This document is downloaded from DR‑NTU (https://dr.ntu.edu.sg)
Nanyang Technological University, Singapore.

An adaptive distributed dipole model for
enhanced dynamic inversion in magnetic field
and induction sensor
Wu, Fang
2014
Wu, F. (2014). An adaptive distributed dipole model for enhanced dynamic inversion in
magnetic field and induction sensor. Doctoral thesis, Nanyang Technological University,
Singapore.

https://hdl.handle.net/10356/61901
https://doi.org/10.32657/10356/61901

Downloaded on 09 Jan 2023 06:55:59 SGT

AN ADAPTIVE DISTRIBUTED DIPOLE MODEL FOR
ENHANCED DYNAMIC INVERSION IN MAGNETIC
FIELD AND INDUCTION SENSOR

WU FANG
SCHOOL OF MECHANICAL AND AEROSPACE
ENGINEERING
2014

AN ADAPTIVE DISTRIBUTED DIPOLE MODEL FOR
ENHANCED DYNAMIC INVERSION IN MAGNETIC
FIELD AND INDUCTION SENSOR

WU FANG

School of Mechanical and Aerospace Engineering
A thesis submitted to the Nanyang Technological University
in partial fulfilment of the requirement for the degree of
Doctor of Philosophy
2014

ACKNOWLEDGEMENT
First, I would like to express my deepest thanks to my parents for their
long-time support.
I would like to express my sincere gratitude to my supervisors Asst/Prof. Son
Hungsun and Moon Seungki for their valuable guidance and suggestions.
Also, I want to thank all the PhD friends I’ve got, for sharing my exhausting
struggles with academic problems and giving their understanding where nobody
else would ever do. It is the most fortunate thing that I am not being beaten alone. I
would like to extend my thanks to the technicians in Flight Mechanics and Control
Lab for their help.
And personally, I would like to thank my friends Ms Zhao and Ms Jiang, who
have always been there for me and make every suffering more tolerable.
Finally, I shall thank Nanyang Technological University for providing research
scholarship and equipment for the conduct of my project.

TABLE OF CONTENT
Acknowledgement ............................................................................................. v
Table of content .................................................................................................. i
Abstract ............................................................................................................. iv
List of figures .................................................................................................... vi
List of tables ....................................................................................................... x
Nomenclature ..................................................................................................... 1
I.

Introduction ................................................................................................ 2
1.1 Motivation ......................................................................................... 2
1.2 Background ....................................................................................... 3
1.2.1 Electromagnetic field modeling ................................................ 4
1.2.2 Existing sensing/imaging systems ............................................ 5
1.2.3 Magnetic induction tomography ............................................... 9
1.3 Research scope ................................................................................ 10
1.4 Outline of this dissertation .............................................................. 11

II.

Review of related studies ......................................................................... 12
2.1 Eddy current problem ...................................................................... 12
2.2 Modeling of MIT ............................................................................. 24
2.3 Existing systems .............................................................................. 32

III.

Extended DMP model ......................................................................... 38
3.1 Overview ......................................................................................... 38
3.2 Modeling based on vector potential ................................................ 38
3.3 Model demonstration with induction .............................................. 46
3.4 Illustrative applications and discussions ......................................... 51
i

3.4.1.Example 1: Cylindrical coils with various aspect ratios ......... 51
3.4.2.Example 2: Coil of customized shape ..................................... 54
IV.

Magnetic field based motion sensor .................................................... 57
4.1 Overview.......................................................................................... 57
4.2 DMP model for PM based orientation sensor.................................. 57
4.2.1 Tracking strategy..................................................................... 58
4.2.2 Illustrative Examples and Simulation ..................................... 64
4.2.3 Experimental results ................................................................ 73
4.3 eDMP model for induction based orientation sensing ..................... 78
4.3.1 Inductance

calculation

and

comparison

with

Grover’s

method………………………………………………………80
4.3.2 Experiments and discussion .................................................... 84
V.

Distributed dipole model for MIT ............................................................ 91
5.1 Overview.......................................................................................... 91
5.2 Induced dipole moment and conductivity........................................ 92
5.3 Forward mapping with dipoles ........................................................ 94
5.3.1 Distributed dipole model ......................................................... 94
5.3.2 Validation of dipole direction ................................................. 98
5.3.3 Sensitivity matrix study......................................................... 101
5.4 Issues related to inverse problem ................................................... 106
5.4.1 Ill-conditioned problem ......................................................... 107
5.4.2 Regularization techniques ..................................................... 110
5.5 Adaptive discretization scheme ..................................................... 111

VI.

ii

Illustration and discussion ................................................................. 114

6.1 Overview ....................................................................................... 114
6.2 Simulation results .......................................................................... 114
6.2.1 Magnetic field information from COMSOL ......................... 115
6.2.2 Initial solution ....................................................................... 120
6.2.3 Adaptive refined solution...................................................... 121
6.3 Experiment with low frequency excitation.................................... 122
6.3.1 Experiment setup .................................................................. 122
6.3.2 Measurements and discussion ............................................... 124
6.4 Experiment with high frequency excitation .................................. 127
6.4.1 Experiment setup .................................................................. 128
6.4.2 Measurements and discussion ............................................... 130
VII.

Conclusion and future work .............................................................. 143
7.1 Accomplishments and contribution ............................................... 143
7.2 Future work ................................................................................... 145

Appendix a. Procedures of solving linear PDEs with moment methods ....... 148
References…………………………………………………………………...150

iii

ABSTRACT
A magnetic-field-based sensing/imaging system, being noninvasive, has been
widely

implemented

for

anomaly

detection

in

various

applications.

The

sensing/imaging performance is highly dependent on the modeling approach, which
decides accuracy, efficiency and implementation. Distributed Multi-pole Model, as a
semi-analytical modeling method, has been developed to simulate magnetic field from
permanent magnet and direct current-carrying coils, but its application is limited to
static field problems due to usage of scalar-potential-based governing equations. For
sensing/imaging purpose, modeling of time-varying electromagnetic field plays a more
critical role because it provides abundant information in both spatial and time domains.
The objective of this research is to develop a modeling approach for time-varying
electromagnetic field and explore its capability for sensing/imaging purpose. The
magnetic point dipole directly conceptualizes the physical field information
(automatically satisfying Maxwell’s equations) and offers a compact solution to
account for the field variation. Then originated from vector potential formulas, the
extended distributed multi-pole model is developed to account for AC source and
further exploited to describe the inductive relation between two coils. The commonly
seen integral form of the induction equation can be simply discretized based on
extended distributed multi-pole models. Therefore real-time and robust mutual
induction computation can be realized and orientation sensing schemes being
developed. As a semi-analytical modeling method utilizing discretized source terms,
computation for induction can be more efficient and simply applicable for various
sensor configurations.

iv

Another promising application is introduced as magnetic induction tomography
(MIT), which utilizes compact measuring devices with moderate electromagnetic field,
and thus could be a safer and portable imaging system for medical applications. With a
number of point dipoles spanning the target domain and effectively characterizing the
field from eddy current, a novel modeling approach is developed. Since there is a
linear relation between the dipole moment and peripheral field variables, the forward
mapping can be directly built, and the matrix for inversion is much more simplified.
Compared to directly solving for conductivity, this inversion procedure for the dipole
moment is proven to be fast-computing, which also provides guidance for an adaptive
refining process.
While induction-based sensing and tomography has been developed with an
easily implementable approach that discretizes the field problems from distributed
dipole models, we expect the modeling and discretization method will have broader
applications in matrix regularization and signal processing.
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I. INTRODUCTION
1.1

MOTIVATION
Electromagnetic field has been widely exploited for various sensing applications,

including location detecting, motion sensing, material feature imaging, etc. Compared
to sensors that rely on direct mechanical linkages, an electromagnetic sensor offers
advantages such as contactlessness, compactness and easy implementation. It provides
more abundant information than an optical sensor because the measured signal consists
of magnitude, direction and even phase. Also, both excitation and detection devices
can be simply customized and designed for specific applications. In order to fully
make use of these advantages, an accurate modeling approach and a fast-computing
sensing method are usually in demand.
Capable of integrating the benefits of both analytical and numerical modeling
approaches, a semi-analytical model that utilizes the unit source terms has the potential
to be fast and accurate at the same time. Originated from Single Dipole Model,
Distributed Multi-pole model has been developed to account for permanent magnet or
static electromagnet. Its applications on a PM-based motion sensor and spherical motor
control have been studied and good performance is validated. Then in order to further
explore the capability of this modeling approach, it is quite straightforward to tackle
the problem of modeling of time-varying field.
One of the research areas that electromagnetic field has a high standing is
biomedical imaging. Aiming to diagnose diseases and aid medical procedures, existing
imaging instruments include X-ray computed tomography, medical ultrasonography,
magnetic resonance imaging, etc. Although having their own advantages, none of these
techniques perfectly satisfy all the requirements on the imaging resolution, devices
compactness, and safety concerns, etc. In addition, due to their specific working
2

principles, each imaging technique provides different types of information about
different areas of a human body, which indicates there are great potential and needs to
develop new medical sensing/imaging systems that could be faster, safer or able to
image the areas that current techniques cannot. Magnetic induction tomography (MIT),
which utilizes the induction feature of electromagnetic field, is one rapidly developing
technique in the last decades. It was initially proposed in 1990s, utilizing different
capability of “induction” belonging to various materials. Images were generated based
on passive electrical properties, conductivity, permittivity and permeability. By setting
up a time-dependent electromagnetic field, eddy current would be generated inside
those areas with nonzero conductivity, which produces a smaller, but distinct
electromagnetic field. Magnitude and phase information of these eddy current bears a
relation with the material feature. And the target of MIT is to abstract the material
distribution information out of this perturbation field.
Due to limited imaging performance, there is no existing system of magnetic
induction tomography in practical usage. Therefore, the motivation of this dissertation
is to develop a novel modeling method for time-varying electromagnetic field and
utilize it for induction-based sensing/imaging techniques.

1.2

BACKGROUND
In order to provide background knowledge about electromagnetic field modeling

and its application for sensing as well as imaging, the following discussion is
organized in three sections. The first section reviewed the existing studies on
electromagnetic field modeling, and the second section discussed various existing
biomedical sensing/imaging systems. Then the working principle of magnetic
induction tomography was briefly explained, which emphasizes its difficulties and
provides the questions for further discussion.
3

1.2.1 ELECTROMAGNETIC FIELD MODELING
Discussion of electromagnetic field could be systematized as electrostatics,
magnetostatics, quasi-static fields and electromagnetic waves. The subject of
electrostatics is phenomena involving time-independent distributions of electric charge
and fields, whereas magnetostatics discusses the steady-state magnetic phenomena,
which could be handled as analogy with electrostatics in most cases. It is noteworthy
that at these static and steady situations, electric field and magnetic field are not
coupled yet and can be discussed individually. As time-varying cases are considered,
these two fields inevitably relate to each other and would be further treated as
electromagnetic waves altogether when the propagation effect becomes significant.
Discussion of time-dependent electromagnetic field without considering the
propagation delay is referred as quasi-static problems, which applies at low
frequencies so that the dimensions of the region of interest are small relative to the
wavelength of the electromagnetic field. It is assumed that any change in the field is
felt instantaneously across the region.
It has been a fascinating topic to express the electromagnetic phenomena in a
mathematical form. Basic formulas and general governing equations have been derived
[1-12], including Maxwell equations, Biot-Savart law, Gauss’s law, and many other
works by great scientists. And different boundary conditions would be set for various
environment and applications. Therefore a beautiful set of equations can almost always
be found to describe the concerned problem. But here comes the big contradiction
between mathematical beauty and realistic application: not all of these equations can
be solved analytically. In fact, if any at all, extremely complicated solutions would be
generated by those neat-looking differential/integral equations under strict assumptions.

4

As the configuration and feature become more complicated, as well as realistic,
analytical solution would become inapproachable.
Then with the astonishing development and universalization of computers,
numerical methods [13-15] become more popular for modeling and due to the more
and more user-friendly commercial software, people without strong background on
mathematics or physics could solve an electromagnetic field modeling problem easily.
Commonly used numerical methods include finite difference method (FDM) [16],
finite element method (FEM) [17], and boundary element method (BEM) [18]. FDM
discretizes the governing equations in their strong form and is the most straight
forward way to obtain a discrete system equation. On the contrary, FEM and BEM
utilize the weak form of governing equations and obtain the discrete equation based on
intelligently generated meshes. While FEM discretizes the whole problem domain,
BEM only deals with the boundary of the problem domain.
Analytical approaches have the advantages of efficiency and accuracy, while
numerical techniques provide the convenience that always being solvable. In order to
integrate these benefits, a Distributed Multiple-Pole (DMP) model [19] has been
developed from a single-dipole model and utilized multiple source/sink terms to
account for the shape of permanent magnet. It can provide accurate results for
modeling the electromagnetic field from PM as well as static EM and has been utilized
for control of spherical motors [20, 21].

1.2.2 EXISTING SENSING/IMAGING SYSTEMS
Sensing/imaging systems aim to provide information about the material feature,
location and motion of a certain target. Motion sensors, as an essential component in
many applications such as automation[22], robotics[23, 24], manufacturing machine
and medical devices, etc., have been developed to monitor or control electrical and
5

mechanical systems. As growing techniques in integrated electronics and computer
during past decades, many different kinds of sensors with various working principles
including pedometers, accelerometers, optical and magnetic sensor etc., have been
commercially available but still their research has been studied to improve
performance [25]. Among these sensors, optical/imaging sensors for detecting
motion/position have also been widely used since they offer visual identification [26]
but their sampling rate is low and thus it is often limited in a fast dynamic system. An
ultrasound and radar can be utilized to monitor wide area with high accuracy but is
bulky and cannot be used with obstacle along the optical path [27]. Magnetic sensors
have been utilized in numerous applications such as motion, orientation sensing and
path tracking [28-31]. It is compact in size, easy at operation and capable of providing
high sensitivity without mechanical contact. It is therefore suitable for small and
safety-required measurement systems, such as biomedical applications.
Both static magnetic field [32, 33] and time-varying electromagnetic field [34, 35]
have been used for sensing purpose. By comparison, magnetic sensor utilizing static
magnetic field has the advantage of excitation-free, since no power supply or signal
generator is needed. But due to the exact same cause, the permanent magnet based
sensor is more difficult to control and customized because of its inability to be turned
off or altered. On the contrary, both the excitation field and sensor configuration are
more flexible when time-varying electromagnetic field is exploited for sensing purpose.
Inductive signals are usually used to account for the geometric relation between
various objects. Therefore design parameters including the excitation field pattern,
frequency, and sensor geometry can be varied for optimum performance. Mutual
inductance of various shaped coils with specific geometric relations has been studied [5]
and many detailed problems [36-38] have been analyzed, but the computation process
6

often requires series of integral operations for various shapes and locations of coils. And
any changes of the geometry in the existing solutions have to be evaluated again. A more
general, accurate and fast-computing procedure is in demand to model the time-varying
field first and then further utilized to calculate the inductance.
When the application is for biomedical environment, the sensing/imaging target is
a human body. It is used not only for clinical purposes, such as medical procedures
seeking to diagnose or examine disease, but also for medical science including the
study of normal anatomy. And due to the involvement with human being, higher
standards of accuracy, security and imaging performance are in demand.
Existing medical sensing/imaging systems can be classified into two categories
based on the source of signals. Neuron activities inside human body produce magnetic
fields themselves, which can be recorded and used to map the neuron activities, as in
Magnetoencephalography (MEG) [39, 40], Electrocardiography (ECG) [41, 42] and
Electroencephalography (EEG) [43]. This natural magnetic field is extremely weak
and considerably smaller than the ambient magnetic noise, and the essential difficulty
is the weakness of the signal relative to the sensitivity of the detectors. Thus these
systems largely depend on superconducting quantum interference devices (SQUID)
[44], which are sensitive enough to measure fields as low as 5  10  18 T within a few
days of averaged measurements.
Another type of biomedical sensing/imaging technique, which includes computed
tomography (CT) [45], medical ultrasonography [46], magnetic resonance imaging
(MRI) [47, 48] and so on, utilizes external signals as excitation, measures the
responding signal and shed light on the inner structure of the human body without
causing damage. In this way, the signal to be detected is relatively large and can be
controlled by excitation devices. Within this category, many different kinds of source
7

signals have been used. CT utilizes electromagnetic field with frequency from 3  1016
Hz to 3  1019 Hz, named as X-ray, and produces a large series of two-dimensional
images taken around a single-axis of rotation. This volume of data can be manipulated
in order to demonstrate various structures based on their ability to block the X-ray
beam. It has been an important tool since invented and widely used over the last two
decades. But as the radiation exposure increases, the potential risk of cancer would
also increase, especially when the patient is already in weak health condition. Thus
how to control the radiation dosage without sacrificing the imaging quality is an
important issue.
Medical ultrasonography utilizes sound waves with a frequency between 2 and 18
MHz. Arc-shaped sound waves are produced from a piezoelectric transducer and
travels into the body. Whenever there is a density changes in the body, e.g. blood cells
in blood plasma, small structures in organs, etc., the sound wave is partially reflected.
After the sonography scanner determines how long it takes the echo to be received
from when the sound was transmitted and how strong the echo is, it can locate which
pixel in the image to light up and to what extent. It is commonly used for visualizing
subcutaneous body structures including tendons, muscles, joints, vessels and internal
organs. Obstetric sonography is widely recognized by the public as a routine procedure
during pregnancy. Although causing fewer safety concerns, resolution of
ultrasonography is relatively low compared to CT and other imaging systems.
Another popular medical imaging system utilizing electromagnetic field, MRI,
implements three different electromagnetic fields: a very strong static magnetic field
(0.5-3.0 T) to polarize the resonant part; a weaker time-varying field for spatial
encoding; and a weak radio-frequency (100 kHz to 1 THz) radiation for manipulating
the resonant part to produce measurable signals. Because the proton of a hydrogen
8

atom, present in water molecules, is widely used as the “resonant part”, MRI achieves
excellent soft-tissue contrast. Although MRI does not expose the patient to high energy
radiation, it utilizes extremely powerful static magnetic field and therefore has strict
restrains on patients with magnetic implants, such as pacemakers. Also the scan time is
relatively long and patient could be required to lie in the MRI instrument for hours.
The radio frequency radiation could heat the body to the point of hyperthermia and
break down the protective mechanisms for heat control. The long imaging process
could also be a serious problem for people with claustrophobia. Currently MRI is the
most advanced biomedical imaging technique and also the most expensive one. An
MRI instrument could cost up to millions of dollars.
Each of these systems can provide valuable information and tremendous help for
doctors when operated for their applicable cases. This also drives scientists and
engineers to enthusiastically develop new systems that could work for currently
difficult situations.

1.2.3 MAGNETIC INDUCTION TOMOGRAPHY
As one of the developing techniques that have attracted a lot of attention,
magnetic induction tomography reconstructs the material feature distribution by
measuring the peripheral electromagnetic field. Similar working principle has been
exploited in applications including nondestructive defeat testing (NDT)[49], treasure
hunting[50] and metal detector[51], etc. Many studies [52-55] have been done in order
to extend this technique for biomedical imaging purpose. Based on existing studies,
comparison between existing medical imaging systems and MIT is shown in below.
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Table 1.1 Comparison between medical imaging systems
Imaging system

Resolution

Radiation

Contact

Specialty

Ultrasonography
CT
MRI
MIT

Less than 1mm
Below 1μm
From mm to nm
Bigger than 1cm

No
Yes
No
No

Yes
No
No
No

Internal organ
Bony structure
Soft tissue
Conductivity

Costs
(USD)
200
500
2000
None

MRI, as the most sensitive imaging system, can provide resolution around one
millimeter with a common magnetic sensor; and high resolution MRI techniques
(magnetic resonance microscopy and magnetic resonance force microscopy) can
achieve resolution as low as nanometers with the help of highly sensitive magnetic
sensor, such as SQUID (superconducting quantum interference device) and
micro-fabricated cantilever. As mature imaging techniques, many approaches and
assistant devices have been proposed and used for MRI, CT as well as ultrasonography
to improve the image quality, reduce the computing time, etc. And since MIT is still at
an early stage, its resolution is very low. However it does have the advantages of
radiation free, contactless and generate images based on conductivity, which has not
been utilized in other biomedical imaging techniques. There is still plenty of potential.
In order to examine the link between the measurements and material features,
magnetic field needs to be analyzed and modeled first, which is usually a complicated
process since electromagnetic field problem is not linear, even not analytic depending
on the structure geometry.

1.3

RESEARCH SCOPE
Three subtasks are illustrated as below.


Developing the modeling approach of time-varying electromagnetic field for

anomaly detection/imaging purpose.
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Exploring the capability of magnetic-field-based motion/orientation sensor.



Addressing the imaging problem for magnetic induction tomography system.

