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Abstract
Material surfaces in contact are often subjected to damages such as wear,
contact fatigue and plastic deformation. Such surface damages not only affect
surface performance but also lead to material failure. It is critical to predict these
damages for the design of advanced functional materials. On the one hand,
micro-defects such as inclusions, voids and cracks, which are formed at or beneath
the surface during the material manufacturing process, can induce and increase
surface damages. On the other hand, surface coatings are extensively employed to
a variety of mechanical components, cutting tools and instruments to provide heat-,
oxidation- and wear-resistance. Thus, this PhD research is proposed to investigate
damages to contact surfaces of materials with internal defects.
Firstly, the semi-analytic solution for the stress field of multiple cracks and
inhomogeneous inclusions of arbitrary shape beneath a half-space surface
subjected to prescribed loading has been developed. The interactions among all the
inclusions and cracks are fully taken into account by a newly developed
methodology that combines the equivalent inclusion method (EIM) and the
distributed dislocation technique (DDT). Using the EIM, the inhomogeneous
inclusions are modeled as homogeneous inclusions with unknown equivalent
eigenstrains. Using the DDT, the cracks are modeled as a distribution of edge
dislocations with unknown densities. Coupled governing equations with unknown
equivalent eigenstrains and dislocation densities are established to satisfy the stress
and strain conditions of inclusions and free surface traction conditions of cracks. A
modified conjugate gradient method is developed to solve the governing equations
and a fast Fourier transform algorithm is utilized to improve computational
efficiency.
XI

Secondly, the semi-analytic solution for multiple cracks and inhomogeneous
inclusions beneath a half-space surface subjected to contact loading has been
developed. The solution takes into account not only the interactions among all the
cracks and inclusions but also the interactions between them and the surface
loading body. The original problem of an inhomogeneous half-space under contact
loading is first converted into the new problem of a homogeneous half-space with
unknown dislocation densities and equivalent eigenstrains using the DDT and EIM
under contact loading. The new problem is then decomposed into the sub-problem
of a homogeneous half-space with unknown dislocation densities and equivalent
eigenstrains and the sub-problem of a homogeneous half-space under a contact
loading with unknown surface contact area and pressure. Afterwards, an algorithm
is developed to integrate the two sub-problems to determine the unknown
dislocation densities and surface contact area and pressure.
Thirdly, the semi-analytic solution for the inhomogeneous half-space contact
problem has been extended to account for the crack propagation that is driven by
surface cyclic contact loading and affected by the presence of subsurface
inclusions. The maximum hoop stress criterion is incorporated for the prediction of
crack propagation direction and the Paris law is applied to determine the crack
propagation rate. Meanwhile, a zigzag crack path consisting of many small vertical
and horizontal cracks is applied to model the arbitrary crack propagation path.
This PhD research provides a framework for investigating inhomogeneous
materials with internal defects under contact loading. It has potential applications
to provide guidance for various engineering problems concerning material
dissimilarity, surface damage and internal failure.

XII

Chapter 1 Introduction
1.1 Background
Materials are often inhomogeneous by containing internal micro-defects such
as cracks, dislocations, cavities and inclusions, which would affect their properties
and performance. The material properties including strength, ductility, Young's
modulus and fatigue behavior can be seriously influenced by internal defects,
especially when these defects are located at or beneath a material surface. When
these defective materials function as operational components such as gears and
bearings, their surfaces experience a contact with other materials and bear cyclic
loading. The cyclic contact loading could drive surface or subsurface cracks to
propagate and cause eventual failure of the components.
Subsurface defects also affect the tribological behavior and performance of a
material surface. When the surfaces of two bodies are in contact, the surface
deformation, surface contact area and pressure are substantially different from
those in homogeneous contact. For example, when a stiff inclusion is embedded in
a matrix material and gets close to its surface right under indentation, the inclusion
would cause the peak value of the surface pressure increase dramatically (Zhou et
al., 2011a). It is well known that the wear rate of a material surface strongly
depends on the amplitude of the peak surface pressure.
A real surface, which generally has roughness and contains defects formed at
or beneath it during the material manufacturing process, is often subjected to
damages such as wear and contact fatigue, that may lead to the eventual material
failure. Wear can be defined as a process where the interaction between two
surfaces or bounding faces of solids within the working environment results in
1

dimensional loss of solid, with or without any actual decoupling and loss of
material. Wear phenomena are heavily influenced by the roughness of surfaces.
Furthermore, wear behavior is also influenced by the presence of adsorbed species
and/or surface layers. Many different wear mechanisms have been identified
including adhesive wear, abrasive wear, corrosive wear and fatigue wear. The
classic wear model was established based on Archard’s wear law (1953) which
assumes that the wear rate at any point on the contact surface is proportional to the
local contact pressure and the relative sliding velocity. Wear along with other
aging processes such as fatigue and creep in association with stress concentration
factors causes a material to progressively degrade, eventually leading to material
failure at an advanced age.
Contact fatigue is a surface damage commonly found in gears, cams, valves,
rails, and gear couplings when the surfaces are subjected to repeated rolling and
sliding contacts. It is a persistent damage process which involves the crack
initiation, crack propagation and crack-induced fracture due to the subsurface
stress in the superficial layer under the action of alternating loading. Contact
fatigue has been identified in metal alloys, ceramics and cermets. The contact
fatigue results from a contact or Hertzian stress state when curved surfaces are
subjected to a cyclic loading, which is different from classic structural fatigue
(bending or torsion). If the cyclic contact loading is above a certain threshold,
microscopic cracks will begin to form and propagate at the stress concentration
points which normally appear near the contact surface, inclusion and dislocations.
When the crack propagates to have a length larger than the critical size, the whole
structure would fail to bear the external loading and fracture.
Meanwhile, surface coatings have been widely applied in engines,
2

transmissions and many other components in the manufacturing industry to
improve their mechanical performances (heat-, oxidation- and wear-resistance) or
restore these components to their original dimensions and specifications due to
wear and fatigue. With newly advanced deposition techniques (such as chemical
vapour deposition and physical vapour deposition), a wide range of coating layers
can be deposited to a variety of materials and structures, which were unachievable
a decade ago. The surface coating technique allows engineering of specific
properties at a desired location to protect the surface of thermal or mechanical
components from damages like fatigue, wear, erosion and corrosion. However, due
to the differences in mechanical properties, thermal expansion coefficient and heat
conductivity between the coating and the substrate, the cracking or delamination of
a coating layer can be easily induced when thermal or contact loading is applied. In
addition, the impurity of the coating layer and substrate could further complicate
the interaction between them.
Thus, prediction and minimization of these surface damages are extremely
important in the areas of manufacturing, aerospace and energy industries. For
instance, the quality of manufacturing products is usually determined by the
quantity of internal defects. The surface damages in the vital components can
cause catastrophic failure of the whole structure. In order to minimize or eliminate
the surface damages, new metallurgy and manufacture techniques have been
invented to reduce the defects, especially those near the surfaces; new inspection
technologies have been developed to detect defects in a non-destructive way; new
alloys and composite materials have been designed to enhance their strength,
stiffness and fatigue resistance. However, all these efforts need theoretical research
of the damage mechanisms of materials.
3

1.2 Objectives
Damage analysis requires an accurate knowledge of the surface contact area,
contact pressure distribution, subsurface stress field in the presence of surface
coating and subsurface defects and the stress intensity factors (SIFs) at the crack
tips. This research aims to develop a unified framework which is capable of
modeling surface damages of materials with internal defects and the main
objectives are set as follows:
(1) Obtain the solution for multiple cracks and inhomogeneous inclusions of
arbitrary shape beneath a half-space surface subjected to prescribed loading
with the interaction among all the inclusions and cracks being fully taken into
account;
(2) Obtain the solution for multiple cracks and inhomogeneous inclusions under a
contact loading with the interactions between the surface loading body and the
subsurface cracks and inclusions being considered;
(3) Develop a fatigue model for the analysis of crack propagation driven by cyclic
contact loading with the effect of neighboring inhomogeneous inclusions
being considered.

1.3 Dissertation layout
This PhD dissertation is organized into six chapters. Following a brief
description of the introduction, research motivation and objectives in Chapter 1,
Chapter 2 gives a literature review which summarizes the fundamental concepts
and definitions as well as the previous research works about the interactions
among inclusion, dislocation, crack and contact indenter. Chapter 3 provides the
details of the methodologies for the modeling of multiple inhomogeneous
4

inclusions and cracks in a half-space and presents the numerical results. The
mechanical responses of surface coating and subsurface inclusions and cracks
under a contact loading are presented in Chapter 4. The contact fatigue damages in
inhomogeneous materials are studied in Chapter 5. In Chapter 6, conclusions are
drawn and future works are recommended.

5

Chapter 2 Literature review
In this Chapter, we first give a brief introduction of the common defects in
materials, including inclusions, dislocations and cracks. Previous research works
on the interactions among inclusions, dislocations and cracks are also briefly
reviewed. The distributed dislocation technique (DDT) and equivalent inclusion
method (EIM) for the solutions of a single crack and a single inclusion are then
illustrated, respectively. Afterwards, contact problems which involve internal
defects are presented. Finally, damages including crack fatigue and surface wear
are discussed.

2.1 Defects in materials
2.1.1 Inclusions
Inclusions are a typical type of defects in materials and can be categorized
into homogeneous inclusions and inhomogeneous inclusions, as shown in Fig. 2.1.
According to Mura’s definition (1987), a homogeneous inclusion (Fig. 2.1a) is
defined as a subdomain Ω that has the same elastic modulus as its surrounding

D - Ω but contains eigenstrain, a generic term referring to inelastic strain caused
by phase transformation, plastic deformation, thermal expansion, etc. Thus, the
remaining domain D - Ω is termed the matrix or host material. In contrast, an
inhomogeneous inclusion (Fig. 2.1b) has different elastic constants from the matrix
and may or may not contain eigenstrains. On the one hand, inclusions are often
considered as material dissimilarity in the form of micro-defects such as voids and
precipitates which are unintentionally formed during the manufacturing or
utilization process. On the other hand, inclusions can be intentionally introduced to
6

design functional materials and structures like composites and coated materials.

D−Ω

Homogeneous inclusion

D
C ijkl

D−Ω
D
C ijkl

Ω

Ω

D
, ε ijP
C ijkl

Ω
, ε ijP
C ijkl

Inhomogeneous inclusion

(a)

(b)

D
Fig. 2.1. Schematics of (a) a homogeneous inclusions Ω with elastic module C ijkl

Ω
and eigenstrain ε ijP and (b) an inhomogeneous inclusion with elastic module C ijkl

and eigenstrain ε ijP embedded in an infinite matrix D - Ω with elastic modulus
D
.
C ijkl

2.1.2 Dislocations
Dislocations are a type of crystallographic line defects within a crystal
structure. It is an area where the atoms are out of positions. Dislocations are
induced and move when a stress is applied. The motion of dislocations leads to
lattice slip and subsequent plastic deformation. There are two primary types of
dislocations: edge dislocation (Fig. 2.2) and screw dislocation (Fig. 2.3). Mixed
dislocations combine aspects of both types.
An edge dislocation is defined by the edge of an extra half plane of atoms, as
show in Fig. 2.2a, where the symbol ⊥ marks the location of the dislocation line
at the core of the dislocation (Guy and Hren, 1974). The dislocation line extends
out of the crystal, perpendicular to the plane of the drawing. By introducing this
extra half plane, the upper part of the crystal is compressed, while the region below
7

the dislocation experiences considerable dilatation. This kind of edge dislocations
is named the climb dislocation (Hills et al., 1996). The other kind of edge
dislocations, glide dislocations, resulted from the shifting the atoms over the cut
plane in a direction perpendicular to the line AA, as shown in Fig. 2.2b (Weertman
and Weertman, 1992). The quantitative description of a dislocation involves a
Burgers circuit. The starting point S and the ending point F are not the same atom
for the circuit that encloses the dislocation (see Fig. 2.2a). Thus, there is a closure
failure FS, which is defined as the Burgers vector b, perpendicular to the
dislocation line.

b
F

S

(a)

A
A
A

A
(b)
Fig. 2.2. (a) A climb edge dislocation and (b) a glide edge dislocation in a crystal
structure.
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The screw dislocation is defined by the line AD in Fig. 2.3 (Hertzberg, 1989),
which is generated by shifting the atoms on either side of the cut to a distance of
one lattice vector in a direction parallel to the cut surface. The Burgers circuit
about the screw dislocation assumes the shape of a helix, like a spiral staircase (Fig.
2.3). The closure failure FS leads to the Burgers vector b parallel to the dislocation
line. A right-handed screw dislocation is defined when a clockwise 360°rotation
causes the helix to advance one lattice vector. The same advance arising from a
360°counterclockwise rotation is a left-handed screw dislocation.

Fig. 2.3. A screw dislocation in a crystal structure.

2.1.3 Cracks
Cracks are the primary objective for defect analysis in fracture mechanics.
According to the loading conditions, cracks can be categorized into three types:
mode I (opening mode) crack, mode II (in-plane shear mode) crack and mode III
(out-of-plane shear, tearing mode) crack as shown in Fig. 2.4. For a mode I crack,
a tensile stress is applied normal to the crack plane. For a mode II crack, a shear
stress is applied parallel to the crack plane and meanwhile perpendicular to the
crack front. For a mode III crack, a shear stress is applied parallel to both the crack
9

plane and the crack front. In the real cases, cracks are usually subjected to more
than one type of the above loading conditions. These cracks are called mixed-mode
cracks.

Mode I

Mode II

Mode III

Fig. 2.4. Schematic of three crack types.

2.1.3.1 Griffith cracks
Inglis (1913) first obtained the solutions for an infinitely long, elliptical hole
subjected to either a tensile loading or shear loading. Griffith (1921) examined a
special case of the Inglis solution for the sharp crack where the minor axis of the
ellipse is set equal to zero, and introduced a fracture criterion for brittle materials
based on the theorem of minimum potential energy. The sharp crack is usually
known as a Griffith crack. According to Griffith’s fracture criterion, the low
fracture strength observed in experiments, as well as the size-dependence of
strength, is due to the presence of microscopic flaws in the bulk material. The
Griffith’s criterion was further extended to ductile materials in which a high degree
of plastic deformation near the tip of the crack is involved (Irwin, 1957; Orowan,
1949). Based on the theory of complex variables, Westergaard (1939) solved the
stress and displacement field near the tips of in-plane cracks by introducing a
complex stress function, which is known as the Westergaard stress function.
During this same period of time, Williams (1957) employed a different technique
10

to obtain the crack tip solution. He also argued that the stress singularity around a
crack, regardless of the actual configuration, is of the inverse square-root type.

𝑟𝑟

𝜃𝜃

Fig. 2.5. Stress components near the tip of a 2D Griffith crack.

Figure 2.5 shows the schematic of a two-dimensional (2D) Griffith crack in
an elastic solid under the in-plane loading condition. The crack has a length of 2a .
If a polar coordinate axis with the origin at one of the crack tip is defined, the
stress and displacement fields near the crack tips are given by
Mode I crack

s xx =

K
 θ 
 θ   3θ 
cos  1 − sin   sin   ,
2πr
 2 
 2   2 

(2.1a)

s yy =

K
 θ 
 θ   3θ 
cos  1 + sin   sin   ,
2πr
 2 
 2   2 

(2.1b)

τ xy =

K
 θ   θ   3θ 
cos  sin   cos  ,
2πr
2 2  2 

(2.1c)

ux =

K
r
 θ 
 θ 
cos  κ − 1 + 2 sin 2   ,
2G 2π
 2 
 2 

(2.1d)

uy =

K
2G

r
 θ 
 θ 
sin   κ + 1 − 2 cos 2   .
2π
 2 
 2 

(2.1e)
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Mode II crack

K
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2πr
 2   2 
 2 

s xx = −

(2.2a)
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cos  sin   cos  ,
2πr
2 2  2 

(2.2b)

τ xy =

K
 θ 
 θ   3θ 
cos  1 − sin   sin   ,
2πr
 2 
 2   2 

(2.2c)

ux =

K
r
 θ 
 θ 
sin   κ + 1 + 2 cos 2   ,
2G 2π
 2 
 2 

(2.2d)

K

uy = −

K
r
 θ 
 θ 
cos  κ − 1 − 2 sin 2   ,
2G 2π
 2 
 2 

(2.2e)

where G and κ are elastic constants of materials, and K is a characteristic
constant which depends on the crack geometry and the loading and boundary
conditions.

2.1.3.2 Stress intensity factor
Irwin (1957) used the Westergaard approach to show that the stresses and
displacements near the crack tip could be described by a single constant K that is
related to the energy releases rate. This characteristic parameter of the crack tip
was later defined as the SIFs of modes I, II and III that can be described as the
strengths of the singularity of σ yy , τ xy and τ yz at the crack tip as r → 0 . More
precisely, each SIF is one part of the stress magnitude when the stress singularity is
removed via multiplication by

2πr . The factor of

2π is included according

to convention. As a result (Hills et al., 1996),

(

)

K I = lim 2πr σ yy ,
r →0

(2.3a)
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(

),

(2.3b)

(

).

(2.3c)

K II = lim 2πr τ xy
r →0

K III = lim 2πr τ yz
r →0

The general form of the SIF is given by
K (I,II,III) = Yσ πa ,

(2.4)

where a is the half length of the crack; σ is characteristic stress; Y is a
dimensionless parameter that depends on the specimen and crack geometry.

2.2 Interactions of defects
2.2.1 Multiple inclusions
Based on the EIM, Moschovidis and Mura (1975) studied the interaction of
two ellipsoidal inclusions by using the Taylor series to approximate equivalent
eigenstrains. Following their work, Shodja and Sarvestani (2000) investigated the
problem of multiple inhomogeneities in which an ellipsoidal inhomogeneity is
surrounded by interphase materials. In order to achieve an acceptable accuracy, the
Taylor series expansion used in these works requires high-order polynomials.
However, it is not straightforward to increase the order of the Taylor expansion,
since it involves the complex computation of the higher-order Eshelby tensors
(Moschovidis and Mura, 1975; Mura, 1987). Fond et al. (2001) compared
Moschovidis and Mura’s results (1975) with the numerical results obtained from
the finite element method (FEM) and provided an exact solution of two identical
spherical inclusions in an infinite elastic matrix. Their results further showed that
even by using the third-order Taylor series, the solution by Moschovidis and Mura
(1975) may still diverge when the inclusions are stiffer than the matrix. Therefore,
Rodin and Hwang (1991) developed an EIM-FEM hybrid model to evaluate the
13

interaction between multiple spherical inhomogeneities. Instead of using the Taylor
series approximation, FEM was integrated as part of the hybrid approach to avoid
the convergence issue.
Recently, Zhou et al. (2011b) developed a semi-analytical method for the
solution of multiple interacting arbitrarily shaped inhomogeneous inclusions in an
infinite space. The method utilizes Eshelby’s EIM to model inhomogeneous
inclusions as homogeneous inclusions with unknown equivalent eigenstrains. It is
extremely difficult to obtain the Eshelby tensors for the problem of multiple
arbitrarily shaped inhomogeneous inclusions. Thus, instead of using the Eshelby
tensors to relate total eigenstrains to equivalent eigenstrains, the inclusions are
discretized into small cubical elements to employ Chiu's solution (1977) which
gives the stress field induced by the eigenstrains in the cubical inclusion problems.
Although each element is treated as a cubical inclusion containing uniform
eigenstrain, the overall eigenstrain within an inclusion can still be non-uniform.
This approach was later used to study the half-space problem with prescribed
surface loading (Zhou et al., 2009; Zhou et al., 2012).

2.2.2 Inclusions and dislocations
Inclusions can also interact with dislocations. The solution for the elastic
interaction of an edge dislocation with an elliptical inclusion was obtained by
Stagni and Lizzio (1983) and Tsuchida et al. (1991). Xiao et al. (2004; 2008)
investigated a dislocation interacting with a coated inclusion or collinear interfacial
rigid lines in the piezoelectric materials. Both screw and edge dislocations
interacting with interfacial cracks along an elliptical elastic inclusion were studied
by Fang et al. (2003, 2005). The interactions between screw dislocations and
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nanoscale inclusions were also studied by considering the interface effects (Fang et
al., 2009; Fang and Liu, 2006; Fang et al., 2008). The distributed dislocations were
used to investigate the crack-crack and crack-inclusion interactions by modeling
the cracks as pile-ups of edge dislocations (Demir et al., 2001). Besides the above
static problems, the time-dependent elastic field induced by a dislocation
interacting with a circular inclusion was also obtained by Wang and Pan (2011).

