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Abstract 

Wireless power transfer (WPT) refers to the transmission of electrical energy 

without a physical contact. WPT based on the resonance principle has been proposed 

for a wide range of applications, where implementation of physical connectors can be 

inconvenient, hazardous or impossible. The electromagnetic field generated by a 

transmitting resonator is captured by a receiving resonator which resonates at the 

excitation frequency of the power source. Although many researchers have been 

working on WPT technology, still there are numerous challenges to overcome in the 

process of wide adoption of commercialization.  

Key performance indices of WPT technology are efficiency, transferred power, 

transfer distance and misalignment tolerance. There are several modelling methods for 

analyzing the WPT system, namely, equivalent circuit approach, two port network 

model and coupled mode theory. The performance of a WPT setup relies on number of 

design parameters such as WPT coils, power converters, transfer distance, frequency 

and load characteristics. A comprehensive review on the WPT technology and its 

applications are presented at the beginning of the thesis. WPT coils play an imperative 

role in WPT performance. With the assumption of optimum load condition, quality 

factor of the coils and coupling coefficient between coils are the main optimization 

objectives in improving WPT coils. Decreasing AC resistance of the coils while 

maintaining a high inductance is useful in high quality factor coils. An optimization 

guidelines for improving the WPT coils are investigated in this study. A novel toroidal 

shaped spiral coil has been proposed for high efficiency WPT.  

Most WPT applications require wirelessly powered receiver to be moved freely. 

Therefore dynamic-WPT (D-WPT) which allows receiver movement, has become one 

of the attracting extensions of WPT technology. D-WPT can be realized either with an 

array of segmented transmitting coils or using long transmitter track. Misalignment 

problem becomes an inevitable design challenge for D-WPT. The study of this thesis is 

extended to investigate D-WPT system and its optimizations. It has been investigated 

that misalignment tolerance of the D-WPT system can be significantly improved with 

the use of repeater coils. In addition, the optimum current distribution among transmitter 

coils has been derived theoretically. A current modulation scheme is explored with the 
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use of an analogy of N-dimensional Cartesian coordinate equivalent of spherical 

coordinates. The optimal current distribution at arbitrary receiver position is a function 

of the mutual inductances between transmitter coils and receiver. This theoretical 

contribution can be equally applied to any kind of multi-transmitter WPT setups. 

The study of this thesis is extended to address the misalignment problem. Receiver 

misalignment can be radial, axial or angular depending on the receiver’s degrees of 

freedom (DoF). A figure-of-merit is proposed to optimize efficiency, transferred power 

and six-DoF misalignment tolerances simultaneously. Misalignments in six-DoF are 

segmented into sub regions, and performance within each region is prioritized based on 

probability of alignment in deriving the figure-of-merit. A WPT system with tri-spiral-

repeater is introduced with the use of proposed figure-of-merit as the optimization 

objective.  

Finally, a tuning method has been investigated to improve the performance against 

misalignment and load variations. Although, the investigation on the optimal load 

resistance is useful for the initial design stage, it is not always possible to operate at 

optimal value during the operational conditions. For example, equivalent load resistance 

of a battery charging application is dependent on the battery state-of-charge. Therefore, 

the repeater tuning approach investigated in this research can be applied to improve the 

performance in dynamic environments.  
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Chapter 1  

Introduction  

1.1 Background and motivation 

The transmission of electrical power to various electronic loads has evolved since 

the discovery of electricity in 18th century. Wireless power transfer, one of the 

revolutionary concept in electricity transmission refers to the transmission of electrical 

energy without a physical connection. History of WPT goes to 19th century where 

Maxwell’s equations have been introduced to formulate the phenomena of radio waves. 

Afterwards, Henry Poynting explained electromagnetic waves as an energy flow which 

is the basis for his Poynting theorem in 1884. The principle of WPT is investigated by 

Nikola Tesla at the end of the 19th century [1, 2]. Although Tesla’s experiment was not 

successful at his time, with the advent of advanced semiconductor technologies, Tesla’s 

proposition has now become a reality. WPT technology is appealing to a number of 

applications due to its convenience. This technology would revolutionize the way of 

living and create a whole new spectrum of electronics devices and usage behaviour.  

There has been many types of wireless energy transfer technologies including laser, 

photoelectric, radio waves, microwaves, capacitive coupling and inductive coupling. 

Out of these, inductive coupling techniques based on the resonance theory has gain an 

increased attention as it is capable of delivering power with acceptable efficiency which 

is useful for wide range of applications. Therefore, this research will focus on addressing 

design challenges in the wireless power transmission based on the resonance inductive 

coupling technique. Therefore, the term wireless power transfer (WPT) refers to the 

resonance inductive power transfer in this thesis.  

A typical WPT setup comprises of a transmitter coil (Tx) connected to a high 

frequency (HF) source and a receiver coil (Rx) connected to the electrical load. When 

HF current passes through the Tx, an electromagnetic field is generated and it is coupled 

with the Rx, which induces a voltage across it. In a practical application, there should 

be a substantial separation between Tx and Rx leading them to be loosely coupled. In 

addition, there can be a power converter, rectifier, or charging circuit connected to Tx 
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and Rx to manage the power flow. Utility power (AC grid or DC battery) is converted 

to HF using power converter connected to Tx, while the rectifier/charging circuit is 

connected in between Rx and the electrical load.     The maximum energy can be 

transferred when Rx resonate at the same frequency as the frequency of HF source. If 

the operating frequency is well below the natural resonance frequencies of WPT coils, 

additional compensation capacitors are required to form the resonance in both Tx and 

Rx sides. The system components from Tx to Rx (including the compensation circuits) 

are referred to as the wireless link, which will be the major focus of this research. 

If the WPT Rx is placed in a fixed position during the transmission of power, such a 

WPT scheme is termed as stationary WPT. This typical WPT scheme with a single Tx 

and a single Rx has progressed to variety of multi-Tx and multi-Rx schemes [3-7].  A 

revolutionary extension of stationary WPT is dynamic WPT (D-WPT) which seeks to 

power the moving receiver (Rx) wirelessly. Stationary WPT technique has been applied 

to a wide range of applications such as, biomedical implants [8-11], stationary charging 

of electric vehicles [12], consumer electronics [5, 13-15], and industrial applications 

[16]. On the other hand, promising applications of D-WPT include electric vehicles [17-

19], biomedical applications [20], robotics [21] and manufacturing applications [22].  

The key performances for applications include system level performances such as 

power transfer efficiency (PTE) and transferred power (TP), and application level 

requirements such as transfer distance, misalignment tolerance and load variation 

tolerance. PTE refers to the energy efficiency through WPT link whereas, TP refers to 

the normalized output power at the load. High PTE is essential to minimize system 

losses, while high TP allows higher output power delivered to the load. Therefore, it is 

important to consider both PTE and TP for the optimization of WPT systems. However, 

system performances (PTE and TP) are severely affected by the application specific 

performance requirements. For example, PTE deteriorates drastically with the increase 

of transfer distance and misalignment. A number of techniques have been proposed in 

literature to improve the performance. Such optimization approaches include 

compensation network and circuit design [23-28], coil design for high efficiency [29], 

repeaters [14, 30-33], tuning approaches [34, 35] and  control  methods [36, 37]. 

Although many researchers have been working on the WPT technology, there are 

still numerous challenges to overcome for wide adoption of commercialization. One of 
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the key design challenge is to increase the power transfer distance without affecting the 

performance. In addition, the improvement of misalignment tolerance and the 

improvement of load characteristics are also vital design challenges to be addressed. 

This research will focus on addressing the design challenges in the WPT technology.  

1.2 Thesis objective and approach 

As mentioned in the previous section, the performance improvement against transfer 

distance, misalignment and load variations is one of the major technical challenges in 

WPT. Therefore, this research focuses on the investigation of novel approaches and 

techniques to improve the performance of the wireless link of a WPT setup. The power 

source is assumed to be pure sinusoidal source considering only the fundamental 

frequency component, because the major focus of this study is not on the power 

converter design. In addition, the load impedance is assumed to be purely resistive. The 

equivalent circuit approach is used along with the two-port network theory for the 

analyses of the proposed WPT schemes.  

1.3 Contributions of the thesis 

The main contributions of the thesis are summarized below. 

  A coil optimization approach and coil design guidelines for high efficiency 

WPT – An optimization of WPT coils considering the maximum power 

transfer efficiency is investigated in this study. Quality factor and coupling 

coefficient are identified as the key performance indices for WPT coil design. 

The effect of coil design parameters is investigated to achieve high quality 

factors and coupling, thereby empirical formulas are derived to obtain 

generalized guidelines for quality factor optimization. The design guidelines 

proposed in this study are extended to derive generalized coil design scheme 

for a WPT system with a miniaturized Rx.  

 Efficiency optimization scheme for D-WPT – A comprehensive analysis is 

performed on the design of D-WPT system with a segmented Tx array. 

Efficiency characteristics against design parameters such as, operating 

frequency, load resistance, number of simultaneously powered Tx coils and 

Tx coil spacing are discussed in detail. In addition, a double spiral repeater 
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(DSR) is proposed for the PTE improvement of D-WPT system. The DSRs 

placed at the Rx coil was found to be a promising solution to obtain enhanced 

PTE with higher transfer distance and misalignment tolerance.  

 A theoretical analysis to derive the optimum Tx current distribution for D-

WPT system with segmented Tx array – The theoretical optimum current 

distribution within a Tx array is derived by applying an n-dimensional 

coordinate analogy onto the equivalent circuit. Both PTE and output power 

characteristics with respect to operating frequency and load resistance are 

investigated with the optimum current distribution. The theoretical upper 

bound of the PTE and TP derived for an arbitrary position of Rx within the 

Tx array.   

 A novel figure-of-merit (FOM) as an optimization objective function for the 

simultaneous improvement of the system performances (PTE and TP) and 

misalignment tolerance simultaneously – An optimization of WPT system to 

improve the performances against misalignment is investigated. A novel 

FOM is introduced for the optimization of system level performances such 

as PTE and TP, and the application specific criteria such as misalignment 

tolerance in multiple directions and orientations. The proposed FOM is 

applied to the optimization of WPT system with repeaters. A novel repeater 

configuration, tri-spiral-repeater (TSR) is proposed to validate the proposed 

FOM. In addition, the variable frequency operation has been identified as a 

viable approach to improve the performance in multiple misalignment 

directions. 

 A dynamic optimization scheme for WPT with repeaters against load 

variations and Rx misalignment – It is investigated that the self-resonance 

frequencies of Tx, Rx and repeater coils and the operating frequency can be 

optimized to improve the load characteristics and misalignment tolerance. 

An analytical approach is proposed to derive the optimal operating 

conditions for a given nominal load and Rx position.  
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1.4 Thesis organization 

The thesis is organized into eight chapters, and as follows: Chapter 1 introduces the 

background, motivation and the direction of the research on wireless power transfer, 

Chapter 2 provides a detailed literature review and Chapters 3 to 7  describe  the 

contributions of this study, followed by the conclusions in Chapter 8. 

Chapter 2 provides a detailed literature review on the WPT technology including 

applications of WPT, modeling methods, performance evaluation and performance 

optimization. A range of WPT applications are briefly explained while giving a 

particular attention to WPT for electric vehicle applications, biomedical implants and 

consumer electronics applications. Equivalent circuit method, two port network method 

and coupling mode theory are presented as modeling methods, along with a comparison 

between them. The technical challenges and optimization approaches reported in 

literature are summarized. 

Chapter 3 presents a coil optimization method for WPT considering the maximum 

PTE.  Quality factor and coupling coefficient have been identified as the key 

performance indices for WPT coil design. The coil design parameters are investigated 

to achieve high quality factor, thereby empirical formulas are derived to obtain 

generalized guidelines for the design of WPT coils. High quality factor coils are 

experimentally realized using the proposed optimization, and these coils have been used 

for the subsequent studies in this thesis.  In addition, an analysis on normalized distance 

which has been used for the comparison of dissimilar WPT schemes are performed. 

Merits of normalized distance and its limitations are investigated. Moving forward, the 

investigation is extended to derive generalized coil design guidelines for a WPT system 

with a miniaturized Rx. A design case is presented along with an experimental 

validation. 

Chapter 4 presents numerical analysis on the design of dynamic wireless power 

transfer (D-WPT) system with a segmented Tx array. A detailed analysis is performed 

with regards to PTE characteristics against design parameters. A frequency splitting 

phenomena is observed in efficiency characteristic due to the reflected impedance 

variations within the Tx array. In addition, a double spiral repeater (DSR) for dynamic 

wireless power transfer is introduced in Chapter 4. The DSR placed at the receiver coil 
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is found to be a promising solution to obtain enhanced PTE with higher transfer distance 

and misalignment tolerance. Quasi static condition is analyzed for four types of Rx 

arrangement topologies, and performance of all the topologies are compared using the 

equivalent circuit model. Frequency characteristics, load variation characteristics and 

transient responses of the proposed topologies are investigated.  

Chapter 5 investigates a theoretical optimum current distribution within a Tx array 

for D-WPT system powered with a set of current sources. An n-dimensional coordinate 

analogy has been applied along with the equivalent circuit to obtain the optimum Tx 

current distribution within the segmented Tx array. The optimization results are 

presented for an arbitrary number of Tx coils and further simplified for setups with two 

and three number of Tx coils. In addition, optimization design parameters such as 

operating frequency, load resistance and number of simultaneously powered Tx coils 

have been further explored analytically. Furthermore, the theoretical upper bound of the 

PTE and normalized output power is derived for optimal load and frequency conditions. 

Lastly, comparison between the conventional voltage source configuration studied in 

Chapter 4 and the current source with proposed optimization method in Chapter 5 are 

compared.  

Chapter 6 explores the optimization of system level performances (PTE and TP) as 

well as the application specific requirements such as misalignment tolerance in multiple 

directions. A novel figure-of-merit (FOM) is introduced as an optimization objective 

function in order to improve system performance and misalignment tolerance 

simultaneously. It is investigated that the proposed FOM allows improved performance 

against misalignment with a slight performance reduction at the aligned position. 

Theoretical analysis is verified with a numerical case study of WPT scheme which 

comprises of a novel tri-spiral-repeater (TSR). The discussion is extended to achieve 

design freedom to select optimization parameters such as sub-regions in each of Rx’s 

misalignment direction and probability of alignment in each sub region. Furthermore, it 

is pointed out that the proposed FOM can be applied not only to the WPT with repeaters, 

but also in a variety of other optimization approaches. 

Moving forward, the study in Chapter 7 tackles the load variation characteristic 

improvement for WPT with repeaters. The study in Chapter 7 investigates the 

optimization of self-resonance frequencies of Tx, Rx and repeater coils and the 
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operating frequency in order to improve the load characteristics and misalignment 

tolerance. The chapter starts with an analysis of WPT with repeater by employing the 

two-port theory. The generalized theory was applied to two types of repeaters, single-

spiral-repeater (SSR) and tri-spiral-repeater (TSR), and optimization steps are derived 

with regards to both types of repeaters.  The proposed optimization of this chapter allows 

the improvement of both PTE and TP against load variations and misalignment 

tolerance.  

Finally, Chapter 8 concludes the thesis and recommends a number of possible 

research areas that can be explored in the future. 
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Chapter 2  

Literature Review 

2.1 Introduction 

Wireless power transfer (WPT) refers to the transmission of electrical energy from 

the power source to an electrical load without any physical connection. Wireless power 

transfer methods encompass technologies such as laser, photoelectric, radio waves, 

microwaves, capacitive coupling, inductive coupling and magnetic resonance coupling. 

These technologies can be broadly categorized based on underlying mechanism, 

transmission range, and power rating. Based on the power transfer distance, wireless 

energy transfer methods can be categorized into two types; near field and far field. If 

transfer distance is longer than the wavelength of electromagnetic wave, it is categorized 

into far field technique. Laser, photoelectric, RF, microwave can be considered as far 

field energy transfer methods. Inductive coupling and magnetic resonance coupling 

based methods are regarded as near field approaches. Even though far field techniques 

have transmission distance up to several kilometers, they suffer from the trade-off 

between directionality and efficiency. The operating frequencies of far field approaches 

are typically very high (GHz range) compared to near field (kHz to MHz). Inductively 

coupled near field approaches can be used to transmit high power efficiently in very 

near range (up to several centimeters). Efficiency of such systems deteriorates 

exponentially with the distance.  

Traditional inductive power transfer (IPT) systems are based on inductive coupling 

and initial configurations of IPT systems used inductor in series with the coil [38]. This 

is very similar to a loosely coupled transformer. Later, IPT based topologies are adopted 

with compensation capacitors [39]. Conversely, magnetic resonance technology 

originally used with self-resonance coils which resonates with its self-inductance and 

parasitic capacitance [40]. An external lumped capacitor is added to build the resonance 

coils when parasitic capacitance is inadequate to make resonance at frequency of interest 

in later studies [41, 42]. Typical uncompensated IPT schemes are limited to a few 

centimeters whereas resonance based WPT can be used in larger transfer distances. 
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WPT technology has displayed significant improvement in the areas of RF 

technology, near-field energy transfer, energy conversion and management, energy 

storage elements, novel materials, fabrication techniques and EMC/EMI considerations. 

Design of low loss circuits, resonators, adaptive control strategies and magnetic 

shielding structures can be seen as key growth areas in WPT technology related to 

consumer electronics, industrial automation, electric vehicles and medical implants.  

This chapter provides a literature review on WPT technology, which is organized as 

follows. Section 2.2 discuss on WPT applications highlighting some of the notable 

achievements from industry and academia. Next, Section 2.3 introduces various 

modeling techniques WPT system analysis and their merits. Section 2.4 provides a 

review on various optimization approaches reported in literature. Finally, operating 

frequency selection criteria is discussed in Section 2.5, which is followed by the chapter 

summary. 

2.2 Applications of WPT 

WPT technology has been applied in a wide range of applications such as consumer 

electronics [5, 13-15, 43, 44], biomedical implants [8, 45-47], sensor nodes [48, 49], 

internet of things (IoT) [50] and electric vehicles (EVs) [12, 51, 52]. Electrification 

impediments related to wired-electrification can be mitigated by adopting WPT 

techniques in each of these applications. However each application has its own 

specifications and requirements. Following subsections describe WPT systems 

applicable to EV charging, biomedical implants and consumer electronics applications. 

2.2.1 WPT for EV charging 

WPT for EV charging has many advantages compared to wired-EV charging. 

Inconveniences in wired EV charging process are major impediments in gaining interest 

of consumers. Due to industrial requirements and advancements in technology, power 

transfer distance in WPT systems has increased from several millimeters to several 

centimeters. Demonstrated research works show promises that the WPT can be brought 

into commercial level with a reasonable cost [53].  

Stationary EV charging for EVs and dynamic EV charging for moving vehicles have 

been studied and demonstrated in the literature. Although both stationary and dynamic 
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WPT for EVs have been undergoing from laboratory demonstrations, to bring them to 

large scale commercialization, still there are significant works that need to be done on 

performance optimization, standardization, cost effectiveness and safety considerations. 

Charging process should be automated as much as possible. 

Stationary WPT for EV charging 

Stationary WPT can replace the charging cable for EVs. The WPT system is 

activated when a vehicle reaches to the charging area. Fig. 2-1 illustrates a typical 

stationary WPT platform for EV charging. High frequency power inverter converts low 

frequency utility power to high frequency AC power. Resonance electromagnetic field 

generated in the transmitting resonator transfers power to the receiving resonator. 

Received power at the secondary resonator is rectified to charge the battery pack. The 

charging system can be implemented in urban areas such as parking lots and bus stops.  

 

Fig. 2-1 Stationary WPT for EV 

Stationary WPT for EV charging has better market acceptance and lower 

implementation cost compared to dynamic WPT. A few WPT enabled EVs have been 

introduced to market including “Leaf” by Nissan Motor Co., “2014Volt” by Chevrolet, 

“Qualcomm HaloIPT” by Qualcomm Co., and “PUGLESS” by Evatran Co.. 

Automotive manufacturers such as Delphi, Magna, Maxwell and Panasonic have been 

working on developing WPT systems. The WiT-3300 development kit by WiTricity 

Corporation is capable of delivering 3.3kW power over 18cm with 90% efficiency [54]. 

Size of WiT-3300 transmitter and receiver resonators of are 50cmX50cm [54]. 

University of Auckland has achieved 5kW stationary IPT system with 90% efficiency 

over 20cm distance using 75cm size coil design [55].  Stationary WPT solutions for EV 

charging has to be designed shifting the system complexity more towards the 

transmitting side infrastructure and keeping the vehicle component as simple as 

Transmitting resonator 

Receiving resonator 

Charging controller 
Rectifier 

Battery 

pack 

Inverter Grid Interface 
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possible. Although mechanical and electrical hazards with plugged-in charger can be 

eliminated using stationary WPT for EV charging, driving range and slower charging 

time will still be a dominant issue. Dynamic WPT approaches can be used to solve these 

issues. 

Dynamic WPT for EV charging 

Dynamic WPT for EV referred to the charging of EV continuously while the EV is 

in motion.  From the vehicle viewpoint, dynamic WPT enabled infrastructure where 

EVs can be charged continuously while in motion, theoretically solve the EV battery 

problem with unlimited driving range. However, employment of such system is reliant 

on the infrastructure development, which in turn limited by its cost. In addition, amount 

of the energy gained through WPT depends on the power level of the system, vehicle 

speed and duration that vehicle travel within the WPT enabled zone. 

 

Fig. 2-2. Dynamic EV charging with segmented coil array 

Dynamic EV charging approaches can be mainly categorized into two types based 

on transmitter array design: single transmitter track and segmented transmitter coil 

array. First type consists of a substantially long transmitter track connected to a power 

source. The receiver is noticeably smaller than the length of the track. Segmented coil 

array based designs have multiple coils connected to high frequency power sources as 

shown in Fig. 2-2. Some of the notable achievements in designing dynamic EV charging 

platforms can be identified as follows. UC Berkeley has conducted a test as a proof-of-

concept of a dynamic WPT system for EV based on IPT in late 70s’[38]. They 

transferred a 60kW of power through 7.6 cm distance to a passenger bus along 213m 

long track. Due to limited semiconductor technologies, operating frequency of Berkeley 

system was 400 Hz and their efficiency was only 60%. From there, researchers and 
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industries have improved the performance of the dynamic EV charging systems. Korea 

Advanced Institute of Science and Technology (KAIST) is a leading research 

contributor in dynamic EV charging. The online electric vehicle (OLEV) center of 

KAIST has demonstrated a transmitter track based roadway powered EV system. The 

OLEV has achieved 20kW power transfer over 20cm at 83% efficiency with the use of 

Shaped Magnetic Field in Resonance (SMFIR) technology. SMFIR consists of current 

carrying transmitter rails of 5m to 60m long and pickup module of 80cm [56]. The 

relative transfer distance of KAIST-OLEV is still much smaller than unity. Oakridge 

National Lab (ORNL) has successfully demonstrated WPT system for moving EV using 

segmented coil array. ORNL has transferred 2kW over 10cm using 33cm diameter coils 

with a maximum efficiency about 85% [57]. But the efficiency of their setup tends to 

drop drastically with misalignment. 

2.2.2 WPT for biomedical implants 

Medical implants have a strong impact on future medicine. Healthcare affecting a 

patient’s quality of life is becoming an increasingly attractive topic in research. Many 

implants are used to make life more comfortable. For example, Radio Frequency 

Identification (RFID) tags implanted under the skin to store information such as 

providing a key for doors or vehicles and patient identification. In addition, some 

implants used to enhance the quality of life dealing with physical restrictions and 

simplify medical care. These implants can be medical microelectronic devices, such as 

cochlear implants, retinal prostheses, drug delivery devices or more mechanical devices 

such as hip and knee implants. In certain circumstances, life-sustaining continuous 

treatment is necessary. For example, cardiac pacemaker implant and ventricular assisted 

device (VAD) include a battery and controlling units. Such life preserving implants need 

complicated medical interventions as well as service operations to change the battery. 

For instance, with current technology, once a patient becomes dependent on a VAD, 

he/she has to live for the duration of support with a wired connection exiting the body 

which connects the VAD to the external battery pack. This makes the VAD 

uncomfortable for the user and exposes the patient to a high risk of infection due to the 

percutaneous power line. In fact, infection is one of the most significant complications 

after VAD implantation in both the early and late phases of support [6]. Although 
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completely implantable VADs are proposed [8], they are not feasible at present due to 

the high power capacity requirement of the battery. 

 

Fig. 2-3  Active biomedical implants with its own power supply that can be powered with WPT 

WPT technology can be either used in direct powering of the implant or charging 

the implant battery. For example, direct powering capsule endoscopy can be 

implemented without on-board battery using D-WPT technology. On the other hand, 

stationary WPT technology can be employed in charging the implant batteries. This 

eliminates the requirement for battery replacement surgeries and reduces the capacity of 

the on-board battery. In the case of a WPT enabled VAD, energy can be transferred 

wirelessly using a wearable jacket containing a battery, power converters and 

transmitting coil arrangements. Transmitting coils connected to the body using a vest 

(or belt) like arrangement would give full freedom to the patient’s movements and day to 

day activities.  Uninstructive recharging of implants batteries using WPT technology has 

great advantage in usability. Some of the previous efforts suggest using WPT 

technology for the biomedical applications [8, 47, 58-61]. Fig. 2-3 illustrates possible 

biomedical implants that can be powered with the proposed technology in this thesis. 

2.2.3 WPT for consumer electronics applications 

The development of consumer electronics and battery powered portable devices 

since last few decades has uplifted the human life standard significantly. However, 

power supply and charging cables of these electronic components have become a major 

cause of electronic waste issue [62]. In addition, the power supply limits the device 

portability causing an inconvenient for the user. Therefore, the WPT technology has 

been proposed to replace the power cable of consumer electronics and charging of the 

battery powered portable devices. There has been a number of studies reported in 
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literature which aim to apply the WPT technology to consumer electronics applications 

[5, 13-15, 44]. Some commercial entities have been working on developing WPT 

technology into their products. For example, Wireless Power Consortium has come up 

with “Qi” standard for planar wireless charging technology applicable to portable 

electronics [15]. AirFuel Alliance has been working on developing WPT technology to 

enable charging through metal, which would be attracting solution for many portable 

electronics [63].  Sony corp., also working on integrating  WPT technology  into their 

products [64].  

The contributions of thesis are mainly focus on the performance improvement 

techniques, therefore, useful in a wide spread range of applications such as in medicine 

towards the concept of power cable free biomedical sensing and monitoring system and 

EV charging applications. Modeling techniques of WPT system are discussed in next 

section. 

2.3 Modelling methods 

Modeling of a WPT system is crucial for the performance evaluation and 

optimization. Simplicity and the accuracy of the model are important. The modeling 

methodology needs to provide guidelines in the selection of system performance indices 

and design parameters. The block diagram in Fig. 2-4(a) shows typical two-coil WPT 

system powered using high frequency (HF) power source. HF source can either be an 

inverter or combination of a power amplifier (PA) and a signal generator (SG). PA and 

SG based setups are commonly used in laboratory prototyping, but PA and SG 

combination has to be replaced with an HF inverter in real implementation. Receiver 

resonator is connected to the load through a battery chargering circuity. Load impedence 

consists of the impedance of the charging circuit. Battery load can be approximated to 

a resistive AC load [65].  

Equivalent source resistance represents output impedance of the power source. In 

case of PA and SG combination, source impedance is typically 50 Ω. However in case 

of power converter based designs, this value is much smaller than 50 Ω. Therefore, 

source resistance must be chosen with careful attention in the design process based on 

the type of the source.  
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Fig. 2-4 (a) – Two resonator WPT system, (b) – The equivalent circuit. 

2.3.1 Equivalent circuit theory 

As electrical lengths (ratio of cable lengths to operating wavelength) of cables and 

coils are very short, the system can be analyzed in lumped parameter model. Lumped 

parameter circuit model is shown in Fig. 2-4(b). Two types of resonant coils have been 

used in WPT; self-resonators and LC resonators. Self-resonators resonate with the self-

inductance of coil and parasitic capacitance between turns, whereas LC type has an 

externally added lumped capacitor. Self-resonators have the advantage of low loss, but 

realization at low frequencies is challenging because the typical parasitic capacitance is 

very low. LC type is more controllable during the design process. Compensation 

capacitor of the LC resonator can either be Parallel (P) or Series (S) to the coil. Series 

compensation inherits voltage source characteristic while parallel compensation has 

current source characteristic. Based on the transmitting and the receiving resonator 

capacitor compensation, four topologies; Series–Series (SS), Series–Parallel (SP), 

Parallel–Series (PS), and Parallel–Parallel (PP) can be realized. If parallel compensation 

is used at either side, the capacitance value depends on the coupling factor, which is a 

variable in a dynamic Rx behaviour. Therefore SS compensation is chosen for this study. 

Using Kirchhoff’s voltage law, (2-1) can be obtained [15, 31]. 

[
𝑍𝑡 + 𝑅𝑠 𝑗𝜔𝑀
𝑗𝜔𝑀 𝑍𝑟 + 𝑅𝐿

] [
𝐼𝑖
𝐼𝐿

] = [
𝑉𝑠

0
] 

 𝑍𝑡,𝑟 = 𝑅𝑡,𝑟 + 𝑗𝜔𝐿𝑡,𝑟 +
1

𝑗𝜔𝐶𝑡,𝑟
 and  𝑀 = 𝑘√𝐿𝑡𝐿𝑟 

(2-1) 

Where Vs is the RMS voltage of the HF source with a fundamental frequency ω, and 

Zt and Zr are the impedances of transmitter and receiver resonators respectively. These 

impedances are made up of Lt,r, Ct,r and Rt,r which are inductance, capacitance and 

resistance of the coils respectively. Capacitance includes both distributed capacitance of 

(a) (b) 

HF Power 

Source 
ZL 
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the coil and externally added lumped capacitance. The mutual inductance (M) between 

the transmitter and the receiver can be expressed in terms of coupling coefficient (k) and 

coil inductances. Output power at the load and Power Transfer Efficiency (PTE) can be 

calculated as, 

𝑃𝑜𝑢𝑡 = |𝐼𝐿|
2𝑅𝐿 

𝑃𝑇𝐸 =
|𝐼𝐿|2𝑅𝐿

|𝐼𝑖|
2(𝑅𝑡)+|𝐼𝐿|2(𝑅𝐿+𝑅𝑟)

  

where 𝐼𝑖 =
(𝑅𝐿+𝑍𝑟)𝑉𝑠

(𝑍𝑡+𝑅𝑠)(𝑅𝐿+𝑍𝑟)+(𝜔𝑀)2
 and 𝐼𝐿 =

(𝑗𝜔𝑀)𝑉𝑠

(𝑍𝑡+𝑅𝑠)(𝑅𝐿+𝑍𝑟)+(𝜔𝑀)2
  

(2-2) 

At the resonance frequency condition, reactive impedance of the coil becomes zero. 

Resonance frequencies of the transmitter and receiver coil becomes, 

𝑋𝑡,𝑟 = 𝑗𝜔𝑡,𝑟𝐿𝑡,𝑟 +
1

𝑗𝜔𝑡,𝑟𝐶𝑡,𝑟
= 0 →  𝜔𝑡,𝑟 =

1

√𝐿𝑡,𝑟𝐶𝑡,𝑟
  

(2-3) 

Equivalent circuit method allows to determine element parameters such as currents 

and voltage across coils, compensation capacitors. Therefore it is essential to use 

equivalent circuit based analysis to estimate component ratings in designing high power 

WPT system. Detailed analysis of design parameters and performance indices based on 

equivalent circuit is presented in Section 3.2. 

2.3.2 Two port network theory 

Measurement of scattering parameters (S-parameter) is easier compared to voltage 

and current measurements in laboratory prototyping. In particular, S-parameter 

measurement is suitable at the initial stage of the design. S-parameter analysis of WPT 

system can be done using two port network modeling as shown in Fig. 2-5. Using the 

definitions of two port network theory impedance parameter matrix (Z-matrix) and 

scattering parameter matrix (S-matrix) can be given as follows, 

[
𝑉1

𝑉2
] = [

𝑍11 𝑍12

𝑍21 𝑍22
] [

𝐼1
−𝐼2

] and [
𝑏1

𝑏2
] = [

𝑆11 𝑆12

𝑆21 𝑆22
] [

𝑎1

𝑎2
] (2-4) 
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Fig. 2-5 Two port network modelling of the WPT system 

Input and output impedances can be calculated using Z parameters; 

𝑍𝑖𝑛 =
𝑉1

𝐼1
= 𝑍11 −

𝑍21𝑍12

𝑍22+𝑍𝐿
 ;    𝑉𝑡ℎ =

𝑍21

𝑍22+𝑍𝐿
𝑉𝑖𝑛;    𝑍𝑜𝑢𝑡 =

𝑉𝑡ℎ

𝐼𝑆𝐶
= 𝑍22 −

𝑍12𝑍21

𝑍11+𝑍𝑠
 ; 

 𝑅𝑖𝑛 = 𝑟𝑒𝑎𝑙(𝑍𝑖𝑛), 𝑅𝐿 = 𝑟𝑒𝑎𝑙(𝑍𝐿)    

(2-5) 

Input power (Pin), Output power (Pout), Transferred Power (TP) and the PTE become, 

𝑃𝑖𝑛 = |𝐼1|
2𝑅𝑖𝑛 =

|𝑉𝑠|
2

|𝑅𝑠+𝑍𝑖𝑛|2
𝑅𝑖𝑛  

𝑃𝑜𝑢𝑡 = |𝐼2|
2𝑅𝐿 =

|𝑉𝑡ℎ|2

|𝑍𝑜𝑢𝑡+𝑅𝐿|2
𝑅𝐿 =

|𝑍21|2|𝑉𝑠|
2

|(𝑍𝑖𝑛+𝑍𝑠)(𝑍22+𝑍𝐿)|2
𝑅𝐿  

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

|𝑍21|2

|𝑍𝐿+𝑍22|2
𝑅𝐿

𝑅𝑖𝑛
  

(2-6) 

S-parameters are convenient as they can be easily measured in laboratory 

experiments. Z parameters can be obtained by using the following conversion, 

[
𝑍11 𝑍12

𝑍21 𝑍22
] =

𝑍0

𝛥
[
(1 + 𝑆11)(1 − 𝑆22) + 𝑆12𝑆21 2𝑆12

2𝑆21 (1 − 𝑆11)(1 + 𝑆22) + 𝑆12𝑆21
]   

where 𝛥 =  (1 − 𝑆11)(1 − 𝑆22) − 𝑆12𝑆21  

(2-7) 

Equation (2-6) can be rewritten as (2-8) with the use of S-parameters using (2-7), 
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𝑃𝑖𝑛 =
|𝑉𝑠|

2

4𝑍0

(1−|Γ𝑖𝑛|2)|1−Γ𝑠|
2

|1−Γ𝑖𝑛Γ𝑠|2
  

𝑃𝑜𝑢𝑡 =
|𝑉𝑠|

2

4𝑅𝑠

(1−|Γ𝐿|2)|1−Γ𝑠|
2|S21|2

|(1−S11Γ𝑠)(1−S22Γ𝐿)−S12S21Γ𝑠Γ𝐿|2
  

𝑃𝑇𝐸 = (
1

1−|Γ𝑖𝑛|2
) (

1−|Γ𝐿|2

|1−S22Γ𝐿|2
) |S21|

2  

Where Γ𝑠 =
𝑍𝑠−𝑍0

𝑍𝑠+𝑍0
 , Γ𝐿 =

𝑍𝐿−𝑍0

𝑍𝐿+𝑍0
, Γ𝑖𝑛 = S11 + 

S12S21Γ𝐿

1−S22Γ𝐿
 

(2-8) 

When the impedances are matched (Rs =ZL= Z0), Transferred power (TP) and PTE 

becomes, 

𝑇𝑃 =
𝑃𝑜𝑢𝑡

|𝑉𝑠|2/4𝑅𝑠
= |𝑆21|

2;  𝑃𝑇𝐸 =
|𝑆21|2

1−|𝑆11|2
 (2-9) 

S-parameters can be measured connecting network analyzer to Tx and Rx. Power 

electronic converter or power amplifier is not needed in these experiments. S-parameter 

based analysis and measurement are recommended at the initial stage of the design 

process. Frequency characteristic of performance indices can be determined using this 

method at lower power level. Experimental verifications presented in this thesis are 

based on the network analyzer measurements. 