1.4

OUTLINE OF THIS DISSERTATION
The thesis is outlined as follows.
Chapter 1 begins with the motivation and background of the studies about

electromagnetic field modeling and magnetic induction tomography. Research
objectives and scopes are therefore emphasized.
Chapter 2 includes detailed reviews of existing researches on eddy current
problem, modeling of magnetic induction tomography and practical system.
Chapter 3 proposes the extended DMP model in order to apply the semi-analytical
approach for time-varying field. The model is developed based on vector potential
formula and validated with induction computation. Computation results are presented.
Chapter 4 explores the modeling capability of the proposed approach for sensing
applications and two applications are detailed: DMP model for PM based orientation
sensor, and eDMP model for induction based orientation sensing. The latter study is
also an introduction for distributed dipole model for magnetic induction tomography.
Chapter 5 further extends the application and develops the distributed dipole
model for magnetic induction tomography. Forward mapping and inverse problem are
discussed respectively. Adaptive discretization scheme is proposed.
Chapter 6 includes the sensitivity matrix study and further imaging performance
evaluation for practical model. Simulation results from COMSOL software and
experimental measurements from practical setups are shown. Reconstructed image are
presented and discussed.
Finally, Chapter 7 summarizes and concludes this thesis and proposes the
potential future researches about the extended DMP model and magnetic induction
tomography.
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II. REVIEW OF RELATED STUDIES
Sensing and imaging processes are both inverse problems by nature, which are
usually handled based on the corresponding forward problems. For electromagnetic
induction sensors, the forward problem is to compute the inductive signal due to
various target features, locations and motion. Since the target of MIT is the material
feature distribution, its forward mapping process would be to express the peripheral
field as a function of material features and find the sensitivity function. As an
important step, this forward modeling of the problem domain will largely affect the
difficulty of inversion. Because of the nonlinearity and complexity of the problem, the
sensitivity matrix for MIT is expected to be ill-conditioned and direct inversion is
either impossible or would inevitably generate an unstable solution containing large
errors. Therefore, regularization process is also inevitable.
A systematic review of related studies is elaborated in the following chapter. It is
organized into three subjects: first, analysis and modeling of electromagnetic field for
eddy current problem, which is the basis for further discussion; second is forward
modeling and sensitivity matrix analysis for magnetic induction tomography, as a
transition from classical eddy current problem to imaging problem; at last, existing
magnetic induction tomography systems and experiment set-ups will be inspected.

2.1

EDDY CURRENT PROBLEM
Any technique utilizing electromagnetic field, no matter the application is to

generate motion, detect feature variation or explore the closed structure, is confronted
with a basic question: how to calculate the field variables. Because this is the
beginning step to calculate any other concerned variables, such as forces, torques, and
energy, etc. Basic formula descriptions and derivations can be found in many text
books [4, 56-58]. A quasi-static field problem governs an important range of
12

applications including electrical circuit analysis, electromechanical devices and eddy
current phenomena, which is the basis of imaging principle in induction tomography.
Thus, modeling of electromagnetic field for eddy current problem will be discussed in
this section.
An eddy current problem arises if a time-varying magnetic field is excited in a
domain  including a body  c made of conductive material, as in Fig. 2.1.


nc

n

c

Fig. 2.1 Eddy current problem configuration

The nonconductive domain in  is referred as  n . The outer boundary of  and
the interface are expressed as  and nc .  c could be single or multiple objects of
homogenous conductivity surrounded by air, which is discrete conductivity
distribution, or continuous inhomogeneous conductivity distribution. The discrete case
is simpler and more commonly used in the existing studies.
Using complex phasor representation in eddy current problem is very common.
Since eddy current problem is usually considered in the time harmonic condition, time
differentiation can be replaced by a multiplication by j when the field vectors are
all substituted by complex phasors. Then the Maxwell’s equations can be expressed as
below, where  refers to the angular frequency.
  E   jB

(2.1)
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where

  H  J f +j D

(2.2)

 B  0

(2.3)

D  f

(2.4)

j indicates time derivative; J f refers to free current density, which

includes contributions from excitation current density J 0 and electric field inside the
conductors; j D represents displacement current density;  f indicates free charge
density.
Based on the quasi-static assumption, the displacement current term j D can
be neglected as in Eq. 2.2. This leads to static but discretely time-varying magnetic
field in the non-conducting regions  n and additional electric source, eddy current,
present in c .
Constitutive equations are expressed as
B  H

(2.5)

D  E

(2.6)

where  refers to magnetic permeability and  refers to electric permittivity.
Permeability can be expressed as   0 r  0 1  v  , where 0 refers to magnetic
constant 4 107 V s/  A m  , r and v refer to the relative permeability and
volume magnetic susceptibility of the material. In this way, relation between magnetic
flux density and magnetic field intensity can also be expressed as B  0  H  M  ,
where magnetization M  v H . Because the main concern in an eddy-current
problem is conductivity, the effect from magnetic features of the material is mostly
neglected. It is common to just describe the relation between the magnetic flux density
and magnetic field intensity as B  0 H . Permittivity has an analogous feature as
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 = 0 r  1     0 , with  r and  as the relative permittivity and electric
susceptibility, and D   0 E  P , where P refers to the polarization. Notice that
different terminology and symbols are used in various publications.
It is noticeable that although expressed as a combination of several terms in the
form of J f  J 0   E , B   0  H  M  , they do not just refer to contributions from
different sources at the same time. Each of these terms has its physical meaning and
applicable environment, and for most of the realistic applications they will not be
present simultaneously. Expressing as combination form is just for the purpose of
formulating a more general equation.
Although Maxwell’s equations (including differential form of Biot-Savart law,
Gauss’s law) contain in principle a description of electromagnetic phenomena, it
cannot be directly utilized as governing equations because of the multiple coupled
variables. Various forms of second-order PDEs can be developed depending on the
chosen primary variable and the specific problem condition. Commonly used ones are
listed in Table 2.1, where  refers to the magnetic scalar potential, T refers to an
impressed quantity with   T  J ; A refers to the magnetic vector potential,
defined by  A  B ; V refers to the electric scalar potential, defined by
E   j A  j  V . The usages of A-V formula, T-  formula and E formula in

existing studies are summarized in Table 2.2. It is assumed that excitation source is in
the non-conducting region. To cope with the redundant degrees of freedom of potential
terms, Gauge fixing can be used, with the mostly used one to be the Coulomb gauge

A  0.
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Table 2.1 Commonly used formulas in eddy current problem
A-V formulation



1



  A  j A  V  J 0  0

   jA  V   0

T - formulation



1



  T  j H 0  j T  j  0

 •   H 0  T     0
E formulation



1



  E  j E  j J 0  0

Table 2.2 Summary of existing studies
Formula
A-V

Analytical solution

Numerical solution

Gencer [59]: electrical

Demerdash [67]: eddy current analysis,

impedance tomography,

Nehl [66]: nondestructive detection,

Kolyshkin [60]: eddy current

Ren [70]: eddy current analysis,

analysis

Hariharan [71]: eddy current analysis,
Tsuboi [74]: eddy current analysis

T -

Harrington [62]: nondestructive Biro [63]: eddy current analysis,
detection
Bouillault [68]: eddy current analysis

E

Pham [61]: magnetic induction Rucker [73]: eddy current analysis,
tomography
Hiptmair [77]: eddy current analysis,
Pham [76]: magnetic induction tomography,
Borm [78]: eddy current analysis

When actually solving the problem, it is much easier and reasonable to rewrite the
general equations in different domains respectively so that they can take a simpler
form. Thus, describing the relations at interfaces and boundaries become very
important, which are usually called boundary conditions. The field strength at
artificially far boundaries is assumed to vanish. And the boundary conditions for the
eddy-current problem can be given as below
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H  n  0 , B  n  0 , E  n  0 , D  n  0 on 
H  n , B • n , E  n , D • n are continuous on  nc

(2.7)
(2.8)

where n is the outer normal unit vector. Term B • n has the physical meaning of the
normal magnetic flux exiting the boundaries. Since flux is continuous, the normal
components of flux density are continuous on each side of the boundary. And the work
done in taking a unit electron round the typical infinitesimally small path consisting of
the field lines and equipotential lines is zero. Thus it can be derived that in the absence
of an interface current, the tangential components of H on each side of an interface are
continuous. Magnetic field intensity H has an analogue meaning of electric field E.
Boundary conditions can also be derived into other forms, in terms of magnetic vector
potential, electric scalar potential, etc.
Governing equations and boundary conditions introduced above are all in vector
form, which would be decomposed into multiple scalar equations for calculation
purpose. Analytical solutions can only be obtained for extremely simple models, and it
is usually based on specific assumption that unknown variables have only one nonzero
component, which reduces the vector equation to single scalar form equation.
Gencer[59] simulated a circular object inside a circular coil as a two dimensional
model when the object has two concentric layers of different conductivities. Originated
from Maxwell equations and continuity equation, governing equation using electric
scalar potential was formulated, which was in scalar form naturally. By equating the
normal components of current density on the interface, boundary condition of the
governing Poisson’s equation was found to be Neumann boundary form. Then for two
concentric domains of different conductivities, series solutions were provided
respectively using Fourier series. Here presented equation is only applicable for a
two-dimensional model. And in [60], series solution was obtained for a sphere with
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varying conductivity and permeability profiles in three dimensional space. Spherical
coordinate system was used, with the origin to be the center of conductive sphere. The
problem domain was divided into three regions: the empty space, the outer spherical
shell with varying electromagnetic feature and the inner ball with constant feature.
Under the assumption of having only one nonzero component, the azimuth component,
magnetic vector potential was used to form the governing equation in scalar form. And
by introducing the associated Legendre function and Bessel function, the analytic
solution was written for three regions respectively. Different material profiles were
analyzed in the paper and computational impedance results were presented for
different parameters. Pham [61] presented a governing equation in terms of electric
field, which was validated to have only one nonzero component, and derived the series
solution for nonconductive and conductive domains, respectively. Although the
primary variables are different and the form of governing equations are slightly
different, solutions mentioned above are all obtained by separation of the variables and
reducing the complicated vector form partial differential equation (PDE) to simple
ordinary differential equation (ODE). Their applications are restrained to specific
geometry and specific material feature distribution, such as symmetric spherical or
cylindrical structures.
When more general problems are dealt with, numerical methods are usually in
demand. Unlike a continuous partial differential equation valid everywhere over the
problem domain, which indicates the analytical solution as a function also valid
everywhere, numerical solution can only be obtained for a finite number of points.
Thus an additional numerical model/discretized model need to be established first,
which consists of a sum of strategically chosen points to adequately represent the
problem domain. A unifying principle for such technique can be found in the general
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Moment Methods [62], in terms of which many specific approaches can be interpreted.
With this method, the approximate solution is expressed as a finite summation of basis
function. By introducing a serial of weighting functions and defining the inner product
operation, a matrix form equation can be formed. Detailed procedures and
explanations are shown in Appendix a. One of the main tasks in any specific problem
is the choice of basis function and weighting functions. They should both be linearly
independent. Additional factors which affect the choice of basis function and
weighting functions include the accuracy of solution desired, the ease of evaluation of
the matrix elements, the size of the matrix that can be inverted, and the realization of a
well-conditioned matrix.
Finite element method (FEM), which utilizes weak form governing equations,
calculates the solutions for constituting nodes. It transfers the large-scale global
problem into local problems by discretized the entire problem domain into elements
and regularly cooperates with Moment Methods especially Galerkin’s method [63].
Unknown variable within single element is assumed to be linear function of location
coordinates, and then can be expressed as linear superposition of the specific value at
its constituting nodes. Therefore basis functions are only dependent on the element
geometry. Instead of globally strong formulations which can barely be satisfied, an
integral form weighted equation which forces the governing equation to be fulfilled in
an average sense over the problem domain is used, which is the fundamental working
principle of FEM.
Many investigators have used magnetic vector potential formulation with finite
element method for two dimensional fields [64-66], and then for two dimensional
approximations of three dimensional problems, using symmetry properties. Demerdash
[67] presented a three dimensional finite element formulation using vector potential for
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the eddy-current problem in a finite-length aluminum bar of square cross-section,
which was excited by a surrounding coil. Cartesian coordinate system was used. The
permeability of the aluminum bar material assumed independent values in the x, y and
z directions respectively and the conductivity was constant. After expanding the vector
equation into three scalar PDEs, differential formulations for this class of eddy current
were obtained. After boundary conditions were applied, it was solved using FEM and
total eddy current power loss was calculated. As in [68], a hybrid method based on the
T- formulation was used, which included FEM for conducting region and boundary

integral method for free space. A hollow conducting sphere placed in a uniform field
with sinusoidal variation in time was analyzed and the results showed agreement with
analytical solutions. By introducing integral method, the main advantage of this
method is the diminishing of the number of unknown and facility to treat open
boundary problems. Biro [69] reviewed various un-gauged formulations of eddy
current problems in terms of scalar and vector potentials. The vector potentials were
approximated by eddy finite elements and the scalar potentials by nodal ones.
Compared with using nodal elements to approximate vector potentials, presented
approach avoided the singularities approximated at sharp corners. For adaptive mesh
refinement, error estimators based on the principle of Ligurian and numerical
discontinuity of field results were established in [70]. Mesh modification was done by
so called “h method”, which ameliorates the mesh by decreasing the size of the
element. Edge-division technique followed by moving the “max-weight” node was
adopted for the division of elements.
Boundary element method (BEM) is another numerical computational method of
solving linear PDEs, which requires the governing equations to be reformed as
boundary integral equations first. The boundary element method attempts to fit the
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given boundary conditions into the integral equation, rather than values throughout the
space. This can be seen as one advantage of integral governing equations over
differential governing equations. Only partial differential equations are not enough to
describe the problem, since apparently they always give non-unique solutions while in
reality there is always unique circumstance. Boundary and interface conditions have to
be included and considered additionally to obtain accurate solution. On the contrary,
integral equations can describe the problem solely since the boundary conditions are
already included implicitly. The integral equation may also be regarded as an exact
solution of the governing partial differential equation. In the post processing stage, the
integral equation can be used again to calculate numerically the solution at any desired
point in the solution domain.
Hariharan [71] presented two methods for a specific two-dimensional
eddy-current problems, which was a wire carrying periodic current parallel to a
uniform conducting cylinder. Both methods yielded integral solutions over the
boundary of the conductor based on differentiate form Maxwell’s equations and
Green’s theorem. The first method is exact while the second is an asymptotic solution.
With two non-dimensional parameters to account for the material features, different
cases were considered, including object with infinite conductivity and zero
conductivity. Although the magnetic vector potential concept was not referred in the
paper, the function introduced as the primary unknowns was proportional to the
magnetic vector potential in physical sense. Maccamy [72] continued the study and
extended this method to treat full three-dimensional situation, but it still cannot treat
inhomogeneous or non-linearly magnetic materials.
Although different formulations would produce the same answers for one specific
problem, they may differ in accuracy when implemented numerically and the
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implementation will differ in complexity and computational cost. Various BEM
formulations in terms of field variables were reviewed in [73]. And boundary element
method using magnetic vector potential and electric scalar potential was described in
[74], where tangential and normal components of the vector potential, tangential
components of the magnetic flux density and an electric scalar potential on conductor
surfaces were chosen as unknown variables. In [75], Misaki presented the boundary
element method based on vector Green’s theorem. Unknown electric field vectors and
magnetic flux density vectors were assumed on the boundaries of two materials and
unknown electric field vectors were assumed in the conductor regions. After
determining these unknown vectors, 3-dimensional eddy current distributions were
computed at every point in the conductors. The computation results were compared
with a coupled circuit model and showed good agreement, but both tetrahedral and
triangular elements were used in the discretizing process, which increased the
computation effort.
Pham [61] presented a 3-D mathematical model in terms of electric field E for
magnetic induction tomography system using boundary integral equations. The
conductivity of the target area was written as    b   , where  b was the
background conductivity assuming to be constant within the whole target domain and

  was the perturbation from it. Similarly,   b   , where  was the
perturbation form the constant background permeability b .
The paper focused the forward problem based on b and b .With the Coulomb
gauge   A  0 , the analytical partial differential governing equations were as below,
derived from A formulation in eddy current free region and A-V formulation in eddy
current region.
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 2 A 0  j b b A 0  b b V0

(2.9)

 2 A1    0 J s

(2.10)

where A 0 and A1 were the magnetic vector potentials in the conductor and in the
free space respectively, V0 was the electric scalar potential in the conductor,  was
angular frequency, 0 was the magnetic permeability of the free space, Js was the
current density inside a coil. Here, the source in the free space region is considered
only to be the applied current source Js , and the source in the conductive region is

J0  bE0 . And the boundary conditions in terms of magnetic vector potential were
expressed as A0  A1 and

1 A0 1 A1

.
b n 0 n

With the help of Green’s functions, which can express the solution of partial
differential equations as boundary integral form, potentials in the governing partial
differential equations as Eq. 2.9 and Eq. 2.10 can be expressed in boundary integral
solution, then deduced to surface integral expressions of E0 , E0 / n

and E V ，

electric field only due to the electric scalar potential. These equations can be
discretized and linearized using the Boundary Element Method, which divide the
boundary into a finite number of elements. Elementary boundary integral of Green
functions, which is function of background material feature constitute the coefficients
of the matrix form equations. In [76] Radial Basis Function approximation was further
used to obtain the numerical results. After comparison, computational cost is favorable
to that of boundary element method while accuracy is superior. Numerical issues as
well as advantages and disadvantages of Radial Basis Function were discussed.
A FEM/BEM-coupled scheme based on edge elements is introduced in [77, 78],
which utilized E formulation. The FEM part was used in target domain and the BEM
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part, which was needed for the exterior vacuum domain, consists of boundary integral
over the interface surface. The FEM part for the interior domain was coupled to the
BEM part by using the interface conditions. And due to the fine triangulation of
interface boundary, the BEM operators were dense, thus a compression technique [79]
was applied to the boundary integral operators.

2.2

MODELING OF MIT
As previous discussed, many methods have been proposed in simulating and

analyzing the eddy-current problem. As far as eddy current problem is generally
concerned, discussion ends when field variables (electric field E or magnetic flux
density B) are computed, analytically or numerically. It can either be expressed as
close-form when the geometry of structure is simplified, or solved with numerical
techniques such as FEM and BEM for three dimensional arbitrary cases with
complicated geometry. However, Magnetic Induction Tomography aims at sorting out
the material property differences, no matter what variable is used to characterize this
difference. Thus rather than field variables, sensitivities, which represent relation
between material property and chosen variables, are the ultimate objective. The most
straight-forward would be calculating twice for each transmitter-receiver combination,
with and without perturbation, and then dividing the difference by the conductivity
variation. But using this method requires a considerable amount of time and
computation efforts. Although easy to understand and implement, it is not necessarily
the best approach. Various studies have focused on building the theoretical model to
calculate the sensitivities.
From mathematical point of view, this is a typical inverse problem that requires
converting observed measurements into information about concerned system. The key
problem is to select two variables, one accounting for material feature, and one for
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measurements, so that their relation can be explicitly modeled and this model being
invertible. This choice will decide the modeling difficulty, invertibility, computation
efforts required, and practical concerns like resolution.
A proper study [80] presented by Gencer forms a mathematical basis for MIT
process. First, forward modeling of the imaging system was operated by calculating
the secondary magnetic field based on Biot-Savart law B 

0 
R
 J  3  dV , and

4 
R 

constitutive equation J   E . It can be expressed explicitly as below after introducing
the relation E   j A  j  V . Note that j indicates time derivative.

Bs   j

0
R
  A  V   3 dV

4
R

(2.11)

Two assumptions were made: 1) Vector potential A remained unchanged when
the conductive body was present, which make it easy to calculate for a known coil
configuration and require no further computation with regard to material feature. This
computation procedure only needs to be done once for a specific system. 2)
Displacement current term is neglected due to its much smaller magnitude compared to
conductive current.
It is noticeable from Eq. 2.11 that relation between the secondary magnetic field

Bs and conductivity distribution  is a rather complicated mapping since electric
scalar potential is also a function of conductivity. Instead, relation between a
first-order variation in the secondary magnetic fields and perturbation in the
conductivity distribution can derived as Eq. 2.12,

Bs   j


  V  
0  R 
 3   A  V0   0
  dV 
4  R 
 


(2.12)
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where  0 refers the initial conductivity value,   refers to the perturbation
conductivity and V0 is simply the electric scalar potential for the initial conductivity
distribution. Therefore the sensitivity term can be calculated independent of
perturbation conductivity. This formulation is used for calculation of the sensitivity
matrix and then proceeds to the inversion process.
For illustrative purpose, a cubic conductive body was divided into 500 cubic
elements and conductivity of each element assumed to be constant, thus Eq. 2.12 was
reformed as summation form of 500 elements. With 49 transmitter coil and 49 receiver
coils being used, sensitivity matrix S was obtained as a 2401  500 matrix. It is
noticeable that the matrix dimension does not indicate that the problem is over
determined

because

the

sensitivity

matrix

would

be

ill-conditioned.

The

pseudo-inverse of the sensitivity matrix was directly used in [81]. In order to handle
severely ill condition, regularization techniques are usually implemented, which will
be detailed in following sections.
Another approach that requires the excitation and detection coils to switch roles is
more commonly used for magnetic induction tomography in current studies. Assuming
two coils were present around the target domain, indicated as a and b, based on
electromagnetic version of Tellegen’s theorem the sensitivity term is related to the dot
product of two field variable E and H, one calculated for the scenario that coil a
functions as excitation and coil b as detection, the other one for the scenario that coil b
functions as excitation and coil a as detection. Because these two fields were
considered to be unaffected by perturbation from conductive object, only two general
eddy current problem need to be calculated.
Dyck [82] computed the sensitivity of induced voltage to perturbations both in
sources and material parameters, which applied to systems with linear materials and
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time harmonic source current. Consider two separate systems with possibly different
material parameters, different source currents and/or different boundary conditions,
which provide two fields E1 and H 2 . Taking the volume integral of the divergence
of vector E1  H2 , a general form of Tellegen’s theorem can be obtained as Eq. 2.13
after proper derivations.

