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Abstract—Net neutrality has been heavily debated as a poten-
tial Internet regulation. Advocates have expressed concerns about
the pricing power of ISPs, which might be used to discriminate
Content Providers (CPs), and consequently destroy innovations
at the edge of the Internet and hurt the user welfare. However,
without service differentiation, ISPs do not have incentives to
expand infrastructure capacities and provide quality of services,
which will eventually impair the future Internet.

Although competition among ISPs would alleviate the prob-
lem and reduce the need for regulations, the problem is more
severe in monopolistic markets. We study the service differentia-
tion offered by a monopolistic ISP and find that its profit-optimal
strategy makes an ordinary service “damaged good”, which hurts
the welfare of CPs. Instead of imposing net neutrality regula-
tions, we propose a flexible and lenient policy framework that
generalizes net neutrality regulations. We find that a stringent
regulation is needed when 1) the ISP’s capacity is abundant, 2)
the profit distribution of CPs is concentrated, or 3) the utility
of CPs and their users are not positively correlated. We believe
that by allowing the ISPs to differentiate services under a well-
designed policy constraint, the utility of the Internet ecosystem
could be greatly improved.

I. INTRODUCTION

A decade after the privatization of the Internet in the mid-
nineties, Internet Service Providers (ISPs) started to perform
service differentiation (or discrimination) on data traffic in
practice. This becomes a matter of great concern to the
regulatory authorities and their goals to protect the universal
core connecting service of the Internet and its user welfare.
In 2005, Madison River Communications blocked VoIP traffic
[17] and was fined $15,000 by the U.S. Federal Commu-
nications Committee (FCC). Meanwhile, net neutrality [25]
was proposed as a potential regulation for the Internet. Later
in 2008, the FCC issued an order censuring Comcast from
interfering with subscribers’ use of peer-to-peer applications.
As the major opponents of net neutrality, ISPs, e.g., Verizon
and Comcast, argued the necessity of maintaining a non-neutral
network and filed lawsuits to challenge the rulings. As a
turning point in 2010, the U.S. federal court, in a unanimous
decision, found that the FCC lacked the power to enforce these
network neutral rules and vacated the 2008 order issued by the
FCC [11].

Although net neutrality is still being heavily debated among
policy and law makers, the debate has mostly centered around
the argument whether service differentiation should be allowed
for the Internet transport services, e.g., IP transit and content
delivery services. ISPs argue that due to network congestion
and security, network management is needed to differentiate

traffic and maintain a more efficient network. From an eco-
nomic perspective, the revenue model of the two-sided Internet
market [1] is not balanced: revenues from online services of
the CPs are growing more than twice as fast as those from the
Internet access ISPs [20], whose market capitalizations have
stagnated as investors weigh high capital requirements against
continued margin pressure. ISPs feel that CPs are free-riding
on their invested infrastructure. Without service differentiation,
ISPs will not have incentives to invest and expand their
infrastructure capacity so as to provide better quality services.
This raises serious challenges regarding the viability of the
current Internet model in the future. Nevertheless, CPs worry
that, without net neutrality, ISPs might have too much pricing
power to charge them and negatively discriminate their traffic.

In this work, we focus on monopolistic access markets,
e.g., broadband or mobile markets in rural areas where ISPs
have fewer incentives to deploy capacities due to low customer
densities and natural monopolies emerge as a result of high
deployment costs. Since monopolies have high pricing power
over users, regulations are most in need in these markets. We
consider a type of paid prioritization where the ISP partitions
bandwidth capacity into a chargeable premium service class
and a free ordinary service class. CPs are allowed to choose
the service class and will be charged by a uniform price
determined by the ISP for the traffic sent using the premium
service. This paid prioritization reflects the current practices of
access ISPs which adopt paid peering, e.g., Netflix pays to peer
with Comcast directly [10], and settlement-free peering. Never-
theless, this service differentiation is non-forcible, i.e., CPs do
not have to pay the ISP by using the ordinary service, and non-
discriminative, i.e., traffic sent in the same service class will be
charged equally and treated in a network-neutral manner. We
explicitly model the congestion of each service class to capture
the negative network effect (or network externality) among the
traffic of CPs in a single service class, and study the CPs’
optimal choices of service which depend on both the premium
service’s price and the congestion of both service classes. Via
backward induction, we further characterize the ISP’s optimal
capacity allocation and pricing decisions, and analyze their
impacts on the welfare of CPs and users. We identify the
policy regime under which the monopoly should be regulated
and design a desirable policy to regulate the monopolistic ISP
which is less stringent than imposing net neutrality regulations.
In particular, our contributions and findings include:

• We characterize the CPs’ optimal choices of service by
a novel partition equilibrium and prove its uniqueness
property (Theorem 2).

• Without regulation, an ISP is always better off when



allocating more capacity to the premium service (The-
orem 3), which makes the free ordinary service “dam-
aged good”.

• We design a policy framework to regulate ISPs’
service differentiation. It generalizes net neutrality
regulations, and therefore, is more lenient and effi-
cient. Under this framework, we characterize an ISP’s
optimal capacity allocation and the monotonicity prop-
erties of the resulting partition equilibrium (Theorem
4 and 5).

• We study the policy’s impact on the profit of ISP
and the utility of CPs and their users. We find that
although a lenient regulation increases an ISP’s profit,
more stringent policies are needed when the ISP’s
capacity is abundant or the CPs’ profit distribution is
concentrated.

• The welfare of users depends on the correlation be-
tween the users’ value on the CPs and their profit. We
find that when this correlation is positive, more lenient
policy could improve the user welfare and vice versa.

Intuitively, Internet’s welfare can be increased if valuable and
congestion-sensitive content are prioritized appropriately. Our
framework and results provide new insights into the regulations
of monopolistic access markets.

II. RELATED WORK

Tim Wu first proposed the concept of net neutrality in
[25], which surveyed the discriminatory practices, e.g., selec-
tively dropping packets, of broadband and cable operators and
proposed solutions to manage bandwidth and police ISPs so
as to avoid discrimination. Economides et al. [9] compared
various regulations for quality of service, price discrimination,
and exclusive contracts, and drew conclusions on desirable
regulation regimes. Our work focuses on a practical paid
prioritization structure of a monopolistic ISP. Shetty et al. [22]
proposed a simple regulatory tool to restrict the percentage
of capacity the ISPs dedicate to a premium service class.
We propose to impose a less restrictive framework under
which ISPs are allowed to freely differentiate services and set
prices, as long as the difference in the induced congestion
of the services is upper-bounded by some policy constraint.
To maximize social welfare, Ma et al. [13] considered the
ISP settlement aspect and advocated the use of Shapley value
as profit-sharing mechanism to encourage ISPs. This work
focuses on the interactions between the ISPs and the CPs, or in
other words, whether price and service differentiation for the
CPs would induce a better profit sharing and welfare for the
Internet ecosystem. Ma and Misra [15] advocated the use of a
Public Option ISP to compete with monopolistic ISPs rather
than imposing the network-neutral regulations. We focus on
the scenarios where the introduction of such a competing ISP
is practically impossible. Our conclusion is that net neutrality
regulations are still not desirable, because our less stringent
policy framework generalizes net neutrality regulations and
could be more efficient.