2.2.3 Inclusions and cracks
The interactions between cracks and inclusions are generally studied based on
the solution of appropriate boundary value problems in the linear theory of
elasticity. Tamate (1968) studied the interaction between a crack and a circular
inhomogeneous inclusion in an infinite plate subjected to tension and obtained an
analytical solution via the complex function method. Bhargava et al. (1973)
obtained the elastic field in an infinite elastic matrix containing a circular
inhomogeneous inclusion and two symmetrically situated cracks subjected to
remote loading. The interaction between an arbitrarily oriented crack and a circular
elastic inclusion was also investigated by Erdogan et al. (1974). Sendeckyj (1974)
gave a solution to the problem in which a crack is located between two rigid
inclusions under a uniform shear stress. Hsu and Shivakumar (1976) investigated
the interaction between a circular inclusion and two symmetrically placed collinear
cracks in an infinite elastic isotropic plane. The elliptical inclusion interacting with
a crack was also studied (Chen, 1997; Patton and Santare, 1990). Lam et al. (1998)
solved the problem of the interaction between a symmetrically branched crack and
a circular inclusion in an infinite elastic medium. Yang et al. (2004) investigated
the interaction between a crack and an inclusion of arbitrary shape. Andreasen and
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Karihaloo (1993) provided a numerical method for solving the problem of
subsurface inclusion interacting with a surface crack. Matysiak et al. (2004)
investigated the stationary problems of heat conduction and thermoelasticity for an
elastic half-space containing an elastic cylindrical inclusion and a thermally
insulated crack. However, only a few highly idealized cases could be analytically
solved. For the research of more complex problems, numerical approaches, such as
FEM (Gao et al., 2010; Stam et al., 1994; Sukumar et al., 2001; Thomas et al.,
2000), boundary element method (BEM) (Bush, 1997; Dong and Lee, 2005;
Portela et al., 1993; Wang et al., 1998) were employed.

2.3 Distributed dislocation technique for crack modeling
The DDT employs the superposition principle of Bueckner (1958) and models
the Griffith type of cracks by continuously distributing dislocations along the crack
lines in otherwise perfect bodies. The Griffith crack problem therefore reduces to
determine the densities of the distributed dislocations which generate tractions
along the crack line equal and opposite to those produced by the applied loading.
According to the superposition principle, the crack face still remains traction free.
This method is employed to solve crack problems in this dissertation.
The superposition principle applied in the DDT is illustrated through a
Griffith crack problem: a straight crack of length 2a is embedded in an infinite
elastic space loaded by a tensile stress σ ∞ (x) , perpendicular to the crack, as
shown in Fig. 2.6(a). The superposition principle states

σ ij ( x, y ) = σ~ij ( x, y ) + σˆ ij ( x, y ) ,

(2.5)

where σ~ij ( x, y ) is the stress field in the absence of the crack, as shown in Fig.
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2.6(b) and σˆ ij ( x, y ) is the stress induced by inserting materials to fill the crack
without any external loading, as shown in Fig. 2.6(c), providing that the boundary
conditions at the traction-free crack faces and at infinity are satisfied.

y

y
x

(a)

=

y
x

(b)

+

x

(c)

Fig. 2.6. Application of the superposition principle to a Griffith crack.

On the other hand, a Griffith crack can be molded by a continuous distribution
of dislocations along the lines where the crack occupies. As shown in Fig. 2.7, the
line of the continuously distributed dislocations, each with the Burgers vector b ,
can be represented by a distribution of infinitesimal dislocations with the density
function ρ (x) . The dislocations that model a mode I crack are climb edge
dislocations; for a mode II crack they are glide edge dislocations; and for a mode
III crack they are screw dislocations. For the mixed-mode (modes I and II) crack,
they can be simulated by mixed (climb and glide) dislocations (Fig. 2.8).
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Fig. 2.7. Distribution of schematic infinitesimal dislocations.

Fig. 2.8. The mixed-mode (I and II) dislocations (climb and glide).

The stress σ ij at point ( x, y ) in an isotropic infinite space due to an edge
dislocation with the Burgers vector components 𝑏𝑏 ⊥ and 𝑏𝑏 ⊢ located at ( x d , y d )
is given by

𝜎𝜎𝑖𝑖𝑖𝑖 �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � = 𝜎𝜎𝑖𝑖𝑖𝑖⊥ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � + 𝜎𝜎𝑖𝑖𝑖𝑖⊢ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � ,

where

𝜎𝜎𝑖𝑖𝑖𝑖⊥ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � =

2𝜇𝜇
𝑏𝑏 ⊥ �𝑥𝑥 d , 𝑦𝑦 d �𝐺𝐺𝑖𝑖𝑖𝑖⊥ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � ,
𝜋𝜋(𝜅𝜅 + 1)
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(𝑖𝑖, 𝑗𝑗 = 1,2)

(2.6)

(2.7)

𝜎𝜎𝑖𝑖𝑖𝑖⊢ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � =

2𝜇𝜇
𝑏𝑏 ⊢ �𝑥𝑥 d , 𝑦𝑦 d �𝐺𝐺𝑖𝑖𝑖𝑖⊢ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d � .
𝜋𝜋(𝜅𝜅 + 1)

(2.8)

In Eqs. (2.6)‒(2.8), the Burgers vectors 𝑏𝑏 ⊥ and 𝑏𝑏 ⊢ are associated with the climb

and glide dislocations, respectively; 𝜅𝜅 is the Kolosov constant of the
infinite-space material (𝜅𝜅 = 3 − 4𝜈𝜈 for the plane-strain problem with v being the

Poisson’s ratio) and 𝜇𝜇 is the shear modulus; 𝐺𝐺𝑖𝑖𝑖𝑖⊥ and 𝐺𝐺𝑖𝑖𝑖𝑖⊢ are the influence
functions (Hills et al., 1996).

By using the DDT, the stress field σˆ ij ( x, y ) due to a mixed-mode crack can
be obtained from the integration of the stress field components 𝜎𝜎𝑖𝑖𝑖𝑖 �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d , 𝑦𝑦 d �
caused by the distributed dislocations ρ ( x' )dx' along the crack line:
+𝑎𝑎
2𝜇𝜇
𝜎𝜎�𝑖𝑖𝑖𝑖 (𝑥𝑥, 𝑦𝑦) =
�� 𝜌𝜌⊥ (𝑥𝑥 ′ )𝐺𝐺𝑖𝑖𝑖𝑖⊥ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d − 𝑥𝑥′, 𝑦𝑦 d �𝑑𝑑𝑥𝑥 ′ �
𝜋𝜋(𝜅𝜅 + 1) −𝑎𝑎
+𝑎𝑎

+ � 𝜌𝜌⊢ (𝑥𝑥′)𝐺𝐺𝑖𝑖𝑖𝑖⊢ �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 d − 𝑥𝑥′, 𝑦𝑦 d �𝑑𝑑𝑥𝑥 ′ .

(2.9)

−𝑎𝑎

In order to obtained the dislocation densities 𝜌𝜌⊥ (𝑥𝑥) and 𝜌𝜌⊢ (𝑥𝑥), the free traction
condition is introduced. According to this condition, the normal and shear stresses

components along the crack surface are zero. Thus, the two stress components
arising from the external loading and the dislocations must equal zero along the
line of the crack surface as well:

σ~ij ( x, y ) + σˆ ij ( x, y ) = 0 .

(i = 2, j = 2 and i = 1, j = 2)

along crack

(2.10)

Once the dislocation densities 𝜌𝜌⊥ (𝑥𝑥) and 𝜌𝜌⊢ (𝑥𝑥) are obtained from Eq. (2.10),

the displacement across the crack can be related to the density of the distributed
dislocation ρ (x) by the relation:
x

D( x) = − ∫ ρ ( x)dx .
−a

(2.11)
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For a Griffith crack, the crack faces must be closed at both crack ends:
D(a ) = D(−a ) = 0 . In other words, there is no net dislocation resulting in zero

sum of the dislocation density. This condition can be written as

∫

+a

−a

ρ ( x)dx = 0

(2.12)

.

It is noted that the DDT can also be used to model a crack embedded in a half
elastic space by a similar procedure. The detailed equations can be found in Hill’s
monograph (1996).

2.4 Equivalent inclusion method for inclusion modeling
The Green’s function for a three-dimensional (3D) homogeneous isotropic
elastic solid was first obtained by Kelvin (1848). This function gives the
displacement caused by a point force in an infinite space. Based on Green’s
function, the EIM was developed by Eshelby (1957) to obtain the analytical
solution for the ellipsoidal inhomogeneous inclusion embedded in an infinite
matrix. In the EIM, an inhomogeneous inclusion 𝛀𝛀 is treated as a homogeneous

∗
inclusion plus an equivalent eigenstrain 𝜀𝜀𝑖𝑖𝑗𝑗
which can be calculated by the

Eshelby tensor 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (Fig. 2.9). The tensor 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 relates the constrained strain

inside the inclusion to its eigenstrain and can be expressed in terms of surface
integral of the Green’s function over the inclusion boundary. It was also proved
that 𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 is a constant for an ellipsoidal inclusion embedded in a homogeneous

infinite matrix and the stress-strain fields inside the inclusion are uniform (Eshelby,
1957). Later, Eshelby (1959) further examined the elastic field outside an
ellipsoidal inclusion.
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D−Ω

D−Ω
D
C ijkl

D
C ijkl

Ω

Ω
D
C ijkl
, ε ijP , ε ij*

Ω
C ijkl
, ε ijP

(a)

(b)

Fig. 2.9. (a) Schematic of an inhomogeneous inclusions Ω with elastic constants
Ω
and initial eigenstrain ε ijP embedded in an infinite matrix D - Ω with elastic
C ijkl

D
constants C ijkl
. (b) Using EIM, Ω is regarded as homogeneous inclusion with

initial eigenstrain ε ijP plus equivalent eigenstrain ε ij* .

Eshelby’s (1957, 1959) pioneer works became the base for many following
research works concerning the inclusion problems. For infinite space problems, the
solutions for a cubical inclusion (Chiu, 1977), a cylindrical inclusion (Wu and Du,
1995) and a strip inclusion (Dundurs and Markenscoff, 2009) were developed. The
solutions for non-uniform eigenstrain problems were also obtained (Asaro and
Barnett, 1975; Mura and Kinoshita, 1978). Moreover, Eshelby’s method was
extended to solve the inclusion embedded in anisotropic medium (Walpole, 1967)
and piezoelectric materials (Wang, 1992).
In the half-space, the elastic stress field induced by an ellipsoidal
homogeneous inclusion with uniform dilatational eigenstrains was investigated by
Seo and Mura (1979). Tsuchida and Mura (1983) gave the stress field in a
half-space containing an ellipsoidal inhomogeneity under tension. The solutions
for a cuboidal inclusion (Chiu, 1978), a cylindrical inclusion (Wu and Du, 1996)
21

and a hemispherical inclusion (Wu, 2003) were obtained. Pan and Yang (2001)
studied a cubic inclusion in an anisotropic half-space.

2.5 Contact problems with internal defects
2.5.1 Classical elastic contact problems
The original work about the contact behavior between two elastic bodies was
first published by Hertz (1882b). In the same year, Hertz (1882a) extended his
work to the 2D case of line contact, illustrated how the results might be applied to
the definition and measurement of hardness, and discussed the results of
experiments to support his theory. This classical solution provided a foundation for
modern contact problems such as load bearing capabilities, fatigue life in bearings
and any other bodies in contact.
The classical approach to finding stress and displacement due to a point force
acting on the surface of a half-space was developed by employing the theory of
potential (Love, 1944). This approach gives fundamental solutions for the
investigation of frictional contact problems. Carter (1926) and Fromm (1927)
independently presented the creep effect on the creep force for a cylinder on a
plane or for two cylinders in steady rolling contact using Coulomb’s dry friction
law. Cattaneo (1938) gave a solution for contact bodies subjected to a constant
normal force and oscillatory shear force. Mindlin (1949) and Deresiewicz (1953)
extended the solution to consider more complex loading sequences. In the 1950s,
the interest in the rolling contact of railway wheels was raised. Johnson (1958) first
presented an approximate approach for 3D rolling contact problem with either
lateral or spin creepage. Kalker (1967) published his milestone PhD dissertation on
rolling contact for the situation of an infinite friction coefficient in which case the
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slip area vanished. In his dissertation, numerical methods for rolling contact were
also developed.
Johnson et al. (1971) studied adhesive contact problems and compared their
results with experimental results on the contact of rubber and gelatin spheres. Their
theory, which came to be known as the Johnson-Kendall-Roberts (JKR) model for
adhesive elastic contact, considers the effect of contact pressure and adhesion
inside the area of contact by using a balance between the stored elastic energy and
the loss in surface energy. This theory was later opposed by Derjaguin and his
co-workers (1975) who proposed a different theory about adhesion contact which
came to be known as the Derjaguin-Muller-Toporov (DMT) model. The DMT
model considers Van der Waals interactions outside the elastic contact regime,
which gives rise to an additional load. Tabor (1977) defined a dimensionless
parameter (Tabor coefficient) to represent the ratio between the gap outside the
contact zone and the equilibrium distance between atoms. This study showed that
the JKR and DMT models are two opposite extreme cases of adhesion contact
condition and the Tabor coefficient could establish the range of applicability of the
two models. Müller et al. (1980; 1983) solved this problem numerically by using a
Lennard-Jones potential, thereby demonstrating a continuous transition from the
DMT to JKR as the Tabor coefficient increases. Maugis (1992) further developed
the Tabor’s theory by considering surface force both inside and outside the contact
zone in terms of the Dugdale cohesive zone approximation and showed the
transition from the DMT to JKR behavior as two opposite ends of a continuous
spectra based on the Maugis parameter, which is equivalent to the Tabor coefficient.
However, the Maugis’s model can only be solved iteratively if the Maugis
parameter is not known a priori. Carpick (1999) gave an approximate solution
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which simplifies the process by using the empirical formulas to determine the
contact radius.

2.5.2 Contact bodies interacting with defects
Since subsurface cracks and inclusions play an important role in material
damage and failure, researches have been conducted to investigate the underlying
mechanisms. The earliest work that can be found in the literature was conducted
three decades ago by Miller and Keer (1983), who studied the stress field
associated with a near-surface void or inclusion under rolling contact with a rigid
indenter. Afterwards, almost no progress had been made on this topic for a long
time. Salehizadeh and Saka (1992) analyzed the stress field around a hard particle
under the rolling line contact using FEM. Liu and Farris (1994) studied the effect
of 3D near surface defects under rolling and sliding contact using BEM. In regard
to the subsurface crack, Goshima et al. dealt with the thermoelastic rolling contact
problem for single (Goshima and Soda, 1997) and multiple subsurface cracks
(Goshima et al., 2001). Ueda et al. (2007) analyzed the SIFs of the randomly
oriented crack emanating from an inclusion in a half-space under rolling/sliding
contact with frictional heat.
Recently, Kuo (2008) investigated multiple inhomogeneities of 2D arbitrary
shape in a half-space under cylindrical indentation using BEM. More recently,
Zhou et al. (2011a; 2011d) solved the inhomogeneous inclusion problem with
contact loading involved based on their former work (Zhou et al., 2009) in
conjunction with the theory of contact mechanics. Moreover, it was demonstrated
that this approach is also capable of modeling the elasto-plastic contact behaviors
(Chen et al., 2010) by regarding the plastic zone as a homogeneous inclusion with
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eigenstrain. Leroux et al. (2010) conducted contact analysis in presence of
spherical inhomogeneities within a half-space using the EIM. Chen et al. (2013a)
studied the interaction between dislocation and subsurface crack caused by
half-plane contact.

2.6 Fatigue behavior
2.6.1 Fundamental mechanisms of fatigue
Fatigue is defined as a damage that results in fracture after a sufficient
number of stress fluctuations. Load conditions often involve a load spectrum of
different stress ranges and Miner's hypothesis of cumulative damage enables the
groups of amplitude to be replaced by an equivalent number of cycles N to a single
stress magnitude S (1973). Thus, the fatigue performance can be characterized as a
plot of stress range versus number of cycles to failure. Figure 2.10 shows the S-N
curves for both carbon steel and aluminum. Some materials, such as carbon steel,
show an endurance limit stress below which the fatigue life is essentially infinite.
Other materials may not show such behavior but an effective endurance limit may
be specified at some large number of cycles.
From a fracture mechanics perspective, fatigue crack propagation can also be
described by plotting the rate of crack growth per cycle of loading da dN against
the SIF range ∆K = K max − K min on a double logarithmic scale. Figure 2.11
shows a schematic of log-log plot of da dN verus ∆K , which illustrates typical
fatigue crack growth behaviors in metals. The curve can be divided into three
regions. Region I is the region just beyond the threshold ∆K th , below which ∆K
is too small to propagate a crack. Region II is where log(da dN ) varies linearly
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with log(∆K ) . In Region III, the crack growth rate da dN accelerates as ∆K
approaches the material fracture toughness K c .

Fig. 2.10. S-N curves for carbon steel and aluminum.
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Fatigue crack growth rate versus the SIF range.

26

Paris and Erdogan (1963) first found the power law correlation between the
crack growth rate and the SIF range in Region II:
da
= C∆K m ,
dN

(2.13)

where C and m are material constants that are determined experimentally. This
empirical relation is widely known as the Paris-Erdogan Law (1963). Following
this law, researchers examined the relation between the crack advance rate da dN
and range of SIF ∆K . Forman et al. (1967) proposed the following relationship
for Regions II and III:
da C∆K m −1
.
=
Kc
dN
−1
K max

(2.14)

Equation (2.14) shows that the crack growth rate becomes infinite as K max
approaches the fracture toughness K c . Forman considered the influence of K max
and K c on the advance rate da dN , while Paris and Erdogan assumed that

da dN only depends on ∆K . Based on Paris and Erdogan’s work, Klesnil and
Lukas (1972) obtained Eq. (2.15) to consider the effect of the threshold ∆K th on
the advance rate da dN in Regions I and II:

da
= C (∆K m − ∆K thm ) .
dN

(2.15)

Combining the advantage of Eq. (2.14) and (2.15), semi-empirical equations which
can describe the entire crack growth curve (Region I to III) were developed
(McEvily, 1988; Priddle, 1976)
 ∆K − ∆K th
da
= C 
dN
 K c − K max

m


 ,


(2.16)
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∆K
da
2
= C (∆K − ∆K th ) 1 +
dN
 K c − K max


 .


(2.17)

2.6.2 Crack propagation under the influence of internal defects
Numerous works have been reported on the study of crack propagation
behaviors in materials. Hansson (2009) investigated the effect of crack length,
grain size, load range and grain boundary on the crack growth rate under fatigue
loading. Karakasidis and Charitidis (2011) examined how the grain boundaries of
inclusions influence the crack propagation modes in an inhomogeneous material.
Demir et al. (2001) further analyzed crack propagation behaviors with the
consideration of interactions among cracks, inclusions and voids. Zhou et al.
(2011c) developed a fracture-based model to predict chipping wear observed on
hard coatings under cyclic contact loading. These works were addressed
analytically or semi-analytically. The FEM and extended FEM (XFEM) were also
widely used to study the crack growth behavior (Kikuchi et al., 2014; Serna
Moreno et al., 2015; Zhao et al., 2014). In such a case, the re-meshing process
becomes a time-consuming work, and it is a bottleneck for the application of FEM
to fatigue crack growth problems.
Chen et al. (2013b) experimentally studied the effects of inclusions, grain
boundaries and grain orientations on the crack initiation and propagation behavior
in 2524-T3 aluminum alloy using in-situ scanning electron microscope fatigue
testing and electron back scattering diffraction. The results showed that potential
fatigue cracks tend to nucleate along coarse and closely spaced inclusion particles
or high-angle grain boundaries and the coarse inclusion particles drastically
accelerate local crack growth rates. Krewerth et al. (2016) investigated the
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influence of non-metallic inclusions embedded in cast steel 42CrMo4 on fatigue
life in the high cycle fatigue and the very high cycle fatigue regime by using an
ultrasonic fatigue testing system. The experimental results demonstrated that three
key parameters affecting the material fatigue life are (i) the size of the crack
initiating discontinuity, (ii) the inclusion depth and (iii) the crack initiating failure
type.

