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Sampling Signals with a Finite Rate
of Innovation on the Sphere

Samuel Deslauriers-Gauthier, Student Member, IEEE, Pina Marziliano, Member, IEEE,

Abstract—The state of the art in sampling theory now contains
several theorems for signals that are non-bandlimited. For
signals on the sphere however, most theorems still require the
assumptions of bandlimitedness. In this work we show that a
particular class of non-bandlimited signals, which have a finite
rate of innovation, can be exactly recovered using a finite number
of samples. We consider a sampling scheme where K weighted
Diracs are convolved with a kernel on the rotation group. We
prove that if the sampling kernel has a bandlimit L = 2K
then (2K − 1) (4K − 1) + 1 equiangular samples are
sufficient for exact reconstruction. If the samples are uniformly
distributed on the sphere, we argue that the signal can be
accurately reconstructed using 4K2 samples and validate our
claim through numerical simulations. To further reduce the
number of samples required, we design an optimal sampling
kernel that achieves accurate reconstruction of the signal using
only 3K samples, the number of parameters of the weighted
Diracs. In addition to weighted Diracs, we show that our results
can be extended to sample Diracs integrated along the azimuth.
Finally, we consider kernels with antipodal symmetry which are
common in applications such as diffusion magnetic resonance
imaging.

Index Terms—sampling theorem, spherical convolution, anni-
hilating filter, spherical harmonic, finite rate of innovation.

I. INTRODUCTION

MANIPULATING the spectrum of a signal through fil-
tering is arguably the most popular way of enforcing

desirable properties, for example smoothness. Reciprocally, a
common way to gain insight on the properties of a signal is to
observe its spectrum. Signals on the sphere are no exception
to this rule. When the structure of brain tissues is investigated
in diffusion magnetic resonance imaging, harmonic analysis
plays a central role for both reconstruction [1], [2] and
regularization [3], [4]. Other applications where signals on the
sphere are common include lighting in image rendering [5],
acoustics [6], and source localization [7], to name a few.

The spectrum of a signal on the sphere is computed using
the spherical harmonic transform, the natural extension of the
Fourier transform. It is common to assume that the spherical
harmonics transform of a signal will yield a finite number
of non-zero coefficients. When this assumption is satisfied,
we say that the signal is bandlimited or has a bandlimit (a
strict definition will be provided in a subsequent section).
The existence of a bandlimit is a powerful assumption that
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has been used to devise sampling theorems for signals on
the sphere, for example [8] and [9]. More recently, McEwen
et al. [10] proposed a new sampling theorem for bandlimited
signals on the sphere that reduces by approximately half
the number of samples required for the exact reconstruc-
tion. Another assumption, popularized by the advances in
compressed sensing [11], [12], is the existence of a sparse
representation for the signal of interest. For signals on the
sphere, sparse reconstruction has been considered in [13]–
[16]. While these algorithms reduce the number of samples
necessary for good approximation, they do not provide exact
reconstruction results.

In the non-sphere domain, the situation is a bit different
since we now have algorithms to sample and reconstruct non-
bandlimited functions, for example functions that live in a
shift-invariant space [17]. Vetterli et al. [18], [19] showed
that a certain class of signals which have a finite number
of degrees of freedom, called finite rate of innovation (FRI)
signals, can be sampled and reconstructed perfectly at their
rate of innovation. In this case, it is the fact that FRI signals
have a parametric representation that is exploited. The typical
approach is to compute the inner product of a signal of interest
f (t) with a known sampling kernel h (t) to yield the observed
signal s (t). Given an appropriate sampling kernel, originally
a sinc or Gaussian, the parameters of f (t) can be recovered
from the samples of s (t). These results were extended to other
kernels including polynomial and exponential reproducing
kernels [20] and to 2D signals in [21]–[24]. While signals on
the sphere are essentially 2D, they rely on different definitions
of inner product, convolution, and harmonic transform, making
the current theory inapplicable. To illustrate this idea, consider
the case where s (t) is a stream of K Diracs. The observed
signal s (t) is then a sum of K scaled and translated versions
of h (t). This is appropriate in Cartesian space but not on
the sphere where the convolution involves a rotation. Indeed,
we want s to be obtained by summing K scaled and rotated
versions of h.

