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This work extends a one-dimensional continuum model for granular flows down
inclined planes [C. H. Lee and C. J. Huang, “Kinetic-theory-based model of dense
granular flows down inclined planes,” Phys. Fluids 24, 073303 (2012)] to solve
three-dimensional problems involving both static and flow states. The new model
decomposes the shear stress and pressure into enduring-contact and kinetic compo-
nents. One novelty of the present model is the determination of the enduring-contact
component of pressure, which is a composition of a pressure depending only on the
volume fraction and a pressure derived from the dilatancy law together with the equa-
tion of state from the kinetic theory. Another novelty of this study is a new numerical
scheme that can avoid numerical instability caused by large volume fractions. To
demonstrate its capability, the present model is applied to simulate the collapse of
a granular column with various aspect ratios. The evolution of the column shape,
the flow field, the final height, and the run-out predicted by the present model agree
well with those provided by discrete element methods and experiments. C 2015 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4935626]

I. INTRODUCTION

Flows of granular materials occur in various problems related to geophysical hazards such as
avalanches, landslides, and debris flows. Several studies1–18 have been devoted to develop models
for granular materials using continuum description to study such problems. However, existing
models1–18 are limited to specific flow conditions due to the complex rheological characteristics of
granular materials, and thus a general-purpose model is still lacking so far, as will be discussed in
detail below.

Granular materials behave like a solid when they are statically packed.19,20 A granular material
in its solid state can sustain a certain amount of shear stress, which can be simply described by
Mohr-Coulomb failure criterion.21 The volume fraction of a granular material in its solid state,
ν, is related to the applied pressure, p, and the microscopic geometric arrangement of particles.
By assuming that the effect of microscopic geometric arrangement on p can be neglected, several
simple p − ν relations10,11,15,22,23 have been proposed.

If the shear stress exerted on a granular material exceeds its critical value, the granular material
flows.19,20 A flowing granular material has several states, and previous studies suggest that its states
can be characterized by either (1) the strain rate and the total pressure,24 or (2) the strain rate and
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the volume fraction.25,26 For a problem involving relatively high volume fractions and when the ef-
fect of diffusion of fluctuation energy on rheological characteristics is not significant, the states of a
granular material can be roughly characterized by the inertial number,27 I ≡ 2dD/


p/ρd, where d

is the diameter of particles, D the second invariant of the strain rate tensor D (i.e., D ≡
√

D : D/2),
and ρd the density of particles. From small to large values of I, the states of a granular material
are quasi-static state, dense state, and inertial state.27 In the quasi-static state, which is also called
the elastic-quasistatic state,24 each particle contacts with others enduringly, and the particles creep
very slowly; the microscopic enduring-contact effect leads to a rate-independent shear stress, and the
Coulomb relationship (i.e., the ratio of shear stress to pressure is a constant) can be used to compute
shear stresses if the pressure is known.1 In the inertial state, also known as the inertial-collision state,24

grains fly freely and they instantaneously collide with each other, and thus both the microscopic inertia
and collision effects on momentum transfer govern the flow. Because grains in the inertial state behave
analogously to molecules, various kinetic-theory-based hydrodynamic theories (KTBHTs) have been
developed based on granular kinetic theory,3–5,14,16–18 KTBHTs involve constitutive relations for vari-
ables such as shear stress and pressure. The quasi-static and inertial states are two extreme states for
flows of granular material. The dense state, also called the elastic-inertial state,24 is a state between
the two extremes; for this state, the microscopic enduring-contact effect, the collision effect, and the
inertia effect on momentum transfer all are important, resulting in macroscopic visco-plasticity, which
is measured by the ratio of the shear stress to pressure. When the diffusion of fluctuation energy
has an insignificant effect on the rheological characteristics, the macroscopic visco-plasticity can be
described by the effective friction η(I), with I being the inertial number I.20,27–29 Various constitutive
relations2,27 have been proposed in the literature to describe the function η(I), and η(I)-based constitu-
tive relations have been successfully applied to simulate granular flows on a pile,2,30,31 the collapse of
a granular column,32,33 and granular flows in a silo.34 We remark that Refs. 32 and 34 did not compare
their numerical results with experiments. All these studies indicated that the divergence of the energy
flux did not have significant effects on the global behaviors of the granular flows. Since various states
of granular material may appear simultaneously in a process, a model applicable to various states
and capable of describing the transition between different states is required. As I approaches zero,
η(I) reduces to Coulomb relationship.2,27 η(I)-based constitutive relations2,27 are also applicable to
the quasi-static state although some interesting phenomena such as hysteretic behavior35 cannot be
captured. To simulate flows involving solid, quasi-static, and dense states, the η(I)-based constitu-
tive relations have been modified using regularization techniques,32,36,37 which consider a granular
material to be a very viscous fluid.81 Another method based on η(I)-based constitutive relations to
simulate such flows is to use the augmented Lagrangian method,33 which explicitly deals with the
static/flowing transition related to the yield stress. However, η(I)-based numerical models are still
not able to deal with the inertial state since η(I) is obtained for dense state. In real world problems
such as pouring beads on a pile20 and collapse of granular columns, inertial state may co-exist with
other states.

In order to develop a model applicable to all four states of granular material (the solid,
quasi-static, dense, and inertial states), KTBHTs can be extended to consider the enduring-contact
effects on shear stresses by one of the following four approaches:

(1) modifying the viscous coefficient used in the kinetic theory when a granular material is near
the jamming state,38,39

(2) replacing the particle diameter in the term describing energy dissipation by the length of
particle chain,6,9

(3) incorporating a new component into the constitutive relations for the shear stress originating
from the enduring-contact effect, which is related to an order parameter identifying the states
of granular material,35,40–43 or

(4) incorporating a rate-independent stress into the constitutive relations for shear stres-
ses.7,8,10–12,15,44

Among the four approaches, the third35 and fourth7 approaches have been applied to simulate
one-dimensional, steady, surface-driven flows under gravity, which are characterized by the coex-
istence of all four states. The third approach, which relates the shear stress to the thickness of
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granular layer, allows one to compute shear stress in a simple way if the thickness of granular
layer is given, and has been applied to simulate avalanches.43 However, the third approach uses
a highly nonlinear equation to describe the evolution of the order parameter,35 which is difficult
to solve numerically; furthermore, the shear stresses need to be given as model parameters in the
simulation35 or computed through some simplifications.43 The model of Ref. 45, which is based
on the second approach, was used for frictionless beads. It is worth mentioning that in Ref. 45 the
length scale in the term describing energy dissipation is regarded as a correlation length instead of
the length of particle chain. However, when ν → νmax, Fig. 9 of Ref. 45 shows that η << 0.1, while
the DEM simulations of Refs. 27 and 46 show that η falls in the range of 0.1–0.2. It is not clear if the
model of Ref. 45 can still be used when ν → νmax.

The model proposed in this study is based on the fourth approach, where the rate-independent
stress increases linearly with an enduring-contact component of pressure, pE, originating from the
enduring contact between particles. For the inertial state (pE = 0), existing models based on the
fourth approach7,8,10–12,15,44 can be reduced to KTBHTs; whereas for the quasi-static state, such
models reduce to the Coulomb relationship. A key point in the fourth approach is how to determine
pE appropriately so that the rheological characteristics of the dense state can be reproduced. Lee
and Huang7 suggested calculating pE by using pE = p − pK , where p = total pressure (determined
by analyzing the balance of forces) and pK = the kinetic component of pressure originating from
the inertia and collision effects on momentum transfer. Note that pK is given by the constitu-
tive relations for pressure in KTBHT.5 Lee and Huang’s scheme,7 however, is only applicable
to one-dimensional and steady problems. Lee and Huang8 also suggested calculating pE by us-
ing pE = max(pD − pK ,0), with pD being the pressure predicted by dilatancy laws47 (pD − D − υ
relationships), which involve both the enduring-contact and kinematic components of pressure.
Although Lee and Huang’s model8 can reproduce the rheological characteristics of the dense state,
it is not applicable to the solid state due to the inapplicability of the dilatancy laws to the solid
state. Furthermore, pD is sensitive to variations in ν when ν closes to the critical value νo, which is
slightly lower than νmax (the maximum value of ν), and ν = νo occurs when D → 0. Other models
based on the aforementioned fourth approach calculate pE by using pE − ν relationships.10,11,15

However, one shortcoming arising from using pE − ν relationships is that pE is sensitive to ν
when ν closes to νmax. Moreover, previous discrete element simulations48 suggested that pE should
depend on strain rate, implying that further improvement is needed for the pE − ν relationships
to incorporate effects of strain rate. We remark that no existing studies have applied the fourth
approach together with the pE − ν relationships to study problems where all four states co-exist.

