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Combining the multiple Davydov D2 Ansatz with the method of thermo-field dynamics, we study
finite temperature dynamics of a Holstein polaron on a lattice. It has been demonstrated, using the
hierarchy equations of motion method as a benchmark, that our approach provides an efficient, robust
description of finite temperature dynamics of the Holstein polaron in the simultaneous presence of
diagonal and off-diagonal exciton-phonon coupling. The method of thermo-field dynamics handles
temperature effects in the Hilbert space with key numerical advantages over other treatments of finitetemperature dynamics based on quantum master equations in the Liouville space or wave function
propagation with Monte Carlo importance sampling. While for weak to moderate diagonal coupling
temperature increases inhibit polaron mobility, it is found that off-diagonal coupling induces phononassisted transport that dominates at high temperatures. Results on the mean square displacements show
that band-like transport features dominate the diagonal coupling cases, and there exists a crossover
from band-like to hopping transport with increasing temperature when including off-diagonal coupling. As a proof of concept, our theory provides a unified treatment of coherent and incoherent
transport in molecular crystals and is applicable to any temperature. Published by AIP Publishing.
https://doi.org/10.1063/1.5000823

I. INTRODUCTION

Thanks to their promising potentials in cost reduction,
functionalization versatility, thin film flexibility, and processability, organic solar cells (OSCs) based on π-conjugated
polymers are highly regarded among next-generation renewable energy technologies.1–4 However, OSCs are yet to
achieve the photocurrent efficiencies of their inorganic counterparts, thereby limiting their large-scale commercial applications. One hotly debated issue is the paradoxical observations of sometimes delocalized “band-like” transport but
other times thermalized hopping by strongly localized charge
carriers.5 A consensus has yet to emerge on fundamental mechanisms of charge transport in organic semiconductors despite the fact that an in-depth understanding of these
mechanisms will immensely facilitate design of solar-toelectronic energy conversion devices with high efficiency and
robustness.
Polaronic self-trapping was first predicted by Landau in
the 1930s, but theoretical study of charge transport in organic
semiconductors did not gather steam until the pioneering work
of Holstein, who introduced the one-dimensional (1D) Holstein molecular crystal model6 to account for exciton-phonon
dynamics in molecular crystals. Among various factors that
affect electron-phonon interplay in organic semiconductors,
electronic transfer integrals and electron-phonon coupling
strengths are key parameters that determine charge transport
mechanisms. While Holstein’s theory of small polarons can
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qualitatively explain the experimental findings of band narrowing as well as the crossover from band-like to hopping transport
with increasing temperature, it is perturbative with respect to
the electronic bandwidth and limited to the case of diagonal
electron-phonon coupling. A variety of studies have revealed
that taking into account the simultaneous presence of diagonal and off-diagonal coupling seems essential to characterize
charge transport mechanisms in organic semiconductors.7–12
Early treatments of off-diagonal coupling by Munn and Silbey8,9 suggest that off-diagonal coupling increases the polaron
binding energy and may introduce new minima and bandwidth
broadening to the polaron energy band.10 A microscopic theory based on the Holstein-Peierls-type Hamiltonian13,14 claims
to reproduce transport properties in naphthalene using parameters obtained from ab initio calculations. Recently, mixed
quantum-classical non-adiabatic dynamics was proposed to
explain temperature-dependent charge transport properties of
organic semiconductors.15
Because of the enormous size of the Hilbert space of
an electron-phonon system, it is a non-trivial task to accurately treat polaron dynamics at finite temperatures in the
presence of diagonal and off-diagonal coupling. Methods treating finite-temperature dynamics can be mainly classified into
two categories: one uses the quantum master equation (QME)
method and provides a reduced description by tracing out bath
degrees of freedom (DOFs) and the other is the wave function method that propagates the wave function from different
initial conditions with bath modes sampled according to a certain statistical distribution. Typical examples of QME methods
include the hierarchical equations of motion (HEOM)16–18
and the quasi-adiabatic path integral (QUAPI).19 However,
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it is well known that HEOM and QUAPI methods become
numerically very expensive at low temperatures, and they
yield no information on phonon-manifold dynamics. Furthermore, the HEOM approach is mainly restricted to systems
with certain forms of phonon spectral densities despite the
fact that several extensions have been formulated to alleviate this shortcoming.20–22 For the wave function propagation methods, the multi-configuration time-dependent Hartree
(MCTDH) method and its multilayer variants,23–26 and most
recently for the Holstein polaron and the spin-boson model,
the hierarchy of time-dependent variational wave functions of
varying sophistication by the names of the Davydov D1 , D̃,
and D2 Ansätze,27–30 are among the most successful examples of accurate ultra-low temperature dynamics. Due to a
high demand of statistical samplings, wave function propagation methods such as MCTDH can be computationally prohibitive at high temperatures.31 An alternative to circumvent
this problem is the method of thermo-field dynamics (TFD),32
a finite temperature representation of quantum mechanics,
which employs temperature-dependent “vacuum” expectation
values to treat statistical averages of observables. Borrelli and
Gelin are the first to develop the TFD theory for excitonic systems with applications made to a spin-boson problem.33 It is
highly promising to combine TFD with basis set methods to
provide an accurate description of polaron dynamics at any
temperature.
Previously, by using the Dirac-Frenkel time-dependent
variational principle, dynamics of the Holstein polaron have
been extensively studied with the hierarchy of time-dependent
Davydov trial states (the so-called D1 and D2 Ansätze with
the latter as a simplified version of the former) that can be
traced to the Davydov soliton. Due to the construct of the
coherent state, both D1 and D2 Ansätze are well suitable to
describe the polaron dynamics for strong exciton-phonon coupling cases. Recently, a multitude of the Davydov trial states,
i.e., a superposition of the D1 or the D2 Ansatz, referred to
as the “multi-D1 ” or “multi-D2 ” Ansatz, have been developed to treat polaron dynamics at zero temperature, and its
validity has been adequately demonstrated.34,35 The multiple Davydov Ansätze provide an efficient, yet accurate, tool
to characterize the dynamics of coupled electron-boson systems for broad parameter regimes of transfer integrals and
electron-phonon coupling strengths. Moreover, the multiple
Davydov Ansätze (also termed the multi-polaron Ansätze
for a multiplicity of two) have been applied to study the
ground-state properties of the dissipative two-level system—
the spin boson model.36–38 However, how to extend the
description by multi-D1 /(D2 ) Ansätze to finite temperatures
remains an issue to be addressed. In this work, a novel description of finite-temperature polaron dynamics is proposed by
seamlessly integrating the multi-D2 Ansatz into the TFD
framework.
The rest of this paper is organized as follows. The TFD
theory and its application to Holstein polaron dynamics by
using the multi-D2 Ansatz are elaborated in Sec. II. In Sec.
III, we compare simulation results with those calculated by
the HEOM and discuss the temperature effect on dynamic
properties of the Holstein polaron. Conclusions are drawn in
Sec. IV.
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II. METHODOLOGY
A. Thermo-field dynamics

The TFD method is a promising finite temperature
description of many-body quantum dynamics, but its impact
has been largely limited to fields of theoretical physics.39–43
The basic idea of the TFD is to express the statistical average of any physical quantity Q in terms of a “thermal vacuum
state” |O ( β)i,32,44,45
hQi = Z −1 ( β)Tr{Qe−βH } = hO ( β)| Q |O ( β)i,