2.3.3 Coupled mode theory 

Coupled mode theory (CMT) analyses energy exchange between resonant objects in 

time domain [66]. CMT analysis of WPT system is used to obtain more insight 

understanding of resonator behavior. 

𝑑𝑎1(𝑡)

𝑑𝑡
= −(𝑗𝜔 + Γ1)𝑎1(𝑡) + 𝑗𝐾𝑎2(𝑡) + 𝑉𝑖𝑛(𝑡)  

𝑑𝑎2(𝑡)

𝑑𝑡
= −(𝑗𝜔 + Γ2 + Γ𝐿)𝑎2(𝑡) + 𝑗𝐾𝑎1(𝑡)  

(2-10) 

Where a1,2 are time varying field amplitudes of two resonant objects (transmitting and 

receiving resonators) and ω is the eigen frequency. Г1,2 are intrinsic decay rates (or 

resonance widths) of sending and receiving coils due to losses, and ГL is the resonance 

width of the load. Resonance widths are inversely proportional to resistances in 
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equivalent circuit approach. Vin(t) is the excitation signal applied to sending coil. K is 

the coupling rate between resonators. 

In steady sate and pure sinusoidal excitation signal (Fs(t) = Ase
-jωt), resulting field 

amplitudes are a1(t)= A1e
-jωt and a2(t)= A2e

-jωt. Average power absorbed by the 

transmitting resonator and the power delivered to receiving resonator are P1=2Γ1|A1|
2 

and P2=2Γ2|A2|
2 respectively. Input power from the source Pin = P1 + P2+ Pout [67]. 

Output power delivered to the load and power transfer efficiency can be expressed as 

(2-11). CMT is applicable for designs with high quality factor and low coupling 

coefficient. 

𝑃𝑜𝑢𝑡 = 2Γ𝐿|𝐴2|
2 ;  𝑃𝑇𝐸 =

1

1+
Γ2
Γ𝐿

+[1+
Γ1Γ2
𝐾2 (1+

Γ𝐿
Γ2

)
2
]
 

(2-11) 

2.3.4 Comparison of modeling methods 

While all the modeling methods can be used to analyze the WPT systems, each 

approach has its own advantages and disadvantages. Therefore, merits of each modeling 

approach are briefly discussed here. The equivalent circuit method is useful for the 

derivation of electrical characteristics such as voltages across the components and 

current through the components. Therefore, the equivalent circuit approach becomes a 

powerful tool for the design of the power electronics. However, the transient analysis of 

WPT setups using equivalent circuit method becomes extremely complex, particularly 

when additional circuit components are included (e.g. complex compensation 

topologies, multi–coil telemetries). In such cases, CMT can be used for the transient 

characteristics exploration. On the other hand, two-port network theory can be easily 

adopted when the design focus is on the characterization of the wireless link. For 

example, two-port network theory is applied for the design of impedance matching 

circuitry. In addition, two-port method can be applied along with the equivalent circuit 

approach for the optimization of multi-coil WPT schemes such as WPT with repeaters. 

2.4 Optimization of WPT systems  

There have been various optimization efforts proposed in the literature. The use of 

relay (or repeater) resonators [31, 32], impedance matching techniques [68, 69], load 

transformation [45], frequency tuning approaches [34, 35], metamaterials [70] and 
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optimized resonator designs [55, 71-74]  have been introduced in the  literature to 

improve performance of WPT. This section presents some highlights of the optimization 

of WPT systems relevant to the study of this thesis. 

2.4.1 Performance indices 

PTE and TP are the key performance indices for WPT applications. PTE 

improvement is essential for the loss minimization, whereas, TP is important for 

effective power delivery to the load. TP is maximized when the maximum power is 

drawn from the source and the source impedance matches with the input impedance of 

the coil system. Both PTE and TP show different characteristics with respect to the 

design parameters. For example, maximum PTE occurs at self-resonance frequency, 

whereas, TP is maximized at two different frequencies away from self-resonance. On 

the other hand, at self-resonance frequency, the maximum TP occurs at a particular 

coupling value referred to as critical coupling point, whereas, PTE deteriorate drastically 

with the coupling reduction. Detailed analysis of the performance characteristics is 

provided in Chapter 3. 

In addition to the system level performance indices such as PTE and TP, application 

specific criteria such as transfer distance, misalignment tolerance and nature of receiver 

positioning also affect the performance of the design. Typically, various optimizations 

presented in literature focus on improving the performance for a desired Rx position and 

orientation, and subsequently, the performance is evaluated against misalignment [75, 

76]. However, such an approach gives rise to inferior performance with misalignment 

as Rx dynamics are not taken into account. Therefore, performance characteristics need 

to be analyzed with respect to design parameters and application constraints. A detailed 

review of the WPT optimization approaches such as coil optimization, the use of 

repeaters and metamaterials, impedance matching, and compensation circuits are 

discussed in following subsections. 

2.4.2 WPT coil optimization 

The coils play an imperative role in WPT design stages. For WPT coils, there are 

two performance indices: quality factor and electromagnetic coupling between 

transmitter and receiver. The quality factor can be improved by decreasing the AC 

resistance (skin and proximity losses) of the coil while maintaining high inductance. 
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But, enhancement of the electromagnetic coupling is severely limited by the 

misalignment and distance between coils which cannot be compromised due to most 

application constraints. Instead, coupling variation can be optimized by choosing 

appropriate coil structure for a particular position displacement profile.  

There have been a number of studies which addressed the losses related to 

resonators. Several optimized resonator designs have been proposed. For example, 

referance [74] presents a detailed optimization process for double layer printed spiral 

coil. The authors have illustrated design procedure for optimal choice of number of 

turns, track width and turns separation. Reference [73] presents multi turn surface spiral 

for low AC resistance. However, the surface spiral can only be used in limited power 

levels as they are constructed in PCBs and substrate losses play considerable role in AC 

resistance. In order to address the issue of coupling deterioration with misalignment, 

inserting a negative current loop is considered in [71]. Although this approach reduces 

the coupling variation, it also reduces overall coupling factor due to its negative 

magnetic flux.  WPT coil optimization is one of the main objectives of this thesis. 

2.4.3 Repeaters for WPT 

The use of repeater resonators has been reported in the literature to improve the 

performance [31-33, 77-80]. Repeater coils placed in-between Tx and Rx are found to 

be useful in improving PTE, improve TP and increase the transfer distance. The relay 

effect of the repeaters can be used to increase transfer distance form Tx to Rx 

significantly [77, 78]. However, it does not increase unobstructed distance between Tx 

to Rx as relay coils need to be placed in between Tx and Rx. Efficiency characteristics 

of WPT system with a single repeater placed near to Tx has been analyzed in [79]. The 

above study investigated that the optimized three-coil WPT offers higher efficiency than 

the classical two coil counterpart. The frequency characteristics of PTE and TP have 

been explored in [80]. However, these studies have not proposed a generalized design 

method for WPT repeaters. This thesis contributes a methodology to improve PTE and 

TP, unobstructed transfer distance and misalignment tolerance simultaneously using 

repeater coils. 
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2.4.4 Metamaterials for WPT 

Metamaterials (MMs) are artificial materials which show extraordinary physical 

properties that cannot be seen in the natural materials. MMs make themselves enhance 

the evanescent near-field andeventually improve the power transfere fficiency in WPT 

applications. Urzhumov et al. [81] presented a rigorous theoretical study on the PTE 

improvement by using MMs. That work formulates the mutual inductance improvement 

that can be obtained by using MMs. This phenomenon can be used to improve PTE with 

respect to both the power transfer range and the misallignment tolerance. Usually MMs 

are composed of periodically placed structures. Dimensions of these composing unit 

cells are several times smaller than the exciting wave length of the MM. Therefore in 

high frequency applications such as optical and near infrared frequencies, the size of the 

unit cell becomes nanometers scale which intern becomes materials engineering 

optimization problem. But, at the low frequencies, the wavelength exceeds the 

dimension of the coils. Therefore designing MMs for WPT applications can be done 

using usual PCB technology. 

The experiment precented by Wang et al., [70] has demonstrated PTE improvement 

using double sided spiral as the composing unit cell. A planar meta structure performs 

beter  than the 3D stucture, which is advantageous for the design of a compacted system. 

A study by Fan et al. [82] proves efficiency improvement from an experimental study 

with a dual layer design, with planar spiral on one side and a Meande Line with narrow 

metalic strips on the other side, at 14.6MHz. Above study shows that the MM can be 

placed at the transmitter and receiver ends rather than at the middle which will 

effectively extend unobstructed distance.  

2.4.5 Impedance matching and compensation networks 

Adaptive impedance matching (AIM) networks has been proposed in literature to 

improve TP whereby input impedance of WPT network is matched to the source 

impedance [68, 69, 83]. Unlike Power amplifier based laboratory prototyping where 

source impedance is 50Ω, in power converter based designs the source impedance can 

be a very small value. Therefore, the matching network should be capable of bringing 

input impedance of the WPT system close to source impedance. AIM network between 
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source and the transmitter coils (Fig. 2-6) can be used for WPT schemes with varying 

coupling [68, 69, 83].  

 

Fig. 2-6. (a) – Transmitter and receiver side Adaptive Impedance Matching (AIM), (b) –   L–type, (c) –  

Inverted-L type, (d) –   П type and  (e) – T-type matching networks   

On the other hand, the equivalent load impedance is dependent on the application. 

For example, equivalent load resistance of a battery charging application is dependent 

on the battery state-of-charge (SOC), and equivalent load resistance of a VAD 

application varies according to heart pressure and pump speed. For such load varying 

situations, an AIM network can be used between receiver coil and battery charger to 

make equivalent load impedance to its optimal value. 

Matching networks should be capable of adaptively changing the impedance of the 

network. Input impedance seen by the source has to be maintained at matched condition 

under dynamic changes in WPT system. Usually, a switched capacitor bank along with 

an inductor is used to change the impedance [68, 69, 83]. Current controlled inductor 

which has been used to control micro-inverter [84] can also be used as a variable 

inductor for the matching network. Based on the component arrangement of the 

matching network impedance, matching networks can be categorized into L-type, 

inverted L-type, T-type and П-type. These matching networks are illustrated in Fig. 2-6. 

in in out out 

(a) 

(b) (c) (d) 

(e) 
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L-type and inverted L-type matching networks are simple but design freedom is higher 

in complicated T and П types. Resistive losses in the components also become 

significant in complex matching networks with number of switching devices. Therefore, 

choice of matching network has to be carried out based on the design constraints such 

as coupling variation, number of components and switching devices. 

2.5 Operating frequency selection 

Operating frequency selection of a WPT system has to be carried out with a number 

of technical and regulatory constraints which varies from country to country. 

Considering maximum achievable efficiency for a WPT system, highest possible quality 

factor is desirable. There are three options available in increasing quality factor; 

increasing coil inductance, increasing operating frequency, and decreasing coil 

resistance. However, AC resistance increases with the increase of frequency due to skin 

effect losses. On the other hand, inductance of a coil is determined by its shape and it is 

almost independent on the operating frequency. Therefore, there is an optimum 

frequency for a given design type for highest possible quality factor. Typically, this 

optimum frequency is in MHz range for most designs. However, design of high power 

WPT system in MHz range frequencies is still challenging with today’s semiconductor 

technologies. Therefore, upper limit of the operating frequency is restricted by device 

ratings. There have been successful attempts to use frequencies ranges from 10 kHz to 

150 kHz for high power applications such as EV [85, 86], whereas, operating 

frequencies up to 20MHz have been used for low power applications such as biomedical 

applications [20]. With the advent of modern semiconductor technologies such as wide 

band gap devices (e.g. GaN and SiC devices), frequency limit of the devices are 

increasing rapidly. Recent advancements in semiconductor technologies and research 

activities [53, 87-90] suggest high frequency high power devices will be available 

commercially in near future. Therefore, cost effective, high power near few MHz WPT 

for high power applications is not very far away, and is around the corner [53]. 

Therefore, operating frequency of this study is chosen to be around 1MHz. 

2.6 Summary 

This chapter provided a detailed literature review on the WPT, including 

applications of WPT, modeling methods, performance evaluation and optimization 
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approaches. A range of WPT applications are briefly explained giving a particular 

attention to WPT for WPT for electric vehicle applications, biomedical implants and 

consumer electronics applications. Equivalent circuit method, two port network method 

and coupling mode theory were presented as modeling methods along with a comparison 

of modeling methods. The optimization approaches of WPT were discussed highlighting 

significant research achievements. 
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Chapter 3  

Coil Design for High Efficiency Wireless 

Power Transfer (WPT)  

3.1 Introduction  

WPT coil optimization is one of the key aspects to improve WPT performance. 

There has been a number of studies reported in the literature which sought to improve 

the WPT coils. Some studies focus on improving coupling enhancement, loss 

minimization and quality factor improvements in order to improve the efficiency [74, 

91-95]. For example, [93] suggests that windings concentrated towards the edge of the 

coil provide higher coupling. On the other hand, [94] claims that a hybrid structure 

provides better performance for their application criteria. In addition, the study in [95] 

presents unequal pitch distribution for minimization of the coil AC resistance. Quality 

factor improvement is presented in [74] which utilizes a double layered printed spiral 

coil. While the improvement of the electromagnetic coupling, quality factor and AC 

resistance are all important aspects of performance improvement, it may not be the 

optimal condition for a given design scenario. Each of these studies focuses on particular 

design conditions, and disparities between design constraints and geometries lead to 

different conclusions. Therefore, there is a requirement for the derivation of a 

generalized coil design approach for WPT coil design.  

This chapter analyses the WPT performance characteristics with regards to coil 

design, and provides a generalized design guideline for WPT coil optimization. 

Furthermore, empirical formulas are proposed to determine the optimal coil design for 

a given design scenario. The suggested empirical approach can be directly used for the 

design without using time consuming optimization algorithms. In addition, directly 

comparing dissimilar designs with respect to efficiency and transfer distance is 

misleading due to the differences in the design parameters. In general, higher efficiency 

can be achieved by using a larger coil size for a given distance. However it is not a good 

engineering approach. It would be appropriate if highest possible efficiency is achieved 

with minimum dimensions and cost. Therefore, power transfer distances need to be 
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analyzed by normalizing transfer distance to the coil dimensions. The term, normalized 

transfer distance has been proposed to compare diverse designs with different coil sizes 

and transfer distances. Furthermore, studying scalability of the WPT systems is 

beneficial for the performance estimation of scaled up versions, particularly, for the 

justification of results obtained from laboratory prototypes. Normalized transfer 

distance is an important parameter in studying scalability. Therefore, the study in this 

chapter is extended to analyze merits and limitations of the normalized distance. Moving 

forward, guidelines are investigated for the design of WPT systems with a constraint on 

Rx size. Theoretical analysis is validated using simulations and experimental results. 

This chapter is organized as follows. Analysis of the 2-coil WPT scheme with 

regards to power transfer efficiency (PTE) and transferred power (TP) is discussed in 

Section 3.2. The equivalent circuit approach is used for the analysis. Next, Section 3.3 

identifies the design parameters of WPT coil, and their relationship to the electrical 

parameters. Coil optimization for high quality factor and coupling are discussed in 

Section 3.4. Generalized empirical formulas are derived for high quality factor coils. 

Next, merits and limitations of the normalized distance for the comparison of dissimilar 

WPT schemes are evaluated in Section 3.5. Finally, a coil optimization approach for 

WPT with restrictions for Rx coil size is investigated in Section 3.6, followed by the 

summary of the chapter. 

3.2 Analysis and performance characteristic of 2-coil WPT 

3.2.1 Equivalent circuit analysis 

This section analyses PTE and TP with respect to design parameters using the 

equivalent circuit approach. Both maximum power transfer condition and maximum 

efficiency condition are used as design goals in literature. The maximum TP refers to 

the condition where maximum power is drawn from the source. The maximum TP 

occurs when the source impedance and the input impedance seen at the source are 

matched. Conversely, objective of improvement of PTE is to optimize energy efficiency 

in the power transfer process. PTE and TP show different characteristics with respect to 

design parameters such as, source operating frequency (fs), self-resonance frequency 

(f0), coupling coefficient (k) and load resistance (RL). Therefore, the characteristics of 

PTE and TP for the classical 2-coil WPT scheme is analyzed in this section.  
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Fig. 3-1 (a) – Power transfer efficiency (PTE) variation with respect to frequency (f) and coupling co-

efficient (k), (b) –  PTE Vs. frequency, (c) –  PTE Vs. coupling coefficient. Frequency is normalized to 

resonance frequency (f0) 

Numerical results in Fig. 3-1 show PTE variation with respect to operating frequency 

and coupling coefficient. It can be seen from Fig. 3-1 that, the maximum PTE always 

occurs at the resonance frequency and PTE declines with the reduction of coupling 

coefficient. On the other hand, TP characteristic in Fig. 3-2 shows that TP is not always 

the maximum at the resonance frequency. When electromagnetic coupling is higher 

(strongly coupled), TP characteristic shows double peak behavior (the maximum TP 

occurs at two different frequencies away from resonance frequency) with respect to the 

operating frequency. This frequency splitting phenomenon has led to various adaptive 

controlling efforts to maximize TP, including frequency tuning [34, 35], impedance 

matching [68, 69, 83] and coupling manipulation [34, 96]. The point where the 

frequency splitting ends is referred as the critical coupling point. Beyond the critical 

coupling point the transferred power to the load drops exponentially with increasing coil 

separation. 
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Fig. 3-2 (a) – Transferred power (TP) variation with respect to frequency (f) and coupling co-efficient 

(k), (b) –  TP Vs. frequency, (c) –  TP Vs. coupling coefficient.  Frequency is normalized to resonance 

frequency (f0) 

At resonance frequency where 𝜔𝑠 = 𝜔0 = 1 √𝐿𝑡𝐶𝑡⁄ = 1 √𝐿𝑟𝐶𝑟⁄  the PTE and 

output power defined in Chapter 2 can be expresed as,  

𝑃𝑜𝑢𝑡,𝜔0
=

𝑉𝑠
2𝑅𝐿(𝜔0𝑀)2

((𝑅𝑠 + 𝑅𝑡)(𝑅𝐿 + 𝑅𝑟) + (𝜔0𝑀)2)
2 

PTE𝜔0
=

𝑅𝐿(𝜔0𝑀)2

(𝑅𝑡(𝑅𝐿 + 𝑅𝑟) + (𝜔0𝑀)2)(𝑅𝐿 + 𝑅𝑟)
 

(3-1) 

Both PTE and TP at the resonance depend on the value of load resistance as depicted 

in Fig. 3-3. Equation (3-2) gives the optimum values of load resistance for both 

maximum PTE and maximum TP conditions (RL,PTE_max and RL,TP_max respectively). Fig. 

3-4 shows the variation of optimal load resistance with respect to coupling coefficient. 

Therefore, it is evident that PTE and TP characteristics are different with respect to 

coupling variation, operating frequency and load resistance.   
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Fig. 3-3 (a) and (b) – Power transfer efficiency (PTE), and (c)  and (d) –Transferred Power (TP) 

variation with respect to Load Resistance (RL) and coupling co-efficient (k) 

𝑅𝐿,𝑃𝑇𝐸_𝑚𝑎𝑥 = √
(𝜔0𝑀)2𝑅𝑟

(𝑅𝑡)
+ 𝑅𝑟

2  (3-2) 

𝑅𝐿,𝑇𝑃_𝑚𝑎𝑥 =
(𝜔𝑀)2

(𝑅𝑠 + 𝑅𝑡)
+ 𝑅𝑟 (3-3) 

 

Fig. 3-4. The effect of load resistance on Power transfer efficiency (PTE) and Transferred power (TP) 
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3.2.2 Maximum efficiency 

Due to the different characteristics, it is difficult to optimize both PTE and TP 

simultaneously in classical 2-coil WPT scheme. If TP is chosen as the first priority in 

the optimization process, the maximum achievable PTE can be limited. This is not 

desirable for most WPT applications, particularly for high power applications. On the 

other hand, if the first focus is on improving PTE, other techniques such as impedance 

matching can be used to improve TP. Therefore, it is recommended to focus on 

improving the PTE in initial design stages, in particular for the WPT coil designs.  

 

Fig. 3-5. Maximum achievable Efficiency as a function of the term 𝑘√𝑄𝑇𝑥𝑄𝑅𝑥  

Maximum achievable efficiency (PTEmax) when load resistance is optimized to 

RL,PTE_max can be expressed in (3-4) [42, 45]. 

𝑃𝑇𝐸𝑚𝑎𝑥 =
𝑘2𝑄𝑇𝑥𝑄𝑅𝑥

(1 + √1 + 𝑘2𝑄𝑇𝑥𝑄𝑅𝑥)
2 (3-4) 

Where 𝑄𝑇𝑥,𝑅𝑥 =
𝜔0𝐿𝑡,𝑟

𝑅𝑡,𝑟
 are unloaded quality factors of the transmitter and the receiver 

coils. The maximum efficiency is dependent only on the coil design (determining Q) 

and the relative geometry of Tx and Rx (determining k). Hence, (3-4) can be directly 

used for comparison of the coil designs and geometry. Once the coils are optimized for 

the desired geometric constraints, a load transformation technique can be used to 

achieve the optimum load condition derived in (3-2). Therefore, this chapter focuses on 

optimizing the WPT coils to achieve maximum PTE.  Fig. 3-5 illustrates the maximum 

PTE variation with respect to the term 𝑘√𝑄𝑇𝑥𝑄𝑅𝑥. In order to achieve acceptable 
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efficiency in a lager relative distance, (i.e. low coupling coefficient value) it is required 

to have coils with high quality factor. Therefore, quality factor and electromagnetic 

coupling are key performance indices for WPT coils. The following section analyses 

WPT coil optimization with regards to quality factor, coupling and maximum efficiency. 

 

Fig. 3-6. WPT with spiral shaped coils (a) – Positioning transmitter (Tx) and receiver (Rx) coils, (b) – 

The spiral shaped coil, (c) – 2-D approximation of the spiral coil 

3.3 Coil parameter calculations 

Coil parameter calculations for circular shaped coils is presented in this section 

sought to get an understanding on the coil optimization. Typical circular coils can be 

either helical or spiral shaped. For example, Fig. 3-6 (a) shows a geometry of a WPT 

system with circular spiral shaped Tx and Rx coils. Spiral shaped coil shown in Fig. 

3-6(b) can be approximated as a set of circular loops for the coil parameter calculations. 

Such a 2-D circular loop approximation is illustrated in Fig. 3-6(c). The geometric 

design parameters such as outer radius (Rout), pitch (p), wire radius (ro) and number of 

turns (N) are defined in Fig. 3-6. Axial and radial separation between Tx and Rx are zrx 

and yrx respectively. Electrical parameters of the coils such as AC resistance, coupling 

coefficient, self-inductance and quality factor can be computed using geometric design 

parameters.  
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3.3.1 AC resistance 

Skin effect and proximity effect are the major sources of losses contributed to the 

AC resistance in air-core coils. The current density within a conductor becomes non-

uniform due to the eddy currents caused by the skin effect and proximity effect. Fig. 

3-7(a-b) show simulated current distributions of a single turn loop wire at 100 kHz and 

1 MHz frequencies. Simulations are carried out in Ansoft® Maxwell finite element 

analysis (FEA) software. At higher frequencies, current is confined into the surface due 

to the skin effect. Fig. 3-7(c) and (d) show simulation results for current distributions of 

two neighboring turns. Magnetic field generated by one wire influences the current 

distribution of the other. It can be seen that the proximity effect becomes more 

significant when two wires are close to each other. Therefore, pitch between turns is an 

important parameter for the design of low loss coils. 

 
Fig. 3-7. Simulation results for the current distribution of circular loops (a) – Single turn loop at 1 MHz, 

(b) – Single turn loop at 100 kHz, (c) – tightly wound two turns with 2mm pitch, and (d) – two turns 

with 4mm pitch  (wire radius is kept at 1mm). 

AC resistance of circular coils can be calculated as in (3-5) where Rskin and Rprox refer 

to skin effect resistance and proximity effect resistance respectively [95]. Rskin is mainly 

dependent on skin depth (δ), wire radius (r0) and the DC resistance of the coil. On the 

other hand, Rprox is determined by the magnetic field applied on each turn (Hm). The 

ratio of Rprox to Rskin is called proximity factor (Gp). The magnetic field applied on each 

turn can be determined by using the simplified method proposed in [95]. AC resistance 

calculations with respect to pitch at different frequencies are illustrated in in Fig. 3-8. A 
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steep increase in the resistance seen at lower pitch values is attributed by the proximity 

effect resistance. 

𝑅𝑎𝑐 = 𝑅𝑠𝑘𝑖𝑛 + 𝑅𝑝𝑟𝑜𝑥 = 𝑅𝑠𝑘𝑖𝑛(1 + 𝐺𝑝) 

where 𝐺𝑝 =
8𝜋2𝑥3(𝑥−1)

(2𝑥+1)2+2
(

1

𝑁
∑

𝐻𝑚
2

𝐼0
2

𝑁
𝑚=1 )and 𝑥 =

2𝑟0

𝛿
 

(3-5) 

Litz wires have been proposed to reduce the skin effect losses for frequencies less 

than 2MHz. For circular coils constructed using litz wire winding, AC resistance can be 

calculated as in (3-6) [97]. 

𝑅𝑎𝑐 = 𝑅𝑑𝑐 (1 +
𝑓𝑠

2

𝑓ℎ
2) where 𝑓ℎ =

2√2

𝜋𝑟𝑠
2𝜇0𝜎√𝑁𝑁𝑠𝜂𝑎𝛽

 (3-6) 

Rdc, rs, Ns  and β are the DC resistance of the coil, radius of each single strand, 

number of strands per bunch and the area efficiency of the bunch. DC resistance is 

dependent on the manufacturing methods and the type of the litz wire, and it is usually 

available in the datasheet. Value of ηa is the area efficiency of the coil and is dependent 

on the height and width of the coil (Fig. 2. of [97]). 

 
Fig. 3-8. AC resistance variation against pitch between turns at different frequencies (Other coil 

parameters: r0=0.5mm, Rout=10cm, N=15). 

3.3.2 Coupling coefficient 

Mutual inductance between circular coils can be calculated using filament method 

by modelling the coil as a set of filamentary circular loops. Mutual inductance between 

circular coils with parallel axes can be computed using (3-7)[98].  
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𝑀 = ∑ ∑ 𝑀𝑖𝑗
𝑁𝑅𝑥
𝑗=1

𝑁𝑇𝑥
𝑖=1   

where  𝑀𝑖𝑗 =
𝜇0

𝜋
√𝑅𝑡𝑥𝑖𝑅𝑟𝑥𝑗 ∫

(1−
𝑦𝑟𝑥
𝑅𝑟𝑥𝑗

𝑐𝑜𝑠 𝜙)𝛷(𝑚)

√𝑉3

𝜋

0
𝑑𝜙, 𝑎 =

𝑅𝑟𝑥𝑗

𝑅𝑡𝑥𝑖
, 

𝑏 =
𝑧𝑟𝑥

𝑅𝑇𝑥𝑖
 ,  𝑚2 =

4𝑎𝑉

((1+𝑎𝑉)2+𝑏2 )
  ,  𝑉 = √1 +

𝑦𝑟𝑥
2

𝑅𝑟𝑥𝑗
2 − 2

𝑦𝑟𝑥

𝑅𝑟𝑥𝑗
𝑐𝑜𝑠 𝜙 

and  𝛷(𝑘) = (
2

𝑚
− 𝑚)𝐾(𝑚) −

2

𝑚
𝐸(𝑚) 

Coupling coefficient is defined as, 𝑘 =
𝑀

√𝐿𝑡𝐿𝑟
 

(3-7) 

Mij is the mutual inductance between ith Tx turn with Rtxi radius and jth Rx loop with 

Rrxj radius. K(m) and E(m) are complete elliptic integrals of first kind and second kind 

respectively. Coupling coefficient can be determined by total mutual inductance (M), 

Tx coil inductance (Lt) and Rx coil inductance (Lr). Mutual inductance for circular 

elementary coils with 89cm radius is depicted in Fig. 3-9(b). Mutual inductance reduces 

steeply with the increase of radial distance. For a given displacement, higher mutual 

inductance can be achieved by using larger coil size. Therefore, by increasing the 

dimensions higher efficiency can be achieved for a given distance. However this is not 

a good engineering approach. It would be appropriate if highest possible efficiency is 

achieved with minimum dimensions and cost. Therefore, power transfer distance has 

been analyzed by normalizing it to the coil dimension. This thesis analyses the merits 

and limitations of normalized distance based analysis. 

 

Fig. 3-9 (a) – Filamentary circular coil arrangement, (b) – Mutual inductance with respect to radial and 

lateral misalignment for elementary circular loops 
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3.3.3 Self-inductance 

Self-inductance of a circular coil with N number of turns can be calculated using 

circular loop approximation as in equation (3-8)[93]. Inductance of coil comprises of 

self-inductance of each turn and mutual inductance between turns. 

𝐿 = ∑𝐿𝑖(𝑅𝑖, 𝑟0)

𝑁

𝑖=1

+ ∑∑𝑀𝑖𝑗(1 − 𝛿𝑖𝑗)

𝑁

𝑗=1

𝑁

𝑖=1

 

where 𝐿𝑖(𝑅𝑖, 𝑟0) = 𝜇0𝑅𝑖 (𝑙𝑛
8𝑅𝑖

𝑟0
−2) 

(3-8) 

δi,j is kronecker delta function (δi,j =1  for i=j and δi,j = 0  otherwise).  Li(Ri,ri) is 

inductance of a circular loop with radius Ri. Mij is the mutual inductance between ith and 

jth circular turns. 

3.3.4 Quality factor 

Quality factor, Q, is determined by the coil inductance (L), AC resistance (Rac) and 

operating angular frequency (ω) as in (3-9) [15]. 

𝑄 =
𝜔𝐿

𝑅𝑎𝑐
 

(3-9) 

3.3.5 Experimental validation 

The expressions for resistance, inductance and mutual inductance are validated using 

simulations and experiments. Fig. 3-10 shows resistance comparison between 

calculations and simulations for a single turn loop constructed using 0.5mm radius wire. 

Simulations are carried out in Ansoft® Maxwell FEA software. It can be seen that 

calculations agree well with the simulations.  Next, six sets of single turn loops are 

constructed using 0.5mm wires for experimental validation as shown in Fig. 3-11(a), 

and Fig. 3-11(b) compares calculated and measured values of resistance and inductance 

at 1MHz. Comparison between calculations and simulations in Fig. 3-12 shows mutual 

inductance variation with respect to receiver radius (Rrx) and zrx for single turn loops. 



Chapter 3 Coil design for High Efficiency Wireless Power Transfer 

 

38 

 
Fig. 3-10.  AC resistance of single turn loop: simulations and calculations. 

 
Fig. 3-11. (a) – Experimental realization of single turn loops and (b) – comparison of calculations and 

experimental results: Inductance and resistance of single turn loops vs. loop radius 

 

Fig. 3-12. Mutual inductance comparison with respect to transmitter radius for single turn loops, N=1, 

Rrx=10cm. 

Experiments are extended with seven sets of different coils as illustrated in Fig. 3-13. 

Design parameters illustrated in Table 3-1 are chosen to analyze effect of the each 

parameter. Coils with a range of design parameters such as; outer radius varying from 

2.5cm to 15cm and pitch between turns varying from 1mm to 8mm are constructed for 

the comparison.  Fig. 3-14 compares experimentally measured inductances and AC 

resistances with the calculations. Measurement results agree well with the theoretical 

calculations. Therefore, equations for parameter calculations can be directly used for the 

subsequent coil optimizations. 
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Fig. 3-13. Calculations and experimental results: Different types of coil designs 

Table 3-1. Design parameters of different coils 

 
Outer radius 

(Rout) - cm 

Pitch (p) 

- mm 

Number of 

turns (N) 

Coil 01 2.5 4 5 

Coil 02 5 4 11 

Coil 03 8.5 8 11 

Coil 04 8.5 4 11 

Coil 05 8.5 1 11 

Coil 06 10 4 25 

Coil 07 15 4 37 

 

Fig. 3-14. Inductance and AC resistance of different types of coil designs 

3.4 Coil optimization 

3.4.1 Quality factor optimization 

Quality factor variation of spiral coil with respect to the design parameters is 

analyzed in this section. Fig. 3-15 shows quality factor variation against number of turns 

(N) and pitch (p) at different coil radii.  With increasing N, coil inductance increases 

which results in incremental impact to the quality factor. In contrast, the physical effect 

of higher turns increases the coil length which lead to the increase in the resistance, 

causing detrimental impact on the quality factor. On the other hand, lower pitch 
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increases coil inductance as turns are confined to outer radius. However, when turns are 

very close to each other with low pitch, proximity losses increase, resulting in high AC 

resistance. Therefore, both N and p have to be optimized for the realization of high 

quality factor coils.  