Gallo

and

Berto

(2015)

further

experimentally

examined

the

high-temperature fatigue of 40CrMoV13.9 steel and the effect of surface
roughness on fatigue strength and cracks initiation.
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Chapter 3 Defects near surfaces under prescribed surface loading
In this chapter, the problem of multiple cracks and inhomogeneous inclusions
embedded in a half-space under prescribed surface loading is studied. The
interactions between the inclusions and cracks are investigated and exemplified
with four different cases.

3.1 Methodology
3.1.1 Problem description and solution approach
A semi-infinite matrix contains arbitrarily-shaped inhomogeneous inclusions

Ωψ (ψ = 1, 2, ... , n1 ) and cracks Γϕ (ϕ = 1, 2, ... , n 2 ) as shown in Fig. 3.1a. The
half-space surface is bounded by the plane y = 0 in a 2D xOy Cartesian
coordinate system. The elastic moduli of the matrix and the inclusions Ωψ are
ψ
denoted by Cijkl and Cijkl
, respectively. For generality, inclusions Ωψ may

contain initial eigenstrain ε ijP . The half-space matrix is subjected to an external
load (concentrated or distributed) acting on the surface. The stress at any point in
the half-space caused by the external load is denoted by σ ij0 .
By using the EIM, each inhomogeneous inclusion Ωψ can be modeled as a
homogeneous inclusion with initial eigenstrain ε ijP plus unknown equivalent
eigenstrain ε ij* (Fig. 3.1b). By using the DDT, a crack of mode I can be modeled
as a distribution of climb edge dislocations with unknown densities 𝜌𝜌⊥ , while a

crack of mode II can be modeled as a distribution of glide edge dislocations with
unknown densities 𝜌𝜌⊢ . Thus, mixed-mode crack of modes I and II can be modeled
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as a distribution of climb and glide edge dislocations with their respective
unknown densities (Fig. 3.1b).
In this way, the original inhomogeneous half-space problem is converted into
a homogeneous half-space problem. The equivalent eigenstrains and dislocation
densities are introduced to represent the material dissimilarity, the interactions
among the inclusions and cracks, and their responses to the external loading.

O

O

x
Ω1

y

x
Ω1

Γϕ

1
, ε ijP
C ijkl

y

Ωψ

Γϕ

Ωψ

𝜌𝜌⊥ , 𝜌𝜌⊢

ψ
, ε ijP
C ijkl

Γ1

1
, ε ijP , ε ij*
C ijkl

𝜌𝜌⊥ , 𝜌𝜌⊢
ψ
, ε ijP ,
C ijkl

Γ1

Cijkl

Cijkl

(a)

(b)

Fig. 3.1. (a) The original problem of multiple inhomogeneous inclusions and
cracks in a half-space, and (b) the new problem of multiple equivalent
homogeneous inclusions and dislocation distributions.

In each inhomogeneous inclusion Ωψ (Fig. 3.1a), the total strain ε ij is
given by the elastic strain e ije plus the initial eigenstrain ε ijP , i.e., e ij = e ije + e ijP or
*
e ije = e ij − e ijP . However, due to the introduction of the eigenstrain ε ij , the 𝜀𝜀𝑖𝑖𝑖𝑖e in

the equivalent homogeneous inclusion (Fig. 3.1b) is given by e ije = e ij − e ijP − e ij* .
According to Hooke’s law, σ ij = Cijkl (ε kl − ε klP − ε kl* ) . The combination of the two
stress-strain formulas gives the stress
−1

Ψ
σ ij = Cijkl (C klmq
σ mq − ε kl* ) .

31

σ ij

at any point in

Ωψ

as

On the other hand, the stress σ ij at any point in each equivalent inclusion

Ωψ

is decomposed into σ ij = σ ij* + σ ijP + σ ijΓ + σ ij0 , where σ ij* is the eigenstress

caused by the equivalent eigenstrains ε ij* in all the inclusions, σ ijP is the
eigenstress caused by the initial eigenstrains ε ijP in all the inclusions, σ ijΓ is the
stress due to all the cracks, and σ ij0 is the applied stress due to external loading.
The combination of the two stress expressions leads to the following governing
equations:
ψ −1
P
*
Γ
0
(1 − Cijkl C klmq
)(σ mq
+ σ mq
+ σ mq
+ σ mq
) + Cijkl ε kl* = 0 .

(ψ = 1, 2, . . ., n1 ;

i, j , k , l , m, q = 1, 2)

within

Ωψ .

(3.1a)

In this model, the two surfaces of a crack are assumed not to be in contact
with each other. Thus, the conditions of free surface tractions along the normal and
tangential directions should be satisfied for each crack. Thus, the following
governing equations can be established:

(σ ijP + σ ij* + σ ijΓ + σ ij0 )v j = 0

,

(j = 1, 2, . . ., n2 ; i, j = 1, 2)

along Γϕ

(3.1b)

where v j indicates the crack surface normal vector.
It should be noted that the situation in which the two surfaces of a crack are in
contact due to external loading can also be handled by considering the interfacial
traction and displacement continuity conditions rather than free-surface traction
conditions in Eq. (3.1b).
The challenge is to solve the governing equation (3.1). In the next sub-section,
numerical methods would be introduced to express the governing equations (3.1a)
and (3.1b) in terms of the unknown equivalent eigenstrains ε ij* and dislocation
densities 𝜌𝜌⊥ and 𝜌𝜌⊢ and then solve these unknowns.
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3.1.2 Crack modeling
A square domain D in the half-space is chosen which contains the cracks

Cϕ (ϕ = 1, 2, ... , m ) and inhomogeneous inclusions Ωψ (ψ = 1, 2, ... , n ) with the
origin O (0, 0) of the x-y Cartesian coordinate system being set at one corner of the
domain D (Fig. 3.2). The domain D is discretized into N x × N y square elements
of the same size 2 Δx × 2 Δy . Each element is indexed by a sequence of two
integers [α , β ] (0 ≤ α ≤ N x − 1, 0 ≤ β ≤ N y − 1) . For convenience, only horizontal
cracks parallel to the x-axis are discussed here, considering the fact that vertical
cracks can be investigated in a similar way without adding extra difficulties.
Surface
x

O

𝛀𝛀𝟏𝟏
y

Γ𝜑𝜑
Γ1

𝛀𝛀𝝍𝝍
D

Fig. 3.2. Cracks and arbitrarily-shaped inclusions in 2D discretized domain.
For simulating the mixed-modes I and II crack, the stress σ ijΓ at a given
point ( x, y ) induced by a glide dislocation and a climb dislocation located at

(0, η ) beneath the surface is given by
𝜎𝜎𝑖𝑖𝑖𝑖Γ (𝑥𝑥, 𝑦𝑦, 𝜉𝜉) = 𝜎𝜎𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂) + 𝜎𝜎𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)
𝜎𝜎𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜉𝜉) =

2𝜇𝜇
⊥
(𝑥𝑥, 𝑦𝑦, 𝜂𝜂)
𝑏𝑏 ⊥ G𝑖𝑖𝑖𝑖
𝜋𝜋(𝜅𝜅 + 1)

,
,
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(3.2)
(3.3)

𝜎𝜎𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜉𝜉) =

2𝜇𝜇
⊢
(𝑥𝑥, 𝑦𝑦, 𝜂𝜂)
𝑏𝑏 ⊢ G𝑖𝑖𝑖𝑖
𝜋𝜋(𝜅𝜅 + 1)

,

(𝑖𝑖, 𝑗𝑗 = 1,2)

(3.4)

where 𝜎𝜎𝑖𝑖𝑖𝑖⊥ and 𝜎𝜎𝑖𝑖𝑖𝑖⊢ represent stresses induced by two types of edge dislocations:

climb and glide dislocations, respectively; 𝜅𝜅 is the Kolosov constant of the

half-space material (𝜅𝜅 = 3 − 4𝜈𝜈 for the plane-strain problem with 𝜈𝜈 being the
⊥
(𝑥𝑥, 𝑦𝑦, 𝜂𝜂) and
Poisson’s ratio) and 𝜇𝜇 is the shear modulus; The functions G𝑖𝑖𝑖𝑖
⊢
(𝑥𝑥, 𝑦𝑦, 𝜂𝜂) represent the influence functions (Hills et al., 1996).
G𝑖𝑖𝑖𝑖

The cracks Γϕ are discretized into many short line segments, each of which

is modeled as distributed dislocation segments along the central lines of
corresponding elements. In each line segments, the dislocation densities 𝜌𝜌⊥ and

𝜌𝜌⊢ can be considered as linear functions 𝜌𝜌⊥ = 𝑐𝑐 ⊥ 𝑥𝑥 + 𝑑𝑑⊥ and 𝜌𝜌⊢ = 𝑐𝑐 ⊢ 𝑥𝑥 + 𝑑𝑑⊢ .

Thus, the entire crack is approximated by a piecewise linear function. Although

dislocation densities in each distributed dislocation segment are assumed to be
linear, the dislocation densities in the entire crack are non- linear (Fig.3.3).
Dislocation density

y

O

x

Piecewise linear function

Fig. 3.3. A crack modeled by a distribution of dislocations approximated by a
piecewise linear function.

A line segment of the length 2a is set to be centered at (0, η ) . The stress
flied induced by the line of edge dislocations can be calculated as follows
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𝑎𝑎

2𝜇𝜇
⊥
(𝑥𝑥 − 𝑥𝑥 ′ , 𝑦𝑦, 𝜂𝜂)𝑑𝑑𝑥𝑥 ′
𝜎𝜎𝑖𝑖𝑖𝑖Γ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂) =
�[𝑐𝑐 ⊥ 𝑥𝑥 ′ + 𝑑𝑑 ⊥ ] G𝑖𝑖𝑖𝑖
𝜋𝜋(𝜅𝜅 + 1)
−𝑎𝑎

𝑎𝑎

2𝜇𝜇
⊢
(𝑥𝑥
+
�[𝑐𝑐 ⊢ 𝑥𝑥 ′ + 𝑑𝑑 ⊢ ] G𝑖𝑖𝑖𝑖
𝜋𝜋(𝜅𝜅 + 1)
−𝑎𝑎

− 𝑥𝑥 ′ , 𝑦𝑦, 𝜂𝜂)𝑑𝑑𝑥𝑥 ′

.

(𝑖𝑖, 𝑗𝑗 = 1,2) 𝑥𝑥 ′ ∈ [−𝑎𝑎, 𝑎𝑎]

(3.5)

The stress σ ijΓ at point ( x, y ) due to the edge dislocations can be written as
𝜎𝜎𝑖𝑖𝑖𝑖Γ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂) =

2𝜇𝜇
[𝐸𝐸𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊥ + 𝐹𝐹𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊥
𝜋𝜋(𝜅𝜅 + 1)

+𝐸𝐸𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊢ + 𝐹𝐹𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊢ ] .

(3.6)

The analytic forms of influence coefficients 𝐸𝐸𝑖𝑖𝑖𝑖⊥ , 𝐹𝐹𝑖𝑖𝑖𝑖⊥ , 𝐸𝐸𝑖𝑖𝑖𝑖⊢ and 𝐹𝐹𝑖𝑖𝑖𝑖⊢ for the
horizontal and vertical cracks are given in Appendices A and B, respectively.

The stress at the observation point ( xα , y β ) induced by all edge dislocations
can be obtained by the summation of contribution of dislocations in all the squares
in the whole discrete domain.
Γ
𝜎𝜎𝛼𝛼,𝛽𝛽

𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

2𝜇𝜇
⊥
⊥
⊥
⊥
⊢
⊢
⊢
⊢
=
� � �𝐄𝐄𝑎𝑎−𝜉𝜉𝜉𝜉−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
+𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
�.
𝜋𝜋(𝜅𝜅 + 1)
𝜁𝜁=0

𝜉𝜉=0

(0 ≤ 𝛼𝛼 ≤ 𝑁𝑁𝑥𝑥 − 1, 0 ≤ 𝛽𝛽 ≤ 𝑁𝑁𝑦𝑦 − 1)

(3.7)

⊥
⊥
⊢
⊢
where 𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
, 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
, 𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
and 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
are the influence coefficients

which relate the stress σ αΓ, β at the observation point ( xα , y β ) in the element

⊥
⊥
⊢
⊢
[α , β ] to the edge dislocation parameter 𝑐𝑐𝜉𝜉,𝜁𝜁
, 𝑑𝑑𝜉𝜉,𝜁𝜁
, 𝑐𝑐𝜉𝜉,𝜁𝜁
and 𝑑𝑑𝜉𝜉,𝜁𝜁
in the element

[ξ , ζ ] .

Since the density distributions are continuous, the piecewise linear function
should also be continuous along the whole crack. Thus, the parameters 𝑐𝑐 and 𝑑𝑑
in the square element [𝛼𝛼, 𝛽𝛽] should satisfy
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⊢
⊢
⊢
⊢
𝑐𝑐𝛼𝛼,𝛽𝛽
𝛥𝛥𝑥𝑥 + 𝑑𝑑𝛼𝛼,𝛽𝛽
= −𝑐𝑐𝛼𝛼+1,𝛽𝛽
𝛥𝛥𝑥𝑥 + 𝑑𝑑𝛼𝛼+1,𝛽𝛽
,

(3.8a)

⊥
⊥
⊥
⊥
𝑐𝑐𝛼𝛼,𝛽𝛽
𝛥𝛥𝑥𝑥 + 𝑑𝑑𝛼𝛼,𝛽𝛽
= −𝑐𝑐𝛼𝛼+1,𝛽𝛽
𝛥𝛥𝑥𝑥 + 𝑑𝑑𝛼𝛼+1,𝛽𝛽
.

(3.8b)

For a crack of length 2a, its opening at a certain location can be obtained by

Eq. (2.11). The crack faces must close at both crack ends. According to Eqs. (2.12)
and (3.8), for a horizontal crack staring from the element [m1 , β ] and ending at
the element [m2 , β ] , the following relationship should be satisfied:
𝑚𝑚2

⊢
� 𝑑𝑑𝛼𝛼,𝛽𝛽
=0 ,

(3.9a)

𝛼𝛼=𝑚𝑚1
𝑚𝑚2

⊥
� 𝑑𝑑𝛼𝛼,𝛽𝛽
=0 .

(3.9b)

𝛼𝛼=𝑚𝑚1

3.1.3 Inclusion modeling
As mentioned in Section 3.1.1, each inhomogeneous inclusion is modeled as a
homogeneous inclusion with initial eigenstrain ε ijP plus unknown equivalent
eigenstrain ε ij* . In the meshed domain D, each rectangular inhomogeneous
inclusion is modeled as a homogeneous inclusion with ε ijP plus ε ij* . The
eigenstrain in each rectangular equivalent homogeneous inclusion is treated as
uniform. Nevertheless, the overall eigenstrain within each Ωψ can still be
non-uniform.
Chiu (1978) obtained the solution for a cuboidal homogeneous inclusion
containing uniform eigenstrain in an isotropic half-space. The superposition of his
solution could give the eigenstress due to multiple cuboidal homogeneous
inclusions. In fact, Zhou et al. (2012) took this approach to obtain the solution for
multiple 3D inhomogeneous inclusions of arbitrary shape beneath a surface. Here,
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the degeneration of their solution from 3D to 2D should be utilized.
Using the EIM (Eshelby, 1959) and the stress superposition, the eigenstress at
each observation point (set at the center of each element) can be obtained:
N y −1 N x −1

Bα ξ β ζ ε ξ ζ
∑∑
ζ
ξ

σ α ,β =
P

σα* ,β =

=0

=0

P

− , −

N y −1 N x −1

,

Bα ξ β ζ ε ξ ζ
∑∑
ζ
ξ
=0

=0

− , −

*

,

,

(0 ≤ α ≤ N x − 1, 0 ≤ β ≤ N y − 1)

(3.10a)

.

(0 ≤ α ≤ N x − 1, 0 ≤ β ≤ N y − 1)

(3.10b)

where Bα −ξ ,β −ζ are the influence coefficients (in the 2 × 2 matrix form) relating
the stress σ αP ,β and σ α* , β at the point ( xα , y β ) in the element [α , β ] to the
initial eigenstrain ε ξP,ζ and equivalent eigenstrain ε ξ* ,ζ in the element [ξ , ζ ]
centered at ( ξξ , yζ ) . The expressions of Bα −ξ ,β −ζ refer to the work by Zhou et al.
(2009).
Similarly, the applied stress σ α0 , β at the observation point ( xα , y β ) in the
element [α , β ] due to external surface loading F is obtained by the following
formula:

σ α0 ,β =

N x −1

N x −1

ξ =0

=0

∑ M α −ξ ,β pξ ,0 +

Tα ξ β f ξ
∑
ξ
− ,

,0

,

(3.11)

where pξ , 0 and f ξ , 0 represent the normal pressure and the tangential traction on
the discretized surface area in the element [ξ , 0] . The expressions of M α −ξ ,β and

Tα −ξ ,β refer to the solution of subsurface stresses induced by the normal pressure
and the tangential traction acting on a rectangular area beneath the surface.

3.1.4 Governing equation
In the above section, the stress σ ijΓ due to cracks is expressed in terms of the
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representative parameters 𝑐𝑐 ⊥ , 𝑑𝑑 ⊥ , 𝑐𝑐 ⊢ , and 𝑑𝑑⊢ of the dislocation densities; the

eigenstresses σ ij and σ ij are expressed in terms of eigenstrains ε ijP and ε ij* ,
P

*

respectively. The substitution of these expressions (Eqs. (3.7), (3.10) and (3.11))
into the previous governing equation (3.1) results in
𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

∗
P
−1
+ 𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 𝜀𝜀𝜉𝜉,𝜁𝜁
�𝐈𝐈 − 𝐂𝐂𝐂𝐂𝛼𝛼,𝛽𝛽
� � � � �𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 𝜀𝜀𝜉𝜉,𝜁𝜁
�
𝜁𝜁=0 𝜉𝜉=0

𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

2𝜇𝜇
⊥
⊥
⊥
⊥
⊢
⊢
+
� � (𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
+𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
𝜋𝜋(𝜅𝜅 + 1)
𝜁𝜁=0

𝜉𝜉=0

𝑁𝑁𝑥𝑥 −1

⊢
⊢
∗
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
) + � �𝐌𝐌𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑝𝑝𝜉𝜉,0 + 𝐓𝐓𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑓𝑓𝜉𝜉,0 �� + 𝐂𝐂𝜀𝜀𝛼𝛼,𝛽𝛽
=0
𝜉𝜉=0

𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

� 0 ≤ 𝛼𝛼 ≤ 𝑁𝑁𝑥𝑥 − 1, 0 ≤ 𝛽𝛽 ≤ 𝑁𝑁𝑦𝑦 − 1� within Ω𝜓𝜓 ,

(3.12a)

P
∗
+ 𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 𝜀𝜀𝜉𝜉,𝜁𝜁
� � � �𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 𝜀𝜀𝜉𝜉,𝜁𝜁
�
𝜁𝜁=0 𝜉𝜉=0

𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

2𝜇𝜇
⊥
⊥
⊥
⊥
⊢
⊢
+
� � �𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
+𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
𝜋𝜋(𝜅𝜅 + 1)
𝜁𝜁=0

𝜉𝜉=0

𝑁𝑁𝑥𝑥 −1

⊢
⊢
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
� + � �𝐌𝐌𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑝𝑝𝜉𝜉,0 + 𝐓𝐓𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑓𝑓𝜉𝜉,0 �� 𝐀𝐀 = 0
𝜉𝜉=0

� 0 ≤ 𝛼𝛼 ≤ 𝑁𝑁𝑥𝑥 − 1, 0 ≤ 𝛽𝛽 ≤ 𝑁𝑁𝑦𝑦 − 1�

along Γ𝜑𝜑 ,

(3.12b)

⊥
⊥
⊢
⊢
where I is a unit matrix, 𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
, 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
, 𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁

𝐌𝐌𝑎𝑎−𝜉𝜉,𝛽𝛽 and 𝐓𝐓𝑎𝑎−𝜉𝜉,𝛽𝛽 are the influence coefficients which relate to their respective

P
∗
sources; 𝜀𝜀𝜉𝜉,𝜁𝜁
and 𝜀𝜀𝜉𝜉,𝜁𝜁
denote the initial eigenstrain and unknown equivalent
⊥
⊥
⊢
⊢
eigenstrain; 𝑐𝑐𝜉𝜉,𝜁𝜁
, 𝑑𝑑𝜉𝜉,𝜁𝜁
, 𝑐𝑐𝜉𝜉,𝜁𝜁
and 𝑑𝑑𝜉𝜉,𝜁𝜁
are the unknown edge dislocation

parameters; A is the matrix form of crack surface normal vector v j .