Based on the literature review given above, there are two challenges in developing a general-
purpose model for granular flow problems based on the aforementioned fourth approach. The first
challenge is to find a proper constitutive relation to determine the enduring-contact pressure (pE) so
that the model can predict rheological behaviors accurately. To address the first challenge, this study
combines a pE − ν relationship, which is applicable to the solid state, with pE = max(pD − pK ,0),
which is applicable to the quasi-static, dense, and inertial states. The other challenge is how to
ensure numerical stability. When ν increases rapidly toward νo, numerical instability may occur
because pE becomes very sensitive to ν. To address this challenge, this study introduces a new
numerical scheme to prevent ν from increasing rapidly toward νo.

To demonstrate the applicability of the present model to granular flow problems involving all
four states, the model is applied to simulate the collapse of a granular column, which involves all
four states. Computed results are compared with published experimental results49 and the results
obtained by using a discrete element method (DEM).50

II. MATHEMATICAL MODEL

A. Governing equations

Although granular materials have discrete nature from a microscopic view, their macroscopic
behaviors can still be described by governing equations similar to those used in continuum me-
chanics.51,52 The local state of a granular material is characterized by its mean mass, momentum,
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and fluctuating kinetic energy. Governing equations describing conservations of mean mass, mo-
mentum, and fluctuating kinetic energy are

∂ρdν

∂t
+ ∇ · (ρdνu) = 0, (1)

∂ρdνu
∂t

+ ∇ · (ρdνuu) = −∇p + ∇ · (τ) + ρdνg, (2)

3
2


∂ρdνT
∂t

+ ∇ · (ρdνuT)

= −∇ · q + Θ − ε, (3)

where ρd = density of particles, ν = volume fraction, u = mean velocity, τ = shear stress, p = pres-
sure, g = acceleration due to gravity, T = granular temperature defined by T ≡ ⟨u′ · u′⟩ /3 with u′
being the instantaneous deviation from the mean velocity and ⟨·⟩ an ensemble average operator, q =
flux of mean fluctuating kinetic energy, Θ = production of mean fluctuating kinetic energy, and ε =
dissipation of mean fluctuating kinetic energy. Here, we assume that particles are incompressible
(i.e., ρd is a constant). Equations (1)–(3) have 20 unknowns (ν, u, p, τ, T , q, Θ, and ε), and proper
constitutive relations for p, τ, q, Θ, and ε are needed to solve the problem defined by Eqs. (1)–(3).

B. Constitutive relations

As mentioned in the Introduction, different microscopic behaviors lead to different macro-
scopic rheological characteristics. To consider both the enduring-contact effect and the kinetic effect
(the inertia and collision effects) on momentum transfer, τ and p each is decomposed into an
enduring-contact part and a kinetic part (see, e.g., Refs. 7 and 8), i.e.,

τ = τK + τE (4)

and

p = pK + pE, (5)

where the superscripts “K” and “E” represent the kinetic and enduring-contact components, respec-
tively. For q and ε, this study neglects their enduring-contact components.7,8,12,44 Our numerical
results will show that this treatment can yield acceptable results.

It is worth noting that determinations of τK , pK , τE, and pE depend on how we view them.
Berzi et al.15 argued that the enduring-contact components should be independent of strain rate, and
they computed the kinetic components by modifying KTBHT. From a microscopic view, however,
Volfson et al.35 argued that (1) the enduring-contact components should be computed based on the
enduring contact, which is the contact between two particles in a stuck state and has a duration
longer than the typical collision time, and (2) the kinetic components should be computed based
on non-enduring contact. Reference 35 has shown that the enduring-contact components depend on
strain rate, and that KTBHT can yield results of τK and pK in good agreement with those obtained
by DEM.35,48 The present study follows these studies7,35,48 to compute the kinetic components
directly using KTBHT. The constitutive relations for τK and pK in KTBHT, which were developed
by Jenkins3 and used by Lee and Huang,8 are listed below. τK is modeled by

τK =

(
λK − 2

3
µK

)
∇ · u


I + 2µKD, (6)

where

λK =
4ρddν2go(1 + e)T1/2

3π1/2 (7)

and

µK =
5ρdπ1/2dT1/2

24go(1 + e)(3 − e)

1 +

2
5
νgo(3e − 1)(1 + e)

 
1 +

4
5
νgo(1 + e)


+

3
5
λK (8)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  155.69.4.4 On: Tue, 05 Jan 2016 01:39:22



113303-5 Lee, Huang, and Chiew Phys. Fluids 27, 113303 (2015)

with go = pair distribution function and e = coefficient of restitution. pK is modeled by

pK = ρdνT[1 + 2(1 + e)νgo]. (9)

Based on the same KTBHT,3 q can be computed by

q = −κ∇T + δ∇ν, (10)

where

κ =
25ρdπ1/2dT1/2

4go(1 + e)(49 − 33e)

1 +

3
5
νgo(1 + e)2(2e − 1)

 
1 +

6
5
νgo(1 + e)


+

3
2
λK (11)

and

δ =
15ρde(1 − e)π1/2dT3/2

4(49 − 33e)νgo
d(ν2go)

dν


1 +

6
5
νgo(1 + e)


. (12)

The dissipation of mean fluctuating kinetic energy, ε, is given by

ε = 9
λK(1 − e)

d2 T. (13)

The parameters λK , µK , pK , and κ involve the radial distribution function go, which represents
the spatial particle-particle correlation. Following Lee and Huang,8 this study adopts the radial
distribution function proposed by Savage,53

go =
1 − 7/16

(1 − ν/νmax)2 , (14)

where νmax = 0.63 and there is a singularity at ν = νmax. Using Eq. (14) yields rheological character-
istics of dense granular material comprised by glass beads that have been observed experimentally.8

We remark that a radial distribution function, considering the effects of inter-particle friction and
particle stiffness, has just been reported in two recent papers,54,55 where the νmax is as a function
of inter-particle friction and particle stiffness. The constitutive relations given in Eqs. (6)–(13) have
neglected the effects of the tangential contact during collisions. To consider such effects, Refs. 56
and 57 suggested that the restitution coefficient e should be replaced by an effective restitution
coefficient eeff ≤ e in those constitutive relations, and that eeff should depend on both e and the
friction coefficient of particles.56,57

The production of mean fluctuating kinetic energy (Θ) is due to the work done by shear stress.
This study considers only the work done by the kinetic component of the shear stress for simplicity,
that is,

Θ = 2τK : D. (15)

Several studies7,8,12 have suggested including the work done by τE in Θ to allow their models to
predict hysteretic flow thresholds; however, doing so increases the numerical difficulty in solving
the present continuum model.

Lee and Huang7,8 suggested applying the Coulomb relationship to calculate τE but their studies
are limited to one-dimensional problems. To express the Coulomb relationship in a form that is
applicable to three dimensional problems, we follow Ref. 58 to write τE as

τE = pEηS D
D
, (16)

where ηS = tan θS with θS being the static internal friction angle. We remark that the term pEηS

is considered to be a yield stress and Eq. (16) is valid only when τE > pEηS, implying that the
granular material is in its solid state when τE ≤ pEηS.

The constitutive relations given in Eqs. (4)–(16) are very similar to those suggested by Lee
and Huang,8 who expressed these relations in their one-dimensional forms and considered the work
done by τE. The constitutive relations we will introduce below differ from those in Lee and Huang8

since the new constitutive relations can be applied to the solid state as well.
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In order to solve flow problems where the solid state also occurs, we use Papanastasiou’s
regularization technique58 to rewrite τE as

τE = 2µED (17)

with

µE = pEηS [1 − exp(−nD)]
2D

, (18)

where n is a model parameter. Equations (17) and (18) regard a granular material in its solid state as
a very viscous fluid. When n approaches infinity, Eq. (17) together with Eq. (18) reduces to Eq. (16).
This study takes n = 105 as suggested by Ref. 7.

