)@QC1/(9 - 90) = :‘i29201/(9 — 90)

IN

el Kps10%c1 /(0 — )

(3.27)
where k;, 1 = 1,...,r 41 are positive numbers dependent on the dimension n and

relative degree r, but independent of the parameter 6.

Therefore, the nonlinear term ¢(x, %) will be bounded with

(6, %)| < Jersal + S0 el ™ + Jay i1 (%) = ara (x)] + o) (%) — af(x)]
F [Pr1(X) = proa () krtey | + [pria () krtty | + [pria () d(8)] + [d'(1)]
<o [(14 307 £)0% + (lagrs) + by ketty)0 + 15,1/ (0 — 00) + bp (ki + d) + d
&5
(3.28)
It can be seen that the modulus of the nonlinear function ¢(x,%x) will be
bounded for a given 6, and this boundary is completely independent of the sliding

mode parameters p and M. ]

Theorem 3.2. For the system (3.1) satisfying Assumptions 3.1-3.5, the proposed

estimator given by (3.6) - (3.10) ensures that the sliding surface ey = éy = -+ =

egr) = 0 will be reached in finite time, provided that u, < u,, and the sliding mode
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parameters p and M are chosen large enough.

Proof. Consider the (r + 1)th-order sliding variable dynamics in (3.23), the mod-
ulus of nonlinear function ¢(x,%) will be bounded by ¢ for a given @, as shown in
Corollary 3.2. Then, the provided quasi-continuous (r + 1)th-order sliding mode
algorithm (3.9) with the rth-order sliding differentiator (3.10) will ensure that the
sliding surface e; = é; = --- = eY) = ( is reached in finite time by choosing large

enough sliding parameters p and M. More details can be founded in [71]. ]

Once the sliding mode occurs, it can be deduced from (3.11) that

er=ey=--=¢=0; ep = dt)—ku, (3.29)

The above equations present the relationship between the nonlinear feedback
term k,u, and the system uncertainty d(¢) on the sliding surface. Clearly, the
system uncertainty d(t) will be directly and exactly recovered from k,u, after all
the system states have converged to their true values, i.e., e.,; = 0, and this
implies that the tuning parameter k, must be chosen large enough such that
k, > d/u,.

Note that the sliding mode surface is reachable under the condition u, <
u,, together with the sliding parameters p and M being chosen large enough.
However, according to the relationship between e,.; and k,u, given in (3.29), in
the case that the estimation error e,,; is unstable or divergent, the nonlinear
feedback w, will also diverge and reach at u, after some time. In other words,
one may choose the sliding parameters large enough to ensure that the sliding
surface is reached in a finite time, but not remained thereafter if the estimation
error e, is divergent. So, it is significant and important to consider the stability

of the reduced-order estimation error dynamics.

3.3.4 Reduced-order Dynamics

Let e = [es,eq]’, es = [e1,...,e. ]t € R, eq = [ery1,..- 60|t € R, where ey

denotes the reduced order estimation error on the sliding surface, i.e., e, = 0.
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Then, with the equations in (3.29), the estimation error dynamics of e, can be

deduced from (3.11)

€q = Ageq + aq(Xs, Xq) — aa(Xs, %q) + Pa(xs, Xg)kpuy — Pa(xg, Xq) by

(3.30)
- Pd(Xsa Xd)er+1
where x = [Xsaxd]Tv Xs = [‘Tla s 7$T]T S §RT7 Xd = [«Tr+17 - 7«Tn]T € R and
0 n—r— I n—r— n—r—
Ad _ ( x1 ( 1)x( 1) c %(nfr)(nfr)
01x1 le(n—r—l)
O{d(Xs, Xd) = [ar—i-l (Xsa xr+1)> ar+2(xs> Lr41, 113'7«+2), e 7an(xs> Lr41ye-- >xn)]T S %n—r
Pd(X37 Xd) - [pT+1(XS7 xr+1>’pr+2<X57 Lr41, mr+2)7 o ’pn(XSu Lrg1y - uxnﬂT S %n—r
with x; denotes the estimated vector of x4 on the sliding surface.
Similarly, the dynamics of e in (3.30) can also be rewritten as
éd = Aded + Oéd<Xs, )A(d) — Oéd(Xs, Xd) + Pd(Xs, }A{d)d(t) — Pd(Xs, Xd)d(t) (3 31)

- Pd(XS7 &d)er—f—l

Based on the dynamics in (3.31), it can be seen that both the high gain feed-
back and nonlinear feedback terms disappear, which means the stability of e,
is completely independent of the high gain feedback parameters and nonlinear
feedback parameters, and is only related to the original system structure and the
system uncertainty. In other words, one needs to evaluate the stability of the re-
duced order dynamics for a given system before the estimator design. Meanwhile,
in the case that the distribution vector P(-) includes only the partial state xg, i.e.,
Pi(xs,%4) = Py(xs) = Py(xs,x4), the system uncertainty d(t) will be canceled,
and the stability of e; is only dependent on the nominal structure of the original

system.

Since the dynamics of e; in (3.31) is only involved with the original system
structure, but independent of the feedback gains, the stability of the reduced-order

estimation error dynamics can be classified into the following three cases:
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1) The reduced-order dynamics of e, in (3.31) is self-asymptotically stable, i.e.,

limy o ||Xq — x4]| = 0.

2) The reduced-order dynamics of e, in (3.31) is self-stable, but not asymptot-

ically stable, i.e., lim; . ||Xq — Xq4|| = €3, with €5 being a positive constant.

3) The reduced-order dynamics of e, in (3.31) is unstable/divergent, i.e., it is

not self-stable.

For case 1, which is equivalent to Assumption 3.6, it is quite conservative and
not all systems will satisfy this condition. Moreover, this assumption may be
difficult to check due to the existence of system uncertainty. However, there are
some practical systems that satisfy this requirement, such as the non-matching
parameter identification problem of a series DC motor that will be fully discussed
in Chapter 4.

For case 2, it requires that the reduced-order estimation error e, is self-
bounded, which is general and easy to check for a specified application system,
such as the speed and position estimation problem of a permanent magnet syn-
chronous motor (PMSM) that will be discussed in Chapter 5.

For case 3, it means that the estimation error dynamics on the sliding surface
is divergent. Here, a numerical example is used to illuminate this case.

Consider the following system:

. 01 0 1
x = x + + |7 d@) (3.32)
0 0 0.524 0
y = [1 0x
where x = [z1, x5]T € R?, and d(t) denotes the unknown disturbance. It can

be seen that this numerical system satisfies Assumptions 3.1-3.5, and the system
uncertainty satisfies the matching condition in the observer sense, which can be
considered as a special case of the result presented in this chapter. Then, the cor-
responding reduced-order dynamics on the sliding surface can be readily obtained
by the formula in (3.31), as

és = 0.5ey (3.33)
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with e = [e1, es]! = [#; — 21, T2 —a9]T. Clearly, the dynamics of e, on the sliding

surface is unstable and divergent.

Assumption 3.6. (Strictly conservative system)
For the system given in (3.1), it is strictly conservative if the reduced order dy-

namics of eq in (3.31) is asymptotically stable, i.e., lim;_,o ||&q — x4]| = 0.

Theorem 3.3. For the system (3.1) satisfying Assumptions 3.1-3.6, the pro-
posed estimator given by (3.6)-(3.10) ensures that the unknown states and the
system uncertainty will be asymptotically identified in finite time, provided that

0 > max{6y, 1}, and the parameters k.., u,, p and M are properly chosen.

Proof. Tt has been proven in Theorem 3.2 that the sliding mode surface will be
reached under the condition u, < u,, where the nonlinear feedback w, satisfies
equation (3.29), i.e., u, = [d(t) — e,11]/k.. After that, Assumption 6 ensures
that the reduced order dynamics asymptotically converge to zero, in other words,
the modulus of the estimation error e, ; will asymptotically decrease on the
sliding surface. Thus, one can choose the parameter @, (%, > d) large enough to
guarantee the condition u, < @, is always satisfied, then the sliding mode surface
will be reached and remained thereafter.

After the reduced order estimation error reaches zero, i.e., e = X4 — x4 = 0,

the unknown states and the system uncertainty can be obtained from (3.29) as:

x =X, d(t) = k.u,. [ ]

Corollary 3.3. For the system (3.1) satisfying Assumptions 3.1-3.5, and that the
reduced-order estimation error on the sliding surface is bounded by a constant €3,
then, the proposed estimator given by (3.6)-(3.10) ensures that the sliding surface
will be reached and remained thereafter, i.e., xy — x, = 0. In other words, the
proposed estimator can only guarantee the partial system states xs being exactly

estimated.

Proof. Similarly to Theorem 3.3, as the sliding surface will be reached under the
condition u, < @,, where the nonlinear feedback wu, satisfies the equation (3.29),

ie., k., = [d(t) — e, 1]. After that, as the reduced-order dynamics is bounded
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with e3, i.e., |e,11] < |leq]| < e3. Thus, one can choose the parameter @, and
k. large enough to guarantee the condition u, < u, is always satisfied, then the

sliding surface will be remained forever. ]

Corollary 3.4. For the system (3.1) satisfying Assumptions 3.1-3.5, and that
the reduced-order estimation error ey is divergent on the sliding surface, then, the
proposed estimator given by (3.6)-(3.10) can only ensure that the sliding surface
will be reached in a finite time, but may not remained forever in the case when

er11 15 divergent.

Proof. According to Theorem 3.2, under the condition u, < @, and with properly
chosen sliding gains, the sliding surface will be reached in a finite time. Then,
equation (3.29) holds, i.e., kyu, = [d(t) —e,11]. Therefore, in the case when e, is
divergent, the condition u, < 4, will not be satisfied once |e, 11| = |d(t) — k,u,| >

d + k,u,. As a result, the partial state x, failed to be identified. ]

Based on the above analyses, and the stability of e, on the sliding surface, the
observability of the unknown input and the states of the system given by (3.1)

can be summarized as

e For case 1, the reduced-order dynamics of e, is asymptotically stable, i.e.,
Assumption 3.6 is satisfied. All system states and the unknown disturbance

can be asymptotically identified with the proposed hybrid observer.

e For case 2, the reduced-order dynamics of e, is stable, but not asymptoti-
cally stable. Then, only the partial system state e, can be identified with
the proposed hybrid observer.

e For case 3, the reduced-order dynamics of e; is divergent. Then, all system
states and the unknown input may fail to be identified with the proposed

observer.

3.3.5 Estimator Parameter Design Procedure

The stability of the reduced order estimation error dynamics is only related to

the original system structure and the system uncertainty, but independent of the
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feedback gains. Moreover, it may affect the sliding mode property. Therefore, it
is necessary to check the stability of the reduced order dynamics through equation
(3.31). The estimator parameter design procedure can be classified into two types,
as given below:

Type I:  The reduced-order dynamics of e; is divergent
1) Remove the nonlinear feedback, i.e., k. = 0.
2) Choose high gain feedback parameter 6, such that § > max{6y,1}.

3) Compute high gain feedback L, as L = [§C. 62C% ... ¢"C"|T.

n

Type II:  Assumption 3.6 is satisfied or the reduced-order dynamics of e, is stable

1) Choose the tuning parameter k, and the upper boundary u,, such that

k., > d.
2) Choose high gain feedback parameter 6, such that § > max{6y,1}.
3) Compute high gain feedback L, as L = [§C. 62C% .. o"C"T.
4) Choose the sliding mode parameters p and M to be sufficiently large.

Remark 3.3. For a class of well-defined nonlinear systems that can be trans-
formed into the system given in (3.1) through a nonlinear transformation (such
as the Lie transformation), and that all the Assumptions mentioned in this Chap-
ter are satisfied, then a hybrid estimator can be designed by inverse transformation
of the proposed estimator in (3.6)-(3.10). Furthermore, Assumption 3.6 can be

verified in the original domain.

3.4 Simulation Results

In this section, we present the simulation results of the numerical example given
by (3.32), which belongs to case 3. For the other two cases, they will be carefully
illuminated in Chapter 4 and Chapter 5, respectively.
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Based on the observer structure given by (3.6)-(3.10), the proposed hybrid

estimator for the numerical system of (3.32) can be designed in the form of

01| 0 20 ) 1
X = X + + (y—21) + ko, (3.34)
0 0 0.5 62 0

where X = [%1, %3], and u, is given by

. 0, if u, >a
Uy =
v, if u, <,
v=—plz + e Zsign(z)]/(|a1] + lea]?)
2o =wp = 2, — LEMY?|zg — e1|Y?sign(zp — 1), % = —1.1Msign(z; — wp)
(3.35)
The simulation parameters are chosen as: d(t) = 80sin(5t), x1(0) = 10, z2(0) =
10;21(0) = 0,22(0) = 0; @ = 1.5, w, = 50, p = 150, M = 150. The tuning param-
eter k, is set to k, = 2.5 and k, = 0 to indicate the proposed estimator with and

without nonlinear feedback, respectively. The simulation results with k. = 2.5

are shown in Figure 3.1.

From Figure 3.1c and Figure 3.1d, it can be seen that the sliding surface is
reached and remained during the first 4 seconds, e; = &1 — 1 = 0, because the
nonlinear parameters are chosen large enough, i.e., k@, > ||k.u.|| = ||d(t) + ea]|.
However, as the estimation error ey is divergent on the sliding surface, it causes
the nonlinear feedback u, to be divergent and clipped by u, after 4 second, where

the sliding mode property is lost, as shown in Figure 3.1d.

From Figure 3.2, which is for the case without the nonlinear feedback, the pro-
posed estimator works as a high gain observer, and it will constrain the estimation
error to within an invariant boundary, as shown in Figure 3.2c. Comparing the
estimation error of state x5 in both Figure 3.2c and Figure 3.1d, one can find that
the estimation error may be larger after 4 second in Figure 3.1d, which tallies
with the analysis result on high gain feedback in Theorem 3.1. In other words,
the nonlinear feedback may enlarge the size of the invariant set in the case when

the reduced order dynamics is divergent on the sliding surface. Therefore, the
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Figure 3.1: The estimation performance with the proposed observer: k, = 2.5

nonlinear feedback should be removed if the reduced order dynamics is divergent

on the sliding surface.

3.5 Summary

In this chapter, a hybrid observer has been developed to handle the state es-

timation of a class of SISO nonlinear systems with the so-called non-matching

unknown input. The stability of the developed observer and the design procedure

are carefully addressed. The contributions in this chapter can be summarized as:

(i) A novel hybrid observer that combines a full-order high gain observer with a

NANYANG TECHNOLOGICAL UNIVERSITY

SINGAPORE



3.5. Summary

49

600

500 -

400

5 300

200

100

0 1 2

——Actual state: x,
- - - Estimated state: x, |

Ti mes(Sec)

(a) : 21 and I

300

250 -

200 -

N 150

100 -

50

0 1 2

—— Actual state: x,,
- - - Egtimated state: X, ||

Ti mes(Sec)

(b) : zo and &9

100

50

Estimation error

-150

—— Estimation error of x;
- - - Egtimation error of x,

-200 :
0 1

3
Time (Sec)

i i
4 5 6

(¢) : 1 —x1 and Zo — x4

Figure 3.2: The estimation performance with the proposed observer: k, = 0

higher order sliding mode term is proposed, in which the high gain feedback

constrains the estimation error to within an invariant bounded set regardless

of initial conditions, and the sliding mode term is designed to track the non-

matching unknown input.

(ii) The identifiability of the states and unknown input is carefully addressed. It

has been pointed out that the non-matching unknown input can be identified

only if the reduced order estimation error dynamics is asymptotically stable,

which is only related to the original system structure. In other words, the

identifiability can be classified into the following three cases:

a) In the case when the reduced order dynamics is asymptotically stable,
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i.e., Assumption 3.6 is satisfied, then, all system states and unknown

input can be exactly identified with the proposed hybrid observer.

In the case when the reduced order dynamics is stable, but not asymp-
totically stable, i.e., lim;_ . |[|Xq — Xq4|| < €3 with 3 being a positive
constant, then, only partial states can be exactly identified on the slid-
ing surface, i.e., X, = X,, and the remaining states x4; and unknown
input d(t) failed to be observable. Such conclusion is similar to the

results in [62].

In the case when the reduced order dynamics is unstable/divergent,
then, it is suggested that the sliding mode feedback should be removed,
and the state estimation error can be restrained to within an invariant
set. In other words, all system states and the unknown input may not

be exactly identified.
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Chapter 4

Speed and Parameter

Identification in a Series DC

Motor

In this chapter, two hybrid observers will be developed and implemented on a
series DC motor to identify a non-matching time varying parameter, as well as the
unknown speed. Based on the measurable current and input voltage, the unknown
speed and non-matching parameter can be exactly estimated without filtering
effect. The identified parameter is then used to enhance the speed estimation
performance in the presence of external load disturbance. The stability analyses
for the proposed observers are given, and the results are experimentally tested.
The chapter is organized as follows: Section 4.1 introduces some existing tech-
niques for solving the state and parameter estimation problems of engineering
systems. Section 4.2 presents the mathematical model of a series DC motor, and
some background results plus existing problems are also introduced. In section
4.3, a robust hybrid observer is developed to identify the non-matching motor
parameter, and a detail stability analysis is given. In section 4.4, the estimated
parameter is used in another robust observer to estimate the unknown speed and
external load disturbance. In section 4.5, experimental results are presented to
illuminate the effectiveness of the proposed observers. Section 4.6 presents detail

Monte Carlo studies on the effects of measurement noises in motor resistance and
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inductance on the identification of the non-matching motor parameter. Section

4.7 concludes this chapter.

4.1 Introduction

A dc motor in which the field winding is connected in series with the armature
coil is referred to as a series dc motor. Due to its special electrical structure, it
produces more torque per ampere of current than any other dc motors. And such
a motor is widely used in applications that require high starting torque, such as
hoists, winches and electric traction applications [106].