 

Fig. 3-15. Quality factor variation with respect to (a) – Number of turns and (b) – pitch. 

Fig. 3-16(a) and Fig. 3-16 (b) illustrate maximum Q for 1mm wire radius and 0.5mm 

wire radius respectively. Few observations can be made upon the optimum Q 

characteristics. Firstly, the quality factor improvement seen from larger wire radius is 

not very significant. Therefore, the use of larger wire is not a good approach to improve 

the quality factor. Secondly, the optimum N proportionally increases with the coil 

radius. However, the optimum N is less than its maximum possible value, because the 

most inner turns with small radii doesn’t contribute the inductance effectively. Lastly, 

the optimum pitch increases at low coil radii and reaches to a value close to four times 

of wire radii (4r0) at higher coil radii.  

With these observations, curve fitting technique is used to obtain a generalized 

design guideline for high Q coils. Wire radius is varied from 0.5mm to 2mm and coil 

radius is varied from 1cm to 50cm for the curve fitting approximation. The optimum 

pitch is approximated for given coil radius and wire radius using the curve fitting 

technique as derived in (3-10). The optimum pitch is approximated as a function of Rout 

and r0. The value of optimum pitch is near to its minimum value (resulting in a tightly 

wound coil) at lower Rout and it reaches (4a0r0) as Rout increases. The approximation 

agrees well with the numerical results as compared for different wire radii in Fig. 

3-17(a).  The optimum pitch becomes four times the wire radius when outer radius is 

roughly 150 times (a1/a0 - 1) wire radius, after which increment of the optimum pitch is 

0 100 200

500

1000

1500

2000

2500

Q
u

a
li
ty

 f
a
c
to

r 
(Q

)

Number of turns (N)

 

 

1 1.5 2 2.5

500

1000

1500

2000

2500

Pitch (p) - mm

 

 

Q
u

a
li
ty

 f
a
c
to

r

5cm 10cm 30cm 40cm 50cmR
out

 =

(a) (b) 



Chapter 3 Coil design for High Efficiency Wireless Power Transfer 

 

41 

insignificant. Therefore, as a rule of thumb for the coil design, optimum pitch can be 

chosen to be four times of the wire radius if the coil radius is higher than 150 times of 

the wire radius. 

 

Fig. 3-16. Maximum achievable quality factor with respective optimum number of turns and optimum 

pitch. (a) –Wire radius of 1mm, (b) –wire radius of 0.5mm 

Similarly, the optimum N is approximated as shown in (3-11) and compared with 

numerical results in Fig. 3-17(b).  It can be seen that the optimum N is directly 

proportional to ratio between outer radius (in cm) to wire radius (in mm) with a slope of 

b0. Equations (3-10) and (3-11) can be used as the generalized design equations for 

realizing high Q spiral coils. 

𝑝 =
𝑎04𝑟0

(
𝑎1𝑟0
𝑅𝑜𝑢𝑡

+ 1)
 

where 𝑎0 = 1.066 and 𝑎1 = 10.23 units: all in millimetre (mm) 

(3-10) 

𝑁𝑜𝑝𝑡 = 𝑏0 (
𝑅𝑜𝑢𝑡

𝑟0
)  where 𝑏0 = 0.1775 , units: all in millimetre (mm) (3-11) 
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Fig. 3-17. Comparison of numerical optimal and optimal derived from curve fitting technique for (a) – 

optimum pitch and (b) – optimum number of turns. 

3.4.2 Coupling variation 

The enhancement of the electromagnetic coupling is severely limited by the 

misalignment and distance between coils which cannot be compromised due to most 

application constraints. Therefore coupling optimization needs to be considered along 

with the design constraints.  In addition, coupling variation can be optimized by 

choosing appropriate coil shape for a particular position displacement profile. For 

example, the usability of typical spiral and helical coil shapes are compared for WPT 

applications. Design parameters of coils depicted in Table 3-2 are chosen to obtain 

highest quality factor for the selected footprint area. Fig. 3-18 compares magnitude of 

coupling coefficient between different coil shapes with respect to axial and radial 

displacements between coils. Coupling coefficient deteriorates with radial distance and 

becomes negative after a particular distance. The dip seen in the graph corresponds to 

the zero crossing. It can be seen from Fig. 3-18 that coupling between helical shaped 

coils is higher than that of the spiral shaped coils in higher axial and radial distances. 

Therefore, helical shaped coils are preferred for WPT applications. However, helical 

shaped coils occupy larger space, making them unsuitable when space restrictions are 
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imposed. For example, WPT repeaters need to be realized in a planar form, whereby 

spiral shape is the preferred choice. 

 
Fig. 3-18. Magnitude of coupling coefficient between different coil shapes 

3.4.3 Experimental results 

An experimental study is conducted to validate theoretical analysis. Helical and 

spiral shaped coils are constructed with the design parameters depicted in Table 3-2, 

using litz wire (46/1162, type 2) windings. The experimental quality factor 

characteristics of the constructed coils are shown in Fig. 3-19. It can be seen that the 

quality factor of helical and spiral shaped coils at 1MHz are more than 1000 and 800 

respectively.  Afterwards, each type of coils are tuned using series lumped capacitors in 

order to test series compensated WPT scheme. All the experimental resonance 

frequencies are close to 0.99MHz as shown in Table 3-3.  

 
Fig. 3-19 Experimental quality factor characteristics (a) – Helical, (b) – Spiral 

(a) (b) 
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Fig. 3-20. The experimental setup (a) – Spiral coils and (b) Helical coils 

Next, laboratory prototype of a WPT setup is evaluated using network analyzer 

measurements.  The experimental setup is shown in Fig. 3-20 where Tx coil is connected 

to network analyzer port-1 while Rx is connected to port-2 of the network analyzer. 

Measured S-parameters and Agilent Advanced Design System (ADS) tool is used for 

performance evaluation [99].  The experimental result comparison illustrated in Fig. 

3-21 shows that the experimental results agree well with the theoretical analysis with a 

slight deviation. It can also be seen that the helical shaped coils outperform the spiral 

shape, therefore, the constructed helical shaped coils are used as Tx and Rx for the 

subsequent optimization in this thesis.  

Table 3-2. Design parameters of helical and spiral coils 

Parameter Helical Spiral 

Outer radius 89mm 89mm 

Pitch 4.2mm 5mm 

Number of turns 11 14 

Inductance 30 µH 20 µH 

 

Table 3-3. Experimental self-resonance frequencies 

Type Coil Self-resonance (MHz) 

Helical 
Tx 0.990 

Rx 0.991 

Spiral 
Tx 0.989 

Rx 0.991 

 

(a) (b) 
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Fig. 3-21. Experimental results comparison (a) – Theory: PTEmax vs. misalignment, (b) – Theory: 

PTEmax vs. transfer distance at aligned position, (c) – Experimental: PTEmax vs. misalignment and (d) – 

Experimental: PTEmax vs. transfer distance at aligned position. 

3.5 Normalized distance for comparison of dissimilar WPT schemes 

Directly comparing dissimilar designs with different sizes relating to performance 

and transfer distance is misleading due to the differences in the design parameters. In 

general, higher efficiency can be achieved by using a larger coil size for a given distance. 

But this is not a good engineering approach. It would be appropriate if highest possible 

efficiency is achieved with minimum dimensions and cost. Therefore, transfer distances 

need to be analyzed by normalizing to the coil dimensions. The term, normalized 

distance has been proposed to compare diverse designs with different coil sizes and 

transfer distances. Furthermore, studying scalability of the WPT systems is beneficial 

in estimating performance of scaled up versions, particularly, for the justification of 

results obtained from laboratory prototypes. Normalized transfer distance is an 

important parameter in studying scalability. This section highlights merits and limits of 

the normalized distance. 

Normalized distance (Znorm) has been used as the ratio between transfer distance (zrx) 

and geometric mean of Tx and Rx coil sizes as defined in (3-12) [8]. DTx and DRx are 

maximum dimension of Tx and Rx respectively. However, Znorm may not be suitable as 

(a) (b) 

(c) (d) 
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a generalized term to compare different types of WPT designs. For example, design 

conditions: Rtx = Rrx =10cm, results unity Znorm at zrx =10cm, and design conditions: 

Rtx=100cm, Rrx=1cm and zrx=10cm also results unity Znorm. However, it is apparent that 

performance in two cases are different. Therefore, studying limitations of Znorm is a 

crucial aspect for the scalability analysis of WPT systems.  

𝑍𝑛𝑜𝑟𝑚 =
𝑧𝑟𝑥

√𝐷𝑇𝑥

2
𝐷𝑅𝑥

2

 
(3-12) 

3.5.1 Identical Tx and Rx 

Identical Tx and Rx coils with the same outer radius is studied (Rtx=Rrx= Rout). With 

identical coils, Znorm becomes ratio between zrx  and Rout. Fig. 3-22(a) illustrates 

maximum PTE variation with respect to Znorm with single turn loop Tx and Rx (N=1). 

Fig. 3-22 (b) shows respective optimum load values.  zrx is varied with each Rout value 

in generating Fig. 3-22. It can be seen that maximum PTE resulted from identical single 

turn loops is solely dependent on Znorm. Therefore, Znorm completely defines the 

maximum PTE in such a scenario. However, it should be noted that the optimum load 

varies with the coil radius and Znorm. Furthermore, the maximum PTE deteriorates 

beyond unity Znorm. 

 
Fig. 3-22. (a) –  Maximum PTE and (b) – Optimum load resistance with respect to normalized distance 

for single loop coils  (N=1, Rtx=Rrx= Rout). 

Fig. 3-23(a) shows the maximum PTE variation with respect to Znorm when coils are 

optimized to the maximum Q. Unlike in single turn case, PTE variation for coils with 

optimum Q is not solely dependent on Znorm. It can be seen that PTEmax profiles for 

different Rout are similar up to unity Znorm. Beyond that, higher radius shows higher 
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efficiency at a given Znorm. For example, Rout=5cm gives the maximum efficiency of 

23% at Znorm=4   whereas, Rout=25cm gives the maximum efficiency of 70% at same 

Znorm. Absolute distances of above two cases are 20cm and 100cm respectively. 

Therefore, it can be concluded that higher Rout offers higher efficiencies in same Znorm if 

Q optimized identical coils are used. However, load characteristics in Fig. 3-23(b) show 

that optimum load for higher Rout is much higher (kΩ range) in value.  

 
Fig. 3-23. (a) – Maximum PTE and (b) – Optimum load resistance with respect to normalized distance 

for coils optimized to highest quality factor (Rtx=Rrx= Rout). 

3.5.2 Non identical Tx and Rx 

In this section, non-identical Tx and Rx coils are analyzed because most applications 

required to be designed with non-identical coils. First, PTEmax with single turn loops are 

analyzed with respect to normalized distance, coil sizes and transfer distance.  Fig. 

3-24(a) shows the maximum PTE variation with respect to Tx and Rx coil radii for 

single loop coils at zrx=10cm. It can be seen that PTEmax is highest when Tx and Rx loop 

radii are equal. Fig. 3-24(b) shows maximum PTE with respect to Znorm at different Tx 

and Rx coil radii for single loop coils. PTEmax in Fig. 3-24(b)  is dependent on ratio of 

Tx and Rx loop radii as well. Higher ratios result in lower PTE at a given Znorm. This 

result reveals that the increase of Tx or Rx radii without proper optimization degrades 

the performance of WPT systems. 

Next, coils optimized for the maximum Q at each outer radius are analyzed. Fig. 

3-25 shows the maximum PTE variation with respect to Tx and Rx coil radii at 10cm 

transfer distance for the coils with maximum Q. In contrast to the single loop case, coils 

optimized to maximum Q shows better performance. Nevertheless, if Rx (or Tx) coil is 

too small, PTEmax cannot be improved with larger Tx (or Rx) coil. For example, if Rx 
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radius is less than 3cm, PTEmax at zrx=10cm is less than 40% irrespective of the Tx coils 

size. On the other hand, if Rx radius is higher than 5cm and Tx radius is higher than 

10cm,  PTEmax at zrx=10cm is higher than 90%.  However, increase in coil radii beyond 

that does not increase the maximum efficiency significantly.  Therefore, choosing 

proper sizes of Tx an Rx will be required by considering the performance effects. 

 
Fig. 3-24. (a) – Maximum PTE variation with respect to Tx and Rx coil radii for single loop coils at 

zrx=10cm, and (b) – Maximum PTE variation with respect to normalized distances with different Rtx/Rrx 

ratios for single loop coils. 

 
Fig. 3-25 Maximum PTE variation with respect to Tx and Rx coil radii for coils optimized to maximum 

quality factor at zrx=10cm. 
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Fig. 3-26. Maximum PTE variation with respect to normalized distance (Znorm) at different Tx and Rx 

coil radii, when coils are optimized to achieve maximum quality factor at each radii. 

Fig. 3-26 illustrates PTEmax variation with respect to Znorm at different Tx and Rx coil 

radii, when coils are optimized to achieve maximum Q at each radii. Despite being non-

identical coils, PTEmax can be improved significantly by Q optimization compared to the 

single loop scenario (labelled as N=1 in Fig. 3-26). However, non-identical coils result 

in lower PTE at Znorm value less than unity. For example, Rtx=Rrx=5cm results in 94% 

PTEmax at unity Znorm whereas, with Rtx=50cm and Rrx=5cm PTEmax is reduced to 90% 

at unity Znorm. On the other hand, larger Tx coils shows better PTE at higher Znorm values. 

For example, comparing above two scenarios at Znorm=4 shows better PTE with larger 

Tx coil (Rtx, Rrx pairs 5cm,5cm and 50cm,5cm show PTEs of 30% and 50% at Znorm=4 

respectively). Similar PTE profile can be observed for 20cm Rx coil as well. Therefore, 

it is apparent that the use of larger coil sizes may not be suitable for all the design cases, 

particularly when Rx is small, an additional consideration should be given based on Rrx 

and zrx. Therefore, next section presents an optimization scheme for WPT with a 

miniaturized Rx. 

3.6 Optimization with miniature Rx coil 

Many WPT applications need to be realized with a space restriction for receiving 

coil. For example, WPT for biomedical implants need to be realized with a miniaturized 

receiving coil because the available space for the implantable Rx is extremely limited. 

On the other hand, Tx coil can be substantially larger in size for such an application. It 

was identified in the previous section that Tx size needs to be carefully optimized, 

particularly, with a miniaturized Rx. Therefore, there is a requirement for the derivation 
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of a coil design approach when coil size constraints are imposed. This section 

investigates design parameter optimization for WPT with miniaturized Rx coil.  Similar 

to the analysis on normalized distance, spiral shape is chosen for this study as illustrated 

in Fig. 3-27.  

 

Fig. 3-27. WPT with miniaturized receiver. 

When the design area for Rx coil is restricted, coupling coefficient variation against 

Tx size is crucial design aspect. For example, Fig. 3-28 illustrates coupling variation 

with respect to Tx coil radius at different transfer distances when coil design parameters 

are optimized for maximum Q.  It can be seen that higher Tx coil size is not always good 

choice for achieving high coupling. Instead, Tx coil radii which gives maximum 

coupling is dependent on both Rx coil radius and transfer distance. Therefore, Tx coil 

radius needs to be determined based on Rx size and transfer distance.   

 

Fig. 3-28. Coupling coefficient variation with respect to Tx radius at different transfer distances 

(number of turns and pitch are optimized for optimal quality factor at respective coil radii). 
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A numerical analysis is performed to study the effect of Tx coil size with regards to 

maximum efficiency. Fig. 3-29 illustrates optimal Tx coil radii with respect to transfer 

distance and Rx coil radii when the other design parameters (N and p) are optimized for 

maximum quality factor. Transfer distance and Rx radius is varied up to 30cm for wire 

radii of 0.5mm, 1mm, 1.5mm and 2mm.   The optimal Tx radius is increasing with both 

Rx radius and transfer distance.  It is interesting to note that the optimal Tx radius 

variation with respect to constructing wire radius is negligible. This is because the 

optimum Tx radius is mainly determined by the coupling between Tx and Rx, which is 

independent of the wire radius because a filamentary current is assumed for mutual 

inductance calculations.  

 

Fig. 3-29. Numerical results: Optimum Tx radius vs. transfer distance and Rx radius for different wire 

radii. 

 

 

Fig. 3-30. Comparison of optimum Numerical optimum vs. curve fitting (3.8) 
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Therefore, curve fitting approach can be adopted to derive optimal Tx coil radius as 

a function of Rx coil radius and transfer distance. Single order polynomial fit derived in 

(3-13) shows a fairly close fit with the numerical results as compared in Fig. 3-30. The 

term ΔPTE is defined as difference between maximum PTE for numerical optimum Tx 

coil radii (PTEmax) and maximum PTE for Tx coil radii calculated using curve fitting 

technique (PTEcf). It can be seen from Fig. 3-31 that ΔPTE is less than 2% for zrx less than 

5cm, and it is close to zero for zrx higher than 5cm. Therefore the proposed empirical 

relationship for optimal Tx coil radius provides a good guideline for the design of WPT 

system with Rx size restrictions. However, if the optimal Tx radius is out of the size 

constraint for Tx coil, the maximum possible Tx radius is recommended for the Tx coil 

design. Therefore, the overall design process can be summarized as illustrated in the 

flow chart in Fig. 3-32. 

 

Fig. 3-31. Comparison of ΔPTE (ΔPTE =PTEcf -PTEmax: difference between maximum PTE for numerical 

optimum Tx coil radii and maximum PTE for Tx coil radii calculated using curve fitting technique). 

 

𝑅𝑡𝑥 = 𝑝0𝑧𝑟𝑥 + 𝑝1𝑅𝑟𝑥 

where 𝑝1 = 1.6 and 𝑝1 = 0.84 

(3-13) 
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Step 1: Determine design constraints:

Maximum Rx radius-Rrx-max , Maximum Tx radius-Rtx-max, wire radius-r0 and 

nominal transfer distance- zrx

Step 2: Design of Rx coil for maximum Q:

Rrx=Rrx-max , p from (3.6), N from (3.7)

Step 3: Determine Tx radius to maximize coupling:

Rtx=from (3.9) 

Step 4: Design of Tx coil for maximum Q:

p from (3.6), N from (3.7)

If Rtx<Rtx-max

Yes

No Rtx=Rtx-max

 
Fig. 3-32. Design steps for WPT setup with a miniaturized Rx 

 

 

Fig. 3-33. The experimental setup (Rtx=20cm, Rrx=5cm and zrx=10cm) 
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3.6.1 Experimental verification 

An experimental study is performed in order to validate the theoretical analysis. 

Design constraint for Rx coil radius is set to be less than 5cm, and nominal transfer 

distance of 10cm is chosen.  Similar to the previous sections, network analyzer 

measurements along with ADS is used to evaluate maximum PTE. The experimental 

setup is illustrated in Fig. 3-33. 

 
Fig. 3-34. Efficiency comparison with respect to frequency and load at 10cm transfer distance (a) – 

theoretical results and (b) –   experimental results. 

The comparison of experimental results and theoretical calculations for frequency 

and load characteristics of PTE is shown in Fig. 3-34. It can be seen that the 

experimental PTE profile with respect to operating frequency and load resistance closely 

match with the theoretical results. However, frequency bandwidth of experimental 

results is much narrow compared to theoretical counterpart. This can be attributed to the 

disparities in experimental self-resonance frequencies and the losses introduced by 

connectors and cables. Load characteristic shown in Fig. 3-35 compares theoretical and 

experimental PTE at optimal operating frequency. Experimental results show maximum 
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PTE of 91.5% for the particular case study, while the theoretical calculations show 

94.5% maximum efficiency. These differences can be justified by experimental 

disparities and additional losses contributed from cables, connectors and capacitors.  

Overall, experimental results agree well with the theoretical analysis, proving the 

efficacy of the proposed optimization approach. 

 

Fig. 3-35.  Efficiency characteristics against load resistance. 

3.7 Summary 

This chapter presented methods for the optimization of wireless power transfer 

(WPT) coils considering the maximum power transfer efficiency (PTEmax). Quality 

factor and coupling coefficient were identified as the key performance indices for WPT 

coil design. The effect of design parameters is investigated to achieve high quality 

factors, thereby empirical formulas were derived to obtain generalized design guidelines 

for coil quality factor optimization. High quality factor coils were experimentally 

realized using the proposed optimization, and these coils will be used for the subsequent 

studies in this thesis.  In addition, an analysis on normalized distance which has been 

used for the comparison of dissimilar WPT schemes was performed. Merits of 

normalized distance and its limitations were investigated as well. It was investigated 

that transmitter coil size needs to be carefully optimized when space restrictions are 

imposed on the receiver circuitry. Therefore, the design guidelines proposed in this 

chapter were extended to derive generalized coil design scheme for a WPT system with 

a miniaturized Rx. A design case was presented along with an experimental validation. 

Next chapter presents an efficiency enhancement approach for dynamic wireless power 

transfer system. 
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Chapter 4  

Efficiency Enhancement for Dynamic 

Wireless Power Transfer (D-WPT)  

4.1 Introduction 

Dynamic WPT (D-WPT) technology has been built upon the fundamentals of WPT 

and aims to power the moving receiver (Rx) wirelessly. Promising applications of D-

WPT include electric vehicles (EV) [12, 17-19], biomedical applications [20], robotics 

[21] and manufacturing applications [22]. For example, D-WPT for EV charging has 

many advantages compared to wired-EV charging. Inconveniences in wired-EV 

charging process are a major impediment in their widespread adoption. From the 

receiver viewpoint, D-WPT theoretically solves the battery problem as it can provide an 

unlimited driving range. On the other hand, in case of manufacturing applications, 

power supplies of overhead conveyers and moving robots can be implemented using D-

WPT technology.   However, the employment of such systems is reliant on the 

infrastructure development, which in turn, is limited by its cost. D-WPT can be broadly 

classified into track based [18] and segmented transmitter (Tx) array types based on the 

Tx coil configuration [19]. Track-based solutions offer continuous power transfer to the 

moving receiver by using a long transmitter track whereas, segmented approaches 

consist of a set of segmented Tx coils placed in an array. Transmitter track based systems 

are easier to control as the track is powered from a single source. Coupling coefficient 

along the track is nearly constant as the receiver (Rx) moves along the track. The 

transmitter track can be a few meters to several tens of meters long depending on the 

nature of application [18].  However, this type of design suffers from a fairly low 

coupling coefficient because of the smaller transmitter region covered by the Rx thus 

giving rise to a lower efficiency. Moreover, electromagnetic field emitted in the 

uncoupled region has to be suppressed to mitigate harmful exposure.  

On the other hand, segmented Tx coils give higher coupling coefficient and 

efficiency compared to Tx track based methods. Nevertheless, misalignment tolerance, 

position tracking, transmitter separation and controlling the power flow are design 
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challenges that need to be solved in segmented Tx designs. There are two methods in 

connecting the power source to segmented Tx coils. Several Tx coils can be connected 

to a single power source in parallel, or dedicated sources can be used to supply power 

to each coil. Furthermore, the connection of dedicated power source for each coil is not 

cost effective. In contrast, connecting multiple Tx coils to a single source is relatively 

simpler and cost effective. Another approach of dedicated source configuration is to use 

single source connected to multiple coils, and switch between each coil when the 

receiver moves along the Tx array using a switch box [17].  In addition to source 

configuration, separation between transmitters needs to be carefully optimized. If coils 

are placed far apart, efficiency reduces drastically when the Rx moves away from Tx 

and the power transfer will not be continuous. However, coils cannot be kept too close 

to each other because the system cost will be increased with the increased number of 

transmitters placed in a given length of the track. In addition, placing Tx coils too close 

to each other may experience lower performance due to the cross coupling effect. 

Misalignment problem dominates the technical challenges in designing D-WPT 

systems with segmented Tx arrays [57]. In [100], the authors present a method for 

segmentation and compensation of Tx coils for D-WPT. However, literature still lacks 

a comprehensive analysis on design parameters such as number of Tx coils powered 

simultaneously, separation between Tx coils and, frequency and load characteristics. 

Therefore, the requirement of such an analysis on segmented D-WPT system is a vital 

aspect in optimal design process.  Therefore, this study investigates a detailed analysis 

on the designing of D-WPT system using segmented Tx array. The frequency and load 

characteristics of D-WPT system with segmented Tx array are explored. In an n-Tx coil 

array, there are n number of simultaneously powered Tx coils. Frequency splitting 

phenomena that is investigated for n >1 has not been studied previously. A novel double 

spiral repeater (DSR) scheme is proposed for efficiency and misalignment tolerance 

improvement.  

The chapter is organized as follows. Section 4.1 introduces the analysis of D-WPT 

system using equivalent circuit theory.  D-WPT using an array of Tx resonators is 

discussed in Section 4.3. Frequency and load characteristic of the system is also 

evaluated. Subsequently, the system with focusing DSR is introduced and its 

performance is analyzed in Section 4.4 followed by the chapter summary. 
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4.2 Equivalent circuit analysis 

For the system analysis, the equivalent circuit method discussed in Chapter 2 is used. 

Fig. 4-1(a) shows the equivalent circuit of dedicated power source configuration and 

Fig. 4-1(b) illustrates the single power source configuration for 3-Tx setup. Power 

sources are modelled as voltage sources and all excitation voltages are chosen to be 

equal in the analysis (Vt1 = Vt2 = Vt3 = Vs). Equivalent source resistance (Rs) represents 

the output impedance of the power source. The notion of source resistance is sometimes 

misleading in literature, particularly studies focus on impedance matching (IM) or two 

port network model [101] use 50 Ω source impedance. However, source impedance is 

much smaller in value when power converters are used as the source [102]. The 

equivalent circuits with either source connection types become identical with the 

assumption of 0 Ω source. Therefore, the system equation in (4-1) can be used to study 

the system performance for both parallel single-source and dedicated multi-source 

configurations with 0 Ω source impedance.  PTE is defined as Tx coils-to-Rx coil 

efficiency to study coil configurations for improved efficiency in (4-2). 

 

Fig. 4-1. Equivalent circuit for three adjacent transmitters (3-Tx setup) and a receiver:  (a) –Dedicated 

power source configuration where separate sources connected to each transmitter, and (b) – Single 

power source configuration where transmitter coils are connected in parallel with a single source.  
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𝑃𝑜𝑢𝑡 = |𝐼𝑟|
2𝑅𝐿  

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

|𝐼𝑟|
2𝑅𝐿

|𝐼𝑡1|
2
𝑅𝑡1 + |𝐼𝑡2|

2
𝑅𝑡2 + |𝐼𝑡3|

2
𝑅𝑡3 + |𝐼𝑟|2(𝑅𝐿+𝑅𝑟)

 

(4-2) 

Zm = Rm + j (ωLm -1/ωCm), (m = t1,2,3,r) are the self-impedances of Tx and Rx coils 

where Lm, Cm, and Rm represent inductance, capacitance and parasitic resistance of the 

coil. Capacitance includes both distributed capacitance and externally added 

capacitance. Xmn = Xnm = jωMmn = jωMmn (m = t1,2,3,r) where Mmn (= Mnm) is mutual 

inductance between mth and nth coils, and ω is the operating frequency of the source. 

Subscripts t1,2,3 represent three nearest Tx coils to the Rx coil concerned (represented by 

subscript r). Solving for currents and PTE explicitly from (4-2) results in a very complex 

expression. Therefore, system performance is numerically analyzed and validated with 

the experiments. Equations (4-1) and (4-2) will be used extensively for the analyses in 

the rest of this chapter. The optimized helical shaped coil in Chapter 3 is chosen as Tx 

coils. Resonance frequency (f0) of Tx and Rx resonators is chosen to be 0.99MHz 

(f0=1/(2π√(LC)). 

 
Fig. 4-2. D-WPT system with segmented transmitter array (3-Tx setup) 

4.3 Analysis of the classical transmitter array 

Before moving into the analysis of electrical characteristics, the implementation of 

an n-Tx D-WPT setup is discussed. Fig. 4-2 illustrates a section of a segmented Tx array. 

System performance is analyzed for different number of Tx coils powered at a time. In 

case of 1-Tx or 3-Tx setup, the segment from A to C is repeated when Rx moves along 

the Tx array, and segment B to D is repeated for 2-Tx setup. Next Tx coil has to be 

powered on and last Tx coil has to be disconnected once the Rx moves away from 

respective segment. Therefore, in all three cases (n=1,2, and 3), length of a segment is 

equal to the separation between Tx coils (ytx). Position B is considered as the reference 
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position (yrx=0), while position C is considered as the maximum misaligned position 

(yrx=ytx/2) in subsequent analyses.  

4.3.1 Frequency and load characteristic 

Fig. 4-3 illustrates PTE variation calculated at the aligned position and 20cm transfer 

distance (yrx = 0, zrx  = 20cm) with respect to operating frequency and load resistance for 

1-, 2- and 3-Tx setups. As expected, PTE is always maximum at self-resonance 

frequency for 1-Tx setup. In contrast, when two or three Tx coils are simultaneously 

powered, a dip can be observed at a frequency close to self-resonance whereas, the 

maximum PTE is achieved when operating at frequencies away from f0. A frequency 

splitting phenomena, where the maximum PTE occurs at two different frequencies, can 

be observed. These two frequencies can be considered as the resonance frequencies of 

the overall system, lower resonance frequency (LRF), and higher resonance frequency 

(HRF). It should be noted that this frequency splitting phenomena for PTE characteristic 

is different from the frequency splitting discussed in Chapter 3 regarding the TP 

characteristics of two coil WPT.  

 
Fig. 4-3. PTE with respect to operating frequency and load resistance, (a) – 1-Tx setup, (b) 2-Tx setup 

and (c) – 3-Tx setup; (yrx  = 0, ytx  = 50 cm, zrx  = 20cm) 

The frequency splitting phenomena can be explained by investigating the current 

ratios and the input impedances seen by the source at each Tx coil. The PTE expression 

in (4-2) can be simplified to (4-3) assuming identical Tx and Rx coils. Transfer current 

ratio (χ) is defined as the ratio between summation of absolute squares of Tx currents 

and absolute square of Rx current. It can be seen from (4-3) that PTE decreases with the 

increase of χ. The input impedance characteristics shown in Fig. 4-4(a) is evaluated at 

aligned position for 3-Tx setup. The input impedance is determined by the resonator 

impedance and the reflected impedance from the surrounding coils. At self-resonance 

frequency (fs=f0), all resonator impedances are equal to their respective coil resistances. 

As the middle transmitter (Tx2) is nearest to the Rx, reflected impedance is higher 

(a) (b) (c) 
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compared to that of the other two resonators (Tx1 & Tx3 for 3-Tx setup and Tx3 for 2-

Tx setup). This explains higher input impedance seen at Tx2 near resonance frequency. 

Consequently, there is a significantly lower current in Tx2 compared to the transmitters 

farther away (Tx1 & Tx3) leading to high χ near self-resonance frequency as seen in Fig. 

4-4(b). On the other hand, at LRF and HRF, input impedance of Tx2 becomes lower than 

that of the Tx1 and Tx3 (Fig. 4-4(a)). This regulates the currents in Tx1 and Tx3, causing 

χ to be minimized at HRF and LRF. 

 
Fig. 4-4. (a) – Input impedance of each transmitter coil at aligned position and  (b) – Transfer current 

ratio variation with respect to operating frequency. (3-Tx setup). 

𝑃𝑇𝐸 =
𝜉

𝜒 + 𝜉 + 1
 

𝜒 = (
|𝐼𝑡1|

2
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2
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2

|𝐼𝑟|2
) ;  𝜉 =

𝑅𝐿

𝑅
 

𝑅 = 𝑅𝑡1 = 𝑅𝑡2 = 𝑅𝑡3 = 𝑅𝑟 

(4-3) 

Furthermore, it is observed in Fig. 4-3 that highest PTE occurs when the load 

resistance is lower than 10 Ω. However, equivalent load is dependent on the application 

specific criteria. Therefore, D-WPT system should be capable of delivering power with 

an acceptable PTE in a wide load range. It is clear that the classical segmented Tx array 
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experiences lower efficiency at higher load. However, the proposed receiver structure 

with DSR allows higher PTE in a wide range of load variation. 

4.3.2 Transmitter separation and number of transmitter coils 

The effect of number of Tx coils (n) powered at a time and separation between Tx 

coils (ytx) is analyzed in this section. Numerically calculated results in Fig. 4-5 illustrate 

the maximum PTE at ytx values of 50cm and 20cm when load resistance and operating 

frequency are at their optimum values. If Tx coils are far apart, power transfer 

contribution from Tx coils placed farther away is not very significant at lower axial 

distances. This is because coupling between Rx and nearer Tx is much higher than the 

coupling between Rx and Tx coils farther away. This attributes to the highest PTE 

observed for 1-Tx setup at Zrx =20cm and for 2-Tx at Zrx=50cm as illustrated in Fig. 

4-5(a).   In contrast, when Tx coils are placed very close to each other (ytx=20cm in Fig. 

4-5(b)) coils farther away also contribute to the power transfer. Results in Fig. 4-5(b) 

show that PTE is almost identical for all setups (1-, 2- or 3-Tx) for Zrx =20cm whereas, 

3-Tx setup shows the best performance for Zrx =50cm. However, Tx coils that are too 

close result in higher implementation cost as the number of Tx coils to be placed in a 

given length of Tx array is higher. Therefore, it would be favorable if PTE and 

misalignment tolerance can be improved with a larger separation between Tx coils. The 

proposed receiver structure of this study allows enhanced PTE and misalignment 

tolerance even with higher separation (ytx=50cm) between Tx coils. 

 
Fig. 4-5.Maximum PTE (when load resistance and operating frequency is optimum) with respect to 

misalignment. (a) –  ytx=50cm and (b) –  ytx=20cm 
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4.3.3 Experimental results 

Network analyzer measurements are used for the experimental verification. Tx coils 

are connected in parallel with the network analyzer (Agilent E5062A) Port 1, while Rx 

is connected to the Port 2. Measured S-parameters are used to evaluate PTE. The load 

resistance is chosen to be 50 Ω for the subsequent comparisons with experimental results 

as the characteristic impedance of the network analyzer is 50 Ω. 