 E
V

1



  2 +j 2 2  E 2  J S 2   j11H1  H 2 dV    E1  H 2  ndS
S

(2.13)
Then three systems with different physical characteristics were substituted into
the Tellegen’s theorem respectively; fields in the first system are used to compute the
specified quantity of interest; in the second system material properties and source
currents of system A are perturbed by a small amount, only needed for derivation; the
third was an auxiliary system for computing the sensitivity of the specified quantity.
Only system one and three need to be solved for the corresponding field information,
which was directly substituted into the sensitivity equation.
The example problem in the paper aimed to determine the shape of a defect in an
aluminum block based on measures from five coils situated above the block. The
inverse problem solver converged to the correct defect in five iterations. The same
working principle has been applied to MIT system [83-85] with weakly conductive
material and low contrast.
Hollaus [83] presented the process of calculating the sensitivity matrix based on
“reciprocity theorem”, which was a different terminology for Tellegen’s theorem for
electromagnetic field in [82]. The induced voltage variation was equivalent to the
multiplication of the sensitivity matrix by a vector with each entity representing the
material feature changes of single element, including complex conductivity and
permeability. And each entity of the sensitivity matrix was expressed as volume
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integral of the dot product of field values over single element. Compared to finite
difference method, reciprocity theorem only requires two eddy-current problems: one
for the excitation and one for the receiver coil, which were simulated by Finite
Element method with tetrahedral edge elements. The numerical example consisted of a
conducting cylinder with a conducting sphere arranged in the center of the cylinder.
Only one pair of excitation and sensing coil was tested. The excitation frequency was
500 kHz and small variations of the conductivity in the sphere were calculated within
the range from -0.1 to 0.1S/m. A comparison of the results obtained by the reciprocity
theorem and finite differences showed a satisfactory agreement as long as the
perturbations were relatively small compared to the absolute values of the material
properties. This method can be easily extended to multiple excitation coils as well as
multiple receiver coils to facilitate an image reconstruction in 3D in magnetic
induction tomography [84].
Ktistis [84] reduced the sensitivity equation further by neglecting the permeability
since the permeability of biological tissue is very near to the permeability of air. And
multiplication of two electric fields was replaced with magnetic vector potential for the
empty sensor and current density due to the induced current inside the target. The
former was calculated for the empty sensor by the Biot-Savart law and the latter was
taken from the FEM model. By pointing out the exact solution of the inverse problem
is neither necessary nor possible in an iterative image reconstruction technique, the
author validates the use of approximate sensitivity coefficients matrix for
reconstruction.
A circular array with eight coils and 266 mm diameter was modeled in a
commercial FEM solver. With the excitation frequency and current to be 1A/10MHz,
all coils were used as transmitters and receivers in turn. Results of FEM model and
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linearized forward model showed good agreement. For image reconstruction,
Tikhonov regularization using identity matrix was applied. Conductivities of the
reconstructed object tend to be underestimated and perturbation cannot be detected
when it is placed centrally. Many other regularization matrices and corresponding
methods [86-88] have been developed to obtain accurate and dynamic solution for
various research areas.
Cohen-Bacrie [89] presented both classical Tikhonov and variance uniformization
technique. In order to improve the tradeoff between the quality of the images and the
numerical complexity of the reconstruction method, the author first proposed a
solution which is based on Tikhonov regularization, with identity matrix to be the
regularization matrix; second introduce an original regularized reconstruction method
in which the regularization matrix is determined by space-uniformization of the
variance of the reconstructed conductivities. Due to the attenuation of the scattering
the waves within the media, the measured signal contain a much richer information
about the conductivity in the peripheral region than in the central region. Although
reducing this effect, Tikhonov approach still applies the same amount of regularization
on each element of the unknown object, regardless of its contribution to the measured
2

data. Thus instead of  2 Lx  x * 2 , a new form of x T Rx

is used as the

regularization functional. Value of the uniform variance of the reconstruction and the
truncation level were adjusted as the regularization parameters. Simulation is done for
homogeneous circular objects with a single-point in-homogeneity and reconstructions
were carried out with the variance uniformization technique and with classical
Tikhonov regularization. Results show that with variance uniformization, the
oscillations in the peripheral region were reduced and the presence of the peaks is

29

more obvious. Real data reconstructions also proved that variance uniformization
clearly produces better contrast and resolution then classical Tikhonov regularization.
Casanova [90] also used new regularizing functional in order to preserve the edge.
Started with classical Tikhonov method with regularization matrix to be the Jacobian
matrix, the author stated that the quadratic penalty term, which is the regularization
functional, would strongly penalize discontinuities and the estimated image vector
yields blurred images of objects. Based on the basic idea that replace the quadratic
penalty terms by other functions which allow for higher values of the gradients,
different approaches have been suggested to select proper function for a new
regularizing term, as reviewed in [91]. Here a deterministic half-quadratic algorithm
named ARTUR was used, which introduced a second variable b that simultaneously
mark the discontinuities and make easier the treatment of the optimization process.
The quadratic term was replaced by inner products of the Jacobian matrix multiplied
by model vector and auxiliary variable b, with potential functions  to be the
coefficients. One more regularization parameter were introduced as  , a
model-scaling parameter to control the values of the gradient above which a
discontinuity is detected. This dual problem has such a structure that high values of the
gradients corresponding to the edges are allowed in the optimization process by low
values of the auxiliary variables b preserving in this way the discontinuities. Potential
functions achieved as in [92] were used and both results of simulation as well as real
data results proved that the Tikhonov regularization reconstruction, although having
very good noise properties, smooth the image too much and fails to recover the object
edges. On the contrary, ARTUR and ARTUR with non-negativity constraining
recovers the edges much better; and the latter can also dampen the distortion of image
when strong noise is present.
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In [93], Silva implemented a Newton-Raphson-type algorithm for the inversion
procedure, basic iteration step of which is described by the pseudo-inverse solution
multiplied by a relaxation matrix. Several cases were simulated with the object to be
located at different locations and of different material feature, and estimation accuracy
behaves as expected regarding the noise level.
Scharfetter [94, 95] compared four different methods during the inversion process
of MIT, including a different regularization matrix as the identity matrix and a defined
neighboring matrix, variance uniformization approach and truncated SVD method. The
inverse solver was tested with a 3-D model comprising a cylindrical conductor with
two spherical in-homogeneities. With point spread functions defined to characterize
the resolution, contrast/noise ratio to describe the image contrast, noise free data and
noisy data with SNR of 44, 50 and 64 dB were implemented for the inversion
procedure. A clear increase of the resolution with the distance from the center was
observable, despite the inversion method. And the relative loss of resolution with the
noise level was stronger in the center than in the periphery. CNR for TSVD as a
function of the distance were almost independent on the noise level. And at a SNR of
50 dB, CNR depends strongly on the location of the perturbation; Tikhonov methods
with identity matrix or neighboring matrix to be the regularization matrix yield highest
CNR and Variance uniformization approach provided much poor contrast.
Vauhkonen [96] added a weighing matrix to the fitness term in the minimization
function. The weighting matrix was a diagonal matrix having the inverses of the
absolute voltage values on the diagonal, which means that small voltage values get
bigger weighting in the reconstruction. Different cases were tested using both results
of simulation and real measurements. Results from similar cases with simulations and
real measurements showed agreement, which validated the forward model. The 2-D
31

images of the true conductivity distribution and reconstruction are qualitatively fairly
similar.
Soleimani [85] reconstructed the image with a priori information that the
reference conductivity is close to the exact conductivity. The iterative reconstruction
algorithm starts with the initial conductivity distribution, and then the conductivity as
well as Jacobian matrix is updated at each step.

2.3

EXISTING SYSTEMS
The ambient magnetic noise in an urban environment is on the order of 10-7 T.

And the magnetic field caused by induced current is around 10 8 ~ 10 7 T, relatively
bigger than the spontaneous field, but still quite weak. This leads to an essential
problem of bio-magnetism, the weakness of signal relative to the sensitivity of the
detectors, and to the competing environmental noise.
No practical instrument of Magnetic Induction Tomography has been applied in
real life. But many researchers have built different systems to operate the MIT
experiment, in order to simulate the real environment and optimize the sensing
performance. A summary of existing setups has been shown in Table 2.3 and will be
discussed in details as followed.
Table 2.3 Summary of existing MIT systems
Specific issue
Gradiometer sensor

Existing studies
Zheng [97], Riedel [98], Rosell-Ferrer [99],
Scharfetter [55], Rosell [100]

Coil-orientation method

Watson [103], Gursoy [102],

Multiple excitation

Korjenevsky [53], Vauhkonen [96],
Rosell-Ferrer [99]

Korjenevsky [53] built a system containing 16 inductor and detector coils and a
corresponding number of oscillators and receivers combined in the transceiver
32

modules, as in Fig. 2.2(b). The inductors and detectors were reeled up in pairs on the
5cm cylindrical formers and placed along the 35cm diameter circle. The inductors
consisted of two turns of wire and detectors consisted of four turns of wire. A
cylindrical electromagnetic screen surrounded the workspace containing the coils and
isolated it from external influence and from transceiver modules. Measurements were
repeated with all inductors. The system operated at frequency 20 MHz and excitation
signal in the inductor was approximately 60mA. Receivers connected to the detectors
had differential inputs and included a mixer, which converts the signal to low
frequency, a filter and an amplifier. Phase shifts between low frequency signals were
digitally measured using microcontrollers. This type of tank-shaped system is a
common choice for the magnetic induction system.

(a) Vauhkonen, 2008

(b) Korjenevsky, 2000

(c) Rosell-Ferrer, 2006
Fig. 2.2 Existing MIT systems
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In Vauhkonen’s work [96], 16 excitation coils were arranged circularly with a
diameter of 31cm and 16 receiver coils with a diameter of 30cm, as in Fig. 2.2(a). Both
excitation and receiver coils were mounted on the inner wall of the aluminum tank and
the electronic modules were mounted on the outer wall.
There are two contributions to the signal detected by the sensing coil in magnetic
induction tomography. The first is directly induced by the field from the excitation coil
(the primary signal). The second is from the eddy currents induced within the material,
which in turn produce their own magnetic field (the eddy-current or secondary signal).
The primary signal is often very large in comparison to the eddy-current signal of
interest, and is responsible for introducing noise into signal measurements. Minimizing
the response of the sensors to the primary field while retaining responsiveness to the
eddy-current field can therefore produce very significant improvements in the system’s
signal to noise ratio. Techniques for minimizing the response to the primary field in
MIT systems may be categorized into two basic types: symmetry methods
(gradiometer sensor) and orientation methods. In symmetry methods, two sensor coils
are placed equal distances on either side of any axis of symmetry of the excitation coil.
The coils are then connected in serial opposition to produce a gradiometer. Variations
on this method include placing the sensor coil pair symmetrically about the plane of
the excitation coil to produce an axial gradiometer [97, 98] and placing the sensor coil
pair symmetrically about the center axis of the excitation coil to produce a planar
gradiometer, as used in [99] and shown in Fig. 2.2(c).
Scharfetter [54] introduced a planar gradiometer as receiver, which consisted of
two rectangular spiral coils with 7 turns each. The excitation coil was a solenoid with
17 turns of copper wire and radius of 47.5mm. A planar reference rectangular coil of 7
turns was used to provide the reference voltage for the phase detector and a simple
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rectangular printed coil of 7 turns was used as a comparison to gradiometer. Distance
between the excitation coil and planar gradiometer was 210mm. This coil system
exhibits an anti-symmetric sensitivity with respect to the coil axis. In an ideally
adjusted gradiometer the voltage induced in the absence of an object is zero because
two parts of the coil experience the same magnetic flux. In this way, the “signal/carrier
ratio” can be increased by the cancellation effect. As the induced current is much lower
in the gradiometer than in the simple coil, an additional preamplifier was inserted with
a gain of 100. By multiplying the signal voltage with the 90 degree phase shifted
reference voltage, any phase deviation between them causes a non-vanishing voltage
output.
This type of gradiometer coil system is examined in [55, 100]. The performance
of a planar gradiometer as a sensing element was evaluated thoroughly, by comparing
systems using a planar gradiometer and a simple coil. Theoretical sensitivity maps
were derived from basic equations and compared with experimental data obtained at
different frequencies. Different experiment environments were used, including brass
sphere in empty space, spherical perturbation with conductivities in the physiological
range (0.4-0.8 S/m) in null space, a plastic tank filled with saline and with conductive
perturbations, etc. It is validated that the major advantage of a planar gradiometer is
the bigger measured phase shift due to the cancellation factor. Also, compared to an
outside back-off coil as reference, the gradiometer method provides higher mechanical
stability since both coils are located in the same structure, for example, a printed
circuit board. Moreover, this concept provides better electronic stability because it
requires fewer components. And, the major problem of the planar gradiometer is its
insensitivity to objects with axial symmetry.
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A further technique for minimizing the response of the sensors to the primary
field was described by Watson [101] and Gursoy [102] in which the sensor coil
(termed a Bx sensor) is placed with its axis oriented normal to the primary field. No
net primary flux passes through the sensor coil and it will therefore not detect the
primary field. In [103], the performance of axial gradiometers and coil-orientation
methods (Bx sensors) were compared. The sensitivity distribution with depth was
calculated for a single Bx sensor and axial gradiometer. The results suggested that the
Bx sensor provided better sensitivity at depth than the axial gradiometer. If only
surface measurements are required, then the axial gradiometer appeared to be more
suitable. Image was reconstructed from simulated data with/without noise and it
displayed image distortion with the image compressed back towards the array.
In MIT, the location of the receivers affects the quality of the image
reconstruction. As in [104], a fast deterministic algorithm was applied to obtain
optimum receiver array designs for a given specific excitation. The design strategy was
based on the iterative exclusion of receiver locations, which yield poor conductivity
information, from the space spanning all possible locations until a feasible design is
reached. Aiming at maximizing the degree of the independence between the rows of
the sensitivity matrix in order to decrease the condition number of sensitivity matrix,
the quality measure for a particular design was defined in terms of the N-dimensional
angle between the rows of the sensitivity matrix. The more orthogonal the vectors are,
the more independent information content they provide.
To reconstruct tomographic MIT images, multiple coil system are needed as in
[53, 99]. And in [96], the measurement speed was improved by enabling a parallel
readout of the total 16 measurement channels. The parallel measurements were carried
out using high-quality audio sampling devices. The receiver modules consist of audio
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sampling equipment with a sampling rate of 192 kHz in 24 bit resolution, a low noise
amplifier, which amplifies the radio frequency measurement signal coming from the
receiver coil, an analogue frequency mixer, which multiplies the amplified signal and
excitation signal to an intermediate frequency, a low pass filter and then another
amplifier.
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III.
3.1

EXTENDED DMP MODEL

OVERVIEW
It is emphasized in the last chapter that imaging reconstruction in MIT is still very

underdeveloped. Many interesting works have been done. Non-phenomenological
methods (methods that do not consider or utilize the knowledge of the underlying
physics) such as Neural Network were used. And within the category of
phenomenological methods, numerical models are usually generated based on
differential or integral form equations that represent the physical problem. DMP
model, as a semi-analytical approach, has been developed for simulating the magnetic
field from PMs and show good accuracy as well as robustness. Here we’ll extend the
approach so that it can be applied for AC carrying coils therefore time-varying
problems. Also, as mentioned in previous chapter, quasi-static assumption is
commonly used when addressing the induction and eddy current problem. It is
applicable when the length scale of the field is much smaller than the wavelength and
will be used throughout the whole manuscript.

3.2

MODELING BASED ON VECTOR POTENTIAL
In order to approximate magnetic field as summation form based on static sources

and sinks, the DMP model exploits the commonly used governing equation for static
problem, the Laplace’s equation in terms of scalar potential.
 2  =0

(3.1)

Relation between the potential and magnetic source/sink was therefore derived in the
form of fundamental solution of Laplace’s equation.

=

38

m
4 R

(3.2)

where m indicates the strength of source or sink, and R indicates the distance from
source/sink to computation location.
For time-varying problems, magnetic vector potential A is usually utilized instead
of scalar potential due to the irrotational nature. And the governing equation can be
expressed as below when using the Coulomb gauge that set the divergence of vector
potential to be zero.

 2 A =- J

(3.3)

With the boundary condition that vector potential vanishes in infinity and the current
source to be localized as well as finite, the unique solution of Eq. 3.3 can be expressed
as below.
A r  =


4

J  r'

 r  r ' dV'

(3.4)

where J indicates the current density at location r ' , V' indicates the volume that
encloses the current source.
It is apparent a vector source is needed to correspond with the vector potential as
well as field. The most straightforward speculation is point dipole with its magnetic
dipole moment. Any arbitrary current distribution in space has a magnetic dipole
moment, just like magnetic point dipole
m

1
r  Jd 3r
2

(3.5)

where r is the position vector pointing from the origin of coordinate system to the
location of the volume element, and J is the current density vector at that location.
To express the magnetic field in terms of the magnetic dipole moment, we begin
with expressing the vector potential A [1].
Let

1
 f (r ') , then based on Taylor series,
r r'
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f (r ')  f (a)   ' f  a    r ' a   

(3.6)

Considering a to be zero, with

 1
 ' 
 r r'

 r r'
 
3
 r r'

(3.7)

1
can be expressed as
r r'
1
1 r r'
  3 
r r' r
r

(3.8)

Then magnetic vector potential can be expanded as

A
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0 J  r ' 3 0 r  r '
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4
r
4
r



0
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  r  r 'J  r ' dr '   

(3.9)

Considering the ith component of the vector potential A,

Ai  r  

0  1
1
 1 
3
3
  Ji  r 'dr '  3   rmrm 'Ji  r ' dr '    3 
4  r
r mi , j ,k
 r 

(3.10)

where r  r .
Observing the first term inside the parentheses, J i  r ' can be replaced with


m i , j , k

Jm

ri '
rm '

since

ri '
 1 only when m  i . Then this summary term is integrated
rm '

by parts as in Eq. 3.11, where the first term vanishes because the source vanishes at
infinity and the second term vanishes because   J 

J m
 0 . Note that this
m i , j , k rm '



follows from the quasi-static assumption that results   J  
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0.
t

3

 J  r 'dr '   
i

Jm

m i , j ,k

r '
ri ' 3
J
dr '    J m ri ' d 2 rl  m m
   ri ' m dr '3
rm '   m i , j ,k
rm '
rm '
m i , j ,k

(3.11)
Then considering the second term in Eq. 3.10,
rm J i 

1 
1
rm J i  ri  J m  rm J i  ri  J m
2
2









(3.12)

The first term in the equation above vanishes after integral,

1
  r 2 r
m

m

' Ji  ri ' J m  dr '3 

mi , j , k

 r

m

mi , j ,k

ri '
r ' 
1
 ri '  J n m  dr '3
 rm '  J n
2  ni, j ,k rn '
rn ' 
n i , j , k
(3.13)

Note that this has the similar form as Eq. 3.11 and will vanish due to the same
reasons.
The remaining, second term of Eq. 3.12, can be connected with the magnetic
dipole moment of current distribution m 

1
r  J d 3 r . To prove this, we can start

2

with the ith term of m  r

 m  r i  m j rk  mk rj 


1
1
rk   rk ' J i  ri ' J k  d 3r '  r j   ri ' J j  r j ' J i  d 3r '
2
2
1
 rk rk ' J i  rk ri ' J k  rj ri ' J j  rj rj ' J i  d 3r '
2

(3.14)

And by substituting Eq. 3.12 into Eq. 3.10,

Ai  r  

0  1 3
1
 1 
3
 3   rm  rm ' Ji  ri ' Jm dr '    3 
4  r mi , j ,k
2
 r 

(3.15)

Note here the first term in Eq. 3.12 is not shown since it has already been proved to
vanish. Then by breaking the summary operator,

Ai  r  

0 1 
1
r r ' Ji  ri ' Ji   rj  rj ' Ji  ri ' J j   rk  rk ' Ji  ri ' J k  dr '3    3 
3   i i
4 r 2
r 
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0 1 
1
r r ' J i  ri ' J j   rk  rk ' J i  ri ' J k  dr '3    3 
3   j j
4 r 2
r 



0 1
1
r r ' Ji  rj ri ' J j  rk rk ' Ji  rk ri ' J k dr '3    3 
3   j j
4 r 2
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0  m  r  i
1
  3 
3
4 r
r 

(3.16)

Thus

A r  

0  m  r 
1
 O 3 
3
4 r
r 

(3.17)

Since the second term above decreases rapidly as the distance increases, it will be
neglected in the following equation. Note that this m refers to the magnetic dipole
moment of current distribution, and then r in the denominator should be the distance
from the center of current distribution to the field point. To avoid confusion, the
equation is modified as below.
A r  

0m   r  r  
4 r  r 

3

(3.18)

where r refers to the location that magnetic field is calculated and r ' represents the
location of the magnetic dipole.
Similar to the DMP model for a PM, equally distributed magnetic poles were
utilized in a number of layers and a set of poles were located to retain the shape of the
coil and thus is capable of accounting for the magnetic field of various shaped coils. The
overall magnetic field at any place can be expressed as a summation form of
contributions from each magnetic dipole. The eDMP model is illustrated as in Fig. 3.1,
in which the red arrows represent the point dipoles. For the eDMP model, radius and
length of the coil are used for geometric reference, providing important information
about where the dipoles should be located. Unlike PMs, voice coils as EMs usually take
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a hollow shape due to its multi-layer winding. In order to obtain a radius that effectively
reflects the field information, a switching radius rs where the direction of magnetic flux
is changed and thus calculated according to Eq. 3.19.