As mentioned in the Introduction, the determination of pE is one of the key points in this
study. Previous studies7,35,48 suggest that the pK should be computed by using both KTBHT and
the instantaneous contact defined by Volfson et al.35 Since the total pressure in the dense state
can be computed using the dilatancy law obtained from experiments or DEM simulations, Ref. 8
suggests that pE should be computed by using pE = max(pD − pK ,0), which has been validated
in Ref. 7. However, pE = max(pD − pK ,0), which depends on both D and T , is applicable only to
granular materials in fluid state. To calculate pE for solid state, certain pE − ν relationships need to
be adopted. Consequently, we propose that pE consists of two parts: pES for the solid state and pEF

for the fluid state, namely,

pE = pES + pEF. (19)

In this study, we adopt the p − ν relationship proposed by Hsu et al.22 for pES, i.e.,

pES = Kν[max (ν − νmin,0)]χ


1 + sin

max

(
ν − νmin

νmax − νmin
,0

)
π − π

2


, (20)

where νmin = random loose packing fraction, and K and χ are two model parameters. Obviously, K
is related to the Young’s modulus of the granular material and the other terms are associated with
the deformation of the material. As stated in Ref. 22, Eq. (20) is obtained through the following
steps: (1) performing a nonlinear contact analysis of a homogeneously packed granular material,
(2) assuming that the average compressive volume strain equals (ν − νmin)2χ/3, and (3) obtaining an
empirical expression for the coordination number (i.e., the average number of particles touching a
given particle) by DEM simulations. In Ref. 22,

K =
E

3
√

3π(1 − σ2) , (21)

with E = Young’s modules of an individual particle and σ = Poisson’s ratio. Reference 22 sug-
gested χ = 5.5, which was, however, obtained according to sediment concentration in sheet flow
regimes. Accordingly, it may be more appropriate to regard χ as a free parameter in this study.
When χ is larger than its critical value, numerical stability may become an issue. In this study,
χ = 1.5 is adopted. Our sensitivity analysis has showed that for the problem studied in Section V C
2, the computational results obtained with different values of χ in the range of 1.5–3.5 are similar.
This study also adopts νmin = 0.57 as suggested by Ref. 22. The reason why we adopt Eq. (20)
is because pES and its first derivative are continuous everywhere. It has been reported in a recent
paper54 that pES can be calculated by using pES = 0.15πE(ν + νmax), where νmax depends on the
inter-particle friction,55 and thus considers the effects of both inter-particle friction and stiffness.
The present study does not consider the effect of inter-particle friction on pES, and the results in
Refs. 54 and 55 provide a possibility of further development of the present work.

We use the following equation to calculate pEF:

pEF = max(pD − pK ,0) (22)

and use the dilatancy law suggested by Ref. 46 to compute pD, which consists of an enduring-
contact component and a kinetic component. Note that the dilatancy law,31,46,47 is obtained for small
values of I (i.e., the quasi-static and dense states). In Eq. (22) we assume pEF = pD − pK ; however,
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because pEF is always non-negative, the limiter pEF ≥ 0 has to be used. If pES = 0, the condition of
pEF = 0 (pD ≤ pK) means that the granular material is in its inertial state, and the change of PEF

from nonzero to zero means a transition from the dense state to the inertial state, which has been
verified in Ref. 7 for granular materials consisting of two-dimensional circles. By assuming that the
diffusion of T is insignificant, Ref. 46 expressed the dilatancy law as

1
ν
=

1
νo
+ aIδ, (23)

where νo, a, and δ are model parameters. The values of νo, a, and δ have been provided by Ref. 46
for frictionless beads. We adopted νo = 0.6 as suggested by Ref. 31, and took a = 0.28 and δ = 0.58
for a better fit to the numerical results for frictional particles.47 Equation (23) states that pD is a
function of ν and D due to I ≡ 2dD1/2/


p/ρd. For simple plane shear flows, D can be expressed

using T . Accordingly, pD can be given by

pD = ρdνT

9
( (1 − e)λ ′

µ′

)
ν2/δ−1

(
aνo

νo − ν

)2/δ
, (24)

where λ ′ = λK/ρddT1/2 and µ′ = µK/ρddT1/2. Compared to either Eq. (23) or the dilatancy law
used in Ref. 8, Eq. (24) can ensure the numerical stability of the scheme. Therefore, this study
uses Eq. (24) to calculate pD. As mentioned above, this study neglects the work done by τK in Θ;
this is because if we consider it in our model, the D-T relationship and Eq. (24) will become very
complicated (see Ref. 8).

Different from the study of Ref. 8, the present study incorporates an additional enduring-
contact component into the expression for pressure (Eq. (19)). A constitutive relation for pE, appli-
cable to the solid, quasi-static, dense, and inertial states, should at least satisfy the following four
conditions:

(1) It can describe the pE − ν relationship for granular materials in solid state if the effect of
microscopic geometric arrangement on pE is neglected.

(2) It can predict pE = 0 for large values of I (i.e., the inertial state) so that τ can reduce to τK.
(3) It can reproduce the η − I relationship observed in experiments involving both quasi-static and

dense states when the diffusion of T is insignificant.
(4) It can reproduce the ν − I relationship described by Eq. (23) for granular materials in dense

state when the diffusion of T is insignificant.

If pES = 0, the present model reduces to the model of Ref. 8, and the second to fourth conditions can
be satisfied. However, in the present model, pES , 0 for ν > νmin, and thus we can only ensure that
pE obtained by Eqs. (19)–(24) can satisfy the first condition: pE is a function of ν when ν > νmin as
well as T = 0 (i.e., the solid state). At the end of Section IV, we will discuss how the present model
can satisfy the other three conditions as well.

III. NUMERICAL SOLUTION PROCEDURE

To solve the governing equations and constitutive relations presented in Section II, this study
uses an open source computational-fluid-dynamics library: OpenFOAM® , which was developed
based on finite volume methods and supports unstructured grid systems (for more details, please
refer to Ref. 59). The most important feature of OpenFOAM is that it can mimic the form of partial
differential equations in the code, and provide an easy, quick, and reliable way to solve the equations
presented in Section II.

As suggested by Rusche,60 we solve the momentum equation (Eq. (2)) in the “phase-intensive”
form, which is obtained by dividing the momentum equation by ρdν,

∂u
∂t
+ ∇uu − (∇ · u)u = − ∇p

νρd
+

1
νρd
∇ · τ + g. (25)
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Rusche60 indicated that solving the momentum equation in the phase-intensive form could avoid
numerical noises occurring when ν → o. The solution to Eq. (25) can be expressed in a semi-
discretized form as

u =
(A)H
(A)D −

∇p
νρd(A)D +

g
(A)D , (26)

where A denotes the system of linear algebraic equations arising from the discretization of Eq. (25),
(A)D = diagonal coefficients in A, and (A)H = b − (A)Ou with b = Au + ∇p/νρd − g and (A)O =
off-diagonal coefficients in A. We remark that both (A)D and (A)H depend on the numerical
schemes used to discretize the left-hand side of Eq. (25) and the second term on the right-hand side
of Eq. (25). OpenFOAM provides functions to access (A)D and (A)H . If we directly compute u by
using Eq. (26) and then compute the volume fraction ν by solving Eq. (1), ν may increase rapidly
toward νo, leading to an infinite pD (see Eq. (24)).