The governing equation (3.12) involves double summations of eigenstrains
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and dislocation densities. A technique of discrete convolution and fast Fourier
transform (DC-FFT) (Liu et al., 2000; Polonsky and Keer, 2001) is employed to
improve the computational efficiency for the time-consuming double summation if
a large number of elements are taken.
In order to use the DC-FFT method, the original domain D is expanded twice
into 2 N x × 2 N y to create cyclic convolution by using the technique of

the

wrap-around order. Thus, Eq. (3.10a) becomes
σα , β =
P

2 N y −1 2 N x −1

∑ ξ∑ Bα
ζ
=0

=0

−ξ , β −ζ

εξP,ζ .

(0 ≤ α ≤ 2 N x − 1, 0 ≤ β ≤ 2 N y − 1)

(3.13)

The Fourier transform can transfer a function defined in a plane domain into a
function in a frequency domain. For example, the discrete double Fourier
transform of εξP,ζ in the expanded plane domain is defined as


ε αP,β =

2 N y −1 2 N x −1

∑ ∑e
m =0

iπmα N y iπ lβ N x

e

l =0

εmP ,l .

(0 ≤ α ≤ 2 N x − 1, 0 ≤ β ≤ 2 N y − 1)

(3.14)

Equation (3.14) could be computed by the FFT algorithm faster than a direct
summation. The denotation “ ∧ ” on top of the symbols stands for an FFT
operation. The application of the FFT on two sides of Eq. (3.13) leads to

 

σ α,P β = B α,β ε α,P β

.

(3.15)







P
P
The σ α,β in each element is simply the multiplication of Bα,β and εα,β in the

corresponding element. The final stress σ α,P β is easily obtained by applying an



P
inverse FFT on σ α,β as


σ α,P β = FFT -1 (σ α,P β ) .

(3.16)

(

(

This method only requires O 3 × 2 N x × 2 N y × ln 2 N x × 2 N y

))

operations

(two FFT operations and one inverse FFT) to complete the summations. However,
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(

the direct summations need O (2 N x × 2 N y )

2

)

operations. Equations (3.7) and

(3.10b) could use the same procedure to replace the direct summations. Therefore,
the computation time is greatly reduced by using the DC-FFT method.
Finally, the governing equation (3.12) and supplemental equations (3.8) and
(3.9) are essentially a set of linear algebraic equations, which can be represented in
a simple form as Gx = a . Hence, a modified conjugate gradient method (CGM)
(Shewchuk, 1994; Zhou et al., 2011b) can be used to determine the unknown
equivalent eigenstrains ε * and dislocation density parameters 𝑐𝑐 ⊥ , 𝑑𝑑 ⊥, 𝑐𝑐⊢ and

𝑑𝑑⊢ .

The CGM is a well-established method in solving linear equations Gx = a

by means of iteration. When the conventional CGM is used, the iteration
convergence to the solution is absolute provided that G is a symmetric positive
matrix. Nevertheless, a deep convergence to the solution before divergence or
oscillation may also be obtained through using the CGM although G is not a
symmetric positive matrix. Based on the conventional CGM (Shewchuk, 1994),
the modified CGM algorithm for solving Gx = a is listed as follows:

d (0) = r(0) = a − Gx(0)

τ (i ) = k

(3.17)

r(Ti ) r( i )

(3.18)

d (Ti ) Gd ( i )

x(i +1) = x(i ) + τ (i ) d (i )

(3.19)

r( i +1) = r(i ) − τ (i ) Gd (i )

(3.20)

ρ (i +1) =

r(Ti +1) r( i +1)

(3.21)

r(Ti ) r( i )

d (i +1) = r(i +1) + ρ (i +1) d (i )

(3.22)
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where the integer number in the subscript indicates the iteration step. The vectors

d and r are the conjugate direction and conjugate residual, respectively; the
vector r T is the transpose of r ; the variable τ is the step length in each
iteration; the factor k which is no greater than one is newly introduced into the
modified CGM, compared with the conventional CGM, to reduce the step length
before divergence or oscillation begins.
Once all the eigenstrains ε * and dislocation densities 𝜌𝜌⊥ and 𝜌𝜌⊢ are

determined, the subsurface stress field can be obtained by
0
Γ
P
∗
𝜎𝜎𝛼𝛼,𝛽𝛽 = 𝜎𝜎𝛼𝛼,𝛽𝛽
+ 𝜎𝜎𝛼𝛼,𝛽𝛽
+ 𝜎𝜎𝛼𝛼,𝛽𝛽
+ 𝜎𝜎𝛼𝛼,𝛽𝛽
𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

𝑁𝑁𝑥𝑥 −1

𝜁𝜁=0 𝜉𝜉=0

𝜉𝜉=0

P
∗
+ 𝜀𝜀𝜉𝜉,𝜁𝜁
= � � 𝐁𝐁𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁 �𝜀𝜀𝜉𝜉,𝜁𝜁
� + � �𝐌𝐌𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑝𝑝𝜉𝜉,0 + 𝐓𝐓𝑎𝑎−𝜉𝜉,𝛽𝛽 𝑓𝑓𝜉𝜉,0 �
𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

2𝜇𝜇
⊥
⊥
⊥
⊥
⊢
⊢
+
� � �𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
+𝐄𝐄𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
𝜋𝜋(𝜅𝜅 + 1)
𝜁𝜁=0

⊢
⊢
+ 𝐅𝐅𝑎𝑎−𝜉𝜉,𝛽𝛽−𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
�

𝜉𝜉=0

� 0 ≤ 𝛼𝛼 ≤ 𝑁𝑁𝑥𝑥 − 1, 0 ≤ 𝛽𝛽 ≤ 𝑁𝑁𝑦𝑦 − 1�.

(3.23)

3.1.5 Stress intensity factor
The SIFs of a mixed-modes I and II crack of length 𝑙𝑙 can be written as

(Anderson, 2005)

K I = lim[ 2π ( x − l )σ yyt ] ,

(3.24)

K II = lim[ 2π ( x − l )σ xyt ] .

(3.25)

x →l

x →l

The total stress σ t can be divided into two parts: the stress σ induced by
the crack and the stress σ ∆ induced by the inclusions and external loading.
According to Eq. (3.23), σ ∆ should have a finite value at the crack tip. Thus, the
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SIFs are only relevant to the stress σ . Since the crack is modeled by the DDT, the
stress can be obtained by integral of the climb and glide dislocation densities:
𝜎𝜎𝑦𝑦𝑦𝑦 =
𝜎𝜎𝑥𝑥𝑥𝑥 =

𝑙𝑙 ⊥
2𝜇𝜇
𝜌𝜌 (𝜉𝜉)
�
𝑑𝑑𝑑𝑑
𝜋𝜋(𝜅𝜅 + 1) 0 𝑥𝑥 − 𝜉𝜉

𝑙𝑙 ⊢
2𝜇𝜇
𝜌𝜌 (𝜉𝜉)
�
𝑑𝑑𝑑𝑑
𝜋𝜋(𝜅𝜅 + 1) 0 𝑥𝑥 − 𝜉𝜉

,

(3.26)

.

(3.27)

Then, the SIFs can be rewritten as

𝑙𝑙 ⊥
2𝜇𝜇
𝜌𝜌 (𝜉𝜉)
𝐾𝐾I =
lim ��2π(𝑥𝑥 − 𝑙𝑙) �
𝑑𝑑𝑑𝑑 �
𝜋𝜋(𝜅𝜅 + 1) 𝑥𝑥→𝑙𝑙
0 𝑥𝑥 − 𝜉𝜉

𝑙𝑙 ⊢
2𝜇𝜇
𝜌𝜌 (𝜉𝜉)
lim ��2π(𝑥𝑥 − 𝑙𝑙) �
𝑑𝑑𝑑𝑑 �
𝜋𝜋(𝜅𝜅 + 1) 𝑥𝑥→𝑙𝑙
0 𝑥𝑥 − 𝜉𝜉

𝐾𝐾II =

,

(3.28)

.

(3.29)

Equations (3.28) and (3.29) can be normalized to the interval [-1,1] by the
following equations:

𝑙𝑙
𝜉𝜉 = (1 + 𝑡𝑡)
2

,

𝑙𝑙
𝑥𝑥 = (1 + 𝑠𝑠) .
2

(3.30)

If the following formula are taken

𝜙𝜙 ⊥ (𝑡𝑡) = �1 − 𝑡𝑡 2 𝜌𝜌⊥ (𝑡𝑡)

, 𝜙𝜙 ⊢ (𝑡𝑡) = �1 − 𝑡𝑡 2 𝜌𝜌⊢ (𝑡𝑡)

,

(3.31)

Eqs. (3.28) and (3.29) will be converted to the non- dimensionalized equations

𝐾𝐾I =
𝐾𝐾II =

1
2𝜇𝜇
𝜙𝜙 ⊥ (𝑡𝑡))
lim ��π𝑙𝑙(𝑠𝑠 − 1) �
𝑑𝑑𝑑𝑑�
2
𝜋𝜋(𝜅𝜅 + 1) 𝑠𝑠→1
−1 (𝑠𝑠 − 𝑡𝑡)√1 − 𝑡𝑡

Thus,
𝐾𝐾IA =

1
2𝜇𝜇
𝜙𝜙 ⊢ (𝑡𝑡)
lim ��π𝑙𝑙(𝑠𝑠 − 1) �
𝑑𝑑𝑑𝑑�
2
𝜋𝜋(𝜅𝜅 + 1) 𝑠𝑠→1
−1 (𝑠𝑠 − 𝑡𝑡)√1 − 𝑡𝑡

𝜇𝜇√2𝜋𝜋𝜋𝜋 ⊥
𝜙𝜙 (1)
(𝜅𝜅 + 1)

𝐾𝐾IB = −

𝜇𝜇√2𝜋𝜋𝜋𝜋 ⊥
𝜙𝜙 (−1)
(𝜅𝜅 + 1)

,

(3.32)

.

(3.33)

,

(3.34a)

,

(3.34b)
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𝐾𝐾IIA =

𝜇𝜇√2𝜋𝜋𝜋𝜋 ⊢
𝜙𝜙 (1)
(𝜅𝜅 + 1)

𝐾𝐾IIB = −

𝜇𝜇√2𝜋𝜋𝜋𝜋 ⊢
𝜙𝜙 (−1)
(𝜅𝜅 + 1)

,

(3.35a)

,

(3.35b)

where the superscripts A and B represent the crack tips A and B, respectively.
According to Eqs. (3.12a) and (3.12b), the unknown dislocation densities
𝜌𝜌⊥ (𝑥𝑥𝑚𝑚𝜑𝜑 ) and 𝜌𝜌⊢ (𝑥𝑥𝑚𝑚𝜑𝜑 ) can be obtained at their observation points ( 𝑥𝑥𝑚𝑚𝜑𝜑 , 𝑦𝑦𝛼𝛼 ),
𝜑𝜑

𝜑𝜑

(𝑚𝑚1 ≤ 𝑚𝑚𝜑𝜑 ≤ 𝑚𝑚2 ) . Thus, the numerical values of 𝜙𝜙 ⊥ (𝑡𝑡𝑚𝑚 ) and 𝜙𝜙 ⊢ (𝑡𝑡𝑚𝑚 )
𝜑𝜑

𝜑𝜑

(1 ≤ 𝑚𝑚 ≤ 𝑚𝑚2 − 𝑚𝑚1 + 1) can be calculated from Eqs. (3.30) and (3.31). The

functions 𝜙𝜙 ⊥ (𝑡𝑡) and 𝜙𝜙 ⊢ (𝑡𝑡) are considered as a polynomial of order N with

unknown coefficients
𝑁𝑁

𝜙𝜙(𝑡𝑡) = � 𝑎𝑎𝑛𝑛 𝑡𝑡 𝑛𝑛

.

(3.36)

𝑛𝑛=0

The unknown coefficients 𝑎𝑎𝑛𝑛 (𝑛𝑛 < 𝑚𝑚) can be calculated by data fitting of the
numerical solutions 𝜙𝜙 ⊥ (𝑡𝑡𝑚𝑚 ) and 𝜙𝜙 ⊢ (𝑡𝑡𝑚𝑚 ) using the least square method.
Then, Eqs. (3.34) and (3.35) can be written as
𝐾𝐾IA
𝐾𝐾IB
𝐾𝐾IIA
𝐾𝐾IIB

𝑁𝑁

𝜇𝜇√2𝜋𝜋𝜋𝜋
=
� 𝑎𝑎𝑛𝑛⊥
(𝜅𝜅 + 1)

,

(3.37a)

,

(3.37b)

,

(3.38a)

.

(3.38b)

𝑛𝑛=0

𝑁𝑁

𝜇𝜇√2𝜋𝜋𝜋𝜋
=−
�(−1)𝑛𝑛 𝑎𝑎𝑛𝑛⊥
(𝜅𝜅 + 1)
𝑛𝑛=0

𝑁𝑁

𝜇𝜇√2𝜋𝜋𝜋𝜋
=
� 𝑎𝑎𝑛𝑛⊢
(𝜅𝜅 + 1)
𝑛𝑛=0

𝑁𝑁

𝜇𝜇√2𝜋𝜋𝜋𝜋
=−
�(−1)𝑛𝑛 𝑎𝑎𝑛𝑛⊢
(𝜅𝜅 + 1)
𝑛𝑛=0
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3.2 Numerical results
3.2.1 SIF approach validation
To validate the proposed method, a case with two collinear cracks under
uniform remote stresses σ ∞ is considered as shown in Fig. 3.4, where a 0 and

d denote respectively the half-length of the cracks and the half-distance between
them. The mode I SIFs K A and K B of the crack tips A and B are normalized by
K 0 = σ ∞ πa0 . Figure 3.5 plots the effect of the geometric configuration of the

cracks, which is described by a scalar factor d / a 0 , on the dimensionless SIFs

K A / K 0 and K B / K 0 . Meanwhile, the SIFs K A / K 0 and K B / K 0 obtained by the
proposed method are compared with the exact solution reported by Erdogan (1962).
The results show a good agreement between the two methods.

Fig. 3.4. Schematic of two collinear cracks under uniform normal stresses.
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1.4

Erdogan (1962)
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Present method
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

d / a0
Fig. 3.5. Comparison of SIFs K A / K 0 and K B / K 0 for two collinear cracks
under uniform normal stresses.

3.2.2 One inclusion and one crack
Figure 3.6 shows the schematic of a crack Γ and a square inclusion Ω
beneath the surface of a semi-infinite matrix, bounded by the x-axis in the x-y
Cartesian coordinate system. The inclusion Ω of the side length a is set to be
centered at (0, a), and the crack of the length l = a is centered at (0, 0.2a). The
matrix has the Young's modulus Em = 420 GPa and the Poisson's ratio vm = 0.3 .
The inhomogeneous inclusion has E Ω = λE m and vΩ = 0.3 . The parameter λ
represents the material difference between the inclusion and the matrix: λ < 1
represents a compliant inclusion; while λ > 1 represents a stiff inclusion. The
external load P = F = σ 0 = 1 GPa on the surface is uniformly distributed along a
length of a centered at (0, 0).
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l

h=0.2a

d=0.5a

𝛀𝛀

Fig. 3.6. Schematic of a crack and an inclusion beneath the surface.

Figure 3.7 compares the subsurface von Mises stresses along x = 0.25a for
the case of λ = 0.57 and h = 0.2a obtained by the present method and the FEM. It
shows that the results obtained by the two methods agree well. Figure 3.8 presents
the contours of the subsurface stress field.

4.0
FEM
Preσent Method

3.5
3.0

.

σv / σ0

2.5
2.0
1.5
1.0
0.5
0.0
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

x/a
Fig. 3.7. Comparison of the von Mises stresses σ v beneath the surface obtained
by the present method and the FEM, respectively.
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Contours of the normal stress

Contours of the normal stress
𝜎𝜎𝑦𝑦 / 𝜎𝜎 0

𝜎𝜎𝑥𝑥 / 𝜎𝜎 0

Contours of the shear stress

Contours of von Mises stress
𝜎𝜎𝑥𝑥𝑥𝑥 / 𝜎𝜎 0

𝜎𝜎𝑣𝑣 / 𝜎𝜎 0

Fig. 3.8. Contours of the stress components and von Mises stress.

Figure 3.9 illustrates the mode II SIF versus

h/a

without the

inhomogeneous inclusion ( λ = 1 ). The mode II SIF decreases as the crack depth
h increases. It is clear that surface tangential traction has a stronger influence on

the mode II SIF when crack approaches the surface. Figure 3.10 presents the effect
of the inclusion on the mode II SIF for the case of h = 0.2a . The near-crack
inclusion affects the mode II SIF on the crack tips and the effect dramatically
increases as the Young's modulus of the inclusion increases, which shows the
importance of considering the influence of a near-crack inclusion in studying the
behavior of crack propagation.
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Fig. 3.9. The mode II SIF ( MPa ⋅ m 1/2 ) versus h/a without the inhomogeneous
inclusion.
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Fig. 3.10. The mode II SIF ( MPa ⋅ m1/2 ) versus λ for the case of h = 0.2a .

3.2.3 Three inclusions and two cracks
Figure 3.11 shows a stringer of inhomogeneous inclusions and two cracks
beneath a half-space surface. The inclusions Ω1 , Ω 2 and Ω 3 have the same side
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length a and are centered at (1.25a, 1.25a), (0, 1.25a) and (-1.25a, 1.25a),
respectively. All the three inclusions have uniform initial eigenstrain ε 0 . The
cracks Γ1 and Γ2 of length l = a are centered at (0.75a, 0.5a) and (-0.75a, 0.5a),
respectively. The inclusions have the elastic moduli E I = 240 GPa and v I = 0.3 ;
while the matrix has E M = 420 GPa and vM = 0.3 .

l

h=0.75a

𝛀𝛀𝟏𝟏

O

𝛀𝛀𝟑𝟑

𝛀𝛀𝟐𝟐
d=0.25a

x

l

y

Fig. 3.11. Schematic of three inclusions and two cracks underneath a surface.

Figure 3.12 plots the crack opening D induced by different initial eigenstrains.
The shape of the crack opening varies as the initial eigenstrain 𝜀𝜀𝑥𝑥0 changes (From

𝜀𝜀𝑥𝑥0 = −0.003 to 𝜀𝜀𝑥𝑥0 = −0.011). As shown in Fig. 3.12, the crack is opened by the

initial eigenstrain in the inclusions rather than the external load at surface and the

opening increases dramatically as the magnitude of the eigenstrain increases.
Figure 3.13 shows the effect of the initial eigenstrain on the mode I SIF K L and
K R for the Γ1 crack. The SIF at the left tip of the crack is smaller than that at its
right tip and both SIFs imply a linear increase in the eigenstrain magnitude.
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Fig. 3.12. Crack opening for different initial eigenstrains.
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Fig. 3.13. Mode I SIF ( MPa ⋅ m 1/2 ) for different initial eigenstrains.
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3.2.4 Three cracks separated by two inclusions
Figure 3.14 shows the schematic of three cracks separated by two square
inclusions underneath the surface of a semi-infinite matrix. The two inclusions Ω1
and Ω 2 have the same side length a and are centered at (1.25a, 0.75a) and
(-1.25a, 0.75a). The three cracks of length l = a lie between these inclusions and
centered at (2.5a, 0.75a), (0, 0.75a) and (-2.5a, 0.75a). The matrix has the Young's
modulus Em = 420 GPa and the Poisson's ratio vm = 0.3 . The inhomogeneous
inclusion has E Ω = 240 GPa and vΩ = λv vm . The external load P = 1 GPa on
the surface is uniformly distributed along a length of 2a centered at (0, 0).

x

O

l
Γ1

𝛀𝛀𝟏𝟏

l
Γ2

𝛀𝛀𝟐𝟐

l
Γ3

y
Fig. 3.14. Schematic of three cracks separated by two square inclusions
underneath a surface subjected to a normal pressure.

Figure 3.15 presents the openings D of the cracks Γ1 , Γ2 and Γ3 for the
case in which all the three inhomogeneous inclusions contain the same initial
eigenstrain ε x0 = ε y0 = 0.03 and λv = 1 . Figure 3.16 plots the effect of the initial
eigenstrain ε x0 on the mode I SIF for Γ2 when ε y0 = 0.03 and λv = 1 . Figure
3.17 shows the influence of the Poisson's ratio of the inclusions on the mode I SIF
for Γ2 when ε x0 = ε y0 = 0.03 . The influence increases as the Poisson's ratio of the
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inclusion increases.
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Fig. 3.15.