Fig. 3.1 Extended DMP model

rs  r at Bz =0

(3.19)

Without loss of generality, the eDMP model can be applied for any shaped coil and
dipole arrangement needs to be changed according to the shape of the coil. However, for
simplicity, a cylindrical coil in Fig. 3.1 is illustrated since it is commonly used in many
applications and simple in demonstration.
For the eDMP model, radius and length of the coil are used for geometric reference,
providing important information about where the dipoles should be located. The process
of developing the distributed dipole model to simulate a coil can be seen as an
optimization of magnetic field minimizing the errors between the model and the
physical EM. Unknown model parameters include the number of layers (q), radius of
each layer (rm), distance between positive and negative layers (lm), quantity of dipoles in
each layer (n) and dipole moment (m).
As shown in Fig. 3.1, the center of the coil is located at the origin of a coordinate
system and magnetization of coil is parallel to the Z axis. A number of layers of dipoles,
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represented by red arrows, are located inside the coil to approximate the field. The
vector potential and then magnetic flux density B at any location can be expressed as
sum of magnetic dipoles below.
qn

A(r)=
j 1

qn

B r   

0m j  Pj
4 Pj

(3.20)

3

 0  3  m j  e j  e j  m j 
4 P j

j 1

3

(3.21)

where P j  r  R j , e j  Pj Pj ; r indicates the location that magnetic field is
calculated, R j indicates the location of jth dipole, which can be expressed as
R j  ( rm cos

2 j
2 j lm
, rm sin
,  ) using modeling parameters; m j is the magnetic
n
n
2

dipole moment; q  n is the number of the dipoles.
It is assumed that current flows in the XY plane as circle as in Fig. 3.1, and then the
Z component of vector potential vanishes based on Eq. 3.4. Also, the magnetic dipole
moment is assumed to be along the Z axis since the coil axis is along this direction,
which indicates m x  0, m y  0 . Then the error between the eDMP from Eq. 3.19 and
analytical field can be expressed as
2l

E (r ) 

  B (r )  B '(r )

2

 dz

(3.22)

0

where B  r  is from Eq. 3.21 and B (r ) is calculated from analytical model in Eq. 3.4
since it is easily computed along the Z-axis due to symmetry of the magnetic field.


B  r      0
 4
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J  r 



 r  r dV  


(3.23)

where r indicates the location that vector potential is calculated, r ' indicates the
location that current density exists. Besides, magnetic flux density in Eq. 3.22 can be
replaced to others such as magnetic potential similar to [9].
To improve model accuracy and optimize modeling parameter, performance and
efficiency, vector potential or magnetic flux density can be used as constraints to
determine the model parameters. It can be expressed as below

 1T 
 Ax1 
 T
A 
1 
 y1 
   m    
 T
 
 n 
 Axn 
T
 
 Ayn 
 
 n
where  ij 

0  ymj  y fi 
4 R

 iT   i1   in 

;

,

 ij 

 m    m z1

(3.24)

0  x fi  xmj 
4 R

;

 iT    i1   in 

,

T

 mzn  ; m j indicates the jth dipole and fi

indicates the ith location that magnetic field being calculated; Axi and Ayi
(i=1,2,..,n) represent analytically calculated vector potential at selected locations.
Modeling accuracy in the eDMP model would be affected by the coil geometry,
accounted mainly by parameters rm and lm as well as the number of dipoles, n and
q. The general procedures of the eDMP can be summarized as below.
Step 1) Compute analytically the magnetic field from Eq. 3.4.
Step 2) Generate an initial set of spatial grid points (q and n).
Step 3) Formulate Eq. 3.19 and Eq. 3.20 in terms of the unknowns lm and m,
Step 4) Find lm and m by minimizing Eq. 3.21 subject to the constraint Eq.
3.23. Error computed by Eq. 3.21 is saved.
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Step 5) Check the error Eq. 3.21. If the accuracy requirement is not satisfied,
increase q or n, and repeat from Step 3). Once the performance is good enough, the
optimal parameters q, n, lm and m obtained by minimizing Eq. 3.21 using Step 4).

3.3

MODEL DEMONSTRATION WITH INDUCTION
With eDMP model presented above, magnetic field information can be obtained

at random locations. One of the main concerns when utilizing time-varying
electromagnetic field is induction, which has been widely utilized for various industrial
applications including non-destructive testing, metal detector and so on. In order to
validate the modeling capability and performance of extended DMP model, mutual
inductance between two coils arbitrarily oriented as in Fig. 3.2 is studied. Definition of
mutual induction is illustrated as in Eq. 3.25.

Fig. 3.2

M ab 
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 ab

Ia

Two coils in their own coordinate systems

  B • n  dS
b

Ia

b



  B • I n  dS
b

b

I a Ib

b

(3.25)

where M ab represents the mutual inductance between coil a and coil b; ab
indicates the magnetic flux in coil b that excited by current I a . Here I b represents
current flowing in coil b, which can be of any value.
The magnetic moment of a planar closed loop carrying current is defined as
m  IAn , where A represents the cross section area of loop, and n represents the

direction vector of loop. While moment “m” here includes not only the source strength
but also the coil cross-section area information, the multiple dipoles used in DMP
model are considered only as source of electromagnetic field and there is no area
multiplication in its moment. Thus, with eDMP models in Table 3.1, the mutual
inductance in Eq. 3.24 can be reframed by summation form as below.
Table 3.1 Parameters of eDMP models
Dipole quantity

Locations

Dipole moment

Coil a

p

Rai

ma

Coil b

k

R bj

mb

k

Ab  m bj  B aj
M ab 

j 1

(3.26)

I a Ib

where Ab indicates the cross-section area of coil b, subscript “j” represents the dipole
index in expression m bj . And in expression B aj , it indicates magnetic flux density is
calculated at the location that jth dipole of coil b resides.
Two examples of different applications are illustrated below.
1) Oriented coils
As in Fig. 3.2, each coordinate is placed at the center of each coil; center of the
general coordinate system x1-y1-z1 is set to be coincident with center of coil a and the
other coordinate system x2-y2-z2 is attached to coil b. From Eq. 3.20, magnetic flux
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density B at any location can be calculated with eDMP model. Euler angles are usually
used to describe the relation between two coordinates systems.
B aj 

where

e aj  Paj / Paj

;

0
4

p


i 1

3  m ai  e aj  e aj  m ai
Paj

(3.27)

3

Paj  R bj  R ai ;

R bj  T   Rbj    x0

y0

T

z0 

;

R bj

indicates the dipole coordinates of coil b in general coordinate system in vector form;
 R bj  indicates the dipole coordinates of coil b in coordinate system x2-y2-z2, which can

be directly obtained from eDMP model; x0, y0, z0 indicate the coordinates of the center
of coordinate system x2-y2-z2 in the general coordinate system; T represents the
transformation matrix which depends on the rotation axes utilized, and is usually
described using Euler angles.
Do notice that dipole moments of eDMP model for coil b are along the coil axis z2,
instead of z1 axis of general coordinate system. Thus the x and y component of m bj as
in Eq. 3.26 could be nonzero. The transformed dipole moment can be described as
below.
m bj  T   0 0

T

mb 

(3.28)

2) Bended tubes
Figure 3.3 shows the bending scenario of a tube segment, around which two
single layer coils were wound.
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R  1/ 
Fig. 3.3

Bending tubes

For formulation simplicity, coordinate system was always set to be on the central
layer of coil a (the one with applying current) and the coil axis was along the z
direction. In order to characterize the bending degree, R represents radius of the inner
arc and  represents the curvature. Unlike the oriented coil case, in which Euler
angles are usually used when transformation matrix are needed to describe rotation,
curvature is a better option to account for the orientation change of bending tube, since
the arc distance between two coils remains the same, instead of direct distance. As in
Fig. 3.3, the coil winding might tilted along with the bending tube, thus the shape of
coil slightly changed and each layer of winding had different orientation. Although the
coil deformation could be small, it has a major influence to the magnetic field pattern.
In order to account this influence, the dipole direction was modified according to the
bending situation of tube. m bj and m ai as in Eq. 3.26 are decided by both eDMP
models and the tube bending

 ma   Ta  ma o ,  mb   Tb  mb o

(3.29)

 cos  lma  0 sin  lma  


where Ta  
0
1
0
 , representing the transformation matrix for
  sin  lma  0 cos  lma  

DMP model a;
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 cos  l  lmb  0 sin  l  lmb  


Tb  
0
1
0
 , representing the transformation
  sin  l  lmb  0 cos  l  lmb  

matrix for DMP model b;

 ma o and  mb o represent the original dipole coordinates that directly come from
DMP models.

l indicates the arc length between two coils,  represents the

curvature, lm indicates the distance between positive and negative layers in DMP
model.
For expression simplicity in the following explanation, we reform the equation
Eq. 3.27 in the matrix form as below.


 Baj   0
4

 F  m 
ai

(3.30)

where  Baj  represents the magnetic field expressed as three by one vector form;

 mai 

represents the dipole moment of ith dipole of coil a, expressed as three by

one vector form;
 3Px 2j  1 3Py j Px j 3 Pz j Px j 


F  3Px j Py j 3Py 2j  1 3Pz j Py j  , describing the relation between magnetic
 3Px j Pz j 3 Py j Pz j 3Pz 2j  1 



field and dipole moment in matrix form.
When the tube bended and location of coil b changed, mutual inductance
calculation can be conducted as below.
M ab 

Ab
I a Ib

k

p

   m

bj

j 1 i 1

T

  TbT FTa   mai o
o

where  mbj  indicates the original coordinates of jth dipole of coil b;
o

 mai o indicates the original coordinates of ith dipole of coil a;
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(3.31)

Ta and Tb represent the transformation matrix as in Eq. 3.29 ;
F describes the relation between magnetic field and dipole moment as in Eq.

3.30, but now a function of curvature .

 mbj  and  mai o are only decided by eDMP models, thus independent of tube
o
bending. We regard the mutual inductance as a function of bending, which is described
by the middle three terms. Because the axes of two coils are initially along the z axis,
there is only one nonzero term in the dipole moment matrixes. Thus Eq. 3.31 can be
further simplified as below.
M ab 

Ab
Ia Ib

k

p

m

bj

Sij mai

(3.32)

j 1 i 1

where Sij can be calculated analytically as the last term of TbT FTa .

3.4

ILLUSTRATIVE APPLICATIONS AND DISCUSSIONS
In order to validate the proposed eDMP model for time varying filed, the magnetic

field is calculated using both eDMP model and single dipole model, and then compared
with the analytical solution. Two examples are shown for demonstration purpose: coils
with various aspect ratios and a coil with customized shape. The modeling accuracy and
efficiency will be discussed respectively.

3.4.1. EXAMPLE 1: CYLINDRICAL COILS WITH VARIOUS ASPECT
RATIOS
A number of single layer coils with different aspect ratio (  =2 r /l ) are compared to
validate the model. The Single Dipole model is well known and commonly used for
many applications due to simplicity. In order to examine how the coil geometry affects
the modeling accuracy, the coil length is fixed at 7mm, which corresponds to 20 turns
winding with wire of 0.3mm diameter. Although theoretically the coil length would be
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6mm as the multiplication of turns by the wire diameter, actual coils are made for
experiments and it is found that the coil length is slightly bigger due to manufacture
error. Coils with different radius, 0.5cmm, 1cm, and 2cm, are compared. The eDMP
model parameter and simulation results are shown as below.
Table 3.2 eDMP model parameters
Coil geometry

eDMP model
q=2, n=6

r  0.5cm
l  0.7cm
20 turns

lm  0.3cm
rm  0.25cm
m  2.11e  4 Am 2

q=1, n=6

r  1cm
l  0.7cm
20 turns

lm  0
rm  0.61cm
m  0.0018Am2

q=1, n=6

r  2cm
l  0.7cm
20 turns

lm 0
rm 1.46cm
m  0.0048Am2

By defaults, one layer of dipoles resides at the positive side as in coordinate system
of Fig. 3.1, and the other layer resides at the negative side, each layer consisting of 6
dipoles. And lm  0 in Table 3.2 indicates only one layer of dipoles resides at the
central surface of coil and the layer consists of 6 dipoles. This difference is
automatically generated after the optimization operation and apparently depends on the
aspect ratio of EMs.
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(a)   1.4

(b)   2.8

(c)   5.6
Fig. 3.4 Simulation results of different aspect ratio

For coil (a), the maximum modeling error using Single Dipole (SD) model is 12%
and that of eDMP is 5.8%, which indicates improved modeling accuracy. As the aspect
ratio increasing as 2.8 and 5.6 in Fig. 3.4 (b) and (c) respectively, the modeling error
using SD model is getting larger and cannot simulate the magnetic field of flat coils.
On the contrary, the eDMP model provides a modeling discrepancy of 9.34% and
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13.41% for the coil (b) and (c) respectively due to its capability of accounting for the
coil shape. The actual magnetic field is also measured and shown in Fig. 3.4 to validate
the analytical model and eDMP model, similar to each other. The measured magnetic
field can also be used as the reference data for eDMP model in Eq. 3.21 to improve
accuracy if necessary.

3.4.2. EXAMPLE 2: COIL OF CUSTOMIZED SHAPE
The eDMP model can be applied for coils of any shape and the dipole arrangement
needs to be changed accordingly. Figure 3.5 shows a coil of oblique cylindrical shape,
the inclined angle of which is represented as  . The central axis of the coil is along
the z axis, but its polarization as an electromagnet is shown using red arrow and has an
inclination angle with the z axis. Its cross-section surface is also shown as a projection
into the inclined plate and unlike the normal cylinder, the cross-section surface is an
ellipse with a major axis r1 and a minor axis r2 . In order to account for this specific
coil geometry, the eDMP model is arranged that the dipole moments are along the
direction of coil polarization and the dipole locations correspond to the coil geometry.

Fig. 3.5 An oblique cylindrical coil
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The coil geometry is decided by the coil length l , inclination angle  ,

major

axis r1 and minor axis r2 of the cross-section area. And the eDMP model parameters
include the number of layers (q), major and minor radius (

rm ,1 , rm ,2 ) of each layer,

distance between positive and negative layers ( lm ), quantity of dipoles in each layer (n)
and dipole moment (m). With these parameters, the modeling is conducted in the same
procedures described in chapter 3.2. By minimizing the discrepancy between the
simulation field and the reference data, the model parameters can be calculated. The
geometry parameters of a demonstration example are shown in Table 3.3 and the
modeling results are shown in Fig. 3.6.
Table 3.3 Geometry and model parameters of an oblique cylindrical coil
Coil geometry

eDMP model

r1  5mm , r2  2.5mm

q  4, n6
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rm ,1  2.5mm , rm ,2  1.25mm

l  8mm

lm   2.6 mm

4.2mm 

m  0.3141  10 4

2z/l

0.6094  10 4  Am 2

2z/l

Fig. 3.6 Simulation results of an oblique cylindrical coil

The simulation results shown above were calculated at a radical distance of
2.6mm and the z coordinates ranged from zero to twice the coil length. Numerical
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solutions from COMSOL are also included for comparison purpose. An intel
quad-core desktop computer with 16G RAM and 3GHz CPU is used for computation.
The minor fluctuations in the COMSOL results are due to the limited computation
power and a finer mesh of the problem domain cannot be solved. It is seen that the
general trend and magnitude are consistent between the analytical solution, numerical
results from COMSOL and simulated results with the eDMP model. The discrepancy
between the analytical solutions and eDMP modeling results are bigger when the 2z/l
is smaller than one. And when comparing the numerical results from COMSOL and
simulation results based on eDMP model, it is apparent that the eDMP model provides
much smoother results and lesser computation efforts.
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IV.
4.1

MAGNETIC FIELD BASED MOTION SENSOR

OVERVIEW
DMP model has been extended for time-varying electromagnetic field in last

chapter.

With

the

scalar-potential-governed

DMP

model

and

the

vector-potential-governed eDMP model, most of electromagnetic field utilizing system
can be therefore modeled. In order to explore the capability of proposed modeling
approach for sensing application, two examples are studied as below: DMP model for
PM based motion sensing, and eDMP model for induction based orientation sensing.

4.2

DMP MODEL FOR PM BASED ORIENTATION SENSOR
Generally, two different types of magnetic sources have been used in a

measurement system to generate the reference signal of magnetic field [105, 106],
which is usually a function of orientation; namely, static magnetic field generated by a
permanent magnet (PM), and periodic excitation from an electromagnet (EM)
controlled by alternative currents with varying frequencies and phases.

For both

sources being used, magnetic field variations caused by motions of the object need to be
analyzed and solved inversely to obtain the location and orientation. When periodic
excitation sources are used, phase and magnitude differences between the excitation
signal and detected signal are mainly concerned. And the fundamental measurement
principle is the eddy-current effect introduced by the conductive property of the object,
which is usually ill-posed and nonlinear, relatively difficult to be solved inversely. On
the contrary, a PM as the field source reduces computational burdens and provides
relatively strong magnetic fields. Thus, the PM becomes more attractive as excitation
sources in simple motion tracking applications [28, 107, 108].
Various methods have been proposed to solve the inverse problem [105], but it is
still a challenging issue because specific analytical formula and constrains have to be
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considered for each problem. Single dipole [109] has been used for analytical
calculation to model the magnetic field since it is mathematically simple and able to
provide a closed-form solution in the three dimensional space. When the magnet is
attached to the rotating object and rotates with respect to a point, the magnetic field is
varying nonlinearly, but it is periodic and can be illustrated with certain pattern. The
shape of the rotating magnetic field modeled by a single dipole located at the origin has
known as an ellipsoid in three dimensional space [109]. In other words, the shape of the
measured magnetic field using a three axes magnetic sensor becomes the ellipsoid.
Similarly, the shape using a sensor with single and two axis measurement can be
deduced to be a line and an ellipse respectively. However, the method in [109] is only
valid for a needle-shape of PMs and a circular hollow coil since the single dipole model
can be only validated for those shapes, which generally makes the method limited. To
eliminate these drawbacks, the DMP method is here utilized to accurately estimate the
excited magnetic field in three dimensional spaces. The method can effectively account
for any shaped PM or EM located at arbitrary position yet in a circular motion.

4.2.1

TRACKING STRATEGY

Figure 4.1(a) shows a schematic design of an orientation measurement system
consisting of a cylindrical PM located at Pm and a three-axis magnetic sensor located at
P.
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Magnetic field

(b)B-field

(a) Schematic design of sensor

(c) Measurable B-field

Fig. 4.1. Excited magnetic field of a rotating magnet

The cylindrical PM is commonly used for designing an actuator and a measurement
system due to low price and easy installation. For this reason, only cylindrical PM is
considered here, but other shapes can be extended without loss of generality. The PM is
rotating with respect to the origin with the distance offset h. The magnetic field of the
PM at the location P is varying upon geometric parameters (shape and aspect ratio, etc)
of the PM and its magnetization etc. Dominant parameters affecting the field variation
and the sensing performance can be selected as follows:
1）

shape and strength of a PM;

2）

position/distance (h) of the PM with respect to the origin;

3）

orientation q of the permanent magnet;

4）

position P of the magnetic sensor;

5）

orientation q s of the sensor;

Generally, the orientation of the PM in Fig. 4.1(a) is described using Euler angles α,
β and γ, but due to the symmetry of the magnetization along the axis of the cylindrical
59

PM, only two rotations can be measured (the rotation angle γ with respect to the z axis is
immeasurable). First, the XYZ coordinate rotates around the X axis, denoted here as
angle α; then  around y axis in the Xyz. After these two rotations, the xyz coordinate
is considered to be the frame fixed at the PM, the orientation of which can be described
as q  

T
 .

Due to the circular motion of the magnet, the shape of the field can be similarly
assumed as an ellipsoid-like shape shown in Fig. 4.1(b) and further characterized by
three primary axes Bmax, Bmin and Bint simply denoted here as Bi (i=1,2, and 3). The
ellipsoid of the magnetic field remains same as long as the sensor maintains similar
distance and pointing to the PM regardless of a sensor location but the orientation of the
ellipsoid will rotate along with the sensor location. Based on DMP model, the
magnitude of the field at any location can be analytically formulated as:

B( x, y, z )  BBT

(4.1)

Then the ellipsoid can be approximately formulated with the longest axis as the
strongest magnetic field Bmax and the shortest axis as the weakest magnetic field Bmin as
below respectively:
B max  u max (B ) max (B )

(4.2)

B min  u min (B) min (B)

(4.3)

where λmax and λmin are the maximum and minimum eigenvalues of B . Similarly, umax
and umin are the unit eigenvectors along the longest and the shortest axes, respectively.
In addition, the orientation of the intermediate axis umid can be computed from umax and
umin due to the feature of an ellipsoid three primary axes of which should be orthogonal
to each other as follows:
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u max • uint  u min • uint  0

(4.4)

Once the direction of the intermediate axis is known, the magnitude of the
corresponding vector can be also calculated from the DMP method. An approximated
ellipsoid is further configured to account for the excited magnetic field.