4.3.3.1 Frequency Response 

Fig. 4-6(a) shows frequency characteristic at the aligned position for different axial 

distances. Both LRF and HRF are dependent on the position of the Rx (coupling among 

coils). The maximum PTEs (at LRF and HRF) and respective frequencies are illustrated 

in Fig. 4-6(b). PTE at HRF is higher than PTE at LRF for 3-Tx setup, while both PTEs 

(at LRF and HRF) are almost same for 2-Tx setup. It can be seen that both LRF and 

HRF are close to self-resonance frequency for higher axial distances (i.e. lower 

coupling) whereas, LRF and HRF are further apart for low axial distances (i.e. higher 

coupling). This is because the input impedance seen at Tx2 is reduced at higher axial 

distances (Fig. 4-4(a)), and becomes comparable with the input impedances seen at Tx1 

and Tx3. This reduction in input impedance is due to the decrease in the reflected 

impedance at Tx2 with the deterioration in coupling coefficient. Therefore, the input 

impedance of Tx2 is lower at higher axial distances and it results in a lower frequency 

separation between HRF and LRF at higher axial distances. Frequency splitting 

disappears when axial distance is further away, due to insignificant reflected impedance 

between Tx coils. 

 
Fig. 4-6. (a) – PTE variation with respect to operating frequency at different axial distances at the 

aligned position, (b) – Maximum achievable PTE 
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Fig. 4-7 shows frequency response observed in the experiment. Due to 

manufacturing tolerances, coil resonances are slightly higher than 0.99MHz as depicted 

in Table 4-1.  Frequency splitting phenomena can be clearly observed in the 

experimental results as well. Such a frequency characteristic has not been reported in 

previous research efforts on D-WPT with a moving load. This could be attributed to low 

frequency (in kHz range) operation where resultant lower reflected impedance is not 

significant in the realization of splitting phenomena. D-WPT system tested for EV 

applications in [57] has reported a slight dip in efficiency at self-resonance frequency 

(Fig 4. of [57]). Therefore, careful frequency selection must be carried out in designing 

a D-WPT system in high frequency. 

 
Fig. 4-7. Experimental results: PTE variation with respect to operating frequency at the aligned position. 

(a) – 2-Tx setup, (b) – 3-Tx setup. 

4.3.3.2 Misalignment tolerance 
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as power transfer is not continuous. An Rx coil arrangement to improve the PTE and 

misalignment tolerance is introduced in the following section. 

 
Fig. 4-8. Comparison of calculations and experimental results: (a), (b) – The maximum PTE with 

respect to misalignment, (c), (d) – Optimum resonance frequencies (HRFs) with respect to 

misalignment. (a) & (c) – 2-Tx setup, (b) & (d) – 3-Tx setup. 

 

Fig. 4-9. The proposed DSR (a) – Drawing of DSR, (b) – Experimental realization of DSR 
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consists of a DSR placed in front of the Rx at the Tx side. DSR placed behind the Rx is 

considered as topology . The topology  is a combination of both topologies  and 

.  Axial distance (zrx) refers to unobstructed air gap between the Tx array and the 

receiver structure (Fig. 4-10). 

 

Fig. 4-10. Proposed topologies with DSR. (a) – Topology , (b) – Topology , (c) – Topology  and 

(d) – Topology .  
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Fig. 4-11 shows the proposed Rx arrangement with DSR for topology . The DSR 

placed behind the Rx coil is named as DSR1 (RxR1 & RxR2) and the DSR placed in 

front of Rx coil is named as DSR2 (RxR3 & RxR4) (refer Fig. 4-11). DSR1 can be 

viewed as a magnetic reflector whereas, DSR2 can be viewed as a magnetic lens which 

congregates magnetic flux towards Rx. Therefore, performance improvements from 

topologies  and  can be analyzed as lensing and reflecting effects respectively. 

Topology  exhibits both lensing and reflecting effects. YDSR1 (or YDSR2) is lateral 

separation between Rx and DSR1 (or DSR2) while   ZDSR1 (or ZDSR2) is axial separation 

between Rx and DSR1 (or DSR2) (refer Fig. 4-11). 

 

Fig. 4-11. (a) – 2-D view and dimensions of the proposed receiver structure with double spiral repeater, 

(b) – experimental realization of receiver for topology . 
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objective function in Matlab® using interior point algorithm. Optimum design variables 

can be executed for each receiver position. 

A set of switched capacitor banks can be used to tune each coil’s self-resonance at a 

particular position to obtain the maximum PTE. However, it would not be practically 

feasible due to the complex nature of the D-WPT system. Therefore, a nominal axial 

distance of 20cm is chosen for the experimental validation. The optimum values for 

YDSR1,2 and ZDSR1,2 aligned position are less than few centimeters in all three topologies. 

This results in a compact version of DSR. However, misalignment  tolerance is poor 

with low YDSR1,2. The optimum YDSR1,2  for the maximum misalignment  (25cm for 

ytx=50cm) is found to be higher than 10cm.  Therefore, YDSR1,2 is  chosen to be higher 

than 9cm in the optimization process. 

Table 4-1. Theoretical and experimental optimum self-resonance frequencies (in MHz) at aligned 

position for 20cm axial separation.  

Topology     

fTx1 
Theoretical 0.99 0.4 0.4 0.4002 

Experimental 0.9925 0.403 0.403 0.403 

fTx2 
Theoretical 0.99 0.4 0.4 0.4002 

Experimental 0.9905 0.407 0.407 0.407 

fTx3 
Theoretical 0.99 0.4 0.4 0.4002 

Experimental 0.9925 0.407 0.407 0.407 

fRx 
Theoretical 0.99 1.079 1.175 1.1104 

Experimental 0.9915 1.071 1.6875 1.1003 

fRxR1 
Theoretical 

NA NA 
1.0871 1.0028 

Experimental 1.0869 1.0013 

fRxR2 
Theoretical 

NA NA 
1.0871 1.0028 

Experimental 1.0875 1.0025 

fRxR3 
Theoretical 

NA 
1.0150 

NA 
1.0084 

Experimental 1.0159 1.0103 

fRxR4 
Theoretical 

NA 
1.0150 

NA 
1.0084 

Experimental 1.0155 1.0035 

4.4.2 Efficiency enhancement with DSR 

PTE can be improved up to 76% using the proposed topologies whereas PTE is 

around 35% in the classical arrangement at nominal transfer distance of 20cm. Table 
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4-1 shows both theoretical and experimentally tuned optimum self-resonance 

frequencies which produce maximum PTE for each topology. Each coil is separately 

tuned with high quality factor lumped capacitors. It can be seen from Table 4-1 that the 

optimum transmitter resonance (fTx) is much lower than that of Rx (fRx) and DSRs (fRxR1-

fRxR4). Optimum operating frequency (fs) is slightly higher than DSR resonances and 

lower than fRx. Therefore, it is apparent that the reactive impedance of Tx coils farther 

away limits the currents, thus improving the system efficiency at the optimum operating 

frequency. The optimum frequency characteristics of all topologies follow similar 

behaviour in all Rx positions. 

 

Fig. 4-12. Frequency characteristic of proposed topologies at aligned position at 20cm axial distance. 

Each frequency is normalized to its optimum value. (a) – Topology , (b) – Topology , (c) – 

Topology   and (d) – Topology . 

(b) 

(c) 

(d) 

0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

P
T
E

Normalized Frequency (f/f
opt

)

 

 

 f
Tx

f
s

f
RxR1

 & f
RxR2

 

f
RxR3

 & f
RxR4

f
Rx

0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

P
T
E

Normalized Frequency (f/f
opt

)

 

 

f
Tx

f
s

f
RxR1

 & f
RxR2

f
Rx

0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

P
T
E

Normalized Frequency (f/f
opt

)

 

 

f
Tx

f
s

f
RxR3

 & f
RxR4

f
Rx

(a) 

0.5 1 1.5 2 2.5 3
0

0.2

0.4

P
T
E

Normalized Frequency (f/f
opt

)

 

 

f
Tx

f
s
              

f
Rx



Chapter 4 Efficiency Enhancement for Dynamic Wireless Power Transfer 

 

71 

Simulation results illustrated in Fig. 4-12 show dependence of PTE on each coil’s 

self-resonance. In this analysis, individually selected frequency is varied while other 

frequencies are kept at their optimal values. It can be seen that the bandwidth of the 

operating frequency (fs) is very narrow in all the topologies. Therefore, the selection of 

proper operating frequency is very important in designing D-WPT system with the 

proposed topologies. Conversely, bandwidths of fTx and fRx are wider than fs. A larger 

bandwidth allows relatively easier tuning during the experiment.  Tx coils are connected 

in parallel with the network analyzer (Agilent E5062A) to experimentally validate the 

proposed topologies. The experimental setup is illustrated in Fig. 4-13. Double peak 

phenomena can be observed in the experimental results shown in Fig. 4-14 as well. It 

should be noted that the optimum experimental operating frequency is slightly different 

from that of the theoretical analysis. This is because the assumption of identical coils in 

the analysis is not valid due to the experimental disparities as seen in Table 4-1. 

However, maximum efficiencies and frequency responses still follow the theoretical 

analysis. 

 

Fig. 4-13. The experimental setup – topology   

 

Fig. 4-14. Experimental results: PTE vs. operating frequency at aligned position at 20cm axial 

separation. 
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Next, PTEs of the proposed topologies, optimized at 20cm nominal distance are 

compared with the classical arrangement in terms of transfer distance and misalignment. 

It can be seen from Fig. 4-15(a) that the proposed topologies show greater efficiency 

improvement against transfer distance.  Topology  with two DSRs in front and behind 

Rx shows 81% and 60% efficiency at 10cm and 35cm, respectively. It should be noted 

that the Rx size of the proposed topologies are larger than that of the classical topology. 

The performance improvement is further compared using the concept of normalized 

distance (znorm) introduced in Chapter 3, to incorporate the size difference.  

 
Fig. 4-15. Experimental results: (a) – PTE with respect to axial separation at the aligned position, (b) – 

PTE variation with respect to normalized distance, (c) – PTE with respect to misalignment when 

optimized to aligned position at zrx=20cm. 

Fig. 4-15 (b) compares experimental results with respect to the normalized distance. 
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nominal distance for proposed topologies is equivalent to 13.2cm for classical topology 

(respective znorm is around 1.5). PTEs obtained for normalized distance of 1.5 in 

topologies , ,  and  are 51%, 70%, 66% and 76% respectively. 

Fig. 4-15(c) illustrates the variation of experimental PTE with respect to 

misalignment at 20cm axial distance. All three topologies with DSR show significant 

efficiency improvement against misalignment.  PTE of Topology  drops only 1.5% 

from 76% with the maximum misalignment even with fixed frequency operation. 

Maximum and minimum PTE pairs for topologies ,  and  against misalignments 

are 32%-1.2%, 70%-66.7% and 68.5%-56.7% respectively. It is apparent that PTE 

improvement that can be obtained by the lensing effect (Topology ) is higher than that 

from the reflecting effect (Topology ). The highest PTE improvement results in 

Topology  can be viewed as combination of both lensing and reflecting effects.  In 

addition to y-direction misalignment which is unavoidable in D-WPT system, lateral 

displacement along x-direction is also examined.  The numerical results in Fig. 4-16 

compare performance variation against lateral displacement at nominal transfer distance 

of 20cm (znorm ~ 1.5 for topologies -). It can be seen that the proposed topology 

allows higher misalignment tolerance in lateral displacement compared to the classical 

topology.  Nevertheless, PTE declines in a faster rate against lateral displacement in all 

topologies compared to y-direction misalignment. It should be noted that, the lateral 

displacement along x-direction can be minimized using techniques such as tracking and 

autonomous driving. 

 

Fig. 4-16. PTE variation with respect to lateral displacement (x-direction) for zrx=20cm. 
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resonance frequency changes with the position of the Rx. Frequency tuning has been 

understood as a promising approach to provide enhanced misalignment tolerance. Fig. 

4-17 illustrates the maximum achievable PTEs with variable frequency operation. It can 

be seen from the experimental results in Fig. 4-17(b) that the efficiency improvements 

in topologies ,  and  with the variable frequency operation are around 4%, 1% and 

2% respectively. The cost effectiveness of frequency tuning has to be decided based on 

the application as the communication, control and location needed for tracking makes 

the design more complex. Other than the operating frequency tuning, resonance of the 

DSR resonators can also be tuned using switched capacitor bank to improve the PTE.  

 
Fig. 4-17. PTE comparison, operating frequency tuning vs. fixed frequency operation. (a) – Theoretical 

analysis, (b) - Experimental results 

 

Fig. 4-18. Normalized output current - transient response for topology . (a) –  Simulation results, (b) – 

Experimental results 

4.4.3 Transient response and load variation 

The transient response of the 2-coil WPT system is characterized with an exponential 

decay constant of ω/Q [103]. A similar behaviour is also observed with the proposed 

topologies. For example, Fig. 4-18 shows simulation and experimental results of the 

transient response for normalized receiver current in topology . (The simulation is 

(a) (b) 

0 5 10 15 20 25
0.4

0.5

0.6

0.7

0.8

Misallignment (cm)

P
T
E

 

 

(2) - Fixed Freq.
(2) - Freq. Tuning
(3) - Fixed Freq.
(3) - Freq. Tuning
(4) - Fixed Freq.
(4) - Freq. Tuning

0 5 10 15 20 25
0.4

0.5

0.6

0.7

P
T
E

Misalignment (cm)

 

 

(2) - Fixed Freq.
(2) - Freq. Tuning
(3) - Fixed Freq.
(3) - Freq. Tuning
(4) - Fixed Freq.
(4) - Freq. Tuning

(a) (b) 



Chapter 4 Efficiency Enhancement for Dynamic Wireless Power Transfer 

 

75 

performed in PLECS using multi-terminal mutual inductance model, while the 

measured S-parameters are used to generate experimental transient response along with 

Agilent ADS tool [99]) It can be seen that steady state condition is reached before 200μs 

time. Therefore, when EV charging application is considered, an adaptive tuning 

technique can be implemented for an EV moving in highway speed. 

Next, the load variation characteristics is analyzed in proposed topologies optimized 

to nominal load of 50 Ω. Numerical results in Fig. 4-19(a) show that proposed topologies 

allow higher PTE in a wider load variations compared to the classical topology. 

Theoretical results are verified with experiments using S-parameter based technique 

[99] as shown in Fig. 4-19(b). 

 

Fig. 4-19. PTE variation against load resistance. (a) – Theoretical analysis, (b) - Experimental results 

(zrx=20cm, yrx=0) 

4.5 Summary 

This chapter presented numerical analysis on the design of dynamic wireless power 

transfer (D-WPT) system with segmented transmitter (Tx) array. Efficiency 

characteristics against design parameters such as, operating frequency, load resistance, 

number of simultaneously powered Tx coils (n) and Tx coil spacing were presented. A 

frequency splitting phenomena was observed in efficiency characteristic for n>1. In 

addition, a double spiral repeater (DSR) for dynamic wireless power transfer was 

introduced. The DSR placed at the receiver coil was found to be a promising solution to 

obtain enhanced PTE with higher transfer distance and misalignment tolerance. The 

performance deterioration effect that occurs when the load is moving away from a 

source resonator can be compensated by congregating magnetic flux towards the load. 

Efficiency enhancement due to lensing DSR placed in front of the Rx was found to be 
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higher than that of the reflecting DSR placed behind Rx.  Quasi static condition was 

analyzed using equivalent circuit model and validated with the experimental results. 

Furthermore, proposed topologies showed high efficiency in a wide range of loads. It 

was also found that the optimal operating frequency is not identical to the self-resonance 

of the individual resonators, and frequency splitting phenomenon was investigated in all 

resonator arrangements. 
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Chapter 5  

Optimum Transmitter Current Distribution 

for Dynamic Wireless Power Transfer (D-

WPT) with segmented Array 

5.1 Introduction 

By using Tx arrays with voltage sources, the D-WPT system performances degrade 

because the Tx currents cannot be controlled with Rx misalignment, as investigated in 

Chapter 4. Tx coils farther away from the Rx coil experience higher currents as 

compared to Tx coils nearer to Rx coil. This is due to lower reflected impedance induced 

in the Tx coils that are farther away from Rx. Consequently, this causes lower 

transferred power and higher losses, thus leading to efficiency degradation. In order to 

address this issue, an compensation network along with an auxiliary current controlled 

circuitry was proposed in [104] and a reflexive field containment method was proposed 

in [100]. These approaches regulate the Tx coil (that are farther from the Rx coil) 

currents by increasing the impedances using compensation networks. However, 

theoretical optimum Tx currents were not considered in these approaches as D-WPT 

systems experience varying coupling levels between its moving Rx and respective Tx 

coils. On the other hand, optimum currents are numerically evaluated for a case study 

in Chapter 4 and a variable operating frequency approach is proposed to increase the 

input impedance of Tx coils that are farther away. However, the investigation in Chapter 

4 did not provide generalized analytical solution for the optimum current distribution. 

This chapter investigates an analytical solution for the theoretical optimum Tx 

currents using a current modulation scheme based on the analogy of N-dimensional 

Cartesian coordinates equivalent of spherical coordinates. The inspiration of this current 

modulation scheme comes from [105] where a 3-dimensional current modulation 

scheme is used to achieve omnidirectional WPT. This is achieved by arranging three Tx 

coils orthogonal to each other. Therefore, their theoretical analysis is limited to three Tx 

coils setup. In addition, frequency and load characteristics are not explored. Instead of 
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using orthogonal coils used in [105], this study proposes current modulation scheme for 

arbitrary number of Tx coils in D-WPT system. Taking it further, this study defines 

optimization goals and proposes an optimization for the design parameters such as 

operating frequency, load resistance and number of simultaneously powered Tx coils. 

 This chapter is organized as follows. Section 5.2 introduces the principle of current 

modulation scheme which employs the analogy of N-dimensional Cartesian coordinate 

equivalent of spherical coordinates. Section 5.3 discusses the optimization of design 

parameters. The theoretical analysis is verified by the experimental results in Section 

5.4 which is followed by the summary.  

5.2 Current modulated D-WPT  

The typical arrangement of segmented D-WPT system, similar to the classical 

topology described in Chapter 4 is shown in Fig. 4-2. The Tx coils are spaced uniformly 

apart (i.e. ytx), and the Rx moves along the Tx array while having an axial separation 

(i.e. zrx) from the Tx array. Radial separation, yrx is changed dynamically while the Rx 

moves along the Tx array. In an n-Tx coil array, there are n number of simultaneously 

powered Tx coils. When the Rx moves away from a particular segment, the farthest 

active Tx coil will be disconnected from source and upcoming inactive Tx coil will be 

activated.  It is important to note that the origin (yrx=0) is defined as the Rx aligned 

position to the middle Tx in a segment. For example, the reference position will be 

aligned to the Tx1 in a 2-Tx coil array setup, whereas it will be aligned to Tx2 in a 3-Tx 

coil array setup. On the other hand, performance within a segment is symmetric from its 

middle, and length of a segment spans ytx. Therefore, performance evaluation in this 

study is performed for displacement (yrx) ranging from 0 to ytx/2. 

 

Fig. 5-1. Segmented D-WPT system with n number of transmitter coils 
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5.2.1 Equivalent circuit 

The equivalent circuit for a segmented D-WPT system is shown in Fig. 5-2. The 

number of simultaneously powered Tx coils are denoted as n. The Tx coils are modelled 

to be powered by current sources, and then system equation is characterized in (5-1). 

[𝑍](𝑛+1)×(𝑛+1)[𝐼](𝑛+1)×1 = [𝑉](𝑛+1)×1 

where [𝑍𝑘𝑙] = {

𝑍𝑘 = 𝑅𝑘 + 𝑗𝑋𝑘,                              (𝑘 = 𝑙)
𝑍𝑛+1 = 𝑅𝑟 + 𝑅𝐿 + 𝑗𝑋𝑟     (𝑘, 𝑙 = 𝑛 + 1) 
𝑋𝑘𝑙 = 𝑋𝑙𝑘 = 𝑗𝜔𝑀𝑘,𝑙 = 𝑗𝜔𝑀𝑙,𝑘,   (𝑘 ≠ 𝑙)

 

𝑋𝑘 = 𝜔𝐿𝑘 − 1 𝜔𝐶𝑘⁄  

[𝐼](𝑛+1)×1 = [𝐼1  𝐼2  … 𝐼𝑛  𝐼𝑟 ]
𝑇 

[𝑉](𝑛+1)×1 = [𝑉1  𝑉2  … 𝑉𝑛 0 ]𝑇 

(5-1) 

Diagonal elements of the impedance matrix, Zk (k=1,2… n and r) are the self-

impedances of transmitters and receiver. Lk, Ck and Rk represent inductance, capacitance 

and parasitic resistance of the coil. Subscripts 1, 2 … n represent the respective Tx coil 

and subscript r represents the Rx coil. Mk,l (=Ml,k) is mutual inductance between kth coil 

and lth coil. ω is the operating angular frequency of the source. RMS voltages across Tx 

coils are defined as Vk (k=1,2… n), and RMS currents in each coil is Ik (k=1,2… n and 

r). After defining the system equation, output power and PTE can be calculated as in 

(5-2). Input power can be seen in the PTE equation to be the accumulation of the losses 

in the coils and the output power. 

𝑃𝑜𝑢𝑡 = |𝐼𝑟|
2𝑅𝐿 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

|𝐼𝑟|
2𝑅𝐿

∑(|𝐼𝑘|2𝑅𝑘) + |𝐼𝑟|2(𝑅𝑟 + 𝑅𝐿)
 

(5-2) 

5.2.2 Current modulation scheme 

Currents in Tx coils are modelled using the analogy of N-dimensional Cartesian 

coordinate equivalent of spherical coordinates as shown in (5-3). The current 
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modulation angles (θ1, θ2 … θn-1) determine the magnitude of each Tx current. 

Accordingly, square summation of each RMS currents is equal to square of the nominal 

current (I 
2). 
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Fig. 5-2. The equivalent circuit of a segmented D-WPT system with n number of transmitter coils 

[
 
 
 
 
 

𝐼1
𝐼2
𝐼3
⋮

𝐼𝑛−1

𝐼𝑛 ]
 
 
 
 
 

=

[
 
 
 
 
 
cos(𝜃1)                                               
sin(𝜃1)cos(𝜃2)                                 
sin(𝜃1)sin(𝜃2)cos(𝜃3)                   
⋮                                                       

sin(𝜃1) … sin(𝜃𝑛−2)cos(𝜃𝑛−1)
sin(𝜃1) … sin(𝜃𝑛−2)sin(𝜃𝑛−1)]

 
 
 
 
 

𝐼 (5-3) 

Using (5-1) and (5-3), the Rx current can be written as in (5-4). After which, the 

output power defined in (5-5) can be simplified as in (5-6) by using trigonometric 

manipulations (derivation of (5-6) is provided in Appendix). Output power is a function 

of transfer impedance ratio, Kn (defined in (5-6)), and load resistance. The transfer 

impedance ratio, Kn is defined as the ratio between induced impedances (comprise of 

mutual inductance between each Tx and Rx and current modulation angles) and Rx loop 

impedance. Therefore, the value of Kn is a function of current modulation angles. 

 𝐼𝑟 =
−𝑗𝜔𝐼

𝑅𝐿+𝑅𝑟 + j𝑋𝑟
(𝑀1,𝑟cos(𝜃1) + ⋯

+ 𝑀𝑛,𝑟 sin(𝜃1)… sin(𝜃𝑛−2) sin(𝜃𝑛−1)) 

(5-4) 

𝑃𝑜𝑢𝑡 = |𝐼𝑟|
2𝑅𝐿 =

𝜔2𝐼2𝑅𝐿

(𝑅𝑟 + 𝑅𝐿)2 + 𝑋𝑟
2
[𝑀1,𝑟cos(𝜃1) + ⋯

+ 𝑀𝑛,𝑟 sin(𝜃1)… sin(𝜃𝑛−2) sin(𝜃𝑛−1)]
2
 

(5-5) 
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𝑃𝑜𝑢𝑡 = 𝐼2𝐾𝑛𝑅𝐿 (5-6) 

where 𝐾𝑛 =
𝜔2

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2 × {[(((𝑀𝑛,𝑟

2 + 𝑀𝑛−1,𝑟
2 ) sin2(𝜃𝑛−1+𝛼𝑛−1) +

𝑀𝑛−2,𝑟
2 ) sin2(𝜃𝑛−2 + 𝛼𝑛−2) + 𝑀𝑛−3,𝑟

2 )…+ 𝑀2,𝑟
2 ] sin2(𝜃2 + 𝛼2) + 𝑀1,𝑟

2 } sin2(𝜃1 +

𝛼1) , 

𝛼𝑛−1 = tan−1 {
𝑀𝑛−1,𝑟

𝑀𝑛,𝑟
} , 

𝛼𝑛−2 = tan−1 {
𝑀𝑛−2,𝑟

√𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 sin(𝜃𝑛−1+𝛼𝑛−1)
} , 

𝛼𝑛−3 = tan−1 {
𝑀𝑛−3,𝑟

√[(𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 ) sin2(𝜃𝑛−1+𝛼𝑛−1)+𝑀𝑛−2,𝑟
2 ] sin(𝜃𝑛−2+𝛼𝑛−2)

} , 

𝛼1 =

tan−1 {
𝑀1𝑟

√({[(𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 ) sin2(𝜃𝑛−1+𝛼𝑛−1)+𝑀𝑛−2,𝑟
2 ]sin2(𝜃𝑛−2+𝛼𝑛−2)+𝑀𝑛−3,𝑟

2 }…+𝑀2,𝑟
2 ) sin(𝜃2+𝛼2)

}  

 

𝑃𝑖𝑛 = 𝐼2𝑅1cos2(𝜃1) + 𝐼2𝑅2sin
2(𝜃1)cos2(𝜃2) + ⋯

+ 𝐼2𝑅𝑛sin2(𝜃1)… sin2(𝜃𝑛−2)sin
2(𝜃𝑛−1) + 𝐼𝑟

2(𝑅𝑟 + 𝑅𝑟) 
(5-7) 

Input power can be calculated as in (5-7) using the approach in (5-2). Moreover, with 

the identical Tx coil assumption, (5-7) can be simplified into (5-8). It is important to 

note that the total loss contribution from the Tx coils is not dependent on Rx coil position 

and limited to I 
2R. PTE can be calculated as in (5-9) using (5-2). The normalized output 

power, NOP as defined by normalizing the output power to the square of nominal current 

(I 
2) as shown in (5-10). It is clear to see that both PTE and NOP are functions of current 

modulation angles, θ1, θ2 … θn-1. Most importantly, both matrices become optimum 

when Kn maximizes. The value of Kn is optimized at the maximum induced impedance 

components whereby sinusoidal terms become unity according to (5-11). These 

optimum current modulation angles are functions of mutual inductances between each 



Chapter 5 Optimum Transmitter Current Distribution for D-WPT  

 

82 

Tx coil and the Rx coil. For an arbitrary Rx position, optimum Tx current distribution 

can be achieved by applying (5-11) into (5-3). Noteworthy, this defines the theoretical 

optimum current distribution for a WPT with multiple Tx coils. After achieving 

optimum Tx current distribution, the performance metrics PTE and NOP are derived in 

(5-12). Next, to apply the optimized current modulation scheme, 2- and 3-Tx coils setup 

are chosen in the following subsections. 

If Tx coils are assumed to be identical, 𝑅1 = 𝑅2 …𝑅𝑛 = 𝑅𝑡  

 𝑃𝑖𝑛 = 𝐼2𝑅𝑡  + 𝐼𝑟
2(𝑅𝑟 + 𝑅𝐿) 

 

(5-8) 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

𝑅𝐿

𝑅𝑡 
𝐾𝑛

+ (𝑅𝑟 + 𝑅𝐿)
 

 

(5-9) 

𝑁𝑂𝑃 =
𝑃𝑜𝑢𝑡

𝐼2
= 𝑅𝐿𝐾𝑛 

 

(5-10) 

sin2(𝜃1 + 𝛼1) = 1 ⟹ 𝜃1−𝑜𝑝𝑡 = 𝑡𝑎𝑛−1 (
√∑ 𝑀𝑘𝑟

2𝑛
𝑘=2

𝑀1𝑟
) 

sin2(𝜃2+𝛼2) = 1 ⟹ 𝜃2−𝑜𝑝𝑡 = 𝑡𝑎𝑛−1 (
√∑ 𝑀𝑘𝑟

2𝑛
𝑘=3

𝑀2𝑟
) 

sin2(𝜃𝑛−1+𝛼𝑛−1) = 1 ⟹ 𝜃𝑛−1−𝑜𝑝𝑡 = tan−1 (
𝑀𝑛𝑟

𝑀𝑛−1𝑟
) 

 

(5-11) 

𝑁𝑂𝑃 = 𝑅𝐿𝐾𝑛−𝑜𝑝𝑡 

𝑃𝑇𝐸 =
𝑅𝐿

𝑅𝑡 
𝐾𝑛−𝑜𝑝𝑡

+ (𝑅𝑟 + 𝑅𝐿)
 

where, 𝐾𝑛−𝑜𝑝𝑡 =
𝜔2𝑀𝑠𝑢𝑚

2

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2 and 𝑀𝑠𝑢𝑚

2 = ∑ 𝑀𝑘𝑟
2𝑛

𝑘=1   

(5-12) 
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2-Tx D-WPT setup 

2-Tx coil setup is the minimum requirement for a D-WPT scheme. The Tx current 

magnitudes can be defined as in (5-13), and the current modulation angle, θ1 determines 

the percentage currents in each Tx coil. By applying similar principle derived in n-Tx 

coil setup, output power, input power, PTE and NOP are defined in (5-13)–(5-16) 

respectively. 

[
𝐼1
𝐼2

] = [
cos(𝜃1)
sin(𝜃1)

] 𝐼 

 

(5-13) 

𝑃𝑜𝑢𝑡 = |𝐼𝑟|
2𝑅𝐿 = 𝐼2𝐾2𝑅𝐿 

where 𝛼1 = tan−1 (
𝑀1𝑟

𝑀2𝑟
) and 𝐾2 = 

𝜔2(𝑀1𝑟
2 +𝑀2𝑟

2 )

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2 sin2(𝜃1 + 𝛼1) 

(5-14) 

𝑃𝑖𝑛 = 𝐼2𝑅1cos2(𝜃1) + 𝐼2𝑅2sin
2(𝜃1) + 𝐼𝑟

2(𝑅𝑟 + 𝑅𝑟) 

If Tx coils are assumed to be identical, 𝑅1 = 𝑅2 = 𝑅:  

𝑃𝑖𝑛 = 𝐼2𝑅 + 𝐼𝑟
2(𝑅𝑟 + 𝑅𝐿) 

 

(5-15) 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

𝑅𝐿

𝑅𝑡

𝐾2
+ (𝑅𝑟 + 𝑅𝐿)

 

𝑁𝑂𝑃 =
𝑃𝑜𝑢𝑡

𝐼2
= 𝑅𝐿𝐾2 

(5-16) 

The optimum current modulation angle which maximize K2 can be obtained from 

(5-17) and respective optimized metrics are derived in (5-18). 

𝑠𝑖𝑛2(𝛼1 + 𝜃1) = 1 ⟹ 𝜃1−𝑜𝑝𝑡 = 𝑡𝑎𝑛−1 (
𝑀2𝑟

𝑀1𝑟
) 

(5-17) 

𝑃𝑜𝑢𝑡 = 𝐼2𝑅𝐿𝐾2−𝑜𝑝𝑡 

𝑃𝑇𝐸 =
𝑅𝐿

𝑅𝑡

𝐾2−𝑜𝑝𝑡
+ (𝑅𝑟 + 𝑅𝐿)

 

where 𝐾2−𝑜𝑝𝑡 = 
𝜔2(𝑀1𝑟

2 +𝑀2𝑟
2 )

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2  

(5-18) 
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In order to validate the theoretical analysis, numerical analysis is performed with 

same helical shaped Tx and Rx coils used in Chapter 4, and with the parameters depicted 

in Table 5-1. Numerical results in Fig. 5-3 show PTE and NOP variations with respect 

to the current modulation angle (θ1) at various Rx positions which corresponds to 

different mutual inductance (i.e. M1r and M2r). The polar form of PTE and NOP are 

illustrated in Fig. 5-4 where the magnitude of each position vector corresponds to the 

respective performance index. This dynamic behavior yields a corresponding optimum 

angle for θ1 (illustrated in straight lines) which is in line with (5-17). 

 
Fig. 5-3. Performance variation with respect to current modulation angle in Cartesian form (zrx=100mm 

RL=50Ω) , (a) – PTE, (b) – NOP. 

 
Fig. 5-4. Performance variation with respect to current modulation angle in polar form (zrx=100mm 

RL=50Ω), (a) – PTE, (b) – NOP. 

Fig. 5-5 shows mutual inductance and the optimum Tx current variations with 

respect to the Rx position. When Rx is at reference position (Rx is aligned to Tx1), 

mutual inductance M1r is higher than M2r, resulting in higher optimum current in Tx1 

than Tx2. On the other hand, when yrx = ytx/2 (equi-radial displacement between Tx1 and 

Tx2), mutual inductances, M1r and M2r become identical, and that results in equal 

(a) 
(b) 

(a) (b) 
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optimum current magnitudes (θ1=450). At reference position (yrx =0), power transfer 

contribution from Tx1 is higher than Tx2 whereas, at yrx=ytx/2 position, power transfer 

contributions from Tx1 and Tx2 are uniform. Therefore, it is evident that the proposed 

current modulation scheme allows optimum power transfer contributions. 

 
Fig. 5-5. Mutual inductance variation and normalized optimal Tx currents (zrx=100mm). 

Table 5-1. Design parameters of coils. 

Parameter Value 

Outer radius 89mm 

Turns separation  4.2mm 

Number of turns 11 

Tx separation (ytx) 210mm 

Inductance 

Calc.(Exp.) 

