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Coherent anti-Stokes Raman spectroscopy (CARS) is conventionally described by
just one diagram/term where the three electric field interactions act on the ket side
in a Feynman dual time-line diagram in a specific time order of pump, Stokes and
probe pulses. In theory, however, any third-order nonlinear spectroscopy with three
different electric fields interacting with a molecule can be described by forty eight
diagrams/terms. They reduce to just 24 diagrams/terms if we treat the time ordering
of the electric field interactions on the ket independently of those on the bra, i.e. the ket
and bra wave packets evolve independently. The twenty four polarization terms can
be calculated in the multidimensional, separable harmonic oscillator model to obtain
the intensities and line-shapes. It is shown that in fs/ps CARS, for the two cases of
off-resonance CARS in toluene and resonance CARS in rhodamine 6G, where we use
a fs pump pulse, a fs Stokes pulse and a ps probe pulse, we obtain sharp vibrational
lines in four of the polarization terms where the pump and Stokes pulses can create
a vibrational coherence on the ground electronic state, while the spectral line-shapes
of the other twenty terms are broad and featureless. The conventional CARS term
with sharp vibrational lines is the dominant term, with intensity at least one order of
magnitude larger than the other terms. C 2015 Author(s). All article content, except
where otherwise noted, is licensed under a Creative Commons Attribution 3.0
Unported License. [http://dx.doi.org/10.1063/1.4938102]

I. INTRODUCTION

Coherent anti-Stokes Raman scattering (CARS) is a third-order nonlinear spectroscopy that in-
volves three electric fields - a pump pulse with central frequency and wavevector (ωpu, kpu), a Stokes
pulse (ωst, kst), and a probe pulse (ωpr, kpr) - interacting with matter, and it is detected in the kCARS

= kpu − kst + kpr phase matching direction. It was first proposed by Terhune and Marker1,2 in the
1960s. Since then it has spawned many theoretical and experimental investigations in physical, chemi-
cal, and biological areas.3–7 CARS has been used in molecular spectroscopy, in measuring temperature
and in imaging of chemical and biological samples.5–7 Karavitis et al.8 have used time-resolved (tr),
electronically resonant CARS to prepare and interrogate vibronic coherences of molecular iodine in
an Ar matrix. Heid et al.9 investigated the ground electronic state vibrational dynamics of porphyrin
molecules in solution using CARS and rationalized the results using the CARS third-order non-linear
polarization. Knopp et al.10 showed that femtosecond tr CARS spectroscopy is a powerful tool for the
investigation of collision-induced linewidths and the validation of rotational energy transfer models.
Kiviniemi et al.11 studied the polarization beat spectroscopy of I2-Xe complex in solid krypton using
the tr CARS technique. Tran et al.12 carried out measurements and modeling of femtosecond tr CARS
signal in H2–N2 mixtures at low densities. Pure rotational tr CARS with picosecond duration laser
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pulses has been used for gas thermometry of N2.13 Begley et al.14 showed that CARS is also useful
for investigating biological compounds where background fluorescence is a problem for conventional
spontaneous Raman studies.

The theoretical treatment of nonlinear spectroscopy starting from electric field and medium
interactions may be classified by (a) time independent method in which the nonlinear susceptibility,
proportional to the nonlinear polarization, is derived within the density matrix formalism assuming
the laser pulses to be continuous waves (cw),15 and (b) time dependent method which is based on the
density matrix formalism and takes into account laser pulse line-shapes explicitly.16 Shen et al.17 and
Tolles et al.18 have reviewed the theory of CARS using a time-independent method and the approxima-
tion of cw or delta-function pulses. Kuehner et al.19 have developed a time-independent perturbation
theory for three-laser electronic-resonance-enhanced CARS spectroscopy of nitric oxide. The time
dependent wave packet theory for nonlinear spectroscopy with time correlation functions given by the
overlap of evolving wave packets on the ground and excited electronic states provides a direct connec-
tion between wave packet motion and the observed spectrum, but it is still limited to small molecules
due to computational challenges.20–22 However, one can make approximations and perform molecular
dynamics with separable harmonic oscillators and calculate the time correlation functions relevant
to the nonlinear spectroscopy in order to investigate large molecules like dyes or bio-molecules.23–26

Tannor et al.20 proposed a time-dependent approach with finite pulses for CARS and the method was
applied to investigate quantum beats and IVR process related to CARS. Time-dependent wave packet
calculations were also applied to analyze tr fs CARS experiments on gas-phase iodine molecules.21

Much of the theory has relied on just the conventional CARS diagram with a pump, Stokes and probe
pulse, in that order, interacting with matter.