B r  Bc (h)  (q s )B q  q 

(4.5)

B q 1  B 1 sin     cos   



(4.6)

Bq 2  B 2 cos     cos   



(4.7)





Bq 3  B 3 sin   





(4.8)

where B r ( R 31 ) is the magnetic field expressed in the inertial XYZ coordinate frame;

Bc is the center of the ellipsoid, which is mainly a function of the distance offset h due
to the asymmetric field; (q s ) is the coordinate transformation matrix from the sensor
frame to the inertial frame; Bq  q  is the magnetic field expressed in the sensor frame;

Bi (i=1,2,3) indicates B max , Bint and B min ;    are orientation of the
ellipsoid with respect to the sensor frame which can be found from the eigenvectors in
Eq. 4.2-4.3. Once the B-field is obtained, the position and orientation of the sensor can
be further optimized to maximize sensing performance. The sensing performance can be
defined as traceable motion range as below.

  f P 

Ae
A

(4.9)

where A   B ( P , q )dq ; Ae   B e ( P , q )dq e ; A is the surface of magnetic field B on
an entire ellipsoid in Eq. 4.5-4.8; Ae is an effective area of the magnetic field Be the
sensor can measure in rotation range qe of the PM.
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Measurable magnetic field can be illustrated using a three axes magnetic sensor
shown in Fig. 4.1(c). Assuming the magnetic sensor is isotropic for all axes, contour of
the measurable field then becomes a hollow sphere, the outer radius of which is the
maximum range of measurement B max and the inner radius is B min . Then, the hollow
sphere (referred here as measurable field) can be superimposed into the ellipsoid
(excited magnetic field generated by a rotating permanent magnet) to visually identify
an effective measurable range of the given design. In the region of B  B min , the output
signal of the sensor becomes low resolution; and vice versa, the sensor is saturated in the
region of B  B max . Once the magnetic field has been analyzed and compared to the
capability of the sensor, the sensitivity as below, which is the gradient of the magnetic
field with respect to the rotation angles, is then computed for the accuracy of the
performance.


S   ( q s )  1   B r  q  /  q  

(4.10)

Given the desired resolution of a tracking system qˆ min  ̂ min

T

ˆmin  , some

range of motion may not be detectable since the magnetic field variation with respect to

q̂min is smaller than the physical resolution

B min of the magnetic sensor. It is only

valid and detectable when the magnetic field variation is bigger than the minimum
resolution B min , which indicates the sensitivity should be larger than the minimum
sensitivity Sr  Bmin / qˆmin





for the given sensor. Thus, in order to optimize the

sensing performance, the effective magnetic field Be (the sensor can measure) should be
subjected to both measurability and sensitivity requirements given below respectively.
Equation 4.11 indicates the effective magnetic field Be

must

be

within

the

measurable range of the magnetic sensor in use and Eq. 4.12 indicates the magnetic
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field variation with respect to the desired angle resolution must be larger than the
sensitivity of the magnetic sensor in use. Both conditions must be simultaneously
satisfied to measure the orientation of the PM as follows:

 

Be  B B min  Bmin

 B

max

 Bmax



B e  B S  S r 

(4.11)
(4.12)

An optimized design for the given magnetic sensor can be obtained from Eq. 4.11
and 4.12. However, even after performing the optimization and maximizing the
traceable motion range, the design may not meet the desired tracking coverage or
accuracy requirement. Then, the method can be extended adding more sensors in the
same procedure until a set of sensors satisfies the desired performance. General
procedures to optimize the sensor design can be summarized as follows:


Given a PM as the magnetic source, excited magnetic field B can be

calculated from DMP model.


Primary axes of an ellipsoid can be characterized based on Eq. 4.1-4.4 to

approximately configure the magnetic field in Eq. 4.5-4.8. The compact
formulation of the ellipsoid can be used to account for the performance of the
sensing system.


With measurability, resolution and sensitivity of the sensor from Eq. 4.10,

constrains in Eq. 4.11 and 4.12 are applied to the ellipsoid-like magnetic field.
The traceable motion range in Eq. 4.9 is computed.


The optimal location for the magnetic sensor can be found, and certain

iterations of calculation might be needed for locating more sensors. The
design of the sensing system can be further optimized accordingly.
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4.2.2

ILLUSTRATIVE EXAMPLES AND SIMULATION

Two illustrative examples are shown here to provide a better understanding of the
method. First, a cylindrical PM is rotating at the origin; the other is that the PM is
rotating with respect to the origin with certain distance offset. Both magnetic fields
generated by the PM and measured by a sensor are visually compared to find an
optimized location of the sensor to estimate the orientation of the PM.
1）

Cylindrical PM at the Origin

Figure 4.2 shows that the cylindrical PM is placed at the origin of the reference
frame and rotating with respect to the origin (coincident to the center of rotation Pm=(0,
0, 0)). A three-axes magnetic sensor are placed at P=(5, 0, 0) along with the xsyszs
coordinate parallel to the reference coordinate so that its axis points to the origin. The
PM is modeled using the DMP method and parameters of the magnetic sensor are
detailed in Table 4.1. The magnetic field of the rotating PM measured by sensor is
analytically calculated from DMP model and approximated by Eq. 4.1-4.8 respectively.
The results of each ellipsoid are shown in Fig. 4.2(a) and 4.2(b), the coordinate of which
indicating the B-fields and their representative parameters detailed in Table 4.2.
Table 4.1 Parameters of DMP model for PM and magnetic sensor
PM (inch, Tesla)
Dia=0.5; Length=0.5; Br=1.35 T
n=6; k=1 ; mi=[-0.2204; 0.6115] *1.0e-004 Am2
DMP
3-Axis magnetic sensor (Bx, By, Bz)
Measurable range
-7.3mT~7.3mT
Resolution
±10μT

Table 4.2 Primary axes in XYZ coordinate
Primary axes (T)
B max = (3.1240e-4, 0, 0)
B min = (0, 1.5639e-4, 0)
Bint = (0, 0, 1.5639e-4)
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Corresponding rotation angle set
α=0, β=90
α=90,β=180
α=180,β=360

(a) Magnetic field by DMP method

(b) Approximated magnetic Field

Fig. 4.2. Magnetic fields measured by a sensor

The magnetic field is symmetric since the PM is at the origin (h=0) and thus the
center Bc of the ellipsoid is at the origin. The sensor is here located on the X axis,
which indicates the X component of the magnetic field is not affected when the PM
rotates around the X axis. If the sensor keeps pointing to the PM at the origin while the
distance (between the sensor and the PM) varies, the orientation of the ellipsoid will
maintain same but the size of the ellipsoid will varies as the magnetic field. The
ellipsoid Br and the sensitivity in the XYZ frame can be obtained as follows.

 Bmax sin  
B r   Bmin sin  cos  
 Bint cos  cos  
0

B r 
  Bmin cos  cos 
q 
 Bint sin  cos 

(4.13)

Bmax cos 


Bmin sin  sin  
Bint cos  sin  

(4.14)

Figure 4.3 shows the sum of the squared error between the excited magnetic field
in Fig. 4.2(a) and the approximated ellipsoid in Fig. 4.2(b). Each primary axis of the
B-field approximately coincides with the X, Y and Z axis respectively due to the motion
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symmetry. Thus, the B-field can be approximated in the closed form of an ellipsoid in
Eq. 4.13-4.14. The maximum discrepancy is 6  10 14 T.

Fig. 4.3. Sum of squared error

The error is caused mainly due to the shape of PM. The aspect ratio of the PM is
one and cannot be accurately modeled as a single dipole model. However, the
comparison still shows an excellent agreement indicating the rotating magnetic field
forms the ellipsoid.
In the example, only distance between the cylindrical magnet and sensor P needs
to be optimized due to the symmetry of the system including the PM rotating at the
origin. Even when the sensor is placed at another location, as long as the distance
between the magnet and sensor does not change, the shape of the ellipsoid will remain
same. The orientation of the ellipsoid can be simply calculated by coordinate
transformation. Thus, the measurability in Eq. 4.11 is considered to account for
magnetic strength within the sensor capability, which can be directly related to the
distance range where magnetic fields are measurable. Then, the sensitivity in Eq. 4.12
with given sensor specifications will restrain the field variation along with the rate of
change in motion and completes the measurable range on the ellipsoid.
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The minimum and maximum field measured by the sensor located at P=(5, 0, 0)
(given in Table 4.2) can be compared to the sensor capacity and both belong to the
measurable range from -7.3mT to 7.3mT, which indicates the sensor already satisfied
measurability in Eq. 4.11. Figure 4.4 shows the corresponding traceable rotation angles
qe

in a unit sphere when the sensitivity requirement Sr in Eq. 4.12 is set to be 1e-4

(T/rad). The traceable motion range becomes η=30%. Only 30% of motion, the color
mapped area, can be traceable and the other, non-covered area, indicates the sensor
cannot measure the orientation of the PM. To maximize the sensible rotation range,
measurability and sensitivity requirements in Eq. 4.11 and 4.12 are analyzed separately.

Fig. 4.4. Sensible rotation range

The design of the sensor can be here optimized by the genetic algorithm firstly
defining feasible solution domain by comparing the ellipsoid of the magnetic field and
the sphere given by sensor capacity. Then, the design variables (location and orientation
of the sensor) are repeatedly evaluated and compared in the domain to maximize the
measurement performance. Figure 4.5 shows that measurability restrains on the sensor
capacities. The magnetic field in the form of ellipsoid is overlapped with two spheres
referring to sensor capabilities. Each sphere indicates the homogenous magnetic field
measured by the sensor; namely, the outer sphere represents the maximum magnetic
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field the sensor can measure and the inner represents the minimum respectively. Thus,
the sensor is only able to measure the region between two spheres. The sensor is
saturated in the region of the ellipsoid outside the sphere. To minimize such undesired
regions, two different locations of the sensor P= (2, 0, 0) and (12, 0, 0) are considered as
feasible solution domain as shown in Fig. 4.6 respectively; Figure 4.6(a) shows the
entire ellipsoid belongs to the outer sphere. The ellipsoid has contact with the sphere and
meets the upper range 7.3mT of the measurability as the sensor moves closer to the PM
at P=(2, 0, 0); and Fig. 4.6(b) the inner sphere belong to the ellipsoid, containing the
sphere referring to the given sensor resolution 10μT as in Table 4.1, when P=(12, 0, 0).
The results show the magnetic field is measurable in the distance range (2~12) by the
given sensor. In addition, the sensitivity in Eq. 4.14 proportionally increases with the
magnetic field strength and thus, the measurable range is maximized when the sensor is
placed at P= (2, 0, 0) as shown in Fig. 4.7(a). The measurable orientation range becomes
an entire sphere except the rotation along the x-axis and traceable motion range
η=96.7%.

Fig. 4.5. Superimposition of spheres and ellipsoid
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(a) Maximum measurable field

(b) Minimum measurable field

Fig. 4.6. Measurability of sensor

The orientation of the sensor qs affects the sensor performance in particular for
the sensitivity in Eq. 4.10. At the given distance |P|=5, the sensitivity in Eq. 4.12 along
with Eq. 4.10 is applied to different sensor orientation to maximize Eq. 4.9. The
optimized orientation of the sensor is found to be q s   1/ 3 1/ 3 , resulting in the
performance η=65.33% shown in Fig. 4.7(b). Compared to the result of η=30%
pointing to the PM (shown in Fig. 4.4), the performance is dramatically improved.

(a) P= (2, 0, 0)

(b) P= (5, 0, 0) with q s   1/ 3 1/ 3
Fig. 4.7. Sensible range

2）

Effect of Distance Offset on the Performance ( h  0 )

The cylindrical PM is placed at distance h=2 inch from the origin and rotating with
respect to the origin while the parameters of the PM and sensor are the same in Table 4.1.
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The magnetic field at P (5, 0, 0) is computed by the DMP method and further
approximated to an ellipsoid as shown in Fig. 4.8(a) and 4.8(b) respectively. It can be
recognized that the field from the DMP method is not an exact ellipsoid but can be
approximated by an ellipsoid. As shown in Fig. 4.8(a), the ellipsoid is still axis-aligned
since the sensor orientation and location remain the same as the previous example in Fig.
4.2 but its center is not at the origin, which is caused by the asymmetry of the magnetic
field since PM is not at the origin. The center of the ellipsoid can be thus calculated from
the DMP method as below.

Bci  mean max(B)  min(B)

(a) Magnetic field by DMP method

(4.15)

(b) Approximated magnetic Field

Fig. 4.8. Magnetic fields measured by a sensor

Figure 4.9 shows the error between the magnetic field of the DMP method and
approximated field by the ellipsoid. Compared to Fig. 4.3, error in this design greatly
increases due to the large variation of magnetic fields during rotation. The maximum
error is below 1.5µT at    / 6 and 5 / 6 .
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Fig. 4.9. Sum of squared error

Fig. 4.10.

Superimposition of hollow sphere and ellipsoid magnetic field

As explained previously, Fig. 4.10 shows the measurability in Eq. 4.11 by
superimposing the ellipsoid into the hollow sphere which represents the measurable
range of the sensor. The primary axes of the ellipsoid rotate with respect to the center

Bc while the center of the hollow sphere is still at the origin. The maximum and
minimum of the magnetic field become

 Bmax  Bcx 

and  Bmax  Bcx  respectively.

Thus, the magnetic field is measurable if Eq. 4.16 is satisfied.

 

Be  B ( Bmax  Bcx )  B min  ( Bcx  Bmax )  B max

 



(4.16)
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The sensitivity of the magnetic field with respect to rotation is the same in Eq. 4.14
and Sr =1e-4T/rad. Then, the coverage of sensible rotation range qe is shown in Fig.
4.11(a), resulting in the performance η=84.8%. Figure 4.11(b) shows the maximized
measurable range by shifting the center of the ellipsoid. The magnetic field strength
increases with distance offset h and the sensitivity can be maximized at h=3, the upper
level that meets the measurability requirement. Compared to the range in Fig. 4.11(a), it
detects larger range, η=96.0%.

(a) h=2 inch
Fig. 4.11.

(b) Optimized range at h=3 inch
Coverage of sensible rotation range

Table 4.3 Effect of distance offset on the shape of the ellipsoid
h (inch)
0
1
2
3
4

B c (T)

[0; 0; 0]
[2.15e-4; 0; 0]
[6.57e-4; 0; 0]
[0.0023; 0; 0]
[0.0187; 0; 0]

B max (T)

B min (T)

3.1e-4
3.95e-4
7.9e-4
0.0025
0.0197

1.55e-4
2.3e-4
5.51e-4
0.0019
0.0159

B max / B min

2
1.70
1.43
1.3
1.24

Table 4.3 shows the magnetic field to investigate the effect of the distance offset h
on the center shift and shape of ellipsoid when P=(5 0 0). Since magnetic sensor is
placed on the X axis, the center is also moving along the X axis. In addition, the center of
the ellipsoid is moving far from the origin as the distance increases and shape becomes
sphere so that the sensor cannot measure the field beyond the certain distance offset h.
For example, at h=4, the maximum magnitude of the field become 0.0384 T (= Bmax  Bcx =
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0.0187+0.0197 from Table 4.3), which exceeds the measurable range (-7.3mT~7.3mT)
and the magnetic sensor becomes saturated. Similar, the effect of distance between
origin and sensor can also be calculated when the distance h is fixed.

4.2.3

EXPERIMENTAL RESULTS

The prior illustrative example is experimentally demonstrated here to validate the
design of the sensing system. As shown in Fig. 4.12, the cylindrical PM and a three-axis
magnetic sensor, MFS-3A, are placed at the origin and at 5 inch away from the origin
respectively. Three-axis magnetic sensor is mounted on the x axis of the inertial frame
parallel to the sensor frame. The axis of cylindrical PM is along the z axis therefore it is
shown as a circle. In order to generate the full motion range, rotation around the y axis
is conducted using a DC motor, the constant speed of which is 4.01rad/s, and rotation
around the x axis is realized by rotating the magnetic sensor around the x axis. The full
motion range is shown as a sphere.

Fig. 4.12.

Diagram of experiment setup

The experimental parameters including the PM and the sensor as well as the DMP
model for the magnetic field are detailed in Table 4.4. The sensitivity of each axis of the
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sensor is calibrated prior to the experiment. The conversion constants of each axis from
an electric voltage output to a magnetic field can be computed by the least square
method as a linear regression in Table 4.4. With a sampling rate of 4010 Hz, the
magnetic fields of three orthogonal axes between the experimental data and the DMP
model are compared in Fig. 4.13.
Table 4.4 Parameters of experimental setup and DMP model
PM (inch, Tesla)
DMP

Dia=0.01 m; Length=0.01 m; Br=1.46 Tesla
n=6; k=1 ; mi=[-0.1477;0.4100] *1.0e-004 Am2
Specification of MFS-3A
Ametes

Manufacturer
Field range
Resolution

7.3mT
 10μT

Conversion constant of three-axes output(volt/T)
253 / 283 / 270
Data acquisition system
NI USB-6251
A/D 16 bit; Maximum sampling rate 1.25MS/s;
x/y/z axis

Fig. 4.13.

Magnetic fields and sensor calibration

Once the sensor has been calibrated, it can be shown the magnetic field at the
sensor location shapes an ellipsoid as shown in Fig. 4.14. First, three angles (0, /4, /2)
of the PM along the x axis are inclined, and then rotates around the corresponding y axis
for a whole revolution.
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Fig. 4.14.

Analytical magnetic field at α=0,45,90

The magnetic fields measured along three orthogonal axes are compared to those of
the DMP model in Fig. 4.15. The maximum error among three axes is 6% at =/4. The
errors and offsets in particular for =/4 are expected mainly due to the sensor
alignment and the PM location error. Similar to the ellipsoid of the magnetic fields, Fig.
4.16 shows the gradient of the magnetic field with respect to β to compute the sensitivity
and traceable motion range. The largest error is occurred at =/4 and /2 and the
misalignment is expected to cause the error since both α and β are involved.
Based on the B-field in Fig. 4.15 and its gradient in Fig. 4.16, the traceable motion
range in Eq. 4.9 can be computed with the desired sensitivity 1.0  10 5 T/rad. Both
analytical and experimental traceable motion ranges at =0, /4 and /2 are compared
in Fig. 4.17. The error is mainly occurred at the boundaries in traceable motion range
due to deviation of the magnetic fields from experimental measurements and analytical
solutions. The errors of each angle are 1.65%, 8.8% and 4.19% respectively. The
maximum error is 8.8% at α=/4 since the error in the PM location causes the
non-coincident rotation centers and then asynchronous variations of all three
components of magnetic field.
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(b) =/4

(T)

(a) =0

(c) =/2

(d) Error at =/4
Fig. 4.15.
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Comparisons of magnetic field

(b) =/4

(T/rad)

(a) =0

(c) =/2
Fig. 4.16.

(d) Error at =/4
Comparisons on gradient of magnetic fields
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(a) 3-D comparison

(b) α=0

(c) α=45

(d) α=90

Fig. 4.17.

4.3

3-D plot of traceable motion range and comparison plot

EDMP MODEL FOR INDUCTION BASED ORIENTATION
SENSING
When EM is used as excitation source, magnetic inductance has become the

fundamental of sensing techniques in numerous applications such as motion sensing
[110, 111], orientation sensing, machine path tracking [112], and so on. In particular, it
has been increasing attention in orientation measurement from many industries as well
as biomedical applications since it offers high sensitivity without mechanical contact.
Moreover, it can be simple and compact in design and easy at operation, suitable for
small and precise measurement system. However, it has difficulties in design and
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development since it requires a good understanding of magnetic field, precise estimation
and computation in real time [113, 114].
Mutual inductance of various shaped coils at their geometric relation has been
studied and pre-computed results and mathematical relation has been tabulated in [6].
The computation requires series of integral operations for various shapes and locations
of coils. However, it cannot include all situations in various configurations so that any
change in the existing form/solution has to be evaluated again. Although these formulas
and results in tables are usually analytical but computation is still time consuming and
tedious, computing process is neither simple nor efficient. In addition, it could cause
ambiguity problem since various approximations have to be used. Apparently, it is better
to have a more general, accurate and fast-computing method to characterize time
varying magnetic field.
Time varying magnetic field has been studied analytically and numerically by
numerous approaches [5]. For simplified problems with extreme assumptions, series
solutions were usually obtained and able to provide reasonable simulation results.
However, for more realistic and applicable models, numerical approaches were
implemented, including finite element method, boundary element method, and so on.
Although with the rapid development of computer industry, numerical methods can
provide quite accurate results in a short time, analytical modeling is still preferred due to
simple and easily implementable, especially for calculating many magnetic field
information such as magnetic force, torque, and inductance [37].
With the extended DMP (eDMP) model, inductance calculation has been
discussed by the relation between inductance and magnetic energy in the previous
chapter. Here both simulation and experimental results of various coils and their
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configuration are compared to demonstrate the modeling accuracy and computational
efficiency.