Openings of the cracks Γ1 , Γ2 and Γ3 .
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Fig. 3.16. Mode I SIF ( MPa ⋅ m 1/2 ) of Γ2 versus ε x0 when ε y0 = 0.03 .
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Mode I SIF ( MPa ⋅ m1/2 ) of Γ2 versus λv when ε x0 = ε y0 = 0.03 .

3.3 Summary
In this chapter, a semi-analytic solution for multiple cracks and
inhomogeneous inclusions in an elastic half-space subjected to prescribed surface
loading is developed in the scope of 2D plain-strain problems. The interactions
among all the inclusions and cracks are fully taken into account by a newly
developed methodology that combines the EIM and the DDT.
Using the EIM, each inhomogeneous inclusion is modeled as a homogeneous
inclusions with unknown equivalent eigenstrain. Using the DDT, each crack is
modeled by a distribution of edge dislocations with unknown densities. Coupled
governing equations with unknown equivalent eigenstrains and dislocation
densities are established to satisfy the stress and strain conditions of inclusions and
free surface traction conditions of cracks. All the unknown equivalent eigenstrains
and dislocation densities are solved by a modified CGM. The FFT algorithm is
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also employed to greatly improve computational efficiency. The SIFs of the cracks
are obtained by the dislocation densities at their tips and their openings are also
obtained through the integration of the dislocation densities along them.
The solution is verified by comparing its results with those obtained by the
FEM. Three numerical examples are presented to provide the analysis of
crack-inclusion interactions in specific cases. The study shows that the SIF and
opening of the cracks can be greatly affected by the crack position, elastic
mismatch between the inclusions and matrix and the magnitude of the initial
eigenstrain.
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Chapter 4 Defects near surfaces under contact loading
In this chapter, both frictionless and frictional contact problems for multiple
cracks and inclusions embedded in a half-space are studied. The procedure
developed in the previous chapter is adopted to investigate the interactions among
the surface coating layer, subsurface inclusions and cracks. The effects of the crack
depth, the surface friction condition and surface deformation are investigated.

4.1 Methodology
4.1.1 Problem description and solution approach
Consider a 2D plane-strain problem about multiple inhomogeneous inclusions

Ωψ (ψ = 1, 2, ... , n1 ) and cracks Γϕ (ϕ = 1, 2, ... , n2 ) near a half-space surface
subjected to sliding/rolling contact loading in the xOy Cartesian coordinate
system, as shown in Fig. 4.1(a). Each inclusion Ωψ can be of arbitrary shape.
Each crack Γϕ is assumed to be horizontally or vertically aligned. The loading
body is assumed to be cylindrical and has the radius R. The inhomogeneous
inclusion Ωψ contains initial eigenstrain ε ijP and its elastic moduli is denoted
ψ
(i, j, k , l = 1, 2) ; the half-space matrix has the elastic moduli Cijkl . The
by C ijkl

cylindrical loading body is isotropic and has the Young’s modulus E s and the
Poisson’s ratio vs .
The surface coating layer can also be considered here (Fig. 4.1(a)). The
coating of thickness H can be regarded as an inhomogeneous inclusion Ω1
1
with elastic moduli Cijkl
. The inclusion Ω1 should be large enough along the
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x-axis to neglect the boundary error caused by the portion of the coating outside
the simulation domain. Thus, the coating-substrate problem becomes a half-space
contact problem with the inhomogeneous inclusions Ωψ (ψ = 1, 2, ... , n1 ) and cracks
Γϕ (ϕ = 1, 2, ... , n2 ) .

When an external load W is applied on the upper loading body, a contact area
is formed between it and the lower half-space. The normal pressure and tangential
friction within the contact area not only cause the deformation of the two
contacting surfaces but also induce the responses of subsurface cracks and
inhomogeneous inclusions. These subsurface responses also change the surface
deformation, which in turn changes the contact pressure and friction distributions.
Thus, there exists an interaction between the surface loading body and the
subsurface cracks and inhomogeneous inclusions.
The same approach used in Chapter 3 is applied to convert the
inhomogeneous half-space contact problem into a homogeneous half-space contact
problem (Fig. 4.1(b)). After that, the new homogeneous half-space contact problem
is further decomposed into two sub-problems: (1) the half-space sub-problem to
determine subsurface equivalent eigenstrains ε ij* and dislocations 𝜌𝜌⊥ and 𝜌𝜌⊢ for

a prescribed surface loading, and (2) the homogeneous half-space contact

sub-problem to determine the surface deformation, contact area and loading
distribution for a given external load applied on the loading body. The two
sub-problems should be correlated because of the above-discussed interactions
between the surface loading body and subsurface cracks and inhomogeneous
inclusions (or the dislocations and eigenstrains that model them). This correlation
is realized by an iterative algorithm that determines the final surface deformation
due to both the surface loading and subsurface micro-defects.
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Fig. 4.1. (a) The original inhomogeneous half-space coating-substrate contact
problem, and (b) the equivalent new homogeneous half-space contact problem.

4.1.2 Half-space sub-problem with prescribed surface loading
The stress analysis of the half-space sub-problem is detailed discussed in
Chapter 3. In order to solve the governing equation (3.1), a computational domain
D of size Lx × L y is chosen to contain all the cracks Γϕ and inclusions Ωψ in a

half-space bounded by the surface y = 0 in an xOy coordinate system. The
inhomogeneous inclusion Ω1 of size L x × H at the surface is considered as the
surface coating of thickness H . The domain D is discretized into N x × N y
square elements of the same size 2 Δx × 2 Δy (Fig. 4.2). Each element is indexed
by [α , β ] with 0 ≤ α ≤ N x − 1 and 0 ≤ β ≤ N y − 1 . Therefore, the unknown
eigenstrains ε * and dislocation densities 𝜌𝜌⊥ and 𝜌𝜌⊢ can be determined by Eqs

(3.8), (3.9) and (3.12). Meanwhile, the subsurface stress field can be obtained by
Eq. (3.13).
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Fig. 4.2. Discretization of a computational domain containing all the inclusions
and cracks into N x × N y square elements.

The surface normal displacement u (x) contains three parts: (1) the surface
Ω
displacement u (x) due to subsurface inclusions; (2) the surface displacement

u Γ (x) due to subsurface cracks (or the all edge dislocations which model them);
0
(3) the surface displacement u ( x) due to the loading body in contact with a

homogeneous half-space (after the DDT and EIM are applied).
The surface normal displacement due to an edge dislocation at (0, 𝜂𝜂) can be

written as (Hills et al., 1996)
𝑢𝑢𝑦𝑦 =

1
�𝑏𝑏 ⊥ 𝑈𝑈𝑦𝑦𝑦𝑦 + 𝑏𝑏 ⊢ 𝑈𝑈𝑥𝑥𝑥𝑥 �
2π(𝜅𝜅 + 1)

,

(4.1)

,

(4.2)

,

(4.3)

where


x  2ηx
U yy = (κ + 1) π − 2 tan −1  + 2 (κ − 1)
η r


U xy = −

2η 2
(κ + 1)
r2

r 2 = η 2 + x2

.
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(4.4)

In a similar way to that in the previous chapter, the dislocation densities 𝜌𝜌⊥ and

𝜌𝜌⊢ are described by the linear functions 𝜌𝜌⊥ = 𝑐𝑐 ⊥ 𝑥𝑥 + 𝑑𝑑 ⊥ and 𝜌𝜌⊢ = 𝑐𝑐 ⊢ 𝑥𝑥 + 𝑑𝑑⊢ .

The normal displacement due to a distribution of edge dislocations that model a
horizontal crack segment of length 2a centered at (0,η ) can be obtained by
𝑎𝑎
1
𝑢𝑢 (𝑥𝑥, 𝜂𝜂) =
� �𝜌𝜌⊥ (𝑥𝑥 ′ )𝑈𝑈𝑦𝑦𝑦𝑦 (𝑥𝑥 − 𝑥𝑥 ′ , 𝜂𝜂) + 𝜌𝜌⊢ (𝑥𝑥′)𝑈𝑈𝑥𝑥𝑥𝑥 (𝑥𝑥 − 𝑥𝑥 ′ , 𝜂𝜂)� d𝑥𝑥 ′
2π(𝜅𝜅 + 1) −𝑎𝑎
Γ

= 𝐻𝐻 ⊥ (𝑥𝑥, 𝜂𝜂)𝑐𝑐 ⊥ + 𝐾𝐾 ⊥ (𝑥𝑥, 𝜂𝜂)𝑑𝑑⊥ + 𝐻𝐻 ⊢ (𝑥𝑥, 𝜂𝜂)𝑐𝑐 ⊢ + 𝐾𝐾 ⊢ (𝑥𝑥, 𝜂𝜂)𝑑𝑑⊢

.

(4.5)

The expressions of the influence coefficients 𝐻𝐻 ⊥ , 𝐾𝐾 ⊥ , 𝐻𝐻 ⊢ and 𝐾𝐾 ⊢ for the
horizontal crack are given as below (coefficients for the vertical crack are given in
Appendix C)
 −1  a − x 
 a + x  2
 (κa + 3κη 2 − κx 2 + a 2 − η 2 − x 2 )
 + tan −1 
 tan 
2 π(κ + 1) 
 η 
 η 
, (4.6)
 a 2 − 2ax + x 2 + η 2 
3κ − 1
κηx

− aη
−
ln
π(κ + 1) π(κ + 1)  a 2 + 2ax + x + η 2 
1

H⊥ =

K⊥ =

 a + x 
1
−1  a − x 
 + (a + x) tan −1 

(a − x) tan 
π
 η 
 η 
 a 2 + 2ax + x 2 + η 2 
κη
+a
ln
+
π(κ + 1)  a 2 − 2ax + x 2 + η 2 

𝐻𝐻

⊢

𝐾𝐾 ⊢

ηx 

,

a− x
η 2  a 2 − 2ax + x 2 + η 2 
−1  a + x  
 ,
 + tan 
 −
= −  tan 
ln 2
2
2 
π 
 η  2 π  a + 2ax + x + η 
 η 
−1

 (a − x) 
 (a + x) 
η
 + tan −1 

= −  tan −1 
π
 η 
 η 

.

(4.7)

(4.8)

(4.9)

As a result, the surface normal displacement uαΓ at the element [α , 0] due

to all the subsurface cracks can be obtained by summing up all the displacement
contributions of the edge dislocations that represent them in the computational
domain:
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𝑁𝑁𝑦𝑦 −1 𝑁𝑁𝑥𝑥 −1

⊥
⊥
⊥
⊥
⊢
⊢
⊢
⊢
� � (𝐻𝐻𝑎𝑎−𝜉𝜉,𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐾𝐾𝑎𝑎−𝜉𝜉,𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
+𝐻𝐻𝑎𝑎−𝜉𝜉,𝜁𝜁
𝑐𝑐𝜉𝜉,𝜁𝜁
+ 𝐾𝐾𝑎𝑎−𝜉𝜉,𝜁𝜁
𝑑𝑑𝜉𝜉,𝜁𝜁
)

𝑢𝑢𝛼𝛼Γ =

ζ=0

. (4.10)

ξ=0

The surface displacement due to subsurface inclusions can be found in the
works by Zhou et al. (2011a) and Jacq et al.(2002):
Ω

uα =

N y −1 N x −1

N y −1 N x −1

Sα ξ ζ ε ξ ζ + ∑ ∑ Sα ξ ζ ε ξ ζ
∑∑
ζ
ξ
ζ
ξ
=0

=0

− ,

P

,

=0

=0

− ,

*

,

,

(4.11)

where S α −ξ ,ζ are the influence coefficients relating the eigen-displacement uαp
and uα* at the point ( xα , 0) to the initial eigenstrain ε ξP,ζ and equivalent
eigenstrain ε *ξ ,ζ in the rectangular element centered at ( ξξ , yζ ) . The expressions
of S α −ξ ,ζ refer to the work by Zhou et al. (2011a).
0
The surface displacement u ( x) due to surface pressure

p (x) and

tangential traction f (x) is obtained by (Johnson, 1985)
u 0 ( x) =

∞

∞

−∞

−∞

n
f
∫ D ( x − x' ) p( x' )dx'+ ∫ D ( x − x' ) f ( x' )dx'

,

(4.12)

where
x2
1 1 − vu2 1 − v s2
D n ( x) = − (
+
) ln 2
Es
π Eu
L

,

(4.13)

1 1 − vu − 2vu2 1 − vs − 2vs2
+
D f ( x) = (
) sgn( x)
Eu
Es
2

.

(4.14)

The functions D n ( x) and D f ( x) represent the normal surface displacements
induced by one unit concentrated normal force and one unit concentrated
tangential force at the origin point, respectively. The parameter L in the expression
n
for D ( x) is a constant for selecting the reference point (± L, 0) where the

normal surface displacement is zero. The sign function sgn(x) is defined to be +1
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for x > 0 and -1 for x < 0 .
Similarly, the surface normal displacement uα0 at the element [α , 0] due to
surface normal pressure and tangential traction can be obtained by summing up all
the displacement contributions of constant pressure and traction within discretized
small surface areas in the computational domain:

uα0 =

N x −1

N x −1

ξ =0

ξ =0

∑ Qαn−ξ pξ ,0 + ∑ Qαf −ξ fξ ,0

0 ≤ α ≤ Nx −1

,

(4.15)

where

Qαn−ξ = ∫

xξ + ∆x

Qαf −ξ = ∫

xξ + ∆x

xξ − ∆x

xξ − ∆x

D n ( xα − x)dx

,

(4.16)

D f ( xα − x)dx

.

(4.17)

The influence coefficients Qαn ξ and Qαf ξ relate the normal surface displacement
−

−

uα0 at the observation point ( xα , 0) to the constant normal pressure pξ ,0 and
constant tangential traction f ξ ,0 on the discretized surface area centered at

( xξ , 0) , respectively.
In Eqs. (4.16) and (4.17), Qαn ξ and Qαf ξ are calculated by integration of the
−

−

functions D n ( x) and D f ( x) over a discretized area centered at ( xξ , 0) ,
respectively. The indefinite integrals of D n ( x) and D f ( x) are given by
x
1 1 − vu2 1 − v s2
n
D
x
x
=
−
(
)
d
(
+
) x(ln − 1)
∫
Es
L
π Eu

,

(4.18)

1 1 − vu − 2vu2 1 − v s − 2v s2
f
D
(
x
)
d
x
=
(
+
)x
∫
Eu
Es
2

.

(4.19)

Finally, the normal surface displacement is given as the summation of the two
parts: the one due to the subsurface cracks and the one due to the surface loading
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n
f
+ � �𝑄𝑄𝑎𝑎−𝜉𝜉
𝑝𝑝𝜉𝜉,0 + 𝑄𝑄𝑎𝑎−𝜉𝜉
𝑓𝑓𝜉𝜉,0 �
ξ=0

4.1.3 Homogeneous half-space contact sub-problem
A contact problem can be solved by the following set of equations and
inequalities (Johnson, 1985):
∝

W = ∫ p ( x ) dx
−∝

,

(4.21)

h( x ) = h i ( x ) + u ( x ) − δ

p ( x) > 0, h( x) = 0 x ∈ A c

,

(4.22)

,

(4.23)

p ( x) = 0, h( x) > 0 x ∉ A c .

(4.24)

Equation (4.21) balances the external load W by the integration of the surface
normal contact pressure p (x) . In Eq (4.22), u (x) is the composite displacement
i
of the two surfaces, h(x) represents the gap between them, and h (x) denotes

i
their initial gap. The initial gap h (x) depends on the geometries of the two

contacting surfaces, and the contact between an infinitely long cylinder of radius R
i
2
and a half-space requires that h ( x) = x / 2 R . δ

represents the relative

‘‘rigid-body’’ approach of the two contacting bodies. Within the contact area
(denoted by A c in Eqs. (4.23) and (4.24)), the final gap is zero and the normal
pressure is positive if surface adhesion is not considered; outside the contact area,
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the final gap is positive if surface penetration is not considered and the normal
pressure is zero.
Here the loading body is assumed to be rigid, and thus the composite
0
displacement u (x) is regard as the surface normal displacement u ( x) in a

homogeneous half-space; otherwise, the elastic deformation of the loading body
should also be considered in Eq. (4.22). Equations (4.21) ‒ (4.24) can be re-written
into the following formulas for the same discretized computational domain as in
Fig 4.2:

W=

N x −1

∑ 2Δ

α =0

hα = hαi +

x

pα , 0 ,

(Q
∑
ξ

N x −1
=0

n
α −ξ

(4.25)

)

(4.26)

+ µQ αf −ξ pξ , 0 − δ ,

pα , 0 > 0 ,

hα = 0

in A c ,

(4.27)

pα , 0 = 0 ,

hα > 0

outside A c .

(4.28)

The variable pα , 0 represents uniform normal contact pressure on the surface
element [α ,0] ; hα is the final gap (at the surface observation point of element

[α ,0] ) between two contacting surfaces; hαi is their initial gap.
It should be noted that these expressions for determining surface deformation
can be obtained only for a homogeneous half-space; it is almost infeasible to
obtain them for an inhomogeneous half-space. This is the reason for converting an
inhomogeneous half-space into a homogeneous half-space in solving a contact
problem.
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4.1.4 Numerical procedure for the entire contact problem
The two above-discussed sub-problems are correlated by an iterative
algorithm as shown in Fig. 4.3. Firstly, the profiles of the surfaces of the upper
loading body and the lower half-space are initialized. The profiles can take into
account the discrete surface roughnesses, i.e., a bump of certain height can be
assigned to each surface element within the discretized computational domain.
Then, with the given initial profiles of the two contacting surfaces, the
homogeneous half-space contact sub-problem is solved to obtain the contact area
between them, as well as the normal pressure and tangential friction within this
contact area.
Next, under the obtained surface loading conditions, the half-space
sub-problem with prescribed surface loading is solved to obtain the unknown
equivalent eigenstrains and dislocation densities. It is known that eigenstrains and
dislocations (or cracks) also cause surface deformation which would change the
I
solution of the contact problem. Therefore, the surface displacement u due to the

eigenstrains and dislocations is calculated afterwards. In the iterative process, if

u I obtained at the step i + 1 converges to that obtained at the previous step i, the
I
iterative process ends; otherwise, u is added into the surface profile of the

half-space to change the gap between the two contacting surfaces and the next
I
iteration step begins. Upon the calculation convergence of u , the surface
0
I
displacement of the half-space is finally given by the summation of u and u .

The subsurface stresses can also be calculated accordingly.
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Initialize surface profiles

Obtain contact load distribution by
solving the homogeneous half-space
contact sub-problem

Calculate the subsurface stresses due
to contact load

Determine dislocation densities and
equivalent eigenstrains

Update surface
geometry

Calculate the normal surface
displacement due to all the
eigenstrains and dislocations

No

Does the displacement due to
dislocations and eigenstrains
converge?
Yes
End

Fig. 4.3. Algorithm for solving the problem of a half-space containing cracks and
inhomogeneous inclusions under contact loading.

4.2 Numerical results
4.2.1 One inclusion and one horizontal crack
Figure 4.4 shows the schematic of a horizontal crack and a square
inhomogeneous inclusion beneath the surface of a half-space matrix, bounded by
the x-axis in the xOy Cartesian coordinate system, subjected to a frictionless
cylindrical contact loading. The inclusion Ω has the edge length 2a0 and is
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centered at (0, 3.25a0 ) ; the horizontal crack Γ has length l = 2a0 and is
centered at (0, 1.5a0 ) . The cylindrical loading body has radius R and is assumed
to be rigid. The half-space matrix has the Young’s modulus Em = 210 GPa and
the Poisson’s ratio vm = 0.28 , while the inclusion has Ei = 420 GPa and

vi = 0.28 . The parameter a0 is the Hertz radius for the same indented half-space
in the absence of the crack and inclusion, and so is the maximum Hertz pressure

p0 . In order to make the result independent of the radius R and loading W, the
dimension and stress are normalized by a0 and p0 , respectively (same to the
following sections).

W
R

O
d

l

h

x

Ω
y
Fig. 4.4. Schematic of one horizontal crack and one inclusion beneath a half-space
surface subjected to contact loading.
Figure 4.5 compares the von Mises stresses σ v along the y = 1.75a0
obtained by the present method and those by FEM. A good agreement has been
found, thus validating the present method. Figure 4.6 further compares the von
Mises stress fields for the subsurface square inclusion and arbitrarily-shaped
inclusion, when the inclusion contains initial eigenstrains ε xP = ε yP = 0.01 . The
stress concentrations occur near the two tips of the crack and the sharp edges of the
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inclusion. Figure 4.7 illustrates the shape effect of the inclusion on the contact
pressure p when the initial eigenstrain ε xP = ε yP = 0.01 . The result indicates that
besides the stress fields, the contact pressure is also affected by the different shapes
of the subsurface inclusion.