With the development of ultrashort pulse laser techniques, CARS has been used to investigate
the molecular dynamics on the excited and ground state potential energy surfaces.8,27,28 Prince et al.29

carried out tr fs CARS and fs/ps CARS experiments on toluene and rhodamine 6G (R6G), and used
Dlott’s phenomenological analysis30 to simulate the toluene off-resonance CARS. The BOXCARS
arrangement for tr fs CARS is shown in Fig. 1. It involves three broadband (fs) input pulses: a pump
pulse (pu) with frequency ωpu, a Stokes pulse (st) with frequency ωst, and a probe pulse (pr) with
frequency ωpr. The pump and Stokes pulses are temporally coincident at the sample, and prepare a
vibrational coherence on the ground electronic state, while the probe pulse acts after a delay time.
The tr fs CARS is homodyne detected in the kCARS = kpu − kst + kpr phase matching direction. In the
case where the probe pulse has a full-width-at-half-maximum (FWHM) of less than 20 cm−1, about
1 ps or more, the spectroscopy is labelled as fs/ps CARS. In Prince et al.’s,29 CARS experiment, the
central wavelengths of the pump and Stokes pulses are around 530 nm and the probe pulse central
wavelength is 800 nm. The central frequency difference between pump and Stokes pulses induces a
coherence for the Raman active modes on the ground electronic state, but with broadband pulses that
frequency difference becomes irrelevant. The probe pulse acts on the coherence produced by the pump
and Stokes pulses to generate the third-order polarization. Niu et al.31 has provided a simulation of
Prince et al.’s,29 experimental results using just the conventional single CARS term which is assumed
to be dominant, as well as derived the Dlott phenomenological result using a three-state model and

FIG. 1. Geometry of a time resolved (tr) fs CARS experiment. The fs pump and fs Stokes pulses are temporally coincident
at the sample followed by a fs probe pulse that is delayed by time T . When the fs probe pulse is replaced by a ps pulse,
then it is a fs/ps CARS experiment. The observation of the CARS spectrum is made in the phase matching direction:
kCARS=kpu−kst+kpr.
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the conventional CARS term. However, for third-order nonlinear spectroscopy with 3 color pulses,
there are 48 possible terms, which can be reduced to 24 terms if we treat the time ordering of the
electric field interactions on the ket independently of those on the bra. What are the intensities and
line-shapes of all the terms beside that of the conventional CARS term?

In Sec. II, we describe the terms that contribute to the third-order polarization for CARS in
diagrammatic form, and the corresponding polarizations are derived within the separable harmonic
oscillator approximation. The calculated results and the discussions of the line-shape of each CARS
polarization term are presented in Sec. III. We conclude in Sec. IV.

II. THEORY

Coherent anti-Stokes Raman spectroscopy (CARS), using three color pulses - pump (pu), Stokes
(st) and probe (pr) - acting on an initial pure state |ψ(0)

1 ⟩⟨ψ(0)
1 | is described by forty eight terms in

third-order perturbation theory. The pure state |ψ(0)
1 ⟩ can either be a stationary state or an evolving

wave packet prepared earlier by an actinic pump pulse on an excited electronic state. In Liouville
space with ket and bra evolution, the forty eight terms can be represented by Feynman dual time-line
(FDTL) diagrams or four-wave mixing energy level (FWMEL) diagrams,31 as shown in the left and
right, respectively, in the first column of Fig. 2. The pump, Stokes and probe pulses are denoted by