30µH(~32µH) 

3-Tx D-WPT setup 

3-Tx coil setup is similar to the 2-Tx coil setup studied in previous subsection. The 

Tx currents, output power, input power, PTE and NOP for 3-Tx setup are defined in 

(5-19)–(5-21) respectively. In order to modulate the currents in the 3-Tx coil setup, a 

pair of current angles are required. (Note that the θ1 in the 2-Tx setup is not the same 

with this setup)  

[

𝐼1
𝐼2
𝐼3

] = [

cos(𝜃1)              
sin(𝜃1)cos(𝜃2)
sin(𝜃1)sin(𝜃2)

] 𝐼 (5-19) 

𝐼𝑟 =
𝜔𝐼

(𝑅𝑟 + 𝑅𝐿) + j𝑋𝑟

(𝑀1𝑟cos(𝜃1) + 𝑀2𝑟sin(𝜃1)cos(𝜃2) + 𝑀3𝑟sin(𝜃1)sin(𝜃2)) 

𝑃𝑜𝑢𝑡 = |𝐼𝑟|
2𝑅𝐿 =

𝜔2𝐼2𝑅𝐿

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2 (𝑀1𝑟cos(𝜃1) + 𝑀2𝑟sin(𝜃1)cos(𝜃2) +

𝑀3𝑟sin(𝜃1)sin(𝜃2))
2  



Chapter 5 Optimum Transmitter Current Distribution for D-WPT  

 

86 

𝑃𝑜𝑢𝑡 = 𝐼2𝐾3𝑅𝐿 

where 𝐾3 =
𝜔2

(𝑅𝑟+𝑅𝐿)2+𝑋𝑟
2 [(𝑀2𝑟

2 + 𝑀3𝑟
2 ) sin2(𝜃2+𝛼2) + 𝑀1𝑟

2 ]sin2(𝜃1 + 𝛼1) 

𝛼1 = tan−1 {
𝑀1𝑟

√(𝑀2𝑟
2 + 𝑀3𝑟

2 ) sin(𝜃2+𝛼2)
} 

𝛼2 = tan−1 {
𝑀2𝑟

𝑀3𝑟
} 

 

𝑃𝑖𝑛 = 𝐼2𝑅1cos2(𝜃1) + 𝐼2𝑅2sin
2(𝜃1)cos2(𝜃2) + 𝐼2𝑅3sin

2(𝜃1)sin
2(𝜃2)

+ 𝐼𝑟
2(𝑅𝑟 + 𝑅𝑟) 

If identical Tx coils 𝑅1 = 𝑅2 = 𝑅3 = 𝑅:  

𝑃𝑖𝑛 = 𝐼2𝑅 + 𝐼𝑟
2(𝑅𝑟 + 𝑅𝑟) 

(5-20) 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

𝑅𝐿

𝑅
𝐾3

+ (𝑅𝑟 + 𝑅𝐿)
 

NOP can be defined as, 

𝑁𝑂𝑃 =
𝑃𝑜𝑢𝑡

𝐼2
= 𝑅𝐿𝐾3 

(5-21) 

The optimum current modulation angles, θ1 and θ2 can be easily obtained from (5-22) 

and its optimized metrics are derived in (5-23). 

sin2(𝜃1 + 𝛼1) = 1 ⟹ 𝜃1 = 𝑡𝑎𝑛−1 (
√𝑀2𝑟

2 + 𝑀3𝑟
2

𝑀1𝑟
) 

sin2(𝜃2+𝛼2) = 1 ⟹ 𝜃2 = tan−1 (
𝑀3𝑟

𝑀2𝑟
)  

(5-22) 

𝑃𝑜𝑢𝑡 = 𝐼2𝑅𝐿𝐾3−𝑜𝑝𝑡 

𝑃𝑇𝐸 =
𝑅𝐿

𝑅
𝐾3−𝑜𝑝𝑡

+ (𝑅𝑟 + 𝑅𝐿)
 

𝐾3−𝑜𝑝𝑡 = 
𝜔2(𝑀1𝑟

2 + 𝑀2𝑟
2 + 𝑀3𝑟

2 )

(𝑅𝑟 + 𝑅𝐿)2 + 𝑋𝑟
2

 

(5-23) 
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Similar to the 2-Tx coil setup, numerical analysis is performed to substantiate the 

theoretical analysis. Numerical results in Fig. 5-6 show PTE and NOP in spherical 

coordinates with respect to both current modulation angle, θ1 and θ2 at two Rx positions. 

The magnitude in each position vector corresponds to respective performance index. 

Optimal θ1 and θ2 can be visualized from the projected contours and indicated by the 

respective markers. Clearly in both metrics, the optimum current angles θ1 and θ2 differ 

at different positions.  

  
Fig. 5-6. PTE and NOP variation against current modulation angles, θ1 and θ2. (a) – PTE for yrx=0, (b) – 

NOP for yrx=0, (c) – PTE for yrx= ytx/2 and  (d) – NOP for yrx= ytx/2 (zrx=100mm RL=50Ω). 

Similar to Fig. 5-5 in 2-Tx setup, Fig. 5-7 shows optimum Tx current variations with 

respect to the Rx position. When yrx = 0 (Rx is aligned to Tx2), the optimal current in 

Tx2 is much higher than Tx1 and Tx3, and the optimal currents in Tx1 and Tx3 are 

identical. Moving along, when yrx = ytx/2 (Rx farthest away from Tx1 while being equi-

radial displaced between Tx2 and Tx3), current in Tx1 is much lower than Tx2 and Tx3, 

and currents in Tx2 and Tx3 are identical.  

According to (5-12), higher n gives better performance. However, comparison of 2-

Tx and 3-Tx coil setups did not show any significant difference. Therefore the 

effectiveness of higher number of Tx coils needs to be further investigated. In addition, 

the parameters used for the above numerical analysis do not provide comprehensive 
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operating guidelines such as frequency and load characteristics. In the next section, 

further analyses will be carried out so as to provide a robust and rigorous optimization 

scheme. 

 
Fig. 5-7. Normalized optimal Tx currents vs. lateral displacement (yrx)   (zrx=100mm). 

5.3 Performance optimization 

5.3.1 Frequency optimization 

Frequency optimization can be done by using (5-12) for both PTE and NOP. It is 

important to note that coil resistance is a function of frequency as shown in (5-24), and 

should be given considerable attention during frequency optimization. Rdc,t and Rdc,r are 

the DC resistances of the Tx and Rx coils respectively, while ωk and ωl are the 

frequencies at which AC resistances double their respective DC counterparts [97]. By 

incorporating (5-24) into (5-12), the optimum frequencies for PTE and NOP can be 

obtained using differential techniques, and solving the polynomials (for real and positive 

roots) shown in (5-25) and (5-26) respectively.  

𝑅𝑡 = 𝑅𝑑𝑐,𝑡 (1 +
𝜔2

𝜔𝑘
2)  and 𝑅𝑟 = 𝑅𝑑𝑐,𝑟 (1 +

𝜔2

𝜔𝑙
2) (5-24) 

𝜔𝑃𝑇𝐸−𝑜𝑝𝑡 = 𝑥  s.t. 𝑎1𝑥
8 + 𝑎2𝑥

6 + 𝑎3𝑥
2 + 𝑎4 = 0 

where 𝑎1 = 2𝑅𝑑𝑐,𝑡𝑅𝑑𝑐,𝑟
2 , 

𝑎2 = 𝑅𝑑𝑐,𝑡𝐿𝑟
2𝜔𝑘

4 + 𝑀𝑠𝑢𝑚
2 𝑅𝑑𝑐,𝑟𝑤𝑘

2𝜔𝑙
2 + 𝑅𝑑𝑐,𝑡𝑅𝑑𝑐,𝑟

2 𝜔𝑘
2 + 2𝑅𝑑𝑐,𝑡𝑅𝑑𝑐,𝑟

2 𝜔𝑙
2 +

2𝑅𝐿𝑅𝑑𝑐,𝑟𝑅𝑑𝑐,𝑡𝜔𝑙
2,  

𝑎3 = −𝑅𝑑𝑐,𝑡𝜔𝑙
4(𝐿𝑟

2𝜔𝑟
4 − 2𝐿𝑟

2𝜔𝑟
2𝜔𝑘

2 + 2𝑅𝐿
2𝜔𝑘

2 + 2𝑅𝐿𝑅𝑑𝑐,𝑟𝜔𝑘
2 + 𝑅𝑑𝑐,𝑟

2 𝜔𝑘
2)  

and  𝑎4 = −2𝑅𝑑𝑐,𝑡𝐿𝑟
2𝜔𝑟

4𝜔𝑘
2𝜔𝑙

4 

(5-25) 
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𝜔𝑁𝑂𝑃−𝑜𝑝𝑡 = 𝑥  s.t. 𝑏1𝑥
6 + 𝑏2𝑥

2 + 𝑏3 = 0 

where 𝑏1 = 𝑅𝑑𝑐,𝑟
2 ,  𝑏2 = (2𝐿𝑟

2𝜔𝑟
2 − (𝑅L + 𝑅𝑑𝑐,𝑟)

2
)𝜔𝑙

4, and 𝑏3 =

−2𝐿𝑟
2𝜔𝑟

4𝜔𝑙
4 

(5-26) 

With the numerical results from (5-25) and (5-26) as illustrated in Fig. 5-8 and Fig. 

5-9 respectively, optimum frequencies are observed to be fairly constant during low load 

resistance region. Therefore, coil resistances are assumed to be frequency independent 

in order to further simplify optimum frequencies. With the assumption of constant coil 

resistances, both PTE and NOP are optimized when Kn-opt becomes maximum. By 

differential technique, the optimum frequencies for PTE and NOP are derived in (5-27). 

The condition for (5-27) that needs to be valid is the load resistance has to satisfy the 

load boundary in (5-28). 

𝜔𝑃𝑇𝐸−𝑜𝑝𝑡 = 𝜔𝑁𝑂𝑃−𝑜𝑝𝑡 = 𝜔𝑟√

1

1 − 
(𝑅𝑟 + 𝑅𝐿)2

2(𝜔𝑟𝐿𝑟)2

 (5-27) 

(1 − 
(𝑅𝑟 + 𝑅𝐿)

2

2(𝜔𝑟𝐿𝑟)2
) > 0 → 𝑅𝐿 < (√2𝜔𝑟𝐿𝑟 − 𝑅𝑟) (5-28) 

 When the load resistance is much less than the condition in (5-28), (5-27) can be 

approximated to be the resonance frequency of the receiver as given in (5-29). 

When 𝑅𝐿 ≪ (√2𝜔𝑟𝐿𝑟 − 𝑅𝑟)  →  
(𝑅𝑟+𝑅𝐿)2

2(𝜔𝑟𝐿𝑟)2
≪ 1 → 𝜔𝑃𝑇𝐸−𝑜𝑝𝑡 = 𝜔𝑁𝑂𝑃−𝑜𝑝𝑡 =

𝜔𝑟 

(5-29) 

Numerical results are shown in Fig. 5-8 and Fig. 5-9 when contours are derived from 

(12). For PTE, it can be seen that the approximated frequency from (5-27) is only valid 

at low load resistance region which agrees with (5-29). In contrast, for NOP, 

approximated frequency from (5-27) is valid within the load resistance boundary 

defined in (5-28). This difference is attributed from the additional Tx resistance, R, 

factor (which is the parasitic resistance of Tx coils) in the PTE equation of (5-12). 

Outside the boundary for NOP, the optimum frequency experiences a drastic increment 

which renders it operationally unfeasible for most setups. 



Chapter 5 Optimum Transmitter Current Distribution for D-WPT  

 

90 

 

Fig. 5-8. PTE variation vs. operating frequency and load resistance (zrx=100mm, yrx=0 n=3). 

 

Fig. 5-9. NOP variation vs. operating frequency and load resistance (zrx=100mm, yrx=0 n=3). 

It is apparent from the frequency optimization that designers can choose their 

operating frequency to be same as the Rx self-resonance if their load requirements are 

suitable. Nonetheless, if load requirements are not met, equivalent load resistances can 

be controlled using load transformation techniques [106]. This would form the pre-

requisite for load optimization presented in the next sub-section. 

5.3.2 Load variation 

Load optimization can be done by using (5-12) for both PTE and NOP in a similar 

manner. By using differential techniques, the optimum load resistance can be derived in 

(5-30) and (5-31) for PTE and NOP respectively. If the condition stipulated in (5-29) is 

satisfied (i.e. operating frequency equals to Rx resonance frequency), further 

simplification can be done and it is shown in (5-32) and (5-33). With (5-33), it is clear 

that the optimum load resistance for NOP is equal to the Rx coil resistance, Rr which 

fulfils the impedance matching principle within the receiver circuitry. 
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𝑅𝐿(𝑃𝑇𝐸−𝑜𝑝𝑡) = √
𝜔𝑟

2𝑀𝑠𝑢𝑚
2 𝑅𝑟 + 𝑅(𝑅𝑟

2 + 𝑋𝑟
2)

𝑅
 

(5-30) 

𝑅𝐿(𝑁𝑂𝑃−𝑜𝑝𝑡) = √𝑅𝑟
2 + 𝑋𝑟

2 

 

(5-31) 

𝜔 = 𝜔𝑟 → 𝑋𝑟 = 0 

𝑅𝐿(𝑃𝑇𝐸−𝑜𝑝𝑡) = √
𝜔𝑟

2𝑀𝑠𝑢𝑚
2 𝑅𝑟 + 𝑅𝑅𝑟

2

𝑅
 

(5-32) 

𝑅𝐿(𝑁𝑂𝑃−𝑜𝑝𝑡) = 𝑅𝑟 (5-33) 

Analytical results from (5-30) and approximated results from (5-32) are compared 

in Fig. 5-10. In evaluating analytical results, the operating frequency is chosen to be at 

its optimal value (from (5-25)). In contrast, when evaluating approximated results, 

operating frequency is maintained at ωr (as assumed in (5-29)). It can be clearly seen 

that the approximation matches the analysis, leading to the validation of the assumption 

of (5-29) which states that optimum frequency is equal to Rx resonance frequency. It is 

interesting to note that as axial displacement zrx increases, optimal load resistance within 

the segment decreases. 

 
Fig. 5-10. Variation of the optimum load resistance with respect to lateral displacement (yrx). 

5.3.3 Number of simultaneously powered Tx coils 

According to (5-12), the higher the number of Tx coils, better the performance, in 

terms of NOP and PTE. However, high n increases control complexity. On the other 

hand, by adding additional Tx coils might provide diminishing marginal performance. 

Hence, optimum n has to be determined based on the performance increment and 
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additional control complexity. For NOP optimization, the percentage condition in (5-34) 

can be defined to determine the optimum n. The threshold margin, δNOP-thld, needs to be 

determined based on the application criteria. Moving forward, (5-34) can be simplified 

to (5-35) using (5-12). If the mutual inductance between the additional Tx and Rx is 

higher than desired threshold margin as stated in (5-35), the addition of coil is deemed 

to be effective. Similarly for PTE optimization, in order to evaluate the effectiveness of 

adding Tx coils, the condition in (5-36) can be defined. The addition of a Tx coil is 

effective only if the PTE increment is greater than desired threshold margin, δPTE-thld. 

Equation (5-36) can be extended to (5-37) using (5-12).  

 

Fig. 5-11. Optimal performance comparison for different number of simultaneously powered Tx coils 

(n) at axial distance (zrx) of 100mm (PTE and NOP at each position is illustrated for respective 

optimized load resistance). (a) – PTE, (b) – NOP, (c) – δPTE-thld and  (d) – δNOP-thld. 

𝑁𝑂𝑃𝑛+1 − 𝑁𝑂𝑃𝑛

𝑁𝑂𝑃𝑛
> 𝛿𝑁𝑂𝑃−𝑡ℎ𝑙𝑑 

 

(5-34) 

𝑀𝑛+1,𝑟
2

𝑀𝑠𝑢𝑚
2

> 𝛿𝑁𝑂𝑃−𝑡ℎ𝑙𝑑 (5-35) 

𝑃𝑇𝐸𝑛+1 − 𝑃𝑇𝐸𝑛 > 𝛿𝑃𝑇𝐸−𝑡ℎ𝑙𝑑 (5-36) 

(a) (b) 

(c) (d) 
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𝑅𝐿

2𝑅𝑛
𝐾𝑛+1

+ (𝑅𝑟 + 𝑅𝐿)
−

𝑅𝐿

2𝑅𝑛
𝐾𝑛

+ (𝑅𝑟 + 𝑅𝐿)
> 𝛿𝑃𝑇𝐸−𝑡ℎ𝑙𝑑 

(5-37) 

 

Fig. 5-12. Optimal performance comparison for different number of simultaneously powered Tx coils 

(n) at axial distance (zrx) of 300mm (PTE and NOP at each position is illustrated for respective 

optimized load resistance). (a) – PTE, (b) – NOP, (c) – δPTE-thld and  (d) – δNOP-thld. 

Varying the number of Tx coils, numerical results for PTE and NOP are illustrated 

in Fig. 5-11 (a) and (b) respectively. Load resistances are chosen to be their respective 

(PTE and NOP) optimal values as of (5-32) and (5-33) and, operating frequency is 

selected to be at Rx self-resonance (ωr) as of (5-29). Then, Fig. 5-11 (c) and (d) show 

the difference in PTE and NOP, δPTE-thld and δNOP-thld respectively, for different number 

of Tx coils. It is evident from this setup, that increasing n from 1 to 2 significantly 

improves the PTE and NOP performances. However, increasing n from 2 to 3 provides 

negligible enhancements. 

Next, for results shown in Fig. 5-12, the operating conditions are similar to that of 

Fig. 5-11, with the only exception of axial distance (zrx) changing 100mm to 300mm. 

As shown in Fig. 5-12 (c) and (d), increasing n from 1 to 2 and, from 2 to 3, provided 

considerable improvements. Comparing these two case studies with different zrx, it is 

(a) (b) 

(c) (d) 
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clear that zrx has an impact on the effectiveness of the optimum number of Tx coils. It 

should be re-emphasized that the coils used in this study are identical as size difference 

in coils can affect the optimum number of Tx coils.   For example, if Rx coil is relatively 

larger than Tx coil [107], the optimum n would be higher than that of similar size Rx 

coil. 

5.3.4 Maximum performance 

With the parameter optimization provided in previous sub-sections, the maximum 

PTE and NOP for a given D-WPT setup can be derived. For this purpose, an equivalent 

coupling coefficient is defined as in (5-38), where Lt and Lr are the inductances of Tx 

and Rx coils respectively. Unloaded quality factors of Tx coils and Rx coil is defined in 

(5-39). 

𝑘𝑒𝑞 =
√𝑀𝑠𝑢𝑚

2

√𝐿𝑡𝐿𝑟

 
(5-38) 

𝑄𝑇𝑥 =
𝜔𝐿𝑡

𝑅𝑡
 , 𝑄𝑅𝑥 =

𝜔𝐿𝑟

𝑅𝑟
 (5-39) 

 The maximum PTE can be obtained as in (5-40) by applying optimum frequency 

(in (5-29)) and optimum load (in (5-32)) conditions to (5-12). It is interesting to note 

that the maximum PTE (PTEmax) is a function of equivalent coupling and coil quality 

factors which is identical to the well-established maximum efficiency formula discussed 

in Chapter 3. This provides a concise design goal for D-WPT systems which is 

universally applicable to any number of Tx coils. Similar to the maximum PTE, the 

maximum NOP (NOPmax) can be computed in (5-41) by applying optimum frequency 

(in (5-29)) and load conditions (in (5-33)) to (5-12). Similar to PTE, it is important to 

note that the maximum NOP for a D-WPT is restricted by the coil design (determine 

QTx, QRx and Rt) and the system parameters such as transfer distance and misalignment 

(determines keq). 

𝑃𝑇𝐸𝑚𝑎𝑥 =
𝑘𝑒𝑞

2 𝑄𝑇𝑥𝑄𝑅𝑥

(√1 + 𝑘𝑒𝑞
2 𝑄𝑇𝑥𝑄𝑅𝑥 + 1)

2 (5-40) 

𝑁𝑂𝑃𝑚𝑎𝑥 =
𝑅

4
𝑘𝑒𝑞

2 𝑄𝑇𝑥𝑄𝑅𝑥 (5-41) 
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5.4 Experimental results 

A laboratory prototype of a D-WPT system is built to validate the theoretical 

analysis. In this experimental setup, a 4-port network analyzer is used to measure S-

parameters and Advanced Design System (ADS) is used for performance evaluation. 

The experimental setup is illustrated in Fig. 5-13. The coils are constructed based on the 

design guidelines of Chapter 3, and the specifications of D-WPT setup are shown in 

Table 5-1. The experimental self-resonances of coils are listed in Table 5-2 when 

connected to series lumped capacitors. Throughout the experiment, the modulations of 

Tx currents are manually controlled in an open loop manner with the use of ADS. Closed 

loop implementation of similar current modulation scheme can be found in [108]. 

Experimental validation for 2-Tx and 3-Tx D-WPT setups are presented in following 

subsections.  

Table 5-2. Experimental self-resonances 

Coil 
Resonance 

frequency 

Tx1 0.990MHz 

Tx2 0.990MHz 

Tx3 0.988MHz 

Rx 0.993MHz 

 

Fig. 5-13. The experimental setup (3-Tx setup) 

First, experimental validation is performed with a 2-Tx D-WPT setup. The polar 

form illustration in Fig. 5-14 shows experimental PTE and NOP variations with respect 

to current modulation angle at two different Rx positions. It can be seen that the 

experimental results for both PTE and NOP agree well with the theoretical results 

presented in Fig. 5-4. Furthermore, the experimental optimal current modulation angles 

Tx1 Tx2 

Rx 

Tx3 
Network analyzer 
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within a segment are compared with their theoretical counterparts in Fig. 5-15 for two 

axial distances. 

 

Fig. 5-14. Experimental performance variation with respect to current modulation angle in polar form 

(zrx=100mm RL=50Ω), (a) – PTE, (b) – NOP. 

 
Fig. 5-15. Comparison between theoretical and experimental optimal current modulation angles: lines 

represent theoretical results and points represent experimental results. 

Next, experimental verification is performed for 3-Tx coil array. Fig. 5-16 shows 

PTE and NOP variations for two different yrx positions, and its shape agrees with the 

theoretical results presented in Fig. 5-6.  Furthermore, the experimental optimal current 

modulation angles within a segment are compared with their theoretical counterparts in 

Fig. 5-17 for two axial distances. Moving on, the experimental frequency characteristic 

of PTE and NOP are compared with theoretical values in Fig. 5-18. Then, the optimal 

load resistances within a segment are compared with theoretical values in Fig. 5-19. 

Lastly, experimental and theoretical results for different axial distances against lateral 

displacements are shown in Fig. 5-20. While the experimental trend largely follows 

theoretical analysis, it should be noted that the discrepancies could be due to 

experimental tolerances and different self-resonances of the coils. 

(a) (b) 
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Fig. 5-16. Experimental performance variation against current modulation angles, θ1 and θ2. (a) – PTE 

for yrx=0, (b) – NOP for yrx=0, (c) – PTE for yrx= ytx/2 and  (d) – NOP for yrx= ytx/2 (n=3, zrx=100mm 

RL=50Ω). 

 

Fig. 5-17. Comparison between theoretical and experimental optimal current modulation angles: line: 

theoretical results and points – experimental results (n=3, zrx=100mm RL=50Ω) (a) – θ1 and (b) – θ2. 

 

Fig. 5-18. Frequency characteristics comparison of experimental and theoretical performance (n=3 and 

zrx=100mm). (a) – PTE and (b) – NOP. 

(a) (b) 

(a) (b) 
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Fig. 5-19. Comparison between theoretical and experimental results for optimum load resistance (n=3).  

 
Fig. 5-20. Comparison between theoretical and experimental results for optimum performance. (n=3 and 

respective optimized load resistance) (a) – PTE and (b) – NOP. 

Voltage source configuration is compared with the proposed modulated current 

source configuration in Fig. 5-21. Due to the different normalization of both sources, 

NOP cannot be fairly compared and hence, only PTE is used for the evaluation. While 

the proposed method maintains its efficiency relatively constant throughout the 

displacement, the PTE of the voltage source configuration degrades significantly. 

 

Fig. 5-21. Experimental results: Comparison of Voltage-source D-WPT discussed in Chapter 4 vs. 

current modulated D-WPT proposed in this chapter (load resistances are chosen to be at respective 

optimized values and ω=ωr). 

 

(a) (b) 

(
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Overall, experimental results agree well with the theoretical analysis with slight 

deviations. These deviations could be due to experimental disparities such as non-

identical coils, different coil self-resonance frequency and additional parasitic 

resistances from capacitors, cables and connectors.  

5.5 Summary 

This chapter investigated efficiency and output power optimization for transmitter 

(Tx) current modulation used in D-WPT applications. The theoretical optimum current 

distribution within a Tx array was derived by applying an n-dimensional coordinate 

analogy onto the equivalent circuit. The optimal current distribution at arbitrary receiver 

(Rx) position is a function of the mutual inductances between Tx coils and Rx. The 

optimization results were presented for an arbitrary number of Tx coils and further 

simplified for 2-Tx and 3-Tx setups. Supplementing this, numerical results of 

performance metrics provided visualization of the current distribution optimization. In 

addition, optimization design parameters such as operating frequency, load resistance 

and number of simultaneously powered Tx coils were explored. Furthermore, the 

theoretical upper bound of the efficiency and normalized output power was derived. 

Experimental results were presented to validate the theoretical analysis. Lastly, 

comparison between the conventional voltage source and the current source with 

proposed optimization method was performed. The proposed method improved the 

overall performance and alleviated the negative effects of misalignment in D-WPT 

systems. Moreover, the theoretical analysis derived in this chapter provides a platform 

for optimization of multi-Tx WPT systems. 
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Chapter 6  

Figure-of-Merit for the Optimization of 

Wireless Power Transfer System Against 

Misalignment Tolerance 

6.1 Introduction 

Maximum power transfer efficiency (PTE), high transferred power (TP) and 

misalignment tolerance are key design requirements most of the WPT applications. PTE 

refers to the energy efficiency through WPT link whereas, TP refers to the normalized 

output power at the load. Major focus of chapters 3, 4 and 5 was on the improvement of 

the PTE, because high PTE is essential to minimize system losses.  However, TP is also 

an important parameter to consider as it allows higher output power delivered to the 

load.  High TP is important requirement for high power applications because the 

component ratings of high power applications is highly dependent on the TP 

characteristics. Therefore, it is important to consider both PTE and TP in designing WPT 

systems. The maximum TP and PTE are mainly limited by the distance between 

transmitter (Tx) and receiver (Rx) coils. 

Among the studies reported in literature, the primary optimization objective is either 

PTE [14, 36] or TP [23, 25]. The focus on a single performance index does not guarantee 

the optimized result for the other index, therefore, the requirement of additional 

techniques to optimize both indices arises. For example, a typical series compensated 2-

coil WPT setup operating at resonant frequency of individual coils needs an impedance 

matching (IM) circuitry to improve TP. Therefore, improvement of both PTE and TP 

simultaneously is a significant aspect for optimization.  A figure-of-merit (FOM) 

considering PTE and TP along with prioritization scheme of both indices has been 

introduced in this study. 

In addition to the system level performance indices such as PTE and TP, application 

specific criteria such as transfer distance, misalignment tolerance and nature of Rx 

positioning also affect the performance of the design. Typically, various optimizations 
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presented in literature focus on improving the performance for a desired Rx position and 

orientation, and subsequently, the performance is evaluated with misalignment [75, 76]. 

However, such an approach gives rise to inferior performance with misalignment as Rx 

dynamics are not taken into account. Misalignment analysis needs to be carried out in 

accordance with the Rx behaviour. Dynamics of Rx in each of six degrees of freedom 

(6DoF) misalignments modelled using Euclidean transformation at any desired Rx 

position and dynamics comprise of translation along three axes and rotation around three 

axes (Fig. 6-1). Likelihood of Rx misalignment in each of 6DoF is also an important 

design parameter. Probability of alignment in each 6DoF can be defined by considering 

Rx dynamics. 

The literature lacks an analysis on incorporating such application level criteria into 

the design stage. A novel FOM is introduced in this study incorporating both system 

level performance indices and design level parameters such as PTE, TP, translational 

and rotational misalignment, and probability of alignment with respect to 6DoF.  In 

order to substantiate the proposed FOM, an optimization of WPT system using repeaters 

is presented. The proposed FOM can be used not only for the optimization of WPT with 

repeaters, but also in a wide range of design approaches such as coil design, tuning, 

compensation circuit design and converter design for WPT. 

 
Fig. 6-1. WPT system with 6DoF misalignment. 

This chapter is organized as follows. Section 6.2 introduces the proposed Tri-Spiral 

Repeater (TSR) with analysis and parameter calculation using equivalent circuit 

approach. A FOM that can be used to improve system level performance and 6DoF 

misalignment tolerance is introduced in Section 6.3. The proposed FOM is applied to 
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optimization of WPT with TSR in Section 6.4. Variable operating frequency is identified 

as a promising tuning approach to improve 6DoF misalignment tolerance in Section 6.5, 

followed by the chapter summary. 

6.2 Analysis of WPT system with repeaters 

6.2.1 Proposed tri-spiral repeater (TSR) 

This section introduces the analysis of the proposed tri-spiral repeater (TSR). Three 

spiral coils are used to construct a planar TSR. Three coils are used as it is the minimum 

number of coils required to achieve the symmetrical structure that allows misalignment 

tolerance in any direction in radial plane. The proposed WPT system with two TSRs 

placed at Tx and Rx is illustrated in Fig. 6-2. The TSR placed at the Tx coil is named as 

TSR1 (coils: TxR1, TxR2 & TxR3) and the TSR placed at the Rx coil is named as TSR2 

(coils: RxR1, RxR2 & RxR3) (refer to Fig. 6-2). ZTSR1 (or ZTSR2) is the axial distance 

between Tx (or Rx) and TSR1 (or TSR2) while u (or v) is the radial separation of the 

coils in TSR1 (or TSR2). Position of the Rx is defined using coordinates xrx, yrx and zrx 

with respect to the Tx.  Axial distance (zrx) is defined as unobstructed axial separation 

between TSR1 and TSR2. Angular misalignments around x, y, and z axes are defined 

as ϕ, ψ, and θ respectively. Misalignments in radial plane, rotation around x-axis and 

rotation around z-axis are illustrated in Fig. 6-2. Angular misalignments around y-axis 

(ψ) is similar to the angular misalignments around x-axis (ϕ) for TSR-WPT setup. Self-

resonance frequency of each coil is chosen to be 1MHz. 

 
Fig. 6-2. Design parameters of the proposed WPT system with TSR (two diamentional representation) 

(a) – Y-Z view and (b) – X-Y view. 

The performance characteristics of WPT with TSRs are compared against the 

performance of equivalent single-spiral repeater (SSR) having same physical size as the 

(a) (b) 
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TSR. It is identified that TSR outperform SSR, and a comparison is detailed in Section 

IV. Nevertheless, the proposed optimization of this chapter can be applied for any kind 

of WPT optimization including repeaters with any number of coils. The coupling 

coefficient of helical shaped coils is found to be higher than that of the spiral shaped 

coils at higher axial and radial distances. Therefore, helical shaped coils are preferred 

for WPT applications. However, helical shaped coils occupy larger space compared to 

spiral shape due to their height, making them unsuitable for design of planar repeaters. 

Therefore, helical shaped coils are used as Tx and Rx coils while spiral shape is used 

for the design of repeaters. 

   
Fig. 6-3. The equivalent circuit. 

6.2.2 Equivalent circuit model 

For WPT system analysis, the equivalent circuit method with multiple transmitters, 

repeaters and receiver coils is well established in literature [30]. Fig. 6-3 illustrates the 

equivalent circuit of the WPT system with two TSRs placed near Tx and Rx. Equation 

(6-1) can be expressed to evaluate system performance using the equivalent circuit 

model. 

[𝑍]8×8[𝐼]8×1 = [𝑉]8×1 

[𝑍𝑘𝑙] = {
𝑍𝑘 = 𝑅𝑘 + 𝑗(𝜔𝐿𝑘 − 1 𝜔𝐶𝑘⁄ ), 𝑘 = 𝑙
𝑋𝑘𝑙 = 𝑋𝑙𝑘 = 𝑗𝜔𝑀𝑘𝑙 = 𝑗𝜔𝑀𝑙𝑘 ,       𝑘 ≠ 𝑙

 

[𝐼] = [𝐼𝑇𝑥  𝐼𝑇𝑥𝑅1
 … 𝐼𝑅𝑥𝑅3

  𝐼𝑅𝑥 ]
𝑇
 

[𝑉] = [𝑉1  0 …  0 ]𝑇 

𝑉1 = 𝑉𝑠 − 𝐼𝑇𝑥𝑅𝑠 

(6-1) 
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Diagonal elements of the impedance matrix, Zk (k=Tx, TxR1,2,3, RxR1,2,3, and Rx) are 

the self-impedances of Tx, Rx and repeater coils, while Lk, Ck, and Rk are inductance, 

capacitance and parasitic resistance respectively. Xkl=Xlk=jωMkl=jωMlk (k, l= Tx, 

TxR1,2,3, RxR1,2,3, and Rx) where Mkl=Mlk is the mutual inductance between kth coil and 

lth coil. RL is the equivalent load resistance. ω is the operating angular frequency of the 

source. RMS voltage across Tx coil is defined as V1. Once system equation is defined, 

RMS currents in each coil (Ik; k= Tx, TxR1,2,3, RxR1,2,3, and Rx) can be determined. After 

defining the system equation, the performance indices, TP and PTE can be calculated as 

in (6-2), where Pout, Pin, Vs and Rs are output power, input power RMS source voltage 

and equivalent source resistance respectively. Input power defined in the PTE equation 

is the accumulation of the losses in the coils and the output power. The S-parameters 

based measurement technique discussed in Chapter 2 is used for the experimental 

validations. With the definition of system parameters and performance evaluation, the 

proposed FOM is introduced in the next section. 

𝑇𝑃 =
𝑃𝑜𝑢𝑡

|𝑉𝑠|2 4𝑅𝑠⁄
= 𝑇𝑃 =

|𝐼𝑅𝑥|
2𝑅𝐿

|𝑉𝑠|2 4𝑅𝑠⁄
 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

|𝐼𝑅𝑥|
2𝑅𝐿

∑(|𝐼𝑘|2𝑅𝑘) + |𝐼𝑅𝑥|2𝑅𝐿
 

(6-2) 

6.3 New approach on the figure-of-merit  

6.3.1 System performance indices 

In a WPT setup, high PTE does not always guarantee a high TP, and vice versa. A 

figure-of-merit of system (Fsys), considering both PTE and TP along with prioritization 

number has been introduced as in (6-3). The prioritization number, ρ depends on the 

importance of PTE over TP in a particular application. If ρ <1, the application prioritizes 

TP than PTE. Such a prioritization scheme is beneficial when PTE and TP show 

different characteristics with respect to design variables such as operating frequency, 

Tx/Rx/repeater position, coupling between coils and load resistance. For example, Fig. 