From a modeling perspective, our model of paid prioriti-
zation can be regarded as a generalization of the Paris Metro
Pricing (PMP) scheme first proposed in Odlyzko [19], where

both service classes have the same capacity. The formula for
M/M/1 queueing delay has been used to abstract out traffic
and congestion, e.g., Choi and Kim [5], in economic analyses.
Our novel congestion model, i.e., the partition equilibrium, is a
refinement of the Nash equilibrium. In particular, the partition
equilibrium possesses a structural property that guarantees
its uniqueness and makes our analysis of welfare tractable.
Musacchio et al. [18] also focused on a monopolistic ISP and
considered advertising CPs in a two-stage model. Caron et
al. [3] modeled differentiated pricing for only two applica-
tion types. Shetty et al. [22] used a similar PMP-like two-
class service differentiations and considered capacity planning,
regulation as well as differentiated pricing to consumers. Our
differentiated pricing focuses on the CP-side, where the CPs
choose service classes and consumers choose ISPs. Yuksel et
al. [26] also used a two-class service model, but focused on
transit ISPs and quantified the equivalent over provisioning
cost under best-effort. We focus on a monopolistic access
ISP and the welfare of different parties. Podlesny et al. [21]
designed differentiated network services that enhance through-
put rates and queueing delays through controlling the buffer
size. We differentiate services by allocating each class different
capacity rather than controlling the traffic flows.

From an economics perspective, Sidak [23] looked at
net neutrality regulations from consumer welfare’s point of
view and argued that differential pricing is essential to the
maximization of utility. We not only focus on the consumer
utility, but also the welfare of the ISP and the CPs. From
an engineering perspective, Crowcroft [6] reviewed various
technical aspects and concluded that “perfect” net neutrality
has never been and should not be engineered. We share
the same view that even under a monopolistic market, net
neutrality regulation is not necessary, and a more flexible and
efficient regulation framework can be used instead.

III. SYSTEM MODEL

We consider an access market consisting of a monopolistic
ISP I and a nonempty set N of CPs. We denote µ as the ISP’s
capacity and λi as the throughput of each CP i ∈ N . Due to
the statistical multiplexing nature of data networks such as the
Internet, higher volume of data traffic induces higher network
congestion, which negatively affect the performance of users
and causes a negative network effect (or network externality)
among the throughput of the CPs. We denote φ as a metric
of network congestion and characterize the throughput of any
CP i as a function λi(φ) of the congestion φ.

Assumption 1: λi(φ) : R+ 7→ R+ is continuous, strictly
decreasing in φ and satisfies limφ→∞ λi(φ) = 0.

Assumption 1 states that the throughput of any CP diminishes
as the network congestion becomes more severe. We define
λmaxi , λi(0)1 as the maximum throughput of CP i when
network congestion does not exist, i.e., φ = 0. Without
loss of generality, we express the throughput λi as λi(φ) =
λmaxi ωi(φ), where each ωi(φ) : R+ 7→ [0, 1] defines a discount
of CP i’s maximum throughput λmaxi .

1In detail, we can write λi(φ) = mi(φ)xi(φ), where mi(φ) and xi(φ)
are the number of active users and the per-user throughput under congestion φ.
Thus, λmax

i can be interpreted as the product of mi(0), the maximum number
of users, and xi(0), the maximum per-user throughput under no congestion.



A. Single-Class Network-Neutral Model

We start with a neutral network where a set of CPs share the
ISP’s capacity. We denote the system as a pair of parameters
(µ,N ) indicating its capacity and the set of sharing CPs.
We denote λ as the aggregate system throughput, defined as
λ(φ) ,

∑
i∈N λi(φ) for any congestion φ. We characterize

the congestion φ of the system by a function φ , Φ(λ, µ),
which depends on the throughput λ and capacity µ as follows.

Assumption 2: Φ(λ, µ) : R+ × R+ 7→ R+ is continuous,
strictly increasing in λ and strictly decreasing in µ. It satisfies
limλ→0 Φ(λ, µ) = 0 ∀µ > 0, limµ→∞ Φ(λ, µ) = 0 and
limµ→0 Φ(λ, µ) = +∞ ∀λ > 0.

Assumption 2 states that the system congestion φ decreases
when the system capacity µ increases or the accommodated
traffic λ reduces, and vice-versa.

We define an equilibrium of the system as follows.

Definition 1: A congestion level φ is an equilibrium of the
system (µ,N ) if φ = Φ(λ(φ), µ).

Theorem 1: Under Assumption 1 and 2, for any non-empty
set N of CPs and capacity µ, the system (µ,N ) has a unique
equilibrium φ(µ,N ), which satisfies

φ(µ′,N ′) ≥ φ(µ,N ), ∀ µ′ ≤ µ and N ′ ⊇ N .

Theorem 1 shows that the system congestion φ is uniquely
determined and it becomes more severe if the system capacities
shrink or the traffic demand from CPs becomes higher. By the
uniqueness of system congestion, we denote φ(µ,N ) as the
unique steady-state congestion of system (µ,N ), and denote
λi(φ) as the corresponding aggregate throughput of the CPs.

Remark: The convergence to an equilibrium happens nat-
urally in practice. If the instantaneous congestion is higher
than φ, some users will back off, which leads to lower traffic
demand and throughput; if the instantaneous congestion is
lower than φ, better performance will attract more users to
demand for throughput and increase the system congestion.

B. PMP-type of Differentiated Service Model

We assume that the ISP is allowed to allocate its total
capacity µ into two separate service classes: a premium class
with capacity qµ and an ordinary class with capacity (1−q)µ.
Traffic sent via the premium class will be charged by a rate p
(dollars per unit traffic) and traffic sent via the ordinary class is
free of charge. This type of differentiation is similar to the Paris
Metro Pricing (PMP) [19], where the capacity of both service
classes are the same, i.e., q = 0.5, while the ordinary class is
also charged lower than that of the premium class. Similar to
the PMP scheme, CPs choose the service class they want to
use and the utilities of CPs are affected by other CPs’ choices
of service classes via the negative network effect, i.e., network
congestion. We focus on this type of service differentiation for
three reasons. First, since CPs get to choose the service class
to use, the ISP does not actively discriminate CPs and all CPs
under the same service class are treated neutrally. Second, this
type of scheme can be easily implemented by priority-based
protocols like DiffServ [2] and separation of capacities for
different service classes is seen in similar contexts such as

paid peering versus public peering among ISPs. Third, the de
facto neutral network can be considered as special cases, i.e.,
q = 0 or (p, q) = (0, 1), under which a free single-class service
is provided to the CPs. Therefore, it provides a convenient
and unified framework to compare various performance and
welfare metrics under a network-neutral system with those
under non-neutral systems.