In most situations, there are only partial state and parameter information
available through the measurement outputs, and these often limit the systems’
performance. For such cases, a robust observer with high estimation accuracy is
required to recover the unknown states and parameters in real time.

The sliding mode based observer is a well-established and effective candidate
to handle the state and parameter estimation problems, due to its robustness,
simplicity, and high state estimation accuracy. However, most existing sliding
mode observers are designed for systems with direct or indirect (i.e. matched
after transformation) matching conditions in the observer sense. In [119,123],
the speed-dependent back-EMF terms of permanent magnet synchronous motor
(PMSM) are considered as two matching disturbances, which are used to extract
the speed and position information. In [97], an adaptive mechanism appended
with sliding mode observer is proposed to identify the unknown back-EMF' terms
and unknown stator resistance Rs. However, the unknown stator resistance is
assumed to be slowly time-changing, and one may treat it as a new unknown
state with dynamic equation R, = 0. Then, the back-EMF terms can be repre-
sented as two matching disturbances. Similarly in [49,124], the unknown constant
parameters or disturbance can be considered as new unknown states, and the iden-
tifiability issue can be discussed in the transformed domain. For such cases, the
systems can be classified as satisfying the indirect matching condition for the

disturbances.
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In this chapter, we shall consider a flux-related parameter estimation problem
in a series DC motor, i.e., Kr, which is time-varying and non-matching in the
observer sense. Then a robust hybrid observer will be developed to asymptotically

identify the unknown parameter.

4.2 Preliminaries

4.2.1 Mathematical Model

A series DC motor is configured by connecting the field circuit in series with the

armature circuit, and can be modeled as [106, 125]:

. R Kr U
o= by o Brp o Y
! Tt
) B Kr o, 1Tp
R i R 4.1
w Jw+J ¥ (4.1)

where

<

Field/armature current (measurable)
Electrical angular speed

Voltage input

Resistance

Inductance

Rotor moment of inertia

o &~ m e

Viscous-friction coefficient
T, :  Load torque
Kr - Field flux-related coefficient

Here, the motor parameter K and the load torque T}, are assumed to satisfy the

following equations:

Kr = Kro+ AKrp (4.2)
T, = Tpo+ ATy (4.3)
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where Kpo and T7o represent the nominal parameter and known load torque,
respectively; AKp denotes an unknown time-varying parameter, and AT}, denotes

the bounded external load disturbance.

Remark 4.1. AKy is modeled as a lumped parameter uncertainty on field flux

which may include magnetic saturation effect, imperfect manufacturing effect, etc.

Remark 4.2. The distribution vector [—Ipw/L, I3/ J)" of parameter K includes
the unknown state w, which implies that Kt is a non-matching parameter in the

observer sense.

Remark 4.3. ATy, is modeled as a lumped external load disturbance. Further-
more, it can also be treated as the parameter variation of rotor inertia J and

viscous-friction coefficient B.

4.2.2 Existing High Gain Observer

In [37], a traditional high gain observer (HGO) is developed for the unknown
speed estimation, in which the flux-related coefficient is assumed to be a known
constant and there is no external disturbance, i.e., AK; = 0, AT, = 0. Based on

the Lie transformation, it is given as

2 R . Kpg» U
Iy = _Z]f—%waquz—Qeel
. B. Kros T 2R 200 0°L
b o= —SppiToppo o ) R LWL TR e (44)
JOT T J |\ Kpdy Iy Krolf

where e, = = Iy, I ¢ and w denote the corresponding estimated current and
speed; 6 is a positive design parameter for the feedback gain L = [260, 62]T.

In [125], a linear feedback observer is proposed for speed and load torque
estimation in a series DC motor, however, it requires the exact information of
the magnetization/saturation curve of the field flux, which means the current
dependent parameter K is exactly known; furthermore, the unknown load torque

is assumed to be constant.
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AT,
8 _,l\ - Plant ff
Ny

| (LK)

JK—TD
_ | Observer1 £, (@)
! AT, =0 »
AA—' Observer 2
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4.2.3 Problems Formulation

In this chapter, we shall consider the estimation of the unknown parameter K
and external disturbance AT}, in sequence, as well as the unknown speed.

As shown in Figure 4.1, the first observer (observer 1) will identify the un-
known parameter K; with no external disturbance in the initialization stage.
From Remark 4.2, the unknown parameter K7 is non-matching in the observer
sense and time-varying. The challenging problem is to guarantee that it can be
estimated asymptotically.

The second observer (observer 2) is designed based on the identified parameter
K7 to estimate the unknown speed and external disturbance in the main operation
stage. As the identification error of parameter Kp may affect the estimation

performance, its effect will be carefully discussed.

4.3 Observer for Non-matching Parameter

In this section, we consider the identification of the non-matching parameter K
without the external disturbance, i.e., ATy, = 0. A hybrid observer that combines
high gain observer with robust sliding mode term is proposed, in which the high
gain feedback works to speed up the convergence in the beginning and constrains

the estimation error to a bounded zone, then the sliding mode term ensures that
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the unknown dynamics/disturbance is exactly tracked. The asymptotic stability

of the estimation error will be carefully addressed.

4.3.1 Observer Design

For the original system (4.1) with ATy, = 0, a hybrid observer can be designed in

the form of
2 R Kro- . U
]f = —Zlf—%lfw—i—f—%’el—l—pul (45)
B. Kros T 20R 200 6L I L
o o= —Zo+2p_t T P
J J J Kroly Iy Kroly wJ

where 6 is the high gain feedback parameter, e; denotes the estimation error of
current, p is a positive tuning parameter to adjust the convergence time, and the

robust term w; is given by

U = —pisign(er) — posign(éy) (4.6)

with p; and ps being two properly chosen sliding gains that satisfy p; > ps > 0.

Remark 4.4. The feedback term wy in (4.6) is in fact an integral function of a
second order sliding mode algorithm (namely twisting algorithm in [53]), which

will result in a continuous function.

Remark 4.5. Compared with the existing HGO in (4.4), the proposed observer
in (4.5) adds nonlinear feedback terms related with u,. Such nonlinear feedbacks
are used to handle the parameter uncertainty AKr and provide a mechanism to

recover the unknown parameter Kr.
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4.3.2 Stability Analysis

Defining estimation error € = [e, ey]” = [I; — I;, & — w|T, then based on (4.1)

and (4.5), the dynamics of e; can be described as

R Krg - Kr

él — _Eel _ ija)—i—?[fw—29€1+pul (47>
= G(-)+ puy
where
R Krp.. K
GO) = —per = bt T I = 20

Then, by taking derivative on both sides of (4.7), it can be obtained that

. d . . .
é = %G() — pp1s1gn(el) - pplegn(el) (4'8)

Considering the second order dynamic system in (4.8), one can always find a
positive value ¢ (independent of p; and p,) large enough such that |£G(.)| < e.
This is true because in real application the unknown parameter K; is smooth
and differentiable and its first order derivative with time is locally bounded, and
so are the current and speed.

By defining a Lyapunov function Vi = (é1)?/2+ pp1|e1|, which is continuously

differentiable except on e; = 0, it can be verified that

Vi = &6+ ppiéisign(er)

. d . . .

€1 G () — ppréssign(er) — ppalés] + pprésign(er)
< —(pp2 — g)lé1]

< 0 (with py > p2 > ¢/p) (4.9)

The above inequality is true because the condition ¢ = 0 cannot hold for any
finite interval with e # 0. In other words, the Lyapunov function V; will converge
to the origin of the phase plane in finite time, i.e., ¢y = e; = 0. Similar proofs

can be found in [53] and [126].
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Once the sliding mode occurs, i.e., é; = e; = 0, ff = Iy, it can be deduced
from (4.7) that

~

I .
puUr = ff(KTow—KTw) (410)

The above equation highlights the relationship among the unknown parameter
K, unknown speed w and the designed robust term u; on the sliding surface,
which implies that the parameter K1 can be exactly identified after the estimated

speed has converged to its true value, i.e., 0 = w.

Theorem 4.1. For the system given by (4.1) with unknown parameter K but
ATy = 0, the proposed observer in (4.5) will ensure that the estimated speed

asymptotically converges to its true value on the sliding surface e; = 0.

Proof. On the sliding surface e; = 0, the high gain feedback terms related with
go to zero, so the remaining dynamics of e; can be obtained from (4.1) and (4.5),
as

I;L
oJ

. B Kro
€y = ——€9 E—

K
2 Ar
Tt

2

pUy (4.11)

By substituting (4.10) into the above equation, we have

, B Ko Kr I3 .
b = —eat = 1;—7 f;——@f;(KTow—KTw) (412)
B Kp., wKp
_ B AT WAT
Je T T
B 17Ky
A Y

Since Kp is a positive motor parameter, w can be guaranteed to be positive by
high gain feedback before sliding mode happens. Therefore, a Lyapunov function
can be chosen as V5 = (e5)?/2, and the following inequality holds:

B I]%KT

Vo = —(5+

b =7 ez < 0 (4.13)

Thus, the remaining estimation error e, is asymptotically stable on the sliding
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surface e; = 0. In other words, with the decaying factor [B/J + [7 K7 /(0J)] and

after a finite time, we have © = w. [

After all the estimated states have converged to the true values, i.e., I =1y,

@ = w. The unknown parameter can be computed from (4.10), as

- L
KT = KT(] — 7 P (414)
[fw

As the robust term wu; is designed based on the integral of a second order
sliding mode algorithm, which results in a continuous function, the filtering effect

is avoided.

Remark 4.6. From (4.13), it can be seen that the decaying factor for the error
es 18 only dependent on the motor parameters and completely independent of the
observer gains. Therefore, the operating procedure of the proposed observer can be
described as one in which the high gain feedback works to constrain the estimation
error into a bounded zone, where the sliding condition is satisfied, the sliding mode
feedback then ensures that the sliding surface is reached in finite time and remains
thereafter. Finally, the system structure guarantees asymptotic convergence of the

remaining error dynamics.

4.4 Observer for External Disturbance

With the identified parameter KT, in this section, we shall now consider the
estimation of the unknown speed and external load disturbance. The effect of the

identification error of K7 on the estimation accuracy will be carefully addressed.

4.4.1 Observer Design and Stability
The system uncertainty can be expressed as

Krl;
JL

d(t) AT}, (4.15)
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Then, the original system (4.1) can be rewritten as

. R Ky U
o= AT+ 2
! A A
, B  Kr., Tw L
= By frp fn Y gy A1
“ Vi A Bl oy SL (4.16)

Note that the relative degree between the uncertainty d(t) and the measurable
variable Iy is two, so a second order sliding mode algorithm can be used to estimate

the unknown speed and reconstruct the uncertainty, as given by

X R - Ky - . U
Iy = —Zlf—TTwa+Z—2961 (4.17)
: B. Kp. T 2 206 2L L
b= By Brp T | WR 260 0L L,
J J J o\ Kpl, I Krly Krly

where K7 can be obtained from (4.14),  is the high gain feedback parameter and
ug is the robust sliding mode term, given by [69]

uy = —pssign(z + |ex|'2sign(er))

20 = o

v = 21 — LEMY?|zy — eq|Y2sign(zo — e1) (4.18)
Z = —1.1Msign(z — vo)

Theorem 4.2. For the given system in (4.16), the proposed observer (4.17)-
(4.18) ensures that both the current and speed can be exactly estimated in finite

time provided that f(T = K.

Proof. In order to illuminate the stability of the proposed observer, a nonlinear
state transformation will be introduced, which has also been used in [37]. The
stability analysis will be discussed in the transformed domain.

Let X = [I;, w]”, a state transformation function based on Lie derivatives can

be defined as

x = = O(%) = (4.19)
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with
0D (X 1 0 00(x)]7! 1 0
a(~X) -1 b { 8(}‘)} = | (420
x 11w —1lf X %l T I TRl

Then the system in (4.16) can be rewritten in the transformed domain, as

. 0P (x) -
X = X
ox
P e T )
x L 0
= S I )
f(i[}l,.ilfg) 0 d(t)
with the nominal nonlinear function f(zq,x2) being given by
R Ky R. Kp U Kr B Kp, T
= (AT EL S e — 2y (B - 2Tyt

In other words, the system in (4.16) can be transformed into the following

dynamics with a triangular structure:

jfl == l’g—f—U/L

Note that f(xq,z2) is a nominal nonlinear function of z; and z, (or, Iy and
w). Together with the system uncertainty d(t), they are locally bounded in real

applications.

Similarly, in the case when K7 = K7, the proposed observer in (4.17) can

be transformed into the same domain via X = ®(X)| with the superscript ~

X=X

denoting the corresponding estimated variables. Then, it has

1 = &9+ U/L—20e,
Ty = f([i‘l,jg) + Ug — 9261 (423)

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



62 Chapter 4. Speed and Parameter Identification in a Series DC Motor

where x = [&y, &o)T = [I;, — %ff - %ffd)]T, and e = [e;, ] =% —x.

Therefore, the dynamics of the estimation error e can be described by

él = 62—2961

ég = f(i'l, i‘Q) - f(ill'l, 1'2) — d(t) — (9261 + Usg (424)

It has been proven that, with such a triangular dynamic system, the high gain
feedback [—fe;, — 0%¢;]" works to restrain the error e into an invariant small

zone. Details can be found in Corollary 3.1 in Chapter 3.

Now, consider e; as the sliding variable, its dynamics can be presented as

€1 = é9—20é

= f(j?l, .i’g) — f(l’l, 372) — d(t) — 2662 + 39261 + U2 <425)

For such a second order dynamics of ey, the dynamics on the right hand side
(without wug) is locally bounded. Then, the provided second order sliding mode
feedback uy given by (4.18) ensures that the sliding surface é¢; = e; = 0 will be
reached in finite time and remained thereafter, provided that the parameters ps

and M are chosen large enough [69].

Once the sliding surface is reached, it can be deduced from (4.24) that

el = jf—]f =

0
€y = i’2—$2:0:>(2}—w:0 (426)

which means both the current and speed can be exactly estimated by the proposed

observer (4.17)-(4.18) in the case when K = K. u

After all the states have converged to the true values, i.e., _ff =It, 0 = w, the
system uncertainty d(t) can be reconstructed from the sliding mode term based

on the equivalent input concept, as

d(t) =~ {us}e (4.27)
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where {us}., denotes the equivalent input of us, reconstructed through a low pass

filter. Thus, the external disturbance can be obtained by

_JL

AT
g Krl;

{us}eq (4.28)

Remark 4.7. The sliding mode algorithm used in (4.18) comes from [69], but

one can choose any other second order sliding mode algorithm to design us.

Remark 4.8. The proposed observer in (4.17) combines the high gain observer
with sliding mode term, in which the high gain feedback works to speed up the
convergence, and will restrain the estimation error bounded to a small zone (as
shown in Corollary 3.1 in Chapter 3), then the sliding parameters can be chosen

small to reduce the chattering effect on the uncertainty reconstruction.

4.4.2 Effect of Error in Identified Parameter KT

The above analysis is based on the assumption that the identified parameter Kr
is exactly its true value. However, there is inevitable identification error in real
implementation. Thus, it is necessary to discuss the effect of its identification
error on the unknown speed and external disturbance estimations.

Without loss of generality, we assume that Kr = GBKr, where 3 is a con-
stant value used to indicate the deviation coefficient of the parameter Kr in the
identification.

By denoting @ = (w, the proposed observer in (4.17) can be rewritten as

4 R. Kpr._ U

If = —sz — Tffw + Z - 2(961 (429)

- B_. Kp. T 20R 26w 6?L L

G o= ——o+—Ltp-2 s T e - uy+ H(B)
J J J Krelp 1, Kl Krl;

where H(3) = (3* — 1)% AJ% — (6 — 1)% can be considered as an additional
bounded uncertainty.
It is clear that the rewritten observer in (4.29) is similar to the proposed

observer in (4.17), and one can readily verified that the sliding surface é; = e; =0
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can be reached in finite time and remained thereafter, with the similar procedure

in Theorem 4.2.

On the sliding surface, it can be deduced from (4.15), (4.16) and (4.29) that

o = W/ = w/p (4.30)
JL
ATy = Zpta= [(8° = V)ErI; — (8 — 1)Ty0) (4.31)

Here, the coefficient 1/ in (4.30) denotes the estimation error of speed, and the
residual in the bracket in (4.31) denotes the estimation error of the external load

disturbance.

Remark 4.9. The above analysis results show that with the proposed observer
(4.17)-(4.18), the deviation of non-matching motor parameter K¢ will directly
affect the estimation accuracy of the unknown speed and external disturbance.
However, one can predict the estimation error with (4.31)-(4.32) in advance, if
the deviation coefficient 3 is known. This provides the designer with a choice
to make trade-off between the simplified compensation of parameter Kr and the

estimation accuracy.

4.5 Experimental Results

4.5.1 Experimental Conditions

As shown in Figure 4.2, the experimental setup consists of a single-pole-pair
series dc motor and a dynamometer machine which is used to simulate the load
torque on the motor. A 1024 pulse/rev optical encoder is fixed on the rotor to
provide the real-time rotor speed for comparison with the estimated value from
the proposed observers. A 32-bit fixed point processor, TMS32F2812@Q150MHz
(Texas Instruments DSP), is adopted to execute the observer algorithms, and two
12-bit A/D channels are used to convert the real-time current and input voltage
which are measured by sensors. The main motor parameters are summarized in

Table 4.1.
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4

Figure 4.2: Experimental setup

Table 4.1: A series motor parameters

Rating current 1 15 A

Rating speed w 115 rad/s
Resistance R 0.1 Q

Inductance L 1.44 mH

Inertia J 0.0018 kg - m?
Viscous friction coefficient B 0.0008 N -m/rad/s

Field flux-related coefficient — Ky N-m/Wh- A
Load torque Ty, N-m

For the firmware programming, in order to optimize the execution-speed and
improve the mathematical operation accuracy, we use the TI IQmath Library
package to seamlessly port the floating-point algorithm into fixed-point code on
the device. For example, the multiplication subroutine "IQNmpy(z,y)” takes
about 6 execution cycles, the division subroutine "IQNdiv(z,y)” takes about 63
execution cycles, the square root subroutine "IQNsqrt(x)” takes about 64 execu-
tion cycles, the absolute value subroutine "IQNabs(x)” takes about 2 execution
cycles, etc. For more details about the TT IQmath Library package, please refer
to: http://www.ti.com/lit/sw/sprc990/sprc990.pdf. Meanwhile, some intermedi-
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Figure 4.3: Experimental results with the high gain observer, Ky = 0.003

ate constants are defined to shorten execution time of the proposed observers,
such as ¢; = T,/L, ¢o = Ts/J, ¢ = L/Kro, ¢4 = L/J, etc. With T being the
sampling interval 0.1ms, as well as the observer execution step.