4.3.1 INDUCTANCE CALCULATION AND COMPARISON WITH
GROVER’S METHOD
Magnetic inductance of various shaped coils at their geometric relation has been
studied and pre-computed results and mathematical relation has been tabulated in [6].
Grover’s method [115], as most widely used approach for computing induction,
requires series of integral operations for various shapes and locations of coils. However,
it cannot include all situations in various configurations so that any change in the
existing form/solution has to be evaluated again. Although these formulas and results in
tables are usually analytical but computation is still time consuming and tedious,
computing process is neither simple nor efficient, especially when the coil is randomly
oriented or located. In addition, it could cause ambiguity problem since various
approximations have to be used. On the contrary, the eDMP model for coils at random
location can be simply obtained and summation formula as in Eq. 3.19 and Eq. 3.20 can
always be calculated easily.
Coil configuration as examples in [116] is used for comparing mutual inductance,
which include different combinations of thin wall solenoid and filamentary circular coil.
1) Thin wall solenoid and filamentary circular coil
Two coils are modeled using the eDMP method first, and the resulting parameters
are shown as below.
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Table 4.5 eDMP model parameters
Coil geometry

Coil a

DMP model

A solenoid with 6cm radius, 12cm height,
and 120 turns of winding.

lm  5.88cm , rm  3cm ,
m  1.8825Am 2

lm  0 , rm  2.5cm
Coil b

A circular coil with radius to be 5cm.

m  0.0303Am 2

(cm)
(a) Coil a

(b) Coil b
Fig. 4.18.

Simulation results

Maximum modeling error of coil a is 3.66% and that of coil b is 6.8%. Two coils
are located coaxially and the distance between two centers is 12cm as in Fig. 4.19. Then
the orientation of circular coil is rotated around y axis. The mutual inductance is
calculated using the proposed approach and compared with results provided in [116] as
Fig. 4.20, in which the maximum error is 9.8%. Good agreement has been achieved and
the discrepancy is a combination effect of the approximation error of mutual inductance
formula as Eq. 3.26 and the modeling error of eDMP model, as shown in Fig. 4.18.
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0

90 

Fig. 4.19.

Fig. 4.20.

Multi and single wound coils

Mutual inductance simulation results

2) Two thin wall solenoids
Mutual inductance of two solenoids are implemented, one similar to the solenoid in
the previous example, and the other as coil b is detailed in Table 4.6. Simulation results
are also shown in Fig. 4.21 and the maximum error is 10.2%.
Table 4.6 DMP model parameters
Coil geometry

Coil a

Coil b
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a solenoid with radius to be
6cm, height to be 12cm, and the
number of turns to be 120
a solenoid with radius to be
5cm, height to be 4cm, and the
number of turns to be 60

DMP model
rm  3cm , lm  5.88cm

m  1.8825Am 2

lm  0 , rm  2.5cm
m  1.5645 Am 2

Fig. 4.21.

Field simulation results of coil b

Two coils are located coaxially and distance between two centers is 12cm. Then
orientation of coil b is rotated around y axis as in Fig. 4.22. The mutual inductance is
compared with published results as in Fig. 4.23. The maximum error is 8.9%.

0
90 

Fig. 4.22.

Fig. 4.23.

Multi and multi wound coils

Mutual inductance simulation results
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4.3.2

EXPERIMENTS AND DISCUSSION

Computation of electromagnetic induction between multiple coils has been
discussed in chapter three. Here the experiment results will be presented.
1) Coils wound around tube
In order to validate the influence of deformed coil while tube bending, both
simulations were performed to show its difference as below.

Fig. 4.24.

Comparison of simulation results

2) Coil Experiments
In order to further demonstrate the eDMP method, the experiment in Fig. 4.25 is
simply set up. The coil a is fixed at the center, but the other coil is adjustable and can be
rotated around the center. The base structure and rotating plate are made of
non-magnetic conductor, transparent acrylic. The experiment parameters are
summarized in Table 4.7.

Fig. 4.25.
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Coils for mutual inductance

Table 4.7 Experiment parameters
Frequency
Current
Centre
coil

10kHz
0.5A(RMS)
2cm
40
0.5

Diameter
Turns
Resistance

Three types of coils with different aspect ratio (  ) are used as in Fig. 4.26.
Measurements were conducted at different orientation angles and compared to the
simulation. In addition, the conventional single dipole (SD) model is also used for
further comparison and calculates the mutual inductance.

(a) Coil 1 (   1.4 )

(b) Coil 2 (   2.8 )

(c) Coil 3 (   5.7 )
Fig. 4.26.

a)

Coils in various designs

Coil 1:1cm diameter, 20 turns

It can be seen in Fig. 4.27 that when the orientation is bigger than 60 degree, the
signal becomes quite small as 0.005V, which is almost at the same magnitude as noise.
As the orientation angle further increases and the signal further decreases, noise
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becomes dominant, indicating the designed coil can be operated in a range smaller than
60 degree.

(Deg)
Fig. 4.27.

Simulation results comparison for Coil 1

Within the measurable range, the discrepancy between the eDMP results and
experimental results is reduced to 29.4% of the discrepancy due to the single dipole
model.
b)

Coil 2: 2cm diameter, 20 turns

Coil configuration is plotted in Fig. 4.25(b), similar to Coil 1 but different size and
number of turns.

(Deg)
Fig. 4.28.

Simulation results comparison for Coil 2

It is apparent that the eDMP modeling provides better performance than the single
dipole model when being used to compute the mutual inductance. The maximum error is
only 0.004V, which is 3.6% of the error due to single dipole model. In order to measure
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higher output from the sensing coil and improve the signal and noise ratio, an amplifier
circuit with gain to be 100 was implemented in the experiment. However, due to the
accumulating heat during the experiment, the amplifier gain shifted with the resistance
variation and introduced more error into the measurements.
c)

Coil 3: 4cm diameter, 20 turns

As shown in Fig. 4.29, the errors are getting bigger as the coils become flat and
multiple wound. However, the error is still much smaller as compared to the single
dipole model.

(Deg)
Fig. 4.29.

Simulation results comparison for Coil 3

The maximum difference between the experimental results and eDMP modeling
results is 0.02V, 7.75% of the difference between the experimental results and the single
dipole modeling results. Increasing error compared to previous case is due to the
modeling error for big aspect ratio coil.
3) Tube experiment
In order to simulate medical stomach tube with 5mm diameter, acrylic cylindrical
block with 5mm diameter was used in this experiment. Coil was made using 0.8mm
diameter wire. The experiment was conducted with different coil arc distance as well
as path curvature as in Fig. 4.30. In the following expression, “model a” indicates
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DMP model that does not account for coil shape change with the tube bending; and
“model b” indicates DMP model modified to account for coil shape change.

Fig. 4.30.

(Deg)

Tube experiment set-up

(Deg)

(a) Comparison of experiment and
(b) Comparison of different simulation
simulation
models
Fig. 4.31.
Results of arc distance to be 2cm

(Deg)

(Deg)

(a) Comparison of experiment and
(b) Comparison of different simulation
simulation
models
Fig. 4.32.
Results of arc distance to be 2.5cm
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Based on Fig. 4.31(a) and Fig. 4.32(a), it is ambiguous which simulation model
matches the experiment results better. The differences were considerably small and
could be caused by experiment error. But when angle range (10-100 degree) was
examined closer as in Fig. 4.31(b) and Fig. 4.32(b), model-a showed decreasing
tendency and model b showed increasing tendency, which made model-b share the
same trend with experiment results. It is expected that the bigger discrepancy in Fig.
4.31(a) is due the small distance between two coils that makes the experiment conduct
more difficult. The coils have to be forced to stay in position and tend to contact each
other, which would introduce unwanted noise. This is confirmed by the comparison
results shown in Fig. 4.32(a), in which the distance between two coils are 2.5cm and
the experimental results are consistent with the modeling results.
A general and fast-computing method has been presented to calculate mutual
inductance between coils. Time varying magnetic field of the coils is first characterized
by the extended DMP model and then mutual inductance is further computed by
discretizing the integral relation with the help of discontinuously located dipoles. The
method proposed a summation form for estimating the inductive effect. Simulation for
various cases proved the modeling accuracy of proposed method. Experiment set-up and
preliminary results were presented.
Besides the computing efficiency and accuracy, the proposed method does not
demand any limitation on the coil configuration or design. Unlike the existing look-up
table, eDMP can be easily extended and used for modeling of irregular-shaped coils,
even conductors of any shape or specific material. For future research, proposed method
could be applied for path tracking of medical intubation process, conductivity-based
medical imaging and so on. The human-friendly nature of inductive phenomenon
indicates huge potential for its application on human welling. By introducing and
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developing real-time computation approach, its current utilization in medical field can
be further improved.
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V. DISTRIBUTED DIPOLE MODEL FOR MIT
Extended DMP model has been proposed in previous chapters to simulate the
electromagnetic field from time-varying current sources and its application on
induction computation has also been validated. From this chapter, the modeling
scheme with distributed dipoles will be further explored and utilized for the magnetic
induction tomography.
Review of existing Magnetic Induction Tomography (MIT) studies in chapter II
has shown that the mechanism/model used to connect the measurements with the
material feature inside target domain would significantly affect the imaging
performance. As an inverse problem by nature, the exact solution of induction
tomography cannot be obtained by direct inversion due to nonlinearity; iterative
calculations are to be expected. Therefore the mapping function need to be updated
often and computation efforts significantly increase. If a linkage term can be used to
disintegrate this nonlinear relation between the material feature and measurements, the
computation process can be simplified.

5.1

OVERVIEW
Physical magnetic dipole exists only in the form of the quantum-mechanical spin

associated with particles such as electrons, but theoretical magnetic dipole can be
simply regarded as the source of unit magnetic field. Then elementary magnetic field
can be seen as generated by a point dipole. By introducing the magnetic moment term,
which itself includes an integral operator with the integrand to be function of current
density and location, linear form equations can be obtained to calculate magnetic field
information, as Eq. 3.19 and 3.20.
For magnetic induction tomography, Biot-Savart law [80] has been widely used
for developing the forward modeling equation and a perturbation model was used to
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formulate the matrix form equation after discretizing the problem domain. This type of
mapping creates difference images, requires prior information and the relative changes
to be small, and inevitably causes accumulation error for real-time imaging. On the
contrary, if dipole moment is used to account for the eddy current, and the relation
between magnetic field and magnetic moment can be described in linear form, there is
no need to use the perturbation formula. Instead, absolute imaging can be directly
obtained by considering the magnetic moment in Eq. 3.21 as the quantity
corresponding to the eddy current distribution. Therefore, it is reasonable to represent
the imaging domain with a group of distributed point dipoles, each with different
moment and located at different place, each indicating the eddy current strength in its
belonging area. This is the motivation of distributed dipole model for magnetic
induction tomography.

5.2

INDUCED DIPOLE MOMENT AND CONDUCTIVITY
The imaging objective of magnetic induction tomography is material features,

including conductivity, permeability and permittivity. So far conductivity distribution
is the main concern since it contributes most to the measurements. Here, the relation
between dipole moment and conductivity will be studied.
As in Fig. 5.1 (a), when examining single dipole mi , which is represented by red
point with arrow, it accounts for eddy current inside a small conductive area Vi ,
conductivity value  i within the element assumed constant. Blue circle line indicates
the direction of eddy current J i and red arrow indicates the direction of dipole i,
which is dependent on J i . A simple linear relation can be formulated between the
induced current density and electric field as J i = i Ei . Therefore, magnetic moment of
corresponding point dipole can be expressed as Eq. 5.1.
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(a) continuous model

(b) discrete model

Fig. 5.1 Single dipole accounting for eddy current

1
m i   i  r  E(r ) dVi
2

(5.1)

where mi represents the magnetic moment of ith dipole;  i represents the
conductivity value within the specific element; Vi represents the volume of element.
In the illustrative equation of electric field E=  V 

dA
, the first term
dt

accounts for contribution from net charge and second term accounts for contributions
from time varying magnetic field. Since here we discuss about eddy current and
time-varying electromagnetic field, effect of latter term is dominant compared to
previous term. And magnetic vector potential can be calculated from the eDMP model
of the excitation coil as Eq. 5.2, then substituted into Eq. 5.1.

Ai 

0
4

n


j 1

m j  Pij
Pij

3



n m P
j
ij

d r
dVi 
3


j 1
Pij
0
1
dA


mi    i  r 
dVi =    i
2
dt
8
dt

(5.2)

(5.3)

where n indicates the quantity of dipoles in eDMP model for excitation coil and j
indicates jth dipole in this model; i indicates the imaging dipole that being discussed as
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in Eq. 5.1; Pij represents the vector pointing from jth dipole to ith dipole.
When distributed dipoles are used to represent the imaging area, a discrete model
can be shown as in Fig. 5.1(b). It is reasonable to approximate the volume integral with
summation form as below
 l
 n m P
d   rik    j 3 ij
 k 1
 j 1 P
ij
0


mi =    i
8
dt






(5.4)

where k indicates surrounding dipoles as in Fig. 5.1(b); l indicates the quantity of
surrounding dipoles, which is seven in illustrative example; rik represents the vector
pointing from ith dipole to kth dipole.
In sum, when distributed dipoles are used to model the eddy current environment,
a discretized formula as Eq. 5.4 can be used to approximate the relation between dipole
moment and conductivity. Therefore it is reasonable to use dipole moment as the
imaging term for magnetic induction tomography.

5.3

FORWARD MAPPING WITH DIPOLES

5.3.1 DISTRIBUTED DIPOLE MODEL
An illustrative dipole distribution model is configured as below to simulate the
eddy current environment with inhomogeneous conductivity distribution. The
excitation coil was shown with its corresponding eDMP model, in which the red arrow
indicates the point dipole as well as its direction. The dot line describes the boundary
of cross-section surface of the target domain and blue dots randomly distributed
represent the dipoles accounting for eddy current. Measurements were obtained along
the dot line.
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Fig. 5.2 Illustrative configuration of distributed dipole model

When forward modeling is considered, locations of dipoles accounting for
excitation coil, magnetic field measurements locations and dipoles representing image
domain are known information, which are referred as rs1 , rs2 , …,

rsn ; rf1 , rf2 , …,

rfq ; rm1 , rm2 , …, rmp , n and p indicating the quantity of point dipoles accounting

for excitation coil and eddy current, q for quantity of measurement points.
For ith image dipole, its contribution to the magnetic flux density at location r fh
can be expressed as







0  3 m i   r fh  rmi   r fh  rmi 
mi

B ih 

5
3
4 
r fh  rmi
r fh  rmi 


(5.5)

For each measurement point, the induced field includes contribution from each
imaging dipole. In this way, a q by p matrix can be formulated by summing up the
contributions from all the dipoles.
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G q1


G13  G1p  m1  B1 
G 23  G 2p  m 2  B 2 
G 33  G 3p   m3   B3 
    

      
G q3  G qp  m p  Bq 

G12
G 22
G 32

G q2

(5.6)

Notice that all the terms in formula above are vector, which indicates the actual
matrix should be 3q by 3p. In order to reduce the unknowns, relation between the
dipole moment and conductivity is examined again here.
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(5.7)

where  and f represent the angular frequency and frequency of excitation signal
respectively; ĵ here indicates imaginary component, as a result of time derivative
accounting for induction. In the time domain, we can see from Eq. 5.7 that there is 90
degree phase difference between image dipoles and dipoles accounting for excitation
signal. And only magnitude of image dipole contains information about conductivity.
 n m P
is considered, term  rik    j 3 ij
 j 1 P
k 1
ij

l

When direction of mi


 is fully



responsible and can be computed without prior knowledge about material feature in the
image area. Hence, vector equation Eq. 5.6 can be reduced as below
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(5.8)

where
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In actual application, most commonly used sensor is simple winding coils, which
are single axis sensors. And the simplest configuration is to locate the coils along the
radial direction of the problem domain and obtain numerous measurements by rotating
the coils. Thus it is better to express the overall magnetic flux density vector in
spherical coordinate. In order to do the sum operation directly, each vector Bi is
broken down to x, y, z terms first. By transferring the vector form matrix equation, a
simpler form can be rewritten as

G11
G
 21
G31


Gq1

where Gij 

G12
G22
G32

Gq2

G13  G1p   m1   Br1 
G23  G2p   m2   Br2 
G33  G3p    m3  =  Br3 
    

      
Gq3  Gqp   mp   Brq 

Gxij xfi  Gyij yfi  Gzij zfi
2

2

xfi  yfi  zfi

2

, Bri 

B i  r fh

(5.9)

.

r fh
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This matrix form equation is the forward mapping that will be used for further
imaging problem. It is apparent that by replacing the current density with dipole
moment as target variable, the sensitivity matrix becomes solely dependent on
geometries and excitation coil. Unlike many existing model, no eddy current problem
need to be computed in prior.
In order to compute for conductivity images, another sensitivity term can be
extracted from Eq. 5.4.

 n m P
  j ij
r


ik
 j 1 P 3
ij
0 k 1

mi  Si i , where Si  
8 l
 n m P
rik    j 3 ij

 j 1 P
k 1
ij

l










(5.10)

And Eq. 5.9 can be derived into
G11S1
G S
 21 1
G31S1


Gq1S1


G12 S 2 G13 S3
G22 S 2 G23 S3
G32 S 2 G33 S3


Gq2 S 2

Gq3 S3






G1p S p   1   Br1 
G2p S p   2   Br2 
G3p S p    3  =  Br3 
    

    
 Gqp S p   p   Brq 

(5.11)

5.3.2 VALIDATION OF DIPOLE DIRECTION
In order to validate the discretized form of induced dipole moment especially its
direction, computation of sensitivity matrix is done with MATLAB and illustrative
model was shown as below.
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Fig. 5.3 distributed dipole model in MATLAB

The imaging domain is a cycle area with 0.1m radius, which is represented by red
circle. 300 measurements were obtained at equally located positions along the circle.
Black dots indicated the dipole locations, which were generated by MATLAB
“pdetool” function. Then we can consider these black dots as an initial distributed
dipole model, in which dipoles are randomly and uniformly located. Quantity of
dipoles was 148, which could be simply modified by refinement function in
MATLAB.
Since dipole moment is used to account for eddy current, analysis on eddy current
can be done first. As stated before, formula E= 

dA
is used to compute electric field
dt

from eDMP model for excitation coil. Since eddy current is simply multiplication of
electric field with conductivity, unit eddy current plot is shown as below when single
excitation coil is located at (0, 0.11m) and uniform conductivity is assumed.
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(a) 3D plot

(b) xz view

(c) yz view
Fig. 5.4 Unit eddy current plot

Eddy current vector was plotted using “quiver” function in MATLAB,
represented by blue arrows. It indicated the vector direction with arrows and length of
the arrows indicates the magnitude of vector. Fig. 5.4(b) showed that in general, the
polarity of eddy current is against that of excitation coil. And Fig. 5.4(c) indicated that
eddy current magnitude drop dramatically along the y axis.
After computing unit eddy current, direction of dipole moments can be decided
according to Eq. 5.4. Normalized direction vector is calculated and the results are
shown as below, in which blue arrows indicate the dipole moment direction and
approximately oppose the magnetic field from excitation coil. This coincides with its
inductive nature.
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Fig. 5.5 Direction of induced dipole moment

We can utilize this direction information to reduce the quantity of unknowns
about dipole moment. A more simple assumption would be to assume dipole moment
always pointing to the excitation coil. Comparison results will be presented later.

5.3.3 SENSITIVITY MATRIX STUDY
According to Eq. 5.9 and Eq. 5.11, sensitivity matrix can be calculated
respectively, when considering dipole moment or conductivity as the imaging variable.
Study of sensitivity matrix can be done without any actual measurements, either from
simulation or experiment. Because by breaking down the matrix step by step, what
might happen after the inversion can be exactly predicted without actually solving the
inverse problem. Therefore theoretical imaging capability of sensitivity matrix can be
discussed here.
(1)

Effect of multiple excitation sources

First step to analyze the sensitivity matrix is singular value decomposition.
Considering distributed model as Fig. 5.3, condition numbers of the matrixes are
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shown as below, in which horizontal axis represents the kth singular value and vertical
axis indicates the magnitude of kth singular value in decibel.