(1)

where Z( β) = Tre β H is the partition function of the relevant quantum system described by the Hamiltonian H, and β
= 1/K B T. Here, |O( β)i is the temperature-dependent “vacuum”
state, which is defined as32
X
e−βEk /2 k, k̃
|O( β)i = Z( β)−1/2
k

= Z( β)

−1/2 − 21 βH

e

|Ii ; |Ii =

X

k, k̃ ,

(2)

k

where |ki is the eigenstate of the Hamiltonian H with eigenvalue E k , and k̃ is the eigenstate of the corresponding fictitious Hamiltonian H̃, which is defined in the tilde Hilbert
space and can be derived from the original Hamiltonian H
using some mapping.32,45,46
Following Suzuki,46 the time evolution of a system
described by the Hamiltonian H at finite temperatures follows
the TFD Schrödinger equation with a modified Hamiltonian
Ĥ(Ĥ = H − H̃),
i

∂
|ψ(t)i = Ĥ |ψ(t)i,
∂t

(3)

where we have defined a time-dependent state |ψ(t)i
= ρ(t)1/2 |Ii, with ρ(t) denoting the density matrix of the relevant quantum system H. Finally, the expectation value of any
operator Q acting in the relevant system Hilbert space {|ki}
can be evaluated as
hQ(t)i = hψ(t)|Q|ψ(t)i = Tr{ ρ(t)Q}.

(4)

The evaluation of hQ(t)i using the temperature-dependent TFD
wave function ψ(t) and that using the corresponding density
matrix ρ(t) is equivalent.
The initial state for the system at thermal equilibrium in
the TFD framework can be written as
|ψ(0)i = ρ(0)1/2 |Ii = Z( β)−1/2 e− 2 βH |Ii.
1

(5)

For a typical molecular system where the electronic energy
gap is much larger than the vibrational energies, we can safely
assume that the system resides in the electronic ground state,
|gi. The initial density matrix under this approximation can be
written as
ρ(0) = Z( β)−1 e−βH ≈ |gi hg| ρph ,

(6)

where ρph is the density matrix of the bath DOFs usually
described by a collection of harmonic oscillators,
ρph = Zph ( β)−1 e−βHph

(7)
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with
Hph =

X

ωq bq† bq ,

(8)

q

where bq† (bq ) is the boson creation (annihilation) operator of
the qth mode with frequency ωq . For a process of photon excitation, the system is prepared in an electronic excited state
|ei = X † |gi, where X † is the transition dipole operator that
couples the electronic ground state |gi with the electronic
excited state |ei. Finally, the initial TFD wave function can
be defined as
|ψ(0)i = |ei |ẽi ρ1/2
|Ii = |ei Zph ( β)−1/2 e−βHph /2 |Ii,
ph

(10)

E

where |0i = 00̃ is the ground state of the combined vibra

tional subsystem Hph and H̃ph , and G is the Bogoliubov
unitary transformation operator defined by
X


θ q bq b̃q − bq† b̃q†
G = G† = −i
(11)
q

with
θ q = arctanh(e−βωq /2 ).

∂
|ϕ(t)i = Ĥθ |ϕ(t)i
∂t

(13)

(14)

with the initial condition |ϕ(0)i = |0i and the transformed
Hamiltonian Ĥ θ = eiG Ĥe iG . The expectation value of an
observable Q is thus rewritten as
hQ(t)i = hϕ(t)| Qθ |ϕ(t)i

(15)

Qθ = eiG Qe−iG .

(16)

with

It is noted that the results obtained through Eqs. (14) and (16)
are equivalent to those obtained through Eqs. (3) and (4) and
are the starting point of the TFD method.
B. The Holstein model

The Hamiltonian of the one-dimensional Holstein molecular crystal model can be partitioned as follows:
diag

o.d.
H = Hex + Hph + Hex–ph + Hex–ph
,

X

ωq bq† bq ,

q
diag
Hex–ph

o.d.
Hex–ph

(18)
g X
ωq an† an (eiqn bq + e−iqn bq† ),
=√
N n,q
(
f
g
φ X
ωq an† an+1 eiqn (eiq−1 )bq + H.c.
= √
2 N n,q
f
g)
+ an† an−1 eiqn (1 − e−iq )bq + H.c. .

Here H.c. denotes the Hermitian conjugate, an† (an ) is the exciton creation (annihilation) operator for the nth molecule, and
bq† (bq ) is the creation (annihilation) operator of a phonon with
frequency ωq ,
X
X
bq† = N −1/2
eiqn bn† , bn† = N −1/2
e−iqn bq† .
(19)
n

q

The fictitious Hamiltonian H̃ of the Holstein model is
constructed by substituting all physical operators in Eq. (17)
to corresponding tilde forms,32 i.e.,
diag

o.d.
H̃ = H̃ex + H̃ph + H̃ex–ph + H̃ex–ph

(20)

with
H̃ex = J

X

ãn† (ãn+1 + ãn−1 ),

n

H̃ph =

X

ωq b̃q† b̃q ,

q

whose time evolution is obtained by the transformed
Schrödinger equation
i

Hph =

(12)

The temperature effect is thus taken into account by coupling
the physical system to the fictitious tilde system through the
temperature-dependent mixing angle θ q .
In order to facilitate solving of the Schrödinger equation
(3) with the initial condition (9), we introduce a new state47
|ϕ(t)i = eiG |ψ(t)i

n

(9)

where |ei = |ei |ẽi, and |Ii only applies to the phonon DOFs.
The state Zph ( β)−1/2 e−βHph /2 |Ii is often referred to as the
temperature-dependent “vacuum” state |0( β)i. It is further
noted that |0( β)i can be rewritten as32
|0( β)i = e−iG |0i,

where the exciton Hamiltonian H ex , the bath (phonon) Hamiltonian H ph , and the exciton-phonon coupling Hamiltonian
H ex–ph can be defined, respectively, as
X
Hex = J
an† (an+1 + an−1 ),

(17)

(21)
g X
diag
ωq ãn† ãn (eiqn b̃q + e−iqn b̃q† ),
H̃ex–ph = √
N nq
(
f
g
φ X
o.d.
H̃ex–ph = √
ωq ãn† ãn+1 eiqn (eiq − 1)b̃q + H.c.
2 N n,q
f
g)
†
iqn
−iq
+ ãn ãn−1 e (1 − e )b̃q + H.c. .
The parameters J, g, and φ are the transfer integral, the diagonal coupling strength, and the off-diagonal coupling strength,
respectively, and N is the number of sites in the Holstein model.
In this paper, a linear phonon dispersion is assumed,
ωq = ω0 [1 + W (2 |q| /π − 1)],

(22)

where ω0 denotes the central energy of the phonon band and is
used as the energy unit (ω0 = 1), W is the bandwidth between
0 and 1, and the momentum is set to be q = 2πl/N with (l
= − N2 + 1, . . . , N2 ).
Following the TFD procedure, we need to solve the
Schrödinger equation (3) with the initial condition
|ψ(0)i = ρ1/2
|Ii |ni | ñi = |0( β)i |ni | ñi,
ph

(23)

where ρph and |0( β)i are defined in Eqs. (7) and (10), and
|ni (| ñi) is the initial condition for the exciton part of H(H̃). In
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a basis-set representation, the TFD wave function |ψ(t)i is an
array of the dimension (N ex × N ph )2 with N ex (N ph ) denoting
the number of the electronic (vibrational) basis function, which
has exactly the same dimensions as those of the density matrix.
It is noted that Eq. (23) introduces the temperature effect using
only vibrational DOFs, which reveals that the tilde part of the
exciton Hamiltonian (| ñi) can be dropped (see Ref. 47). This
statement is rigorously proven by Borrelli and Gelin,33 who
showed that the Schrödinger equation given by
∂
(24)
i |ψ(t)i = H̄ |ψ(t)i,
∂t
with the initial condition
|ψ(0)i = ρ1/2
|Ii |ni = |0( β)i |ni,
ph