The following experiments are cataloged in three parts: First, the traditional
high gain observer (HGO) given by (4.4) is applied for current and speed esti-
mations. Second, the proposed observer 1 given by (4.5)-(4.6) is performed for
current and speed estimations, as well as the identification of the unknown param-
eter Kp. An indirectly computed Kr is also provided for comparison purpose.
Third, the proposed observer 2 given by (4.17)-(4.18) is used to estimate the

current and speed, as well as the unknown external disturbance.

4.5.2 State Estimations with High Gain Observer

For comparison purpose, the high gain observer proposed in [37], as given by (4.4),
is applied. And the observer parameters are given as: Ko = 0.003 N-m/Wb-A,
0 =2, 1;(0)=3 A, &0) =20 rad/s.

The known load torque is set at 0.24 N -m by the dynamometer machine, and
the input voltage is provided by a DC power supply which is manually operated
to adjust the motor speed. The experimental results are shown in Figure 4.3.

It can be seen that both the estimated current and speed fail to track their
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Figure 4.4: Experimental results with the proposed observer 1, Kry = 0.003

true values because of the parameter uncertainty AKp. Moreover, there is no

mechanism to identify the unknown parameter Kr.

4.5.3 Parameter Identification with Proposed Observer 1

Here, the proposed hybrid observer described in (4.5)-(4.6) is employed, with the
additional observer parameters: p; = 7, po = 3, p = 10000. The experimental
conditions are the same as in the above subsection, and the results are shown in
Figure 4.4 and Figure 4.5.

From Figure 4.4, we can see that the estimated current and speed track their

corresponding true values. Moreover, as shown in Figure 4.4d, the estimation

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



68 Chapter 4. Speed and Parameter Identification in a Series DC Motor
T T -0.1 T T
- - - Robust term u; - - - Robust term u;
0.05- 1 011} i
I -0.12 \ § 1
3 N Y AU I
o] 00y o] ""‘.:'/ 'l’"-‘: 'I.'"\ :"‘"\l :‘.“‘ ‘,"n‘ Il||
= o -oasp oyt SRR A B moY g
g 1:7:5 1 LY VAN \ a [ vy
3 -01f 3 v i v uyy,
o [e] i
o & o1} ' B
-0.15
-0.2 0151 il
-0.25 : . -0.16 ! ! ! !
0 5 10 15 20 4 4.1 4.2 4.3 4.4 45
Time (Sec) Time (Sec)
(a) : nonlinear term wu; (b) : zoom in of wuy
x10°
—— Calculated K
6.6 - - - Estimated K ||
c
s |
E — Calculated K; 5
g . Estimated K | ] T
§ - - =Estim - L
= st s
g P N
2l
il

10 15 20
Time (Sec)

(c) : estimated parameter K

i
4.1

(d)

i i
4.3 4.4

42 . 45
Time (Sec)

: zoom in of K

Figure 4.5: Experimental results with the proposed observer 1, Kry = 0.003

error of speed is restrained to within +5 rad/s after around 2 seconds.

Note that the estimated K7 in Figure 4.5 is a position related function. In

order to provide a comparison that the estimated Kr is accurate, an indirectly

computed K is calculated via

~
~

Kr

(T, + Bw)/IJ%

(4.32)

It should be noted that such calculated K7 requires the real-time information

of speed and is only suitable for steady-state, i.e., w = 0. It is observed that the

estimated K tallies well with the computed one, see Figure 4.5¢ and Figure 4.5d.

In order to demonstrate the robustness of the proposed observer 1 against
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the unknown parameter Kp, the same experiment is repeated by setting Ko =
0.009 N-m/Wb-A. As shown in Figure 4.6, the estimation performance of current
and speed remains good.

Comparing the identified parameter K in Figure 4.5 and Figure 4.6, they
are quite similar, which are position-related functions with an average value of
around 0.006 N-m/Wb-A. In other words, these two experiments are conducted
under +£50% variation of K7, and robustness of the proposed observer against the
unknown parameter K is observed.

It is worth noting that the big difference between these two experimental
results lies with the sliding mode term w;, which is designed to track the uncer-
tainties of the systems. From Figure 4.5b and Figure 4.6d, we can see that the
sliding mode terms are related to the parameter Kro, current /¢ and speed w,
and such relationship guarantees that the unknown parameter K can be exactly
estimated all the time (after all states have converged to their true values), as

given by equation (4.14).

4.5.4 Robustness Study with Proposed Observer 1

It is also of interest to study the estimation performance under high rotor speed
and light load condition, but the experimental DC motor we used is not able
to operate under this extreme condition because of the limitations of the motor
parameters. Thus, we resort to simulation studies to examine the performance of
the propose observer under high rotor speed and light load condition.

The real motor parameters are chosen the same as in Table 4.1, except that
Kr = 0.006 + sin(100t) N - m, Ty, = 0.01 N -m, J = 0.0001 kg - m? B = 0.
The input voltage U is a periodic step function to adjust the speed. The observer
parameter are set as: § = 2, p = 3000, p; =7, po = 3, Kp9 = 0.003 N-m/Wb- A.

The simulation results are shown in Figure 4.7. It can be seen that both the
estimated speed w and parameter K track their true values well even under large
speed variation and light load condition. Meanwhile, a slight estimation mismatch
can be observed in Figures 4.7b and 4.7¢ from 12 seconds to 14 seconds. This

is because the speed estimation error takes a long time to die out for a small

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



70 Chapter 4. Speed and Parameter Identification in a Series DC Motor
15 T T T T 150 T T T T
—— Measured current I (t) —— Measured speed w(t)
- - - Edtimated current I(t) - - - Estimated speed w(t)
10 1 ~—~ 100 - : b
B e o, i proorenrs = [V
5 !
3 E
5 1 5001 T
0 - . . . L 5 L L L 0 . . . . L > L L 5
2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Time (Sec) Time (Sec)
(a) : Iy and Iy (b) : w and w
0.3 T T T T T T T T T 0.2 T T T T
- - - Robust term u, - - - Robust term u,
0.25 1 0.18h 4
0.2 4
0.16 b
~ -~
ST o01s ] 2 » " ‘a ’
hES % 0'147\; ‘\ ,""| \:I Voo e "\\ "\\ |
= o1 — = \ ' ' 1 AP A
) g 2 . ‘N '\ 7N, \
2 g o . ' ~ \; ' o
T 0.05 1 T \
0.1 b
o ]
-0.05 i 0.08 - 4
-0.1 : ‘ : : : ‘ : : : 0.06 : :
2 4 6 8 10 12 14 16 18 4 4.1 4.2 4.3 4.4 45
Time (Sec) Time (Sec)
(¢) : nonlinear term wuy (d) : zoom in of wug
x107°
—— Calculated K
p 6.6/ - - -Estimated K ||

KT reconstruction

—— Calculated K+
- - - Estimated K

2 4 6 8 10 12 14 16 18
Time (Sec)

(¢) : estimated parameter K

Zoom-in of Kr

5.2
4

4.1 4.2 43 4.4 45
Time (Sec)

(f) : zoom in of Kp

Figure 4.6: Experimental results with the proposed observer 1, Kry = 0.009
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Figure 4.7: Simulation results under high speed and light load condition

decaying factor [B/.J + I7Kp/(0J)] as given in Theorem 4.1.
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Figure 4.8: Experimental results with the proposed observer 2, Kr = 0.004

4.5.5 Speed Estimation under External Disturbance

Now, we shall consider the estimation of speed and external disturbance with the
proposed observer in (4.17)-(4.18). In order to verify the effect of the identified
parameter K, we choose K7 = 0.004 N-m/Wb-A, which implies the deviation
coefficient [ is around 2/3. Then, the additional observer parameters are given
as: p3 =05 M =1, 0=2.

By keeping the input voltage at a fixed value and manually increasing and
decreasing the load torque through the dynamometer machine controller, to sim-
ulate the external disturbance, we obtained the experimental results as shown in
Figure 4.8. It can be seen that the estimated speed is apparently higher than its
true value, and it has ©/w ~ 3/2 = 1/ which exactly tally with the analysis
result in (4.31).

With the parameter Kp identified in Figure 4.5¢, which is a position-related
function, for simplicity, we take its mean as the proposed observer parameter,
ie., K7 = 0.006 N-m/Wb-A. As the deviation coefficient 5 in Figure 4.5 is § €
[0.006/0.0065, 0.006/0.0055] ~ [0.923,1.091], we can predict that the estimation
error of speed will lie within w/w = 1/ € [0.917,1.083]. The experiment is
repeated with the same conditions above, and the results are shown in Figure 4.9.

It can be seen that both the estimated current and speed are synchronously

varying with their true values, and the tracking errors lie within the above pre-
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Figure 4.9: Experimental results with the proposed observer 2, Kr = 0.006

dicted range. Moreover, the unknown external disturbance is successfully recon-
structed by a low-pass filter after 1 second.
Small ripples are found on the estimated speed curve. This is normal since

the real deviation coefficient 3 is a varying function with rotor position.

4.6 Simulation Results on the Effects of R and
L

In order to illuminate the sensitivity of the estimate Kr with respect to the
variations of resistance R and inductance L, some Monte carlo simulations will

be conducted based on the proposed observer 1.
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The proposed observer 1 given by (4.5)-(4.6) is used for the simulation, but R
and L are replaced by Ry and Lg, respectively. The estimated parameter Kr in

(4.14) is rewritten as
Ly

KT = KT() — = _PU (433)
]fw

The parameters Ry and Ly denote the measured resistance and inductance,
which are assumed to be affected by measurement noises (with uniform distribu-
tion), i.e., Ry = R+ aR[2rand(-) — 1], Ly = L + vL[2rand(-) — 1], with a and ~
being two tuning scalars, the rand(-) function in Matlab is used to generate pseu-
dorandom values with uniform distribution on the open interval (0,1). Then, the
corresponding expected value and variance of Ry and Lg are given as: E[Ry] = R,
VARI[Ry| = a?R?/3, and E[L¢] = L, VAR|L,| = y?L?/3.

The real motor parameters are chosen the same as in Table 4.1, except that
Kr =0.006 + 0.0005sin(100t) N -m/Wb- A, T, = 0.2 N - m. The input voltage
U is a periodic step function to adjust the speed. The observer parameters are
set as: 0 =2, p=3000, p; =7, py = 3, Ko = 0.003 N - /Wb A; I;(0) =3 A,
w(0) =20 rad/s.

The other parameters are given as: simulation cycles N = 1000; for each cycle,
the duration time ¢ € (0,10) in second, and simulation step Ts = 0.5 ms. The

major simulation steps are given as:
1) Choose the tuning parameters a and ~;
2) Use rand(-) to generate N pairs parameter!, as

(Ro Lo) = {(R) L), (B3, 3), -~ (RY, L)}

3) Use each (R}, L}) as observer parameters in (4.32) and (4.33), i.e., Ry = R},

Ly = Li; do simulation and record the corresponding estimation error at

Fori=1,...,N; Ry and L} are chosen independently.
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each step, as

e (kT,) = I;(kT,) — I;(kTy), k=1,2,...,n;(n
eL(KT,) = &(KT,) — w(kTy)

~

etr(kTy) = Kp(kT,) — Kr(kTy)

4) Computing the corresponding standard deviation of the estimation error via

(kD) = YN RT)R/N, k=12 m
os(KT) = /XX (e5(T))2 /N
orr(kT) = S, (eher(KT2)2/N

5) Draw the figures and repeat all the above steps with different values of «

and 7.

The simulation results are shown in Figure 4.10 - Figure 4.14. It seems the
variation of inductance (null expected value) has no obvious effect on the esti-
mation performance of parameter Kr and speed w, see Figure 4.11 and Figure
4.12; Figure 4.13 and Figure 4.14. On the other hand, the variation of resistance
(null expected value) has small effect on the estimation performance, as shown
in Figure 4.13 and Figure 4.14. However, all the estimation error will converge
into an invariant bounded zone after 2 seconds, demonstrating the robustness of

estimate Kr against R.

4.7 Summary

Based on the measurable current and input voltage, a robust hybrid observer
has been developed for a series DC motor to identify the non-matching param-
eter without filtering effect. The asymptotic stability property is theoretically
proved and also experimental verified. Then, based on the identified parameter,
a second proposed observer is used to handle the unknown external disturbance.

The expected estimation performance is demonstrated via experimental results.
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Figure 4.10: Simulation results with Ry = R, Ly = L, K79 = 0.003
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Furthermore, a series of Monte carlo simulations are conducted to illuminate the
parameter identification performance against the variations of resistance and in-

ductance.
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Chapter 5

A New Perspective on Speed
Estimation in a PMSM

In this chapter, a novel perspective on the design of sliding mode observer to
handle the speed sensorless estimation of a permanent magnet synchronous mo-
tor (PMSM) is presented. The novelty lies with extracting the position related
dynamics from the back electromotive forces (EMFs) and modeling them as un-
known system states, so that the unknown speed remains as the only system
uncertainty that is non-matching in the observer sense. With a one time posi-
tion calibration signal, the proposed observer ensures that the desirable position

information can be exactly recovered without filtering effect.

The chapter is organized as follows: Section 5.1 introduces some existing re-
searches on the speed estimator design of permanent magnet (PM) motors without
mechanical sensor. Section 5.2 presents the mathematical model of a surface-
mounted permanent magnet synchronous motor (SPMSM), and some existing
techniques on sliding mode observer design are introduced. In section 5.3, a novel
perspective on the sliding mode observer design for speed and position estima-
tions is developed, and the stability of the estimation error dynamics is carefully
addressed. In section 5.4, simulation results are presented to illuminate the esti-

mation performance of the proposed observer. Section 5.5 concludes this chapter.
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5.1 Introduction

Permanent magnet synchronous motors (PMSM) have been widely used as servo
motors in precision motion control applications due to their high performance
and high power density. In many high-performance PMSM drives, the field-
oriented or vector control scheme which is based on the real-time information
of rotor position/speed, is adopted. However, the presence of physical position
sensors presents several problems, such as increasing the cost, shorten the lifetime,
degrading the whole system’s reliability and so on. Therefore, speed sensorless
techniques remains an attractive research topic.

During the past several decades, extensive speed sensorless approaches have
been reported and widely performed in many industrial applications, which can
be grouped as [127,128]: fundamental model with measured currents and voltages
based algebraic operation methods [129-131], back-EMF sensing based methods
[132-134], and mathematical model based speed estimators [135-141].

On the other hand, the sliding mode observer has been proven to be one of the
effective methods for the speed estimation in electrical drives [143,144], due to its
insensitivity to parameter variations and capability of reconstructing the system
uncertainties. In [123], based on the measurable currents and input voltages, a
sliding mode observer with switching feedbacks has been applied for the speed
estimation of a PM synchronous motor. Once the sliding modes happen, the
back-EMF's signals can be reconstructed from the corresponding switching terms
by low-pass digital filters, from which the unknown speed and position can be
obtained. Similar work can be found in [119] where a first-order low pass filter
was integrated into the sliding mode observer design. However, for such methods,
the estimation performance suffers from the filtering effect, which causes a time
delay and requires extra compensation for rotor position estimation. In order to
eliminate the filtering effect, an adaptive sliding mode observer using a continuous
function to replace the switching form was employed for the sensorless speed
control of a PMSM [97], which results in a trade-off between the robustness of
the observer and the estimation accuracy of the estimates.

In addition, the back-EMF's based sliding mode observers for speed and po-
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sition estimations in electrical motors are mainly based on the one idea that, by
considering the rotor position/speed related back-EMFs as matching uncertain-
ties, the desirable position and position information can be extracted from the
reconstructed back-EMFs on the sliding surfaces. It should be mentioned that
the applications of such methods are strictly limited to the middle or high speed
situations, and can hardly be applicable in low speed situations because of the

small back-EMF's signals.

In this chapter, we shall propose a novel perspective on position and speed es-
timations of a surface-mounted permanent magnet synchronous motor (SPMSM),
which is to consider the unknown position related dynamics as new system states,
the chattering effect on the position estimation is then completely avoided. Fur-
thermore, in order to improve the speed estimation against the filtering effect, a
super-twisting sliding algorithm is applied. The observability of the both speed

and position will be carefully addressed.

5.2 Preliminaries

5.2.1 Mathematical Model

For a surface-mounted PMSM, the mathematical model in the stator fixed-frame,

i.e., the (o) frame, can be described as [107,140]

B R 1 n U,
e — Lza Lea I

= ——ilg3— — — 1
13 LZB L@g—l— 7 (5 )
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where
la, 18 The currents on «a-axis and (-axis, respectively
Uq,ug :  The voltages on a-axis and (3-axis, respectively

€a, €8 : The back EMFs on a-axis and [-axis, respectively
R:  Stator resistance

L Stator inductance

The back electromotive forces can be represented in the form of

€ = —Apwsind

eg = Apwcosl (5.2)

where A¢, w and 60 represent the magnetic flux parameter of the PM, the electric

angular speed and the rotor angle position, respectively.

In a speed-variable control system with the field-oriented scheme, the rotor
position related information, namely the matrix of the Park’s transformation

[140], is mandatory for the controller design, which is given as

cosf sinf
T(0) = (5.3)
—sinf@ cosf

Therefore, the objective of the speed sensorless observer design is, based on
the measurable currents and input voltages, to provide the estimations of rotor

speed w, as well as the position related functions sinf and cos 6.