FEM
Present Method

1.0

σv / p 0

0.8

0.6

0.4

0.2
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-1

0

1

2

x / a0

Fig. 4.5. Comparison of the von Mises stresses σ v along y = 1.75a0 obtained
by the present method and FEM.

(a)

(b)

Fig. 4.6. Contours of the von Mises stresses for the (a) square subsurface
inclusion and (b) arbitrarily-shaped subsurface inclusion.
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Fig. 4.7. The shape effect of the inclusion on the contact pressure p .

4.2.2 Two inclusions and one horizontal crack
Figure 4.8 shows the schematic of a horizontal crack and two square
inhomogeneous inclusions beneath the surface, bounded by the x-axis in the xOy
Cartesian coordinate system, subjected to a frictionless cylindrical contact loading.
The inclusion Ω1 and Ω 2 have the edge length a0 and are centered at

( −1.25a0 ,1.25a0 ) and (1.25a0 ,1.25a0 ) , respectively. The crack Γ has length
l = a0 and is centered at (0, h ) . The inclusions, the matrix and the loading body
are modeled with the same elastic constants as set in Section 4.2.1.
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Fig. 4.8. Schematic of one horizontal crack and two inclusions beneath a
half-space surface subjected to a contact loading.

Figure 4.9 presents the contours of the subsurface stress fields for the case of
h = 1.25a 0 . It shows that the stress concentrations are induced at the two crack tips

and the sharp edges of the inclusion. Figure 4.10 illustrates the effect of the
embedded crack on the contact pressure p at a frictionless surface for various
depths h where the crack is located. It shows that the crack affects the contact
pressure when the crack is close to the surface, and the effect becomes weak as h
increases. In the case of h = ∞ the contact between the indenter and the
half-space surface is essentially a classical Hertz contact. Thus, the contact
pressure p reaches the maximum Hertz pressure p0 at the center of the contact
area. The effect of the crack on the contact pressure becomes weak at the depth
beyond 1.25a0 .
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Fig. 4.9. Contours of the stress components and von Mises stresses.
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Fig. 4.10. Effect of a crack at various depths h beneath a frictionless half-space
surface on the contact pressure.
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4.2.3 Multiple horizontal cracks
Figure 4.11 illustrates three horizontal cracks Γi (i = 1, 2 , 3) near a
half-space surface subjected to a cylindrical contact loading. The half-space matrix
has the Young’s modulus Es = 210 GPa and the Poisson’s ratio vs = 0.28 .The
cylindrical indenter has radius R and is assumed to be rigid. The three cracks are
assumed to have the same length l = 0.5a0 and equally spaced by a distance of

m = 0.25a0 along the x-axis.
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Fig. 4.11. Schematic of three horizontal cracks beneath a half-space surface
subjected to a cylindrical contact loading.

Figure 4.12 plots the subsurface von Mises stresses for the cases with
different crack depths h . It shows that the subsurface stress fields are dramatically
distorted due to the presence of the cracks and as they approach the surface, the
distortions become more significant. Stress concentrations are also found around
the tips of the cracks. An accurate description of the subsurface stress field is
crucial for the study of crack nucleation and propagation.
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Fig. 4.12. Comparison of subsurface von Mises stresses for the cases of various
crack depths h.

The effect of the friction condition on the surface displacement is further
investigated. Figure 4.13 presents the surface normal displacement u and stress
component σ x for the case with h = 0.5a0 and various friction coefficients. The
tensile stress σ x around the trailing edge of the contact area increases as the
friction increases. When the tensile stress reaches a certain value, it may open a
surface crack there.
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Fig. 4.13. Effect of the friction force on (a) the surface displacement u and (b)
the stress component σ x .

4.2.4 One vertical crack beneath a coating layer
A coating Ω1 of thickness H = a0 is bonded perfectly to a semi-infinite
steel substrate which contains a vertical crack subjected to a frictional cylindrical
contact loading at the coating surface, as shown in Fig. 4.14. For analysis
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convenience, an xOy Cartesian coordinate system is attached to the
coating-substrate with its x-axis along the surface of coating. The vertical crack has
length l = a 0 and is centered at (d , a0 ) . The cylindrical loading body of radius
R is rigid, while the contact surface has a friction coefficient µ = 0.4 . The steel

substrate has the Young’s modulus Em = 210 GPa and the Poisson’s ratio

vm = 0.28 . The elastic parameters of coating Ω1 are set as Ec = λEm and vc .
The parameter λ represents the material difference between the coating and the
substrate: λ < 1 represents a soft coating; while λ > 1 represents a hard coating.
The parameters a0 and p0 are the Hertz radius and maximum Hertz pressure,
respectively, for the same indented half-space in the absence of the crack and
coating. Provided that K 0 = 0.5 p0 2pa0 , the dimension, stress and SIF can be
normalized by a0 , p0 and K 0 , respectively. In order to approximate the
infinite coating dimension along the x-axis, the computational domain along the
x-axis is set around 10 times larger than its Hertz radius a0 to obtain a more
accurate solution.
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Fig. 4.14. Schematic of a vertical crack located between a coating and its substrate
under frictional contact loading.
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The delamination at the coating-substrate interface is a direct result of
interfacial shear stresses when they are large enough to overcome the adhesion
strength of the coating. Figure 4.15 plots the effect of the coating layer on interfacial
shear stresses σ xy along the x-direction for the case of d = 4.0a0 and vc = 0.28 .
The interfacial shear stresses σ xy is positive in the area towards the friction
direction ( x > 0 ), but negative in the area x < 0 . Meanwhile, the magnitudes of the
interfacial shear stresses σ xy increase as the coating layer becomes harder and the
peak stress values are near x = ± a0 , where delamination is likely to initiate.
Figure 4.16 presents the effect of the coating on the mode I SIFs K IL and K IU
for the case of d = 4.0a0 and vc = 0.28 . The SIF K IL at the lower crack tip is
smaller than the SIF K IU at the upper crack tip and both of SIFs imply a linear
decrease with the increase of the Young's modulus of the coating layer. The positive
values of the mode I SIF ( K IL and K IU ) indicate that the crack is opened,
corresponding to the load applied on crack surface. On the other hand, when
λ > 1.7 , K IL becomes negative, indicating that the crack closes due to an overall

compressive loading normal to the crack surface. Figure 4.17 illustrates the
influence of the geometric configuration of the cracks, which is described by a
scalar factor d / a0 , on the mode I SIFs for the TiN coating ( Ec = 305 GPa and

vc = 0.22 ). The mode I SIF decreases as the crack approaches the central zone of
contact. It is clear that contact loading has a stronger influence on the mode I SIF,
when the crack gets closer to the contact area.
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Fig. 4.15. Effect of the coating on interfacial shear stresses σ xy along the x
direction for the case of d = 4.0a0 and vc = 0.28 .

Fig. 4.16. Effect of the coating on SIFs for the case of d = 4.0a0 and vc = 0.28 .
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Fig. 4.17. Effect of d / a0 on SIFs for the case of Ec = 305 GPa and vc = 0.22 .

4.2.5 One inclusion and one vertical crack in a coated substrate
Figure 4.18 shows a vertical crack and a square inhomogeneous inclusion
subjected to a frictionless cylindrical contact loading at the TiN coating surface.
The coating layer Ω1 has a thickness H = a0 . The inclusion Ω 2 has the edge
length 2a0 and is centered at (0, 3a0 ) ; the crack has a length l = 2a0 and is
centered at (d , 3a0 ) . The cylindrical loading body has radius R and is assumed to
be rigid. The substrate has the Young’s modulus Em = 210 GPa and the Poisson’s
ratio vm = 0.28 ; while TiN coating has Ec = 305 GPa and vc = 0.22 . The
inclusion has elastic constants Ei = λE m and vi .
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Fig. 4.18. Schematic of a vertical crack and an inclusion beneath a coating.

Figure 4.19 presents the effect of the subsurface inclusion on the mode II SIF
U
for the case of d = 1.2a0 and vi = 0.28 . As shown in Fig. 4.19, K II is larger

L
U
than K II . K II increases as the Young's modulus of the subsurface inclusion
L
increases while K II

decreases as the Young's modulus increases. Figure 4.20

shows the influence of a subsurface inclusion on the surface contact pressure. The
maximum contact pressure increases as the subsurface inclusion becomes stiffer.
Figure 4.21 illustrates the mode II SIF versus d / a0 with the elastic parameters of
the inclusion being unchanged ( Ei = 340 GPa and vi = 0.28 ). It suggests that

K IIL decreases as the crack approaches the inclusion while K IIU is hardly affected
as the distance changes. All these results show the significance of considering the
influence of near-crack inclusions in studying the behavior of crack propagation.
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Fig. 4.19. Effect of the subsurface inclusion on the crack SIF for the case of

d = 1.2a0 and vc = 0.28 .

Fig. 4.20. Effect of the subsurface inclusion on contact pressures for the case of

d = 1.2a0 and vc = 0.28 .
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Fig. 4.21. Effect of d / a0 on the crack SIF for the case of Ec = 340 GPa and

vc = 0.28 .

4.2.6 Two inclusions and one vertical crack in a coated substrate
A vertical crack and two square inhomogeneous inclusions are beneath a TiN
coating surface, as shown in Fig. 4.22. The TiN coating Ω1 has a thickness

H = a 0 = 10 μm . The cylindrical loading body has radius R and is assumed to be
rigid. The crack has a length l = 2a0 and is centered at (0, 3a0 ) ; the inclusions

Ω 2 and Ω 3 have the same edge length 2a0 and are centered at (−2a0 , 3a0 )
and

(2a0 , 3a0 ) , respectively. The substrate has the Young’s modulus

Em = 210 GPa and the Poisson’s ratio vm = 0.28 , and the coating Ω1 has
Ec = 305 GPa and vc = 0.22 . The inclusions Ω 2 and Ω 3 have the constants

Ei = 340 GPa and vi = 0.28 . Meanwhile, the thermal expansion induces initial
eigenstrain ε xP = ε yP = ε 0 in inclusions Ω 2 and Ω 3 .
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Fig. 4.22.

Schematic of a vertical crack and two inclusions beneath the coating.

Figure 4.23 plots the crack opening induced by different initial eigenstrains
only in the inclusions Ω 2 and Ω 3 . The shape of the opening varies as the initial
0
0
eigenstrains ε xP = ε yP = ε 0 change (from ε = -0.01 to ε = -0.06 ). As shown

in Fig. 4.22, the crack is opened by the initial eigenstrains in the inclusions rather
than an external load at the surface and the opening increases dramatically as the
eigenstrain magnitude increases. Figure 4.24 shows the effect of the initial
0
0
eigenstrain in the inclusions (changing from ε = -0.01 to ε = -0.06 ) on the

mode I SIFs K IL and K IU . The SIF at the bottom crack tip is smaller than that at
the top crack tip and both the SIFs imply a linear increase with the magnitude of
the initial eigenstrain.
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D
Fig. 4.23. Effect of the initial inclusion eigenstrains on the crack opening ( μm ).

Fig. 4.24. Effect of the initial eigenstrains in inclusions on the SIFs ( MPa • m1 / 2 ).
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4.3 Summary
In this chapter, a semi-analytic solution for multiple cracks and
inhomogeneous inclusions in a multi-layered material subjected to contact loading
is developed by using the EIM and DDT and by treating a coating layer as an
inhomogeneous inclusion. The solution considers not only the interactions among
all the inclusions and cracks but also the surface deformation of the layered
material caused by both the surface loading and the subsurface inclusions and
cracks. Thus, an accurate description of the surface pressure, the subsurface elastic
field and the crack SIFs in the multi-layered inhomogeneous materials is obtained,
which would enable their fracture and delamination analyses to be conducted.
The solution is validated by the FEM and the case studies are given to study
the effects of the surface friction conditions and subsurface micro-defects on the
surface deformation, contact area and contact pressure as well as the subsurface
stress field. The study also shows that the interfacial stresses between the coating
and the substrate, the SIFs, and openings of the cracks can be greatly affected by
the crack position, elastic mismatch between the inclusions and the matrix, and the
magnitude of the initial eigenstrain. The analysis of the surface tribological
behavior and an accurate prediction of surface and subsurface damage can provide
guideline for the engineering problems concerning surface damage and material
failure.
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Chapter 5 Fatigue behaviors under contact loading
In this chapter, the contact fatigue problem of multiple inhomogeneous
inclusions and cracks beneath a surface is studied. The procedure developed in
Chapter 4 is adopted to investigate the propagation of cracks.

5.1 Methodology
5.1.1 Problem description and solution approach
Figure 5.1 shows a 2D plane-strain problem about multiple inhomogeneous
inclusions Ωψ (ψ = 1, 2, ... , n1 ) and cracks Γϕ (ϕ = 1, 2, ... , n2 ) near a half-space
surface subjected to a cyclic contact loading in the xOy Cartesian coordinate
system. The cylindrical loading body has radius R and is assumed to be rigid. The
crack propagation is induced by the cyclic contact loading and influenced by the
nearby inclusions. For simplicity, each crack Γϕ is assumed to be horizontally or
vertically aligned. Thus, the crack propagation can be modeled as a zigzag crack
consisting of many small vertical and horizontal cracks. The inhomogeneous
inclusion Ωψ contains initial eigenstrain ε ijP and its elastic constants are
ψ
(i, j, k , l = 1, 2) ; the matrix has the elastic moduli Cijkl .
denoted by C ijkl

According to the approach presented in Chapter 4, the static inhomogeneous
contact problem can be decomposed into two correlated sub-problems: (1) the
inhomogeneous half-space sub-problem under a prescribed surface loading, and (2)
the homogeneous half-space contact sub-problem under contact loading. The two
correlated sub-problems can be solved by an iterative algorithm which has also
been explicitly discussed in Chapter 4.
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Fig. 5.1. Schematic of the crack growth near inhomogeneous inclusions in a
half-space under cyclic contact loading.

The simulation of the contact fatigue problem is based on the static analysis
of the inhomogeneous contact problem. Meanwhile, the maximum hoop stress
criterion (Erdogan and Sih, 1963) is employed to determine the crack propagation
direction and the Paris-Erdogan law (1963) is applied to calculate the crack
advance rate.
The crack propagation is induced by the cyclic contact loading and depends
on the load history. The crack propagation rate is determined by the Paris-type law
as below

da
= C∆K m ,
dN

(5.1)

where a is the crack length and N is the number of load cycles. C and m
are the material constants; ∆K is the changing range of the crack SIFs induced
by the contact loading. In this study, the minimum contact loading is assumed to
be zero. Thus, the ∆K can be obtained by

∆K = K I + K II
2

2

(5.2)

,
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where K I and K II are the mode I and mode II SIFs for the crack which is
supposed to propagate under the maximum contact loading.

5.1.2 Solution scheme
A computational domain D is chosen to contain all the cracks Γϕ and
inclusions Ωψ in an xOy coordinate system. The domain D is discretized into

N x × N y square elements of the same size 2 Δx × 2 Δy (Fig. 5.2). Each element is
indexed by [α , β ] with 0 ≤ α ≤ N x − 1 and 0 ≤ β ≤ N y − 1 . The crack can be
either horizontally or vertically aligned along the central lines of these elements.
Surface y=0
O

x

Coating

𝛀𝛀𝝍𝝍

y

Substrate

Γ𝜑𝜑

𝛀𝛀𝟏𝟏

D

Fig. 5.2. Discretization of a computational domain containing all the inclusions
and cracks into many small square elements.

The crack that propagates in an arbitrary direction can be modeled by a series
of vertical and horizontal cracks. According to the theory proposed by Erdogan
and Sih (1963), the crack will grow in the direction along which the maximum
hoop stress occurs. In this model, the element containing one crack tip has three
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crack-free neighboring elements (Fig. 5.3). Thus, the crack will propagate into
only one of the three elements. Among the three neighboring elements of a crack
tip, the weakest one that is subjected to the largest tensile stress or the least
compressive stress is regarded as the most possible one through which the crack
will penetrate.
Uncracked neighboring element
O

x

Γ𝜑𝜑

y
Fig. 5.3. Schematic of three elements near a crack tip.

The contact fatigue problems are solved by an iterative algorithm as shown in
Fig. 5.4. At first, the profiles of the crack-inclusion geometry and contact surface
are initialized. Then, with the given initial profiles, the homogeneous half-space
contact sub-problem 1 and the inhomogeneous half-space sub-problem 2 with
prescribed surface loading are solved subsequently to obtain the surface
I
displacement u due to the cracks and inclusions. Afterwards, the first iterative

process for solving the inhomogeneous contact problem begins. Upon the
I
calculation convergence of u , the surface displacement of the half-space is finally
0
I
given by the summation of u and u . The subsurface stresses can also be

calculated accordingly. Based on the subsurface stresses, the hoop stresses and
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SIFs near tips of cracks can be obtained. After this, the second iterative process for
predicting the crack fatigue behavior begins. If the crack SIF is larger than the
threshold ∆K th , the crack will propagate. Thus, the maximum hoop stress
criterion is incorporated to determine the crack growth path and the crack
geometry can be updated accordingly.
Initialize geometry profiles

Obtain contact load distribution by
solving sub-problem 1

Update surface
geometry

Obtain normal surface displacement
by solving sub-problem 2
Update crack
geometry
No
Does the displacement converge?

Yes

Determine the crack
propagation path

Calculate
the hoop stress
and SIFs
Dose the displacement
converge
?

Yes
Does the crack propagate?

No

End

Fig. 5.4. Algorithm for solving the problem of a half-space containing cracks and
inhomogeneous inclusions under cyclic contact loading.
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5.2 Numerical results
5.2.1 Particle detachment of cracked material
Figure 5.5 shows the schematic of a crack and a square inhomogeneous
inclusion beneath the surface of a half-space matrix, bounded by the x-axis in the
xOy Cartesian coordinate system, subjected to a frictional cyclic contact loading.
The cylindrical loading body has radius R and is assumed to be rigid, while the
contact surface has a friction coefficient µ = 0.4 . The half-space matrix has the
Young’s modulus E m = 200 GPa and the Poisson’s ratio vm = 0.28 . The crack
has length l = 0.5a0 and is centered at (−2a 0 , h) . The material constants m
and C for the matrix are taken as 2 and 1.2 × 10

-12

, respectively. The parameter

a0 is the Hertz radius for the same indented half-space in absence of the crack,
and so is the maximum Hertz pressure p0 . Provided that K 0 = 0.5 p0 2pa0 , the
dimension, stress and SIF can be normalized by a0 , p0 and K 0 , respectively
(same to the following sections).
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Fig. 5.5. Schematic of a crack beneath a surface under cyclic contact loading.
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Figure 5.6a plots the contour of the von Mises stress field σ v p 0 for the case
when h = 0.5a 0 . Driven by the pressure and friction imposed by the indenter, the
initial crack propagates from its two tips and finally causes the detachment of a
particle form the surface after about 3.01 × 10 contact cycles, as shown in Fig. 5.6b.
8

(a)

Particle
Initial crack

(b)
Fig. 5.6. Particle detachment from the substrate.

Figure 5.7 studies the depth effect of the initial crack on the particle
detachment. It shows that the detachment occurs only when the depth is no larger
than 0.7 a 0 , beyond which the crack propagates towards the thickness direction of
matrix. When the depth ranges from 0.2a 0 to 0.5a 0 , the number of cycles
required for the particle detachment changes slightly. However, when the depth
changes from 0.5a 0 to 0.7 a 0 , the cycle number for particle detachment increases
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dramatically. Therefore, the larger the depth for an initial crack, the more cycles
are required to detach a particle. This phenomenon can be partially explained by
the decreasing effect of friction on the advance of the crack tips as they go deeper.
Figure 5.8 shows that when the depth of crack is deeper than 0.7 a 0 , the crack
begins to propagate through the matrix thickness.
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Fig. 5.7. Effect of the crack depth on the number of cycles required for particle
detachment occurrence.

Fig. 5.8. No particle detachment due to the crack growth driven by cyclic contact
loading
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5.2.2 Delamination of a coated layer from the substrate
Figure 5.9 shows a crack Γ near a half-space surface subjected to a
frictional cylindrical contact loading at the TiN coating surface. The coating layer

Ω1 has a thickness H = a0 . The crack located at the coating-substrate interface
has a length l = 0.25a0 along the interface direction and is centered at

(−2.75a0 , a0 ) . The substrate has the Young’s modulus Em = 210 GPa and the
Poisson’s ratio vm = 0.28 , while the TiN coating has Ec = 305 GPa and

vc = 0.22 . The friction coefficient µ is 0.4.