FIG. 2. Feynman dual time-line (FDTL) diagram (first column, left) and four-wave mixing energy level (FWMEL ) diagram
(first column, right) for CARS process. Pump, Stokes, and probe pulses are illustrated by blue, green, and red arrows,
respectively. An arrow pointing into the time-line in a FDTL diagram denotes an excitation process, while an arrow pointing
away from the time-line denotes a deexcitation process. In the FWMEL diagrams, ket and bra interactions are represented
by solid and dash arrows, respectively. The coherence status for the v=0 and 1 vibrational levels and resonance condition
for electronic states are shown in the second and third columns, respectively, with a Y for yes and a N for no. The relative
intensities from each term for toluene (off-resonance CARS) and R6G (resonance CARS) are given in the fourth column, left
and right, respectively. The intensity for off-resonance CARS in toluene is much weaker than for resonance CARS in R6G.
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blue, green and red arrows, respectively. The molecule interacts with the laser fields in time order
from the bottom to the top of each vertical line, with the ket evolution on the left vertical line and the
bra evolution on the right, in the FDTL diagrams, and from left to right in the FWMEL diagrams.
In the FDTL diagrams, the arrows pointing into the time-line denote “absorption”, while the arrows
pointing away from the time-line denote stimulated emission, and each interaction is accompanied
by a change in electronic state of the molecule. For the corresponding FWMEL diagrams, the ket
interaction is denoted by a solid arrow while the bra interaction is denoted by a dash arrow. The FDTL
diagrams and the FWMEL diagrams are equivalent. Using the FDTL diagrams, we can conveniently
write down the expressions for the third-order polarizations, while the FWMEL diagrams help us to
better see which interaction is more resonant with an electronic state in the rotating wave approxi-
mation and can make a larger contribution to the third-order polarization. On the FWMEL diagrams,
we have also shown the closure between the bra and ket wave packets by a final dotted line, to give
the third-order polarization.

In Fig. 2, the forty-eight diagrams or terms fall into four groups. Group A diagrams have all three
field interactions on the ket, with 6 diagrams, Aa to Af, arising from the permutation of the three fields.
Group B diagrams have two field interactions on the ket and one field interaction on the bra, with 6
representative diagrams, Ba to Bf, from the permutation of the three fields, and for each representative
diagram there are three different time orderings of the field interaction on the bra relative to the two
field interactions on the ket, giving a total of 18 diagrams. The 6 representative diagrams would ignore
the relative time orderings between bra and ket field interactions. Each representative diagram here
is then equivalent to a Mukamel closed-time path-loop diagram.32 Group C diagrams have one field
interaction on the ket and two field interactions on the bra, again giving rise to 6 representative dia-
grams, Ca to Cf, from the permutations of the three fields, and for each representative term there are
three different time orderings of the field interaction on the ket relative to the two field interactions on
the bra, giving a total of 18 diagrams. Again, the 6 representative diagrams would ignore the relative
time orderings between ket and bra field interactions. Finally, Group D diagrams have three field
interactions on the bra, with 6 diagrams, Da to Df, from the permutation of the three fields. We have
arranged the six terms in each group, labelled as a, b, c, d, e, and f, in a descending order according to
the calculated peak intensity of fs/ps CARS of toluene below, and the relative intensities are shown
in column 4 of Fig. 2.

In the second column of Fig. 2, we indicate whether the first two pulses on the ket or bra branch
can create a coherence between the v = 0 and v = 1 vibrational levels of a mode in the ground elec-
tronic state, as this tends to enhance the third-order polarization. In the third column, we indicate
whether a pulse can have a resonance with the electronic state it is transiting to, in the time order of
its interaction as shown in the diagrams in the first column. Obviously, the resonance condition also
helps to enhance the third-order polarization.

Each of the 24 diagrams in Groups A to D gives rise to a polarization term. From the Feyn-
man dual time-line diagrams, one can conveniently write down the expressions for the third-order
polarizations.33 The polarizations for the twenty four terms can be expressed by the overlap of wave
packets on the bra and ket side when no decoherence life time is taken into account.33,34 The third
order polarizations for diagrams Aa, Dc and Ca, Bb are given by

P(3)
Aa
(t) =

(
i
~

)3  t

0
dt1

 t1

0
dt2

 t2

0
dt3

×e−γ2(t−t1)/2~−γ1(t1−t2)/2~−γ2(t2−t3)/2~−γ1(t+t3)/2~

×Epr(t1)E∗st(t2)Epu(t3)I(t, t1, t2, t3)
= −P(3)