Remark 5.1. The currents and voltages in the stator fized frame can be directly
computed from the measurable three phase currents and wvoltages. For ease of
analysis, in the following, the currents and voltages in the stator fized framed are

assumed to be known.
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5.2.2 A Conventional Sliding Mode Observer

In general, sliding mode observer design is only based on the dynamic system
given by (5.1), to recover the back-EMF signals e, and eg. Then, the required
information of speed and position can be extracted from the relationship in (5.2).
In other words, by considering the EMFs as unknown dynamics in (5.1), a con-

ventional sliding mode observer can be designed in the form of

X R/\ U’CM 1 -

= ——ia 2+ —H

la Lza+ 7 + 7 (1a)

A RA, Uﬂ 1 —

i3 = —zZﬁ + f — EH(%ﬁ) (54)

where i, = i, — i4, and ig = ig — ig represent the estimation errors of currents,

with "~ denoting the corresponding estimate.

H (i) and H(ig) are two properly designed sliding mode terms to ensure that
the sliding surfaces i, = 0 and ig = 0 are reached in finite time and remained

thereafter. One common choice is given as [123]

H(io) = —plsign(%a—ia)

H(ig) = —posign(is —ig) (5.5)

with sliding gains chosen large enough, i.e., p1, p2 > |eq s

Once the sliding modes happen, i.e., i, = 0, ig = 0, based on the equivalent
injection input concept of sliding mode [52], the EMFs can be recovered from

(5.1) and (5.4), as

ta = —{H(ia)}oq: ep = —{H(ip)},, (5.6)

where {-}¢, denotes the equivalent injection signal of the corresponding switching
term, which can be obtained by a low-pass filter. Therefore, the rotor speed and

position can be estimated via

6 ~ tan! <%>7 S5 =0 (5.7)
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On the other hand, the desirable rotor speed and the rotor position related

functions can also be recovered via

sind = {H(ia)},, /(\@),  cosb = —{H(ip)},, /(As@) (5.8)

with

o = J{HG)Y, + (H i)Y, /A (5.9)

Remark 5.2. With the conventional sliding mode observer in the form of (5.4),
the accuracy of speed and position estimations will be degraded by the filtering
effect caused during the construction of back-EMF signals (5.6), as well as the

computational errors in (5.7) - (5.9), especially at the low-speed situation.

5.3 Observer Design and Stability

Since it is the information of sinf and cos#, but not #, that is required for the

Park’s transformation, we define a new system state vector as x = [z, Tq, T3, 24]T =
[ies 73,806, cos O]

from (5.1) and (5.2), as

. Then, the corresponding system dynamics can be obtained

Lo RN
r, = LIE1 I 3w Lua
R A 1
.%"2 = —ZSCQ — ffl'4w + ZUﬁ (510)
i’g = W
j74 = —XT3w

with the states x; and x5 being measurable. Note that we have relax the identity

condition of sin®#@ + cos?6 = 1.

Further, an implicit condition 6 = wis applied in the represented dynamic

system (5.10), which results in the unknown speed w being a non-matching in the
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observer sense. Then, a sliding mode can be designed in the form of

R

: . 1 f

rK = —L£L'1+ Lua+ LU1

: R. 1 )

Py = ——@y4 —ug+ L 5.11
To L$2+Lu3+ Lu2 ( )
.f?g = —Us

‘%4 = —U

where X = [:%1,3%2,52'3,924]T denotes the estimate of x; u; and uy are the sliding

mode terms, given by

uy = —kysign(z; — xq)

Uy = —kQSign(i'g—fL‘g) (512)

Theorem 5.1. For the new dynamic system in (5.10), the proposed observer given
by (5.11)-(5.12) ensures that the sliding surfaces 1 —x1 = 0 and T9 — xo = 0 are
reached in finite time and remained thereafter, provided that the sliding gains are

chosen to satisfy ky, ko > |w|.

Proof. Let the estimation error e = [ey, ey, €3, e4|T = [&1 — 1, To — To, T3 — T3, Ty —

z4]7, the dynamics of e; can be obtained from (5.10)-(5.12), as
é1 = [—Re; — Akysign(er) — Azsw]/L (5.13)
Then, define a Lyapunov function as V' = (e1)?/2, it can be readily deduced that

V = 61é1
= [~R(e1)’ = (k1 — wawsign(e1))le:[]/L (5.14)
< [=R(er)” = Ak1 — [w])]ed]]/L
< 0, (for V #£0)

Therefore, the sliding surface e; = 71 — x; = 0 will be asymptotically reached

and remained thereafter. Similarly, the sliding surface es = 29 — x5 = 0 can be
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reached by choosing ks > |w|. |

Theorem 5.2. For the dynamic system in (5.10) with the stator resistance chang-
ing slowly, the proposed observer given by (5.11)-(5.12) ensures that the reduced-
order estimation errors of x3 and x4 are globally bounded/stable; furthermore,

there exists a time constant Ty such that ¥t > Ty, it has

i’g(t)—l’g)(t) = Al
Fat) —aa(t) = Ay (5.15)

with Ay and Ay being two constant values.

Proof. According to Theorem 5.1, the proposed observer ensure that the sliding
surfaces are reached in a finite time, denoted as Tj, and remained thereafter. In

other words, Vt > Ty, it has 21 = x1, and 29 = x9. Then, it can be deduced from

(5.10) and (5.11) that

r3w = Uy = —klsign(il—xl)

—Tqw = uy = — kosign(Ty — o) (5.16)

By substituting (5.16) into the dynamics of e3 = &3 — x3 and ey = T4 — x4, it
can be readily obtained that
ég = —Ug — TyWw = 0

(5.17)
g = —uptrw = 0

The above two equations imply that, after the sliding surfaces are reached,
i.e., t > Ty, the estimation errors of x3 and x4 are constrained into two constants.

In other words, the two equalities in (5.15) are true. [ ]

Corollary 5.1. On the sliding modes surfaces, the unknown rotor position related
states x3 and x4 can be ezxactly estimated by the proposed observer in (5.11),
provided that there exist two time instants Ty > Ty and Ty > Ty such that x3(t =

T1) and x4(t = T3) are measurable.
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Proof. According to Theorem 5.2, A; and A, are time-independent constants,
then they can be exactly estimated at the time instants 77 and 75, respectively;
ie, Ay = (Z3—x3)|i=r, and Ay = (Z4—2x4)|t=1,. Therefore, Vt > max{T}, T»}, the
states x3 and x4 can be exactly estimated by 23 and &4 based on the calibration

of Ay and A,, respectively. [ ]

Remark 5.3. In real applications, the calibration time instants can be chosen
while the phase back-EMFs are crossing zeros. For ease of analysis, we assume
that eqli=r, = —Ajwxslier, = 0, and egli—r, = Apwzal=r, = 0. In other words,
together with the back-EMF sensing techniques [132-134], the proposed observer
given by (5.11)-(5.12) provides a novel and robust estimations of the rotor position

related signals sin @ and cos @ for the Park’s transformation (5.3), without filtering
effect.

Remark 5.4. Form the observer design point of view, the proposed sliding mode
observer given by (5.11) ensures that only partial states of the system (5.10) can
be exactly identified on the sliding surfaces (see Theorem 5.1), and the remaining
states and unknown speed failed to be observable (see Theorem 5.2). Compared
with the conclusions in Chapter 3, this can be considered as a practical example
of case 2, in which the reduced order dynamics is stable, but not asymptotically

stable.

For the unknown rotor speed w estimation, it can be extracted from the iden-

tified rotor position related states x3 and x4 after t > max{7Ty,T,}, as

R [z
@& = tan ! (é) ‘thaX{ThTQ} (5.18)

Besides, it can also be reconstructed from the sliding mode terms once the

sliding surfaces are reached, i.e.,

o = ) + ({wder)iom, (5.19)

with ({u1}e, and ({u;}e, being the equivalent injection signals of u; and us,

respectively, which can be obtained via low-pass filters.
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Note that the formula in (5.18) involves the division operator which may
case computational error when the denominator is close to zero. For the other
formula in (5.19), the accuracy will be affected by the filtering effect because of

the switching mechanism in u; and us.

Remark 5.5. In order to improve the speed estimation performance, the sliding
mode terms uy and uy in the proposed observer given by (5.11) can be replaced

with the super-twisting algorithm, which are given in the form of [53]

w = —kyldy — x|V sign(i, — x) + vy

1.)1 = —klgsign(il — 5(71) (520)
and

Uy = —k’21|i’2 — x2|1/232’gn(£2 — IL‘Q) + v

1')2 = —kQQSiQN(£2 — IQ) (521)

with k11, k12, k13 and k14 being the properly chosen positive sliding gains.

It has been proven by geometrical methods [53], or by means of the Homo-
geneity properties of the algorithm [71], that the super-twisting algorithm given by
(5.20) and (5.21) will ensure the sliding surfaces ¢, = e; = 0 and é3 = e3 = 0
are reached in a finite time and remained thereafter. Then, the speed estimation

formula in (5.19) can be updated as

w = V(u)*+ (u2)?i>m (5.22)

Thus, the filtering effect on the speed estimation can be completely avoided.

5.4 Simulation Results

For the simulation purpose, the motor parameters in (5.10) are chosen as [107]:
R = 0.3 ohm, L = 3.366 mH, Ay = 0.0776 Wb, and the real rotor speed is

assumed as w = 3 X (1+0.6sint), with the initial values of the motor as: [,(0) =
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I5(0) = 10 4, 6(0) = 0.27.

The following simulations are cataloged in four parts: First, the conventional
sliding mode observer given by (5.4)-(5.5) is applied to estimate the position
related functions and speed via (5.8) and (5.9), respectively. Second, the proposed
sliding mode observer given by (5.11)-(5.12) is performed for the position related
functions and speed estimations. Third, based on Remark 5.5, the proposed
observer (5.11) appended with (5.20)-(5.21) is used for speed estimation, as well as
the position related functions. Last, in order to study the robustness of proposed

observers, similar simulations are repeated with 30 d B current measurement noise.

5.4.1 With Conventional Sliding Mode Observer

For the purpose of comparison, the conventional sliding mode observer given by
(5.4)-(5.5) is applied. The observer parameters are given as: p; = ps = 0.7,
1,(0) = I5(0) = 0, ©(0) = 0, 6(0) = 0; the simulation step is set to 0.5 ms.

The simulation results are shown in Figure 5.1, in which two low-pass filters
are used for the reconstruction of back-EMFSs, so that the unknown speed can be
recovered. However, it causes an undesirable time delay for the speed estimation,
as shown in Figure 5.1e. Similar issues are also involved in the reconstruction of
the rotor position related functions, see Figure 5.1c and Figure 5.1d. Note that

there is no calibration signal required for the conventional sliding mode observer.

5.4.2 With Proposed Sliding Mode Observer 1

Here, the proposed observer described by(5.11)-(5.12) is employed, with observer
parameters k; = ko = 7. The other simulation parameters are chosen the same
as in the above subsection.

According to Corollary 5.1, we assume that, at the time instant 77 = T, =
6 seconds, the back-EMFs signals can be exactly measured for calibration pur-
pose. The simulation results are shown in Figure 5.2. It can be found in Figure
5.2c and Figure 5.2d that the desirable rotor position related signals can be exactly

estimated without filtering effect after the calibration. However, there still exists
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small ripples on the recovered speed signal (via the formula of (5.19)) because of

the requirement of low-pass filters, as shown in Figure 5.2e.

5.4.3 With Proposed Sliding Mode Observer 2

Now, we shall consider the estimation performance with the proposed observer
of (5.11), appended with the sliding mode terms given by (5.20) and (5.21). The
simulation parameters are chosen the same as above, except that the sliding gains
are given as ki1 = koy = 1, k1o = koy = 20.

The improved performance can be clearly seen in Figure 5.3, and the visible

ripples disappear in speed estimation, as shown in Figure 5.3e.

5.4.4 Robustness Study with Measurement Noise

In order to study the estimation performance in case of measurement noise, the
above simulations are re-conducted by adding 30dB white-noise on the measure-
ment signals, with functions awgn(1l,,30, ') and awgn(Iz,30,” ') in Matlab, see
Figure 5.4a, Figure 5.5a and Figure 5.6a.

The simulation parameters are chosen the same as above, except that a simple
digital filter is applied on the currents to handle the measurement noise, i.e.,
I, (k) =320 I (k — i) and Ig(k) = 37, Is(k — ). Then, the simulation results
are shown in Figure 5.4, Figure 5.5 and Figure 5.6. Clearly, the proposed observer
2 provides a better estimation performance on the speed and rotor position related

functions than both the conventional one and the proposed observer 1.

5.5 Summary

Based on the idea that the chattering/filtering phenomenon of the sliding mode
observer affects only the reconstructed uncertainties, but not the unknown system
states, a novel perspective on the estimation of rotor position related signals in
a surface-mounted PMSM is presented. With a one time calibration of the esti-
mated position information, the real-time position related Park’s transformation

matrix can be exactly identified without filtering effect. Moreover, the rotor speed
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can be estimated without filtering effect with the application of the super-twisting

algorithm.
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Chapter 6

State and Unknown Input
Estimations in MIMO Systems

In the 3 preceding chapters, we have studied the design of hybrid nonlinear ob-
servers that combine full-order high gain feedback with higher-order sliding mode
feedback, and demonstrated their different characteristics with practical exam-
ples of DC and PM motors, respectively. We showed that the stability of the
reduced-order dynamics is completely independent of the observer gains, and is
only related to the original system structure.

In this chapter, we shall look into the state estimation of a class of multi-input-
multi-output (MIMO) nonlinear systems where the number of output measure-
ments is more than the number of unknown inputs. Then, with less restrictive
system structure assumptions, we are able to ensure asymptotic stability of the
reduced order dynamics. For the systems under consideration, the unknown in-
puts still enter the systems via unknown-state dependent matrices. From the
observer design point of view, such unknown inputs are termed as non-matching
in the observer sense and the systems may not satisfy the strict involutive condi-
tion. For this class of systems, we shall show that the identifiability of both the
unknown inputs and states can be guaranteed. A numerical example is given to
illuminate the effectiveness of the proposed observer.

The organization of this chapter is as follows: Section 6.1 introduces some

existing techniques on the estimation problem of MIMO systems. In section 6.2,
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the system description is presented, as well as some nonlinear transformation
results. In section 6.3, a robust hybrid observer which consists of high order
sliding mode terms and a reduced-order high gain feedback is proposed, and the
observability of the unknown inputs and states is carefully addressed. In section
6.4, a six-order numerical example is used to demonstrate the proposed observer

design. Section 6.5 concludes this chapter.

6.1 Introduction

In general, sliding mode observer design for state and unknown input estimations
of uncertain MIMO nonlinear systems is often based on the requirement of involu-
tive condition [105], with which the original uncertain system can be decomposed
into two subsystems: the first one, which is constructed via Lie derivatives of the
system outputs, has a differential structure with the unknown inputs appearing in
the corresponding last dynamic equation, and the other subsystem has a nominal
dynamics. However, the observability of the unknown inputs can be ensured only
when the nominal subsystem is self asymptotically stable on the sliding surfaces,
which is difficult to verify [78]. It also has been mentioned in [62] that the remain-
ing system states will fail to be identified if the reduced-order nominal subsystem
is unstable.

In addition, another critical obstacle for unknown input estimations of a
MIMO system lies with that the involutive condition only guarantees the ex-
istence of the nominal subsystem, but no explicit formulation has been proposed
on how to construct it. Therefore, the stability of the nominal subsystem is dif-
ficult to check, and the identifiability of the unknown inputs and states of the
original system cannot be guaranteed.

In this chapter, we shall consider a class of uncertain MIMO nonlinear systems,
in which the unknown inputs are non-matching in the observer sense, as defined in
Definition 3.1. With the assumption that the number of measurement outputs is
more than the number of unknown inputs, a hybrid observer that combines higher

order sliding mode feedbacks with a reduced-order high gain feedback is proposed,
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in which the high order sliding mode feedbacks work to ensure the corresponding
sliding mode surfaces are reached individually and remained thereafter, and the
high gain feedback designed based on an extra output guarantees the asymptotic
stability of the remaining estimation dynamics on the sliding surfaces. The iden-
tifiability of the unknown inputs and states can be guaranteed based on the idea
that the unknown inputs can be replaced by some nominal dynamics when the

corresponding sliding mode happens.

6.2 Preliminaries

6.2.1 System Dynamics

Consider the class of locally stable multi-input-multi-output systems that is de-

scribed as

X = f(x) +Gx)p(t)

y = h(x)
where x € R", y € R, f(x) € R*, h(x) = [h(%), ..., hpsr (x)]T € R,
G(x) = [g1(x), ..., 8n(X)] € R™™, p(t) = [p1(t),...,om(t)]" € R™, and g;(x) €

R" i=1,...,m < n are smooth vector and matrix functions defined on an open

(6.1)

set  C R". p(t) is the unknown input vector, which is required to be identified,

together with the state vector x.

Assumption 6.1. The first m outputs have a vector relative degree {ry,...,rm}

corresponding to G(x) at each point x € 2, i.e.,

ngL’;hi(a}):O, Vi=1,....m, Vk<r;,—1, Vi=1,....m

ngL;Flhi(:c) # 0 for at least one 1 <j<m

where Lie derivative is defined as Lsh;(x) = [Oh;(x)/0x|f. Furthermore, the fol-
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lowing m X m matriz

Lo Ly 'hi(x)  Lg, L7 'hi(x) ... Lg Ly 'ha(a)

ro—1 ro—1 ro—1
B(z) LglLfQ. ho(x) LgQLfQ‘ hy(x) - LgmLfQ' ho(x)
Lg Ly 'hy(@) Lo, Ly hy(x) ... Lg Ly 'hy(x)

is non-singular at each point x € €.