(25)

reproduces the expectation value hQ(t)i [cf. Eq. (4)] obtained
by the TFD Schrödinger equation (3) with Hamiltonian Ĥ. In
Eq. (24), the new Hamiltonian operator H̄ is defined as
H̄ = H − H̃ph ,

(26)

where H is defined in Eq. (17), and H̃ph is any operator acting
in the tilde vibrational space. It is noted that the specific form of
H̃ph does not affect the expectation value hQ(t)i. For simplicity,
we choose (see Ref. 33)
X
H̃ph =
ωq b̃q† b̃q .
(27)
q

Finally, we arrive at the Schrödinger equation by applying the
Bogoliubov transformation to Eq. (24),
∂
(28)
i |ϕ(t)i = H̄θ |ϕ(t)i ,
|ϕ(0)i = |0i |ni ,
∂t
and the transformed Hamiltonian has the form
H̄θ = eiG H̄e−iG
X
X
=J
an† (an+1 + an−1 ) +
ωq (bq† bq − b̃q† b̃q )
n

q

g X
cosh θ q ωq an† an (eiqn bq + e−iqn bq† )
×√
N n,q
g X
×√
sinh θ q ωq an† an (eiqn b̃q† + e−iqn b̃q )
N n,q
(
f
g
φ X
cosh θ q ωq an† an+1 eiqn (eiq − 1)bq + H.c.
+ √
2 N n,q
f
g)
+ an† an−1 eiqn (1 − e−iq )bq + H.c.

room temperature. This yields an additional reduction in the
dimension in comparison with the standard Liouville equation.
C. The multi-D2 Ansatz

Solving Eq. (28) requires an efficient numerical approach
because the number of vibrational DOFs is now doubled due
to the coupling to the fictitious bath. For this purpose, we write
|ϕ(t)i in terms of the time-dependent version of the multi-D2
Ansatz
"X
#
M
N
X
E X
Ψi,n (t) exp
(λ i,q bq† − λ ∗i,q bq ) |0i
an† |0iex
D2M (t) =
q

i=1

n=1

"X
# E
× exp
( λ̃ i,q b̃q† − λ̃ ∗i,q b̃q ) 0̃ .

Here, Ψi,n and λ i,q ( λ̃ i,q ) are variational parameters denoting
the exciton probability and phonon displacement, respectively,
and n and i label the site index in the molecular ring and rank
of the coherent superposition state, respectively. Following
the Dirac-Frenkel time-dependent variational principle,48 the
Lagrangian L is constructed as follows:
"
#
→
−
←
−
i~ D M
∂ M E D M
∂ M E
D2 (t)
D (t) − D2 (t)
D (t)
L=
2
∂t 2
∂t 2
D
E
− D2M (t) H̄θ D2M (t) ,
(31)
from which the equations of motion for α(t) and its time
derivative ȧ(t) can be obtained as
!
d ∂L
∂L
= 0,
(32)
−
∗
dt ∂ α̇
∂α ∗
where α represents variational parameters Ψi,n and λ iq ( λ̃ i,q ).
The readers are referred to Appendix A for a derivation of the
equations of motion for variational parameters.
D. Observables

From Eq. (30), the norm of the multi-D2 Ansatz can be
calculated as

N(t) =

M X
D
E X
∗
D2M (t) D2M (t) =
Ψj,n
Ψi,n Sj,i ,
i,j

(
f
g
φ X
+ √
sinh θ q ωq an† an+1 eiqn (eiq − 1)b̃q† + H.c.
2 N n,q
g)
f
†
iqn
−iq †
+ an an−1 e (1 − e )b̃q + H.c. ,
where the following relations have been

where S j,i is the Debye-Waller factor defined in Eq. (A3). Then
the reduced single-exciton density matrix ρmn (t) can be written
as
(34)

i,j

eiG bq e−iG = bq cosh(θ q ) + b̃q† sinh(θ q ),
eiG b̃q e−iG = b̃q cosh(θ q ) + bq† sinh(θ q ),

(33)

n

M
E X
D
†
∗
ρmn = D2M (t) eiG am
an e−iG D2M (t) =
Ψj,m
Ψi,n Sji .

used:32

(30)

q

(29)

eiG (bq† bq − b̃q† b̃q )e−iG = bq† bq − b̃q† b̃q .
It is noted that for practical numerical calculations, the
high-frequency modes can be dropped from the tilde Hamiltonian since θ k  1, sinh(θ k ) ≈ 0, and cosh(θ k ) ≈ 1 even at

Among physical observables of interest in the Holstein model
are the exciton probability Pex (t, n) and the phonon displacement X ph (t, n). Once the reduced density matrix is computed,
the exciton probabilities Pex (t, n) = ρnn (t)(n = 1, 2, . . . , N) can
be obtained from the diagonal elements of the reduced density
matrix. The phonon displacement X ph (t, n 0) in real space at the
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n 0th site is calculated by
D
E
Xph (t, n 0) = D2M (t) eiG (bn0 + bn†0 )e−iG D2M (t)
"X
0
1 D
e−iqn (cosh θ q bq† + sinh θ q b̃q )
= √ D2M
N
q
#
X
E
0
+
eiqn (cosh θ q bq + sinh θ q b̃q† ) D2M
q

f
g
1 X iqn0
∗
e cosh θ q λ i,q Ψj,n
=√
Ψin Sj,i
N q,i,j,n
f
g
1 X iqn0
∗
e sinh θ q λ̃ ∗j,q Ψj,n
+√
Ψi,n Sj,i
N q,i,j,n
f
g
1 X −iqn0
∗
e
cosh θ q λ ∗j,q Ψj,n
+√
Ψi,n Sj,i
N q,i,j,n
f
g
1 X −iqn0
∗
e
sinh θ q λ̃ i,q Ψj,n
+√
Ψi,n Sj,i .
N q,i,j,n
III. RESULTS AND DISCUSSIONS

In this section, our TFD results on Holstein polaron
dynamics will be displayed and compared with those from the

J. Chem. Phys. 147, 214102 (2017)

numerically exact HEOM approach. Time-dependent exciton
probabilities and phonon displacements at different temperatures for both diagonal and off-diagonal coupling cases will
be scrutinized in detail in Sec. III B. In Sec. III C, mean
square displacements will be utilized to analyze the transport
mechanism.
A. Comparisons with the HEOM method

We first check the validity of our approach by comparing results obtained by the multi-D2 Ansatz with those by
the numerically exact HEOM method.21 Figure 1 displays the
time-dependent exciton probability at zero temperature (left
panels) and T = 1 (right panels) for the weak diagonal coupling
case of g = 0.3. At T = 0, it is found that the exciton probability calculated by the DM=24
Ansatz is in perfect agreement
2
with that from the HEOM method [see Figs. 1(a) and 1(b)], a
result also reflected in Fig. 1(c), where the exciton probability
difference between the two methods is shown to be about four
orders of magnitude smaller than the value of Pex (t, n). At T = 1,
the exciton probability difference ∆Pex (t, n) is two orders of
magnitude smaller than the value of Pex (t, n). The reliability of
our approach is further confirmed in Fig. 2, where for the case
of weak off-diagonal coupling φ = 0.3, the exciton probability

FIG. 1. Time evolution of the exciton
probability Pex (t, n) at T = 0 (left panels)
and T = 1 (right panels) for the case of J
= 0.2, W = 0.5, g = 0.3, φ = 0, N = 10 is
displayed in panels [(a) and (b)] and [(d)
and (e)], respectively, corresponding to
results obtained with the DM=24
Ansatz
2
and the HEOM method, respectively.
The differences ∆Pex (t, n) between the
HEOM method and the D2M=24 Ansatz
are also displayed in panels (c) and (f).