Dc(t)∗ (1)

and

P(3)
Ca

(t) =
(

i
~

)3  t

0
dτ1

 τ1

0
dτ2

 t

0
dτ

×e−γ1τ2/2~−γ2(τ1−τ2)/2~−γ1(t−τ1)/2~−γ2(t−τ)/2~−γ1τ/2~
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×E∗st(τ2)Epu(τ1)Epr(τ)S(t, τ1, τ2, τ)
= −P(3)

Bb
(t)∗, (2)

where the four-time correlation functions, I(t, t1, t2, t3) and S(t, τ1, τ2, τ), can be expressed as33

I(t, t1, t2, t3) = ⟨ψ(0)
1 (Q,0)|eih1t/~µ12e−ih2(t−t1)/~µ21e−ih1(t1−t2)/~

×µ12e−ih2(t2−t3)/~µ21e−ih1t3/~|ψ(0)
1 (Q,0)⟩ (3)

S(t, τ1, τ2, τ) = ⟨ψ(0)
1 (Q,0)|eih1τ2/~µ12eih2(τ1−τ2)/~µ21eih1(t−τ1)/~

×µ12e−ih2(t−τ)/~µ21e−ih1τ/~|ψ(0)
1 (Q,0)⟩. (4)

Here, |ψ(0)
1 (Q,0)⟩ is the initial wave packet; µ j i are electronic transition dipole moments; Epu(t),

Est(t), and Epr(t) are the pump, Stokes and probe fields, respectively; h1 and h2 are the vibrational
Hamiltonians for the ground (e1) and excited (e2) electronic states, respectively; and γ1 and γ2 are the
homogeneous damping constants on e1 and e2, respectively. By using the appropriate pulse sequence,
the third order polarizations for the other terms in Groups A and D, or Groups B and C, can be written
down in a similar manner as Eq. (1) and Eq. (2). So, the third-order polarizations for all the 24 terms
can be written down from the FDTL diagrams.

The separable, displaced harmonic oscillators model has previously been used to obtain analytic
expressions for the four-time correlation functions from an initial ground vibrational state.26,33,35 Only
a brief outline of the pertinent equations is given here. In an N-dimensional separable system, the
Hamiltonians are sums of one-dimensional Hamiltonians

h1 =

N
r=1

h1r , (5)

h2 =

N
r=1

h2r + Ē21 , (6)

where h1r and h2r are one-dimensional Hamiltonians in mode qr . The propagators are then products
of one-dimensional propagators. The wave packet is a product of one-dimensional wave packets

|ψ(0)
1 (Q,0)⟩ =

N
r=1

|ψ(0)
1r (qr ,0)⟩ , (7)

The four-time correlation function in Eq. (3) becomes33

I(t, t1, t2, t3) = G(t − t1 + t2 − t3)|µ21|4

r

Ir(t, t1, t2, t3) . (8)

where G(t), a Gaussian distribution of zero-zero energies, is the inhomogeneous broadening repre-
senting variations in the local environment of molecule.36–38

G(t) =
 ∞

0
dE21e−iE21t/~G(E21) , (9)

and

G(E21) =
exp


− (E21−Ē21)2

2θ2



θ(2π)1/2 , (10)

where Ē21 is the average zero-zero energy, and θ is the standard deviation in the broadening.
For each mode, the four-time correlation function is given by

Ir(t, t1, t2, t3) = ⟨ψ(0)
1r (qr ,0)|eih1r t/~e−ih2r (t−t1)/~e−ih1r (t1−t2)/~

×e−ih2r (t2−t3)/~e−ih1r t3/~|ψ(0)
1r (qr ,0)⟩ (11)
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where h2r(t) is the one-dimensional Hamiltonian in mode qr of the excited electronic state e2. Assum-
ing that |ψ(0)