Assumption 6.2. The extra output hy,.1(x) is said to have a relative degree 1,1

with respect to the unknown inputs at each point x € ). i.e.,

Lg, L1 () = 0, Vi=1,...,m, Vk<rp—1,

LgiL;m“_lhmH(w) #0 for at least one 1 < j <m

with the total relative degree ry, = Z?jl Ti = Tsm + Tma1 < n, where rg, =

Z?il -

Note that Assumption 6.1 on the definition of vector relative degree is firstly
proposed in [105] for a square system, and similar definitions can also be found in
[62,78]. The non-singular matrix E(x) is required to ensure that all the unknown
inputs can be reconstructed individually after all the states have converged to their
true values. Assumption 6.2 is a new definition of the relative degree between the

extra output h,,41(x) and the m unknown inputs ¢;(t), 1 =1,...,m.
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6.2.2 Coordinate Transformation

Based on the system given by (6.1), a new basis chosen based on Lie derivatives

is given as follows:

€T T eR: i=1,....m

¢l i ¢! (x) hi(x)
¢ & . e, oo |8 2 o(x) | _ th‘i(X) g
em 3 i (x) Ly~ hi(x) (6.2)
M Prom+1(X) hin1(x)
. Oromt2(3) [ [ Lphma() | o
Mn—ram Pn(x) L Ry (x)

Assumption 6.3. The mapping function ®(x) defined below is a local diffeomor-
phism Ve € Q, which means x = ®~1(£,n),

() = [$1(2),.... ¢ (). 01(2),.... 07, (@), ...,
ng(“’)? ) m(m)7¢rsm+1($), R ,¢n<$)]T € R"

7;'6'7 (D<€777) = [é-llaa 1}175%7"'75327"-agina-"75;?,177717"'777n*7“sm]TE%n

It can be seen that the mapping function ®(£,n) is strictly defined based on
the Lie derivatives of the measurement outputs. Assumption 6.3 implies that the
state x can be recovered by means of inverse mapping, so the observer design of

the original system (6.1) can be discussed in the new transformed domain.

Suppose that the original system given by (6.1) satisfies Assumptions 6.1-6.3,

then it can be represented in the form of

o= NE+T(En) + N (Empt), Vi=1,....m
n = An+al&n) +PEn)et)

(6.3)
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where
010 ...0
001 ...0
A= SR
000 ... 1
000 ...0
0 0
Ui(E,n) = = ' c R
0
Lg hi(x) Lethi(®71(&,m))
0 0
MN(Em, () = =
0 0
Sy L Ly~ hi(x) 5 (1) S Ly, Ly~ hy(@71(E,m)) s (t)
and
010 ...0
0
001 ...0
A= € RO—rem)x(n=rem) = (€ n) =
0
000 ...1 L (@ E )
000 ..0 £ T i
P(&n) = PYEN), PHE D), ..., p™ (& n)] € RI—rem)xm
0 0
(&) ' ’ S
p 777 - r _ — ” sm
Lg Ly i1 (%) Lg, L™ Ry (971(E, 7))
Lg, LY hy g () Lo, L{ " (@71(E, 1))
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It can be seen that the original system given in (6.1) has been decomposed into
two subsystems that are both described in the I/O form. Asshown in (6.2), for the
¢ subsystem, the dynamics of each £ has a differentiator structure with unknown
inputs appearing in the corresponding last dynamic equation, respectively. For
the n subsystem, it can be considered as a non-minimum phase dynamics, in
which the distribution matrix P (&, n) includes unknown states, i.e., the unknown

input vector ¢(t) is non-matching in the observer sense.

6.2.3 Problem Formulation and Difficulties

The objective of this chapter is to design a robust observer for the estimation of £
and 7 in the transformed dynamic system (6.3), thereby recovering the state x and
the unknown input ¢(¢) in the original system (6.1). The observer design in the
remaining part of this chapter will be discussed in the context of the transformed
domain, and we address the asymptotic convergence of the estimates é , n and

~

©(t) to their true values, i.e.,

lim [~ €] = 0 (6.4)
lim [~ 7 = 0 (6.5)
lim [[5() — ()| = 0 (6.6)

It should be mentioned that the unknown input observer design for MIMO
nonlinear systems is often based on the involutive condition of the distribution
matrix G(x). As a result, the original uncertain system can be decomposed into
two subsystems, of which only one is affected by the unknown inputs and it has
the same structure of ¢ in (6.3). The other subsystem’s dynamics is assumed
to be nominal and self stable which is difficult to check, because the involutive
condition only guarantees the existence of such a nominal subsystem, but no
explicit formulation is available on how to construct it [62,105].

In order to provide an explicit state transformation formulation and to guar-
antee the identifiability of the unknown input, we consider a class of nonlinear

uncertain systems that can be transformed into the I/O form as in (6.3). Unlike
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the nominal dynamic subsystem in [62, 78], the n subsystem in (6.3) is obtained
by the Lie derivatives of an extra measurement output, i.e., 71 = h,41(X), and
the relative degree between the extra output and unknown inputs is assumed to
be 7,41, as defined in Assumption 2. To obtain the asymptotic stability of the

observer, the following structure assumptions are required.

Assumption 6.4. For the & subsystem, the components of vector W'(£,n) are
assumed to be Lipschitz functions with respect to n, and each component includes
only the upper r,, 1 components of vector n, which is more general than the tri-

angular structure, i.e.,

L?hz(q)_1<§7n)) = wi<§77717--‘777rm+1)7 L= 17"'7m (67)

Assumption 6.5. The Lie derivative function Ly~ hy, 1 (®7H(E,1)) in the vec-

tor of a(&,m) is a Lipschitz function with respect to their arguments, i.e.,

L g (B7HER)) = LF " hnga (D7HE )| < LallI€ =€l + 117 =)
(6.8)

with 1, being a Lipschitz constant.

Assumption 6.6. Consider the matriz P(£,n)E (O 1(£,7)) £ P(¢,n), each
column vector has the triangular structure with respect to n, and their moduli are
locally bounded on R; furthermore, their components are all Lipschitz functions.

In other words, let P(¢,n) = [p',...,p™] € RO—7sm)*™ it has

f’z(fan) = [07"'a07ﬁ;i~m+l(€7nla"'7777‘m+1)a"'7
ﬁimﬂ(fﬂh, s 777n—rsm)]T eRVTm di=1,...,m
(6.9)
with ﬁm+l(§,n1,...,nk), Vi=1,...,m,Vk = rpi1,...,0 — Tsy, being Lipschitz

functions.

Assumption 6.4 means that the £ subsystem is only related to the first r,,,
states of the n subsystem, with r,,,1 being the relative degree between the un-

known inputs and the measurable output in the n subsystem. In the case when
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the relative degree is full order, i.e, 7,11 = n — rg,, then the new function given
in (6.7) can be rewritten as v,;(£,n) which has the similar structure as in [78].
Assumptions 6.5 and 6.6 can be conservative but they are required to ensure
the uniform observability of the 1 subsystem. It has been proven in [35] that
a nominal nonlinear system with triangular structure is uniformly observer for
any known input. Together with Assumptions 6.4-6.6, they allow us to guarantee
the uniform observability of the n subsystem if the unknown input ¢(t) can be
replaced by some nominal dynamics. Besides, in Assumption 6.6, the first (r,, 11—
1) components of each column vectors p’(+) are zeros, because the relative degree
between the extra measurement output 17, = h,,1(x) and the unknown input

vector o(t) is assumed to be r,,41 in Assumption 6.2.

6.3 Robust Hybrid Observer Design

In this section, a robust nonlinear observer that combines the high order sliding
mode feedbacks with a reduced-order high gain feedback is proposed for handling
the state estimation of the transformed dynamic system given by (6.3), and the
unknown input will be reconstructed after all the states have converged to their
true values.

For the £ subsystem, it can be considered as m dynamics of £,i = 1,...,m,
with each of them processing the differentiator structure and the unknown input
appearing only in the corresponding last dynamic equation. Then, the quasi-
continuous sliding mode observer with the higher-order sliding mode differentiator
can be used to handle these m dynamics, and the corresponding m sliding surfaces
will be individually reached in finite time.

Once all the sliding surfaces are reached, the unknown inputs in the n sub-
system can be completely replaced with some nominal dynamics and hence the
uniform observability property of the n subsystem can be ensured. Then, the
reduced-order high gain feedback which is designed based on the extra measure-
ment output will guarantee the asymptotic convergence for the remaining estima-

tion error on the sliding surfaces.
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6.3.1 Sliding Mode Feedbacks Design

By defining the m sliding variables o; = éi - &= é’i — hi(x), i =1,...,m, the
derivatives of o; can be estimated in finite time by the higher-order sliding mode

differentiator [69], which can be written in the form of

<0 = Yo
h = Nl -l sign( — o) + 4
21 = Yy,
v = =AYl = ol Dsign (2 — vh) + 25
(6.10)

ZT‘Z'—Q - /UTi—Q’

i _ % % i 1/24; ) % i
,U’I”l'f2 - _)\Ti72|z’r‘¢72 - IUT‘Z'73’ / Slgn(z’mfZ - ,UT‘Z'73) + ZT‘Z'fl
2 = =\ sign(z?_, —vl )

7"1'—1 - T’Z‘—l g 7",‘—1 ’I"l'—2

where the positive parameters Ai, k = 0,...,r;, — 1, ¢ = 1,...,m are properly

chosen. Then, the following equalities are true after a finite time transient process,
d—o® =0 k=0...rm-1 i=1...m (6.11)

where agk) denotes the kth-order derivative of o;.

Based on (6.10), the m sliding mode feedbacks can be designed based on the

quasi-continuous high order sliding mode technique [71], as given in the form of

U, = —pilip, (20, 2,...,2L 1), i=1,....m (6.12)
where, for k =0,1,...,r;, — 1, Iy ., are computed via
Yo,r; = Zév NO,T»L' = ‘Z(l)’a FO,T‘Z‘ = P)/O,ri/NO,ri = Slgﬂ(Zé)
Vs = 2 + BN/, (6.13)

Nkﬂ“i = ’zlzcl + ﬁlingﬁljfi)/(riikJrl)’ Fk,m‘ = fYk,Ti/Nk,m

Here, the positive tuning parameters 8, k = 1,...,r; — 1, ¢ = 1,...,m are
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chosen in advanced, and the sliding gains p; should be chosen large enough.

Now, considering the m dynamic systems of £ in the £ subsystem (6.3), the

corresponding high order sliding mode observer can be designed as

§ = A+ V(EN+N(w), i=1...m (6.14)
where § = [é e, ém]T and 7 are the estimated vectors of £ and 7 respectively.
Furthermore,

: 0 0
g=71. V= o N(uy) =

0 0

3 ) Uy,

Here, the function 1;(-) is exactly the same as Lg'h;(-), as assumed in Assumption

6.4.

It has been proven in [69] that such sliding mode observer in (6.14) ensures
the sliding surfaces are reached in finite time and remained thereafter, provided
that the sliding parameters are properly chosen. In other words, it has

(ﬁ'*l):...:gi:@ 1=1,...,m (6.15)

0;

which implies the state £ can be exactly estimated after a finite time transient:

éi =& i=1,...,m, ie., f = £. Then, based on the equivalent injection input
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concept and together with Assumption 6.4, the following equalities hold:

try + P E N ) = LT )

= D0 L Ly ha (@71 (€ 1))y (t)
Uy + 2 (E 0, ) = V26105 )

= YLy L, Ly ha(D71(E, 1)) (1)

Up,y, + ¢m(fa7717 s 7777“m+1> - ¢m(f;7h, B JnTm+1)

= Y iy Lg, L iy (@71(E,m)) 5 (1)
(6.16)

With the definition of matrix E(®~1(£,7)) in Assumption 6.1, the above equalities

can be represented in a vector/matrix form as

u+ A7), n) = B(®7(E,7))e(t) £ B n)e(t) (6.17)
where
U, D&y ) = 1T, T )
ae | | ewn A = Ua(&, s ) el )
U, D&ty - Trs) = Yo (11, )

Furthermore, as the matrix E(-) is assumed to be non-singular, the unknown

input vector () in (6.17) can be obtained as
p(t) =E7 (& n)u+ A, n)] (6.18)

The above equation (6.18) shows the relationship between the unknown input
vector ¢(t) and the sliding mode terms related vector u, which implies the un-
known input vector can be recovered from the vector u if all states can converge

to their true values, i.e., A(1,n) = 0.

In the following section, we shall consider a reduced-order high gain feedback

design to ensure that the remaining states in the 7 subsystem can be asymptoti-
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cally estimated.

6.3.2 High Gain Feedback Design on the Sliding Surfaces

On the sliding surfaces given by (6.15), the 1 subsystem can be reduced into the
following form by substituting equation (6.18) into the dynamics in (6.3), as

no= An+a&n) +PENET(En)u+ A1) (6.19)

Clearly, the unknown input vector in the 1 subsystem is completely cancelled
while all the sliding modes occur. Together with the triangular structure assump-
tions in Assumption 6.4 and Assumption 6.6, the uniform observability of the n
subsystem is guaranteed.

Then, an (n—rg,;, )th-order high gain feedback can be designed for the remain-

ing state estimation of the n subsystem, as given by

No= Af+alSn)+PENEE N+ L (x) — Ci (6.20)

where hp,1(x) denotes the extra measurement output of the original system (6.1),
the constant row vector C is defined as C = [1,0,---,0] € R* "~ and the

feedback gain L is designed based on the high gain theory [36], given as

L = Se—lcT _ wczllirsm’ 02072177*5”17 e en—rsmcn—'r’sm]T c Rn—Tsm (621)

N—Tsm

with Sy being a positive symmetric matrix function of parameter 6, as

(—1)Hici, m!
Se(i,j) = ——— =2 1<i,j<n -1y, OF = ——
ol,J) piti-1 =0 = m = m — k)lk!
By defining the remaining estimation error e, = 7 —n = [e],...,en_, ] €

Jt~"sm | the following Theorem guarantees that the estimation error e, is asymp-

totically stable on the sliding surfaces.

Theorem 6.1. On the sliding surfaces (6.15), the proposed high gain observer
given by (6.20)-(6.21) ensures that the remaining state 1 can be asymptotically

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



114 Chapter 6. State and Unknown Input Estimations in MIMO Systems

identified, provided that Assumptions 6.1-6.6 are satisfied and the high gain feed-
back parameter 0 is chosen large enough, i.e., 0 > max{6y, 1}, with 6y being given
by

0y = o(81)2ln +2(n — 1 + 1)1p + 2mlyby) (6.22)

where Sy is equal to the matriz Sy by setting 0 = 1, 0(S;) denotes the condition
number of 81; la, 1p, and ly are some positive Lipschitz constants; p and b, are
positive constants related to w and P(-), respectively; and 1y, is the total relative

degree.

Proof. On the sliding surfaces, i.e., é = ¢, the 1 subsystem in (6.3) can be rewrit-
ten in the form of (6.19), then the dynamics of the estimation error e, can be

obtained from (6.19) and (6.20), as

& = (A-S;'C"'Cle,+a(&n) —al&n) — P& A

_ i (6.23)

with P(-) = P(-)E™!(:) being defined in Assumption 6.6, u and A(#),n) being

defined in (6.17). For ease of analysis, the following equalities are introduced [36]:

1
Rt

ApAN; = 0A, CAy=CA,' =C,

1 1
Ay = diag{1, i Sy = éAeslAm

0Sy + ATS, +SyA —CT'C =0

By setting e; = Age,,, and define a Lyapunov function as V' = el'S;ey. Then,

it can be deduced from (6.23) that

Vo= 2elS;Age,
= 2eS1A¢(A —S;'C" C)e, + 2¢]S1 Ag[a(é, 7)) — (€, n)]
— 2e§S1A¢P (&, m) A7), 1) + 2e7S18¢[P(€,7) — P(&,m)]u (6.24)
= 20ejS1Aeq — 20| Ceq||* + 2e7S1M¢[r(€, 1) — (&, 1))
—2e7S18¢P (&, m)A(1), 1) + 26581 4¢[P(&,79) — P(¢,n)lu
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Furthermore, with the equalities listed above, it has
2elS1Ae; = el(S1A+A"S))e; = —el'Sie;+||Ceyl (6.25)

Based on Assumption 6.5, a(-) is a Lipschitz function vector, and for any

0 > 1, we have

. 1 R
1Bola(€. ) —al&nlll = Zo=o=lallf =l < lallAseyll = lalleall (6.26)

where [, is the Lipschitz constant of the function L{™"*™h,,1(-) defined in As-

sumption 6.5.

Similarly, Assumption 6.6 assumes that all the column vectors p’(-) of the
matrix P(:), i = 1,...,m, are Lipschitz functions with the triangular structure

n (6.9). Then for any 6 > 1, it can be obtained that

126[P(&,7) —P(Emull < 30 [[A6[p'(h) — B (n)]us,|
D DURYID D L |
< X pin = Tam = Tmgr + 1)l [ Agey || (6:27)
< (0= Tam = i1 + Dlpplled|
= (n—rew+ 1lpplled|
where &, = [e],...,e},0,...,07 € R""m k = rp4q,...,n — gy, are partial

estimation errors of e,; the constant p = > " p; denotes the sum of sliding
gains of u; lp(w denotes the Lipschitz constant of the k-th row and i-th column
component function of matrix P(-), I, means the maximum Lipschitz constant
number in the i-th column, and I, = max{l, , b,,. ..,k }; the constant number
of (n — ry + 1) comes up because the relative degree of the unknown input is
assumed to be 7,1 for the n subsystem in Assumption 6.2, and 7, denotes the
total relative degree of the original system in (6.1), as defined in Assumption 6.2,

L€, T'to = Tsm + T'm+1-

According to Assumption 6.4, the functions ¢;(-), ¢ =1,...,m, are Lipschitz

functions with respect to 7, and only include the upper r,,.1 dynamics of 7,
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ie, {m,n2, ... M., }. Therefore, on the sliding surfaces, i.e., f = £, it can be
deduced that

¢i(€7ﬁ17"'7ﬁTm+1>_¢i(£77]17"'7n7"m+1) S lwz éTm+1||7 izl?"'7m
(6.28)
where €,,.1 = [e],...,el ,0,...,0" € R*"*m is a partial estimation error of

e,, and [y, denotes the Lipschitz constant of the function ;(-).