(a) Dipole moment image

(b) Conductivity image

Fig. 5.6 Matrix condition

It is seen that condition number slightly increases when conductivity is directly
considered to be imaging target. This is because while sensitivity matrix in Eq. 5.9 is
the discretization form of only one integral formula, which relates the imaging dipole
moment mi to surrounding magnetic field, sensitivity matrix in Eq. 5.11 contains
information about two processes: 1) excitation coil generates exciting magnetic field; 2)
eddy current generates a secondary magnetic field. When the sensitivity matrix include
two nonlinear processes, the matrix condition becomes worse.
When these two processes are considered individually, the latter that signal go
from eddy current to sensors can be controlled by increasing the quantity of
measurements, optimizing sensor location and so on. Effect of sensor system
configuration has been widely discussed in existing studies. When it comes to
excitation process, we could utilize pair of sources on the opposite sides of imaging
area and the response in the central area can be increased while outer area barely
affected. This could improve the uniformity of eddy current response in the overall
imaging area. Unit eddy current plot when two excitation coils are used is shown as
below.
102

(a) 3D plot

(b) xz view

(c) yz view

Fig. 5.7 Unit eddy current plot of two excitation coils

When comparing eddy current plot above with Fig. 5.4, especially Fig. 5.7(c) and
Fig. 5.4(c), the eddy current response along y axis is more uniformly distributed. The
induced eddy current in central area has doubled while that in outer area remains the
same. Imaging performance can be therefore improved.
(2)

Imaging performance evaluation

Various parameters have been designed to evaluate the sensitivity matrix and
provide information about imaging performance. Resolution matrix is introduced to
provide the images for each voxel perturbation and describes the response of an
imaging system to a point source or point object. The degree of blurring of the point
object is a measure for the quality of imaging system.
By definition, resolution matrix R can be calculated as below.
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R = G -1G

(5.12)

where G -1 represents the inversed sensitivity matrix and G represents the sensitivity
matrix. In the ideal case that G could be exactly inversed, resolution matrix would
become identity matrix, which means the image is exactly reconstructed. Then relation
between the original conductivity perturbation σ and reconstructed conductivity
perturbation σ* can be expressed mathematically as

σ*=Rσ

(5.13)

Here we can see each column of resolution matrix is the image of a single voxel
perturbation. In the practical case, various regularization methods will be used,
therefore resolution matrix will be affected by not only the modeling approach, but
also the inversion techniques.
Three types of criteria can be defined based on resolution matrix: amplitude
response (AP), position error (PE) and resolution. Amplitude response is defined as the
maximum amplitude of PSF divided by the associated voxel area, which is decided by
setting specific threshold on reconstructed value. Position error is calculated as the
discrepancy between the center of region of interest and the original position of the
target, which is used to measure the extent of dislocation of PSF peak from the target
position. Resolution is calculated based on the ratio of the area of region of interest to
the area of entire target area and used to measure the smallest visible object. In general,
it is desirable for AR, PE, and resolution to be constant, while PE and resolution
should be as small as possible for any target position.
In order to evaluate these parameters along the radial direction due to the
axisymmetry of imaging model, we divide the radius into five ranges, 0-0.02m,
0.02m-0.04m, 0.04-0.06m, 0.06-0.08m, 0.08m-0.1m. And an average value is obtained
for each range. Three different models are computed: 1). dipole moments are assumed
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to point to the excitation coil location; 2) dipole moment directions are calculated
based on unit eddy current; 3) dipole moment directions are calculated based on unit
eddy current when two excitation coils are used.

Radical distance range

Radical distance range

(a) Dipole moment image

(b) Conductivity image

Fig. 5.8 Amplitude response

Radical distance range

Radical distance range

(a) Dipole moment image

(b) Conductivity image

Fig. 5.9 Resolution

Radical distance range

Radical distance range

(a) Dipole moment image

(b) Conductivity image

Fig. 5.10 Position error
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It is apparent that amplitude response increases with the radius, resolution
decreases with radius, and position error decreases with the radius, all indicating better
imaging quality at the outer area. This is due to the better penetration of excitation
signal at the outer area. Therefore when two excitation coils are located on the
opposite side of imaging area, we can see the amplitude response improved in Fig. 5.8,
indicating by black line, and resolution reduced in Fig. 5.9, position error reduced in
Fig. 5.10.

5.4

ISSUES RELATED TO INVERSE PROBLEM
After forward modeling the Magnetic Induction Topography problem as a

discrete equation in matrix multiplication form, inverse problem need to be considered.
For illustrative purpose, it is a common expression to first relate physical parameters
x to collected measurements d . Forward mapping can be expressed as G  x   d .

Depending on different cases, d may be a function of time and/or space, and x
could also be a continuous function describing a physical environment. When x and
d are functions, we typically refer to G as an operator, which could be an ordinary

differential operator, partial differential operator or integral. For most practical cases,
we determine a finite number (n) of parameters to define a model x . Then we can
express the model parameters as an n-element vector x . Similarly, if there are a finite
number of data points then we can express the data as an m-element vector d . Then a
discretized formula is rewritten as

Gx  d

(5.14)

where G is an m by n matrix; x is an n by 1 vector; and d is an m by 1 vector.
Afterwards, discrete inverse problem is to ﬁnd x given d. A critical issue is that
actual observations always contain some amount of noise. It may come from neglected
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influences during forward modeling, numerical calculation error, or background noise
during measurement. We can thus envision data as generally consisting of noiseless
observations from a “perfect” experiment dtrue plus a noise component  .

d  dtrue    G  xtrue  

(5.15)

where dtrue exactly satisfies Eq. 5.14 for x equal to the true model xtrue . It is often
the case that a solution that is influenced by even small noise can have little or no
correspondence to xtrue . Another key issue is that there are commonly an infinite
number of models aside from xtrue that fit the data perfectly.
Therefore inverse problem solving is far more than simply finding mathematically
acceptable answers to the governing equation.

5.4.1 ILL-CONDITIONED PROBLEM
It is essential to characterize what solution has been obtained, how good it is in
terms of physical plausibility and fit to the data, and how consistent it is with other
physical constraints. Essential issues that must be considered include solution
existence, solution uniqueness and instability.


Existence. There may be no model that exactly fits the data. This can

occur in practice because the mathematical model of the system’s physics is
approximate or the data contain large noise.


Uniqueness. If exact solutions do exist, they may not be unique, even

for an infinite number of exact data points. Non-uniqueness is a characteristic
of rank-deficient discrete linear inverse problems because the matrix G has a
nontrivial null space. By superposition, any linear combination of these null
space models can be added to a particular model that satisfies Eq. 5.15 and not
change the fit to the data. An important issue with problems that have
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non-unique solutions is that an estimated model may be significantly
smoothed or otherwise biased relative to the true model.


Instability. The process of computing an inverse solution often is

extremely unstable in that a small change in measurement [e.g., a small η in
Eq. 5.15] can lead to an enormous change in the estimated model. Inverse
problems where this situation arises are referred to as ill-conditioned. And it is
commonly possible to stabilize the inversion process by imposing additional
constraints that bias the solution, a process that is generally referred to as
regularization.
First, to ensure the existence of solution, we can see that in the mathematics sense,
only square and full rank matrix is invertible. In practical, the sensitivity matrix can be
square matrix by controlling the observations quantity. But it is rarely of full rank. The
simplest and most direct way to handle this issue is to refine the model and increase
the measurements. Then the sensitivity matrix is not square matrix any more. If the
matrix is full rank after including more data, the normal inversion formulation can be
expressed as below.



x  GT G



1

GT d

(5.16)

where G T G is a n by n matrix and can only be inverted when the sensitivity matrix G
is full rank.
The rank of sensitivity matrix is dependent on the problem nature and cannot be
improved despite the measurements quantity. In order to study the case that sensitivity
matrix is rank-deficient, it is necessary to introduce the concept of singular value
decomposition of a matrix, where an m by n matrix G is factored into
G  USV T
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(5.17)

where U is an m by m orthogonal matrix that UU T  I ; V is an n by n orthogonal
matrix that VV T  I ; S is an m by n diagonal matrix with nonnegative diagonal
elements called singular values. The singular values along the diagonal of S are
customarily arranged in decreasing size, s1  s2  ...  smin( m ,n )  0 . Note that for
rank-deficient matrix, some of the singular values may be zero. If only the first p
S
singular values are nonzero, we partition S as S   p
0

0
, where S p is a p by p
0 

diagonal matrix composed of the positive singular values. Then we can simplify the
SVD of G into its compact form
G  U p S p VpT

(5.18)

where U p denotes the first p columns of U, Vp denotes the first p columns of V.
Therefore a generalized inverse of G can be computed even when G is not of full
rank, which is named Moore-Penrose Pseudo-inverse G * .
G*  Vp S p 1U pT

(5.19)

Then Pseudo-inverse solution is defined to be
x*  G * d  Vp S p 1U p T d

(5.20)



Compared to the normal inversion equation x  G T G



1

G T d , it is obvious that

Eq. 5.20 has a desirable property that x * would always exist.
By comparing the features of G and corresponding generalized inverse matrix

G * , insights of the solution uniqueness and fitness to data can be provided.
Gx*  U p S p V pT V p S p 1U pT d  U p U p T d

(5.21)

Apparently the data cannot be fit exactly. And also, no matter how many data
points are used, the solution is not unique because the last n-p entities of model x are
always multiplied by zero during the computation. This would lead to two major
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problems, non-fitness and non-uniqueness. In order to incorporate further information
about the desired solution and stabilize the problem, regularization process is needed.

5.4.2 REGULARIZATION TECHNIQUES
Although many types of information about the solution can be used to account for
the solution stability, the dominating approach used is to require that the norm of the
solution be small. Then the estimated true model can be expressed as



x , L  arg min Gx  d

where Gx  d

2
2

2
2

  2 L  x  x *

2
2



(5.22)

2

represents the fitness;  2 Lx  x * 2 represents the side constraint,

which is also called regularization functional in some studies; x * refers to the initial
estimate of the solution, which is set to be zero in many cases;  is named
regularization parameter and L is named regularization matrix. Regularization
parameter establishes a commitment between fitness to the data and the amount of
2

applied regularization. Let Gx  d 2   2 Lx

2
2

equals to zero, which can also be

expressed as matrix form
T

T

 Gx  d   Gx  d    Lx   Lx  =0

(5.23)

An explicit form of solution can be expressed as



x  , L  G T G   2 LT L



1

GT d

(5.24)

This method is called Tikhonov regularization, which is the most widely used
method to solve an inverse problem.
G
 d 
Least squares problem Eq. 5.23 can also be expressed as min   x  

 L 
  Lx * 

2

, which can be considered as circumventing the ill conditioning G by introducing a
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G
 with full rank. When
 L 

new problem with a well-conditioned coefficient matrix 

matrix rank is considered, a different way to treat the ill-conditioning of G is to derive
a new problem with a well-conditioned rank deficient coefficient matrix. A
fundamental result about rank deficient matrices, which can be derived from the SVD
of G, is the closest rank-k approximation G k . It can be obtained by truncating the
SVD expansion
G k  U k S k VkT

(5.25)

where U k denotes the first k columns of U, Vk denotes the first k columns of V,

Sk is a k by k diagonal matrix composed of the first k singular values. Thus the
solution can be expressed as x k  Vk S k 1U Tk d .
Tiknohov regularization and truncated SVD method, as most commonly used
treatment for ill-conditioned problem, will be used to obtain the inversed solution in
the next chapter.

5.5

ADAPTIVE DISCRETIZATION SCHEME
As previously explained, distributed dipoles have been used as sources terms in

order to discretize the problem. Although the imaging performance is not solely
dependent on the dipoles quantity, it is expected a denser distribution of dipoles could
provide better resolution. Random distribution of the dipoles is only suitable for initial
computation. Adaptive discretization is in demand for reduction of the computation
efforts when iterative computation is conducted.
When the imaging purpose is to obtain the contour of a conductive object in a
nonconductive background, areas with higher inverted dipole moments indicate that
more attention is required here. It is reasonable to use it as a guideline for further
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refinement. There is a monotonic relation between the conductivity and the
representing dipole moment since material with higher conductivity would generate
stronger eddy current and then contributes to larger dipole moment. And refining
process with the help of dipole moments would be more efficient, since the
discretization procedure can be the most time-consuming part and could be a major
obstacle for generating real-time images. The adaptive discretization scheme can be
described mathematically as Eq. 5.26.

Fig. 5.11 Refinement scheme

rm _ ADD 

rmi  rmk
where mi  threhold
2

(5.26)

where rm _ ADD represents the location of added dipoles; rmi and rmk represents the
location of ith dipole and its surrounding dipole, as indicated by red points in Fig. 5.11.
Blue points indicate the refined dipole locations. And the threshold is usually set
according to the maximum value of reconstructed dipole moments.
Therefore the sensitivity matrix can be expressed as below.


G
INI
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 INI 
m



G
ADD   
  Br

m
 ADD 

(5.27)


where G
INI

G11
G
 21
 G31


Gq1


G12 G13
G22 G23
G32 G33


Gq2

Gq3






G1p 
 m1 
 Br1 



 Br 
G2p 
 m2 
 2

G3p  , m
 INI   m3  , B r   Br3  , G
ADD can be

 
 
 
 
 
 mp 
 Brq 
 Gqp 
 
 

calculated according to rm _ ADD as Eq. 5.26.
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VI.
6.1

ILLUSTRATION AND DISCUSSION

OVERVIEW
In order to elaborate and demonstrate the method presented in the previous

chapter, illustrative model consist of excitation coils, an imaging area and conductive
objects is simulated and the field information is used for inversion. The sensitivity
matrix study has been done in chapter 5.3.3 and the imaging performance has been
examined based on the resolution matrix. Although the “imaging” in the mathematical
and computational sense can be analyzed without real measurements, the development
of an actual imaging system requires consideration on practical issues including noisy
environment, measuring instrumentation and so on. In order to examine the imaging
system in practical context, experimental setups are built and actual measurements are
conducted.

6.2

SIMULATION RESULTS
COMSOL Multiphysics was used to simulate the model and study the magnetic

field of eddy current environment.
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6.2.1 MAGNETIC FIELD INFORMATION FROM COMSOL
Far field boundary

Excitation coil

Conductive
object

Fig. 6.1 Simulation model in COMSOL

From the model as above, magnetic field information in both real and imaginary
component can be obtained. First, edge current feature was used to simulation
excitation coil, which is applied with 20A current of 100 kHz. The conductivity of a
spherical object with 3cm radius was set to be 100 S/m and represented the interested
target. Magnetic flux density was obtained surrounding the imaging area, which was
represented by red circular line in Fig. 6.2. Conductive object was located along the
axis of excitation coil and 5cm away from the center of imaging area. Three hundred
measurements were acquired at equally distributed locations.
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Fig. 6.2 Object at location 1

The measurement points start from the nearest end to excitation coil and continue
for a whole round. Due to the phase difference between eddy current as well as its
corresponding field and excitation field, the magnetic flux density measured was
always complex number. Here the real and imaginative parts are plotted individually
as in Fig. 6.3. The peaks in the real component plots indicate the location of excitation
coil. Since the axis of excitation coil is along y axis, Bx show opposite sign on
different sides of y axis and By show single peak with maximum value at the starting
point. And when considering imaginative component, which represents field
information that has a phase difference with the excitation field, it is reasonable to say
this part of information account for magnetic field due to eddy current. Because the
object was located as in Fig. 6.2, peaks in Bx and By are in the same location with real
component. But for Bx, imaginary component decreases when real component
increases, and vice versa. For By, imaginary component showed the same sign with
real component although excitation coil and conductive object, both as source of
magnetic field, are at different side of measurement location.
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(T)

(T)

(T)

(T)

(a) Real component

(b) Imaginary component
Fig. 6.3 Magnetic flux density

These results show the opposing nature of inductive field and confirm that the
imaginary component indeed, represents the effect of eddy current.
When one more excitation coil is added on the opposite side of imaging area, the

(T)

(T)

magnetic field results are shown as below.

(a) Real component
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(T)

(T)

(b) Imaginary component
Fig. 6.4 Magnetic flux density

It is shown above that real component of magnetic flux density contains two
peaks now, due to two excitation coils. But the imaginary component approximately
remain the same, which indicates that eddy current inside the object is mainly due to
the one near excitation coil. Adding one excitation coil would change the sensitivity
matrix as explained in last section, but it does not necessarily affect the eddy current
since the conductive object is only near to one excitation coil.
If the object location is shifted as below and still use single excitation coil, the
results will also differ.

Fig. 6.5 Object at location 2
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It is shown below that when object location has been shifted, real component of
magnetic flux density does not change significantly. This confirms that the real
component mainly reflect the influence of excitation field. And by examining the
imaginative component, it is apparent the peak has shifted to around the object

(T)

(T)

location.

(T)

(T)

(a) Real component

(b) Imaginative component
Fig. 6.6 Magnetic flux density

In conclusion, the imaginary component of magnetic flux density contains
information about the object location. However, in experiments, it is difficult to
directly measure the imaginary component of magnetic flux density. This part of
information is usually extracted from the phase information of measured signal.
Therefore phase angle is calculated based on the simulation results shown above.
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Measurement points

Measurement points

(a) Object at location 1
Fig. 6.7

(b) Object at location 2

Phase information of the magnetic flux density

6.2.2 INITIAL SOLUTION
Three hundred equally located peripheral field values were obtained according to
Fig. 6.5. With the initial distributed model, the inverted result is shown as below and
compared with exact conductivity distribution, indicated by red circle. The object

(m)

location can be reconstructed.

(m)

(m)

(m)

(a) reconstructed 3D plot
(b) reconstructed 2D image
Fig. 6.8 Reconstructed image

When two excitation coils are used, results are shown as below.
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(m)
(m)

(m)

(m)

(a) 3D plot

(b) 2D plot
Fig. 6.9 Reconstructed images

6.2.3 ADAPTIVE REFINED SOLUTION
After obtaining the initial solution of dipole moment distributions, overall
examination provide the area that requires further attention. A threshold was set to be
fifth percent, which indicates the dipoles with moment value bigger than half the
maximum value would be highlighted, as in Fig. 6.10(a). And according to the
refinement scheme explained in Chapter 5.5, the surrounding area would be populated

(m)

(m)

with more dipoles, as in Fig. 6.10(b).

(m)

(m)

(a) Before refinement
(b) After refinement
Fig. 6.10 Refinement of distributed dipole model

With the refined model, the reconstructed 2D image is shown as below.
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(m)

(m)
Fig. 6.11 Refined solution

By comparison with Fig. 6.9(b), it is visible that the refined solution provides
better shape reconstruction performance.

6.3

EXPERIMENT WITH LOW FREQUENCY EXCITATION

6.3.1 EXPERIMENT SETUP
A preliminary experiment system has been designed as in Fig. 6.12. Both
excitation component and sensing component are installed on slide structure so that
they can be adjusted and fixed with screws, as shown in Fig. 6.12(a). This design
enables both the excitation component and sensing component to be movable at the
vertical direction. The mechanical scanning structure is fabricated using acrylic plastic
sheet of various thicknesses ranging from 4-10mm. These slide structures are installed
on the rail structures as in Fig. 6.12(b), which enable the excitation and sensing
component adjustable at the radical direction. A fish tank is put in Fig. 6.12(c) to
indicate the target imaging area, surrounded by a mechanical rotating device. It is
expected that the wires from the exciters will tangle along with the rotation. In order to
prevent the wires from obstructing the imaging area, a gear and belt structure is used to
drive the rotating device instead of directly installing the DC motor at the rotation
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center. The motor has a maximum rotational speed of 30rpm and can be adjusted by
varying voltage.
Both exciters and sensors are cylindrical coils with acrylic core, as in Fig. 6.12(d).
Parameters of experiment are detailed as in Table 6.1. In order to obtain both phase
and magnitude information, RF lock-in amplifier model SR844 from Stanford
Research Systems is used to analyze the signal. NI USB-6341 is used for data
acquisition and LM1875 audio power amplifier is used for driving the excitation coil.
The instrumental specifications are detailed as below.
Table 6.1 Parameters of low frequency experiment
DC motor
SR844 Lock-in Amplifier
NI USB-6341 Data Acquisition
LM1875 Audio Power Amplifier
Radius of target imaging area
Diameter
Excitation
Turns
coil
Resistance
Applied current
Diameter
Sensing
Turns
coil
Resistance

(a) design graph

Maximum supply: 12V, 30 rpm
Frequency range: 25kHz to 200MHz
16 analog inputs, 500kS/s
Bandwidth 70kHz, Output power 30w
Current capability: 4A
10cm
2cm
20
0.8
100kHz, 0.9A(RMS)
2cm
20
0.8

(b) top view
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(c) actual structure

(d) coils as exciter/sensor

Fig. 6.12 Experimental set up for magnetic induction tomography

6.3.2 MEASUREMENTS AND DISCUSSION
As shown in Fig. 6.12(a), two sensing coils are fixed on the rotating vertical
slides that are always on the opposite side of imaging area. Two exciting coils are
installed respectively on the slides attached to the base. The rotation speed of DC
motor can be adjusted by supply voltage and set to be 6s/round approximately.
Measurements from two sensing coils can be recorded at the same time. And then
experiment was conducted again with an aluminum block placed inside the imaging
domain, near excitation coil.
Sensing coils were manually adjusted to be at the same location for each round of
experiment. For comparison purpose, synchronization between different rounds is an
important issue. As raw data, measurements were recorded for 20 seconds after the
motor started rotating. Because the measured magnetic field should be at maximum
value when the sensor is nearest to the excitation coil, it is reasonable to identify the
starting point of a revolution with the peaks in raw data. As in Fig. 6.13-6.16,
measurements were captured for approximately three revolutions and each revolution
included two peaks due to two excitation coils.
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(Deg)

Measurement points
(a) phase

Measurement points
(b) magnitude

(Deg)

Fig. 6.13 Measurements from Sensor a when no object present

Measurement points
(a) phase

Measurement points
(b) magnitude

(Deg)

Fig. 6.14 Measurements from Sensor b when no object present

Measurement points

Measurement points

(a) phase

(b) magnitude

Fig. 6.15 Measurements from Sensor a when object is present
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(Deg)

Measurement points

Measurement points

(a) phase

(b) magnitude

Fig. 6.16 Measurements from Sensor b when object is present

By comparing Fig. 6.13 and Fig. 6.14, it can be seen when no object is present,
signal variations from sensor a and sensor b were exactly opposite. This is reasonable
because measurements from two sensors can be considered to have a 180 degree phase
difference since they are on the opposite side of imaging domain. Do notice phase
difference here does not refer to the measured phase information from lock-in
amplifier, but the measurement sequence during one revolution. And when conductive
object is present, it is difficult to directly deduce the object location from Figures 6.15
and 6.16, although disturbance in signal can be observed.
Imaginary component of magnetic flux density has been used as data for image
reconstruction in Chapter 6.2, but it is impossible to abstract from practical
measurements. Therefore lock-in amplifier is used to obtain the magnitude and phase
information of signal. And phase information may as well represent the effect from
eddy current, which indicates the location of conductive object. Hence, the phase
information is used to replace data Br of the imaging problem described as in Eq. 5.9
and 5.11. The reconstructed images were shown as Fig. 6.17-6.18.
As mentioned in Chapter 6.2, COMSOL simulation provides magnetic field
information using complex values. And measurements from practical experiments are
described using phase and magnitude. Although it is difficult to directly compare them,
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reconstructed image as shown in Fig. 6.9(b) has the similar pattern with images in

(m)

Figures 6.17 and 6.18.