We define µH(q) , qµ and µL(q) , (1 − q)µ as the
capacity of the two service classes. We denote H and L as
the disjoint sets of CPs that choose to use the premium and
ordinary service class, respectively. Given any ISP’s capacity
allocation decision q and CPs’ choices (H,L), the two-class
differentiated system can be regarded as two independent
single-class systems. In particular, we denote φH and φL as the
congestion in both service classes, which are the single-class
congestion of φH = ΦH (µH ,H) and φL = ΦL (µL,L).

We denote Vi and Ui as the utility of CP i and their users,
respectively, defined as{

Vi , (vi − p)λi(φH) and Ui , uiλi(φH) if i ∈ H;
Vi , viλi(φL) and Ui , uiλi(φL) if i ∈ L,

where vi denotes the per-unit traffic profit for CP i and ui
denotes the per-unit traffic utility for its users. We denote V
and U as the total utility of the CPs and users, and denote T
as the ISP’s profit, i.e., the monetary transfer from the CPs to
the ISP under the premium service, defined as

V ,
∑
i∈N

Vi, U ,
∑
i∈N

Ui, and T , p
∑
i∈H

λi(φH).

Notice that although the ISP also receives revenue from end-
users, because we focus on monopolistic access markets, we
assume that the user-side revenue is stable. Here, the profit
T models the extra revenue that can be earned through the
service differentiation from the CPs. We define W , V + T
as the system welfare. In general, the ISP wants to maximize
its profit T , each CP i wants to maximize its utility Vi,
while a regulatory authority might want to optimize the system
welfare W and user utility U . To study the desirable regulatory
regimes, we first need to understand the behaviors of the ISP
and CPs. Next, we proceed to a game-theoretic analysis of the
strategic decisions of the ISP and CPs, and their impact on
various performance and welfare metrics.

IV. GAME-THEORETIC ANALYSIS

We define sI , (p, q) as the ISP’s service differentiation
strategy and S , R+× [0, 1] as its strategy space. Because the
sets H and L reflect the CPs’ strategic decisions, we define
sN , (H,L) as the CPs’ strategy profile. Because the CPs’
preferences over different service classes depend on the ISP’s
strategy sI , we model the interaction among the ISP and CPs as
a dynamic two-stage game where the ISP chooses strategy sI
in the first stage and the CPs make their collective decision sN
simultaneously in the second stage. We use backward induction
[16] to analyze this dynamic game and first tackle the second-
stage simultaneous-move game of the CPs given any fixed
strategy sI of the ISP as follows.



A. Second-Stage Simultaneous-Move Game of CPs

We consider a fixed ISP strategy sI = (p, q). When q = 0
or 1, the system only has one service class effectively and the
CPs’ decisions can be intuitively characterized as{
H = ∅
L = N if q = 0;

{
H = {i ∈ N : vi > p}
L = {i ∈ N : vi ≤ p} if q = 1.

To break a tie when both service classes derive the same
amount of utility to a CP, we assume that the CP will choose
to use the ordinary service class to avoid payments to the ISP.
For any non-degenerated case of q ∈ (0, 1), a Nash equilibrium
of the CPs can be defined as follows.

Definition 2 (Nash Equilibrium): sN = (H,L) is a Nash
equilibrium if{

(vi − p)ωi (φH) > viωi
(
φL∪{i}

)
, ∀i ∈ H,

(vi − p)ωi
(
φH∪{i}

)
≤ viωi (φL) , ∀i ∈ L.

(1)

The Nash equilibrium prescribes an outcome of the game
where no player has an incentive to deviate unilaterally.
However, this delicate solution concept assumes “common
knowledge” [16] among the players, i.e., all players know the
structure of the game, know that their rivals know it, know that
their rivals know that they know it, and so on. In practice, ISPs
normally do not disclose private information, e.g., available
resources and routing strategies, and therefore, this “common
knowledge” assumption might not be valid. Moreover, the
strategy space of the game increases exponentially with the
system scale, and solving Nash equilibrium has been shown to
be computationally expensive [4], [7] even under two players.
This makes the Nash equilibrium computationally intractable
for large-scale networks like the Internet.

To solve this technical challenge, we focus on a family
of CPs whose throughput characterization ωi satisfies the
following regularity condition [14].

Assumption 3: For any CP i ∈ N and any φ1 and φ2 with
ωi(φ2) > 0, ωi(φ1)/ωi(φ2) = Fi(G(φ1, φ2)), where Fi(·) is
an increasing function and G(φ1, φ2) is nonincreasing in φ1
and nondecreasing in φ2.

Assumption 3 can be interpreted as there exist a common
metric G(φH, φL), i.e., a congestion gap, between the two
service classes H and L such that each CP i’s achievable
throughput ratio λi(φH) : λi(φL) = ωi(φH) : ωi(φL) can be
evaluated as a function Fi of that common metric G(φH, φL).

Two examples of ωi(·) that satisfy the above assumption
are ωi(φ) = e−βiφ and ωi(φ) = βφi (for βi ≤ 1), where
βi serves as a differentiating parameter that reflects CP i’s
to sensitivity congestion. In particular, G(φ1, φ2) = φ2 − φ1
for both examples and Fi(x) = eβix and Fi(x) = β−xi (for
βi ≤ 1) for the two examples, respectively.

We denote ζi as a priority of CP i defined as

ζi =

 F−1i

(
vi − p
vi

)
if vi > p;

−∞ otherwise.
(2)

Lemma 1: Under Assumption 3, sN = (H,L) is a Nash
equilibrium if ζi ≤ G(φL, φH) < ζj for any i ∈ L and j ∈ H.

Lemma 1 provides a sufficient condition for a Nash equi-
librium. It states that if we can partition the CPs based on
their priorities ζi such that the metric G(φH, φL) separates
the values ζi of the two service classes, then the resulting
partition (H,L) is a Nash equilibrium. Because the condition
ζi ≤ G(φL, φH) < ζj for any i ∈ L and j ∈ H is a sufficient
condition of Nash equilibrium, it might not be necessary.

As an illustration, we consider a system consisting of two
CPs N = {1, 2}. Both CPs have the same throughput function
λ1(φ) = λ2(φ) = e−φ, but different per-unit traffic profits
v1 = 1.0 and v2 = 0.9. Suppose the congestion function
satisfies Φ(λ, µ) = λ/µ and the ISP has a capacity of µ = 2
and sets its strategy to be sI = (p, q) = (0.1, 0.5), which
evenly partitions capacity between the two service classes and
charge 0.1 for the premium class. In this example, sN =
(H,L) = ({1}, {2}) and s′N = (H′,L′) = ({2}, {1}) are
the only Nash equilibria. However, the sufficient condition of
Lemma 1 does not hold for either of the Nash equilibria. This
example also shows that the uniqueness of Nash equilibrium
cannot be guaranteed in general. However, since CP 1’s priority
ζ1 is higher than CP 2’s priority ζ2, sN = ({1}, {2}) could be
a more plausible Nash equilibrium. Inspired by this structural
property of Lemma 1, we propose a refined equilibrium
concept, i.e., partition equilibrium, whose uniqueness can be
guaranteed as follows.