214102-6

L. Chen and Y. Zhao

J. Chem. Phys. 147, 214102 (2017)

FIG. 2. Time evolution of the exciton
probability Pex (t, n) at T = 0 (left panels) and T = 1 (right panels) for the case
of J = 0.1, W = 0, g = 0, φ = 0.3,
N = 10 is displayed in panels [(a)
and (b)] and [(d) and (e)], respectively,
corresponding to the results obtained
with the D2M=20 Ansatz and the HEOM
method, respectively. The differences
∆Pex (t, n) between the HEOM method
and the D2M=20 Ansatz are also displayed
in panels (c) and (f).

difference between the DM=20
Ansatz and the HEOM method
2
is found to be negligible.
It should be mentioned that the comparisons between the
TFD approach and the HEOM method are restricted to small
systems and weak diagonal/off-diagonal coupling because the
memory requirement for the HEOM method to achieve convergence becomes unmanageable for systems with multiple
electronic states and moderate-to-strong electron-phonon coupling strengths. Furthermore, all explicit information regarding the bosonic dynamics is completely lost when the boson
DOFs are traced out in reduced density matrix approaches.
However, recent studies seem to show that explicit evaluation of coupled electronic-vibrational states is essential to
decipher interesting phenomena such as long-lived quantum beating in two-dimensional (2D) electronic spectra of
light harvesting systems49,50 and efficient singlet fission processes in organic crystals.51–54 The wave function propagation method, on the other hand, tracks the time evolution
of boson DOFs explicitly, before employing Monte Carlo
importance sampling to characterize temperature effects. The
latter step usually requires averaging over a large number of realizations at high temperatures. Our method here

combining the multi-D2 Ansatz with the TFD technique circumvents aforementioned difficulties by providing a numerically accurate and computationally efficient description of
finite-temperature polaron dynamics over broad parameter
regimes ranging from weak to strong exciton-phonon coupling
strengths.
B. Exciton probabilities and phonon displacements

Exciton probabilities and phonon displacements obtained
can be utilized to characterize dynamical properties of the Holstein polaron at finite temperatures. Figure 3 displays the time
evolution of the exciton probability Pex (t, n) (left panels) and
the phonon displacement (right panels) in a weak diagonal
coupling case of g = 0.4 obtained with the DM=16
Ansatz at
2
four temperatures T = 0, 0.5, 1, and 2. For zero temperature,
the exciton propagates from the initial site n = 0 to the entire
chain with a velocity v ≈ ω0 /2π, which generates phonon distortions in its wake [see Figs. 3(a) and 3(e)]. It is also found
that an independent phonon wave packet originated at the site
of excitation travels at a speed of vq = ∂ωq /∂q = 2W . As can
be readily seen from Figs. 3(a)–3(d), the exciton becomes less
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FIG. 3. Time evolution of the exciton
probability Pex (t, n) (left panels) and
the phonon displacement X ph (t, n) (right
panels) obtained with the DM=16
Ansatz
2
at different temperatures T = 0, 0.5, 1,
2, respectively. The other parameters are
J = 0.1, W = 0.5, g = 0.4, φ = 0, and
N = 16.

mobile with increasing temperature, a phenomenon closely
related to the polaron band narrowing effect.6–9,13 The phonon
wave packets (center V-shaped) induced by the excitonphonon interaction also travel at a slower velocity with the
increase of the temperature, while the outer independent
V-shaped phonon wave packets are nearly unaltered [see
Figs. 3(e)–3(h)].
Figure 4 shows the exciton probability and the phonon
displacement calculated for an intermediate diagonal coupling case of g = 0.8. The speed of the exciton wave packets

v ≈ ω0 /4π at T = 0 is found to be nearly half of that for the
weak diagonal coupling case of g = 0.4 [see Figs. 3(a) and
4(a)]. Similar to the case of g = 0.4, the exciton becomes more
localized with the increase of the temperature as depicted in
Figs. 4(a)–4(d). The exciton wave packet as well as the phonon
distortion induced by the exciton-phonon coupling at T = 2
is completely confined to the initial excitation site [see Figs.
4(d) and 4(h)]. This can be understood again by invoking the
polaron band narrowing effect and the much-reduced effective
transfer integral at elevated temperatures.
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FIG. 4. Time evolution of the exciton
probability Pex (t, n) (left panels) and
the phonon displacement X ph (t, n) (right
panels) obtained with the DM=16
Ansatz
2
at different temperatures T = 0, 0.5, 1,
2, respectively. The other parameters are
J = 0.1, W = 0.5, g = 0.8, φ = 0, and
N = 16.

To illustrate the bandwidth narrowing effect, it is helpful to investigate the polaron band structures as a function of
temperature. For this purpose, the Munn-Silbey approach with
a self-consistent treatment of temperature-dependent canonical transformation coefficients55,56 is well suited, and it will
be utilized to obtain the polaron bands at finite temperatures
(see Appendix B for details on the Munn-Silbey approach).
Polaron bands as well as their bandwidths are illustrated
in Fig. 5 as a function of temperature. As can be readily
seen in Figs. 5(a) and 5(b), which correspond to the cases

of Figs. 3 and 4, the polaron band becomes narrower with
the increase of the temperature. The bandwidths as a function of temperature as shown in Fig. 5(c) clearly demonstrate the band narrowing effect, which is also consistent with
temperature-dependent exciton propagation behaviors in Figs.
3 and 4. As revealed in Refs. 55 and 56, increasing temperature leads to a greater momentum-space variation in variational parameters (A-matrix, see the notation therein), which
in turn is transformed into weaker dispersion of the energy
band. Such changes in polaron band structures have a great
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exciton propagation first slows down with the increase of the
temperature, and then it slightly becomes faster with further
increase of the temperature. While the off-diagonal coupling
will increase the scattering that inhibits the transport at low
temperatures, it may also induce phonon-assisted transport that
dominates at high temperatures.9,56
It is noted that the dynamical disorder model (i.e., the
off-diagonal coupling case discussed here) is widely applied
to investigate charge transport mechanisms in organic semiconductors. For example, by employing the mixed quantumclassical Ehrenfest dynamics to this model, Troisi and
Orlandi15 proposed that large phonon-induced fluctuations in
the intermolecular transfer integral will localize the charge
carrier and reduce the mobility. However, similar to most
approaches of mixed quantum-classical dynamics, the Ehrenfest method does not adequately take into account the decoherence process.57 To avoid this problem, Yao et al.58 introduced a phenomenological parameter, the decoherence time, to
account for the decoherence process in Troisi’s dynamic disorder model. Their results show that there exists a transition from
coherent to incoherent transport at a sufficiently short decoherence time. Our approach proposed here, on the other hand,
provides a unified treatment of the coherent and incoherent
charge transport in a fully quantum mechanical manner, which
may open a new avenue to study charge transport mechanisms
in organic semiconductors.
C. Mean square displacements

In this section, we utilize the mean square displacement
(MSD) to characterize transport properties of the exciton. The
MSD for a 1D chain is defined as
MSD(t) =

N/2
X

n2 Pex (t, n).