6-4(a) shows frequency response of PTE and TP for a classical two coil setup. It can be 

seen that PTE becomes highest at the resonance frequency, whereas, TP shows 

frequency splitting phenomena (it should be noted that relatively high coupling 
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coefficient of 0.5 is used for clearer visualization). Therefore, the selection of operating 

frequency (fs) requires a balance between PTE and TP. Fig. 6-4(b) shows PTE and TP 

with respect to ρ when operating frequency is chosen to maximize Fsys.  

𝐹𝑠𝑦𝑠 = (𝑃𝑇𝐸)𝜌 × 𝑇𝑃 (6-3) 

 
Fig. 6-4. (a) – PTE and TP variation with respect to frequency, (b) PTE and TP when operating 

frequency is chosen to maximize Fsys (fs=1MHz, k=0.5, RL=30Ω, Rs=50Ω). 

In addition to the 2-coil example, the usage of Fsys is explained with regards to 

proposed TSR-WPT. Fig. 6-5(a) shows a frequency response of PTE and TP for a SSR-

WPT setup at aligned position and 20 cm transfer distance (further explanation on the 

optimization of TSR-WPT setup is discussed in subsequent sections). The frequency 

splitting phenomena can be seen in TP profile for TSR-WPT scheme. Fig. 6-5(b) shows 

the variation of optimal PTE and TP with respect to ρ when the operating frequency is 

chosen to maximize Fsys. The respective operating frequency variation with respect to 

prioritization number is shown in Fig. 6-5(c). At low values of ρ, TP is close to its 

maximum value and PTE is substantially less than its peak since higher priority is given 

to TP. On the other hand at high values of ρ, PTE is close to its maximum value and TP 

is substantially less than its peak since PTE is prioritized. Therefore, by having Fsys as 

the optimization objective of a design process allows improvement of both PTE and TP 

with a prioritization between them. Subsequent analysis of this study equally prioritizes 

PTE and TP by defining ρ=1.  

(a) (b) 
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Fig. 6-5. The performance characteristics when operating frequency is chosen to maximize Fsys: (a) – 

PTE and TP variation with respect to frequency, (b) Optimum PTE and TP vs. prioritization number and 

(c) – respective optimum operating frequency vs. prioritization number (design parameters of the TSR-

WPT setup are: zrx=20cm, yrx=0, u=4.9cm, v=4.8cm, ZTSR1= 10cm, and ZTSR2= 12.9cm). 

 

Table 6-1. Design parameters of helical shaped and spiral shaped coils used for TSR and SSR (The size 

of SSR is chosen to be similar to the maximum footprint of SSR corresponds to u=4.9cm in subsequent 

optimization). 

 Helical (Tx, Rx) Spiral used for TSR Spiral used for SSR 

Outer radius 8.9cm 8.9cm 12.5cm 

Turns separation  4.2mm 5mm 5mm 

Thickness 5cm 2mm 2mm 

Number of turns 11 14 14 

Inductance - Calculated 30µH 20µH 40µH 

Inductance - Measured 32µH 21µH 40µH 

(a) (b) 

(c) 
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6.3.2 Misalignment analysis 

As discussed in previous chapters, the optimal design parameters critically 

dependent on the position of the receiver. Therefore, dynamic behavior of the receiver 

needs to be included in the optimization process. Rx misalignment can be any of Rx’s 

6DoF when WPT is applied to applications such as biomedical implants and wearable 

electronics in internet of things (IoT) applications [50]. Therefore, the FOM proposed 

in this chapter gives consideration to all 6DoFs. 

Mainly 6DoFs of Rx with respect to the desired position can be decoupled as 

Euclidean geometric transformations that are comprised of translational and rotational 

misalignments along three axes. Each translational and rotational misalignment regions 

are segmented into sub regions, and each sub regions have their respective Rx 

positioning probabilities which is termed as the probability of alignment. Then the 

minimum performance in each sub region is prioritized based on the probability of 

alignment for the derivation of FOM as the optimization objective. A set of decoupled 

FOMs are defined with respect to each translational and rotational misalignment. 

Thereafter, a combined FOM is defined to achieve simultaneous misalignment tolerance 

in multiple DoFs. Mathematical formulation of FOM is explained in the following 

sections. It should be noted that span of the sub regions and probabilities of alignment 

can be determined by analyzing Rx dynamics in a particular application criteria. 

6.3.3 Translational misalignment analysis 

Translational misalignment along x-y axes is in the radial plane with respect to Tx, 

while translational misalignment along z axis is in the axial direction. Therefore, two 

decoupled FOMs with respect to radial (x-y plane) and axial (z axis) misalignments are 

defined for the translational misalignment analysis. 

    1)  Radial Misalignment 

Usually, the desired Rx position is when it is aligned with Tx in radial plane (zero 

misalignment position in radial plane). Therefore, sub regions for the radial direction 

misalignment are defined as a set of circular regions as illustrated in Fig. 6-6(a). Radius 

of the ith region is defined as ri. Probability that Rx can be occupied in ith sub region 

(Si
xy) is defined as δi

xy. The minimum value of Fsys within each sub region is prioritized 
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with the respective probability of alignment in deriving FOM against translational 

misalignment along x-y axes (F 
xy) as defined in (6-4).  

Choice of FOM as the optimization objective allows improving performance with 

respect to misalignment. However, if the optimization includes all the Rx positioning 

possibilities including those farther away positions with low probabilities, resultant may 

give poor performance within high probability regions. Therefore, the number of sub 

regions (nxy) up to a certain confidence interval (CI 
xy) are taken into account such that 

the summation of δi
xy is equal to CI 

xy. 

 

Fig. 6-6. Selection of sub regions: (a) – Radial direction misalignment, (b) – Axial direction 

misalignment (two diamentional representation). 

𝐹𝑥𝑦 =
∏ [𝑀𝑖𝑛(𝐹𝑠𝑦𝑠 ∈ 𝑆𝑖

𝑥𝑦
)]

𝛿𝑖
𝑥𝑦

𝑛𝑥𝑦

𝑖=1

𝑆𝑖
𝑥𝑦

= 𝑟𝑖−1 < 𝑟 ≤ 𝑟𝑖
  

∑ 𝛿𝑖
𝑥𝑦𝑛𝑥𝑦

𝑖=1
= 𝐶𝐼𝑥𝑦  

(6-4) 

    2)  Axial Misalignment 

When it comes to the axial misalignment, desired axial position is the nominal 

transfer distance (zrx) which is dependent on the application requirement. Axial 

misalignment can either be towards Tx (-ve z direction) or away from Tx (+ve z 

r1 

r2 

ri 

rn 

  

X 

Y 

δ1
xy

 

δ2
xy

 
δi

xy
 

δn
xy

 

Y  

Z 

Δzi-1 

Δz2 

Δz1 

zrx 

Δzn 

Δzn-1 

Δz3 

Δzi 

(a) 
(b) 
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direction). Therefore, sub regions with respect to axial misalignment are defined both 

positive and negative z-directions as shown in Fig. 6-6(b). Number of sub regions (nz), 

probability of misalignment (δi
z) and confidence interval (CI 

z
 ) are defined in a similar 

manner to the radial misalignment case. Equation (6-5) defines FOM with respect to the 

axial misalignment.  

𝐹𝑧 = ∏ [𝑀𝑖𝑛(𝐹𝑠𝑦𝑠 ∈ 𝑆𝑖
𝑧)]

𝛿𝑖
𝑧

𝑛𝑧
𝑖=1   

𝑆𝑖
𝑧 = {𝛥𝑧 ∈ 𝑧𝑖|𝛥𝑧 ∉ 𝑧𝑖};  𝛥𝑧 = 𝑧 − 𝑧𝑟𝑥  

∑ 𝛿𝑖
𝑧𝑛𝑧

𝑖=1 = 𝐶𝐼𝑧  

(6-5) 

6.3.4 Angular misalignment 

Angular misalignment can be modelled as rotation around three axes. Decoupled 

FOMs can be defined for angular misalignment with respect to each axis as in (6-6), 

(6-7) and (6-8) which are similar to the translational misalignment scenario. Subscripts 

and superscripts ϕ, ψ, and θ represent rotation around x, y and z axes respectively. Fig. 

6-7 illustrates the selection of sub regions for rotation around z and x axes for the 

proposed WPT with TSR. With respect to θ, sub regions (Si
θ) are defined in (6-6) with 

reference to the optimum angle, θopt, as illustrated in Fig. 6(a). Each sub-region 

comprises of clockwise and counter clockwise angular misalignment from its optimum 

angular position. Due to the symmetric nature of the TSR around z-axis rotation, both 

clockwise and counter clockwise rotations are equally divided into sub regions. 

However, it is possible to define asymmetric sub regions if any application requires to 

do so. Number of sub regions (nθ), probability of misalignment (δi
θ

 ) and confidence 

interval (CI 

θ
 ) with respect to angular misalignment around z-axis can be determined 

according to application specific requirements.  

On the other hand, sub regions with respect to rotational misalignments around x-

axis and y-axis (Si
ϕ and Si

ψ respectively) are defined with reference to zero rotational 

misalignment. Similarly, number of sub regions (nϕ and nψ), probabilities of 

misalignment (δi
ϕ and δi

ψ) and confidence interval (CI 

ϕ and CI 

ψ
 ) are defined with respect 

to angular misalignments around x-axis and y-axis. Afterwards, decoupled FOMs with 
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respect to each angular misalignment are defined by prioritizing the minimum value of 

Fsys in each sub region using the respective probabilities. 

 

Fig. 6-7. The selection of sub regions for rotational misalignment with TSR:  (a) – rotation around z-

axis, (b) – rotation around x-axis (two diamentional representation). 

𝐹𝜃 = ∏ [𝑀𝑖𝑛(𝐹𝑠𝑦𝑠 ∈ 𝑆𝑖
𝜃)]

𝛿𝑖
𝜃

𝑛𝜃
𝑖=1   

𝑆𝑖
𝜃 = {𝛥𝜃 ∈ 𝛥𝜃𝑖|𝛥𝜃 ∉ 𝛥𝜃𝑖−1}; 𝛥𝜃 = 𝜃 − 𝜃𝑜𝑝𝑡  

∑ 𝛿𝑖
𝜃𝑛𝜃

𝑖=1 = 𝐶𝐼𝜃  

(6-6) 

 

𝐹𝜙 = ∏ [𝑀𝑖𝑛(𝐹𝑠𝑦𝑠 ∈ 𝑆𝑖
𝜙
)]

𝛿𝑖
𝜙

𝑛𝜙

𝑖=1
  

𝑆𝑖
𝜙

= 𝜙𝑖−1 < 𝜙 ≤ 𝜙𝑖  

∑ 𝛿𝑖
𝜙𝑛𝜙

𝑖=1
= 𝐶𝐼𝜙  

(6-7) 

 

𝐹𝜓 = ∏ [𝑀𝑖𝑛(𝐹𝑠𝑦𝑠 ∈ 𝑆𝑖
𝜓
)]

𝛿𝑖
𝜓

𝑛𝜓

𝑖=1
  

𝑆𝑖
𝜓

= 𝜓𝑖−1 < 𝜓 ≤ 𝜓𝑖  

∑ 𝛿𝑖
𝜓𝑛𝜓

𝑖=1
= 𝐶𝐼𝜓  

(6-8) 

6.3.5 Figure of merit of the design 

Although decoupled FOMs can be used to improve the performance in a single DoF 

misalignment, most WPT applications are expected to operate within misalignment 

tolerance in several DoFs. If there is a higher significance for a particular DoF, the 

(a) (b) 
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respective decoupled FOM as defined in (6-4)-(6-8) can be used. However, the proposed 

criteria can be extended to improve misalignment in several DoF directions in case of 

dynamic Rx behaviour. Combined FOM of the design (Fdes) is defined as in (6-9) by 

multiplying each decoupled FOMs in (6-4) to (6-8). If the optimization does not require 

all 6DoFs, (6-9) can be modified by including only the selected decoupled FOMs in 

important misalignment directions. 

𝐹𝑑𝑒𝑠 = (𝐹𝑥𝑦 × 𝐹𝑧 × 𝐹𝜃 × 𝐹𝜙 × 𝐹𝜓) (6-9) 

6.4 Optimization of TSR with FOM 

The proposed FOMs in previous section are applied to the optimization of the design 

parameters of TSR. System equations, (6-1) and (6-2) are implemented as a function of 

optimization variables (fs, u, v, ZTSR1, ZTSR2 and θ as defined in section 6.2), and design 

variables. FOM is defined as the objective function with a set of application specific 

criteria as defined in (6-4) to (6-8). Matlab® optimization toolbox is used for the 

optimization process. Transfer distance, zrx is chosen to be at nominal distance of 20cm 

for analysis in subsequent sections. Therefore, desired position of Rx is at aligned 

position with zrx=20cm, xrx=0, yrx=0, θ= θopt, ϕ =0, and ψ=0.  

Before moving to the misalignment analysis with the proposed TSR, the 

performance characteristics of TSR at the aligned position is compared with the 

corresponding SSR-WPT setup in order to validate the use of TSR.  The size of SSR is 

chosen to be 12.5cm which is similar to the maximum size of TSR in the following 

optimization (TSR corresponds to u (or v) =4.9cm), and all the other design parameters 

are chosen to be same as the coils in TSR (refer Table 6-1). Frequency characteristics 

illustrated in Fig. 6-8 compare theoretical and experimental results for TSR and SSR 

optimized at the aligned position. The operating frequency is normalized with 

corresponding optimum frequencies (fopt) which give maximum Fsys (Fsys= PTE×TP) 

(which results the peak-PTE frequency is slightly off from the optimum frequency for 

SSR-WPT). In addition, it should be noted that the frequency responses of WPT with 

repeater are dependent on a number design parameters such as coupling between Tx, Rx 

and repeater coils [80]. Particularly, frequency response for TP can be single peak 

profile or multi-peak profile depending on the setup parameters [80]. For example, 
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frequency response of both PTE and TP shows a single peak characteristics for TSR-

WPT setup analyzed in Fig. 6-8 whereas, the frequency response of TP showed a double 

peak characteristics for WPT setup illustrated in Fig. 6-5. 

It is evident that TSR shows better performance compared to SSR. However it 

should be re-emphasized that the proposed optimization technique is applicable to any 

kind of optimization with respect to misalignment even with SSR, and TSR is chosen as 

a case study to validate the proposed FOM. The following subsection presents the 

optimization of design parameters of setup with respect to each DoF misalignment.  

 

Fig. 6-8. Performance comparison with respect to normalized operating frequency. (a) – Theoretical 

results and (b) – Experimental results (The operating frequency is normalized with corresponding 

optimum frequencies (fopt) which give maximum Fsys). 

Sub regions and their respective probabilities are denoted as arrays for simpler 

interpretation in following sections. For example, three sub regions with respect to radial 

misalignment are denoted as an array of three elements as, Sxy=[S1
xy; S2

xy; S3
xy ] ≡ [r1; 

r2; r3], while their respective probabilities are denoted as δxy=[δ1
xy; δ2

xy; δ3
xy]. With this 

notation, Sxy=[10cm; 20cm; 25cm] and  δxy= [0.85; 0.05; 0.05] imply that three sub 

regions are considered with radii 10cm, 20cm and 25cm, and probabilities of 85%, 5%, 

and 5% respectively. A similar notation is used for all the DoF misalignments. 

6.4.1 Translational misalignment with TSR 

First, radial misalignment analysis is performed by choosing three sub regions with 

radii 10cm, 20cm and 25cm (Sxy=[10cm; 20cm; 25cm]). Probability of alignment for 

each region is varied keeping CI 
xy to be 95%. Numerical results in Fig. 6-9(a) and Fig. 

6-9(b) show performance variation against radial misalignment when the design 

(a) (b) 
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optimized under different constraints. Resulting optimum design variables for each 

optimization criteria are illustrated in Table 6-2. The condition, δxy=1, corresponds to 

the design optimized only at the aligned position. When the TSR is optimized only at 

the aligned position, both PTE and TP at aligned position are around 95%, and both are 

less than 20% with 25cm radial misalignment. Although performance can be enhanced 

at the aligned position, misalignment tolerance is poor when the optimization focus only 

to the aligned position.  

Table 6-2. The optimum design variables when the design is optimized to Fxy at different δxy (Sxy = 

[10cm; 20cm; 25cm]). 

[δ1
xy; δ2

xy; δ3
xy] fs (MHz) u (cm) v (cm) zTSR1 

(cm) 

zTSR2 

(cm) 

θopt 

(deg.) 

1 0.616 2.5 2.5 0 0 83 

[0.85; 0.05; 0.05] 0.850 4.7 4.5 6.1 7.9 57 

[0.50; 0.40; 0.05] 0.885 4.9 4.7 7.9 10.7 56 

[0.35; 0.30; 0.30] 0.897 4.9 4.8 10 12.9 59 

 

Fig. 6-9. Performance comparison with respect to radial misalignment at different design conditions: (a) 

– Theoretical results: PTE variation, (b) – Theoretical results: TP variation, (c) – Experimental results: 

PTE variation, and (d) – Experimental results: TP variation. (Sxy = [10cm 20cm 25cm]). 

(a) (b) 

(c) (d) 
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When Fxy is used as the optimization objective, higher performance can be achieved 

against misalignment with slight performance reduction at the aligned position.  For 

example, using δxy= [0.85; 0.05; 0.05] as the optimization objective, TP can be improved 

by nearly 20% within 10cm to 20cm misalignment region. This results in TP reduction 

by 8% at the aligned position. On the other hand, PTE is improved from 18% to 39% at 

25cm misalignment with a PTE reduction of only 3% at aligned position. Therefore, it 

is clear that the use of Fxy as the optimization objective enhances performance reduction 

against radial misalignment. Assigning higher probability to misaligned regions offers 

higher performance elevation with respect to misalignment. For example, δxy=[0.50; 

0.40; 0.05] shows TP improvement of 30% within 15cm-20cm region and 25% PTE 

improvement at 25cm radial misalignment. These improvements result in a 5% and 15% 

PTE and TP reduction at aligned position respectively. However, assignment of high 

probabilities to misaligned regions further reduces performance at desired position. For 

example, choice of δxy= [0.35; 0.30; 0.30] shows 55% reduction in a TP at aligned 

position. This is because the optimization process gives high priority to improve low 

performance within misaligned region. Therefore, proper choice of optimization 

parameters is crucial for achieving the best performance.  

The translational misalignment analysis is experimentally validated by constructing 

TSR as described in Section 6.2, and the experimental setup is illustrated in Fig. 6-10. 

S-parameters are measured by connecting Tx and Rx coils to the network analyzer.  Fig. 

6-9(c) and Fig. 6-9(d) show experimental results comparing four design cases illustrated 

in Table 6-2. The experimental results agree closely with the theoretical analysis, with 

an exception for TP characteristics at high misalignments.  Deviations in experimental 

results can be attributed to the experimental disparities in coils, geometries and self-

resonances. Particularly, TP characteristics is sensitive to the geometry of TSR. Overall, 

the experimental results follow the theoretical analysis. Theoretical results illustrated in 

Fig. 6-11 show the performance variation for classical SSR-WPT scheme when the 

similar optimization is used. Although performances of SSR are lower than that of the 

TSR, the proposed method can be used even with SSR for the optimization against radial 

misalignment. It can be clearly seen that assigning higher probabilities of alignment to 

misaligned sub-regions allows performance elevation against misalignment for SSR as 

well (design parameter corresponds to ZTSR1,2  is used for the optimization of SSR).  
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Therefore, it is apparent that the proposed FOM can be used with a range of optimization 

approaches including the classical SSR-WPT scheme. 

 

Fig. 6-10. (a) – The experimental setup and (b) – experimental realization of TSR and SSR 

 

Fig. 6-11. Performance comparison (Theoretical results) with respect to radial misalignment at different 

design conditions for SSR-WPT: (a) –PTE variation, (b) –TP variation 

Next, the misalignment analysis is extended to investigate axial misalignment. WPT 

system with TSR shows a different performance profile against axial distance.  PTE 

(a) 

(b) 

TSR SSR 

(a) (b) 
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decreases with the increase of axial distance, whereas, TP becomes maximum only at a 

particular distance, and reduces with increasing or decreasing distance. TP profile is 

analogous to critical coupling distance (distance at which coupling coefficient equals to 

critical coupling) in two-coil WPT setup discussed in Chapter 3.  

Performance of the WPT system is optimized to Fz using two sub regions. Two 

regions are chosen for prioritizing misalignment towards Tx (Sz=[1cm; -5cm]) and 

misalignment away from Tx (Sz=[1cm; 5cm]). Probability of alignment, δz is chosen as 

70% and 25% distribution with 95% CI 
z (δz=[0.7; 0.25]). Two design cases are 

compared with the design optimized to aligned position as shown in Fig. 6-12. It can be 

observed that a TP increment of 10% within prioritized region incurs a 2% TP reduction 

in desired position. In both cases, PTE change is within 1%. However, it should be noted 

that prioritizing both positive and negative z-directions simultaneously is not possible 

with the proposed TSR due to the nature of TP profile. This limitation can be addressed 

with the variable frequency operation which is discussed in Section 6.5. Fig. 6-12(c) 

compares experimental results with the theoretical analysis against axial distance 

variation for the design optimized at aligned position (δz=1). 

 
Fig. 6-12. Performance comparison with respect to axial misalignment at different design conditions: (a) 

– PTE variation, (b) – TP variation and (c) – Comparison of experimental results and theoretical results 

for the design optimized at aligned position (δ 
z=1). 

(c) 

(b) (a) 
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6.4.2 Angular misalignment with TSR 

Moving forward, angular misalignment analysis is performed with the use of 

proposed FOM. Fig. 6-13 shows performance variations against rotation around z axis 

for the WPT with TSR at 20cm transfer distance. It can be seen that both PTE and TP 

are almost constant against θ. This is because the change in relative distances between 

coils is negligible which makes mutual inductance change insignificant. Therefore, it is 

not required to use FOM with respect to rotation around z-axis for the optimization of 

the proposed WPT scheme with TSR. 

 

Fig. 6-13. PTE and TP variation with respect to angular rotation around z-axis. 

 
Fig. 6-14. Performance variation with respect to angular misalignment around x-axis (Sϕ = [350; 600; 

800]), (a) – PTE, (b) – TP and (c) – Comparison of experimental results and theoretical results for the 

design optimized at aligned position (δϕ=1). 

(a) (b) 

(c) 
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Angular misalignment around x and y axes shows similar behaviour against rotation 

angle due to the symmetry of TSRs. Therefore, angular misalignment around x-axis is 

analyzed with the proposed FOM. Fig. 6-14 shows PTE and TP resulting from a set of 

optimization cases. It can be seen that the design optimized only at the aligned position 

(δϕ=1) shows near constant PTE and TP up to 450 angular misalignment around x-axis. 

Both PTE and TP are higher than 90% up to 600 angular misalignment. Expected angular 

misalignment tolerance for most WPT applications is less than 600. Therefore, WPT 

with TSR can be directly applied to many applications even without using the proposed 

FOM for angular misalignments around x and y axes. Theoretical results are verified 

using experimental results as shown in Fig. 6-14(c) for the design optimized at the 

aligned position. Rotation angles up to 250 are measured due to the mechanical 

constraint in the experimental setup. However, if it is required to operate at high 

misalignment angles, FOM can be applied as the optimization objective. For example, 

PTE and TP can be improved up to 85% and 70% respectively at 800 (using Sϕ =[350; 

600; 800] and δϕ=[0.85; 0.05; 0.05]) whereas, PTE and TP are at 80% and 35% 

respectively for the design optimized to the aligned position. PTE and TP reduction at 

aligned position due to the introduction of FOM is around 1%. 

With the above analysis, it is apparent that the proposed decoupled FOMs can be 

used to improve tolerance against each of 6DoF misalignment. The choice of sub regions 

and probabilities need to be carried out with proper analysis on application specific 

criteria.  

6.5 Variable operating frequency 

For all the design cases analyzed in the previous section, it is assumed that the 

operating frequency is fixed. Variable frequency operation can be implemented along 

with a location tracking mechanism [34, 35]. This section introduces the use of the 

proposed FOM with variable frequency operation. Frequency tuning is found to be a 

promising technique for improving the performance against misalignment, particularly, 

TP improvement against radial and axial misalignments. In addition, it is found that 

variable frequency operation allows performance improvement against multiple DoFs 

simultaneously. 
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6.5.1  Decoupled FOM with variable operating frequency  

Fig. 6-15 shows performance variation with respect to radial misalignment when the 

variable frequency operation is incorporated into optimization. Sub regions and 

probability of alignments are chosen to be identical to those in fixed operating frequency 

analysis. Performance improvement against radial misalignment can be achieved with a 

lower performance reduction at aligned position compared with the fixed frequency 

operation. For example, TP reduction at aligned position for δxy=[0.35; 0.30; 0.30] is 

19% whereas, it is 55% reduction in fixed frequency case. In case of δxy=[0.35; 0.30; 

0.30], frequency tuning allows the system to achieve more than 80% of PTE and TP, 

with radial misalignments up to 18cm. Experimental results are illustrated in Fig. 

6-15(c) and (d), and they agree well with the theoretical analysis. 

 
Fig. 6-15. Performance variation against radial misalignment when the design is optimized for radial 

misalignment tolerance with variable frequency operation (a) – PTE theoretical, (b) – TP theoretical, (c) 

– PTE experimental , (d) – TP experimental. 

Frequency tuning approach offers a significant improvement against axial 

misalignment as well. Fig. 6-16 shows performance evaluation with respect to axial 

distance when the optimization objective, Fz is implemented along with the variable 

frequency operation. TP can be maintained nearly constant at its maximum value up to 

(a) (b) 

(c) (d) 
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critical coupling distance by employing variable frequency operation. Even if the design 

is optimized at 20cm aligned position, 95% PTE and TP can be achieved in axial 

distances up to 20cm. Therefore, misalignment towards Tx (-ve z direction) need not to 

be considered for the optimization process. Fig. 6-16 is generated for Sz= [2cm; 5cm; 

10cm;] with different δz combinations, in which, misalignment away from Tx is taken 

into account. Respective optimum design variables are summarized in Table 6-3. By 

employing variable frequency operation, both PTE and TP can be maintained around 

90% up to z=25cm. It is significant to note that TP can be improved to 80% from 40% 

at 10cm axial misalignment (z=30cm). Therefore, operating frequency tuning can be 

used in applications that require higher axial misalignment tolerance. Variable 

frequency operation is not analyzed with respect to angular misalignments, because the 

fixed frequency operation itself provided satisfactory performance needed for most of 

the applications.  

 
Fig. 6-16. Performance variation against axial misalignment when the design is optimized for axial 

misalignment tolerance with variable frequency operation. 

 

Fig. 6-17. Performance variation against radial misalignment when the design is optimized for axial 

misalignment tolerance with variable frequency operation (a) – PTE and (b) – TP. 

(a) (b) 

(a) (b) 
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6.5.2 Combined FOM of design 

Thus far, misalignment tolerance for each DoF is analyzed individually using the 

respective decoupled FOMs. However, some WPT applications such as biomedical 

implants and IoT are intended to be designed with misalignment tolerance in two or 

more DoFs simultaneously. However, an optimization focusing on a single DoF may 

result poor performance against other DoF misalignments. For example, Fig. 6-17 shows 

performance variation against radial misalignment when the design is optimized for 

axial misalignment with frequency tuning. It can be seen that both PTE and TP 

deteriorate drastically beyond 15cm radial misalignment. On the other hand, Fig. 6-18 

shows performance against axial misalignment when the design objective is on radial 

misalignment. Performance against axial misalignment also shows lower performance 

when design focus is only on radial misalignment, in particular, when higher 

probabilities are assigned to misaligned regions.  

 

Fig. 6-18. Performance variation against axial misalignment when the design is optimized for radial 

misalignment tolerance with variable frequency operation (a) – PTE and (b) – TP. 

Therefore, the combined FOM, Fdes, as defined in (6-9) needs to be used as the 

optimization objective in order to improve the misalignment tolerance in both axial and 

radial DoF. Fig. 6-19 shows performance variation against both radial and axial 

misalignments when Fdes is chosen as the optimization objective, and Table 6-3 shows 

optimum design variables for each case.  Alignment probabilities for three sub regions 

in radial and axial directions are chosen to be identical in this analysis. It can be seen 

that performance can be improved against both radial and axial misalignment tolerances. 

The optimization condition with δxy=δz=[0.5; 0.4; 0.05] provides both PTE and TP 

higher than 85% up to 20cm radial misalignment and 30cm axial distance. Fig. 6-20 

shows performance variation against rotational misalignment when the design is 

(a) (b) 
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optimized to Fdes considering radial and axial misalignment. Noteworthy, it can be seen 

that the proposed TSR optimized to radial and axial misalignment allows nearly constant 

performance against rotational misalignment. Therefore, 6DoF misalignment tolerance 

can be achieved with the use of TSR optimized to proposed FOM and variable frequency 

operation. 

 
Fig. 6-19. Performance variation when the design is optimized to the combined FOM considering radial 

and axial misalignment (Fdes=Fxy×Fz ) – Theoretical results: (a) – PTE vs. radial misalignment, (b) – TP 

vs. radial misalignment, (c) – PTE vs. axial misalignment, (d) – TP vs. axial misalignment. 

 

Fig. 6-20. Performance variation against rotational misalignment around z-axis (θ) and x-axis (ϕ), δxy= 

δz=[0.85; 0.05; 0.05]. 

 

(c) (d) 

(a) (b) 

(deg) 
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Table 6-3. Optimum design parameters for different design cases with variable frequency operation 

FOM δ u 

(cm) 

v 

(cm) 

zTSR1 

(cm) 

zTSR2 

(cm) 

θopt 

(deg.) 

Fxy 

Sxy=[10; 20; 25]cm 

[0.85; 0.05; 0.05] 4.9 4.9 9.0 9.3 58 

[0.50; 0.40; 0.05] 4.9 4.9 12.2 11.9 58 

[0.35; 0.30; 0.30] 4.8 4.8 13.4 13.2 62 

Fz 

Sz=[2; 5; 10]cm 

[0.85; 0.05; 0.05] 1.7 1.6 0.4 0.6 84 

[0.50; 0.40; 0.05] 1.4 1.4 1.1 1.1 74 

[0.35; 0.30; 0.30] 0.9 0.9 1.9 1.8 62 

Fdes=Fxy×Fz 

[0.85; 0.05; 0.05] 4.9 4.9 8.9 9.1 69 

[0.50; 0.40; 0.05] 4.3 4.3 8.8 8.7 63 

[0.35; 0.30; 0.30] 4.3 4.3 9.9 9.9 63 

Fig. 6-21 illustrates experimental results of performance against axial and radial 

misalignment. Experimental PTE and TP profiles match with the theoretical analysis 

well. However, experimental results show lower value than theoretical values at higher 

misalignments. This could be due to the experimental disparities during the construction 

of TSRs. In particular, the performance is sensitive to radial separation which is 

imperfect due to manual construction of TSR.  

 

Fig. 6-21. Experimental results: Performance variation against (a) – axial and (b) – radial misalignment 

when the design is optimized to the combined FOM considering radial and axial misalignment 

(Fdes=Fxy×Fz ). 

(a) (b) 
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6.6 Summary 

This chapter presented an optimization of WPT system to improve the performance 

against misalignment. A novel figure-of-merit (FOM) was introduced as an optimization 

objective function in order to improve system performance and misalignment tolerance 

simultaneously. FOM is defined by incorporating system level performance indices such 

as power transfer efficiency (PTE) and transferred power (TP), as well as the application 

specific design constraints such as misalignment tolerance in any of Rx’s DoF and 

probability of alignment. It was investigated that FOM allows improved performance 

against misalignment with a slight performance reduction at the aligned position. 

Theoretical analysis was verified using the experiments. The proposed FOM provides 

design freedom to select its parameters such as sub-regions in each of Rx’s 

misalignment DoF and probability of alignment in each sub region based on the 

application. Therefore, the proposed approach can be implemented with diverse design 

scenarios and applications. Furthermore, the proposed FOM can be applied not only to 

the WPT with repeaters, but also in a variety of optimization approaches such as 

compensation circuit, coil design and power electronics control. 
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Chapter 7  

Repeater Tuning for Load Variation and 

Misalignment Tolerance 

7.1 Introduction 

The key WPT performance indices include power transfer efficiency (PTE), 

transferred power (TP), misalignment tolerance and load variation characteristics. The 

investigations in previous chapters allowed the improvement of PTE, TP and 

misalignment tolerance for a given nominal load condition. For instance, the 

performance improvement against misalignment was investigated for a nominal load of 

50Ω in Chapter 6. Although the proposed investigations in Chapter 6 can be applied to 

an arbitrary nominal load, the performance decreases when the load resistance deviates 

from the nominal value, which is inevitable in most of the applications. On the other 

hand, in order to achieve best possible performance, the optimal load resistance has been 

derived for different operating conditions. For instance, with the assumption of optimum 

load condition, both quality factor of the coils and coupling coefficient between coils 

are used as the main optimization objectives in Chapter 3 for the optimization of WPT 

coils. Although, the investigation on the optimal load resistance is useful for the initial 

design stage, it is not always possible to operate at optimal load condition during 

operational environments. The value of the load is dependent on the application specific 

criteria. For example, equivalent load resistance of a battery charging application is 

dependent on the battery state-of-charge (SOC). In addition in case of WPT for 

ventricular assist device, the equivalent load resistance varies according to heart pressure 

and pump speed.  Therefore, it is important to improve the system performance for non-

optimal load conditions.  

Therefore, this chapter investigates an adaptive optimization scheme for WPT with 

repeaters for varying load conditions. The theoretical analysis is performed for two types 

of repeaters, namely, single spiral repeater (SSR) and tri-spiral repeater (TSR), which 

were also used for the study in Chapter 6. Although the TSR-WPT setup has not been 

studied in the literature, WPT schemes involving SSR-WPT setup can be found in 
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literature. Usually, SSR-WPT setups are termed as 3-coil WPT [33, 60, 79, 80]. For 

example, it is proved in [79] that the 3-coil WPT outperforms its 2-coil counterpart for 

respective optimum load conditions. On the other hand in [80], frequency characteristics 

and the effects of geometric position of repeater is investigated. Their study focused on 

PTE and TP profiles for a nominal load value, and enhancement of load characteristic 

was not investigated. In addition, a coupling independent region has been investigated 

for strongly coupled region in [109].  However, a generalized optimization approach 

with the use of repeaters has not been investigated in literature. In particular, 

simultaneous improvement of both PTE and TP against load variations has not been 

investigated. Therefore, the theoretical contribution of this chapter is useful for the 

improvement of load characteristics. In addition to the improvement of load 

characteristics, misalignment tolerance can also be improved by employing the same 

resonance frequency tuning approach. Such tuning can be useful for applications when 

the optimization method proposed in Chapter 6 does not give satisfactory performance. 