Considering the moduli of the vectors p’(£, n) are locally bounded as assumed
in Assumption 6.6, and they have the triangular structures as shown in (6.9), we

have

_; 1 .
12ep*(E Ml < Fobe  i=1,.m (6.29)
where b, denotes the upper bound of the moduli of vector p*(§,n).

Therefore, from (6.28) and (6.29), it can be deduced that

IA6P (& MAG ) < 30 18D (& mWi(E s - ) = Vil &= )]l
<Y T bp b
< 2 by, [ Ay |
< mlybplled]

éTm+l H

(6.30)
where b, = max{by ,...,bp }, and l, = max{ly,... 1, }.

Finally, substituting (6.25), (6.26), (6.27) and (6.30) into (6.24), it can be
obtained that

V. < —bejSieq — 0] Ceql* + 2allefSulllleall +2(n — reo + 1)ipplleSullledl
+ 2mlybp|leq Si|l[led|
< =0V +0(S1)[2la +2(n — 110 + 1)lpp + 2mlypbp]V

= —(0—0)V
(6.31)

with 6y being defined in (6.22).

Therefore, it is clear that by choosing the high gain feedback parameter 6 > 6,
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we have V < 0, which implies the estimation error dynamics of e, is asymptoti-

cally stable. In other words, it has 1 = 7. ]

6.3.3 Unknown Input Reconstruction

As discussed in the above two subsections, the proposed hybrid observer consists
of two parts: the high order sliding mode observer given by (6.14) which is used
to handle the ¢ subsystem, and the (n — rg,;, )th order high gain observer given by
(6.20) that is used to handle the 7 subsystem. In essence, the operating procedure
of the proposed observer can be described as one in which the high order sliding
mode observer works individually to ensure the corresponding sliding surfaces are
reached in finite time and remained thereafter, then the reduced-order high gain
observer guarantees the asymptotic stability of the remaining estimation error

dynamics on the sliding surfaces.

~

Thereafter, after all states have converged to their true values, i.e., £ = &,

7) =1, it can be obtained from (6.17) and (6.18) that

A(,n) =0, o) = E7NEDu (6.32)

which means the unknown input vector can be successfully reconstructed from
the sliding mode terms. For the original system given by (6.1), all the state x can

be estimated by the inverse mapping, i.e., X = @*1(& n) =& 1 n) =x.

Remark 6.1. Note that the components of vector u, t.e., u,, 1 = 1,...,m,
defined in (6.12) are switching functions, thus proper low-pass filters are required

for the reconstruction of the unknown input vector p(t) via equation (6.32).
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6.4 Numerical Simulations

In this section, the proposed observer is demonstrated for a six-order numerical

example, which is described as

—433’1 + o5 1 0
t
s 0 0 !
X = ) +
—41‘4 — Ty +4 0 1 6.33
o (t) (6.53)
Tg + COSTs x1 0.4y
—33176 — 3[E5 — T3 1 05.%'6 ——
f(x) G(x) (1)
y = [hl(x), h2(X)> h3(X)]T = [51317 T2, $3]T (6-34)

where x = [z, %9, T3, T4, T5, )T € RO is the system state, y € R? is the system
measurement output, o(t) = [p1(t), @a(t)]T € R? is the system unknown input
which needs to be identified, and G(x) = [g;(X), g,(x)] € R*?, g,(x), g,(x) € R®
are the distribution matrix and vectors. Note that the distribution matrix G(x)
includes the unknown states x4 and xg, which means the unknown input ¢(t) is

non-matching in the observer sense.

By direct computation, it follows that

Lg1 ha (X) =1,
Lgl hQ(X) = Lg2h2(X) = 0, Lg2th2(X) = ]_, (635)
Lg, hy(x) = Lg,hs(x) = 0, Lg, Lehs(x) = 1,

It implies that the first two outputs in the system (6.33)-(6.34) have a vector
relative degree {1, 2}, and the extra output hz(x) has relative degree 2 with respect

to the unknown input o(t). Therefore, according to Assumption 6.1, the matrix
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E(x) can be defined as

L, hi(x L, hqi(x 1 0
Ex) = ® 1(x) () ) (6.36)
Lg, Lehs(x) Ly, Leha(x) 0 1

which is nonsingular.

Then a coordinate transformation can be chosen as (§,7) : & = x1, & = @y,
&3 =1y, M1 = X3, N2 = T3, N3 = T + cosrz. The system (6.33)-(6.34) in the new
basis can be described by

& = —4d+8n+e)

=8

& = —48 - () +4+p(d)

m o= 1 (6.37)
e = M3+ &pa(t) + 0.4850a(t)

ns = —3(n3 —cosny) — 3ny —m — n3sinny + [1 — & sin o]y (t)

+[0.5(n3 — cos ) — 0.4€3 sin 2] (t)

It can be verified that the mapping function ®(x) = [£],£%,&2,n1, 1m0, m3)7 s
diffeomorphism Vx, and Assumptions 6.1-6.6 are all satisfied. Then, by setting
the corresponding estimated dynamics as {£}, €2, €2, 7y, Mz, 13}, a robust observer

can be designed in the form of

&= A€+ &+

2 = &

7 = 4 (2444w

m o= i — 300 — hs(x)] (6.38)

N = s+ Eluy + 0.4E3uy — 362 — ha(x)]
773 = —3(7?3 — COS ﬁg) — 3ﬁ2 — 771 — ﬁg sin ﬁg + [1 — éll Sin ﬁz]ul
— 03 — ha(x)] + [0.5()s — cos7ly) — 0.4€2 sin fja]us
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where 6 is the high gain feedback parameter, u; and uy are the first-order and

second-order sliding mode terms, given by [69], [71]

U = —p1Sign(f} — hi(x))

uy = —pa(z1 + |20 ?sign(z0))/(|21] + |20/'?)

f (6.39)
W= —L5MV2lz— & — ha(o0)]| signlzo — (€ — ha(x))] +

= —1.1Msign(z — vo)

with M being a tuning parameter.

For the simulation, we choose ¢1(t) = 2sin(5t) and ¢o(t) = 2sin(2t) + cost.
Then, the parameters for observer (6.38)-(6.39) are chosen as: p; = 3,py =
5,0 = 2,M = 20. The simulation is performed with the initial values xq =
6,6,6,6,6,6]7, %o = [2,2,2,0,0,0]T, 29 = 2 = vp = 1.

As the mapping function ®(x) is diffeomorphism Vx, the estimated states for
the original system in (6.33) can be obtained by inverse mapping, as: &; = fll,
By = &2 &g =My, &4 = E2, &5 = Ty, &6 = A3 — cos(f)). Then the simulation results
are shown in Figure 6.1.

From Figure 6.1d, it shows that all the estimated states converge to their true
values after 5s, then, the unknown inputs ¢;(t) and ¢5(t) can be reconstructed
from the sliding mode terms, i.e., p1(t) = uy, wa(t) = ug, as shown in Figure 6.1e

and Figure 6.1f.

6.5 Summary

In this chapter, a robust observer has been developed for a class of uncertain
MIMO nonlinear systems in which the unknown inputs enter the system dynam-
ics via the unknown-state dependent distribution matrix. If the number of mea-
surement outputs is more than the number of unknown inputs, and with proper
structure assumptions, the uniform observability of the states and unknown in-

puts can be guaranteed without the requirement of the involutive property.
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Figure 6.1: The estimation performance with the proposed hybrid observer
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Chapter 7

A Recursive Sliding Mode

Observer for Input Identification

In chapter 6, we have studied the hybrid nonlinear observer design for state and
non-matching unknown input estimation of a class of nonlinear MIMO uncertain
systems, in which the measurement outputs are noiseless (e.g. the uncertainties
are not included in the system measurements). However, in some particular sys-
tems with a direct feedthrough path, the unknown inputs would appear not only
in the state dynamics, but also in the measurement outputs. For such systems,
the difficulty of the state and unknown input observer designs lies with how to
separate the ”clean” state dynamics contaminated by the unknown inputs from
the measurement outputs.

In [84], a high-order sliding mode observer is designed for state estimation of
a class of linear uncertain systems, in which not all the outputs of the system
contain information affected by the unknown inputs, and strong observability or
strong detectability assumption is required.

In this chapter, we shall extend the results in Chapter 6 to study the state
estimation and unknown input identification problems of a class of MIMO non-
linear systems, in which the unknown inputs are non-matching in the observer
sense and that they appear in both the dynamics of states and the measurement
outputs. A hybrid observer that combines higher order sliding mode observers

with a high gain observer is proposed, but we develop a new feature in which
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the sliding mode observers are designed with recursive structures to ensure that
the sliding mode surfaces are reached sequentially, and that the valuable signals
in the measurement outputs are gradually extracted by cancelling the unknown
inputs in sequence. Then, the high gain feedback works to guarantee that the

unknown inputs and the states can be identified asymptotically.

The chapter is organized as follows: Section 7.1 presents the system dynamics
and problem formulation. In section 7.2, a robust observer that combines a novel
recursive high order sliding mode algorithm with high gain feedback is proposed;
and a modified recursive sliding mode algorithm is also developed to improve the
estimation performance. In section 7.3, a six-order numerical example is used
to demonstrate the effectiveness of the proposed observer design. Section 7.4

concludes this chapter.

7.1 Preliminaries

7.1.1 System Dynamics

In this chapter, we shall consider a class of stable uncertain systems with m inputs

and m + 1 outputs, for which the dynamics can be described in the form of

:'El - :EQ
il = al
X ' ‘ . (7.1)
@t o= filxb X)) 4 b+ (1), i=1,....,m
X = Ax, + a(xq,Xs) + P(xq4,%5)0(t)
y = h(x) + Dy(t)
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where !
Xlli gjzl
X3 4 xl
x=[(xg)" (%), xa=| ‘|ew L x=| 7 |en
Xy xzn
a1 p1(t)
x5 t
a2 Cxe= | T eRT L ) = ¢2_() € R
- ©Om(t)
010 ...0
1
001 0 ,
A= 1  0 ieRex) o h(x) = | | e R
oy
000 ...1
]
000 ...0

with 7 = Y r; x € R™ denotes the system state vector, ¢(t) € R™ the un-
known input vector, y = [y, . .. ,ymH]T € R™+! the system measurement output;
b;, i = 1,...,m are known constant scalars, «(-) is a known smooth vector on
R, D e ROHDX™ 5 constant distribution matrix of unknown inputs of the
system measurements, and P(x4,%,) = [p', p?,...,p"] € RO*™ the distri-
bution matrix of unknown inputs of the dynamics of x,, with its column vector
component p' € R, i=1,...,m.

Note that the system given by (7.1) has been decomposed into two subsystems.
For the x, subsystem, the dynamics of each x is represented in the I/O form with
differentiator structure, and the unknown inputs appear in the corresponding last
dynamic equation, respectively. For the x; subsystem, it can be considered as a

non-minimum phase dynamics with the distribution matrix P(x,4,x;) including

unknown states.

!Through out this chapter, the variables J,‘T+1 and x§ denote the same variable for notational

simplicity.
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For the measurement output y, it is assumed to be directly affected by the
unknown input ¢(¢) via a constant matrix D. This happens when the system

model has a direct feedthrough, otherwise, D is a zero matrix.

7.1.2 Problem Formulation

The problem considered in this chapter is to design a robust observer for the sys-
tem (7.1) with only the measurement y available, to guarantee that the estimates

x(t) and ¢(t) will asymptotically converge to their true values, i.e.,

lim [J% = x| =0 (7.2)
lim |6(1) — ()] = 0 (73)

Consider the subsystem of x;, the unknown input ¢(t) is said to not satisfy
the matching condition in the observer sense, because the distribution matrix
P (x4, X;) includes the unknown states of x. To the best of our knowledge, there
are few effective existing works that can handle such non-matching unknown in-
puts. Although the disturbance considered in [124] is non-matching, it is assumed
to be an unknown constant. In [78], a higher order sliding mode observer is pro-
posed to estimate the unknown states and inputs of a MIMO nonlinear system,
which can be decomposed into two subsystems based on the involutive condition.
Of these two subsystems, only one is affected by the unknown inputs with the
similar structure of x4 in (7.1), and the other subsystem’s so-called internal dy-
namics is assumed to be observable and self stable which is difficult to check.
Furthermore, as mentioned in [62], the stability of the internal dynamics plays an
important role on the identifiability of the unknown inputs, and it may also affect
the estimation performance of the remaining states. One illustrative numerical
example is given as

T = w2+ ¢i(t) (7.4)

To = To (with y = 1)

It can be seen that the unknown input ¢;(¢) in (7.4) is difficult to be identified
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since the internal dynamics of x5 is unstable/divergent. So, it is necessary to fur-
ther explore the stability of the internal dynamics. The involutive condition used
in [62,78,105] only guarantees the existence of the internal dynamics subsystem
that is independent of uncertainties, but no explicit methodology is available on
how to construct such internal dynamics from the original nonlinear system, and
the corresponding stability is difficult to be verified.

For the class of nonlinear uncertain systems that is expressed in the form
as shown in (7.1), if we compare the x, subsystem with the internal dynamical
subsystem mentioned in [62,78], the existence of the distribution matrix P (x4, X;)
means that the involutive condition is not satisfied. Moreover, a feedthrough path
with matrix D is also considered since it often appears in a general control system.
The existence of non-matching unknown inputs in both the x4 subsystem and the
measurement outputs y remains a challenging problem for the observer design.

In order to guarantee the identifiability of the unknown inputs, in this paper,
the number of the measurable outputs is assumed to be one more than the number
of the unknown inputs. Such assumption ensures that at least one clean output
signal can be extracted in the initial stages, and the residual measurable output
(i.e., related to zf) will be used to handle the observability of the x; subsystem.

In addition, the following additional structural assumptions are required.

Assumption 7.1. The system in (7.1) satisfies, i =1,...,m

a(xyg, ) = [y (2, 23), as(xg, 25,25), -+, an_p(Tg, 25, 25,..., 25 )]F
pi<md7 $3) = [pli(wda $i), p2i(wd7 :Eia .1';), ) p(n—r)i(wd7 xia f%a <. 7$fl—r)]T
(7.5)
Assumption 7.2. The functions ap(xg,x5,...,2}), pri(®a, 25, ..., 28);0=1,...,m,
k=1,....,n—r are Lipschitz functions with respect to x.

Assumption 7.3. The distribution matric P(xg, x;) with functions pg(-); k =

1,....,n—r, i=1,...,m are bounded with respect to their arguments.

Assumption 7.4. The feedthrough matriz D is a lower triangular matriz in the
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form of
0 0 0 0
dy 0 0 0
D= d21 d22 0 Ce 0 € §R(m+1)><m (76)
dml de dmg R dmm

Assumption 7.5. The coefficients (1 — dgxbi), k = 1,...,m, are assumed to be

non-zeros.

In Assumption 7.1, the x, subsystem given in (7.1) is assumed to satisfy the
triangular structure, and it has been proven in [33] that such structure guarantees
the uniform observability of the state x, for any known input. This allows us to
design appropriate robust terms to approach the unknown inputs and thereby
ensuring the uniform observability of the x, subsystem. Assumption 7.2 and As-
sumption 7.3 are required in order to achieve asymptotic stability of the estimation
of the state x,.

For the dynamics of each x%, i = 1,...,m, in (7.1), it can be noticed that
the relative degree between x} and the corresponding unknown input ;(t) is r;.
Furthermore, the structural connection between the dynamics x and x’;" is made
through a lower triangular form, i.e., fi(x} ..., x%) + byw'™. This structure can
be conservative, but together with Assumption 7.4 and Assumption 7.5, they are
required to ensure that the unknown inputs on the measurement outputs can be

cancelled in sequence and thereby the identifiability of all states and unknown

inputs can be guaranteed.

7.2 Robust Nonlinear Observer

In this section, we shall consider the observer design for the nonlinear uncertain
system given in (7.1), and the proposed observer can be decomposed into higher
order sliding mode feedbacks and a high gain feedback, which are used to handle
the two subsystems of (7.1), respectively.
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For the x, subsystem, the m dynamics of x4, i = 1, ..., m, have the differentia-
tor structure, and the uncertainties appear in the corresponding highest dimension
dynamics. Then, the quasi-continuous sliding mode observer with higher-order
sliding mode differentiator can be used to handle such subsystems. However,
unlike the works in [62,78] and Chapter 6, as the measurable outputs are also
distorted by the uncertainties, a hierarchical observer design method is proposed
to ensure that the sliding surfaces are reached sequentially.

Once all the sliding surfaces are reached and remained thereafter, based on
the equivalent control concept, the unknown inputs in the x, subsystem can be
replaced by some nominal terms. Therefore, the uniform observability of x, can be
guaranteed. Then a high gain feedback can be designed to ensure the asymptotic

stability of the remaining estimation error dynamics on the sliding surfaces.