1r (qr ,0)⟩ is the ground vibrational state |ψ1r0(qr)⟩, and inserting a complete vibrational
basis set,


v′ |ψ1r v′(qr)⟩⟨ψ1r v′(qr)|, of e1 into Eq. (11), we obtain

Ir(t, t1, t2, t3) = e−iE1r0(t3−t)/~

v′
⟨ψ1r0(qr)|e−ih2r (t−t1)/~|ψ1r v′(qr)⟩

×e−iE1r v′(t1−t2)/~⟨ψ1r v′(qr)|e−ih2r (t2−t3)/~|ψ1r0(qr)⟩ (12)

where E1r v′ is the eigenenergy of |ψ1r v′(qr)⟩. Now, each of the correlation functions in Eq. (12) is of
the form ⟨ψn |e−ih2t/~|ψ0⟩ ≡ ⟨ψn |ψ0(t)⟩ or its complex conjugate, with analytic result given by35

⟨ψn |ψ0(t)⟩ = exp{−(∆2/2)[1 − exp(−iωt)] − iωt/2}
× (−1)n∆n
(2nn!)1/2 [1 − exp(−iωt)]n , (13)

where ∆ is the excited state mode displacement relative to the ground state and ω is the mode fre-
quency. The integrand in Eq. (1) is then of analytic form which facilitates the calculation of the third-
order polarization. The spectral intensity is proportional to the squared magnitude of the third-order
polarization,16,29 and the spectrum in the frequency domain is given by the FT of the time domain
polarization.

Similarly, the four-time correlation function, S(t, τ1, τ2, τ), in Eq. (4) is given by

S(t, τ1, τ2, τ) = G(t − τ − τ1 + τ2)|µ21|4

r

Sr(t, τ1, τ2, τ) (14)

and

Sr(t, τ1, τ2, τ) = ⟨ψ(0)
1r (qr ,0)|eih1rτ2/~µ12eih2r (τ1−τ2)/~µ21eih1r (t−τ1)/~

×µ12e−ih2r (t−τ)/~µ21e−ih1rτ/~|ψ(0)
1r (qr ,0)⟩ (15)

With homodyne detection, the CARS intensity and spectral intensity for each of the 24 terms are
defined respectively as16

ICARS(ω) = |P(3)
S (ω)|2 = |


η

P(3)
η (ω)|2 (16)

and

Iη(ω) = |P(3)
η (ω)|2 , (17)

where P(3)
S (ω) and P(3)

η (ω) are the Fourier transform of the summation of time domain polarizations
of the twenty four terms and the individual term η (η = Aa, Ab, . . . ,Df), respectively.

III. RESULTS AND DISCUSSIONS

The twenty four terms for CARS in Fig. 2 are investigated for toluene and rhodamine 6G (R6G).
The laser pulse parameters and potential energy parameters for toluene are listed in Tables I and II,
respectively, and those for R6G are listed in Tables III and IV. In the calculations, the pump and
Stokes pulses are coincident, while the time delay between pump/Stokes and probe pulses is taken to
be 1930 fs,29,31 and the electric field intensities for the three pulses are chosen to be identical.

TABLE I. Laser pulse parameters for CARS on toluene.

Wavelength (nm) Linewidth (cm−1)

pump pulse 517 250
Stokes pulse 547.34 300
probe pulse 800 16
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TABLE II. Potential parameters of toluene.31 Energy gap between ground and excited electronic is 37225 cm−1. Homoge-
neous and inhomogeneous broadenings are 197 cm−1 and 0, respectively.

FrequencyΩr , cm−1 Displacement |∆r |
521.70 1.00
786.50 1.07
1003.6 1.19
1030.6 0.54
1211.4 0.35
1605.1 0.14
3057.1 0.12

For toluene, the central wavelength of the pump (517 nm) and Stokes (547.34 nm) pulses are
off-resonant with the zero-zero transition (37,225 cm−1) between the ground (e1) and excited (e2)
electronic states. The calculated square of the polarization in the frequency domain (SPF) of the
twenty four terms for off-resonant fs/ps CARS of toluene are illustrated in Fig. 3. Each row in Fig. 3
is arranged in one to one correspondence with the diagrams in Fig. 2. The intensity for each term is
normalized according to the peak intensity in the spectral range of 400 to 2000 cm−1. Also, the peak
intensity for term Aa is chosen as 1.0 and the peak intensity for the other terms is multiplied by a
factor illustrated in the corresponding figure. For example, with respect to term Aa, the peak intensity
of term Ab and Bb would be 1.72 × 10−2 and 1.19 × 10−3, respectively. The relative peak intensities
for each term are given in column 4 (left) in Fig. 2.