(35)

n=−N/2

FIG. 5. Polaron band structures at temperatures T = 0, 0.5, 1.0, 2.0 for the
cases of (a) J = 0.1, W = 0.5, g = 0.4, φ = 0, (b) J = 0.1, W = 0.5, g = 0.8,
φ = 0, and (c) polaron bandwidths as a function of temperature.

impact on transport properties. Overall, the band narrowing
effect can be explained by a reduced renormalized transfer
integral and an increased polaron binding energy at higher
temperatures.55,56
We then study the temperature-dependent polaron dynamics for the off-diagonal coupling case. Figure 6 presents the
time evolution of the exciton probability Pex (t, n) (left panels)
and the phonon displacement X ph (t, n) (right panels) for the
off-diagonal coupling strength φ = 0.6 at four temperatures
T = 0, 0.5, 1, and 2. At zero temperature, the exciton probability is found to be mostly localized at the initial excitation site
n = 0 during the first phonon period (t < 2π/ω0 ), and correspondingly, minor lattice distortions emerge in this time period
regime, as shown in Fig. 6(e). Then the exciton probability
quickly spreads out from the initial creation site due to the
combined effect of the transfer integral J and the off-diagonal
coupling strength φ. As demonstrated in Figs. 6(a)–6(d), the

Charge transport in organic molecular crystals usually exhibits
a band-like transport behavior (negative temperature dependence of the diffusion coefficient) at low temperatures and a
hopping-like transport behavior (positive temperature dependence of the diffusion coefficient) at high temperatures. In
Figs. 7(a) and 7(b), we display the MSD as a function of
time for various values of the temperature. For the diagonal
coupling case as shown in Fig. 7(a), the MSD shows ballistic behavior for all temperatures considered. It is found that
the amplitude of the MSD decreases with the temperature,
exhibiting band-like transport behavior. When the off-diagonal
coupling is included [see Fig. 7(b)], the MSD shows diffusive behavior for all temperatures. Although the diffusive
regime at high temperatures (T > 1.6) is weakly temperature dependent, it is found that the amplitude of the MSD
decreases first and then increases with the increase of the
temperature. For even larger temperatures (T > 2.5), due to
the relatively large strength of disorder included by the combined effect of the temperature and the off-diagonal coupling,
the MSD has a rather weak temperature dependence. For the
temperature regimes considered (T ≤ 2.5), we find a critical area of transition from band-like to hopping-like transport
that corresponds to a transition temperature of T = 1. While
the diagonal coupling always acts as a localization factor, the
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FIG. 6. Time evolution of the exciton
probability Pex (t, n) (left panels) and
the phonon displacement X ph (t, n) (right
panels) obtained with the DM=16
Ansatz
2
at different temperatures T = 0, 0.5, 1, 2,
respectively. The other parameters are J
= 0.1, W = 0.0, g = 0.0, φ = 0.6, and N
= 16.

off-diagonal coupling can be an agent for exciton transport
which leads to a lower band contribution and a higher hopping
contribution.9,56,58 It is thus expected that larger off-diagonal
coupling will likely shift the band to hopping transport transition to a lower temperature.9,56 The results obtained here are in
qualitative agreement with those from Ref. 56, which exhibits
nonmonotonic changes of the diffusion coefficient as a function of temperature. It is also interesting to compare our results

here with those by other numerical methods such as Green’s
function approach59 and the variational exact diagonalization method.60 In the Green’s function approach,59 a mixed
quantum-classical algorithm is employed to calculate the nonlocal electron Green’s function and the corresponding electrical conductivity via the Kubo formula for an extended Holstein
model with off-diagonal electron-phonon coupling only. It is
found that the paradoxical transport regime can be understood
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FIG. 7. MSD as a function of time at different temperatures for the cases of
(a) J = 0.1, W = 0, g = 0.4, φ = 0 and (b) J = 0.1, W = 0, g = 0.4, φ = 0.6.

from the coexistence of Bloch states and incoherent states
induced by large thermal lattice fluctuations. Our results show
that the band-like features dominate the diagonal coupling
cases, and the inclusion of off-diagonal coupling induces a
crossover from band-like to hopping transport with increasing
temperature. The variational exact diagonalization method60
allows for analysis of real-time dynamics of a highly excited
charge carrier that is diagonally coupled to phonons and sheds
light on how the energy transfer to phonons depends on energy
scales of the electron and the phonons as well as the electronphonon coupling. Our theory proposed here can be easily
used to study non-equilibrium dynamics and bath-induced
relaxation processes, which will be the subject of future
work.
IV. CONCLUSIONS

In summary, we have proposed a novel description of
finite temperature dynamics of a Holstein polaron by combining the TFD method with the multiple Davydov D2 Ansatz.
The temperature effect is accounted for through the coupling
of the system to a fictitious bosonic bath, and the corresponding TFD Schrödinger equation is then solved using the
multiple Davydov D2 Ansatz. The validity of our approach is
checked by comparing the exciton probabilities calculated by
the multiple D2 Ansatz with those from the hierarchy equations of motion method, which confirms the efficiency and
robustness of our approach for describing finite temperature
polaron dynamics in the presence of diagonal and off-diagonal

J. Chem. Phys. 147, 214102 (2017)

exciton-phonon coupling. For weak to moderate diagonal coupling strengths, the exciton becomes less mobile with the
increase of the temperature, exhibiting a band-like transport
behavior. The off-diagonal coupling, on the other hand, acting
as an agent for exciton transport, may induce a crossover from
band-like to hopping transport with increasing temperature.
Taking into account the competitive effects of the diagonal
coupling in hindering delocalization and of the off-diagonal
coupling in promoting transport is thus essential to accurately
characterize exciton (charge) transport properties in organic
crystals.
Several comments are in order on possible extensions
of our approach and its applications. It is straightforward to
include other forms of exciton-phonon interactions, such as
symmetric off-diagonal coupling,55,61 and multiple phonon
branches, each with individual coupling to the electronic
DOFs. For realistic organic semiconductor materials, an external electric field can be built up in the donor-acceptor interface
which induces a drift of charge carriers. Our approach here
can be readily extended to include an external electric field
by employing a Holstein model with a phase-factor modified transfer integral.62,63 A polaron is also known to play an
important role in determining electrodynamic properties of
superlattices, where a dimensional crossover of the polaron
from 3D to quasi-2D is often found, and strong electronphonon coupling has been suggested to provide alternative
pathways to efficient thermoelectric materials.64 Our efficient
dynamics simulation can be extended to two dimensions and
help explain thermopower enhancements in those materials.
Recent studies have shown that low frequency intermolecular
vibrations are expected to alter the electronic coupling, thus
may play an important role in the highly efficient single fission (SF) process of single crystal materials.65,66 Our method
proposed here can also be applied to investigate temperature
dependence of SF processes. Finally, it is also of great interest
to use our approach to simulate linear and non-linear spectra, by both perturbative67–69 and non-perturbative methods.70
Work in these directions is in progress.
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APPENDIX A: THE TIME-DEPENDENT VARIATIONAL
APPROACH FOR THE HOLSTEIN MODEL