For example, assignment of high probabilities to larger misaligned regions in multiple 

directions results in lower performance at aligned position. The investigation in this 

chapter shows that the TSR-WPT scheme significantly improved performance against 

misalignment.  

7.1.1 WPT system with repeaters 

The WPT scheme analyzed in this chapter comprises of a planar repeater placed near 

the Tx, as illustrated in Fig. 7-1 (a).  The planar repeater can be constructed with spiral 

coils as discussed in previous chapters. Two types of repeaters, single-spiral-repeater 

(SSR) and tri-spiral repeater (TSR) are employed for the analysis in this chapter. As the 

names imply, SSR consists of a single spiral coil while TSR consists of three 

symmetrically placed spiral coils. Schematics in Fig. 7-1 (b) and (c) show SSR and TSR 

respectively.  The overall physical sizes of SSR and TSR are chosen to be of the same 

footprint for a fair comparison. All coils in TSR (x1, x2 and x3) are symmetrically placed 

with a distance, u, from the center of the repeater. The axial distance between Tx and 

repeater is denoted as zx. Transfer distance (zrx) is considered as the unobstructed axial 

separation between the repeater and the Rx, while the misalignments, xrx and yrx refer to 

the displacements in x-direction and y-direction respectively.  
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This chapter is organized as follows. Section 7.2 introduces the theoretical analysis 

of WPT scheme using two-port theory. In addition, an optimization approach is proposed 

to improve both TP and PTE for SSR-WPT and TSR-WPT setups. Next, a numerical 

case study is presented in Section 7.3 where its load variation characteristics are 

improved by applying the proposed optimization. The numerical analysis is validated 

using experimental results in Section 7.4. The same optimization principle is applied to 

improve the performance against misalignment in Section 7.5 which is followed by the 

chapter summary. 

 
Fig. 7-1. (a) - WPT setup with a planar repeater placed at the Tx. (b) Single spiral repeater and (b) – tri-

spiral repeater. 

7.2 Theoretical analysis of WPT with a repeater 

This section introduces the theoretical analysis of the WPT with a repeater. First, 

two-port model is applied for the analysis of the WPT system. The performances are 

evaluated in terms of generalized two port impedance parameters, and the conditions for 

maximum PTE and TP are derived. Next, the generalized theory is applied to SSR-WPT 

and TSR WPT along with the numerical analysis and experimental validations. 

7.2.1 General two-port analysis 

The two-port representation of a WPT setup with a repeater is shown in Fig. 7-2. 

Input port (port 1) is considered as the terminal of Tx coil (including compensation) 

while the output port (port 2) is considered as the terminals of load resistance (RL). 

Therefore, compensated Tx, Rx and the repeater are encapsulated within the two-port 

network. As discussed in Chapter 2, the two-port impedance parameter matrix can be 

defined as in (7-1), where V1 and V2 are RMS voltages across port 1 and port 2 

respectively, and I1 and I2 are RMS currents through port 1 and port 2 respectively. 

Impedance parameters of two port network Z11, Z22 and Z12 can be calculated using 

(a) (b) (c) 
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equivalent circuit method by knowing the coil arrangements within the two-port network 

which are comprised of coil parameters (resistances, self-inductances and compensation 

capacitances) and mutual inductances between coils. Similar to the all the other chapters 

in this thesis, the source impedance (Rs) and load impedance (RL) are assumed to be 

purely resistive for the analysis. 

Vs
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Lt

Ct

RL
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Lr

Cr

I1 I2
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ZinV1
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Fig. 7-2. Two-port network model of a WPT scheme with a repeater 

[
𝑉1

𝑉2
] = [

𝑍11 𝑍12

𝑍21 𝑍22
] [

𝐼1
𝐼2

] 
(7-1) 

Input impedance, Zin, seen at port 1 can be determined as in (7-2). Afterwards, input 

power (Pin) and output power (Pout) are derived in (7-3) using impedance parameters as 

discussed in Chapter 2. Accordingly, the performance indices PTE and TP can be 

computed as in (7-4). 

𝑍𝑖𝑛 =
𝑉1

𝐼1
= 𝑍11 −

𝑍21𝑍12

𝑍22 + 𝑅𝐿
 (7-2) 

𝑃𝑖𝑛 = |𝐼1|
2𝑅𝑖𝑛 =

|𝑉𝑠|
2

|𝑅𝑠 + 𝑍𝑖𝑛|2
𝑅𝑖𝑛 

𝑃𝑜𝑢𝑡 = |𝐼2|
2𝑅𝐿 =

|𝑍21|
2|𝑉𝑠|

2

|(𝑍𝑖𝑛 + 𝑅𝑠)(𝑍22 + 𝑅𝐿)|
2
𝑅𝐿 

where  𝑅𝑖𝑛 = Re(𝑍𝑖𝑛) 

(7-3) 

𝑃𝑇𝐸 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
=

|𝑍12|
2

|𝑅𝐿 + 𝑍22|2
𝑅𝐿

𝑅𝑖𝑛
 

𝑇𝑃 =
𝑃𝑜𝑢𝑡

|𝑉𝑠|2/4|𝑅𝑠|
=

4|𝑍21|
2|𝑅𝑠|𝑅𝐿

|(𝑍𝑖𝑛 + 𝑅𝑠)(𝑍22 + 𝑅𝐿)|2
 

(7-4) 
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In order to further analyze the performance characteristics, the real and imaginary 

components of the equivalent impedance parameters can be defined as in (7-5) where rij 

and xij are real and imaginary components respectively. A notable difference between 

classical 2-coil WPT and WPT with a repeater is that the off-diagonal term (Z12=Z21) 

contains a non-zero real part for the WPT with repeaters (i.e., r12≠0), whereas, Z12 is 

purely imaginary (r12=0) for classical 2-coil WPT. Therefore, optimum conditions 

derived for the classical 2-coil WPT is not valid for a WPT with repeaters.  

𝑍11 = 𝑟11 + 𝑗𝑥11     𝑍12 = 𝑍21 = 𝑟12 + 𝑗𝑥12     𝑍22 = 𝑟22 + 𝑗𝑥22 
(7-5) 

With the definition of (7-5), performance indices, PTE and TP can be characterized 

with respect to impedance parameters. The expression for PTE is obtained as in (7-6), 

by substituting (7-5) into (7-4). 

𝑃𝑇𝐸 =
(𝑥12

2 + 𝑟12
2 )𝑅𝐿

𝑟11(𝑅𝐿 + 𝑟22)2 + (𝑅𝐿 + 𝑟22)(𝑥12
2 − 𝑟12

2 ) + 𝑥22(𝑟11𝑥22 − 2𝑟12𝑥12)
 (7-6) 

For a given two-port network the optimum value of x22 which gives maximum PTE, 

𝑥22,𝑃𝑇𝐸_𝑚𝑎𝑥 is computed by using differential technique as in (7-7), and respective 

maximum PTE is derived in (7-8). For classical 2-coil WPT, x22 represents of the 

reactive impedance of Rx coil. According to (7-7), for the classical 2-coil WPT, 

𝑥22,𝑃𝑇𝐸_𝑚𝑎𝑥  is zero since the value of r12 is zero which coincides with the well-known 

relation of maximum PTE at resonance frequency of Rx. 

𝑥22,𝑃𝑇𝐸_𝑚𝑎𝑥 =
𝑟12𝑥12

𝑟11
 (7-7) 

𝑃𝑇𝐸 =
𝑟11(𝑥12

2 + 𝑟12
2 )𝑅𝐿

[𝑟11(𝑅𝐿 + 𝑟22) + 𝑥12
2 ][𝑟11(𝑅𝐿 + 𝑟22) − 𝑟12

2 ]
 

(7-8) 

Next with the assumption of optimum x22, the optimum load resistance that gives 

maximum PTE (RL,PTE_max) can be derived as (7-9) using the differential technique. 

𝑅𝐿,𝑃𝑇𝐸_𝑚𝑎𝑥 =
√(𝑟11𝑟22 + 𝑥12

2 )(𝑟11𝑟22 − 𝑟12
2 )

𝑟11
 (7-9) 
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On the other hand, the expression for TP is obtained as in (7-10), by substituting 

(7-5) into (7-4).  

𝑇𝑃 =
4(𝑥12

2 + 𝑟12
2 )𝑅𝐿𝑅𝑠

[𝜎2(𝑅𝐿 + 𝑟22) + 𝜎1𝑥22]2 + [𝜎1(𝑅𝐿 + 𝑟22) − 𝜎2𝑥22]2
 

where  𝜎1 = 𝑅𝑠 + 𝑟11 −
(𝑅𝐿+𝑟22)(𝑟12

2 −𝑥12
2 )+2𝑟12𝑥12𝑥22

(𝑅𝐿+𝑟22)2+𝑥22
2 , and 𝜎2 = 𝑥11 +

𝑟22(𝑟12
2 −𝑥12

2 )−2𝑟12𝑥12(𝑅𝐿+𝑟22)

(𝑅𝐿+𝑟22)2+𝑥22
2  

(7-10) 

For a given two-port network the optimum value of x22 which gives maximum TP, 

x22,TP_max is computed by using differential technique as in (7-11). 

𝑥22,𝑇𝑃_𝑚𝑎𝑥 =
𝑥11(𝑥12

2 − 𝑟12
2 ) + 2𝑟12𝑥12(𝑅𝑠 + 𝑟11)

(𝑅𝑠 + 𝑟11)2 + 𝑥11
2  

(7-11) 

TP characteristics is dependent on the input impedance. Real and imaginary part of 

the input impedance (Rin and Xin respectively) is derived in (7-12).  

Re( 𝑍𝑖𝑛) = 𝑅𝑖𝑛 = 𝑟11 −
(𝑅𝐿 + 𝑟22)(𝑥12

2 − 𝑟12
2 ) − 2𝑟12𝑥12𝑥22

(𝑅𝐿 + 𝑟22)2 + 𝑥22
2  

Im( 𝑍𝑖𝑛) = 𝑋𝑖𝑛 = 𝑥11 +
𝑥22(𝑥12

2 − 𝑟12
2 ) − 2𝑟12𝑥12(𝑅𝐿 + 𝑟22)

(𝑅𝐿 + 𝑟22)2 + 𝑥22
2   

(7-12) 

According to the theory of impedance matching, TP is maximized when the 

conditions in (7-13) and (7-14)  are satisfied [110]. 

𝑋𝑖𝑛 =  0 (7-13) 

𝑅𝑖𝑛 = 𝑅𝑠 (7-14) 

As discussed in previous chapters, both PTE and TP cannot be optimized 

simultaneously for a classical 2-coil WPT setup. However, it was numerically 

investigated in Chapter 6 that both PTE and TP can be improved simultaneously for 

WPT with repeaters. This is because the two port network parameters can be optimized 

by manipulating the arrangement of repeater (thereby changing mutual inductances) and 
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the resonance frequencies of the coils (thereby changing reactive impedances). 

However, physical arrangement cannot be used as an optimization candidate for a 

dynamic tuning approach. Instead, self-resonance frequency can be varied with a use of 

electronics tuning approaches [101].  However, all the design condition derived for 

maximum PTE and maximum TP in (7-6) to (7-14) cannot be achieved simultaneously. 

Therefore, an optimization scheme need to be derived to obtain maximum possible PTE 

and TP by selecting a proper design conditions which do not contradict each other. For 

example, impedance matching condition responds to real input impedance in (7-14)  

cannot be fully satisfied when coupling between Tx and Rx is very poor. Therefore, the 

following sub-sections propose an approach to obtain an optimal solution, analyzing the 

theoretical basis of the optimization with regards to SSR and TSR for arbitrary load 

conditions.  

 

Fig. 7-3. The equivalent circuit and two-port model illustration for SSR-WPT 

7.2.2 Two-port analysis of SSR-WPT setup 

The general two-port analysis is applied to the SSR-WPT scheme. The equivalent 

circuit of the SSR-WPT setup is illustrated in Fig. 7-3. The system equation is defined 

in (7-15) using the equivalent circuit theory. 

[
𝑉𝑡

0
𝑉𝑟

] = [

𝑍𝑡 𝑗𝜔𝑀𝑡.𝑥 𝑗𝜔𝑀𝑡.𝑟

𝑗𝜔𝑀𝑡.𝑥 𝑍𝑥 𝑗𝜔𝑀𝑥.𝑟

𝑗𝜔𝑀𝑡.𝑟 𝑗𝜔𝑀𝑥.𝑟 𝑍𝑟

] [
𝐼𝑡
𝐼𝑥
𝐼𝑟

] (7-15) 

where  𝑍𝑘 = 𝑅𝑘 + 𝑗𝑋𝑘,   𝑋𝑘 = 𝜔𝐿𝑘 −
1

𝜔𝐶𝑘
 ,   𝑉𝑡 = 𝑉𝑠 − 𝐼𝑡𝑅𝑠,  and   𝑉𝑟 = 𝐼𝑟𝑅𝐿 

Diagonal elements of the impedance matrix, Zk (k=t, x, and r) are the self-impedances 

of Tx, Rx and repeater coils, while Lk, Ck, and Rk are inductance, capacitance and 
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parasitic resistance respectively. Xk (k=t, x, and r) represents the reactive impedances of 

coils at operating frequency (fs).  jωMk.l=jωMl.k (k,l=t, x, and r) where Mk.l=Ml.k is the 

mutual inductance between kth coil and lth coil, and ω is the operating angular frequency 

of the source. RL is the equivalent load resistance. Once the system equation is defined, 

currents in each coil (Ik; k=t, x, and r) can be determined. Subscripts t, x, and r, represent 

Tx, Rx and repeater respectively. It should be emphasized that the format of the system 

equation in (7-15) is slightly modified from the system equation defined in previous 

chapters, by including the voltage across load (Vr) to the left hand side of the equation. 

This is useful in deriving the two port equivalent impedance parameters in the following 

analysis. The two port equivalent of the SSR-WPT scheme can be defined as, 

[
𝑉1

𝑉2
] = [

𝑍11 𝑍12

𝑍12 𝑍22
] [

𝐼1
𝐼2

] 

where 𝑉1 = 𝑉𝑡,  𝑉2 = 𝑉𝑟, 𝐼1 = 𝐼𝑡 and 𝐼2 = 𝐼𝑟  

(7-16) 

Afterwards, the elements of the impedance matrix in (7-16) can be evaluated by 

manipulating the impedance matrix in (7-15) as in (7-17). It can be seen that the real and 

imaginary components of the two port impedance parameters are modified from its 2-

coil counterpart due to the addition of SSR. For example, an additional term is added to 

the real part of the diagonal impedance terms (r11 and r22) compared to its 2-coil 

counterpart. This additional term includes resistance of SSR and mutual impedance from 

SSR to Tx (or, to Rx) which can be considered as the added loss component incurred 

due to the addition of SSR. On the other hand, real component of the off-diagonal 

impedance term (r12) becomes a non-zero value which is equal to the square root of the 

multiplication of two additional terms introduced for diagonal real components. This 

non-zero term, r12 has positive impact on the PTE expression as identified in previous 

section. Similarly, imaginary components of impedance terms are also modified 

accordingly. Therefore, unlike classical 2-coil WPT setup, an optimization cannot be 

carried out by considering individual terms in the impedance matrix for SSR-WPT setup.  

The impedance matrix in (7-16) can be optimized by changing the self-resonances 

of the coils, thereby changing the respective reactive impedances, Xt, Xx, and Xr. 

Therefore, resonance frequencies of Tx (fTx), Rx (fRx), SSR (fx) and the operating 

frequency (fs) are used as the optimization variables. An optimized design for PTE and 
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TP is introduced by considering performance characteristics and resonance theory as 

defined in following steps. 

𝑍11 = 𝑟11 + 𝑗𝑥11,             𝑍12 = 𝑟12 + 𝑗𝑥12,             𝑍22 = 𝑟22 + 𝑗𝑥22 

where 

𝑟11 = 𝑅𝑡 +
𝑅𝑥(𝜔𝑀𝑡.𝑥)

2

𝑅𝑥
2 + 𝑋𝑥

2
 

𝑟22 = 𝑅𝑟 +
𝑅𝑥(𝜔𝑀𝑥.𝑟)

2

𝑅𝑥
2 + 𝑋𝑥

2
 

𝑟12 =
𝑅𝑥𝜔

2𝑀𝑡.𝑥𝑀𝑥.𝑟

𝑅𝑥
2 + 𝑋𝑥

2
 

𝑥11 = 𝑋𝑡 −
𝑋𝑥(𝜔𝑀𝑡.𝑥)

2

𝑅𝑥
2 + 𝑋𝑥

2
 

𝑥22 = 𝑋𝑟 −
𝑋𝑥(𝜔𝑀𝑥.𝑟)

2

𝑅𝑥
2 + 𝑋𝑥

2
 

𝑥12 = 𝜔𝑀𝑡.𝑟 −
𝑋𝑥𝜔

2𝑀𝑡.𝑥𝑀𝑥.𝑟

𝑅𝑥
2 + 𝑋𝑥

2
 

(7-17) 

Step 1 – First, according to the resonance theory, the maximum energy is absorbed 

to Rx when it resonates at the same frequency as the exciting frequency of the magnetic 

field. Therefore, the reactive impedance of the Rx coil should be zero at the optimum 

operating frequency as shown in (7-18). 

𝑋𝑟 = 0 (7-18) 

Step 2– Next, the optimum reactive impedance of Tx (Xt) is derived as (7-19) and 

conforms to reactive impedance matching condition in (7-13).  

𝑋𝑡 =
𝜔𝑅𝑡𝑀𝑡.𝑟𝑀𝑡.𝑥𝑀𝑥.𝑟{2𝑅𝑡(𝜔𝑀𝑥.𝑟)

4+𝑅𝑥((𝜔𝑀𝑥.𝑟)
2[(𝜔𝑀𝑡.𝑟)

2+2𝑅𝑡Λ𝐿]−Λ𝐿
2(𝜔𝑀𝑡.𝑥)2)}

Λ𝐿
2𝑅𝑥

2[(𝜔𝑀𝑡.𝑟)2𝑀𝑡.𝑥
2 +𝑅𝑡

2𝑀𝑥.𝑟
2 ]+2𝜔2𝑅𝑥𝑅𝑡

2Λ𝐿𝑀𝑥.𝑟
4 +𝜔4𝑅𝑡

2𝑀𝑥.𝑟
6   (7-19) 
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where Λ𝐿 = (𝑅𝐿 + 𝑅𝑟)  

Step 3– Next, the optimum reactive impedance of SSR (Xx) can be determined using 

differential method where TP becomes maximum. However, the closed form solution 

for the optimum value of Xx results in a very complicated expression, therefore, fourth 

order polynomial form of a solution is expressed as in (7-20). In order to obtain the 

optimal value of Xx, (7-20) need to be solved for real roots. 

𝑎4𝑋𝑥−𝑜𝑝𝑡
4 + 𝑎3𝑋𝑥−𝑜𝑝𝑡

3 + 𝑎2𝑋𝑥−𝑜𝑝𝑡
2 + 𝑎1𝑋x−opt + 𝑎0 = 0 (7-20) 

𝑎0 = −𝑀𝑡.𝑟𝑀𝑡.𝑥𝑀𝑥.𝑟[𝑅𝑥Λ𝐿 + (𝜔𝑀𝑥.𝑟)
2]2{𝑅𝑥Λ𝐿

2(𝑅𝑥Λ𝑠 + (𝜔𝑀𝑡.𝑥)
2) +

Λ𝐿[2𝑅𝑥(𝜔𝑀𝑥.𝑟)
2Λ𝑠 − (𝜔𝑀𝑡.𝑥)

2𝑅𝑥
2 − (𝜔𝑀𝑡.𝑥)

2(𝜔𝑀𝑥.𝑟)
2] + Λ𝑠(𝜔𝑀𝑥.𝑟)

4 +

𝑅𝑥(𝜔𝑀𝑡.𝑟)
2(𝜔𝑀𝑥.𝑟)

2},  

𝑎1 = 𝜔[(𝜔𝑀𝑥.𝑟)
2 + 𝑅𝑥Λ𝐿]{Λ𝐿

3𝑀𝑡.𝑥
2 [2𝑅𝑥

2𝑀𝑡.𝑟
2 + 𝜔2𝑀𝑡.𝑥

2 𝑀𝑥.𝑟
2 − 𝑅𝑥𝑀𝑥.𝑟

2 Λ𝑠] −

Λ𝐿
2𝑀𝑥.𝑟

2 [(𝜔𝑀𝑡.𝑥)
2𝑀𝑥.𝑟

2 Λ𝑠 + 𝑅𝑥𝑀𝑡.𝑟
2 − 2𝑀𝑡.𝑟

2 𝑅𝑥
2Λ𝑠] + 3Λ𝐿(𝜔𝑀𝑡.𝑟)

2𝑀𝑥.𝑟
4 [𝑅𝑥Λ𝐿 −

(𝜔𝑀𝑡.𝑥)
2] + (𝜔𝑀𝑡.𝑟)

2𝑀𝑥.𝑟
4 [Λ𝑠(𝜔𝑀𝑥.𝑟)

2 + 𝑅𝑥(𝜔𝑀𝑡.𝑟)
2]},  

𝑎2 = −3𝜔2𝑀𝑡.𝑟𝑀𝑡.𝑥𝑀𝑥.𝑟Λ𝐿[(𝜔𝑀𝑥.𝑟)
2 + 𝑅𝑥Λ𝐿][Λ𝐿

2𝑀𝑡.𝑥
2 − 𝜔2𝑀𝑡.𝑟

2 𝑀𝑥.𝑟
2 ], 

𝑎3 = 𝜔Λ𝐿{Λ𝐿
3𝑀𝑡.𝑥

2 [2𝑅𝑥
2𝑀𝑡.𝑟

2 − 𝑀𝑥.𝑟
2 Λ𝑠] + Λ𝐿

2𝑀𝑡.𝑟
2 𝑀𝑥.𝑟

2 [3(𝜔𝑀𝑡.𝑥)
2 + 2Λ𝑠𝑅𝑥] +

Λ𝐿Λ𝑠(𝜔𝑀𝑡.𝑟)
2𝑀𝑥.𝑟

4 − (𝜔𝑀𝑡.𝑟)
4𝑀𝑥.𝑟

4 }, 

𝑎4 = 𝑀𝑡.𝑟𝑀𝑡.𝑥𝑀𝑥.𝑟Λ𝐿
2[Λ𝐿Λ𝑠 − (𝜔𝑀𝑡.𝑟)

2], Λ𝑠 = (𝑅𝑠 + 𝑅𝑡) and  Λ𝐿 = (𝑅𝐿 + 𝑅𝑟) 

Steps 1 to 3 define the optimum values of the reactive impedances of Tx, Rx, and 

SSR. Therefore, the optimum self-resonance frequencies of Tx (ft), Rx (fr) and SSR (fx) 

can be determined by knowing the optimal reactive impedances using the relationship 

in (7-21).  

𝑓𝑘 =
1

2𝜋
√𝜔2 −

𝜔𝑋𝑘

𝐿𝑘
  

(7-21) 

Step 4–After the above three steps, both PTE and TP can be expressed as a function 

of single unknown variable of operating frequency. Finally, the optimum operating 

frequency can be determined by a simple variable sweep with respect to operating 

frequency.   
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7.2.3 Two-port analysis of TSR-WPT setup 

Next, the general two-port analysis is applied to the TSR-WPT scheme. The system 

equation (7-22), can be expressed based on the equivalent circuit shown in Fig. 7-4. The 

introduction of SSR makes the rank of the system equation to be five. Three coils in TSR 

are termed as x1, x2 and x3. 

 
Fig. 7-4. The equivalent circuit and two-port model illustration for TSR-WPT 
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(7-22) 

where 𝑍𝑘 = 𝑅𝑘 + 𝑗𝑋𝑘, 𝑋𝑘 = 𝜔𝐿𝑘 −
1

𝜔𝐶𝑘
 , 𝑉𝑡 = 𝑉𝑠 − 𝐼𝑡𝑅𝑠 and  𝑉𝑟 = 𝐼𝑟𝑅𝐿 

Diagonal elements of the impedance matrix, Zk (k=t, x1, x2, x3, and r) are the self-

impedances of Tx, Rx and repeater coils, while Lk, Ck, and Rk are inductance, capacitance 

and parasitic resistance respectively. jωMk.l=jωMl.k (k,l=t, x1, x2, x3, and r) where 

Mk.l=Ml.k is the mutual inductance between kth coil and lth coil. RL is the equivalent load 

resistance. ω is the operating angular frequency of the source. Once system equation is 

defined, currents in each coil (Ik; k=t, x1, x2, x3, and r) can be determined. Similar to 

the SSR-WPT, the system equation for TSR-WPT is rearranged by including the voltage 

across load (Vr) to the left hand side of the system equation for the derivation of two port 

equivalent impedance parameters. Because of the symmetric structure of TSR, following 

mutual inductance relationship can be obtained. 

𝑀𝑡.𝑥1 = 𝑀𝑡.𝑥2 = 𝑀𝑡.𝑥3 = 𝑀𝑡.𝑥 and 𝑀𝑥1.𝑥2 = 𝑀𝑥2.𝑥3 = 𝑀𝑥1.𝑥3 = 𝑀𝑥 (7-23) 
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It is assumed that the Rx is positioned at the aligned position for the subsequent 

analysis with TSR-WPT scheme. Therefore the following mutual inductance 

relationships can be obtained for the aligned position (xrx=yrx=0). 

𝑀𝑥1.𝑟 = 𝑀𝑥2.𝑟 = 𝑀𝑥3.𝑟 = 𝑀𝑥.𝑟 (7-24) 

 

The assumption of identical repeater coils makes the following resistance 

relationship. 

𝑅𝑥1 = 𝑅𝑥2 = 𝑅𝑥3 = 𝑅𝑥 (7-25) 

With the above simplifications for mutual inductances and coil resistances, the two 

port equivalent of the TSR-WPT scheme can be defined as, 

[
𝑉1

𝑉2
] = [

𝑍11 𝑍12

𝑍12 𝑍22
] [

𝐼1
𝐼2

]  

where 𝑉1 = 𝑉𝑡,  𝑉2 = 𝑉𝑟, 𝐼1 = 𝐼𝑡 and 𝐼2 = 𝐼𝑟 

(7-26) 

Afterwards, the elements of the impedance matrix in (7-26) can be evaluated by 

manipulating the impedance matrix in the system equation, (7-22), according to the 

following relationships, 

𝑍11 = 𝑍𝑡 +
3(𝜔𝑀𝑡.𝑥1)

2

𝑍𝑥1 + 2𝑗𝜔𝑀𝑥1.𝑥2
 

𝑍12 = 𝑗𝜔𝑀𝑡−𝑟 +
3𝜔2𝑀𝑡.𝑥1𝑀𝑥1.𝑟

𝑍𝑥1 + 2𝑗𝜔𝑀𝑥1.𝑥2
 

𝑍22 = 𝑍𝑟 +
3(𝜔𝑀𝑥1.𝑟)

2

𝑍2 + 2𝑗𝜔𝑀𝑥1.𝑥2
 

(7-27) 

Real and imaginary components of the impedance parameters, which are evaluated in 

(7-28) can be further analyzed for the optimum conditions. Similar to the SSR-WPT, it 

can be clearly seen that the addition of SSR has modified its impedance parameters 

compared to classical 2-coil WPT. 

Similar to SSR-WPT setup, the impedance matrix in (7-26) can be optimized by 

changing the self-resonances of the coils, thereby changing the respective reactive 
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impedances, Xt, Xx, and Xr. Therefore similar to the SSR-WPT scheme, resonance 

frequencies of Tx (fTx), Rx (fRx), SSR (fx) and the operating frequency (fs) are used as the 

optimization variables for the performance optimization of TSR-WPT scheme. 

Therefore, the optimum frequencies can be derived using the same design steps as SSR-

WPT case. However, the optimum design variables for TSR-WPT can be directly 

deduced by comparing (7-28) with (7-17). It can be seen that the two-port impedance 

matrix for TSR-WPT can be derived by substituting parameters of SSR-WPT as 

described in (7-29). Therefore, four steps introduced to obtain the optimal design 

condition for SSR-WPT can be directly applied to deduce the optimal conditions for 

TSR-WPT. 

𝑍11 = 𝑟11 + 𝑗𝑥11, 𝑍12 = 𝑟12 + 𝑗𝑥12, 𝑍22 = 𝑟22 + 𝑗𝑥22 (7-28) 

where 𝑟11 = 𝑅𝑡 +
3𝑅𝑥(𝜔𝑀𝑡.𝑥)2

𝜎
,  𝑟12 =

3𝑅𝑥𝜔2𝑀𝑡.𝑥𝑀𝑥.𝑟

𝜎
, 𝑟22 = 𝑅𝑟 +

3𝑅𝑥(𝜔𝑀𝑥.𝑟)
2

𝜎
 

𝑥11 = 𝑋𝑡 −
3(𝑋𝑥+2𝜔𝑀𝑥)(𝜔𝑀𝑡.𝑥)2

𝜎
, 𝑥12 = 𝜔𝑀𝑡.𝑟 −

3(𝑋𝑥+2𝜔𝑀𝑥)𝜔2𝑀𝑡.𝑥𝑀𝑥.𝑟

𝜎
, 

𝑥22 = 𝑋𝑟 −
3(𝑋𝑥+2𝜔𝑀𝑥)(𝜔𝑀𝑥.𝑟)

2

𝜎
 and 𝜎 = (𝑋𝑥 + 2𝜔𝑀𝑥)

2 + 𝑅𝑥
2 

 

𝑀𝑡.𝑥 → √3𝑀𝑡.𝑥  

𝑀𝑥.𝑟 → √3𝑀𝑥.𝑟   

𝑋𝑥 → 𝑋𝑥 + 2𝜔𝑀𝑥  

(7-29) 

With the above described method, the optimal design conditions for SSR-WPT and 

TSR-WPT schemes can be derived with respect to self-resonance frequencies of coils 

and the operating frequency. The subsequent sections of this chapter apply the proposed 

theory for the optimizations of SSR-WPT and TSR-WPT schemes against load 

variations and Rx misalignment. 

7.3 Optimization against load variation 

In order to substantiate the above theoretical analysis, a case study is presented in 

this section. It is investigated that the self-resonance frequencies of Tx, Rx and repeater 

along with the operating frequency can be tuned to improve the performance against 



Chapter 7 Repeater Tuning for Load Variation and Misalignment Tolerance 

 

140 

load variations. The same SSR-WPT and TSR-WPT schemes introduced in Chapter 6 is 

used for the analysis in this chapter. The physical properties of Tx, Rx, SSR and TSR 

are illustrated in Table 7-1. It should be noted that the arrangement of TSR is chosen to 

provide increased misalignment tolerance according to the investigations in Chapter 6. 

The following subsections present numerical analysis and experimental verifications for 

the optimization of SSR-WPT and TSR-WPT schemes. For this analysis, Rx is assumed 

to be at the aligned position. 

Table 7-1. Design parameters of coils used for TSR and SSR 

Coil Parameters 
Setup Properties 

 Tx, Rx  TSR SSR 

Outer radius 8.9 cm 8.9 cm 12.5 cm TxR radial location (u) 4 cm 

Turns separation  4.2 mm 5 mm 5 mm Transfer distance (zrx) 15 cm 

Number of turns 11 14 14 zx-TSR 0 

Inductance  30 µH 20 µH 40 µH zx-SSR 0 

7.3.1 Optimization of SSR-WPT setup against load variation 

The proposed optimization technique is applied to SSR-WPT scheme. Equations 

(7-18) to (7-21) are employed to obtain the optimal operating conditions, and respective 

optimal performance is evaluated using (7-4). The variation of optimal frequencies with 

respect to load resistance are illustrated in Fig. 7-5(a), while the respective optimal PTE 

and TP are shown in Fig. 7-5(b). It can be seen that optimal frequencies increase with 

the increase of load resistance. In addition, the optimal PTE and TP show almost 

identical profiles, which curves overlapped in Fig. 7-5(a). Therefore, it is evident that 

the proposed optimization procedure allows simultaneous improvement of both PTE and 

TP.  In order to implement the dynamic tuning strategy, a set of switched capacitor bank 

connected to coils can be used to tune the self-resonance similar to the approach used 

for adaptive impedance matching [101]. 
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Fig. 7-5. Theoretical results: (a) – The variation of optimal frequencies (ft-opt –Tx self-resonance, fx-opt –

SSR self-resonance, fr-opt – Rx self-resonance, fs-opt – operating frequency) with respect to load resistance 

and (b) – The respective optimal PTE and TP variations. 

In order to evaluate the performance improvement that can be obtained with the 

dynamic tuning of self-resonance frequencies, Fig. 7-6 illustrates PTE and TP variation 

with respect to load resistance when SSR-WPT scheme is optimized to different nominal 

load resistances (RL-nominal). It can be seen that a significant performance improvement 

can be obtained by frequency tuning approach. For example, 90% PTE and TP can be 

achieved at 50Ω load when the design is optimized for 50Ω load. However, such a design 

optimized to 50Ω load shows PTE and TP pairs as low as (40%, 7%) and (70%, 45%) 

at 1 Ω and 250 Ω loads respectively. On the other hand, both PTE and TP can be 

improved to 84% and 71% at 1Ω and 250Ω load values respectively when the design 

variables are optimized to the respective load resistances. Therefore, it is apparent that 

the tuning of self-resonances and operating frequency can be used to improve the 

performance for a wide load range. 

 
Fig. 7-6. Theoretical results: (a) – PTE variation and (b) – TP variation with respect to load resistance 

when SSR-WPT scheme is optimized to different nominal load resistance values (RL-nominal) 

(b) (a) 

(b) (a) 
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It is interesting to note that, for a design optimized at a particular nominal load, the 

maximum PTE (or TP) occurs at a load value different from nominal load resistance. 

This is because the objective of the optimization is to achieve simultaneous improvement 

of PTE and TP. In order to show the impedance matching at optimum condition, Fig. 

7-7 illustrates the variations of real and imaginary components of input impedance with 

respect to load resistance when SSR-WPT scheme is optimized to different nominal load 

resistance values. It can be clearly seen that the reactive impedance matching condition 

is fulfilled at the nominal load resistances. In addition, the real part of the input 

impedance matches closely with the source impedance (50Ω). However, the exact value 

of the real input impedance does not match exactly to 50Ω. 