(m)

(m)

Fig. 6.17 Conductivity image based on Sensor a

(m)
Fig. 6.18 Conductivity image based on Sensor b

6.4

EXPERIMENT WITH HIGH FREQUENCY EXCITATION
The previous experiment was conducted with 100 kHz excitation and an aluminum

block was used as the imaging object. When low conductivity object is present, high
frequency excitation is required so that the eddy current signal can be large enough for
measurements.
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6.4.1 EXPERIMENT SETUP
It is expected that high frequency experiment will be more sensitive to position
error and electromagnetic noise. Thus, instead of simple DC power supply, PWM signal
is generated by NI PXIe-6368 data acquisition instrument and used for position control.
Aluminum sheet of 0.5mm thickness is used to shield the whole structure from
electromagnetic noise. In order to realize the excitation/measurement with single
instrument and minimize the synchronization error, a two-port vector network analyzer
NI PXIe-5632 is used. Since high frequency excitation is used, the impedance of the
excitation coil at the operating frequency can be much larger than its resistance. If the
excitation coil consists of too few turns, the mutual inductance between the excitation
coil and sensing coil can be too low that inductive signal is too small; if the excitation
coil consists of too many turns, its impedance becomes too high and the excitation
current is reduced with limited power supply. Here an air-core cylindrical coil with 2cm
diameters and 35 turns winding is used as the excitation coil. The experiment is
conducted with 10 MHz excitation and the current is approximately 1.3A. The modified
experimental setup is detailed as in Table 6.2 and Fig. 6.19.
Table 6.2 Parameters of high frequency experiment
DC motor
Position control with PWM signal
NI PXIe-5632
THS4502 Fully differential
amplifier
Radius of target imaging area
Diameter
Excitation
Turns
coil
Resistance
Applied current
Diameter
Sensing
Turns
coil
Resistance
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Power supply: 3.5V
44Hz, Duty cycle: 0.048~0.078
8.5 GHz full two-port vector network
analyzer
Bandwidth 370MHz,
Slew Rate: 2800 V/µs
10cm
2cm
35
1.2
10MHz, 1.3A(RMS)
2cm
20
0.8

Exciter
Sensor

(a) Acrylic structure

(b) Shielding with aluminum sheet

(c) Imaging area
(d) Measurement instrument
Fig. 6.19 Setup for high frequency experiment

As mentioned in previous chapter, a gear and belt structure was used to prevent the
wire blocking the imaging area. However, after conducting the experiments, it is found
that the asymmetric structure as Fig. 6.12 wobbles during the rotation, which would
cause extra experimental error. Therefore the mechanical structure has been modified as
Fig. 6.19(a). The excitation coils are installed on the inner layer and would be rotating
along with the circular table. The sensing coils on the outer layer are fixed. By making
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space under the rotation table, the wires from the excitation coil can be connected to the
measuring instrument without affecting the imaging area. Also, a bearing is installed
under the rotation table and the DC motor is installed on top of the rotating device. The
imaging area is shown in Fig. 6.19(c).
With a wide bandwidth of 8.5GHz, the vector network analyzer as in Fig. 6.19(d)
compare the signal from port 2 with the signal from port 1 and describe the differences
using S-parameters, S11, S22, S12 and S22. Here the signal from port 1 is used as the
excitation source and a fully differential amplifier THS4502 is used to drive the
excitation coil, as explained in Fig. 6.20. In order to increase the signal/noise ratio,
voltage amplifier is used for the sensing coil and the amplified signal is connected to
port 2 of the vector network analyzer. Therefore, only S21 will be examined here.

Fig. 6.20 Diagram of instrumentation

6.4.2 MEASUREMENTS AND DISCUSSION
In the low frequency experiments, measurements have been obtained for the
rotation case and the phase information was directly used for inversion. When high
frequency excitation is used, the noise would become much more significant than the
low frequency experiments. In order to analyze the experiment setup and examine the
signal variation carefully, measurements are obtained first when the excitation coil and
sensing coil are installed at fixed locations.
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(1)

Static system results

With the experimental diagram shown in Fig. 6.21, recordings of the linear
magnitude and phase of S21 were taken at 1-cm intervals. To reduce noise, 1500
samples were taken for every measurement and averaged for three seconds. According
to existing studies [117, 118], the variations caused by an object with high
conductivity are mainly shown as the magnitude changes when high frequency
excitation is applied. This is due to the skin effect, which cause the eddy current to
flow only within a small penetration depth and generate strong opposing magnetic
field.

Fig. 6.21 Diagram of experiment

As a highly sensitive instrument, vector network analyzer requires transmission
calibration every time before conducting the experiment, which sets the calibrated
scenario as a reference. In ideal calibrated state, the linear magnitude of S21 would be
1 and the phase would be zero. After calibrating the instrument when no object is
present, a plot of the magnitude changes in percentage is shown in Fig. 6.22 when the
imaging object is present and moved away from exciter/sensor.
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Fig. 6.22 Magnitude changes versus object position

With an aluminum block as the imaging target, the magnitude change is as high as
5.1% when the sample is close to both the excitation coil and sensing coil. The reason of
negative changes is that the eddy current induced in the aluminum block would be an
opposing field compared to the field from excitation coil. Thus their effects on the
sensing coil would be opposing too. And as the distance increases, the magnitude
change decreases due to the reduced eddy current effect. A 5% (by weight) saline water
is also used as the imaging target and the magnitude changes are shown in Fig. 6.22. As
expected, the magnitude change is too small to reflect the location changes, since the
eddy current effect would be much smaller than the aluminum block. The phase changes
versus the object location is shown as Fig. 6.23 and it is observed that the phase changes
systematically vary as a function of the distance.
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Fig. 6.23 Phase changes versus object position

As shown in Fig. 6.21, the measurement in the sensing coil is a combination of
inductive signals due to the excitation coil and the eddy current in the conductive object.
Since the exciter is closer to the sensor and the applied signal is much bigger than the
eddy current effect, it can be very difficult to distinguish the variation caused by the
conductive object, especially with low conductivity. Therefore a different setup is used
to relatively increase the inductive signal due to the eddy current. As shown in Fig. 6.24,
two sets of exciter/sensor are installed on opposite sides of the target area. A differential
amplifier is used to subtract the signal from two sensors when object is moved along the
horizontal axis at 2-cm intervals. Again, for single measurement, 1500 samples were
taken and averaged for three seconds.
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Fig. 6.24 Diagram of experiment

The magnitude changes due to the aluminum block are shown in Fig. 6.25 and it is
apparent the variation is increased comparing to Fig. 6.22. The changes of the baseline
could be due to the calibration error.

Fig. 6.25 Magnitude changes versus object position

(2) Rotational system results
As shown in Fig. 6.19, two exciting coils are fixed on the rotating vertical slides
that are always on the opposite side of imaging area and rotating with the circular table.
Two sensing coils are installed on the slides attached to the base. The experiments are
conducted with and without the imaged object, which is a 5 cm aluminum block.
For comparison purpose, synchronization and location between different rounds of
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experiments are important. The PWM signal controlled motor is set to start from the
same location. But since the recording program for VNA has varying preset time, it is
difficult to match the starting time of recording with the starting time of rotation exactly.
So the measurements during about three rounds of rotations are recorded, and exact
starting point of one period can be observed based on the periodic signals. Before each
experiment when no object is present, the VNA instrument is calibrated therefore the
magnitude is set to be 1 and phase angle is set to be 0. As seen in Fig. 6.26(a) and Fig.
6.27(a), the phase angle is zero at the starting point. Magnitude in Fig. 6.26(b) starts
from below 1, but by observing the periodic signal which shows starting value of second
round as 1, it is reasonable to deduce the synchronization error exists here. Magnitude in
Fig. 6.27(b) starts from approximately 1. Do notice this value does not mean the actual
measured voltage, therefore magnitude wise, cannot be compared with the low
frequency results as Fig.6.13-14. But it is seen that Fig. 6.26 shows consistent variation
trend with Fig. 6.13. Also, when signal from sensor a and sensor b are used as two inputs
of a differential amplifier, the measurements during three rounds rotation are shown as
Fig. 6.28 and Fig. 6.31.

(a) Phase

(b) Magnitude

Fig. 6.26 Measurements from Sensor a when no object present
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(a) Phase

(b) Magnitude

Fig. 6.27 Measurements from Sensor b when no object present

(a) Phase

(b) Magnitude

Fig. 6.28 Measurements from (Sensor a – Sensor b) when no object present

(a) Phase

(b) Magnitude

Fig. 6.29 Measurements from Sensor a when object is present
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(a) Phase

(b) Magnitude

Fig. 6.30 Measurements from Sensor b when object is present

(a) Phase

(b) Magnitude

Fig. 6.31 Measurements from (Sensor a – Sensor b) when object is present

(3)

Imaging results

After obtaining one round measurements from Fig. 6.26-31 and subtracted the
signal when no object is present from the signal when the object is present, the results
are used as the data of the imaging problem described in Eq. 5.9 and 5.11. The
reconstructed images are shown as below.

137

Fig. 6.32 Conductivity image based on Sensor a

Fig. 6.33 Conductivity image based on (Sensor a – Sensor b)

Fig. 6.32 and 6.33, in which the red circles indicate the actual object, shows
approximately similar pattern, but the image based on the differential signal from sensor
a and sensor b is slightly better since Fig. 6.33 shows a mistaken high value spot on the
opposite side.
(4)

Measurements and inverted results for saline water

An aluminum block has been used as the imaging target for the rotational
experiments presented above. When low conductivity object like saline water is used as
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the imaging target, the signal is much weaker and more unstable especially during the
rotation. The rotational experiments have been conducted, however no reasonable
results have been obtained due to lack of consistency. Therefore, the exciters and the
circular table for placing the objects as in Fig. 6.19(a) are manually rotated to 18 equally
distributed locations. For each location, approximately 1500 measurement samples are
obtained within 3 seconds and averaged. The results are shown as in Fig. 6.34 and no
obvious variation can be seen whether the saline bottle is present or not. The static
experiment has shown the phase variation is a function of the distance between the
saline bottle and the excitation coil/sensing coil, as in Fig. 6.23. But the variation is so
small and may not be able to detect when the sensing coil is moving farther from the
excitation coil.

(a) Magnitude
(b) Phase
Fig. 6.34 Measurements from sensor a

One of the possible solutions for increasing the measured signal is to use a higher
excitation signal therefore increase the eddy current, but the effect can be limited since
the inductive signal directly due to the excitation would be increased at the same time.
The inductive signal due to the eddy current would still be relatively small and fail to be
abstracted. To deal with this, two excitation coils with opposite polarity are installed as
in Fig 6.35. When the sensor is installed in the vertically symmetrical plate between two
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excitation coils, ideally the magnetic flux that goes through the sensor would be mainly
along the vertical direction due to symmetric cancellation. This is validated by actual
measurements that the signal in the sensor can be reduced to about 15% when the exciter
as in Fig. 6.35 is used instead of single excitation coil. Of course the excitation field on
the other side of the exciter, where the eddy current would be generated when the
conductive object is present, would also have the cancelling effect in the vertically
symmetrical plate. But since it is expected the imaging target will be of a more random
shape and at a random location, the reduction of the eddy current would be relatively
minor.

Sensor
Exciter

Fig. 6.35 Improved exciter

With this set of exciter, the measurements are obtained again at 18 equally
distributed locations. For each location, approximately 1500 measurement samples are
obtained within 3 seconds and averaged. The experiments are conducted and the
measurements are shown as in Fig. 6.36-37. A trend can be observed after subtracting
the no object measurements from the measurements with saline bottle inside: the
magnitude starts with negative value and gradually increases to the approximately
symmetric positive value; the phase starts with positive value and gradually decreases to
the approximately symmetric negative value. The varying range is -0.3%~0.3% for
magnitude and -8~8 for phase angle.
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(a) Magnitude

(b) Phase
Fig. 6.36 Measurements

(a) Magnitude

(b)

Phase

Fig. 6.37 Substraction results

Due to the limited measurement quantities, only 18 dipoles in a circular pattern are used
to represent the imaging area, represented using red dot in Fig. 6.38(b) and dipole 1 is
nearest to the location of saline bottle, indicated with black circle in Fig. 6.38(b). The
inverted results and the interpolated image are both shown in Fig. 6.38.

(a)Inverted dipole moment

(b)Interpolated 2D image

Fig. 6.38 Inverted results and interpolated image
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It can be seen that the inverted dipole moment reflected the location of the saline
bottle correctly. But the 2D image is rather coarse because the measurement quantity is
limited. In the future, the imaging system will be improved that it is capable of pausing
intermittently and recording the measurements for further averaging purpose. It is
expected better images can be obtained with more available measurements.
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VII. CONCLUSION AND FUTURE WORK
7.1

ACCOMPLISHMENTS AND CONTRIBUTION

This research developed a novel sensing-oriented approach to model
electromagnetic fields and its applications in orientation sensing and magnetic
induction tomography. Three specific contributions have been made:
I.

Time-varying electromagnetic field modeling and induction computation
Magnetic elementary fields have been utilized to account for the time-varying

field by introducing multiple dipoles with magnetic moment. By utilizing
vector-potential-based governing equation instead of scalar form, application of this
approach is largely broadened from physics and mathematical basis. And as a
semi-analytical method that provides close-form solutions for time-varying magnetic
field, this model integrates the advantage of both analytical and numerical methods. It
can be computed much more efficiently without sacrificing the accuracy.
The modeling results have been shown and compared with solutions that are
either analytically calculated or experimentally measured. And then, a novel induction
computation approach has been developed by utilizing the extended DMP model. With
the help of discrete source term of dipole moments, it has been shown that complex
integral formula to calculate mutual induction can be computed by finite summation
and reduced computation effects dramatically while maintaining accuracy.
II. Magnetic field based motion sensor
With DMP model simulating magnetic field from PM and the extended DMP
model for time-varying electromagnetic field, two magnetic-field-based motion
sensors have been demonstrated.


For a PM based motion sensor, the eDMP model has been utilized to
characterize varying magnetic field at any point. As a single dipole is rotating,
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the resultant magnetic field has been shown as an ellipsoid. The same pattern
was validated for the DMP model and tracking strategy has been developed
for the PM attached to the moving object. By utilizing the sensor resolution
and measurable field range as constrains, an optimization scheme for sensor
system configuration has been presented.


For an induction based orientation sensor, modeling accuracy of the eDMP
model has been shown by comparison with Grover’s formulas. Two different
practical setups have been designed for experimental validation: first, a
cylindrical coil was rotated around another one, which can be used whenever
PM based motion sensor is applicable and has the advantage of simple
customization; and second, tubes with wound coils were bended with
different curvatures, which has the potential to aid medical intubation
procedures by detecting its orientation.

III. Modeling of magnetic induction tomography
Since modeling of electromagnetic field has been developed and implementation
on induction sensing validated, the eDMP model has been further utilized to develop
magnetic induction tomography. Still as source term, distributed dipoles were
considered as the imaging target and the inverse problem were discussed according to
a novel model for magnetic induction tomography. Sensitivity matrix analysis has been
conducted based on the imaging performance and the effect of multiple excitation
sources. Due to the nonlinear nature of the problem and ill-condition of sensitivity
matrix, difficulty with inversion has been addressed and iterative computations were to
be expected as in Chapter V. Because the distributed dipoles accounted for eddy
current inside conductive object, it indicated the area that needs further inspection and
was reasonably used as a guiding criterion for adaptive refinement. Numerical
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simulation using commercial software, COMSOL Multiphysics, has been used to
simulate the eddy current environment. Magnetic field information was examined first
and then used as data for the inverse problem. A simple magnetic induction
tomography system was also built to test for practical applications. Reconstructed
images based on both simulation and experimental results were presented in Chapter
VI.
In summary, this research proposed a discrete modeling method of time-varying
electromagnetic field and exploited its potential of computing interactions between
various field sources. The modeling performance has been proved to be both efficient
and accurate; also the applications in induction sensor and tomography system have
been demonstrated. Fast computation of mutual inductance between arbitrarily located
coils has been demonstrated and a novel forward mapping method has been illustrated
for magnetic induction tomography.

7.2

FUTURE WORK

Although the novelty and contributions of this research has been summarized as
in Chapter 7.1, there are still many difficulties being exposed in this research area.
Especially for magnetic induction tomography, adaptive discretization scheme
presented here are only for simple implementation. More detailed study is required to
provide better imaging performance generally. Also, the current experiment set up
provides quite noisy measurements during continuous rotation and the design of
exciters and sensors are to be optimized for better operation.
Future developments and research directions are expected as below.
 The extended DMP model for an induction based orientation sensor
can be implemented for medical intubation procedures. In order to explore
the potential usage and sensing performance, more detailed modeling of coils
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with various geometry need to done and examined. Design optimization is
expected in order to find the most suitable sensor structure for the specific
application. Background study about intubation path and existing sensors
will also be done for the integrity of the research.
 As the geometry of the conductivity distribution becomes more
complex, which is the case for a realistic problem, adaptive refinement
procedure would become more indispensable. Further research would be
done on more detailed refinement approaches considering specific imaging
problems.
 The exciting/sensing coil configuration and arrangement need to be
carefully analyzed and then reinforced after further experiments. The
ultimate objective is to develop a stably functional system that provides
real-time satisfying images, but the current research is just the beginning and
many challenging tasks wait to be solved. For instance, various methods of
reducing background signal have already been investigated in existing
studies but the signal noise ratio is still poor. Also, due to the ill-conditioned
nature of the eddy current problem, the inversion quality of the sensitivity
matrix has always been bad and various regularization techniques have been
developed. However, the imaging performance of magnetic induction
tomography is still limited. With the eDMP model as a useful tool to
simulate the magnetic field from multiple sources, it is possible to design the
excitation field in much more details that more dynamic imaging procedures
can be realized.
 Current regularization techniques are mostly discussed in regards to
pure mathematical theories about matrix condition. Considering a specific
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induction-based imaging problem, further work would be focused on search
for a method that can better integrate and utilize physical information
provided by distributed dipole models, also for signal processing purpose.
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Appendix a. Procedures of solving linear PDEs with moment methods
Consider an inhomogeneous equation
(a.1)

L f   g

where L is a linear operator, which can be an integral operator, Laplace operator, etc; g
is known and f is to be determined. Let f be expanded in a series of functions f1 , f 2 ,

f3 ,…in the domain of L, as
(a.2)

f   an f n
n

where an is constant and f n is usually called basis function. For exact solutions, Eq.
a.2 is usually an infinite summation and the f n form a complete set of basis functions.
For approximate solutions, it is usually a finite summation.
Substituting Eq. a.2 into Eq. a.1, and using the linearity of L, we have

a L f   g
n

(a.3)

n

n

It is assumed that a suitable inner product

f,g

has been defined for the

problem. Now define a set of weighting functions, or testing functions w1 , w2 , w3 ,…
in the range of L, and take the inner product of Eq. a.3 with each wm . The result is

a

n

wm , Lf n  wm , g

n

(a.4)

This set of equations can be rewritten in matrix form as

lmn  an    g m 
where
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(a.5)

 w1, Lf1

w , Lf
lmn    2  1

 wm , Lf1

w1 , Lf2

...

w2 , Lf 2

wm , Lf2

...

...

w1 , Lf n 

w2 , Lfn 



wm , Lfn 

 w1 , g 
 a1 


a 
w2 , g 
2


 an      ,  g m     


 
 an 
 wm , g 
If the matrix lmn  is nonsingular and can be directly inverted, then  an  can be
given by
1

 an   lmn   g m 

(a.6)

And the solution of f is given by Eq. a.2. For concise expression of this result,
define the matrix of functions

 fn    f1

f2  fn 

(a.7)

Then the solution can be written as
1

f   f n  an    f n lmn 

 gm 

(a.8)

This solution may be exact or approximate, depending upon the choice of the
basis function and weighting function. The particular choice wm  f n is known as
Galerkin’s method.
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