To avoid a rapid increase of ν toward νo, we rewrite ∇p as ν∇p′ + p′∇ν, where p′ = p/ν and
propose the following predictor-corrector solution procedure to solve Eq. (26):
Predictor:

u∗ =
AH

AD
− ∇p′

ρdAD
+

g
AD

, (27)

corrector:

u = u∗ − p′

νρdAD
∇ν. (28)

Combing Eqs. (1) and (28) results in the following equation describing the evolution of ν:

∂ν

∂t
+ ∇ · (νu∗) = ∇ · (Γ∇ν) , (29)

where Γ = p′/ρdAD. The procedure for numerically solving the governing equations is outlined as
follows:

(1) Solve Eq. (3) for T and compute the coefficients.
(2) Solve Eq. (27) for u∗.
(3) Solve Eq. (29) for ν.
(4) Compute u from Eq. (28).
(5) Repeat (1)-(4) for nL times,

where nL is determined at the run time. Although we solve the equations governing u and T in
their phase-intensive forms, numerical noises can still occur in the region where ν ≈ 0. To avoid the
numerical noise, we force u = 0 and T = 0 on grids with ν < 10−4; but when a grid with ν < 10−4

is adjacent to another grid with ν > 10−4, both u and T are determined according to ∇u = 0 and
∇T = 0. Other trivial details about the numerical treatments used in this study are similar to those
used for the particle phase of “twoPhaseEulerFoam,” a two-phase-flow solver provided by Open-
FOAM, and can be found in Ref. 60; for example, the calculation of u at the grid faces and
the replacement of 1/ν by 1/(ν + 0.001) to avoid numerical instability resulting from ν → 0. We
remark that “twoPhaseEulerFoam” directly solves u by using Eq. (26) and the continuum equation
solved in “twoPhaseEulerFoam” is an advection equation, which differs from the one used in the
present study. Comments on applications of “twoPhaseEulerFoam” to granular flows are given in
Appendix B.

OpenFOAM provides various discretization schemes, which can be selected at the run time.
Various discretization schemes provided by OpenFOAM can be found in Ref. 61. For the simu-
lations performed in this study, a second-order time-implicit scheme is used, and a second-order
linear interpolation in space is used for all variables except for velocity. To interpolate velocities, the
total-variation-diminishing (TVD) limited linear interpolation scheme is adopted here.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded

to  IP:  155.69.4.4 On: Tue, 05 Jan 2016 01:39:22



113303-9 Lee, Huang, and Chiew Phys. Fluids 27, 113303 (2015)

FIG. 1. (a) Comparison of the η− I relationships predicted by the present model (lines) with those deduced from the
experimental data28 (open circles). (b) Comparison of the ν− I relationships predicted by the present model and Eq. (23)
(dashed lines). The predicted η− I relationships were obtained by using ηS = 0.38 and eeff = 0.46, 0.58, and 0.7 for glass
beads with d = 0.5 mm. The solid lines represent the predicted η− I relationships for pE > 0, and the dotted lines for pE = 0.

IV. RHEOLOGICAL CHARACTERISTICS

We now use the present model to examine the rheological characteristics of granular mate-
rials, described by η (the ratio of shear stress to pressure) and ν, for the quasi-static, dense, or
inertial states. The solid state (I = 0) is not discussed here. Plane shear flows are the conceptually
simplest problems used to study rheological properties.28 The approach to extract η − I and ν − I
relationships using the present model for plane shear flows can be found in Appendix A.

As an example, three η − I relationships predicted by the present model are shown in Fig. 1(a),
where the η − I relationship, derived by GDR MiDi28 from the experimental results for granular
flows down a rough inclined slope,29 is also shown for comparison. In the experiment of Ref. 29,
glass beads with ρd = 2500 kg/m3 and d = 0.5 ± 0.04 mm were used. When computing η, the
values of eeff , ηS, and K/p must be given since eeff , ηS, and K all are material properties. Three
values of eeff = 0.46, 0.58, and 0.7 were used. The corresponding value of ηS = 0.38 was estimated
by using ηS = tan θS, where θS is the angle of repose.29 We remark that the values of I (Eq. (A4))
and η (Eq. (A6)) are not sensitive to K/p: varying K/p from 10−1 to 105 only yields a relative
change of 1.2 × 10−3% in η and 1.6% in I.

As shown in Fig. 1(a), for the quasi-static state (I → 0), the predicted η seems independent of
I and remains a constant, say ηS, implying that the present model is applicable for the quasi-static
state. For the dense state (i.e., I > 0 and pS > 0), the predicted η increases with increasing I and
the predicted η − I relationships agree well with the experimental results; this comparison validates
the present model for the dense state. For the inertial state (i.e., I > 0 and pS = 0), the predicted η
decreases with increasing I, and the present model reduces to KTBHT. It can be seen from Fig. 1(a)
that η reaches a maximum value at the point where the dense state transits to the inertial state.
The maximum value of η, which corresponds to the maximum inclination angle under which the
granular material steadily flows down an inclined plane,8 is influenced by eeff . For pE > 0, the η − I
relationships for different values of eeff are similar. The η − I relationship shown in Fig. 1(a) is
similar to that in Ref. 8; however, the η − I relationship in Ref. 8 increases with decreasing I when
I → 0, a trend not present in our results. Therefore, the present continuum model is not capable of
predicting hysteretic flow thresholds, possibly because the work done by τE is not considered in the
present model (see the discussion about Eq. (15)).

The ν − I relationships predicted by the present model are presented in Fig. 1(b), where
Eq. (23) is also superposed for comparison. Figure 1(b) shows that ν decreases with increasing I
and it suddenly drops as the granular material enters into the inertial regime (pE = 0). Although pES

plays a role when ν > 0.57 (see Eq. (20)), the ν − I relationships predicted by the present model
still agree well with those predicted by Eq. (23) and are in agreement with the ν − I relationships
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presented in Ref. 46. This means that for granular materials in flow states, pES has an insignificant
contribution to either p (=pK + pES + pEF) or I (≡2dD1/2/


p/ρd). As a result, including pES in the

expression for p affects only the behavior of the granular material in solid state.
It has been pointed out in Section II B that four conditions must be satisfied by pE so that the

model can be applicable to problems involving all four states (the solid, quasi-static, dense, and
inertial states). It can be concluded from Fig. 1 that the present model described in Section II can
reduce to KTBHT (e.g., pE = 0 for large I, which is the second condition for the constitutive rela-
tion of pE presented in Section II B) and reproduce rheological characteristics for the quasi-static
and dense state as observed in the experiment (the third condition). Additionally, the predicted
ν − I relationship for the dense state is identical to the dilatancy law obtained experimentally (the
fourth condition). Consequently, all the four conditions listed in Section II B can be satisfied (see
Section II B for the first condition) and the present model is applicable to problems involving all
four states. When using the dilatancy law, we have to assume that the diffusion of T is insignifi-
cant. Therefore, the present model may not be applicable to problems where the diffusion of T is
significant.

V. APPLICATION TO COLLAPSE OF A GRANULAR COLUMN

To demonstrate the capability of the present model in simulating a general granular flow prob-
lem, the model is applied to simulate the collapse of a granular column. Collapsing process of
a granular column involves not only four states of granular materials but also different types of
problems: compact static granular column problem, surface flow problem, and deposition problem.
Furthermore, the collapsing process of a granular column involves large values of ν, which usually
can be a source of numerical instability as discussed in Section III. Therefore, the collapse of a
granular column is a good example to demonstrate the capability of the present model. There has
been no attempt in the literature to simulate this problem with compressibility (i.e., a variable ν)
being considered.

The results obtained by using the present model are compared with the experiments reported in
Ref. 49. Since it is difficult to fully mimic experimental conditions in our numerical simulations and
since the detailed flow fields were not reported in Ref. 49, we also performed a DEM simulation to
provide another numerical dataset for comparison.

A. Summary of the experimental results of Lajeunesse et al.

Lajeunesse et al.49 reported a series of experiments studying dynamics, kinematics, and deposit
morphology of granular column collapse. The granular material adopted in Ref. 49 (glass beads of
density ρd = 2500 kg/m3 and diameter d = 1.15 mm) is very similar to that for System 3 in Ref. 29
(see Section II B); its corresponding values of ηS and eeff have been estimated in Ref. 8 so that those
two model parameters are available as input parameters to our model.

Lajeunesse et al.49 conducted the experiment in a rectangular channel lined with sandpaper. A
vertical gate was equipped at one end of the channel to create a reservoir. The reservoir was partially
filled with glass beads to form a granular column. Collapsing of the granular column occurred after
the gate was quickly lifted open. Key experimental results of Ref. 49 are summarized below.