Definition 3 (Partition Equilibrium): Under Assump-
tion 3, we define h = arg min

i
{ζi : i ∈ H} to be the

CP that has the lowest priority in the set H of CPs and
l = arg max

i
{ζi : i ∈ L} to be the CP that has the highest

priority in the set L of CPs. sN = (H,L) is a partition
equilibrium if it satisfies the following three conditions:

1) ζh > ζl if both H 6= ∅ and L 6= ∅,
2) (vh − p)ωh(φH) > vhωh(φL∪{h}) if H 6= ∅,
3) (vl − p)ωl(φH∪{l}) ≤ vlωl(φL) if L 6= ∅.

The definition of the partition equilibrium describes the
structure of the equilibrium as a partition of the set of CPs,
where the CP h (the lowest priority CP in H, if H 6= ∅)
and the CP l (the highest priority CP in L, if L 6= ∅) will
not have incentives to move to the other service class as
specified by the Nash equilibrium condition (1). Although the
congestion level in the premium class is lower than that of
the ordinary class in general, there might exist pathological
cases where ζh < ζl constitutes a “prisoner’s dilemma” type
of alternative equilibrium. By imposing the condition ζh > ζl
in the definition of a partition equilibrium, we can guarantee
the uniqueness of the equilibrium as the following result.

Theorem 2 (Uniqueness of Partition Equilibrium): Under
an ISP’s strategy sI = (p, q), if ζis are all distinct, then there
exists a unique partition equilibrium sN = (H,L).

Notice that the requirement for distinct ζis in Theorem 2
is just a technical assumption. In practice, if the characteristics
of CPs are different, the values of ζi are different in general.
For CPs with identical values of ζi, we can conceptually
aggregate them as a single CP in determining the partition
equilibrium. By Theorem 2, we denote the quantities under
the unique partition equilibrium as a function of the ISP’s
strategy (p, q), for example, H(p, q) and T (p, q) denote the
set of CPs in the premium class and the ISP’s profit under



the partition equilibrium, respectively. In particular, we denote
ϕL and ϕH as the congestion of the service classes under a
partition equilibrium, i.e., ϕL , φL(p, q) and ϕH , φH(p, q).

To visualize the CPs under partition equilibria and get a
better understanding of their behavior, we evaluate a scenario
of 1000 CPs, whose maximum throughput λmaxi are uniformly
distributed within [0, 1]. We consider gamma distributions of
CPs’ profit vi with the same mean value 0.5, e.g., Γ(0.5, 1)
and Γ(5, 0.1). We consider the form ωi(φ) = e−βiφ for the
CPs and normalize the maximum of βi to be 1 and make
each βi uniformly distributed within [0, 1]. Notice that when
ωi(φ) = e−βiφ, the congestion elasticity of throughput, defined
as εφ , dωi

dφ
φ
ωi

= −βiφ, is linear in the congestion φ. It
captures how sensitive the change in throughput caused by
changes in congestion via the linear coefficient parameter βi.
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Fig. 1. Partition equilibrium (H,L) under different ISP’s strategies sI =
(p, q), capacities µ and CPs’ profit distributions Fv .

Figure 1 visualizes the CPs under partition equilibria. In
each subfigure, we fixed the profit distribution Fv of the CPs
and the capacity µ and price p of the ISP, and we vary q
to be 0.25, 0.5 and 0.75. On the x and y-axis, we vary the
sensitivity βi and profit vi, respectively. Thus, each point in
the subfigures represents a CP. The three curves from bottom
to top (red, green and blue) show the partition of 1000 CPs into
H (the upper-right partition) and L (the lower-left partition).
By comparing the upper-left and upper-right subfigures, we
observe that when the price p increases from 0.5 to 1, the par-
tition curves move upwards, because more CPs cannot afford
the premium class and move to the ordinary service class.
By comparing the upper-left and lower-left subfigures, we
observe that when the capacity µ increases from 10 to 100, the
partition curves move rightwards, because the ordinary class
is less congested and more CPs stay with it. By comparing the
upper-left and lower-right subfigures, we observe that when the
profit distribution Fv changes from Γ(0.5, 1) to Γ(5, 0.1), the
partition curves move closer to each other, because the profit
distribution becomes more concentrated and it is more difficult
to differentiate CPs.
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Fig. 2. Congestion ϕH (upper) and ϕL (lower) when ISP varies p.

Figure 2 plots the congestion levels ϕH (upper subfigures)
and ϕL (lower subfigures). For each column, we fix the
capacity µ and profit distribution Fv . In each subfigure, we
vary the ISP’s price p on the x-axis and plot three curve with
q = 0.25, 0.5 and 0.75, respectively. Intuitively, under fixed
allocation q, when p increases, more CPs will move from
the premium class to the ordinary class and therefore, the
congestion level ϕH reduces while ϕL increases. However,
we also observe that ϕH is not strictly decreasing with p. This
could happen when a CP moves from the ordinary class to the
premium class, which triggers some CP in the premium class
move back to the ordinary class and the resulting congestion
levels become non-monotonic. In each subfigure, we observe
that a larger value of q will provide lower (higher) congestion
for the H (L) service class. By comparing the left and
middle columns, we observe that when the ISP’s capacity µ
increases from 10 to 100, the congestion level of both service
classes decrease. By comparing the left and right columns, we
observe that when the CPs’ profit distribution Fv changes from
Γ(0.5, 1) to Γ(5, 0.1), the congestion level of the premium
class drop much faster to zero, while that of the ordinary class
becomes higher. This is because when the profit vi is more
concentrated, when p increases, fewer CPs can afford using
the premium service, and therefore, making it less congested.

B. The First-Stage Strategy of the ISP

In the previous subsection, we studied the strategies of CPs
and the resulting partition equilibrium under any fixed ISP’s
strategy sI = (p, q). In this subsection, we study the optimal
strategy (p, q) that maximizes the profit T (p, q) of the ISP.
As we observed in Figure 2 that a higher value of q provides
lower congestion to the premium service class, resulting higher
throughput for CPs in H. The following theorem shows that
it also increases the profit T of the ISP.

Theorem 3: For any fixed capacity µ and price p, we have
T (p, q′) ≥ T (p, q) for all q′ > q.

Theorem 3 states that under any fixed price p, allocating
more capacity to H does not reduce the ISP’s profit. It implies
that the ISP always has incentive to allocate all its capacity µ
to the premium class, i.e., to set q = 1, so as to maximize its



profit T . However, when q = 1, H = {i ∈ N : vi > p}, and
therefore, CPs with profit lower than p cannot obtain service.
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Fig. 3. ISP’s profit T under different ISP’s strategies sI = (p, q), capacities
µ and CPs’ profit distributions Fv .