W

O

Coating

x

l

y
Fig. 5.9. Schematic of a crack located at the interface of the coated substrate.

Figure 5.10 shows the coating layer delamination from its substrate under
9
frictional contact loading after about 8.47 × 10 contact cycles. Figure 5.10a

presents the contour of the shear stress field σ xy / p0 . Influenced by the material
disparity, the initial crack Γ propagates along the interface between the TiN
coating and the steel substrate under the cyclic contact loading.
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(a)

Initial crack

(b)
Fig. 5.10. Coating delamination from the steel substrate under the cyclic contact
loading.

Figure 5.11 investigates the effect of crack propagation on mode II SIFs.
Their magnitudes at both ends of the crack increase as the crack propagates. The
magnitude of K IIR increases dramatically as the crack approaches the central zone
of contact. It is observed that the surface tangential traction has stronger influence
on the mode II SIFs when the crack gets closer to the contact area.
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Fig. 5.11.

The change of the mode II SIF K II / K 0 with the loading cycles N.

5.2.3 Crack propagation in an inhomogeneous material under thermal loading
Figure 5.12 shows the schematic of one crack and two square inhomogeneous
inclusion Ω1 and Ω 2 embedded in a half-space. The two inclusions have the
same Young’s modulus E I = 100 GPa and Poisson’s ratio v I = 0.28 ; the matrix
has E M = 300 GPa and v M = 0.28 . Ω1 and Ω 2 have the same side length

a0 = 20 μm and are centered at (−1.25a0 , 1.25a0 ) and (1.25a0 , 1.25a0 ) ,
respectively. The crack Γ along the x-axis has the length of l = 0.5a 0 , and is
centered at (0, 1.25a0 ) .
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Schematic of one crack and two inclusions in a half-space under

cyclic thermal loading.

Figure 5.13 plots the contour of the normal stress field for the case in which
both inclusions are subjected to thermal loading, which is modeled by applying
initial eigenstrain ε x0 = ε y0 = ε 0 = 0.01 to them. It shows that crack Γ propagates
under the thermal loading. The negative normal stress σ y near the crack tips
implies that the crack begins to close after it penetrates into the two inclusions.

MPa

Fig. 5.13.

Contours of the normal stress σ y (MPa).
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Figure 5.14 studies the effect of thermal loading (initial eigenstrains range
from ε x0 = ε y0 = ε 0 = 0.005 to ε x0 = ε y0 = ε 0 = 0.06 ) on crack propagation. It shows
that, for the same propagation length ( ∆l = 20 μm ) of crack Γ , the number of
cycles N

decreases as the initial eigenstrain increases. When the initial

eigenstrain ranges from 0.005 to 0.02 the number of cycles dramatically decreases.
However, when the eigenstrain changes from 0.02 to 0.06, the number of cycles
changes slightly.
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Effect of the thermal loading on the number of cycles.

5.3 Summary
In this chapter, a fatigue model based on the analysis of the stress fields in
inhomogeneous materials under 2D plane-strain conditions is developed. With the
obtained full stress field and the SIFs of the cracks, the behaviors of crack
propagation under cyclic loading can be simulated. The maximum hoop stress
criterion is applied to predict the crack propagation direction and the Paris-type
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law is employed to analyze the crack growth rate. Although the crack propagation
is set towards a horizontal or vertical direction, the slant or curved cracks can still
be modeled by considering them as zigzag cracks consisting of many small
horizontal and vertical segments. The novelty of this study is to incorporate the
maximum hoop stress criterion and Paris-type law to the original static solution.
The newly developed solution is capable of analyzing the crack propagation and
predicting their fatigue behaviors in an inhomogeneous material.
Based on the solution obtained, the particle detachment caused by crack
propagation has been investigated. The results show that crack fatigue behaviors
can be greatly affected by the crack position and there exists a critical crack depth
for the particle detachment induced by crack propagation. The detachment occurs
only when the depth is no larger than the critical depth beyond which the crack
propagation results in no particle detachment. Therefore, in order to minimize such
damage, near-surface defects should be reduced to prevent crack initiation and
propagation beneath surface under heavy contact loading. The delamination of a
coating from a substrate under contact loading has also been studied. The results
demonstrate that the crack propagation rate increases dramatically as the crack
approaches the center of the contact zone. Moreover, as the number of the cyclic
loading increases, the magnitudes of SIFs at both the crack tips increase, resulting
in the increase of the crack propagation rate. A further study of thermal loading in
terms of cyclic eigenstrain in the inhomogeneous inclusions shows that the number
of cycles N required for a crack to propagate to a given length decreases as the
magnitude of the initial eigenstrains increases.
The main physical factors of a material determining the crack propagation
direction include the elastic constants (material property) of its matrix, the surface
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loading conditions, the elastic constants of the inclusions embedded in the matrix,
the inclusion shape, location and distribution, the initial locations of the cracks and
their relative positions to the surface and the inclusions. Meanwhile, the main
factors determining the crack propagation rate are the material properties of the
matrix, which are the material constants m and C used in the Paris law for the
crack growth rate calculation.
These parameters in real materials are widely used in the industry. For
example, during the manufacturing or utilization process of most engineering
transmission components such as the gears, near-surface micro-defects such as
voids and inclusions are usually inevitable. These defects could cause stress
concentration and induce crack nucleation or propagation beneath the component
surface, which would affect the mechanical properties and performance of these
components and may even cause their eventual failure. A good method to prevent
such damage effects is the application of coatings on the surfaces of these
engineering components. For example, TiN or diamond-like carbon coatings are
often deposited on gear surfaces. As such, the initial locations of the micro-defects
and their relative positions to the surface are changed. Specifically, the depths of
the defects increase, thus reducing their effect on surface or subsurface damage.
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Chapter 6 Conclusions and recommendations
Based on the works conducted during this PhD study, main conclusions are
drawn and recommendations are suggested in this chapter.

6.1 Conclusions
Firstly, the semi-analytic solution for multiple cracks and inhomogeneous
inclusions in a half-space subjected to prescribed surface loading has been
obtained by a newly developed methodology that combines the EIM and DDT. The
interactions among all the inclusions and cracks have been fully taken into account.
The inhomogeneous inclusions have been modeled as homogeneous inclusions
with unknown equivalent eigenstrains using the EIM; while the cracks have been
modeled by distributions of edge dislocations with unknown densities using the
DDT. Coupled governing equations with unknown equivalent eigenstrains and
dislocation densities have been established and solved iteratively by using the
CGM. The FFT algorithm has been utilized to improve computational efficiency.
Secondly, the semi-analytic solution for multiple cracks and inhomogeneous
inclusions beneath a half-space subjected to contact loading has been obtained.
Meanwhile, the surface coating has also been considered by treating it as an
inhomogeneous inclusion with respect to the substrate. This solution has
considered not only the interactions between the cracks and inclusions but also the
interactions among the surface loading body, the coating layer and the subsurface
defects. The original inhomogeneous half-space contact problem has been
decomposed into the sub-problem of a homogeneous half-space under prescribed
loading and the sub-problem of a homogeneous half-space under contact loading.
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These two sub-problems have been integrated by an iterative algorithm to
determine the unknown dislocation densities, equivalent eigenstrains, surface
contact area and contact pressure. The SIFs of cracks have also been obtained by
the dislocation densities at the cracks tips. An accurate description of the surface
pressure, the subsurface elastic field of the inhomogeneous materials and the SIFs
of the subsurface cracks makes it possible to analyze the fracture and delamination
of these layered materials.
Thirdly, a fatigue model for the analysis of crack propagation under cyclic
contact loading has been developed. A methodology similar to that for the
half-space contact problem has been utilized to obtain the full stress field and the
SIFs of crack under contact loading. After that, the maximum hoop stress criterion
has been applied to predict crack propagation directions and the Paris-type law has
been employed to analyze crack growth rates.
Fourthly, the semi-analytic solutions obtained by the present methodology
have been validated by those by the FEM. The advantages of the present
methodology lie in the fact that it can handle the interactions of multiple cracks
and inhomogeneous inclusions in the same way as for a single crack or
inhomogeneous inclusion without increasing computational complexity. For any
given number of cracks and inhomogeneous inclusions, they are first decomposed
into many crack segments and square inhomogeneous inclusions within a
discretized computational domain. These crack segments are then treated as
dislocation distributions with unknown densities. The square inhomogeneous
inclusions are then treated as square homogeneous inclusions with unknown
equivalent eigenstrains. Afterwards, these unknowns are determined by solving
simultaneous governing equations at one time. The unknowns are introduced to
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represent the material dissimilarity among all the inhomogeneous inclusions and
cracks, their interactions and their responses to external loading. The FFT is
applied for the entire discretized computational domain for computational
efficiency improvement. Therefore, the computational time of the present method
is not strongly affected by the number of inclusions and cracks. However, the
computational time of FEM or BEM dramatically increases as the number of
inclusions and cracks increases. Thus, the present method will demonstrate
significant advantage, compared with the FEM when a large number of inclusions
and cracks are considered.

6.2 Recommendations
The solutions obtained in this study for the inhomogeneous half-space contact
problems can not only capture the surface deformation, contact pressure and
subsurface stress field for a given distribution of the subsurface micro-defects but
also tackle the crack propagation behaviors under cyclic loading. Therefore, these
solutions will lead to the development of a framework that is capable of modeling
surface wear and contact fatigue damages of materials.
Plastic deformation is always involved when the surface damages such as
fatigue, creep and wear in ductile material are considered. According to Mura’s
definition (1987), the eigenstrain is a generic term referring to inelastic strain
caused by phase transformation, plastic deformation, thermal expansion, etc. Thus,
the plastic zones can be simply treated as homogeneous inclusions with initial
eigenstrains which represent the plastic deformation in the zones. Different
material constitutive models can be considered for the study of plastic deformation.
For the metallic materials under simple loading scenarios, such as normal
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indentation, the elastic-perfectly plasticity model can be employed. Meanwhile,
when the reverse plasticity due to unloading and the plastic accumulation due to
cyclic contact loading are of interest, the strain hardening model can be used. The
von Mises yield criterion which is valid for most metal materials can be used to
determine when the yielding occurs. Accordingly, the plastic zone evolution in
materials could be modeled by using the plastic flow law. With the consideration of
plastic deformation, not only the adhesive wear and flow wear can be simulated,
but also the crack tip yielding zone can be estimated by the present model.
Adhesive contact plays a central role in many industry areas. Eﬃcient
manufacturing processes require a tight control over the contamination of surfaces
by particles. Energy eﬃcient mechanical devices and reliable micromechanical
systems demand a better control over friction and lubrication. In this PhD study,
only non-adhesive elastic contact has been considered. Therefore, if the adhesive
contact is investigated, the mechanical behaviors of the cohesive traction and the
relative distance between two adjacent surfaces need to be considered. The JKR
model (1971) can be used to analyze frictionless adhesive contact between elastic
spheres. For the long-ranged surface interaction, the DMT theory (1975) can be
employed.
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Appendix A
A distribution of dislocations is located along the horizontal direction in the
half-space matrix with the shear modulus 𝜇𝜇 and the Kolosov constant 𝜅𝜅 (𝜅𝜅 = 3 −
4𝜈𝜈 for the plane-strain problem). The dislocation distribution line has the length of

2a and is centered at (0, η ) . The stress σ ijΓ at the point ( x, y ) due to the
horizontal distribution of the edge dislocations can be written as
𝜎𝜎𝑖𝑖𝑖𝑖Γ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂) =

⊥
𝐹𝐹11

2𝜇𝜇
[𝐸𝐸 ⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊥ + 𝐹𝐹𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊥
𝜋𝜋(𝜅𝜅 + 1) 𝑖𝑖𝑖𝑖

+𝐸𝐸𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊢ + 𝐹𝐹𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊢ ] .

(A.1)

(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
1
1
= − ln �
� + ln �
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
2
2
+
+

(𝜂𝜂 − 𝑦𝑦)2
(𝜂𝜂 − 𝑦𝑦)2
−
(𝑥𝑥 − 𝑎𝑎)2 + (𝜂𝜂 − 𝑦𝑦)2 (𝑥𝑥 + 𝑎𝑎)2 + (𝜂𝜂 − 𝑦𝑦)2
2

2

2

2

(A.2)

3𝜂𝜂 + 4𝜂𝜂𝜂𝜂 − 𝑦𝑦
3𝜂𝜂 + 4𝜂𝜂𝜂𝜂 − 𝑦𝑦
−
2
2
(𝑥𝑥 − 𝑎𝑎) + (𝜂𝜂 + 𝑦𝑦)
(𝑥𝑥 + 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2

4𝜂𝜂𝜂𝜂(𝑦𝑦 + 𝜂𝜂)2
4𝜂𝜂𝜂𝜂(𝑦𝑦 + 𝜂𝜂)2
−
+
[(𝑥𝑥 − 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2 [(𝑥𝑥 + 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
𝑥𝑥
⊥
𝐸𝐸11
= − �ln �
�
−
ln
�
��
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
2

2𝜂𝜂𝜂𝜂[(𝑎𝑎 + 𝑥𝑥)(𝜂𝜂 + 𝑦𝑦)2 − (𝑎𝑎 − 𝑥𝑥)3 ]
𝑎𝑎(𝜂𝜂 − 𝑦𝑦)2
−
+
((𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 )2
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

2𝜂𝜂𝜂𝜂[(𝑎𝑎 − 𝑥𝑥)(𝜂𝜂 + 𝑦𝑦)2 − (𝑎𝑎 + 𝑥𝑥)3 ]
𝑎𝑎(𝜂𝜂 − 𝑦𝑦)2
+
((𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 )2
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 (A.3)
𝑎𝑎 − 𝑥𝑥
𝑎𝑎 − 𝑥𝑥
𝑎𝑎 + 𝑥𝑥
− 2(𝜂𝜂 − 𝑦𝑦) �tan−1 �
� + tan−1 �
� +tan−1 �
�
𝜂𝜂 − 𝑦𝑦
𝜂𝜂 + 𝑦𝑦
𝜂𝜂 − 𝑦𝑦
−

+ tan
−

−1

𝑎𝑎 + 𝑥𝑥
𝑎𝑎(𝑦𝑦 2 − 4𝜂𝜂𝜂𝜂 − 3𝜂𝜂2 )
�
�� −
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
𝜂𝜂 + 𝑦𝑦

𝑎𝑎(𝑦𝑦 2 − 4𝜂𝜂𝜂𝜂 − 3𝜂𝜂2 )
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
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⊥
𝐹𝐹22

(𝜂𝜂 − 𝑦𝑦)2
𝑦𝑦 2 + 𝜂𝜂2
𝑦𝑦 2 + 𝜂𝜂2
=
−
−
(𝑥𝑥 − 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 (𝑥𝑥 + 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 (𝑥𝑥 − 𝑎𝑎)2 + (𝜂𝜂 − 𝑦𝑦)2
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
1
1
+ ln �
�
−
ln
�
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
2
2

+

2

2

(A.4)

(𝜂𝜂 − 𝑦𝑦)
4𝜂𝜂𝜂𝜂(𝑦𝑦 + 𝜂𝜂)
+
2
2
(𝑥𝑥 + 𝑎𝑎) + (𝜂𝜂 − 𝑦𝑦)
[(𝑥𝑥 − 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

4𝜂𝜂𝜂𝜂(𝑦𝑦 + 𝜂𝜂)2
−
[(𝑥𝑥 + 𝑎𝑎)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

⊥
𝐸𝐸22
=

2𝜂𝜂𝜂𝜂[(𝑎𝑎 + 𝑥𝑥)(𝑦𝑦 + 𝜂𝜂)2 − (𝑎𝑎 − 𝑥𝑥)3 ] 2𝜂𝜂𝜂𝜂[(𝑎𝑎 −)(𝑦𝑦 + 𝜂𝜂)2 − (𝑎𝑎 + 𝑥𝑥)3 ]
+
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
𝑥𝑥
+ �ln �
� − ln �
��
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
2

𝑎𝑎(𝑦𝑦 − 𝜂𝜂)2
𝑎𝑎(𝑦𝑦 − 𝜂𝜂)2
−
−
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 (𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
+

⊥
𝐹𝐹12
=−

(A.5)

𝑎𝑎(𝑦𝑦 2 + 𝜂𝜂2 )
𝑎𝑎(𝑦𝑦 2 + 𝜂𝜂2 )
+
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 (𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2

8𝜂𝜂2 𝑦𝑦(𝑎𝑎 − 𝑥𝑥)[(𝑎𝑎 − 𝑥𝑥)2 + 𝜂𝜂2 − 𝑦𝑦 2 ]
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

8𝜂𝜂2 𝑦𝑦(𝑎𝑎 + 𝑥𝑥)[(𝑎𝑎 + 𝑥𝑥)2 + 𝜂𝜂2 − 𝑦𝑦 2 ]
−
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
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(A.6)

⊥
𝐸𝐸12

5𝜂𝜂𝑦𝑦 2 + 7𝜂𝜂2 𝑦𝑦 + 𝜂𝜂𝑥𝑥 2 + 𝑎𝑎𝑎𝑎(𝜂𝜂 − 𝑦𝑦) − 𝑦𝑦𝑥𝑥 2 + 𝜂𝜂3 − 𝑦𝑦 3
=
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
−

5𝜂𝜂𝑦𝑦 2 + 7𝜂𝜂2 𝑦𝑦 + 𝜂𝜂𝑥𝑥 2 − 𝑎𝑎𝑎𝑎(𝜂𝜂 − 𝑦𝑦) − 𝑦𝑦𝑥𝑥 2 + 𝜂𝜂3 − 𝑦𝑦 3
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2

−

4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂)2 + 𝑥𝑥 2 + 𝑎𝑎𝑎𝑎]
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

−

(𝜂𝜂 − 𝑦𝑦)[𝑥𝑥 2 + 𝑎𝑎𝑎𝑎 + (𝜂𝜂 − 𝑦𝑦)2 ]
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂)2 + 𝑥𝑥 2 − 𝑎𝑎𝑎𝑎]
+
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
(𝜂𝜂 − 𝑦𝑦)[𝑥𝑥 2 − 𝑎𝑎𝑎𝑎 + (𝜂𝜂 − 𝑦𝑦)2 ]
+
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
+

(A.7)

(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
𝜂𝜂 − 𝑦𝑦
�ln �
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
2

(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
− ln �
��
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2

⊢
𝐹𝐹11
=

4𝜂𝜂(𝑎𝑎 − 𝑥𝑥)[(𝑎𝑎2 − 2𝑎𝑎𝑎𝑎 + 𝜂𝜂2 + 𝑥𝑥 2 )2 − 𝑦𝑦 4 ]
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
+

4𝜂𝜂(𝑎𝑎 + 𝑥𝑥)[(𝑎𝑎2 + 2𝑎𝑎𝑎𝑎 + 𝜂𝜂2 + 𝑥𝑥 2 )2 − 𝑦𝑦 4 ]
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

𝑎𝑎 − 𝑥𝑥
𝑎𝑎 − 𝑥𝑥
𝑎𝑎 + 𝑥𝑥
− 2 �tan−1 �
� + tan−1 �
� tan−1 �
�
𝜂𝜂 − 𝑦𝑦
𝜂𝜂 + 𝑦𝑦
𝜂𝜂 − 𝑦𝑦
𝑎𝑎 + 𝑥𝑥
+ tan−1 �
��
𝜂𝜂 + 𝑦𝑦
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(A.8)

⊢
𝐸𝐸11

4𝑐𝑐𝑐𝑐(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂)2 + 𝑥𝑥 2 − 𝑎𝑎𝑎𝑎]
=
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2
−
−

4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂)2 + 𝑥𝑥 2 + 𝑎𝑎𝑎𝑎]
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

11𝜂𝜂𝑦𝑦 2 + 13𝜂𝜂2 𝑦𝑦 + 3𝜂𝜂𝑥𝑥 2 − 𝑎𝑎𝑎𝑎(3𝜂𝜂 + 𝑦𝑦) + 𝑦𝑦𝑥𝑥 2 + 3𝜂𝜂3 + 𝑦𝑦 3
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2