The flow induced by the collapse of a granular column, which is localized near the free surface,
is initiated by a Coulomb-like failure and eventually the granular material will come to rest. The
results of Lajeunesse et al.49 indicate that the flow dynamics and the deposit morphologies depend
primarily on the initial aspect ratio of the granular column, Hi/Li, where Hi = initial height and
Li = initial length. When Hi/Li < 3, the granular column spreads in the form of avalanching, lead-
ing to a truncated cone-shaped deposit (Hi/Li < 0.74) or a conical-shaped deposit (Hi/Li > 0.74).
When Hi/Li > 3, the granular column forms a pile; its upper part descends first and then spreads,
leading to a conical-shaped deposit. The deposit morphology can be described by the following two
scaling laws:

∆L
Li
∝



Hi/Li, Hi/Li < aL

(Hi/Li)α, Hi/Li > aL

(30)
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and

H f

Li
∝



Hi/Li, Hi/Li < aH

(Hi/Li)β, Hi/Li > aH , (31)

where ∆L = L f − Li with L f = length of the final deposit and H f = height of the final deposit. ∆L
is called “run-out distance” in the literature. The empirical parameters in Eqs. (30) and (31) are
α = 2/3, β = 1/3, aL = 3, and aH = 0.7. Lube et al.62 found that 1.8 ≤ aL ≤ 2.8 and β = 0.4 for
sand, rice, and sugar. The kinematics of the flow front can be well described using the characteristic
time scale τc =


Hi/g. Theoretically, the flow front will undergo three phases: an acceleration

phase, a deceleration phase, and a nearly constant speed phase in between. The duration of each
phase varies with problems. The experimental results of Lajeunesse et al.49 revealed that the flow
front accelerated when t < 0.8τc, decelerated when 2.6τc < t < 3.2τc, and moved with a nearly
constant speed within a time window which should be narrower than 0.8τc < t < 2.6τc.

B. Numerical setup

1. DEM

DEM has been proven to be able to accurately reproduce the collapsing process of granular
columns.63 This study uses an open source DEM software, called “LAMMPS Improved for General
Granular and Granular Heat Transfer Simulations” (LIGGGHTS).50 The computational domain is
schematically shown in Fig. 2. A granular column, with height = Hi and length = Li and width
= Wi, is located at one end of the channel, which has a length of 0.3 m. Referring to Fig. 2,
the periodic boundary condition is used in the x3-direction, and Wi = 5d is taken to minimize the
effects of the side walls on the flow induced by the collapse of the granular column. The bed is
covered by the beads of d = 1.15 mm, and the glass beads with d = 1.15 ± 0.1 mm are placed in
the reservoir. A linear spring-dashpot model is adopted here to calculate the normal contact forces
with the stiffness coefficient k = 104 N/m and the damping coefficient γ = 23 000 s−1, resulting in
a value of e ≈ 0.7 (γ =


8k/m{1 + [π/ ln(e)]2} with m = mass of the particle). The same model

parameters are adopted here to calculate the tangential contact forces, which are, however, limited
by the Coulomb friction forces with friction coefficient µp = 0.5, as suggested in Ref. 63. Giro-
lami et al.63 found that using different values of µp in the range of 0.2-0.6 yielded only a small
change in the length of the final deposit (less than 8%). In addition to the normal and tangential
contact forces, Girolami et al.63 also considered rolling friction. Since k = Ed/6(1 − σ2) with σ
being the Poisson’s ratio,63 k = 104 N/m corresponds to a Young’s modulus of O(106) Pa. Although
E = O(106) Pa is less than the actual value of E for glasses (O(1010) Pa), Ref. 63 suggests that using
E = O(106) Pa can yield accurate results and allow one to use larger time steps in simulations than
using E = O(1010) Pa. The time step ∆t = 10−5 s is taken, which ensures that each contact duration
exceeds 10∆t. In our DEM simulations, the gate is lifted up instantaneously.

FIG. 2. Computational domain for collapse of a granular column.
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2. The present continuum model

To use the present continuum model to simulate the problem shown in Fig. 2, both the length
and height of the channel vary in different runs to reduce the computational time, but it is ensured
that the granular flow will not touch both the far end and the top cover of the channel. In this
study, we simulate a two-dimensional problem without considering sidewall effects. We remark that
the present continuum model is applicable to three-dimensional problems. The no-slip boundary
condition is applied on the bed, but a slip boundary condition is applied at x1 = 0. The upper surface
of the granular material is assumed to be free of any shear stresses. At all boundaries, the gradients
of both ν and T are set to zero. The boundary condition for ν, together with the no-slip boundary
condition, ensures no new granular material can enter into the computational domain. The boundary
condition for T means that the boundary does not supply or absorb T . The level of T absorbed or
supplied by the boundary may depend on the types of materials used to construct the boundary.64

The boundary condition for T used here is supported by the results of Lube et al.,65 who used
several types of materials to construct the bed in their experiment: smooth wooden plane, smooth
transparent Perspex plane, and rough plane made of sandpaper. The results of Lube et al.65 for
run-out showed that the collapse of a granular column did not depend on materials used to construct
the bed, suggesting that the results are insensitive to small amount of T supplied or absorbed by
the boundary. Ionescu et al.33 used an η(I)-based constitutive relation, which was obtained by
neglecting the flux of T at the boundary, to simulate collapsing granular column and their run-out
results showed quantitative agreement with the experiment. Therefore, we believe using a zero flux
of T as the boundary condition for T is reasonable. A grid size of dx = 0.0025 m and a time
step ∆t = 10−5 s are used in the simulation. The loop used to solve this model (see Section III)
is repeated five times in each time step (i.e., nL = 5). The parameters used in our simulations are
summarized in Table I. The values of ρd and d are the same as those used in the experiment49

and the DEM simulations described in Section V B 1. The value of eeff was suggested by Ref. 8,
who obtained the value of eeff by fitting the maximum η predicted by a numerical model8 to the
experimental results for glass beads with d = 1.15 ± 0.1 mm. The value of ηS was simply given
by the tangent of the angle of repose obtained from the experiment.29 According to Ref. 66, νmax

ranges from 0.625 to 0.641 and νmin from 0.56 to 0.6; we take νmax = 0.63 and νmin = 0.57 in this
study. νo = 0.6 was suggested by Ref. 31. The values of a and δ were obtained by fitting Eq. (23)
(the ν − I relationship) to the DEM results of Ref. 47. For K and χ, which are associated with the
pressure in the solid state, the results of our sensitivity analysis have shown that the run-out distance
(∆L) and the finial height (H f ) are insensitive to both K and χ (see Section V C 3). Following
Ref. 7, we adopt n = 105: a larger value of n yields a higher viscosity when the granular material
approaches the solid state (see Eq. (18)). The initial values of the volume fraction νi are within
0.61 and 0.63 in the experiment of Ref. 49. Due to the limitation of the dilatancy law (ν < νo,
see Eq. (23)) and the use of the simple pES − ν relationship (Eq. (20)), νi = 0.575 is simply taken,
which exceeds the random loose packing fraction (νmin). Effects of νi on the collapse process will be
discussed in Sec. V C. We use “setFields,” an OpenFOAM built-in function, to set up νi.

C. Results

1. Flow field

As mentioned in Section V A, previous studies have shown that both the collapsing process of a
granular column and the deposit morphology depend on the initial aspect ratio (Hi/Li). To show this
using our numerical results, we examine here three cases: Hi = 6.12 cm and Li = 10.2 cm (case 1),

TABLE I. The values of all model parameters for all simulations. (Units: ρd in kg/m3; d in mm; K in Pa).

ρd d eeff ηS vmax vmin vo a δ K χ N

2500 1.15 0.58 0.42 0.63 0.57 0.6 0.28 0.58 108 1.5 105
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FIG. 3. Sequences of the collapsing process at t = 0.5τc, τc, 2τc, and 3τc for case 1. (a) Flow evolution: the color points
are the centers of particles predicted by DEM, whereas the solid lines represent contours computed using the present method
for ν = 0.1, 0.3, and 0.5. The volume fraction ν decreases outward. (b) Velocity fields: the color maps are the contours of the
volume-averaged velocity predicted by DEM, and the solid lines represent the computed results using the present continuum
method; the intervals of the contour levels represented by the solid lines are the same as those in the color bar. (c) The white
pixels indicate the flowing layer observed in the experiment.49

Hi = 13.44 cm and Li = 5.6 cm (case 2), and Hi = 16.5 cm and Li = 1 cm (case 3). The reason
we chose these three cases is because they have different deposit morphologies, as mentioned in
Section V A. Figures 3-5 show four snapshots of our numerical results obtained by using the present
continuum method (CM in short hereafter) and the DEM. These four snapshots show different
stages of the flow front: speeding up (t = 0.5τc), moving with a nearly constant speed (t = 1τc and
2τc), and slowing down (t = 3τc). Experimental results for these three cases49 are also shown in
Figs. 3–5 for comparison. We remark that our CM simulations typically take a few hours of CPU
(central processing unit) time for 1 s of physical time on a computer with one thread of Intel®

Core™ i7 CUP 870; for example, case 2 took 3.48 h of CPU time for 1 s of physical time. Our DEM
simulations typically take more CPU time than CM simulations; for example, using the same CPU
but two threads, case 2 took 7.77 h of CPU time for 1 s of physical time.