Figure 3 plots the ISP’s profit T on the y-axis when q varies
along the x-axis. In each subfigure, we fix the capacity µ and
profit distribution Fv , and plot three curves with p = 0.5, 1
and 1.5. We observe that the ISP’s profit increases with q
monotonically as indicated by Theorem 3. By comparing the
left and middle subfigures, we observe that when the capacity
µ increases, the ISP’s profit T increases. By comparing the
left and right subfigures, we observe that when the CPs’ profit
distribution Fv becomes more concentrated, a lower price, i.e.,
p = 0.5, achieves higher profit for the ISP. This is because
when the profit vi is more concentrated, the higher price
will exclude too many CPs from the premium service class,
reducing the total throughput and the ISP’s profit.
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Figure 4 plots the ISP’s profit T , the CPs’ utility V and
the system welfare W , as p varies along the x-axis and q
is set to 1. We vary µ and Fv across the three subfigures.
We observe that both T and W show a single-peak pattern,
while V decreases with ISP’s price p. By comparing the left
and middle subfigures, we observe that when µ increases, all
T , V and W increase; however, when the ISP maximizes
its profit, the corresponding system welfare W deviates from
its maximum more, even lower than that of a neutral setting
of p = 0, under a large capacity µ. By comparing the left
and right subfigures, we observe that when the CPs’ profit
distribution Fv becomes more concentrated, a higher ISP price
reduces the welfare metrics and the optimal ISP price also
decreases, which confirms our observation in Figure 3.

V. REGULATIONS ON SERVICE DIFFERENTIATION

We have seen that the ISP’s optimal strategy allocates all its
capacity to the premium service class (Theorem 3) and charges
a price which might reduce the system welfare below what can
be achieved under a neutral network (Figure 4). Consequently,

the ordinary class is made to be a “damaged good” [8] such
that CPs are forced to choose the premium class, because the
ordinary service class effectively does not exist.

An easy solution is to impose a stringent regulation such
that the ISP is not allowed to perform service differentiation,
i.e., restricting q = 0 or equivalently (p, q) = (0, 1). A more
flexible solution could allow ISPs to charge CPs such that the
resulting partition equilibrium is effectively neutral as follows.

Definition 4 (Effectively Neutral Strategy): An ISP’s strat-
egy sI = (p, q) is effectively neutral if sI ∈ S0 where

S0 = {(p, q) ∈ S : q = 0 or (q = 1 and H(p, q) = N )} .

Definition 4 still does not allow the ISP to partition its
capacity and actually restricts the price p such that all CPs
would use the single-class service. However, as observed in
Figure 4, even under q = 1, a non-neutral price p > 0
might induce a higher system welfare than that under a
neutral system, i.e., (p, q) = (0, 1). The reduction in system
welfare comes from the selfish ISP behavior that “destroys” the
ordinary service class. Instead of imposing effective neutrality
as above, we consider less restrictive regulations as follows.

Definition 5 (Regulated ISP Strategies): An ISP’s strategy
sI = (p, q) satisfies a policy constraint g if sI ∈ Sg where the
constraint set Sg is defined as

Sg =
{

(p, q) ∈ S : (p, q) ∈ S0 or G(ϕH , ϕL) ≤ g
}
.

Definition 5 imposes a policy constraint on the ISP’s
service differentiation strategy (p, q) such that the congestion
gap G(ϕH , ϕL) between the two service classes are upper-
bounded by g; otherwise, the ISP must maintain a neutral
network with strategy sI ∈ S0. By setting a small value of g,
the policy is equivalent to a net neutrality regulation; however,
when setting a large value for g, the policy gives ISPs more
freedom to differentiate the congestion levels of the two service
classes.

A. ISP Behavior under Policy Constraints

Influenced by a policy constraint g, given any fixed price p,
the allocation decision q of the ISP has the following property.

Theorem 4 (Optimal Allocation): For any fixed price p
and policy constraint g, if T (p, q) > 0 for some (p, q) ∈
Sg , then there exists a unique q∗(p) ∈ Sg that maximizes
the ISP’s profit under the policy constraint g, satisfying
(1− q∗(p)) (G(ϕH , ϕL)− g) = 0.

Theorem 4 intuitively states that if q = 1 does not violate
the policy constraint g, the optimal allocation satisfies q∗(p) =
1; otherwise, q∗(p) is chosen such that the policy constraint
is tight, i.e., G(ϕH , ϕL) = g. When p is too big, no CP can
afford the premium service, resulting H = ∅. Under such a
situation, there might exist multiple q that satisfy (p, q) ∈ Sg
and maximize T at 0. Consequently, we need T (p, q) > 0 for
some (p, q) ∈ Sg to guarantee uniqueness of q∗(p).

Figure 5 plots the optimal allocation q∗(p) and the corre-
sponding ISP’s profit T and congestion levels ϕH and ϕL in
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Fig. 5. Optimal allocation q∗(p) and the resulting T , ϕH and ϕL under
Fv = Γ(5, 0.1) and µ = 10.

the four subfigures as the price p varies along the x-axis. In
each subfigure, µ = 10 and Fv = Γ(5, 0.1), and we plot four
curves with policy constraints g = 2, 4, 8 and 16, respectively.
When p is small, we observe that q∗(p) equals 1, because
although the policy constraint g is not met, H = N and
therefore, (p, q∗(p)) is effectively neutral. When p starts to
increase, we observe that q∗(p) decreases accordingly so as
to meet the policy constraint g, which can be seen from the
difference in ϕH and ϕL in the lower subfigures. When p
becomes very large, we also observe that although the policy
constraint is again not satisfied, q∗(p) drops down to zero
such that the strategy (p, q∗(p)) becomes neutral again. In the
upper-right subfigure, we observe that the ISP’s profit follows
a single-peak pattern and more lenient policies provide higher
profits for the ISP intuitively. The upper-left subfigure shows
that when the optimal allocation q∗(p) is less than 1, it is
nonincreasing in p so as to keep the congestion gap G(ϕH , ϕL)
at a constant g indicated by Theorem 4. This monotonicity can
be shown formally as follows.

Theorem 5 (Partition Monotonicity under Regulations):
Under a fixed policy constraint g, for any price p, we
denote (p, q∗(p)) ∈ Sg as the ISP’s optimal strategy and
(H∗(p),L∗(p)) as the corresponding optimal partition
equilibrium. For any p′ > p, if ζi(p) ≥ ζj(p) implies
ζi(p

′) ≥ ζj(p′) for all i, j ∈ N , then we must have

q∗(p′) ≤ q∗(p), H∗(p′) ⊆ H∗(p) and L∗(p′) ⊇ L∗(p).

Theorem 5 states that when the ISP charges a higher price
p, because it is constrained by the policy g, its optimal alloca-
tion q∗(p) needs to adjust downwards. Intuitively, when price
p increases and capacity µH = qµ decreases, the premium
service class would become less attractive and therefore, the set
H of CPs will decrease in general. Technically, when price p
changes, the priority ζi of each CP i also changes, which might
change the preferences of service classes for some CPs locally.
However, as the number of CPs is often large in practice, the
monotonicity properties hold in general.
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Fig. 6. Partition equilibrium (H∗,L∗) under various policy constraints g and
profit distribution Fv , when the ISP uses optimal strategy s∗I (p) = (p, q∗(p)).