The SPF for term Aa is illustrated in Fig. 3Aa. In term Aa, the pump and Stokes pulses, acting
on the ket branch, creates a vibrational coherence between the v = 0 and v = 1 states in e1 of each
mode, denoted by a Y-ket in column 2. Each of the three pulses - pump, Stokes and probe - brings
the molecule closer to resonance with the electronic state it is transiting to, denoted by a YYY in
column 3. Such conditions enhance the SPF intensity for term Aa. One can see sharp spectral lines
at the mode frequencies of e1 in Fig. 3Aa. In Fig. 2, term Ab, the window of e1 vibrational modes
is provided by a Stokes pulse deexcitation, which takes the molecule away from resonance with e2,
followed by pump pulse excitation which brings the wave packet resonantly back to e1 . For this term
Ab, we therefore have a Y-ket in column 2, and a NYY in column 3, and hence the SPF is smaller
than that of the Aa term, as shown in Fig. 3Ab. For Fig. 3Ac, the probe pulse interaction appears first
leading to excitation, followed by the Stokes pulse leading to deexcitation, and finally the pump pulse
excitation. However, only virtual vibronic states are covered by the laser pulses, and this results in
a featureless spectrum whose line-shape resembles the spectrum of the broad pump pulse. The peak
position of the spectrum is atωpu − ωst, about 1072 cm−1. The intensity is very low, because the probe
pulse generally appears after the pump and Stokes pulses in this fs/ps CARS experiment, and so only
the early tail of the probe pulse (with low electric field amplitude) is involved in the process. Generally,
all processes where the probe pulse interaction precedes the pump and/or Stokes pulse will have very
weak SPF, which is the case with terms Ad-Af as well. For Fig. 3Ad, pump pulse leads to excitation
from e1 to e2. Then the wave packet in e2 is transferred to e1 by off-resonant probe pulse excitation.
Finally, the wave packet is brought to e2 by the Stokes pulse. With the off-resonant transitions, the
SPF peak intensity for term Ad is smaller than that for term Ac. Since no real vibrational states are
matched in the Ad process, the SPF line-shape is featureless with a Gaussian shape like the Stokes

TABLE III. Laser pulse parameters for CARS on R6G.

Wavelength (nm) Linewidth (cm−1)

pump pulse 509 500
Stokes pulse 548 275
probe pulse 800 15
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TABLE IV. Potential parameters for R6G.39 Energy gap between ground and excited electronic is 18850 cm−1. Homoge-
neous and inhomogeneous broadenings are 340 and 300 cm−1, respectively.

Frequency Ωr , cm−1 Displacement |∆r |
300 0.24
375 0.46
518 0.17
604 0.42
761 0.29
917 0.14
1116 0.15
1172 0.24
1303 0.28
1356 0.34
1504 0.32
1571 0.27
1647 0.30

pulse spectrum. Similar off-resonant processes and virtual vibronic states covered by the laser pulses
lead to low intensity, featureless, and broad SPF for the Ae and Af terms.

In Fig. 2 Group B, one can see the energy difference between pump and Stokes pulses matching
the ground vibrational levels in e1 of toluene in Ba and Bb. As the first transition term Ba is an exci-
tation process from e1 to e2 rather than deexcitation process from e1 to e2, the SPF peak intensity of
Fig. 3Ba is larger than that of Fig. 3Bb. Similar to the relationship of SPF peak intensities between
Figs. 3Ad and 3Af, the intensity for Fig. 3Bc is stronger than that for Fig. 3Bd. The first order wave
packet on e2 in Be has a larger amplitude than that in Bf, which leads to a stronger SPF intensity for
Fig. 3Be than that for Fig. 3Bf. Again, because the probe pulse interaction precedes the pump and/or
Stokes pulse, the SPF for terms Bc-Bf is very much weaker than for terms Ba-Bb.