Before discussing the evolution of the shape of the collapsing granular column, we need to
define the free surface of the granular material for the results computed by using CM. Here, the
contour line of ν = 0.1 obtained by CM is considered to be the free surface, which matches the
shape of granular column given by DEM for case 1 at t = 0.5τc (see Fig. 3(a)). For ν >0.1, the
distance between the edges of neighboring particles is less than a particle diameter.67 In Figs. 3(c),
4(c), and 5(c), we only presented the experimental results corresponding to the moving layer (white
pixels);49 this is because the moving layer is localized near the free surface.

For cases 1 (Figs. 3(a) and 3(c)) and 2 (Figs. 4(a) and 4(c)), the granular column spreads
through avalanching on its front side; for case 3 (Figs. 5(a) and 5(c)), the granular column forms
a pile after its upper part descends, and then spreads. The shapes of granular column obtained
by CM and DEM agree well with each other, which validates CM. However, it is observed that
the flow front obtained by CM moves slower than that obtained by DEM at t = 2τc and 3τc; this
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FIG. 4. Same as Fig. 3 but for case 2.

is possibly because the no-slip boundary condition, imposed at the bed, cannot fully reflect the
complex interaction between the bed and the particles.33

As shown in Figs. 3 and 4, the shapes of the granular column simulated by CM and DEM differ
from the experiment at t = 0.5τc and τc, but they eventually become similar at t = 2τc and 3τc. At

FIG. 5. Same as Fig. 3 but for case 3.
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t = 0.5τc and τc, the foot of the granular column moves forward more faster in the experiment than
in both CM and DEM simulations. The measured upper surface of the granular column remains
more or less horizontal in the region immediately behind the flow front but the simulated upper
surfaces show noticeable inclination, which were also observed in the simulations of Refs. 33 and
65. In Fig. 5, the simulated upper surface of the granular column descends rapidly than that in the
experiment. According to the numerical study of Ionescu et al.,33 the difference at t = 0.5τc and τc
may be due to the different released mechanisms used in the simulations and the experiment: in the
experiment, the granular flow is released from the reservoir by lifting up the gate at a finite speed,
while in the numerical simulations, the gate is lifted up instantaneously. Previous studies33 suggest
that lifting up the gate with a finite speed can make the front propagate slower even though the final
run-out distance can be the same as that obtained for lifting up the gate instantaneously.

Figures 3(a) and 4(a) show that ν decreases rapidly toward the free surface for cases 1 and 2,
but the decrease is mild in the upper part of the granular column for case 3 (see Fig. 5(a)). It can
be seen from the results of DEM for case 2 (Fig. 4(a)) that a saltating region,68 a cloud of bouncing
particles, exists at the flow front for t = 2τc. In the vicinity of the flow front, even though our
continuum model captures a phenomenon similar to saltation, we are not able to confirm if the glass
gains are really saltating. The no-slip boundary condition imposed at the bed and the low volume
fraction in the vicinity of the flow front might have contributed to the observed phenomena. It is
known that kinetic theory is not suitable for very diluted flows where the volume fraction is close to
zero. In our simulations, the volume fraction is less than 0.3 in the vicinity of the flow front.

After having discussed the evolution of the column shape simulated by the present continuum
method, we now examine the flow field. Figures 3(b) and 4(b) show that the velocity increases
toward the flow front, whereas Fig. 5(b) shows that the velocity in the upper part of the granular
column is nearly uniform for t ≤ τc. The velocity distributions computed by CM and DEM are also
in agreement with the experiment.49 As shown in Figs. 3(b)-5(b), both CM and DEM predict nearly
identical flow fields (except in the vicinity of the flow front), which validates the present continuum
model again. Comparing the flow fields computed by the CM and DEM with the experiment (the
white pixels in Figs. 3(c)-5(c)),49 it can be found that the zones where |u| > 0.2 m/s approximately
match the moving layers in the experiment. Therefore, we adopt |u| = 0.2 m/s as a criterion to
distinguish the moving layer from the non-moving layer below. We remark that the contour line for
|u| = 0.2 m/s obtained by the CM is close to that for |u| = 0.1 m/s when t > τc, meaning that the
flow velocity decreases quickly in the direction opposite to the flow for |u| < 0.2 m/s, and thus using
|u| = 0.2 m/s as the criterion is acceptable.

Figures 3(b)-5(b) show that the flow is initiated (t = 0.5τc) by the rupture along a well-defined
failure line, above which the granular material flows down and below which the granular material
is not moving. Here, we regard the contour line for |u| = 0.2 m/s as the failure line. The failure
angles (θ f ) in the numerical results of both the CM and DEM are approximately 54◦ (See Fig. 4(b)),
which is close to the measurement (θ f = 50◦–55◦) and to that predicted by Mohr-Coulomb failure
criterion (θ f = 45◦ + θS/2 = 56◦).49 For case 1, since Hi/Li = 0.6, which is much smaller than
tan 54◦ (=1.37), the failure line extends to the upper surface, and the flow is localized near the
frontal side of the collapsing column. Since Hi/Li = 5.6 and 16.5 for cases 2 and 3, respectively,
which are larger than tan 52◦, the failure line goes through the entire granular column and the whole
granular column is moving.

As shown in Figs. 3(b)-5(b), there is always a non-moving layer below the moving layer except
in the vicinity of the flow front where the moving layer is in direct contact with the bed. Accord-
ingly, it can be anticipated that the effect of the bed is significant only in the vicinity of the flow
front, and the incorrect boundary condition imposed at the bed may only induce local errors there.
This may explain why the CM underestimates the speed of the front compared to the DEM, but is
able to predict flow field correctly away from the flow front.

In the present study, only the work done by the kinetic component of the shear stress is
included in Eq. (15) for simplicity. However, this treatment prevents one from predicting the hys-
teric flow threshold at which the angle of repose equals the static internal friction angle. Includ-
ing the enduring-contact component of the shear stress in Eq. (15) produces an angle of repose
slightly smaller than the static internal friction angle (around 2◦–4◦).8 If ηS is fixed, excluding the
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FIG. 6. Profiles of a collapsing granular column at t =τc, 2τc, and 3τc for case 2 with νi = 0.575 and dx = 2.5 mm (solid
line), νi = 0.58 and dx = 2.5 mm (dotted line), and νi = 0.575 and dx = 1.25 mm (dashed line).

enduring-contact component from Eq. (15) may result in a final surface profile slightly steeper than
that obtained by including it.

2. Influence of numerical setup and model parameters on the simulated collapsing
process of column collapse

When simulating the collapse of a granular column using the present continuum method, we
used dx = 2.5 mm and νi = 0.575, which slightly exceeds νmin = 0.57. To examine effects of νi
and dx on the simulated collapsing process, the profiles of the granular column at t = τc, 2τc, and
3τc for case 2 are shown in Fig. 6 for various values of νi and dx. Three combinations of νi and
dx were examined: νi = 0.575 with dx = 2.5 mm, νi = 0.58 with dx = 2.5 mm, and νi = 0.575
with dx = 1.25 mm. The results agree well with each other, showing that the simulated collaps-
ing process is not sensitive to a small change in νi and the numerical simulations converge with
dx = 2.5 mm. However, it can be seen from Fig. 6 that the foot of the column for νi = 0.58 spreads
slightly faster than that for νi = 0.575 when t < 0.5τc, but they tend to be consistent after t > τc,
possibly because using νi = 0.58 has yielded a slightly large pressure gradient (see Eq. (20)) in the
vicinity of the flow front. In contrast, the foot for dx = 1.25 mm is similar to that for dx = 2.5 mm,
but the former spreads slightly faster than the latter when t > 2τc. Since the flow front (x1 > 0.2 m)
is about 10 mm in thickness, using dx = 2.5 mm may induce a slightly larger numerical error than
using dx = 1.25 mm near the flow front.