Similar to Figure 1, Figure 6 visualizes the 1000 CPs under
various partition equilibria when the policy constraint g and
profit distribution Fv vary in the three subfigures. In each
subfigure, we vary the ISP’s price p to be 0.5, 1 and 1.5 and
choose the allocation strategy to be q∗(p). The three curves
from bottom to top (red, green and blue) show the partition
of 1000 CPs into H∗ (the upper-right partition) and L∗ (the
lower-left partition). This observation confirms with the result
of Theorem 5 where the set L grows monotonically with p.
By comparing the left and middle subfigures, we observe that
when the policy constraint becomes more lenient, the partition
curves move left and the premium class H accepts more CPs
under the partition equilibrium. By comparing the left and right
subfigures, we observe that when the CPs’ profit distribution
Fv changes, the partition curves do not move. Because under
the same policy constraint g, the congestion gap G(ϕH , ϕL)
between the service classes remains the same; meanwhile, the
priority ζi of CP i remains the same when the price p is
fixed, therefore, as a consequence of Lemma 1, the partition
that divides the CPs should remain the same as well. This
observation shows that by controlling the policy constraint g,
we could effectively influence how the CPs are partitioned,
regardless of the profit distribution of the CPs. Notice that the
above partition of CPs holds for any capacity µ that result
in a non-neutral allocation, i.e., q∗ ∈ (0, 1), such that the
congestion gap G(ϕH , ϕL) = g is maintained.

B. Welfare Analysis and Desirable Regulations

By specifying a policy constraint, we can influence the
ISP’s service differentiation decisions. From a regulatory per-
spective, we would like to understand how these regulations
affect the utilities of different parties, so as to derive the
desirable regulations for the monopolistic ISP markets.

Figure 7 plots the ISP’s profit T , the CPs’ utility V and
the system welfare W , as p varies along the x-axis and q is
set to be the optimal allocation q∗(p) under a given policy
constraint. Fv is set to be Γ(0.5, 1) and Γ(5, 0.1) in the upper
and lower subfigures, respectively. In each row, we vary the
policy g and capacity µ across the three subfigures. We observe
that the T curves show a single-peak pattern: 1) when p is
small, higher price could increase ISP’s profit as CPs still
want to use the premium service, and 2) when p is large,
high prices restrain CPs to use the premium class and under
the policy constraint, the ISP has to allocate less capacity
for H and eventually, maintain a single-class ordinary service
class and receive zero profit. By comparing the upper and
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Fig. 7. ISP’s profit T , CPs’ utility V and system welfare W under the ISP’s
optimal strategy s∗I (p) = (p, q∗(p)).

lower subfigures, we observe that when the profit distribution
Fv is more concentrated, the profit T drops to zero much
earlier. In particular, in the lower subfigures, we observe that
when T reaches zero, V and W jump back to the level of a
neutral system. The left column shows that under a stringent
policy, i.e., g = 2, T , V and W are close to those under
neutrality systems. By comparing the left and middle columns,
we observe that when the policy becomes more lenient from
g = 2 to g = 8, it could induce higher ISP’s profit and system
welfare than those under a neutral system, although at a price
of reducing the CPs’ utility. By comparing the middle and
right columns, we observe that when the system capacity µ
expands from 10 to 100, although the welfare metrics increase
in general, the lenient policy, i.e., g = 8, induces an aggressive
strategy of the ISP under which the system welfare is lower
than that of a neutral system.

Theorem 6 (Profit Monotonicity under Regulations):
The ISP’s optimal profit T ∗(g) under policy g, defined as
T ∗(g) , sup{T (p, q) : (p, q) ∈ Sg}, is nondecreasing in g.

Theorem 6 intuitively states that when the policy is more
lenient, the ISP could obtain higher profits. However, as we
have seen in Figure 7 that a lenient policy might induce an
aggressive ISP decision which hurt the system welfare. Next,
we study how the policy affects the ISP’s profit, CPs’ utility
and system welfare, when the ISP maximizes its profit T .
Given a fixed policy constraint g, we denote p∗(g) as an
optimal price such that (p∗, q∗(p∗)) maximizes T .

Figure 8 plots the ISP’s profit T , the CPs’ utility V and
the system welfare W , as g varies along the x-axis and the
ISP performs its optimal strategy s∗I = (p∗(g), q∗(p∗(g))). We
observe that T increases with g when policy becomes more
lenient as shown in Theorem 6; however, when g is too large,
the system welfare W shows a decreasing trend. By comparing
the left and middle subfigures, we observe that although the
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increase in capacity µ improves the welfare metrics in general,
higher ISP profit might correspond to lower system welfare.
By comparing the middle and right subfigures, we observe
that when the profit distribution of CPs is more concentrated,
a more lenient policy g might induce a system welfare lower
than that under a neutral system, i.e., under g = 0.

From a regulatory perspective, a policy maker might want
to impose an optimal policy under which the induced system
welfare W is maximized. We denote g∗ as such an optimal
policy. Because net neutrality regulation can be enforced by
imposing g = 0, an optimal policy g∗ will induce no less
system welfare than that under a neutral system. Figure 8
implies that an optimal policy g∗ might depend on both the
system capacity µ and the profit distribution Fv .
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Fig. 9. Optimal policy g∗ under different ISP’s capacity µ and CPs’ profit
distribution Fv .

Figure 9 plot the optimal policy g when the system
capacity µ varies along the x-axis and the profit distribution
Fv varies in the four curves. In each curve, we observe that
the optimal policy g∗ decreases as µ increases, which implies
that regulations should be more stringent when the system
capacity becomes more abundant. When fixing the capacity
µ, we observe that when the profit distribution Fv becomes
more concentrated, the optimal policy g∗ decreases, which
implies that regulations should be again more stringent. This is
because when profit distribution is concentrated, it is difficult
and inefficient to differentiate the CPs, and therefore, a more
stringent policy should be imposed to restrict ISP’s service
differentiation.



C. User Utility and Its Correlation with CP Utility

By now, we have focused on the utility V of the CPs rather
than the utility U of the users. In practice, we could use V as
a proxy to estimate U , because the user utility ui can often
be estimated by vi, the profit of CP i for providing content
and services to their users. Because U is defined by U =∑
i∈H uiλi and ui does not affect the throughput λi or any

state of the system, the user utility U is influenced by the
throughput λi of the CPs via their decisions of service classes.
As CPs with higher profit vi have higher priorities ζi, the
user utility U depends on the correlation between the CP’s
profit vi and user’s utility ui. To formally define the correlation
between vi and ui, we use Spearman’s ρ correlation coefficient
[24], which is a nonparametric rank metric of correlation [12].
Suppose we sort the values of vis and uis and we denote riv
and riu as the rank of vi and ui, respectively. We denote r̄u
and r̄v to be the average rank of the uis and vis. Spearman’s
ρ correlation coefficient is defined by

ρ =

∑
i∈N (riu − r̄u)(riv − r̄v)√∑

i∈N (riu − r̄u)2
∑
i∈N (riv − r̄v)2

∈ [−1, 1].