The equations of the motion are derived for the variational
parameters Ψi,n and λ i,q ( λ̃ i,q ) by adopting the Dirac-Frenkel
time-dependent variational principle, in which the Lagrangian
is formulated as
"
#
→
−
←
−
∂ M E D M
∂ M E
i~ D M
D2 (t)
D2 (t) − D2 (t)
D2 (t)
L=
2
∂t
∂t
D
E
M
M
(A1)
− D2 (t) H̄θ D2 (t) ,
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where the first term reads
"
#
→
−
←
−
M
M
∂ M E D M
∂ M E
i XX ∗
i D M
i XX ∗
∗
D2 (t)
D2 (t) − D2 (t)
D2 (t) =
(Ψjn Ψ̇in − Ψ̇jn
Ψin )Sji +
Ψ Ψin
2
∂t
∂t
2 i,j n
2 i,j n jn
×

X " λ̇ ∗jq λ jq + λ ∗jq λ̇ jq − λ̇ iq λ ∗iq − λ iq λ̇ ∗iq
2

q

×

X " λ̃˙ ∗jq λ̃ jq + λ̃ ∗jq λ̃˙ jq − λ̃˙ iq λ̃ ∗iq − λ̃ iq λ̃˙ ∗iq
2

q

M

#
+

λ ∗jq λ̇ iq

−

λ iq λ̇ ∗jq

Sji

i XX ∗
Ψ Ψin
2 i,j n jn

#
+ λ̃ ∗jq λ̃˙ iq − λ̃ iq λ̃˙ ∗jq Sji

(A2)

with the Debye-Waller factor S ji defined as
Sji = exp

(X f

λ ∗jq λ iq

q

)
2
2 g Xf ∗
2
2 g
1
1
− ( λ iq + λ jq ) +
λ̃ jq λ̃ iq − ( λ̃ iq + λ̃ jq ) ,
2
2
q

(A3)

and the second term is
M X
M X
M X
X
X
X
X
X
D
E
∗
∗
∗
D2M (t) H̄θ D2M (t) = J
Ψj,n
(Ψi,n+1 + Ψi,n−1 )Sj,i +
Ψj,n
Ψi,n
ωq λ ∗j,q λ i,q Sj,i −
Ψj,n
Ψi,n
ωq λ̃ ∗j,q λ̃ i,q Sj,i
i,j

g
+√
N
×

X
q

n

i,j

∗
Ψj,n
Ψi,n

X

n

q

q

∗
Ψj,n
Ψi,n+1

f

iqn

iq

−iqn

e (e − 1)λ i,q + e

(e

−iq

−

M XX
X
n

i,j

1)λ ∗j,q

g

n

i,j


g
cosh θ q ωq eiqn λ i,q + e−iqn λ ∗j,q Sj,i + √
N

φ
sinh θ q ωq (eiqn λ̃ ∗j,q + e−iqn λ̃ iq )Sj,i + √
2 N

(
×

n

i,j

M X
X

+

M X
X
i,j

q

∗
Ψj,n
Ψi,n

n

cosh θ q ωq Sj,i

q
∗
Ψj,n
Ψi,n−1

f

iqn

−iq

e (1 − e

)λ i,q + e

(
M
f
g
φ XXX
∗
sinh θ q ωq Sj,i Ψj,n
Ψi,n+1 eiqn (eiq − 1) λ̃ ∗j,q + e−iqn (e−iq − 1) λ̃ i,q
+ √
2 N i,j n q
f
g)
∗
+ Ψj,n
Ψi,n−1 eiqn (1 − e−iq ) λ̃ ∗j,q + e−iqn (1 − eiq ) λ̃ i,q .

−iqn

iq

(1 − e

)λ ∗j,q

g)

(A4)

The equations of motion for Ψi,n are

−i

M
X

M

Ψ̇in Ski −

i

= −J

M

X
X


i X
i X
Ψin
2λ ∗kq λ̇ iq − λ̇ iq λ ∗iq − λ iq λ̇ ∗iq Ski −
Ψin
2 λ̃ ∗kq λ̃˙ iq − λ̃˙ iq λ̃ ∗iq − λ̃ iq λ̃˙ ∗iq Ski
2 i
2 i
q
q

M
M
M
X
X
X
X
X
(Ψi,n+1 + Ψi,n−1 )Ski −
Ψin
ωq λ ∗kq λ iq Ski +
Ψin
ωq λ̃ ∗kq λ̃ iq Ski
i

g
−√
N

i
M
X

φ
− √
2 N

Ψin

X

q

q

i

g
cosh θ q ωq (eiqn λ iq + e−iqn λ ∗kq )Ski − √
N

M
X

Ψin

X

sinh θ q ωq (eiqn λ̃ ∗kq + e−iqn λ̃ iq )Ski

i

q

M X
X

M
f
g
f
φ XX
cosh θ q ωq Ψi,n+1 eiqn (eiq − 1)λ iq + e−iqn (e−iq − 1)λ ∗kq Ski − √
cosh θ q ωq Ψi,n−1 eiqn (1 − e−iq )λ iq
2 N i q

i

q

i

q

M
g
f
g
φ XX
+e−iqn (1 − eiq )λ ∗kq Ski − √
sinh θ q ωq Ψi,n+1 eiqn (eiq − 1) λ̃ ∗kq + e−iqn (e−iq − 1) λ̃ iq Ski
2 N i q
M
f
g
φ XX
− √
sinh θ q ωq Ψi,n−1 eiqn (1 − e−iq ) λ̃ ∗kq + e−iqn (1 − eiq ) λ̃ iq Ski .
2 N i q

(A5)
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The equations of motion for λ iq are
−i

M X
X
i

∗
Ψ̇in λ iq Ski − i
Ψkn

n

= −J

M X
X
i

M X
X
i

M



i XX ∗
Ψkn Ψin λ iq Ski 2λ ∗kp λ̇ ip − λ̇ ip λ ∗ip − λ ip λ̇ ∗ip + 2 λ̃ ∗kp λ̃˙ ip − λ̃˙ ip λ̃ ∗ip − λ̃ ip λ̃˙ ∗ip
2 i np

∗
Ψin λ̇ iq Ski −
Ψkn

n

∗
Ψkn
(Ψi,n+1 + Ψi,n−1 )λ iq Ski −

M X
X

n

n

i

g
∗
Ψin cosh θ q ωq e−iqn Ski − √
× Ψkn
N

M X
X

M
X
g
f
g XX
∗
Ψin ωq +
Ψkn
ωp (λ ∗kp λ ip − λ̃ ∗kp λ̃ ip ) λ iq Ski − √
N i n
p

g
f
∗
Ψin λ iq cosh θ p ωp (eipn λ ip + e−ipn λ ∗kp ) + sinh θ p ωp (eipn λ̃ ∗kp + e−ipn λ̃ ip ) Ski
Ψkn

np

i

M
f
g
φ XX
∗
− √
cosh θ q ωq Ψkn
Ψi,n+1 e−iqn (e−iq − 1) + Ψi,n−1 e−iqn (1 − eiq ) Ski
2 N i n
M
X
f
g
φ XX ∗
∗
Ψi,n+1 )λ iq
cosh θ p ωp eipn (eip − 1)λ ip + e−ipn (e−ip − 1)λ ∗kp Ski
(Ψk,n+1 Ψi,n + Ψkn
− √
2 N i n
p
M
X
f
g
φ XX ∗
∗
Ψi,n+1 )λ iq
sinh θ p ωp eipn (eip − 1) λ̃ ∗kp + e−ipn (e−ip − 1) λ̃ ip Ski .
− √
(Ψk,n+1 Ψi,n + Ψkn
2 N i n
p