In this paper, we extend on our previous work [25] and show
that it is possible to reconstruct certain non-bandlimited signals
on the sphere, namely Diracs and integrated Diracs, using a
finite number of samples. The typical stream of K Diracs is
adapted to the sphere yielding a model with 3K degrees of
freedom. In contrast to our preliminary work which focused
on diffusion magnetic resonance imaging, we provide general
proofs that explicitly state the minimum number of samples
required for the exact reconstruction of the signal of interest.
We also highlight the dependance of these proofs on the type
of kernel and sampling scheme used. Furthermore, we develop
an optimal sampling kernel that allows the accurate recovery
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of Diracs using the critical number of samples 3K. Finally,
we consider variations of our model in the form of integrated
Diracs and the special case of signals with antipodal symmetry.

The remainder of the article is divided as follows. In
Section II, we review the essential concepts of harmonic
analysis on the sphere. Section III contains the main results
of this article, namely the reconstruction theorems for two
types of sampling schemes and the specific requirements on
the sampling kernels. In Section IV we show that our results
can be extended to include integrated Diracs. We also consider
sampling kernels that exhibit antipodal symmetry, which are
not covered in the theorems of Section III. To validate the
results of the previous sections, we perform several numerical
simulations and evaluate the impact of noise in Section V.
Finally, Section VI concludes the paper.

II. BACKGROUND

A bandlimited signal on the sphere is, by definition,
uniquely characterized by a finite number of coefficients in the
frequency domain. Like their Cartesian counterparts, sampling
theorems on the sphere exploit this property to state the
minimum number of samples needed to exactly recover the
signal. Central to these theorems is the spherical harmonic
transform, the spherical equivalent of the Fourier transform.
For non-bandlimited signals the reconstruction process is chal-
lenging because their spherical harmonic expansion involves
an infinite sum. The typical signal processing approach is to
filter the signal and recover its approximation. This requires
an appropriate definition of the convolution operation on the
sphere, which involves rotations rather than translations. In this
section, we review the definition of the spherical harmonics,
the spherical Fourier transform, and the rotational harmonics.
We also recall the main results of McEwen et al. [10] on
sampling bandlimited functions.

A. Spherical harmonics

A point on the unit sphere in Euclidean 3D space S2 can
be identified using two angles 0 ≤ θ < π and 0 ≤ ϕ < 2π or
using a unit norm 3×1 vector u. To simplify the notation, we
will interchangeably write f (θ, ϕ) and f (u) where we assume
that both functions are equal if (θ, ϕ) and u are related by

u(θ, ϕ) =
[
cosϕ sin θ sinϕ sin θ cos θ

]t
.

The spherical harmonic of degree ` and order m is defined
as

Y m` (θ, ϕ) = Nm
` P

m
` (cos θ) ejmϕ (1)

where Nm
` is a normalization coefficient and Pm` (cos θ) is

the associated Legendre polynomial of degree ` and order m.
In this work, we select Nm

` such that the spherical harmonics
are orthonormal but our results are independent of this choice.
The associated Legendre polynomials are given by

Pm` (cos θ) = (−1)m sinm θ
dm

d(cos θ)
mP` (cos θ)

with

P` (x) =
1

2``!

d`

dx`
(
x2 − 1

)`
, (2)

` = 0, 1, ..., and 0 ≤ m ≤ `. The set of all spherical harmonics
is a basis for the space of square integrable functions on the
sphere. As a direct consequence, any function f (u) ∈ L2

(
S2
)

can be expanded as a sum of spherical harmonics

f (u) =

∞∑
`=0

∑̀
m=−`

f̂m` Y
m
` (u) (3)

where the coefficients f̂m` are the spherical harmonic coeffi-
cients of f . These coefficients are obtained by computing the
spherical Fourier transform of f , given by [26]

f̂m` =

∫
S2
f (u)Y m` (u)du

where the over bar denotes conjugation. A special class of
functions on the sphere is the class of bandlimited functions
which can be exactly represented using a finite sum of
spherical harmonics. Formally, we say a signal defined on S2
is bandlimited at L or has a bandlimit L if f̂m` = 0 for all
` ≥ L. Note that a signal with a bandlimit L has exactly L2

degrees of freedom1.

B. Rotational harmonics

Elements of the 3D rotation group SO (3) are identified
by three angles 0 ≤ ϕ,ψ < 2π and 0 ≤ θ < π or by a
3 × 3 real orthogonal matrix G with a determinant of one. To
simplify the notation, we will interchangeably write h (ϕ, θ, ψ)
and h (G) where we assume that both functions are equal if
(ϕ, θ, ψ) and G are related by

G = A (ϕ)B (θ)A (ψ)

where

A (ϕ) =

cosϕ− sinϕ 0
sinϕ cosϕ 0
0 0 1

 and B (θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 .
The rotational harmonics Dmn

` with ` = 0, 1, ... and
−` ≤ m,n ≤ `, also known as Wigner functions, are
given by

Dmn
` (ϕ, θ, ψ) = e−jmϕdmn` (cos θ) e−jnψ

with

dmn` (cos θ) =jm−n
sinn−m θ (1 + cos θ)

m

2` [(`+m)! (`−m)!]
1/2

[
(`− n)!
(`+ n)!