To understand the desirable policy for maximizing the user
utility and its relationship with the correlation between ui
and vi, we evaluate the induced user utility U under different
policy g, when the correlation coefficient ρ varies. We still
conduct experiments on the same set of 1000 CPs as previous
evaluations. We assume that the ISP performs an optimal
service differentiation strategy s∗I that maximizes its profit
under any policy g, and the values of vi and ui are correlated
although having the same marginal distributions.

−1 −0.5 0 0.5 1
0

20

40

60

80

100

ρ

U
(s

∗ I
)

Fv = Fu = Γ(0.5, 1) , µ = 10

g = 0
g = 4
g = 16

−1 −0.5 0 0.5 1
0

50

100

150

ρ

U
(s

∗ I
)

Fv = Fu = Γ(0.5, 1) , µ = 100

g = 0
g = 4
g = 16
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capacity µ, when the ISP uses optimal strategy s∗I .

Figure 10 plots the user utility U under different policy g
and correlation coefficient ρ, when the ISP uses an optimal
strategy s∗I . In each subfigure, we fix the capacity µ and
marginal distribution Fv = Fu, and vary the policy g to
be 0, 4 and 16. The result under g = 0 can be seen as
the user utility under a neutral network. For each policy
g, we generate 500 experiments with different values of ρ
as shown in the x-axis. We observe that under a neutral
network where g = 0, the user utility U does not depend
on the correlation coefficient ρ between the distributions Fv
and Fu. However, under the ISP’s optimal strategy s∗I , user
utility will be increased if the distribution Fu is positively
correlated with the profit distribution Fv of the CPs, and vice-
versa. Intuitively, this is because CPs with higher profit vi
have higher priority ζi, they have higher chance to use the
premium service class and receive higher throughput λi. As

vis and uis are more positively correlated, the user utility
U =

∑
i∈N uiλi will increase as expected. In practice, the

CPs are more profitable when their content/services are more
valuable to their users, and therefore, allowing the ISP to
perform certain level of service differentiation could provide
higher user welfare U than that under a neutral network as
shown in the left subfigure. However, by comparing the left
and right subfigures, we observe that when the capacity µ
increases, although the overall user utility increases, U is
mostly lower under a non-neutral policy g > 0 than that under
g = 0 in the right subfigure. This result tells that a more
stringent policy is needed to protect the user utility when the
system capacity is more abundant.

VI. CONCLUSIONS

In this paper, we consider the problem of regulating
monopolistic access ISPs without imposing net neutrality
regulations. In particular, we consider PMP-type of service
differentiation provided by the ISPs and derive the CPs’
decisions under a unique partition equilibrium. Based on this
solution concept, we find that the ISP’s profit-optimal strategy
always allocate all capacity to the premium service class
and damage the free ordinary service class. To resolve this
issue, we propose a framework to restrict the ISP’s service
differentiation strategy such that the congestion gap between
the two service classes should be upper-bounded by policy;
otherwise, a neutral network should implemented. Because
our framework generalizes the net neutrality regulation, it
is more flexible in practice and is more efficient than net
neutrality when an appropriate policy constraint is chosen. To
optimize the utility of the Internet ecosystem and its users, we
find that a more stringent regulation is needed when 1) the
ISP’s capacity is abundant, 2) the profit distribution of CPs is
concentrated, or 3) the utility of CPs and their users are not
positively correlated. In conclusion, we believe that our flexible
policy framework could be used to more effectively regulate
monopolistic ISPs than enforcing net neutrality regulations.
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APPENDIX

Proof of Theorem 1: By Assumption 1, λi(φ) is continu-
ous and strictly decreasing in φ. Thus, λ(φ) =

∑
i∈N λi(φ) is

continuous and strictly decreasing in φ under system (µ,N ).
Further, by Assumption 2, when µ → ∞ or µ → 0, there
exists a unique congestion Φ(λ(φ), µ). When 0 < µ < ∞,
Φ(λ(φ), µ) is continuous and strictly decreasing in φ. Let
f(φ) = Φ(λ(φ), µ) − φ, which is a continuous and strictly
decreasing function in φ. f(·) has a maximum value of f(0) =
Φ(λ(φ), µ) > 0 and limφ→∞ f(φ) = −∞. Therefore, there
exists a unique equilibrium φ(µ,N ) that satisfies f(φ) = 0.

To simplify the notation, we define φ′ = φ(µ′,N ′) and
φ = φ(µ,N ). Either λ(φ′) ≥ λ(φ) or λ(φ′) < λ(φ). When
λ(φ′) ≥ λ(φ), by Assumption 2, we have φ′ = Φ(λ(φ′), µ′) ≥
Φ(λ(φ), µ) = φ since µ′ ≤ µ. When λ(φ′) < λ(φ), we
know λ(φ′) =

∑
i∈N ′ λi(φ

′) < λ(φ) =
∑
i∈N λi(φ) <∑

i∈N ′ λi(φ) for any N ′ ⊇ N , which also implies φ′ > φ.

Proof of Lemma 1: For any CP with vi ≤ p, we
know i ∈ L under Nash equilibrium. So, we check −∞ =
ζi ≤ G(φL, φH). For any CP with vi > p, if i ∈ L
that ζi ≤ G(φL, φH), we have (vi − p)/vi = Fi(ζi) ≤
Fi (G(φL, φH)) = ωi(φL)/ωi(φH) < ωi(φL)/ωi(φH∪{i}),
which satisfies the definition of Nash equilibrium. Similarly,
for any CP with vj > p, if j ∈ H that ζj > G(φL, φH), we
have (vj − p)/vj > ωj(φL∪{j})/ωj(φH), which also satisfies
the definition of Nash equilibrium.

Proof of Theorem 2: We first prove that the system has
at most one partition equilibrium under strategy sI = (p, q).
Suppose there are two partition equilibrium (H,L) 6= (H′,L′)
under sI = (p, q). Without loss of generality, assume there is
a CP k ∈ L such that k ∈ H′. Thus, we have ζk ≤ ζl and
ζk ≥ ζh′ , rewriting as ζh′ ≤ ζk ≤ ζl. Further, for all i′ ∈ L′,
we have ζi′ ≤ ζl′ < ζh′ ≤ ζl, which indicates all CPs in L′
are in L. Thereby, L′∪{h′} ⊆ L, and similarly H′ ⊇ H∪{l}.
By Theorem 1, we have φL′∪{h′} ≤ φL and φH′ ≥ φH∪{l}.
Then G(φL, φH∪{l}) ≤ G(φL′∪{h′}, φH′) by the definition of
function G(·). When vl > p, by Definition 3, we have Fl(ζl) =
(vl − p)/vl ≤ ωl(φL)/ωl(φH∪{l}) = F (G(φL, φH∪{l})).
Hence ζl ≤ G(φL, φH∪{l}), which is also applied to vl ≤ p
since ζl = −∞. And similarly, ζh′ > G(φL′∪{h′}, φH′).
Thus, ζl ≤ G(φL, φH∪{l}) ≤ G(φL′∪{h′}, φH′) < ζh′ , which
contradicts ζh′ ≤ ζl.