11𝜂𝜂𝑦𝑦 2 + 13𝜂𝜂2 𝑦𝑦 + 3𝜂𝜂𝑥𝑥 2 + 𝑎𝑎𝑎𝑎(3𝜂𝜂 + 𝑦𝑦) + 𝑦𝑦𝑥𝑥 2 + 3𝜂𝜂3 + 𝑦𝑦 3
+
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
−
+

(𝜂𝜂 − 𝑦𝑦)[(𝜂𝜂 − 𝑦𝑦)2 + 𝑥𝑥 2 − 𝑎𝑎𝑎𝑎]
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

(A.9)

(𝜂𝜂 − 𝑦𝑦)[(𝜂𝜂 − 𝑦𝑦)2 + 𝑥𝑥 2 + 𝑎𝑎𝑎𝑎]
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

𝑎𝑎 − 𝑥𝑥
𝑎𝑎 − 𝑥𝑥
𝑎𝑎 + 𝑥𝑥
− 2𝑥𝑥 �tan−1 �
� + tan−1 �
� + tan−1 �
�
𝜂𝜂 − 𝑦𝑦
𝜂𝜂 + 𝑦𝑦
𝜂𝜂 − 𝑦𝑦

(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
𝑎𝑎 + 𝑥𝑥
3(𝜂𝜂 − 𝑦𝑦)
�� −
ln �
�
+ tan−1 �
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
𝜂𝜂 + 𝑦𝑦
2
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
5𝜂𝜂 + 3𝑦𝑦
−
ln �
�
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
2

⊢
𝐹𝐹22
=

8𝜂𝜂𝜂𝜂 2 (𝑎𝑎 − 𝑥𝑥)[(𝑎𝑎 − 𝑥𝑥)2 + 𝑦𝑦 2 − 𝜂𝜂2 ]
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

8𝜂𝜂𝜂𝜂 2 (𝑎𝑎 + 𝑥𝑥)[(𝑎𝑎 + 𝑥𝑥)2 + 𝑦𝑦 2 − 𝜂𝜂2 ]
+
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 ][(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

106

(A.10)

⊢
𝐸𝐸22

7𝜂𝜂𝑦𝑦 2 + 5𝜂𝜂2 𝑦𝑦 − 𝜂𝜂𝑥𝑥 2 + 𝑎𝑎𝑎𝑎(𝜂𝜂 − 𝑦𝑦) + 𝑦𝑦𝑥𝑥 2 − 𝜂𝜂3 + 𝑦𝑦 3
=
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
−
+

7𝜂𝜂𝑦𝑦 2 + 5𝜂𝜂2 𝑦𝑦 − 𝜂𝜂𝑥𝑥 2 − 𝑎𝑎𝑎𝑎(𝜂𝜂 − 𝑦𝑦) + 𝑦𝑦𝑥𝑥 2 − 𝜂𝜂3 + 𝑦𝑦 3
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
(𝜂𝜂 − 𝑦𝑦)[(𝜂𝜂 − 𝑦𝑦)2 + 𝑥𝑥 2 − 𝑎𝑎𝑎𝑎]
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

(𝜂𝜂 − 𝑦𝑦)[(𝜂𝜂 − 𝑦𝑦)2 + 𝑥𝑥 2 + 𝑎𝑎𝑎𝑎]
−
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
−
+

2

2

4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂) + 𝑥𝑥 − 𝑎𝑎𝑎𝑎]
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

(A.11)

4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)[(𝑦𝑦 + 𝜂𝜂)2 + 𝑥𝑥 2 + 𝑎𝑎𝑎𝑎]
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
𝜂𝜂 − 𝑦𝑦
�ln
+
�
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
2
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
− ln �
��
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2

⊢
𝐹𝐹12

𝜂𝜂2 + 4𝜂𝜂𝜂𝜂 + 𝑦𝑦 2
𝜂𝜂2 + 4𝜂𝜂𝜂𝜂 + 𝑦𝑦 2
=
−
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 (𝑎𝑎 − 𝑥𝑥)2 + (+𝑦𝑦)2
4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)2
+
[(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2

(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
1
− �ln
−
ln
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
2

(𝜂𝜂 − 𝑦𝑦)2
4𝜂𝜂𝜂𝜂(𝜂𝜂 + 𝑦𝑦)2
+
−
[(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 ]2 (𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
−

(𝜂𝜂 − 𝑦𝑦)2
(𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2
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⊢
𝐸𝐸12

2𝜂𝜂𝜂𝜂[(𝑎𝑎 + 𝑥𝑥)(𝜂𝜂 + 𝑦𝑦)2 − (𝑎𝑎 − 𝑥𝑥)3 ]
=
((𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 )2
+

2𝜂𝜂𝜂𝜂[(𝑎𝑎 − 𝑥𝑥)(𝜂𝜂 + 𝑦𝑦)2 − (𝑎𝑎 + 𝑥𝑥)3 ]
((𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 )2

+

𝑎𝑎(𝜂𝜂 − 𝑦𝑦)2
𝑎𝑎(𝜂𝜂 − 𝑦𝑦)2
+
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2 (𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 − 𝑦𝑦)2

𝑎𝑎(𝑦𝑦 2 + 4𝜂𝜂𝜂𝜂 + 𝜂𝜂2 )
𝑎𝑎(𝑦𝑦 2 + 4𝜂𝜂𝜂𝜂 + 𝜂𝜂2 )
−
−
(𝑎𝑎 − 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2 (𝑎𝑎 + 𝑥𝑥)2 + (𝜂𝜂 + 𝑦𝑦)2
𝑎𝑎 − 𝑥𝑥
𝑎𝑎 + 𝑥𝑥
− 2(𝜂𝜂 − 𝑦𝑦) �tan−1 �
� + tan−1 �
��
𝜂𝜂 − 𝑦𝑦
𝜂𝜂 − 𝑦𝑦

(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
𝑥𝑥
− �ln �
�
(𝑎𝑎 − 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2
2
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 + 𝜂𝜂)2
− ln �
��
(𝑎𝑎 + 𝑥𝑥)2 + (𝑦𝑦 − 𝜂𝜂)2

𝑎𝑎 − 𝑥𝑥
𝑎𝑎 + 𝑥𝑥
� + tan−1 �
��
+ 2(𝜂𝜂 + 𝑦𝑦) �tan−1 �
𝜂𝜂 + 𝑦𝑦
𝜂𝜂 + 𝑦𝑦
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Appendix B
A distribution of dislocations is located along the vertical direction in the
half-space matrix with the shear modulus 𝜇𝜇 and the Kolosov constant 𝜅𝜅 (𝜅𝜅 = 3 −

4𝜈𝜈 for the plane-strain problem). The dislocation line distribution has the length of

2a and is centered at (0, η ) .The stress σ ijΓ at the point ( x, y ) due to the vertical
distribution of the edge dislocations can be written as
𝜎𝜎𝑖𝑖𝑖𝑖Γ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂) =

⊥
𝐹𝐹11
= 𝑥𝑥 �

𝑥𝑥 2

2𝜇𝜇
[𝐸𝐸 ⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊥ + 𝐹𝐹𝑖𝑖𝑖𝑖⊥ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊥
𝜋𝜋(𝜅𝜅 + 1) 𝑖𝑖𝑖𝑖

+𝐸𝐸𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑐𝑐 ⊢ + 𝐹𝐹𝑖𝑖𝑖𝑖⊢ (𝑥𝑥, 𝑦𝑦, 𝜂𝜂)𝑑𝑑⊢ ] .

(B.1)

𝑦𝑦 − 𝜂𝜂 − 𝑎𝑎
𝑦𝑦 − 𝜂𝜂 + 𝑎𝑎
− 2
2
+ (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2

4𝑦𝑦[𝑥𝑥 2 + 𝑦𝑦(𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)] 4𝑦𝑦[𝑥𝑥 2 + 𝑦𝑦(𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)]
−
+
[𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)2 ]2
[𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2 ]2
+

(B.2)

7𝑦𝑦 − 3𝜂𝜂 − 3𝑎𝑎
7𝑦𝑦 − 3𝜂𝜂 + 3𝑎𝑎
− 2
�
2
+ (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)
𝑥𝑥 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2

𝑥𝑥 2

𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎
𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎
+ 4 �tan−1 �
� −tan−1 �
��
𝑥𝑥
𝑥𝑥
⊥
𝐸𝐸11
=

𝑥𝑥(𝜂𝜂 + 𝑎𝑎)(𝑦𝑦 − 𝜂𝜂 − 𝑎𝑎) 𝑥𝑥(𝜂𝜂 − 𝑎𝑎)(𝑦𝑦 − 𝜂𝜂 + 𝑎𝑎)
− 2
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2

4𝑥𝑥(𝜂𝜂 + 𝑎𝑎)2 [𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎)(𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)]
−
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
+

4𝑥𝑥(𝜂𝜂 − 𝑎𝑎)2 [𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎)(𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)]
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

𝑥𝑥(𝜂𝜂 + 𝑎𝑎)(𝜂𝜂 + 𝑎𝑎 + 5𝑦𝑦) 𝑥𝑥(𝜂𝜂 − 𝑎𝑎)(𝜂𝜂 − 𝑎𝑎 + 5𝑦𝑦)
+
−
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎
𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎
− 12𝑦𝑦 �tan−1 �
� − tan−1 �
��
𝑥𝑥
𝑥𝑥

𝑥𝑥
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
7𝑥𝑥
𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)2
+ ln � 2
�+
ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2
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(B.3)

⊥
𝐹𝐹22
= −𝑥𝑥 �

𝑦𝑦 − 𝜂𝜂 − 𝑎𝑎
𝑦𝑦 − 𝜂𝜂 + 𝑎𝑎
−
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
−
+

4𝑦𝑦[𝑥𝑥 2 + 𝑦𝑦(𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)] 4𝑦𝑦[𝑥𝑥 2 + 𝑦𝑦(𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)]
+
[𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)2 ]2
[𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2 ]2

𝑥𝑥 2

7𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎
7𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎
− 2
�
2
+ (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)
𝑥𝑥 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2

(B.4)

𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦
� + 2tan−1 �
�
𝑥𝑥
𝑥𝑥
𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
+ 2tan−1 �
� − 2tan−1 �
�
𝑥𝑥
𝑥𝑥

− 2tan−1 �

⊥
𝐸𝐸22
=−

2(𝜂𝜂 + 𝑎𝑎)3 𝑥𝑥𝑦𝑦[3(𝜂𝜂 + 𝑎𝑎)2 − 4(𝜂𝜂 + 𝑎𝑎)𝑦𝑦 + 6(𝑥𝑥 2 − 𝑦𝑦 2 )]
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
+

2(𝜂𝜂 − 𝑎𝑎)3 𝑥𝑥𝑦𝑦[3(𝜂𝜂 − 𝑎𝑎)2 − 4(𝜂𝜂 − 𝑎𝑎)𝑦𝑦 + 6(𝑥𝑥 2 − 𝑦𝑦 2 )]
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

+

2(𝜂𝜂 − 𝑎𝑎)𝑥𝑥𝑦𝑦[4(𝜂𝜂 − 𝑎𝑎)𝑦𝑦(𝑥𝑥 2 + 𝑦𝑦 2 ) + 3(𝑥𝑥 2 + 𝑦𝑦 2 )2 ]
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

−

3𝑥𝑥
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
3𝑥𝑥
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
ln � 2
�
+
ln
�
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2

2(𝜂𝜂 + 𝑎𝑎)𝑥𝑥𝑦𝑦[4(𝜂𝜂 + 𝑎𝑎)𝑦𝑦(𝑥𝑥 2 + 𝑦𝑦 2 ) + 3(𝑥𝑥 2 + 𝑦𝑦 2 )2 ]
−
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2

(B.5)

𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦
� − tan−1 �
�
𝑥𝑥
𝑥𝑥
𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
− tan−1 �
� + tan−1 �
��
𝑥𝑥
𝑥𝑥
− 2𝑦𝑦 �tan−1 �

⊥
𝐹𝐹12
=−

8(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2 𝑦𝑦[(𝜂𝜂 + 𝑎𝑎)2 + 𝑥𝑥 2 + 𝑦𝑦 2 ]
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2

8(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2 𝑦𝑦[(𝜂𝜂 − 𝑎𝑎)2 + 𝑥𝑥 2 + 𝑦𝑦 2 ]
+ 2
[𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2
2𝑦𝑦(3𝜂𝜂 + 3𝑎𝑎 + 2𝑦𝑦) 2𝑦𝑦(3𝜂𝜂 − 3𝑎𝑎 + 2𝑦𝑦)
+ 2
−
𝑥𝑥 + (𝑦𝑦 + 𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥 2 + (𝑦𝑦 + 𝜂𝜂 − 𝑎𝑎)2

1
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
1
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
− ln � 2
� + ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
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(B.6)

⊥
𝐸𝐸12

(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2
(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2
= 12𝑎𝑎 − 2
+
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
−

4(𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
4(𝜂𝜂 − 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
+
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2 [𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

+

6(𝜂𝜂 − 𝑎𝑎)3 + 5(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2 + 4(𝜂𝜂 − 𝑎𝑎)2 𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2

6(𝜂𝜂 + 𝑎𝑎)3 + 5(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2 + 4(𝜂𝜂 + 𝑎𝑎)2 𝑦𝑦
−
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2

(B.7)

𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦
+ 2𝑥𝑥 �tan−1 �
� − tan−1 �
�
𝑥𝑥
𝑥𝑥
𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
− tan−1 �
� + tan−1 �
��
𝑥𝑥
𝑥𝑥

𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
7𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
− ln � 2
�−
ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2

⊢
𝐹𝐹11
=

2(𝜂𝜂 − 𝑎𝑎)(2𝜂𝜂 − 2𝑎𝑎 + 𝑦𝑦) 2(𝜂𝜂 + 𝑎𝑎)(2𝜂𝜂 + 2𝑎𝑎 + 𝑦𝑦)
−
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2

16(𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦 2
+ 2
[𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
16(𝜂𝜂 − 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦 2
− 2
[𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

(B.8)

1
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
1
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
+ ln � 2
� − ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
⊢
𝐸𝐸11

(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2
(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2
= 12𝑎𝑎 + 2
−
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
−

4(𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
4(𝜂𝜂 − 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
+
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2 [𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

6(𝜂𝜂 + 𝑎𝑎)3 + 3(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2 + 4(𝜂𝜂 + 𝑎𝑎)2 𝑦𝑦
−
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
6(𝜂𝜂 − 𝑎𝑎)3 + 3(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2 + 4(𝜂𝜂 − 𝑎𝑎)2 𝑦𝑦
+
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2

𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
− 4𝑥𝑥 �tan−1 �
� − tan−1 �
��
𝑥𝑥
𝑥𝑥

𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
7𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
− ln � 2
�
−
ln
�
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
2
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
111

(B.9)

⊢
𝐹𝐹22

2𝑦𝑦(𝜂𝜂 + 𝑎𝑎)3 [(𝜂𝜂 + 𝑎𝑎)2 + 2(𝑥𝑥 2 − 𝑦𝑦 2 )]
=− 2
[𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
+

2𝑦𝑦(𝜂𝜂 − 𝑎𝑎)3 [(𝜂𝜂 − 𝑎𝑎)2 + 2(𝑥𝑥 2 − 𝑦𝑦 2 )]
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

+

16𝑥𝑥 2 𝑦𝑦 2 (𝜂𝜂 − 𝑎𝑎)2
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

+

2𝑦𝑦(𝜂𝜂 − 𝑎𝑎)(𝑥𝑥 2 + 𝑦𝑦 2 )2
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

16𝑥𝑥 2 𝑦𝑦 2 (𝜂𝜂 + 𝑎𝑎)2
− 2
[𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
2𝑦𝑦(𝜂𝜂 + 𝑎𝑎)(𝑥𝑥 2 + 𝑦𝑦 2 )2
− 2
[𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2

(B.10)

1
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
+ ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
1
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
− ln � 2
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
⊢
𝐸𝐸22

(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2
(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2
4(𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
= 2
−
+
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 [𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
−

4(𝜂𝜂 − 𝑎𝑎)2 𝑥𝑥 2 𝑦𝑦
2(𝜂𝜂 + 𝑎𝑎)3 + 3(𝜂𝜂 + 𝑎𝑎)𝑥𝑥 2
+
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2

2(𝜂𝜂 − 𝑎𝑎)3 + 3(𝜂𝜂 − 𝑎𝑎)𝑥𝑥 2 𝑦𝑦
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
−
+ ln � 2
�
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
2
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
2

(B.11)

2

𝑦𝑦
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)
𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦
−1
− ln � 2
�
+
2𝑥𝑥tan
�
�
2
𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
𝑥𝑥
𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦
𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
� − 2𝑥𝑥tan−1 �
�
𝑥𝑥
𝑥𝑥
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
+ 2𝑥𝑥tan−1 �
� − 4𝑎𝑎
𝑥𝑥

− 2𝑥𝑥tan−1 �

⊢
𝐹𝐹12
=−

8(𝜂𝜂 + 𝑎𝑎)2 𝑥𝑥𝑦𝑦[(𝜂𝜂 + 𝑎𝑎)2 + 𝑥𝑥 2 − 𝑦𝑦 2 ]
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2

8(𝜂𝜂 − 𝑎𝑎)2 𝑥𝑥𝑦𝑦[(𝜂𝜂 − 𝑎𝑎)2 + 𝑥𝑥 2 − 𝑦𝑦 2 ]
+ 2
[𝑥𝑥 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2
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(B.12)

⊢
𝐸𝐸12

10𝑥𝑥𝑦𝑦(𝜂𝜂 + 𝑎𝑎)5
=− 2
[𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
+

10𝑥𝑥𝑦𝑦(𝜂𝜂 − 𝑎𝑎)5
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2

2(𝜂𝜂 + 𝑎𝑎)𝑥𝑥𝑦𝑦[6(𝜂𝜂 + 𝑎𝑎)2 (𝑥𝑥 2 − 𝑦𝑦 2 ) + (𝑥𝑥 2 + 𝑦𝑦 2 )2 ]
−
[𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2 ]2
2(𝜂𝜂 − 𝑎𝑎)𝑥𝑥𝑦𝑦[6(𝜂𝜂 − 𝑎𝑎)2 (𝑥𝑥 2 − 𝑦𝑦 2 ) + (𝑥𝑥 2 + 𝑦𝑦 2 )2 ]
+
[𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2 ][𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2 ]2
+ 4𝑦𝑦 �tan−1 �

𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦
𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦
� − tan−1 �
��
𝑥𝑥
𝑥𝑥

𝑥𝑥
𝑥𝑥 2 + (𝜂𝜂 + 𝑎𝑎 − 𝑦𝑦)2
𝑥𝑥
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 − 𝑦𝑦)2
+ ln � 2
�
−
ln
�
�
2
𝑥𝑥 + (𝜂𝜂 + 𝑎𝑎 + 𝑦𝑦)2
2
𝑥𝑥 2 + (𝜂𝜂 − 𝑎𝑎 + 𝑦𝑦)2
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Appendix C
The normal displacement due to a distribution of edge dislocations that model
a vertical crack segment of length 2a centered at (0,η ) can be obtained by
𝑢𝑢Γ (𝑥𝑥, 𝜂𝜂) =

𝜂𝜂+𝑎𝑎
1
� �𝜌𝜌⊥ (𝑦𝑦 ′ )𝑈𝑈𝑦𝑦𝑦𝑦 (𝑥𝑥, 𝜂𝜂 − 𝑦𝑦 ′ ) + 𝜌𝜌⊢ (𝑦𝑦′)𝑈𝑈𝑥𝑥𝑥𝑥 (𝑥𝑥, 𝜂𝜂 − 𝑦𝑦 ′ )� d𝑦𝑦 ′
2π(𝜅𝜅 + 1) 𝜂𝜂−𝑎𝑎

= 𝐻𝐻 ⊥ (𝑥𝑥, 𝜂𝜂)𝑐𝑐 ⊥ + 𝐾𝐾 ⊥ (𝑥𝑥, 𝜂𝜂)𝑑𝑑 ⊥ + 𝐻𝐻 ⊢ (𝑥𝑥, 𝜂𝜂)𝑐𝑐 ⊢ + 𝐾𝐾 ⊢ (𝑥𝑥, 𝜂𝜂)𝑑𝑑⊢

.

(C.1)

The expressions of the influence coefficients 𝐻𝐻 ⊥ , 𝐾𝐾 ⊥ , 𝐻𝐻 ⊢ and 𝐾𝐾 ⊢ for the vertical
crack are given as below

 x 
(a 2 − η 2 )(1 + κ ) + (3 − κ ) x 2  −1  x 
 − tan −1 
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