(A6)

The equations of motion for λ̃ iq are
−i

M X
X
i

∗
Ψkn
Ψ̇in λ̃ iq Ski − i

n

= −J

M X
X
i

M X
X
i

n

∗
Ψkn
(Ψi,n+1 + Ψi.n−1 ) λ̃ iq Ski

n

M X
X
i

M X
X
i

g
∗
× Ψkn
Ψin sinh θ q ωq eiqn Ski − √
N
φ
− √
2 N

M



i XX ∗
∗
Ψkn
Ψin λ̃˙ iq Ski −
Ψkn Ψin λ̃ iq Ski 2λ ∗kp λ̇ ip − λ̇ ip λ ∗ip − λ ip λ̇ ∗ip + 2 λ̃ ∗kp λ̃˙ ip − λ̃˙ ip λ̃ ∗ip − λ̃ ip λ̃˙ ∗ip
2 i np

M X
X

n

M
X
f
g
g XX
∗
Ψkn
Ψin ωq −
ωp (λ ∗kp λ ip − λ̃ ∗kp λ̃ ip ) λ̃ iq Ski − √
N i n
p

g
f

∗
Ψkn
Ψin λ̃ iq cosh θ p ωp eipn λ ip + e−ipn λ ∗kp + sinh θ p ωp (eipn λ̃ ∗kp + e−ipn λ̃ ip ) Ski

np

i

f
g
∗
sinh θ q ωq Ψkn
Ψi,n+1 eiqn (eiq − 1) + Ψi,n−1 eiqn (1 − e−iq ) Ski

n

M
f
g
φ XX ∗
∗
(Ψk,n+1 Ψi,n + Ψkn
Ψi,n+1 ) λ̃ iq cosh θ p ωp eipn (eip − 1)λ ip + e−ipn (e−ip − 1)λ ∗kp Ski
− √
2 N i np
M
f
g
φ XX ∗
∗
(Ψk,n+1 Ψi,n + Ψkn
Ψi,n+1 ) λ̃ iq sinh θ p ωp eipn (eip − 1) λ̃ ∗kp + e−ipn (e−ip − 1) λ̃ ip Ski .
− √
2 N i np

APPENDIX B: CALCULATIONS OF POLARON BANDS
USING MUNN-SILBEY APPROACH

The generalized Holstein Hamiltonian including simultaneous diagonal and off-diagonal exciton-phonon coupling can
be written as
X
X
X
H=
an† an +
Jnm an† am +
ωq bq† bq
n,m

n

+N

−1/2

X

q
ωq fnm an† am (bq

q
†
+ b−q
),

(B1)

nmq

where an† (an ) is the creation (annihilation) operator of an exciton with energy , and bq† (bq ) is the creation (annihilation)
operator of a phonon with frequency ωq , J nm is the elecq
tronic coupling between molecules n and m, and fnm are linear
exciton-phonon coupling strength. It is more convenient to
write the Hamiltonian (B1) in the momentum representation

(A7)

due to its translational symmetry,
X
X
H=
 k ak† ak +
ωq bq† bq
q

k

+N

−1/2

X

q

†
†
ωq f−k ak+q
ak (bq + b−q
),

(B2)

kq

P ik ·(Rn −Rm )
where  k =  + J k , with Jk =
Jnm and
me
P
q
q
fk = m e−ik ·(Rn −Rm ) fn−m . Here, J nm = J(δn,m+1 + δn,m 1 ) and
q
fk = g−iφ[sin(k)−sin(k−q)], where J, g, and φ are the transfer
integral, the diagonal exciton-phonon coupling strength, and
the off-diagonal exciton-phonon coupling strength, respectively. Applying a unitary transformation to Hamiltonian (B2),
one obtains
H → H̃ = U † HU
(B3)
N −1/2

with U = e
also be written as

P

kq

q

†
†
A−k (b−q
−bq )ak+q
ak

. The transformation can
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ak† Skk0 ak0

,

(B4)

k−k 0

where Skk0 = N −1/2 A−k (bk†0 −k − bk−k0 ), with bk†0 −k denoting
the operator creating a net phonon with momentum k 0 k.
The exciton operators are then written as
X
ak →
θ kk0 ak0 ,
0

ak†

→

k
X

(B5)

† †
θ kk
0 ak 0 ,

k0

with

θ kk0 = [exp(−S)]kk0 ,

(B6)
†
θ kk
0 = [exp(S)]kk 0 .
The transformed Hamiltonian can be divided into the zerothorder term H̃0 and the first-order term V. The zeroth-order
Hamiltonian H̃0 has the following expression:
X
X
X
q 2
H̃0 =
( + J̃k − N −1
Ak ωq )ak† ak +
ωq bq† bq (B7)
q

k

q

D
E
P
with the renormalized transfer integral J̃k = k0 Jk0 θ k†0 k θ k0 k ,
where the bracket denotes the thermal average. The first-order
term V can be written as
X
X
q −q
V=
Jk Tkk0 ;kk00 − 2N −1 ωq f−k A−k00
kk 0 k 00

q

× Tk+q,k0 ;k,k00 −q + N

−1/2

X

q

ωq f−k

q


†
b−q
)ak†0 ak00 ,

× Tk+q,k0 ;kk00 (bq +
(B8)
D †
E
†
where Tkk0 ;uu0 = θ kk0 θ uu0 − θ kk0 θ uu0 . Polaron bands are
computed only using H̃0 , i.e.,
X
q 2
 k =  + J̃k − N −1
(B9)
Ak ωq .
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1 S. Günes, H. Neugebauer, and N. S. Sariciftci, Chem. Rev. 107, 1324–1338

(2007).
L. Brédas, J. E. Norton, J. Cornil, and V. Coropceanu, Acc. Chem. Res.
42, 1691–1699 (2009).
3 H. Hoppe and N. S. Sariciftci, J. Mater. Res. 19, 1924–1945 (2004).
4 T. M. Clarke and J. R. Durrant, Chem. Rev. 110, 6736–6767 (2010).
5 H. Geng, Q. Peng, L. J. Wang, H. J. Li, Y. Liao, Z. Y. Ma, and Z. G. Shuai,
Adv. Mater. 24, 3568 (2012).
6 T. Holstein, Ann. Phys. 8, 325 (1959); 8, 343 (1959).
7 R. Silbey and R. W. Munn, J. Chem. Phys. 72, 2763 (1980).
8 R. W. Munn and R. Silbey, J. Chem. Phys. 83, 1843 (1985).
9 R. W. Munn and R. Silbey, J. Chem. Phys. 83, 1854 (1985).
10 Y. Zhao and D. W. Brown, J. Lumin. 58, 61 (1994).
11 A. S. Mishchenko and N. Nagaosa, Phys. Rev. Lett. 86, 4624 (2001).
12 G. D. Mahan, Many-Particle Physics (Kluwer Academic/Plenum Publishers, New York, 2010).
13 K. Hannewald, V. M. Stojanovic, J. M. T. Schellekens, P. A. Bobbert,
G. Kresse, and J. Hafner, Phys. Rev. B 69, 075211 (2004).
14 K. Hannewald and P. A. Bobbert, Appl. Phys. Lett. 85, 1535 (2004).
15 A. Troisi and G. Orlandi, Phys. Rev. Lett. 96, 086601 (2006).
16 Y. Tanimura and R. Kubo, J. Phys. Soc. Jpn. 58, 101 (1989).
17 Y. Tanimura, Phys. Rev. A 41, 6676 (1990).
18 Y. Tanimura, J. Phys. Soc. Jpn. 75, 082001 (2006).
19 N. Makri and D. E. Makarov, J. Chem. Phys. 102, 4600 (1995); 102, 4611
(1995); N. Makri, J. Math. Phys. 36, 2430 (1995).
20 Z. Tang, X. Q. Yang, Z. Gong, H. Wang, and J. Wu, J. Chem. Phys. 143,
224112 (2015).
21 L. Chen, Y. Zhao, and Y. Tanimura, J. Phys. Chem. Lett. 6, 3110
(2015).
22 J. J. Ding, J. Xu, J. Hu, R. X. Xu, and Y. Yan, J. Chem. Phys. 135, 164107
(2011).
2 J.