Then we show there exactly exists one partition equilibrium
sN = (H,L). We denote N = |N | as the total number of
CPs and sort CPs based on ζi in an ascending order, which
indicates ζi < ζj for all 1 ≤ i < j ≤ N . We denote
H(m) as the set of CPs in higher class that i ∈ H(m)
for all i ≥ m and L(m) as the set of CPs in lower class
that i ∈ L(m) for all i ≤ m, where m = 1, 2, · · · , N .
Thus φH(m) is decreasing in m and φL(m) is increasing in
m, which indicates G(φL(m), φH(m)) is decreasing in m. Let
f(m) = ζm − G(φL(m), φH(m)), which is increasing in m.
If f(N) ≤ 0, let m∗ = N + 1. Otherwise, find the smallest
value of m∗ that f(m∗) > 0, let i ∈ H and j ∈ L for all
i ≥ m∗ and j < m∗. Further, let h = m∗ and l = m∗ − 1,
we have (vh − p)/vh = Fh(ζh) > Fh(G(φL(h), φH(h))) =
Fh(G(φL∪{h}, φH)) = ωh(φL∪{h})/ωh(φH) if h ≤ N .
Similarly, we have (vl−p)/vl ≤ ωl(φL)/ωl(φH∪{l}) if l ≥ 1.
Therefore, sN = (H,L) is a partition equilibrium.

Proof of Theorem 3: First, we prove H(p, q′) ⊇ H(p, q)
and L(p, q′) ⊆ L(p, q) for all q′ > q. For any fixed price
p > 0, we just need to prove ζh′ ≤ ζh, ∀q′ > q, where
ζh = min

i
{ζi : i ∈ H(p, q)} and ζh′ = min

i
{ζi : i ∈ H(p, q′)}.

Suppose ζh′ > ζl′ ≥ ζh, to simplify the notation, we
define H = H(p, q), L = L(p, q), H′ = H(p, q′) and
L′ = L(p, q′), then H′ ∪ {l′} ⊆ H and L′ ⊇ L ∪ {h}. By
the definition of partition equilibrium, ζl′ < G(φL′ , φH′∪{l′})



and ζh ≥ G(φL∪{h}, φH). By Theorem 1, φ(L′, (1− q′)µ) ≥
φ(L ∪ {h}, (1 − q)µ) and φ(H′ ∪ {l′}, q′µ) ≤ φ(H, qµ)
for all q′ > q. By the definition of function G(·), we have
ζl′ ≤ G(φL′ , φH′∪{l′}) ≤ G(φL∪{h}, φL) < ζh, which show
a contradiction.

Let λH refer to the aggregate throughput of premium class
H. Either φ′ = Φ(λH′ , q′µ) ≥ Φ(λH, qµ) = φ or φ′ < φ.
When φ′ = Φ(λH′ , q′µ) ≥ Φ(λH, qµ) = φ, also q′µ > qµ,
then we have λH′ ≥ λH by the property of function Φ. When
φ′ < φ, λH′ =

∑
i∈H′ λi(φ

′) >
∑
i∈H′ λi(φ) ≥

∑
i∈H λi(φ).

Thus, T (p, q′) = pλH′ ≥ pλH = T (p, q) for all q′ > q, where
the equality holds only if H = H′ = ∅.

Proof of Theorem 4: Suppose sI = (p, q∗(p)) max-
imizes ISP’s profit under policy constraint g that (1 −
q∗(p))(G(ϕH , ϕL) − g) < 0, where H∗ and L∗ are the
corresponding partitions. We know sI = (p, 1) ∈ Sg if
L∗ = ∅, where T (p, 1) > T (p, q∗(p)). Thus, L∗ 6= ∅.
Denote G(φ(qµ,H∗), φ((1 − q)µ,L∗)) as a function of q
with fixed H∗, L∗ and µ, which is increasing in q. We can
increase q∗(p) to q̂ that G(φ(q̂µ,H∗), φ((1 − q̂)µ,L∗)) = g.
Further, using the result in the proof of Theorem 3, we have
H(p, q̂) ⊇ H(p, q∗(p)) and L(p, q̂) ⊆ L(p, q∗(p)). Thus,
G(ϕH(p, q̂), ϕL(p, q̂)) ≤ G(φ(qµ,H∗), φ((1− q)µ,L∗)) = g,
which indicates sI = (p, q̂) ∈ Sg . Since H∗ 6= ∅, by Theorem
3, T (p, q̂) > T (p, q∗(p)), which shows a contradiction.

Proof of Theorem 5: When ζi(p) ≥ ζj(p) implies
ζi(p

′) ≥ ζj(p
′) for all i, j ∈ N , we must have ei-

ther H(p′, q) ⊆ H(p, q) or H(p′, q) ⊃ H(p, q) by the
definition of partition equilibrium. Suppose H(p′, q) ⊃
H(p, q), then ϕH(p′, q) > ϕH(p′, q), which is equal to
Φ(λH(p′, q), qµ) > Φ(λH(p, q), qµ). Then by the property of
function Φ(·), we have λH(p′, q) > λH(p, q), which indicates∑
i∈H(p′,q) λi(ϕH(p′, q)) >

∑
i∈H(p,q) λi(ϕH(p, q)). Thus,

we have ϕH(p′, q) < ϕH(p′, q), which shows a contradiction.
Then we obtain that H(p′, q) ⊆ H(p, q) for any p′ > p.
Thus, ϕH(p′, q) ≤ ϕH(p, q) and ϕL(p′, q) ≥ ϕL(p, q), which
implies G(ϕH(p′, q), ϕL(p′, q)) ≥ G(ϕH(p, q), ϕL(p, q)).
Therefore, when s∗I(p

′) = (p′, q∗(p′)) ∈ Sg , we have sI =
(p, q∗(p′)) ∈ Sg for any p′ > p, which means q∗(p) ≥ q∗(p′).

Further, using the result in the proof of Theorem 3,
we get H(p′, q∗(p′)) ⊆ H(p′, q∗(p)) ⊆ H(p, q∗(p)) and
L(p′, q∗(p′)) ⊇ L(p′, q∗(p)) ⊇ L(p, q∗(p)) for any p′ > p.

Proof of Theorem 6: By Definition 5, when sI = (p, q) ∈
Sg , we have (p, q) ∈ S0 or G(ϕH(p, q), ϕL(p, q)) ≤ g
under a policy constraint g. Then under a more lenient
policy constraint g′ that g′ > g, we have (p, q) ∈ S0
or G(ϕH(p, q), ϕL(p, q)) ≤ g < g′, which implies sI =
(p, q) ∈ Sg′ , i.e., Sg ⊆ Sg′ for any g′ > g. Thus, T ∗(g) =
sup{T (p, q) : (p, q) ∈ Sg} ≤ sup{T (p, q) : (p, q) ∈ Sg′} =
T ∗(g′) for any g′ > g.