7.2.1 Higher-order Sliding Mode Observer

Let x4 and X, denote the estimated vectors of x; and x,, respectively. Based
on the structure of the measurable outputs y = [y1,...,Ym1]” in (7.1) with

Assumption 7.4 and Assumption 7.5 being satisfied, A higher order sliding mode

observer for x4, i =1,...,m can be designed in the form of
i . ai
Ty = Iy
N . (7.7)
oy J— oy
xri—l - mri
L _ o1 o Ll “m+l A 4
where u;, ¢ = 1,...,m are the robust sliding mode terms, designed to deal with

the corresponding unknown inputs ¢;(t). In order to design the sliding mode

terms, the m sliding variables are chosen based on the following algorithm:

o1 = i"% — Y
Oy = [ii“% + dii{wr teq — 2] /[1 — di1b4] (7.8)
om = B+ X0 din-ni{titeq — Yml/[1 = dim—1)m-1)bm-1]
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Here, {u;}eq, @ =1,...,m are the equivalent signals of the corresponding sliding
mode terms u;; d;, kK = 1,...,m — 1 are the elements of matrix D defined in
Assumption 7.4. So, the derivatives of g;, ¢ = 1,...,m can be estimated via [69]
2 = v,
vy = —N|zh — oy isign (2 — o0y) + 24
2 = ol
i N i [(ri=2)/(ri—1) i i i
G = —Ailz — g sign(z) — vp) + 25
(7.9)
2;372 = U;i‘i727
Uii—Q = _)‘ii—2|zii—2 - vf;i_3|1/2$ign(z};i_2 - Uiz-—3) + Zi,-—l
7372;1-—1 = _Mi—1Sign('Zii—1 - Ufni—z)
where the positive parameters \i, k = 0,...,r;, — 1, ¢ = 1,...,m are properly

chosen. Then, the following equalities are true after a finite time transient process,

Zi— o™ =, k=0,....r;—1, i=1,....m (7.10)

(2

with agk) denoting the kth-order derivative of o; for the dynamics of x!. Thus,

the quasi-continuous higher-order sliding mode terms can be designed as [71]

Ui = —piLir (20, 20,y 2h 1), i=1,....,m (7.11)

where, for £k =0,1,...,r, — 1, I'y,, are computed via

Yo,r; = Z(i]’ Noﬂ’i = |Z(Z)|’ FOJ’i - ’70,7‘1/N077‘i - Slgn(Zé)

i i ri—k)/(ri—k
rYk,Ti - Zk; + Bka(:—l,Ti)/( +1)Fk—1,7“i7 (712)
i i ri—k)/(ri—k

Nk,'f‘i = ’Zk’l _'_ ﬁka(?—lv""i)/( +1), Fk,Ti = Vk,ri/Nk‘,Ti

Here, the positive tuning parameters 8, k = 1,...,r; —1, ¢« = 1,...,m are

chosen in advanced, and the sliding gains p; should be chosen large enough to

cover the upper bounds of the unknown inputs.

Theorem 7.1. Suppose that the dynamic subsystem of x; given by (7.1) satisfies
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Assumptions 4 and 5, the proposed higher order sliding mode observer (7.7)-(7.12)
(ri—1)

ensures the m sliding surfaces o, =--.=0;,=0,¢t=1,...,m are reached
in finite time and remained thereafter. Furthermore, once all the sliding sur-
faces are reached, the variables @, can be ezactly estimated by I, i.e., Ty = x,.

Furthermore, the unknown inputs can be represented as

o(t) = u+ Az, 23) (7.13)
where
{u1}eq 0
{UZ}eq 0
u= S §Rm, A(ﬁl,T]l) = cR”
{um—l}eq 0
{tm }eq b [27 — 7]

Proof. Consider the observer structure given by (7.7)-(7.12), the sliding variables
and the sliding mode terms are coupled with each other. In other words, the
sliding mode term w; defined based on oy, is also related to the previous robust
term wuy_;. i.e., uy < o/a¥ < up_;. The sliding variables are chosen in such a
recursive structure of (7.8), in order to cancel the unknown inputs/disturbances
in the measurable outputs sequentially, and to obtain a clean relationship between

sliding variable o}, and its corresponding state estimation error 2% — .

With Assumption 7.4, the (m + 1) measurement outputs of y in (7.1) can be

rewritten as
1

1 = I
Y2 = a2l +dip(t)

(7.14)
Y = 2+ deyipi(t)

Ymsr = o5+ D0 dmipi(t)
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Then, the m sliding variables in (7.8) can be expressed as

A

1

oy = {27 — 27 +dul{ui}teq — 1 (D)]}/[1 — di1bi]

om = {27 — 2P+ 0 danevil{titeg — 0]}/ = dpn—1)m—1)bm—1]
(7.15)

Clearly, the first sliding variable oy is clean with respect to the unknown

inputs, and its dynamic can be obtained from (7.1) and (7.7), as

o\ = KL = fi(xD) 4 b [E2 = 23] — o1 (8) + w (7.16)

where u; is designed based on quasi-continuous sliding mode (7.11)-(7.12). As
proven in [71], by properly choosing sliding gain and tuning parameters, the

sliding surfaces airl_l) = ... =0y = 0 will be reached in finite time and remained

thereafter, which implies &} = a2}, k = 1,...,r, i.e, X; = x}. Thus, based on

the equivalent injection concept, it can be obtained from (7.16) that

{ui}eq — @1(t) = —bi[2] — 2] (7.17)

where {u;}., denotes the equivalent signal of u;. By substituting the above

equation into the sliding variable oy in (7.15), then it has

It means that the sliding mode of o; will result in the next sliding variable o9
being without any uncertainty. And the corresponding dynamics can be written

as
oy = () = (@)

(7.19)
= fo(x}, X5) — fo(xL,x3) + ba[2F — @3] — pa(t) + uo

Similarly, the sliding mode us given in (7.11)-(7.12) ensures the sliding surface

0§T2_1) = .-+ = 09 = 0 will be reached in finite time and remained thereafter,
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which implies 22 = 22, k=1,...,79, Le., )23 = x2. Thus, it can be deduced that

{urteg —a(t) = 0

(7.20)
{ua}eq — @a(t) = —bola} — af]

Then, the sliding variable o3 in (7.15), when the sliding mode of oy and o9 occur,

can be simplified into

o3 =33 — 13 (7.21)

Compared (7.17) with (7.20), we can extend the above obtained results into more
general cases. Then, in order to complete the proof, the following Lemma 7.1 is

introduced.

Lemma 7.1. Suppose the following two propositions are true for a given k such

that 2 <k <m—1,

1) &, =2, ayfl):---:oi:(); 1=1,...,k;
2) {ui}eq—goi(t):(), Z:L,k)—l,
{tn}eq — r(t) = —bp[27" — 2f™]

then it will be also true for k + 1.

Proof. First, based on the previous analysis and (7.20), the above two propositions
are true for £ = 2. So, we only need to prove these propositions still hold for
E =k+ 1.

By substituting 2) into the sliding variable o4, in (7.15), it can be obtained
that

N R S
Op = Opyq = 3] — ] (7.22)

From (7.1) and (7.7) the dynamic of 044 can be described as

o = @ =)
= fk+1<x¢117 s 7X§v )A(lc{l:+1) - fk+1(xc117 s axzv Xfl+1) (7‘23)
Fbpa [877 — ] — oppa () + Ui
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Consider this 741 order differentiator dynamic of 041, the quasi-continuous slid-

ing mode controller uy; defined in (7.11)-(7.12) can ensure a new sliding surface

-1 . . . . .
O',E:ﬁrl ) — = or+1 = 0 is reached in finite time and remained thereafter.

Together with (7.21), it has j?“ = x?“,j =1,..., 7841 Pe, X570 = xkH S,

we can say that the statement 1) is true for i = k + 1.

Now, based on the equivalent injection concept, and substitute f(fl“ = XS“
into statement 2), it can be obtained that
Ui feq — lt:O, 221,,k
{ti}eq = i(8) o _—
{uks1teq — P (t) = =g [377° — 27
Thus, these two statements are also true for &' =k + 1. [ ]

Now, by substituting k£ = m into Lemma 1, the following equalities hold:

(1) _

f(il:xfi, op -=0; = 0; 1=1,....,m;
{Uz‘}eq—%(t):Q 1=1,...,m—1,;
{tm}eg = om(t) = —bu [T — 27""] = —bpu[2] — 7]

By defining u and A(#7,x]) as in Theorem 7.1. We can obtain the equation

in (7.13). n

For the sliding variables given in (7.8), they are chosen in a recursive way
to sequentially cancel the unknown inputs in the system measurement outputs.
Due to the structure of the proposed observer in (7.7)-(7.12), the sliding surfaces
will be approached in a fixed sequential order, and a properly designed low-pass
filter is required to obtain the equivalent signal of the corresponding sliding mode

terms.

Remark 7.1. For such a recursive sliding mode observer structure given in (7.6)-
(7.12), the implementation error of the equivalent signal will be passed down to
the remaining dynamics, so the low-pass filter will affect not just the estimation
performance of the states, but also the performance of unknown inputs identifica-

tion.
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7.2.2 Reduced-order Dynamics on the Sliding Surfaces

Once the sliding mode occurs, the sliding variables will reach the sliding surfaces
and remain on them thereafter, i.e., x4 = x4. Then according to Theorem 7.1,

the unknown inputs can be rewritten as
p(t) = u+ A2, 27) (7.25)
Therefore, the dynamics of subsystem x;, in (7.1) can be described as
Xs = Ax,+ a(xg,X,) + P(xg, %) [u+ A5, 25)] (7.26)

Note that the unknown inputs completely disappear in the above dynamics,
and this allows us to design a corresponding observer to ensure the uniform ob-

servability of x, on the sliding surfaces.

Hence, a high gain feedback observer for the x, subsystem can be designed in

the form of

X, = AX,+ (X4 %,) + P(Xg,%,)u — Loy, (7.27)

where Lo, 1 denotes the high gain feedback term, with o,,,1 being defined as

Om+1 = [‘%i + Z:il dmi{ui}eq - ym—l—l] /[1 - dmmbm] (728)

and the constant feedback gain L is chosen based on HGO [36], such that

= S,'C" = [9C)_,, 0°Cr_,, -, O]
(7.29)
C = [1,0, ---, 0] e R

Here, Sy is a positive symmetric matrix function of parameter 6, and its (i, j)™"

element is given by

(-0,

Se(Z,])ZW, 1<i4,j<n-—r, CmZW
Define the estimation error e, = X, — x, = [ef, -+, e |7 € R, the
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following Theorem 7.2 guarantees that the estimation error e is asymptotically

stable on the sliding surfaces.

Theorem 7.2. On the sliding surfaces, i.e., Ty = x4, and with the x; subsystem
given in (7.1) satisfying Assumptions 1, 2 and 3, the proposed high gain observer
(7.27)-(7.29) ensures that the estimation error es is asymptotically stable, pro-
vided that the high gain parameter 0 > max{6y, 1}, with

bp = 20(S))[(n—7)lo+ (n—7r)pl, + Pb,) (7.30)

where Sy is equal to the matriz Sy by setting 0 = 1, 0(S;) denotes the condition
number of Si; l, and l, are the corresponding Lipschitz constants; p =y .-, pi,

and P denotes the upper bound of the modulus of distribution matriz P(xg, ;).

Proof. On the sliding surfaces, i.e., X4 = x4, the feedback ,,,; given in (7.28)

can be simplified into the following equation with Theorem 7.1, as

Omr1 = [8] + D50 dmi{titeg — (21 + 2201 dimitoi()]/[1 — dimbin]
_ [Aﬁ — 7 + A ({tm }eqg — m(1))]/[1 — diambi] (7.31)
= Ces

Since the dynamics of the x; subsystem on the sliding surfaces can be rewritten
as in (7.26), the dynamics of the estimation error e; can be obtained from (7.26)

and (7.27), as

e = (A-— SglcTC)eS + a(xq, Xs) — (x4, Xs) + [P(x4,%s5) — P(x4, Xs)|u

—P(xq, x,) A2, 27)
(7.32)

In order to prove the asymptotic stability of the above dynamics and for ease of
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analysis, the following equalities are introduced:

1 1
1.2 ... —
797 7077,—1)

AgAN;' = 0A CAy = CAP = C

1
Ay = diag( Sy = gAeslAe

0S, + ATS, +SyA —CTCc =0

By setting & = Age,, and defining a Lyapunov function as V = ¢7S,€, it can be
deduced from (7.32) that

V =2TS  Age,
= 26TS 1 Ag(A — S, 'CTC)e, + 2678 Ag[a(xq, Xs) — (X4, X,)]
— 26TS | AgP (x4, %) A(Z5, 25) + 267S1 A [P (x4, %) — P(x4,%,)]u
= 20€"S1A¢ — 20||CE” + 26781 Aglav(xa, %) — (X4, Xs)]

— 26TS AP (x4, X ) A (25, 25) + 26TS1 Ag[P (x4, %) — P (x4, X,)]u
(7.33)

With the equalities listed above, we have
26TS1AE = —€7S1E + ||CE| (7.34)

Based on Assumption 7.1 and Assumption 7.2, the vector a(-) is a Lipschitz

function with respect to x, and for any # > 1, it has

S . 1 =S ~S S S
18 [er(xa, %) — al(xa x)] | <) gt low(xa, 21, -, 35) — (X, 27, -, 23|
k=1
n—r 1 .
< > g lokllek
k=1
S ZlakHA@esH
k=1
< (n =)kl (7.35)
where el = [e5, ---, €5, 0, -+, 0]7 € R"" denotes the partial estimation error

of es; and [, = supy|lak|, with l,x being the Lipschitz constant of function ay(+).
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Similarly, it can be obtained that

180[P (x4, Xs) = P (x4, %) uH<ZIIAe H(xa, %s) = P (%, %) Jui

m n—r

u N
S ZZ ‘ |pk’z dezla"' 'IS)_pk’i(dexia"')'xZ”

% k=1

Il
—

<

Ms

n_r pz p1||£||
1

n—r)plp €] (7.36)

~ .

<

where p = > p;, with p; being the sliding gain of w; in (7.11); Iy denotes
the maximum Lipschitz constant number in the ith-column vector p’(-), and

lp = sup;|lpil.

Considering the bounded distribution matrix P(xg4,x,) in Assumption 7.3,

and together with the structure of A(z5, x3) in (7.13), it has

1A0P (0, XA, 2)I| < Phalé] (7.37)

where P denotes the upper bound of the modulus of the distribution matrix

P(x4,Xs), and by, is the system coefficient in (7.1).
Therefore, substituting (7.34)-(7.34) into (7.33), we can obtain that

1%

IN

—0¢"816 = 0] CE|* + 2[[€" S [[I<]1[(n = )l + (n = 7)ply + Phyo]
< =0V +20(S1)[(n — 7)o + (n —1)plp + Pby]V (7.38)

with 6y being defined as 6y = 20(S;)[(n — )l + (n — 7)ply + Pby,).

Now, it can be concluded that the estimation error e; and & will asymptotically
converge to zero by choosing § > max{fy, 1}. In other words, the remaining state
x, can be exactly estimated by the proposed high gain observer in (7.27)-(7.29)

on the sliding mode surfaces, i.e., X; = x;,. ]
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7.2.3 Unknown Inputs Reconstruction

Based on the analysis in the above subsections, the proposed observer to han-
dle the nonlinear uncertain system (7.1) consists of two parts: the higher order
sliding mode observers given in (7.7)-(7.12) and a high gain observer given in
(7.27)-(7.29). Then, the operating procedure of the proposed observer can be
described as one in which the sliding mode observers work to ensure the cor-
responding sliding mode surfaces are reached sequentially, then the high gain
observer guarantees the asymptotic stability of the remaining estimation error
dynamics.

After all the states have converged to their true values, i.e., X; = X4, X; = X,

it can be obtained from (7.13) that
Ay, #) = 0, p(t) =u (7.39)

which means the unknown inputs can be reconstructed from their corresponding

sliding mode terms, i.e., p;(t) = {u;}eq, i1 =1,...,m.

7.2.4 Modification of Sliding Mode Observer

As claimed in Remark 7.1, the proposed recursive sliding mode observers in (7.7)-
(7.12) are sensitive to the low pass filters’ parameters which are required to obtain
the equivalent injection signals of the sliding mode terms. As a result, the esti-
mation accuracies of the states and the unknown inputs will be affected. So it is
necessary to consider how to remove or attenuate the low pass filters’ effect.

As mentioned in [78, 82], the unknown inputs may be recovered from the
corresponding equations instead of reconstructing from the additional low pass
filters. This is reasonable since the sliding mode differentiator can be treated as a
robust nonlinear filter. In this section, we shall consider the higher order sliding
mode differentiator design and the most challenging task lies with the definition
of intermediate variables which are used to handle the unknown inputs’ effect on

the measurement outputs.

Assumption 7.6. The unknown input vector ¢(t) is locally smooth.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



7.2. Robust Nonlinear Observer 139

In keeping with the previous sections, the robust terms u; are chosen based

on the corresponding equations, as

Bo= A& A, i=Lm (140

where z%_ indicates the estimated value of . , and #"*! is used to denote &% for

notational simplicity.

Then, based on the system measurement outputs y in (7.1), we define new

variables ¢;, 1 = 1,...,m as
B = %

Yo = [yo—dinty —dyubiaf]/[1 — dyib]

Jm = [m— or 7 din1)iti — A1) m-1)bm 127/ [1 — dm—1)(m—1)bm—1]
(7.41)

Note that only the first m outputs of y are used to construct these new variables
¥;, which are defined to ensure the clean signals ) can be approached sequentially,

i.e., y; — x', i =1,...,m. Then, the (r; + 1)-th order sliding mode differentiator

[69] for the derivatives g§’“), t1=1,...,m, k=1,...,r; can be expressed in the
form of
W= @
W= =Xl - m]CTY sign(@ — ) + 3
# = o,
B = X — e Dsign (s — o) + 8 -
iﬂ:"l = T)ii—lv
@iiq = _E‘iﬁlmii - @ﬁi72\1/251gn(:2’j;i - 775«,.72) + f;,
B = —Nsign(d, - )
where the positive parameters 5\};, k=0,...,7;, 1=1,...,m are properly chosen.

Then the following equalities are true after a finite time transient process,

j}ll =i, j;:l — gz(m_l)7 ijjnl _ ggri)’ i=1,....m (743)
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Theorem 7.3. Suppose that the dynamic subsystem of x; given by (7.1) satis-
fies Assumptions 7.4 - 7.6, the higher-order sliding mode differentiators given by
(7.41)-(7.42) ensures that, after a finite time transient, the variables xi, i =
1,...,m, k=1,...,7; can be ezactly estimated by &%, i.e., g = x4. Further-
more, once the variable xy has been estimated by x4, the unknown inputs can be

re-presented as

o(t) = u+ Az, x3) (7.44)
where
Uy 0
Us
u= e R, A(z],z3) = e R"
0

Proof. Consider the equations in (7.43) and the differentiator structures of the
xg4 subsystem given in (7.1), it is clear that this theorem holds if and only if

Ui =%, i=1,...,m can be reached and remained thereafter.