23 M.

H. Beck, A. Jäckle, G. A. Worth, and H. D. Meyer, Phys. Rep. 324, 1
(2000).
24 H. Wang and M. Thoss, J. Chem. Phys. 119, 1289 (2003).
25 R. Borrelli and A. Peluso, J. Chem. Phys. 144, 114102 (2016).
26 D. V. Makhov, W. J. Glover, T. J. Martinez, and D. V. Shalashilin, J. Chem.
Phys. 141, 054110 (2014).
27 J. Sun, B. Luo, and Y. Zhao, Phys. Rev. B 82, 014305 (2010).
28 B. Luo, J. Ye, C. B. Guan, and Y. Zhao, Phys. Chem. Chem. Phys. 12, 15073
(2010).
29 B. Luo, J. Ye, and Y. Zhao, Phys. Status Solidi C 8, 70 (2011).
30 Y. Zhao, B. Luo, Y. Y. Zhang, and J. Ye, J. Chem. Phys. 137, 084113 (2012).
31 L. Wang, Y. Fujihashi, L. P. Chen, and Y. Zhao, J. Chem. Phys. 146, 124127
(2017).
32 Y. Takahashi and H. Umezawa, Int. J. Mod. Phys. B 10, 1755 (1996).
33 R. Borrelli and M. F. Gelin, J. Chem. Phys. 145, 224101 (2016).
34 N. J. Zhou, Z. K. Huang, J. F. Zhu, V. Chernyak, and Y. Zhao. J. Chem.
Phys. 143, 014113 (2015).
35 N. J. Zhou, L. P. Chen, Z. K. Huang, K. W. Sun, Y. Tanimura, and Y. Zhao,
J. Phys. Chem. A 120, 1562 (2016).
36 S. Bera, S. Florens, H. U. Baranger, N. Roch, A. Nazir, and A. W. Chin,
Phys. Rev. B 89, 121108(R) (2014).
37 S. Bera, A. Nazir, A. W. Chin, H. U. Baranger, and S. Florens, Phys. Rev.
B 90, 075110 (2014).
38 Z. B. Codd, S. Bera, B. Bruognolo, N. O. Linden, A. W. Chin, J. von Delft,
A. Nazir, and S. Florens, Phys. Rev. B 95, 085104 (2017).
39 D. S. Kosov and A. Vdovin, Mod. Phys. Lett. A 9, 1735 (1994).
40 D. S. Kosov, J. Chem. Phys. 131, 171102 (2009).
41 A. Avdeenkov, D. S. Kosov, and A. Vdovin, Mod. Phys. Lett. A 11, 853
(1996).
42 A. A. Dzhioev and D. S. Kosov, J. Phys. A: Math. Theor. 47, 095002
(2014).
43 A. A. Dzhioev and D. S. Kosov, J. Phys. A: Math. Theor. 48, 015004
(2015).
44 M. Suzuki, J. Phys. Soc. Jpn. 54, 4483 (1985).
45 M. Suzuki, Int. J. Mod. Phys. B 05, 1821 (1991).
46 M. Suzuki, J. Stat. Phys. 42, 1047 (1986).
47 S. M. Barnett and P. L. Knight, J. Opt. Soc. Am. B 2, 467 (1985).
48 P. A. M. Dirac, Math. Proc. Cambridge Philos. Soc. 26, 376 (1930);
J. Frenkel, Wave Mechanics (Oxford University Press, New York, 1934).
49 E. Romero, R. Augulis, V. I. Novoderezhkin, M. Ferretti, J. Thieme,
D. Zigmantas, and R. van Grondelle, Nat. Phys. 10, 676 (2014).
50 F. D. Fuller, J. Pan, A. Gelzinis, V. Butkus, S. S. Senlik, D. E. Wilcox,
C. F. Yocum, L. Valkunas, D. Abramavicius, and J. P. Ogilvie, Nat. Chem.
6, 706 (2014).
51 A. A. Bakulin, S. E. Morgan, T. B. Kehoe, M. W. Wilson, A. W. Chin,
D. Zigmantas, D. Egorova, and A. Rao, Nat. Chem. 8, 16 (2016).
52 Y. Fujihashi, L. Chen, A. Ishizaki, J. Wang, and Y. Zhao, J. Chem. Phys.
146, 044101 (2017).
53 R. Tempelaar and D. R. Reichman, J. Chem. Phys. 146, 174703 (2017).
54 R. Tempelaar and D. R. Reichman, J. Chem. Phys. 146, 174704 (2017).
55 Y. Zhao, D. W. Brown, and K. Lindenberg, J. Chem. Phys. 100, 2335 (1994).
56 D. Chen, J. Ye, H. Zhang, and Y. Zhao, J. Phys. Chem. B 115, 5312 (2011).
57 E. R. Bittner and P. J. Rossky, J. Chem. Phys. 103, 8130 (1995).
58 Y. Yao, W. Si, X. Y. Hou, and C. Q. Wu, J. Chem. Phys. 136, 234106 (2012).
59 S. Fratini and S. Ciuchi, Phys. Rev. Lett. 103, 266601 (2009).
60 F. Dorfner, L. Vidmar, C. Brockt, E. Jeckelmann, and F. H. Meisner, Phys.
Rev. B 91, 104302 (2015).
61 Y. Y. Zhang, L. W. Duan, Q. H. Chen, and Y. Zhao, J. Chem. Phys. 137,
034108 (2012).
62 J. F. Yu, C. Q. Wu, X. Sun, and K. Nasu, Phys. Rev. B 70, 064303 (2004).
63 L. Vidmar, J. Bonca, M. Mierzejewski, P. Prelovsek, and S. A. Trugman,
Phys. Rev. B 83, 134301 (2011).
64 W. S. Choi, H. Ohta, S. J. Moon, Y. S. Lee, and T. W. Noh, Phys. Rev. B
82, 024301 (2010).
65 E. M. Grumstrup, J. C. Johnson, and N. H. Damrauer, Phys. Rev. Lett. 105,
257403 (2010).
66 Y. Yao, Phys. Rev. B 93, 115426 (2016).
67 S. Mukamel, Principles of Nonlinear Optical Spectroscopy (Oxford University Press, USA, 1995).
68 T. D. Huynh, K. Sun, M. F. Gelin, and Y. Zhao, J. Chem. Phys. 139, 104103
(2013).
69 L. Chen, M. F. Gelin, W. Domcke, and Y. Zhao, J. Chem. Phys. 142, 164106
(2015).
70 M. F. Gelin, D. Egorova, and W. Domcke, Acc. Chem. Res. 42, 1290 (2009).