Table II summarizes our results on how sensitive the run-out distance (∆L) and the finial
height (H f ) are to the model parameters. In this sensitivity analysis, the base values for the model
parameters listed in Table I were used, which give us Itran = 1.182, ηtran = 0.539, ∆L = 0.207, and

TABLE II. Summary of the sensitivity analysis.

Varying
parameter Varying ranges Itran ηtran (10−1) ∆L (cm) H f (cm)

eeff 0.46 → 0.70 1.492 → 0.882 (69%) 5.84 → 4.79 (22%) 20.4 → 21.5 (5%) 6.53 → 6.45 (1%)
ηS 0.30 → 0.51 1.182 5.39 23.5 → 19.2 (22%) 5.32 → 7.32 (38%)
vmax 0.62 → 0.64 1.182 5.39 20.5 → 20.9 (2%) 6.46 → 6.50 (1%)
vmin 0.565 → 0.575 1.182 5.39 20.7–21.0 (1%) 6.50 → 6.45 (1%)
vo 0.59 → 0.61 1.226 → 1.136 (7%) 5.37 → 5.41 (1%) 21.0 → 20.6 (2%) 6.50 → 6.47 (<1%)
a 0.18 → 0.38 0.989 → 1.346 (15%) 5.49 → 5.31 (3%) 21.0 → 20.7 (1%) 6.45 → 6.53 (1%)
δ 0.39 → 0.77 1.168 → 1.199 (3%) 5.40 → 5.38 (<1%) 20.7–21.1 (2%) 6.52 → 6.45 (1%)
K 105→ 109 1.182 5.39 20.5–20.7 (1%) 6.33 → 6.53 (3%)
χ 1, 1.5 → 3.5 1.182 5.39 19.5, 20.7 → 20.6 (<1%) 6.58 → 6.29 (5%)
n 103→ 106 1.182 5.39 20.9 → 20.7 (<1%) 6.48 (<1%)
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H f = 0.0648. Here, Itran and ηtran are critical values of I and η for the incipient transition between
the dense state (pE > 0) and the inertial state (pE = 0) (see Fig. 1). The ranges of these model
parameters used in the sensitivity analysis and the corresponding ranges of Itran, ηtran, ∆L, and H f

are listed in Table II, where the symbol “→ ” indicates the direction of the change of Itran, ηtran, ∆L,
or H f by increasing a model parameter in its respective range. The symbol “–” indicates that there
is no specific varying trend. For comparison, the rheological characteristics that affect the collapsing
process are also included in Table II as ηtran and Itran. We remark that ηS is also a parameter
describing the rheology (see Fig. 1). The ranges of eeff , ηS, a, and δ cover the values reported in
the literature: eeff = 0.64 in Ref. 12, 0.30 ≤ ηS ≤ 0.51 in Ref. 69, a = 0.18 and 0.20 in Ref. 46,
and δ = 0.39 and 0.42 in Ref. 46. νmax = 0.63 ± 0.1 covers the range of 0.625–0.641 reported in
Ref. 64. νo = 0.6 ± 0.1 and νmin = 0.57 ± 0.05 are chosen in this study; this is because when either
νo ≤ 0.58 or νmin ≤ 0.56 is used, the granular column will expand quickly at the initial state due to
a very large pressure caused by using these values (see Eqs. (20) and (24)). Reference 63 suggests
that using Young’s modulus of E = O(106) Pa and E = O(1010) Pa in DEM may yield very similar
results. According to Eq. (21), K = O(105)-O(109) Pa corresponds to E = O(106) − O(1010) Pa;
therefore, this range of K is adopted in the present study. Hsu et al.22 suggested χ = 5.5 for the
failure concentration close to cmax in sheet flows where the granular material transits from solid
state to flow state. However, according to the dilatancy law (Eq. (23)) and the pES − ν relationship
(Eq. (20)), the failure concentration should be less than co but larger than cmin. Therefore, we
take χ = 1 − 3.5 in this study. We remark that using χ ≥ 4 may yield numerical instability and
using χ = 1 leads to an expansion of granular column at the initial stage. It can been seen from
Table II that ηS (= tan θS) has strong effects on both ∆L and H f : a smaller value of ηS produces a
milder profile of granular column (i.e., a larger ∆L and a smaller H f ), which is consistent with the
numerical results obtained by solving an η(I)-based model.32,33 Although eeff strongly affects the
rheological characteristics, it has insignificant effect on ∆L. As shown in Table II, both K and χ
have only minor influence on H f : a larger value of K leads to a slightly larger H f and a larger value
of χ leads to a slightly smaller H f because both K and χ reflect compressibility.

3. Scaling law for the final height and run-out distance

To examine the values of H f /Li and ∆L/Li computed using the present continuum model,
four numerical simulations were performed. For each case, Hi or Li was fixed but Hi/Li varied
in a range. The values of H f /Li and ∆L/Li computed using the present model are presented in
Fig. 7, where the experimental results reported in Refs. 49 and 70 and the DEM results reported
in Ref. 63, as well as the scaling laws (Eqs. (30) and (31)), are also included for comparison. The
particle diameters and channel widths reported in the literature49,63,70 are summarized in Table III.

FIG. 7. Normalized finial height (a) and run-out (b) against the column aspect ratio. The symbols in (b) are the same as those
in (a).
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TABLE III. Key experimental conditions in relevant studies reported in the literature.

Reference Channel width (W ) Particle diameter (d) W /d

Lajeunesse et al.49 45 mm 1.5 and 3 mm 30 and 15
Girolami et al.63 45 mm 3 and 5 mm 15 and 9
Balmforth and Kerswell70 10 mm (narrow) 0.8 mm 12.5
Balmforth and Kerswell70 200 mm (wide) 0.8 mm 250

We remark that the results plotted in Fig. 7 were obtained using glass beads. It can be seen from
Fig. 7 that the values of H f /Li and ∆L/Li computed using the present continuum model agree well
with the two scaling laws and those reported in the literature.49,63 The computed ∆L/Li follows the
trend of the measured ∆L/Li reported in Ref. 70, but our values of ∆L/Li fall between those for
wider and narrower channels.

It is worth mentioning that the channel width has influence on ∆L/Li in the experiment. A
wider channel leads to a larger ∆L/Li, as shown in Fig. 7. Physically, a wide channel has less
averaged friction force per unit width on granular flows than a narrow channel, and the values
of ∆L/Li computed using the present continuum model should be close to those obtained from
a wide channel. The difference between our results and the measurement for the wide channel
may be due to the use of the no-slip boundary condition at the bed. Another possible reason is
the three-dimensional features associated with a wide channel in the experiment. For slow flows,
Ref. 71 suggested to use a simple Coulomb model to account for the friction forces from the side
walls. However, this simple treatment may not be applicable for fast flows because the collisions
between particles and the walls become predominant in the vicinity of the flow front. Consequently,
possible sidewall effects were not considered in this example.

4. States of the granular column

As mentioned in Section II, when pE = 0, the present model reduces to KTBHT (see Eqs. (4),
(5), and (18)) and the granular material is in its inertial state. Furthermore, when p ≈ pE , 0 and
pK ≈ 0, the particle inertia and the collision between particles play insignificant role in the mo-
mentum transfer, and the granular material is in its quasi-static or solid state. Accordingly, pE/p can
be regarded as an index to approximately distinguish among different states of a granular material:
the solid and quasi-static states exist when pE/p > 0.99, the dense state when 0.01 ≤ pE/p ≤ 0.99,
and the inertial state when pE/p < 0.01. The state maps for cases 1-3 at t = τc and 2τc are pre-
sented in Fig. 8, which shows that the solid and quasi-static states (pE/p < 0.01), the dense state
(0.01 ≤ pE/p ≤ 0.99), and the inertial state (pE/p > 0.99) coexist. This is the reason why we
have used the collapse of a granular column to test the present model. After comparing Fig. 8

FIG. 8. Distributions of pE/p at t =τc (top row) and 2τc (bottom row) for case 1 (a), case 2 (b), and case 3 (c).
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with Figs. 3(b)-5(b), it can be found that the regions of solid and quasi-static states in Fig. 8
match the non-moving regions in Figs. 3(b)-5(b), and that the granular flows in the moving layer
are in the dense state except in the regions near the flow fronts for cases 1-3 and near the upper
part of the granular column for case 3 where the granular material is in its inertial state. When the
flow front is in inertial state, the flow front consists of a cloud of bouncing particles, a phenomenon
reported also in the study of Lagrée et al.,32 who used a contact mechanic method.