Group C in Fig. 2 represents diagrams with one electric field interaction on the ket and two
electric field interactions on the bra. The most resonant term in Group C are Ca and Cb, but there is
no vibrational coherence between the v = 0 and v = 1 states of each mode on e1 by the two pulses
acting on the bra for all the terms Ca-Cf; hence all the SPFs are weak and featureless. As the fre-
quency difference between pump and Stokes pulses is about 1000 cm−1, the peak value of SPF of
Ca should be stronger than that of Cb, which is similar for the relationship between Cc and Cd. As
the first order wave packet on e2 for the bra side in Ce is larger than that of Cf, the peak intensity of
SPF of Ce is stronger than that of Cf. In the last group D, the first two field interactions on the ket

FIG. 3. The square of the polarization in the frequency domain for the twenty four polarization terms of off-resonant fs/ps
CARS of toluene.
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FIG. 4. The square of the polarization in the frequency domain for the twenty four polarization terms of resonant fs/ps CARS
of R6G.

side of FWMEL/FDTL diagrams from Da to Df, are the same as those in Group C from Ca to Cf,
respectively. The order of the peak intensity of SPF in Group D can be interpreted in a similar manner
as in Group C.

As seen in Fig. 3, terms Aa, Ab, Ba, and Bb have identical sharp lines reflecting the vibrational
features on e1 of toluene, while the line-shape of the SPF of the other processes are featureless. The
intensities of SPF of terms Ab, Ba and Bb are much smaller than that of Aa owing to an off resonant
field interaction from e1 to e2. We can see that no vibrational levels are matched for the other FWMEL
diagrams. The corresponding spectra of the other terms are therefore featureless and generally peaked
at about 1072 cm−1 anti-Stokes shift.

Fig. 4 gives the calculated SPF for the twenty four CARS terms for R6G. The peak value of the
spectra are illustrated in each inset. Decoherence life time for e1 is set to infinity in the calculations.
Both the wavelengths of pump (509 nm) and Stokes (548 nm) pulses are near the absorption maximum
of R6G (18,850 cm−1). Therefore, Fig. 4 would be resonant CARS for the twenty four terms. The
relative peak intensities for each term are given in column 4 (right) in Fig. 2. Being resonant CARS,
the overall intensity is about 107 times larger than for off-resonant CARS in toluene. The physical
processes for the terms in Fig. 4 for R6G are the same as those of Fig. 3 for toluene. Similar to the
spectra in toluene, sharp vibrational lines within the pump-Stokes difference energy range can be seen
in Figs. 4Aa-4Ab and 4Ba-4Bb. The linewidth of each of the sharp vibrational lines is determined by
the probe pulse, around 15 cm−1. Similar to the case of toluene, the intensity for term Aa here is at least
three orders of magnitude stronger than the other terms (Ab-Bf). The sharp vibrational line-shapes of
SPF of terms Ba and Bb look like mirror images of terms Aa and Ab, respectively, because the first

FIG. 5. (Solid line) fs/ps CARS as a sum of all the polarization terms vs (dashed line) square of the polarization in the
frequency domain of term Aa for (a) toluene and (b) R6G.
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two (pump and Stokes) pulse interactions are the same across the two sets of diagrams. Similar to
toluene, the SPF line-shape of all other terms are featureless, with a Gaussian shape like the Stokes
pulse spectrum.

The CARS spectra for term Aa (dashed line) and summation of the polarizations of all terms
(solid line) for toluene and R6G are shown in Figs. 5(a) and 5(b), respectively. The peak positions
and line-shapes of the fs/ps CARS spectra for toluene and R6G are very well accounted for by the
Aa term, which is also the conventional term used to represent CARS, with vibrational coherence on
e1 set up by the pump-Stokes pulses and electric field interactions that can be resonant between e1
and e2.

IV. CONCLUSION

The separable, displaced harmonic oscillator model is used to investigate all twenty four polari-
zation terms for both off-resonant and resonant CARS from the ground electronic state. The spectral
line-shape and relative intensity of each term is calculated and well interpreted according to the Feyn-
man dual time-line diagram and four-wave mixing energy level diagram. The results show that CARS
from the ground electronic state is well described by just one diagram/term, which is the conventional
one used for CARS, where the three field interactions act on the ket side in a Feynman dual time-line
diagram or four-wave mixing energy level diagram in a specific time order of pump, Stokes and probe
pulses.
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