 
Fig. 7-7. Theoretical results: (a) – real and (b) – imaginary components of   input impedance variations 

with respect to load resistance when SSR-WPT scheme is optimized to different nominal load resistance 

values (RL-nominal). 

(b) (a) 

Re(Zin)=Rs 

RL=10RL=1Ω RL=50 RL=250Ω RL=1Ω RL=10 RL=50 RL=250Ω 
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Fig. 7-8. Theoretical results: (a) – PTE, (b) – TP, (c) – real input impedance and (d) – imaginary input 

impedance variation against each frequency (each frequency is normalized to its optimal value (fopt)) for 

SSR-WPT scheme optimized to 50Ω load resistance. 

Next, the performance variations are analyzed with respect to the optimization 

variables (i.e., ft, fx, ft and fs). Fig. 7-8 illustrates the performance variations with respect 

to each frequency variable (i.e., ft, fx, ft and fs) for the design optimized at a load resistance 

of 50Ω. The performance characteristics is generated by individually varying each 

frequency variable while all the other conditions are kept at their respective optimal 

values. For instance, when generating the curve corresponding to ft, all the other 

parameters are kept at their respective optimum values.  At the optimum point 

(normalized frequency =1), it can be seen that both PTE and TP become maximum 

which forms a local maxima. In fact, the values of PTE and TP obtained with the above 

optimization procedure are almost identical to the global maxima, which will be shown 

in the subsequent section. In addition, it is apparent from the impedance characteristics 

shown in Fig. 7-8(c) and (d) that the optimum frequencies follow impedance matching 

conditions. 

(b) (a) 

(d) (c) 



Chapter 7 Repeater Tuning for Load Variation and Misalignment Tolerance 

 

144 

7.3.2 Optimization of TSR-WPT setup against load variation 

Next, the proposed optimization technique is applied to TSR-WPT scheme. The 

setup parameters are depicted in Table 7-1. The variation of optimal frequencies with 

respect to load resistance is illustrated in Fig. 7-9(a), while the respective optimal PTE 

and TP are shown in Fig. 7-9(b). It can be seen that optimal frequencies increase with 

the increase of load resistance. In addition, the optimal PTE and TP show almost 

identical profiles, which curves overlapped in Fig. 7-9(b).  

 
Fig. 7-9. Theoretical results: (a) – The variation of optimal frequencies (ft-opt –Tx self-resonance, fx-opt –

TSR self-resonance, fr-opt – Rx self-resonance, fs-opt – operating frequency) with respect to load resistance 

and (b) – The respective optimal PTE and TP variations. 

Therefore, it is apparent that the proposed optimization procedure allows simultaneous 

improvement of both PTE and TP.  A dynamic tuning strategy can be implemented to 

track the optimal frequencies.  A set of switched capacitor bank connected to coils can 

be used to tune the self-resonance similar to the approach used for adaptive impedance 

matching [101]. 

In order to evaluate the performance improvement that can be obtained with the 

dynamic tuning of self-resonance frequencies, Fig. 7-10 illustrates PTE and TP variation 

with respect to load resistance when TSR-WPT scheme is optimized to different nominal 

load resistance values (RL-nominal). It can be seen that a significant performance 

improvement can be obtained by frequency tuning approach. For example, 90% PTE 

and TP can be achieved at 50Ω load when the design is optimized for 50Ω load. 

However, such a design optimized to 50Ω load shows PTE and TP pairs as low as (40%, 

7%) and (70%, 45%) at 1 Ω and 250 Ω loads respectively. On the other hand, both PTE 

and TP can be improved to 84% and 71% at 1Ω and 250Ω load values respectively when 

(b) (a) 
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the design variables are optimized to the respective load resistances. Therefore, it is 

apparent that the tuning of self-resonances and operating frequency can be used to 

improve the performance in a wide load range.  

 

Fig. 7-10. Theoretical results: (a) – PTE variation and (b) – TP variation with respect to load resistance 

when TSR-WPT scheme is optimized to different nominal load resistance values (RL-nominal) 

It is interesting to note that, for a design optimized at a particular nominal load, the 

maximum PTE (or TP) occurs at a load value different from nominal load resistance. 

This is because the objective of the optimization is to achieve simultaneous improvement 

of PTE and TP. In order to show the impedance matching at optimum condition, Fig. 

7-11 illustrates the variations of real and imaginary components of input impedance with 

respect to load resistance when SSR-WPT scheme is optimized to different nominal load 

resistance values. It can be clearly seen that the impedance matching conditions are 

fulfilled at the nominal load resistances. In addition, the real part of the input impedance 

matches closely with the source impedance (50Ω). However, the exact value of the real 

input impedance does not match exactly to 50Ω. 

(b) (a) 
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Fig. 7-11. Theoretical results: (a) – real and (b) – imaginary components of   input impedance variations 

with respect to load resistance when TSR-WPT scheme is optimized to different nominal load resistance 

values (RL-nominal). 

 
Fig. 7-12. Theoretical results: (a) – PTE and (b) – TP variation against each frequency (each frequency 

is normalized to its optimal value (fopt)) for TSR-WPT scheme optimized to 50Ω load resistance. 

Next, the performance variations are analyzed with respect to the optimization 

variables (i.e., ft, fx, ft and fs). Fig. 7-12 illustrates the performance variations with respect 

to each of the frequency for the design optimized at a load resistance of 50Ω. The 

performance characteristics is generated by individually varying each frequency while 

all the other conditions are kept at their respective optimal values. For instance, when 

generating the curve corresponding to ft, all the other parameters are kept at their 

respective optimum values.  It can be seen that both PTE and TP become maximum at 

the optimum point (normalized frequency =1) proving that the derived optimal 

frequencies provide a local maxima for the performance variation. In fact, the values of 

PTE and TP obtained with the above optimization procedure are almost identical to the 

global maxima, which will be shown in subsequent section. In addition, it is apparent 

from the impedance characteristics shown in Fig. 7-13 that the optimum frequencies 

follow impedance matching conditions. 

(b) (a) 

(b) (a) 
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Fig. 7-13. Theoretical results: The variation of (a) – real and (b) – imaginary components of input 

impedance against each frequency (each frequency is normalized to its optimal value (fopt)) for TSR-

WPT scheme optimized to 50Ω load resistance. 

7.3.3 Comparison of analytical solution with numerical optimization 

It is evident from the above numerical case study that the proposed optimization 

procedure improves the performance with respect to load variations, and at the same 

time the optimum design variables locate a maxima for both PTE and TP. However, it 

is not investigated whether the derived optimal solution for self-resonance frequencies 

provide a local maxima or global maxima. The optimization of multiple objectives 

simultaneously (in this case, PTE and TP) in a non-linear multi-variable system (four 

frequencies) may contain multiple optimal solutions. Therefore, numerical optimization 

is carried out to compare the validity of the proposed analytical procedure. The 

optimization problem for numerical optimization is defined in (7-30), and it is 

implemented using Matlab® optimization toolbox. The multiplication of PTE and TP is 

used as the maximization objective function. 

Maximize[𝑓 = 𝐹]: 𝑓(𝑓𝑡, 𝑓𝑥, 𝑓𝑟 , 𝑓𝑠) 

𝑠. 𝑡.  100𝑘𝐻𝑧 < 𝑓𝑡 , 𝑓𝑥, 𝑓𝑟 , 𝑓𝑠 < 10𝑀𝐻𝑧 

𝐹 = 𝑃𝑇𝐸 × 𝑇𝑃 

(7-30) 

Fig. 7-14 compares the analytical solution obtained from the proposed approach and 

the optimum solution obtained from numerical optimization for SSR-WPT scheme. A 

similar comparison for TSR-WPT is illustrated in Fig. 7-15.  It can be seen that the 

performances obtained from the proposed approach for both SSR-WPT and TSR-WPT 

(b) (a) 
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setups are almost identical to the global optimum derived from numerical optimization. 

Therefore it is evident that the proposed optimization approach provides an analytical 

approach to find the optimal solution for WPT with repeaters.   However due to the 

nature of the non-linear optimization problem with multiple solutions, the optimum 

frequencies obtained from analytical approach are slightly different from the solution of 

numerical optimization. 

 

Fig. 7-14. Comparison of analytical solution obtained from the proposed approach with the optimum 

solution obtained from numerical optimization for SSR-WPT scheme (a) – PTE, (b) – TP and (c) – 

optimum frequencies. 

(a) (b) 

(c) 
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Fig. 7-15. Comparison of analytical solution obtained from the proposed approach with the optimum 

solution obtained from numerical optimization for TSR-WPT scheme (a) – PTE, (b) – TP and (c) – 

optimum frequencies. 

 
Fig. 7-16. Performance comparison of TSR-WPT and SSR-WPT schemes against load variation: (a) – 

PTE and (b) – TP. 

7.3.4 Comparison of SSR-WPT vs. TSR-WPT 

Finally, the performance of SSR-WPT and TSR-WPT are compared against load 

variations. Fig. 7-16 compares the optimal performances of SSR-WPT setup and TSR-

WPT setup against load resistance. It can be seen that the TSR-WPT scheme 

outperforms SSR-WPT in high load resistance region whereas both setups show similar 

performance within the low load region. For example, TSR-WPT setup offers both PTE 

(a) (b) 

(c) 

(a) (b) 
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and TP improvement around 5% to 10% compared to SSR-WPT setup when the load 

resistance is higher than 60 Ω. Therefore, the repeater configuration can be chosen 

according to the load resistance variation in an application. 

 
Fig. 7-17. The experimental setup (a) – SSR-WPT setup and (b) – TSR-WPT setup 

7.4 Experimental verification 

Theoretical analysis is validated with an experimental setup using S-parameter 

measurement technique. Fig. 7-17 shows the experimental setup for SSR-WPT and 

TSR- WPT schemes. WPT coils are constructed to match the design parameters in Table 

7-1 (which are the same as the coils constructed previous chapters). Similar to the 

experimental procedures in all the previous chapters, network analyzer measurements 

are used for the experimental verification of this chapter. Measured S-parameters are 

processed using Agilent Advanced Design System (ADS) tool to obtain performance in 

different operating conditions.  For both setups, frequencies are tuned manually for 

selected nominal load resistances because power electronics control and dynamic tuning 

are beyond the scope of this thesis. Each coil is manually tuned with the use of high Q 

lumped capacitors to obtain desired resonance frequencies for each design case. 
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Fig. 7-18. Comparison of the performance variation against operating frequency when SSR-WPT setup 

is optimized to different operating conditions:  (a) – theoretical for nominal load of 1Ω, (b) – 

experimental results nominal load of 1Ω, (c) – theoretical for nominal load of 10Ω, (d) – experimental 

results nominal load of 10Ω, (e) – theoretical for nominal load of 50Ω and (f) – experimental results 

nominal load of 50Ω. 

7.4.1 Experimental validation of SSR-WPT setup 

The experimental study for SSR-WPT scheme is carried out considering three 

nominal load conditions. Theoretical optimal frequencies and experimentally tuned 

frequencies are illustrated in Table 7-2 for different nominal load conditions. The 

frequency responses of experimental setups for each nominal load conditions are 

compared with respective theoretical counterparts in Fig. 7-18. The experimental results 

agree well with theoretical results for all design cases. It should be noted that the 

(e) (f) 

(c) (d) 

(b) (a) 
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frequency responses of experimental TP profile are slightly shifted compared to their 

theoretical TP profiles. This is due to the disparities in experimentally tuned frequencies 

as seen in Table 7-2. 

Next, experimental results are analyzed with respect to load resistance when 

operating at optimum frequencies corresponding to each nominal loads, as illustrated in 

Fig. 7-19. It can be clearly seen that the proposed optimization scheme of tuning coil 

resonance frequencies allows significant improvement against load variations for the 

SSR-WPT setup. For example, the design optimized to nominal load of 50Ω shows PTE 

and TP improvements around 10% to 30% for load resistance higher than 50Ω compared 

to the design optimized to nominal load of 10Ω. On the other hand, the design optimized 

to nominal load of 10Ω shows PTE and TP improvements around 20% to 30% for load 

resistance lower than 50Ω, compared to the design optimized to nominal load of 50Ω. 

 

Fig. 7-19. Experimental results: Performance variation with respect to load resistance when SSR-WPT 

setup is optimized for different nominal load resistances. (a) – PTE variation and (b) – TP variation. 

Table 7-2. Theoretical and experimental resonance frequencies for SSR-WPT (Δ - percentage difference 

between theoretical and experimental frequencies) 

 RL-nominal = 1 Ω RL-nominal = 10 Ω RL-nominal = 50 Ω 

 Theory Exp. Δ Theory Exp. Δ Theory Exp. Δ 

ft (MHz) 0.341 0.338 0.88% 1.102 1.095 0.64% 2.666 2.670 0.15% 

fr (MHz) 0.280 0.281 0.36% 0.875 0.879 0.46% 2.337 2.325 0.51% 

fx1 (MHz) 0.245 0.247 0.82% 0.743 0.742 0.14% 1.917 1.896 1.09% 

7.4.2 Experimental validation of TSR-WPT setup 

The performance variation against operating frequency for the WPT scheme 

optimized to load resistance of 50Ω is compared with the theoretical counterpart in Fig. 

(a) (b) 
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7-20. Near 90% PTE and TP can be observed in experimental results. Experimental 

results agree well with the theoretical analysis with a slight shift in experimental 

optimum frequency compared to that of the theoretical value.  This could be due to the 

experimental disparities in coil resonances (shown in Table 7-3) and geometries. The 

frequency and load characteristics shown in Fig. 7-21 also show that the experimental 

results agree well with the theoretical analysis. 

 
Fig. 7-20. Performance variation against operating frequency:  Comparison of (a) – theoretical and (b) – 

experimental results. 

 

Fig. 7-21. Performance variation against operating frequency and the load resistance. (a) – PTE 

(Theory), (b) – TP (Theory), (c) – PTE (Experiment), and (d) – TP (Experiment). 

 

(a) (b) 

(a) (b) 

(d) (c) 
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Table 7-3. Comparison of theoretical and experimental resonance frequencies for TSR-WPT (nominal 

load resistance of 50 Ω) 

 Theoretical Experimenta

l 

Percentage 

deviation 

ft (MHz) 2.512 2.475 1.473% 

fr (MHz) 1.700 1.702 0.118% 

fx1 (MHz) 2.418 2.410 0.331% 

fx2(MHz) 2.418 2.420 0.083% 

fx3(MHz) 2.418 2.401 0.703% 

 

7.5 Optimization against misalignment 

In the previous section, load characteristics optimization has been carried out when 

Rx is at the aligned position. However in real operational conditions, Rx may experience 

misalignment. Therefore the proposed performance optimization and tuning approach 

are extended to misalignment tolerance improvement in this section. Both SSR-WPT 

and TSR-WPT schemes are studied. 

7.5.1 Optimization of SSR-WPT setup against misalignment 

The optimization approach proposed in the previous section is applied to obtain the 

optimum self-resonance of each coil and optimum operating frequency with respect to 

Rx misalignment. The variation of the optimal frequencies with respect to misalignment 

is illustrated in Fig. 7-22(a). The respective PTE and TP variations with respect to 

misalignment are compared with the design optimized only at the aligned position in 

Fig. 7-22(b). It can be seen that a significant TP improvement is resulted from the 

frequency tuning, whereas, PTE variation resulted from frequency tuning is almost 

identical to the design optimized to the aligned position. For example, at 15cm 

misalignment, both PTE and TP can be improved up to 56% when the design is 

optimized to misaligned position whereas the design optimized to aligned position 

shows 59% and 32% of PTE and TP respectively. 
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Fig. 7-22. Theoretical results: (a) – The variation of the optimal frequencies with respect to 

misalignment for SSR-WPT and (b) – Comparison of performance with respect to misalignment 

(RL=50Ω). 

 
Fig. 7-23. Comparison of analytical solution obtained from the proposed approach with the optimum 

solution obtained from numerical optimization for SSR-WPT scheme (a) – PTE vs. misalignment, (b) – 

TP vs. misalignment and (c) – optimum frequencies vs. misalignment. 

Next, the results from analytical optimization approach are compared with the 

numerical optimization results which finds the global optimum of the optimization 

variables. The numerical results in Fig. 7-23 compare the performances of the design 

optimized with the proposed analytical approach with the performances of the numerical 

optimization. It can be clearly seen that the proposed analytical approach achieves a 

performance almost identical to the numerical optimization method. In addition, results 

(a) (b) 

(a) (b) 

(c) 
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in Fig. 7-23(c) show that the optimum frequencies of analytical approach are closely 

following the results of numerical optimization. Therefore, it is evident that the 

optimization approach proposed in this chapter allows to optimize the SSR-WPT scheme 

against misalignment.  

7.5.2 Optimization of TSR-WPT setup against load variation 

The analytical optimization approach proposed in this chapter cannot be applied 

directly for the optimization of TSR-WPT scheme against misalignment. This is because 

the mutual inductance relationship in (7-24) becomes invalid with the Rx misalignment. 

However, the concept of optimization of coil resonance frequency and operating 

frequency is still viable approach. Therefore, this subsection introduces the performance 

optimization of TSR-WPT against misalignment using a numerical optimization 

approach. The variation of the optimal frequencies with respect to misalignment is 

illustrated in Fig. 7-24(a). The respective PTE and TP variations with respect to 

misalignment are compared with the design optimized only at the aligned position in 

Fig. 7-24(b). For example at 15cm misalignment, both PTE and TP can be improved up 

to 65% when the design is optimized to misaligned position whereas the design 

optimized to aligned position shows 66%and 33% of PTE and TP respectively.  

 
Fig. 7-24. Theoretical results: (a) – The variation of the optimal frequencies with respect to 

misalignment for TSR-WPT setup (b) – Comparison of performance with respect to misalignment 

(RL=50Ω). 

The performance of TSR-WPT scheme against misalignment can be further 

improved by selectively tuning the self-resonance of TS coils where three coils in TSR 

(x1, x2 and x3) are tuned to different resonant frequencies (fx1, fx2 and fx3). This approach 

improves the performance misalignment because different mutual coupling between 

TSR coils can be compensated individually. Fig. 7-25(a) shows the variation of optimal 

(a) (b) 
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frequencies with respect to misalignment when each coil in TSR is selectively tuned. It 

can be seen that the optimal value of fx1 is less than the optimal values of fx2 and fx3. In 

addition, the optimal values of fx2 and fx3 are identical due to the symmetry of x2 and x3 

in y-direction. The respective performance variation is illustrated in Fig. 7-25(a).  

 
Fig. 7-25. Theoretical results: (a) – The variation of the optimal frequencies with respect to 

misalignment when TSR coils are selectively tuned to different frequencies (b) – Comparison of 

performance with respect to misalignment when the selective tuning approach is employed (RL=50 Ω). 

7.5.3 Comparison of SSR-WPT vs. TSR-WPT 

Performance comparison between SSR-WPT, symmetric TSR-WPT (all coils in 

TSR having same resonance frequency) and selective tuning of TSR-WPT is presented 

in this subsection. Numerical results in Fig. 7-26 compare the performances of SSR-

WPT, symmetric TSR-WPT and selectively tuned TSR-WPT schemes with respect to 

misalignment.  It can be seen that the selective tuning of TSR coils outperforms other 

two setups, particularly, with higher misalignment positions. This is because the 

selective tuning of TSR coils optimizes reactive impedances of each coil in TSR which 

compensates the effect of mutual inductance deficiencies due to misalignment. 

However, implementation of such a selective tuning approach may increase the control 

complexity of tuning circuitry. Therefore, application specific characteristics such as 

expected Rx misalignment need to be considered for the choice of tuning approach.   For 

example, when misalignment is higher than 15cm, selective tuning of TSR yielded 

performance improvements up to 7% and 18% when compared to symmetric-TSR-WPT 

and SSR-WPT respectively. On the other hand, when misalignment is less than 10cm, 

both symmetric TSR-WPT and selectively tuned TSR-WPT schemes offer similar 

performances which are slightly higher than SSR-WPT. Therefore, if the expected 

(a) (b) 
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misalignment of an application is within 10 cm limit, selective tuning of TSR would not 

be a suitable choice for above analyzed WPT scheme. 

 
Fig. 7-26. Performance comparison between SSR-WPT, identical TSR-WPT and selective tuning of 

TSR-WPT with respect to misalignment (all the designs are optimized to nominal load resistance of 

50Ω) (a) – PTE variation and (b) – TP variation. 

7.6 Summary 

This chapter presented an optimization approach for WPT systems with the use of a 

repeater. It was investigated that the self-resonance frequencies of transmitter (Tx), 

receiver (Rx) and repeater coils and the operating frequency can be optimized to improve 

the load characteristics and misalignment tolerance. At the beginning of the chapter, an 

analysis of WPT system with the use of a repeater was presented by employing the two-

port theory. The generalized theory was applied to two types of repeaters, single-spiral-

repeater (SSR) and tri-spiral-repeater (TSR), and optimization steps are derived with 

regards to both types of repeaters.  It was investigated that the proposed optimization of 

this chapter allows the improvement of both PTE and TP against load variations and 

misalignment tolerance. It was also found that the proposed optimization approach was 

capable of reaching the global optimum value of the performance with respect to design 

variables at given operating conditions. Therefore the theoretical contribution of this 

chapter can be implemented along with a tuning approach for a wide range of 

applications.  Theoretical analysis was verified with the experimental results. 

 

 

 

(a) (b) 
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Chapter 8  

Conclusion and Recommendations 

8.1 Conclusion  

Wireless power transfer technology (WPT) has been identified as a potential 

technology that can be employed in a wide range of applications to eliminate drawbacks 

associated with power cables. However, it still needs to overcome numerous technical 

challenges to become one of the next epoch-making technologies. Performance 

improvement of wireless link is one such major technical challenge that needs extensive 

investigations. The study in this thesis has proposed several techniques that significantly 

improves the wireless link performance. 

Key performance indices of WPT are power transfer efficiency (PTE) and 

transferred power (TP) through the wireless link. The performances are severely 

restricted by a number of design constraints such as transfer distance, Rx misalignment 

and variation in the load. In addition, PTE and TP characteristics show dissimilar 

profiles with respect to design parameters such as operating frequency, coupling 

coefficient and load resistance. For example when operating at the resonance frequency, 

PTE declines drastically with respect to transfer distance whereas, TP becomes 

maximum at a particular distance corresponds to critical coupling. Conversely, PTE is 

maximized when the operating frequency is same as the resonance frequency whereas, 

TP shows a frequency splitting phenomena when coupling coefficient is higher than 

critical coupling. Therefore, each of the characteristics has to be considered for the 

optimization of WPT systems. Considering all these characteristics for optimization of 

WPT systems in initial design stage is extremely difficult. Hence, the study in this thesis 

has been carried out in a top-down manner. PTE optimization was taken as the primary 

optimization objective in the initial chapters (chapters 3 and 4) of this study, while the 

simultaneous optimization of both PTE and TP was attempted in the later part (chapters 

5, 6 and 7) of this study. 

The optimization of the WPT coils plays an imperative role in the WPT performance 

improvements. For the coil optimization, maximum PTE (when load conditions are 
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assumed to be optimal), which is a function of quality factor and coupling coefficient, 

is identified as the key optimization index for WPT coil design. A detailed study on the 

improvement of WPT coils has been provided in Chapter 3 along with a set of 

generalized guidelines for coil design. For example, as a rule of thumb, optimum pitch 

should be chosen as four times of the wire radius if the coil radius is higher than 150 

times of the wire radius to obtain maximum quality factor. In addition, empirical 

formulas are derived to obtain generalized coil design parameters for a WPT system 

when size restrictions are imposed on Rx footprint area.  

Dynamic WPT (D-WPT) has been identified as a revolutionary extension of classical 

stationary WPT, because it allows Rx to be moved freely while receiving power 

wirelessly. Efficiency characteristics against design parameters such as, operating 

frequency, load resistance, number of simultaneously powered Tx coils and Tx coil 

spacing have been presented in Chapter 4. Misalignment problem dominates the 

technical challenges in designing D-WPT systems with segmented Tx arrays. Tx coils 

farther away from the Rx coil experience higher currents as compared to Tx coils nearer 

to Rx coil due to lower reflected impedance induced in the Tx coils that are farther away 

from Rx. Frequency tuning has been identified as a possible approach to address the 

misalignment problem.  In addition, a double spiral repeater for D-WPT has been 

introduced to improve the performance. The investigations in Chapter 4 has been 

extended to derive the theoretical optimum current distribution within a Tx array in 

Chapter 5.  An n-dimensional coordinate analogy has been applied onto the equivalent 

circuit to derive the optimum current distribution. The theoretical upper bound of the 

performances in D-WPT has been derived for arbitrary Rx position. The maximum 

efficiency for D-WPT system has been derived as a similar form to the maximum PTE 

formula for classical two-coil WPT. The theoretical analysis in Chapter 5 provides a 

fundamental platform for the optimization of D-WPT systems. 

Moving forward in Chapter 6, a novel figure-of-merit (FOM) is proposed to improve 

system performance and misalignment tolerance simultaneously. The FOM is defined 

by incorporating system performance indices such as PTE and TP, as well as the 

application specific design constraints such as misalignment in Rx’s degrees of freedom 

(DoF). Dynamics of Rx in each of six DoF (6DoF) misalignments has been integrated 

into the FOM by defining a set of sub-regions along with the probability of alignment 
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with respect to each 6DoF (probability of alignment refers to the likelihood of Rx 

misalignment in each of sub-region). The performance in each sub region is prioritized 

based on their respective probabilities of alignment in defining the FOM. When the 

proposed FOM is used as the optimization objective, the performance can be improved 

significantly with respect to misalignment with a slight performance reduction at the 

aligned position. In addition, the design parameters such as sub-regions in each of Rx’s 

misalignment DoF and probability of alignment in each sub region can be chosen 

according to the application requirements. Therefore, the theoretical contribution of 

Chapter 6 can be applied not only to the WPT with repeaters, but also in a variety of 

optimization approaches such as compensation circuit, coil design and power electronics 

control. 

For the investigations of this study up to Chapter 6, load resistance is assumed to be 

at a constant value. However, in a real implementation, load resistance variation is 

inevitable due to the dynamic nature of most applications. Although the theoretical 

contributions investigated up to Chapter 6 can be applied to different values of nominal 

load, the performance may decline when the load resistance differs from the nominal 

load. Therefore, the performance improvement against load variations is also tackled 

during this study.  Chapter 7 presented an optimization approach for WPT systems 

against load variations with the use of a repeater. It is investigated that the self-resonance 

frequencies of Tx, Rx and repeater coils and the operating frequency can be optimized 

to improve the load variation characteristics. Two-port method is adopted to analyze the 

WPT scheme with a repeater, and it is applied to two types of repeaters, single-spiral-

repeater (SSR) and tri-spiral-repeater (TSR). Optimization steps are derived to obtain 

the optimal condition analytically with regards to both types of repeaters.  It is 

investigated that the proposed optimization procedure discussed in Chapter 7 allows the 

improvement of both PTE and TP against load variations. The proposed optimization 

approach is capable of reaching the global optimum value of the performance with 

respect to its design variables at given operating conditions. Furthermore, the proposed 

optimization approach can also be applied to improve the performance against 

misalignment. Selective tuning of TSR coils has been identified as a promising approach 

to improve the misalignment tolerance. 
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8.2 Recommendations for future research 

As with any research, there is room for more extensions and development of the 

proposed work. Some of these are identified and outlined below. 

 The coil design equations proposed in Chapter 3 has been evaluated for circular 

shaped air-core coils. A similar method can be applied with a variety design 

conditions such as rectangular shaped coils and coil design with ferrite materials. 

The basic considerations proposed in this study will be still valid for the different 

coil shapes. For example, proximity effect resistance will be significant for 

tightly wound coils. However, coupling mutual inductance characteristics will 

be changed when the coil shape is altered. Therefore it would be interesting to 

further explore the proposed approach with regards to different coil designs 

conditions. 

 The theoretical analysis provided in Chapter 5 can be applied as a guideline for 

power converter design for D-WPT systems. The dynamic control of the 

converter current to track the optimal conditions derived in this work would be 

an interesting area to explore in future research. Moreover, the proposed theory 

in Chapter 5 can be applied to different kinds of multi-Tx, multi-Rx WPT 

schemes such as WPT pad (where multiple Tx coils are used as a charging pad 

for portable devices). 

 The investigation on the simultaneous optimization of PTE, TP and 

misalignment tolerance can be easily applied along with a range of optimization 

approaches such as coil design, compensation circuit design and different 

repeater schemes. Moreover, Rx dynamics and its misalignment probabilities are 

arbitrarily chosen to validate the proposed concept. However, actual studies can 

be conducted to analyze Rx behaviour in different applications which would 

substantiate realistic probability distribution.  Undoubtedly, this work would 

push forward the concept of free-positioning WPT where Rx can be placed in 

any position or orientation.  

 The concept of tuning the coil resonance frequencies to improve the load 

variation characteristics has been validated using a manual tuning technique in 
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Chapter 7.  A dynamic tuning strategy can be implemented with use of a set of 

switched capacitor networks and a proper control method in a load varying 

application. Exploration of such a dynamic tuning approach would be an 

interesting research topic. 

 Although technical feasibility of the proposed investigations are verified with 

the laboratory experiments, the health and safety concerns have not been 

addressed within the scope of this thesis. Hence, human safety in terms of 

electromagnetic exposure levels needs to be carefully examined before the 

deployment of WPT technology to any kind of application. Therefore, the study 

of health and safety issues of WPT technology is an interesting topic to explore. 
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Appendix  

Derivation of the simplified transfer 

impedance ratio (Kn) 

This appendix illustrates the trigonometric simplification procedure for the 

derivation of (5.6). First the transfer impedance ratio, Kn is rewritten as, 

𝐾𝑛 =
𝜔2𝐼2𝑅𝐿

(𝑅𝑟 + 𝑅𝐿)2 + 𝑋𝑟
2
Γ𝑛 

where, 

(A.1

) 

Γ𝑛 = {𝑀1,𝑟cos(𝜃1) + ⋯ + 𝑀𝑛−1,𝑟 sin(𝜃1)… sin(𝜃𝑛−2) cos(𝜃𝑛−1) +

𝑀𝑛,𝑟 sin(𝜃1) … sin(𝜃𝑛−2) sin(𝜃𝑛−1)}
2
  

The last two terms of Γn can be rearranged as, 

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯ + sin(𝜃1) … sin(𝜃𝑛−2) [𝑀𝑛−1,𝑟cos(𝜃𝑛−1) + 𝑀𝑛,𝑟 sin(𝜃𝑛−1)]}
2
 

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯ + sin(𝜃1) … sin(𝜃𝑛−2) [𝑀𝑛−1,𝑟cos(𝜃𝑛−1) + 𝑀𝑛,𝑟 sin(𝜃𝑛−1)]}
2
 

with the definition of 𝛼𝑛−1 = tan−1 {
𝑀𝑛−1,𝑟

𝑀𝑛,𝑟
}, Γn becomes 

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯ + sin(𝜃1) … sin(𝜃𝑛−2) [sin(𝛼𝑛−1) cos(𝜃𝑛−1) +

cos(𝛼𝑛−1) sin(𝜃𝑛−1)] × √𝑀𝑛,𝑟
2 + 𝑀𝑛−1,𝑟

2 }

2

  

 Γ can be further simplified to, 

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯ + sin(𝜃1) … sin(𝜃𝑛−2) sin(𝛼𝑛−1 + 𝜃𝑛−1) × √𝑀𝑛,𝑟
2 + 𝑀𝑛−1,𝑟

2 }

2

 

Next, considering the last two terms of the expression,  
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Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯+ sin(𝜃1)… sin(𝜃𝑛−3) [𝑀𝑛−2,𝑟 cos(𝜃𝑛−2) + √𝑀𝑛,𝑟
2 + 𝑀𝑛−1,𝑟

2 sin(𝛼𝑛−1 +

𝜃𝑛−1) sin(𝜃𝑛−2)]}
2

  

with the definition of 𝛼𝑛−2 = tan−1 {
𝑀𝑛−2,𝑟

√𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 sin(𝜃𝑛−1+𝛼𝑛−1)
} , Γn becomes 

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯+

√𝑀𝑛−2,𝑟
2 + (𝑀𝑛−1,𝑟

2 + 𝑀𝑛,𝑟
2 ) sin2(𝜃𝑛−1+𝛼𝑛−1) sin(𝜃1)… sin(𝜃𝑛−3) [sin(𝛼𝑛−2) cos(𝜃𝑛−2) +

cos(𝛼𝑛−2) sin(𝜃𝑛−2)]}

2

  and  

Γ𝑛 = {𝑀1𝑟cos(𝜃1) + ⋯

+ √𝑀𝑛−2,𝑟
2 + (𝑀𝑛−1,𝑟

2 + 𝑀𝑛,𝑟
2 ) sin2(𝜃𝑛−1+𝛼𝑛−1) sin(𝛼𝑛−2

+ 𝜃𝑛−2) sin(𝜃1) … sin(𝜃𝑛−3)}

2

 

In a similar manner, angles αn-3, … α1, can be defined as, 

𝛼𝑛−3 = tan−1 {
𝑀𝑛−3,𝑟

√[(𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 ) sin2(𝜃𝑛−1+𝛼𝑛−1)+𝑀𝑛−2,𝑟
2 ] sin(𝜃𝑛−2+𝛼𝑛−2)

} , 

           ⋮ 

𝛼1 =

tan−1 {
𝑀1𝑟

√({[(𝑀𝑛−1,𝑟
2 +𝑀𝑛,𝑟

2 ) sin2(𝜃𝑛−1+𝛼𝑛−1)+𝑀𝑛−2,𝑟
2 ]sin2(𝜃𝑛−2+𝛼𝑛−2)+𝑀𝑛−3,𝑟

2 }…+𝑀2,𝑟
2 ) sin(𝜃2+𝛼2)

}  

and Γn becomes, Γ𝑛 = {[(((𝑀𝑛,𝑟
2 + 𝑀𝑛−1,𝑟

2 ) sin2(𝜃𝑛−1+𝛼𝑛−1) +

𝑀𝑛−2,𝑟
2 ) sin2(𝜃𝑛−2 + 𝛼𝑛−2) + 𝑀𝑛−3,𝑟

2 )…+ 𝑀2,𝑟
2 ] sin2(𝜃2 + 𝛼2) + 𝑀1,𝑟

2 } sin2(𝜃1 +

𝛼1)  

Then the simplified Γn can be substitute to (A.1) to obtained (5.6).  
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