VI. DISCUSSION

The results presented in Sections IV and V demonstrate that the present continuum model is
applicable to general granular flow problems involving solid, quasi-static, dense, and inertial states,
while existing models based on KTBHTs are applicable only to simple one-dimensional problems
such as surface-driven granular flows35 and granular flows down an inclined plane.9,12 This section
compares the present continuum model with the existing CM models that have been used to study
the collapse of a granular column.

There are two groups of continuum models for simulating the collapse of a granular col-
umn: the models based on the Saint-Venant/shallow-layer approximation (e.g., Refs. 72–75), and
the models that do not use this assumption. Here, we only compare the present model with
the latter32,33,76 because we did not use Saint-Venant/shallow-layer approximation. The model of
Lagrée et al.32 was developed based on an incompressible Navier-Stokes solver and the η(I)-
rheology (i.e., η(I) = ηS + ∆η/(Io/I + 1) with ∆η and Io being two model parameters).2,27 The
model of Ionescu et al.33 was developed based on the η(I)-rheology and an iterative decomposition-
coordination formulation coupled with an augmented Lagrangian method. These two models32,33

are applicable to solid, quasi-static, and dense states because both use the η(I)-rheology. Crosta
et al.76 developed a numerical model based on a Lagrangian approach (a computational solid
dynamics approach) and an elasto-plastic model; their model is limited to solid (elastic) and
quasi-static (plastic) states. Although the model of Lagrée et al.32 can reproduce well the collapsing
process of a granular column obtained by using DEM, Lagrée et al.32 did not compare the numerical
results with physical experiments. The models of Crosta et al.76 and Ionescu et al.33 can reproduce
quantitatively the experimental results of a collapsing granular column. These models32,33,76 did not
capture the flow front moving in inertial state, implying that the inertial state of the flow front may
have insignificant effects on the flow dynamics of collapsing granular columns. Since the present
model can also capture the flow front moving in inertial state, it is suitable to study problems
involving all four states of granular material. Comparing with these three models,32,33,76 the main
advantage of the present continuum model is its generality and extensibility. For example, the pres-
ent continuum model considers the effects of volume fraction ν on the constitutive relations, and
thus is applicable to problems with values of ν varying from high to low. Additionally, the present
continuum model can be easily extended to include fluid phase under the two-phase flow (a contin-
uum phase and a dispersed phase) framework.77–80 However, solving the present continuum model
needs more computational resources than the other three models;32,33,76 this is because achieving
generality and extensibility requires more equations (e.g., Eq. (3)) to be solved. Currently, the
present continuum model is applicable only to spherical particles. To make the present continuum
model applicable to other particle shapes, further improvement on KTBHT is required.

VII. CONCLUSIONS

This study developed a three-dimensional continuum model for flows of granular materials
(spherical beads) by adding new enduring-contact components to the shear stress and pressure
in KTBHT. The enduring-contact component of shear stress was taken to be proportional to
the enduring-contact component of pressure. A novelty of this study is the determination of the
enduring-contact component of pressure. We combined two approaches to determine the enduring-
contact component of pressure: one for solid state and the other for fluid state. The combined
approach makes the present continuum model applicable to problems involving both solid and
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fluid states. The rheological characteristics revealed by the present continuum model for small as
well as large inertial numbers agree with those observed in quasi-static, dense, and inertial states,
suggesting that the present model is applicable to those three fluid states when the diffusion effect of
the granular temperature is insignificant.

A new numerical scheme, based on a predictor-corrector method, was developed to solve the
present model. This new numerical scheme can avoid possible numerical instability that normally
occurs when ν is large. This scheme solves the mass balance equation in an advection-diffusion
form, but not in an advection form, and the diffusion term prevents numerical instability.

The present continuum model was applied to simulate the collapse of a two-dimensional gran-
ular column. Our results showed that the present continuum model could reproduce the column
shape and flow field in good agreement with the results of DEM. The simulated non-flowing zone
and final deposit were consistent with the experimental results reported in the literature. Comparing
the predicted final height and run-out with the results obtained experimentally and by DEM, the
predicted finial heights agreed well with these results, whereas the run-out was slightly underesti-
mated, perhaps because of the non-slip boundary imposed at the bed. Consequently, the dynamics
of a collapsing granular column is not perfectly reproduced in this study. Even though the present
model is far more general than previous models, it does not reproduce the detailed dynamics of
a collapsing granular column as good as Ionescu et al.33 Finally, the state maps revealed that the
granular material in the following zone was in the dense state except near the flow front and the
upper part of the granular column when the aspect ratio is large. One important observation is that
the present continuum model can capture the flow front in the inertial state, a difficulty currently
facing other models.
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APPENDIX A: PLANE SHEAR FLOW

A plane shear flow can be established between two moving parallel rough plates. Here, we
assume that the plane shear flow is steady (∂/∂t = 0) and uniform, that is, u1 (in the direction of the
moving plate) is the only non-zero velocity component and varies only with x2 (normal to the plate).
For this plane shear flow, τ12 is the only non-zero shear stress. After simplification and substitution
of Eqs. (6)–(8), (13), and (15) into Eq. (3), we have(

∂u1

∂x2

)2

− 3(1 − e)λ ′
4µ′d2 (12T) = 0, (A1)

where λ ′ = λK/ρddT1/2 and µ′ = µK/ρddT1/2. Equation (A1) indicates that ∂u1/∂x2 can be ex-
pressed by T1/2 as

∂u1

∂x2
=

3
d

( (1 − e)λ ′
µ′

)1/2

T1/2. (A2)

Substituting Eqs. (9), (19), (20), (22), and (24) into Eq. (5) and invoking the relationship between
∂u1/∂x2 and T (Eq. (A2)) yields

p = K f1 + ρdν max( f2, f3) f4
2d2

(
∂u1

∂x2

)2

, (A3)

where f1 = pES/K , f2 = pD/ρdνT , f3 = pK/ρdνT , and f4 = [9(1 − e)λ ′/µ′]−1/2. Since I = d∂u1/
∂x2/


p/ρd, one can obtain

I =


1 − K f1/p

ν max( f2, f3) f 2
4

. (A4)
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If values of K/p, ν, and e are given, one can obtain I from Eq. (A4). Similarly, substituting Eqs. (6),
(9), (17)–(20), (22), and (24) into Eq. (4) and invoking Eq. (A2) leads to

τ12 = K f1η
S + ρdd2 � f4µ

′ + ν max ( f2 − f3,0) ηS f 2
4

� (
∂u1

∂x2

)2

. (A5)

Since η = τ12/p, one can obtain

η =
K
p

f1η
S +

�
f4µ
′ + ν max ( f2 − f3,0) ηS f4

2� I2. (A6)

Once values of K/p, e (or eeff ), and ν are given, η can be obtained from Eqs. (A4) and (A6).

APPENDIX B: COMMENTS ON APPLYING A TWO-PHASE EULER SOLVER IN OpenFOAM
TO GRANULAR COLUMN COLLAPSE

OpenFOAM provides a solver “twoPhaseEulerFoam” to simulate particle-fluid flows. If the
density and viscosity of fluid are set to be low enough that the inertial force (depending on the
density of fluid) and drag force (depending on the viscosity of fluid) between two phases are
insignificant, “twoPhaseEulerFoam” can be used to simulate granular flows. The stress for the
granular phase in “twoPhaseEulerFoam” is similar to our proposition in Section II B, but the
enduring-contact component of pressure (pE) is only given by a pE − ν relation. We have tried to
simulate the collapse of a granular column using “twoPhaseEulerFoam”; however, the computed
flow never stopped, possibly because “twoPhaseEulerFoam” overestimates the pore fluid pressure
but underestimates the enduring-contact component of the pressure for granular phase, even when
using the constitutive equations listed in Section II B. We have also tried to remove the fluid part
in “twoPhaseEulerFoam” to bypass the problem arising from overestimating the pore fluid pressure,
but it yielded numerical instability.
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