By substituting (7.14) into the definition of y; given by (7.41), it can be de-
duced that

|
i = I

Jp = {2} +dulei(t) — ] — dubit}/[1 — dibi]
: (7.45)
I = {27+ 20 dinenilei(t) — @) — dm—1)m—1)bm-127"}
/[1 - d(m—l)(m—l)bm—l]

Clearly, ¥, is exactly equal to x] in the initial states, and with the proposed
higher-order sliding mode differentiator in (7.42), the corresponding result in
(7.43) can be described as

el — gl gl =gl = 4! (7.46)

T1

=>
— =
Il
N
pary
Il
8
=
&
Il
|

which implies x, = x}. Together with the dynamics of z; in (7.1), the robust
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term @; defined in (7.40) can be simplified into
U = &y, — fi(xg) — it = bi(af — 2) + @1 (1) (7.47)
Then, with (7.45), it can be deduced that
Uo = 22 (7.48)

Now, it can be seen that ¢, is exactly equal to & once the higher order sliding
mode differentiator reaches its sliding surface, i.e., f{é = xL. After that, the
differentiator of 7, in (7.42) kicks in and the following equations will hold after a

finite time:

=N

%7 R ‘%2 - ggr2_1) - :6327 ‘%$2 - ggr2) - I‘%g (749)

=>
I
<
N
I
8

. ~92 _ _ .
which means x;; = x3. Thus, the robust terms @; and @y can be rewritten as

Uy = t
1= eill) (7.50)
Uy = by(af — 27) + ¢a(t)
In order to complete the proof, we need to introduce the following Lemma 7.2.

Lemma 7.2. Suppose the following proposition is true for a given integer k such

that 2 <k <m-—1,

1) & =2, g =ai; i=1,...k
Q)QZ—goz(t):O, izl,...,k—l;

Uy, — @i(t) = —b[2f T — 2™

then it will be also true for k + 1.

Proof. First, based on the previous analysis, the above two propositions are true

for k = 2. Next, we shall prove these propositions still hold for &' = k + 1.
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By substituting 2) into g1 given in (7.45), it can be obtained that

= {o{ + dilon(t) — W] — dirbi@i T}/ [1 — digby] (7.51)

_ o ktl
Ty

Then, with the higher-order sliding mode differentiator of g1 in (7.42), the

following equations will be true in finite time:

— k1l AR+l skt ; okl Gkt
ey = Ty aptlo=ant o (e Xg =x57)
(7.52)

With the dynamic equation of xff:fl in (7.1) and the definition of @, in (7.40),

~k+1 _ k+1 ~k+1
xl _:L'l y o, €T

it can be deduced that

u, = oi(t)
Upr1 = j:,’f,:rll — frpa (b, xXETY — by 22 (7.53)

= —be [E7T — 2T + i (2)

Thus, these two statements are also true for &' = k + 1. [

Now, by substituting k£ = m into Lemma 7.2, the following equalities hold:

&d:Xd7 gl xzh 1= 17 , T
az_soz(t)a 7’:17 , TN 17
U — Pm(t) = _bm[ﬁlm_l - ljln—H] = —bp[2] — 2]

By defining u and A(Z§, z%) as in Theorem 7.3, we can obtain equation (7.44). m

Clearly, the result in Theorem 7.3 is similar to Theorem 7.1, so the previous
results on the remaining dynamics and the reconstruction of the unknown inputs
can be directly applied. Moreover, as the new robust terms w; are obtained by
solving the corresponding equations, the additional low pass filters are successfully
removed, and the unknown inputs can be directly obtained after all the states have

converged to the true values.
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It has been proven in [69] that the sliding accuracy can be improved with the
order of sliding mode algorithm. Thus, this provides a potential to increase the
estimation performance by artificially increase the order of the proposed higher

order sliding mode differentiator in (7.42).

Remark 7.2. In this subsection, the higher order sliding mode differentiator al-
gorithm [69] is used to attenuate the chattering effect, as well as to avoid the
requirement of additional low pass filters. Moreover, in the case when the relative
degree of any dynamic subsystem in (7.1) is one or two, i.e., r; =1 orr; = 2,
i € {1,...,m}, the super-twisting algorithm in [53] or the modified super-twisting
algorithm in [86] can be applied to avoid the requirement of low pass filters, with
slight adjustment of u; given in (7.11).

Remark 7.3. For a given nonlinear uncertain system that can be transformed
into the system given in (7.1) through a nonlinear transformation (such as the Lie
derivatives), and all the mentioned Assumptions are satisfied in the transformed
domain, then an observer design for the original system can be performed by the

means of inverse transformation.

7.3 Numerical Simulations

In this section, a six-order numerical example is used to demonstrate effectiveness

of the the proposed observer. Consider

Ty 0 0
p1(t)
Ty 0 0
X = + (7.54)
—4x9 + 0.225 + 10 0 1
pa(t)
T 1 04
—31’6 — X35 — T4 1 05(134
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(7 T 0 0 o1(t)
vy = || =z|+]03 o (7.55)
y3 I3 05 01 (102(?5)

where x = [z, 19, 23, 74, T5, 76)7 € RO is the system state, y = [y1, 92, y3]7 € R?
is the system output, o(t) = [p1(t), p2(t)]T is the system unknown input which

needs to be reconstructed.

Then, under the coordinate transformation: z} = z;, 23 = zo, 73 = 14,
s _ s _ s _ _ T T ol 2 21T 3
xy = xg, x5 = x5, x5 = w6, and x = [(x4)7, (xs)T])", xq = [x], 27, 23]" € R,

x, = [25, 25, 25]7 € N3. The original numerical example can be rewritten in the

form of (7.1), as

o1 = —4(x])? 4+ 0.227 + 10 + ¢y (¢)
B = o
72 = —4x2 +0.22° + 10 + oot
2 40201 + 10+ ) -
it = a3
5 = x5+ ¢1(t) + 0.4p9(1)
i = =325 — xiwy — a3+ @i(t) + 0.523¢a(t)
with the measurable outputs as
Y 7] 0 0
y= || = 22 + 0.3¢1 (1) , with D= 103 0 (7.57)
Y3 x5+ 0.5¢1 () + 0.1 (t) 0.5 0.1

It is clear that the transformed nonlinear system has the unknown inputs ap-
pearing not only just in the state dynamics, but also in the measurement outputs,
and that Assumptions 7.1-7.5 are satisfied. Then, the proposed observer can be

used to estimate the states and identify the unknown inputs.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



7.3. Numerical Simulations 145

7.3.1 Proposed Robust Observer

By setting the corresponding estimated variables as {Z}, %3, 43,25, %5, 5}, a ro-

bust observer can be designed in the form of

o= 43240287 + 10+ wy

o= i

12 = —433 +0.225 4+ 10 4 uy

2 ' ' (7.58)

5 = 15— 300y

5 = @54 up + 0.4uy — 30%03

15 = —3@5 — a%a5 — 22 + uy + 0.57%uy — Boy

with

o1 = 50% — Y
09 = [JAZ'% + O.S{Ul}eq — yg]/094 (759)
o3 = [27+0.5{us}eq + 0.1{us}eq — y3]/0.98

where 6 is the high gain feedback parameter, u; and wuy are the first-order and

second-order sliding mode terms. Based on (7.11) and (7.12), we have

u; = —pisign(oy)

uy = —pa(z1 + |z0]'?sign(z))/ (21| + [ 20['/?)

0 = v (7.60)
vg = —LB5MY?|zy — 09|/ ?sign(zy — 03) + 21

Z = —1.1Msign(z — vo)

with M being a turning parameter, {u; }, and {us}e, are the equivalent signals
of uy and us, respectively, which are obtained through low-pass filters.

In order to demonstrate the performance of the proposed approach, an ob-
server without any equivalent signal compensation on the measurable outputs,
i.e., {u1}eq = {ua}eq = 0, is also applied.

For simulation purposes, we choose ¢;(t) = 2sin(t) and ¢o(t) = 2sin(3t) +
lcost. Then, the parameters for observer (7.58)-(7.60) are chosen as: p; =

3,p2 = 4,0 = 4, M = 65. The simulation is performed with the initial values
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Figure 7.1: The estimation performance without compensation

X0 = [2,2,2,4,4,4]7, %9 =[0,0,0,0,0,0]7, 20 = 2, = vy = 1. The simulation step
is set to 0.5 ms.
First, the observer without compensation on outputs is employed, and the

performance is shown in Figure 7.1. It is clear that the estimated states fail to

track the true values due to the uncertainties in the system outputs.

Then, the proposed observer described by (7.58)-(7.60) is applied, and the
improved estimation performance can be clearly seen in Figure 7.2. And the
unknown inputs are successfully reconstructed after about 7s, as shown in Figure

7.2e and Figure 7.2e.

However, there exist small ripples in the estimated states and the reconstructed
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unknown inputs, see Figure 7.2c and Figure 7.2f. This is mainly caused by the low

pass filters, which are necessary for the reconstruction of the equivalent signals of

uy and us.

7.3.2 Modification of Proposed Observer

In order to eliminate the additional low pass filter’s effect and to improve the

estimation performance, we suggest to use the higher order sliding mode differ-

entiator to replace the previous quasi-sliding mode observer, since the unknown

inputs are assumed to be smooth, i.e., Assumption 7.6 is satisfied.

According to (7.40) and (7.41), we define u; and y;, i = 1,2 as follows:

= 24 4(31)2 - 0282 — 10

= 22 +42? —0.235 — 10
(7.61)

= yl
= [y2 — 0.3G; — 0.0622]/0.94

Here, 2} and 23 are used to indicate the estimated values of 2} and 23 respectively.

Then, a third order and a forth order sliding mode differentiators are proposed

for 2} and %, given as

1
Yo

=33} — [ sign(2] — 71) + 2]
" (7.62)
—1.5LY2| 2 — vb| Y ?sign(z) — vl) + 23

—1.1Lsign(z3 — v})
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Figure 7.2: The estimation performance with the proposed observer
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and
2 = 0}

vg = =KV} — P hsign(a} — o) + 23
2 = 0
v? = —3K'Y3|3% — v3|*3sign(22 — v3) + 22 (7.63)
2 = vl
v3 = —1.5KY?|22 — 03|V %sign(2? — v?) + 22
2 = —1.1Ksign(z3 — v3)
with L and M being the tuning parameters.
Then, by defining o3 similar to (7.59), as

Similar to (7.58), a high gain observer can be designed for the remaining dynamics

of x,, as
] = 15— 3003
,ji'; = :f’,'g + a1 + 0.4y — 3(920'3 (765)
As 378 — 7548 — ~2 - 05A2— _03
T3 = T3 — 1Ty — 25 + U + 0.075Us o3

We choose the same simulation parameters as before except for the tuning
parameters which are set as: L = 45, K = 200. And the simulations results are
shown in Figure 7.3.

Compared with the previous results in Figure 7.2, it can be seen that the
estimation performance is greatly improved. Moreover, the unknown inputs can
be reconstructed with a better accuracy, as seen in Figure 7.3e and Figure 7.3f,

and the visible ripples have been significantly attenuated.

7.4 Summary

In this chapter, a robust observer based on a recursive higher order sliding mode
algorithm has been developed for a class of MIMO nonlinear systems with un-

known inputs in states and measurable outputs. With more output measurements
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than the number of unknown inputs, plus proper assumptions on the system struc-
ture, the restrictive involutive condition is not required, and the states and un-
known inputs can be identified asymptotically. Furthermore, a modified observer
without low pass filtering is also presented to improve the estimation performance
if the unknown inputs are smooth.

The contribution of in this chapter can be summarized as:

(i) A robust hybrid observer is proposed to handle a class of MIMO nonlinear

systems with the unknown inputs appearing in both the states and outputs.

(ii) A novel HSMC based recursive algorithm is developed to track and recover

the unknown inputs.

(iii) The restrictive involutive condition is not imposed because of an unknown-
state dependent distribution matrix of the unknown inputs, and a high gain

feedback is proposed to ensure identifiability of the unknown inputs.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

In this thesis, we have investigated the state and unknown input estimations
of nonlinear uncertain systems, in which the unknown input enters the systems
through an unknown-state-dependent distribution vector, i.e., we considered the
problem of non-matching disturbance in the observer sense. The identifiability
of the unknown input and system states is carefully addressed based on the idea
that the unknown input can be replaced by some nominal dynamics while the
corresponding sliding mode surface is reached. The contribution of the thesis can

be summarized as follows:

(i) A hybrid observer which integrates a full-order high gain feedback with a
higher-order sliding mode term is developed for a class of SISO uncertain
systems. With the high gain feedback, the state estimation error will con-
verge into an invariant set regardless of the initial conditions, in which the
sliding condition is satisfied thereby ensuring the sliding surface is reached.
However, the identifiability of the unknown input as well as system states is
strictly related to the stability of the reduced-order dynamic system struc-

ture, which can be classified into three categories:

— The reduced-order dynamics is asymptotically stable on the sliding

surface. Then, all states and unknown input can be asymptotically
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identified with the proposed hybrid observer.

— The reduced-order dynamics is stable, but not asymptotically stable.

Then, only partial states can be exactly identified.

— The reduced-order dynamics is divergent. Then, the states estimation
error will fall into an invariant set instead of converging to zeros, and

the unknown input fails to be identified.

(ii) To verify the effectiveness of the proposed hybrid observer design approach,
it was implemented on a series DC motor for a non-matching time-varying
parameter identification. From the experimental results, the non-matching
motor parameter can be successfully identified based on the measurable
current and input voltage, as well as the unknown rotor speed. The iden-
tified parameter is then used to enhance the speed estimation performance
in the presence of external disturbance. Monte carlo simulations are also
conducted to illuminate the identification accuracy with respect to measure-

ment noises of motor resistance and inductance.

(iii) Based on the idea that the sliding mode chattering affects only the accu-
racy of the reconstructed uncertainties, but not the system states, a novel
perspective on the sliding mode observer design for speed and position es-
timations of a surface-mounted PMSM is presented. With a one time cali-
bration of the position estimation, which can be conducted by sensing the
zero-crossing of the back-EMF's, the desirable speed and rotor information

can be exactly estimated without filtering effect.

(iv) To handle the estimation problems of a class of MIMO nonlinear systems
with non-matching inputs, a hybrid observer that combines multiple higher
order sliding mode feedbacks with a reduced-order high gain feedback is
proposed. With proper system structure assumptions and that the num-
ber of measurement outputs is assumed to be one more than the number
of unknown inputs, then the unknown inputs, as well as the full-order sys-
tem state, can be asymptotically estimated without the requirement of the

restrictive involutive condition.
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(v)

8.2

A more general uncertain MIMO nonlinear system in which the unknown
inputs appear in both the state dynamics and the measurement outputs is
also studied. A recursive sliding mode observer integrated with a reduced-
order high gain feedback is developed, in which a novel recursive sliding
observer ensures that the sliding surfaces are reached sequentially, mean-
while, the valuable signals in the measurement outputs can be gradually
extracted by cancelling the unknown inputs in sequence. The reduced-
order high gain feedback designed based on the extra measurement output
will work to guarantees that both the unknown inputs and states can be

identified asymptotically.

Future Work

Several interesting research issues that could serve as future research directions

are as follows:

(i)

Note that the proposed hybrid observers in this thesis are developed and an-
alyzed in the continuous-time domain. It would be interesting and useful to
extend these works into the discrete-time domain for ease of implementation
in real systems, for example by discretization via Taylor series expansion.
Then, the relationship between stability, estimation error, and sampling

interval need to be carefully addressed.

It should be mentioned that the stability and sliding conditions of discrete-
time sliding mode (DSM) are quite different from its continuous counterpart,

and remained a challenging problem.

The proposed observer in Chapter 5 for speed and position related dynam-
ics estimations of a surface-mounted PMSM is proved to be robust against
the chattering/filtering effect. It would be necessary and significant to take
motor parameter variations into consideration, especially the variation in
winding resistance due to temperature changing. For such case, an addi-
tional dynamic equation Ry = 0 can be used, with R, denoting the winding

resistance.
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(iii)

Moreover, experimental verification of speed sensorless control should be
conducted based on the proposed observer, to demonstrate the effectiveness

of the proposed approach.

In most practical systems, the states as well as system uncertainties are
restrained by some particular conditions (e.g. (sinf)? + (cos#)? = 1 in
Chapter 5). It would be significant to consider the sliding mode observer
design for these particular systems with the required conditions, since the
intrinsic property of sliding mode approaches is to constrain the system

trajectory towards a predefined manifold and staying on it thereafter.

In fact, the restrained condition, (sin#)? + (cos#)? = 1, has been partially
included in the modeling of the dynamic systems of (5.10) by taking dif-
ferential operator. As a result, a one time calibration signal that works as

initial conditions is required to recover the real-time system states.

The proposed hybrid observers in Chapter 6 and Chapter 7 are developed
for state and unknown input estimations of a class of uncertain MIMO
nonlinear systems. It would be significant to extend and apply such results
into some practical engineering systems, such as for observer-based fault

detection or system health diagnosis purposes.

Although the hybrid sliding observer design in this thesis was limited to a
combination of sliding mode techniques with high gain feedback for state
and non-matching unknown input estimations, it would be significant to
extend such design methodology to other research methods, such as by
integrating the sliding mode observer with adaptive techniques to handle
parameter variations [97] or to obtain variable sliding gains for chattering

attenuation [147].

In fact, the integration of sliding mode techniques with some soft-computing
(SC) approaches [98] to achieve higher performance has attracted increasing
attention in recent years, such as neural networks (NNs), fuzzy logic (FL),

and so on.
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