]1/2
× d`+n

d(cos θ)
`+n

(cos θ − 1)
`+m

(cos θ + 1)
`−m

.

Because the Wigner functions are orthogonal and complete,
any h (G) ∈ L2 (SO (3)) can be expanded as a sum of
rotational harmonics

h (G) =

∞∑
`=0

(2`+ 1)

8π2

−∑̀
m=−`

∑̀
n=−`

ĥmn` Dmn
` (G).

1If the infinite sum in Eq. (3) is truncated at L−1, the number of spherical
harmonic coefficients is

∑L−1
0 (2`+ 1) = L+ 2

∑L−1
0 ` = L2.
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The ĥmn` are the rotational harmonics coefficients of h (G)
and they are obtained by computing the rotational Fourier
transform

ĥmn` =

∫
SO(3)

h (G)Dmn
` (G)dG.

Similarly to spherical harmonics, we say that a signal
h (G) ∈ SO (3) has a bandlimit L if ĥmn` = 0 for any
` ≥ L.

The spherical harmonics are strongly related to the rota-
tional harmonics. A specific relation, which we will use in
our proofs is that [27]

Y m`
(
G−1u

)
=
∑̀
i=−`

Y i` (u)D
im
` (G). (4)

C. Sampling band-limited signals on the sphere

Current sampling theorems on the sphere deal with ban-
dlimited signals because their spherical harmonic transform
has a finite number of non-zero terms. As was stated earlier,
a signal with a bandlimit L has L2 degrees of freedom. It
is therefore reasonable to assume that L2 samples in the
space domain will be sufficient to characterize a bandlimited
function. To our knowledge, no sampling theorem reaches this
lower bound. The recent sampling theorem of McEwen et al.
[10] requires approximately 2L2 samples which improves
on previous results by a factor of two. They make use of
equiangular samples whose positions are given by

θt =
π (2t+ 1)

2L− 1

where t = 0, ..., L− 1 and

ϕp =
2πp

2L− 1

where p = 0, ..., 2L − 2. Note that this type of sampling
requires a number of samples N = (n− 1) (2n− 1) + 1 for
some n ∈ N. Since the recovery of bandlimited signals will
be central to our discussion, we summarize their results in the
following Lemma.

Lemma 1: Let s (θ, ϕ) ∈ L2
(
S2
)

be a signal on the sphere
with a bandlimit L. Then (L− 1) (2L− 1) + 1 equiangular
samples are sufficient to recover s (θ, ϕ) exactly.

Although the algorithm derived by McEwen et al. is not
optimal in terms of number of samples, it is stable, has a
low complexity, and does not require pre-computations. These
advantages are significant if we deal with large bandlimits
(say more than 1024). For low bandlimits, the simple linear
algebra approach commonly used in diffusion magnetic res-
onance imaging may be more appropriate. Let (θn, ϕn) with
n = 1, ..., N be the sample locations and let sn = s (θn, ϕn).
To simplify the notation, we also define a new index i =
`2 + ` + m + 1 to write Yi = Y m` and ŝi = ŝm` . The
spherical harmonic expansion of a bandlimited signal is then
given by

s = Y ŝ

(a) (c)

(b) (d)
Fig. 1. Comparison of two sampling schemes using 128 samples. The
left column illustrates equiangular sampling viewed from the top (a) and
bottom (b). The right column illustrates samples locations obtained using the
electrostatic repulsion model viewed from the top (c) and bottom (d).

where s =
[
s1 · · · sN

]t
, ŝ =

[
ŝ1 · · · ŝL2

]t
, and

Y =

 Y1 (θ1, ϕ1) · · · YL2 (θ1, ϕ1)
...

. . .
...

Y1 (θN , ϕN ) · · · YL2 (θN , ϕN )

 . (5)

Given the samples, we recover the spherical harmonic coeffi-
cients by computing ŝ = Y +s where ·+ stands for the Moore-
Penrose pseudo-inverse. If we assume N ≥ L2 then the exact
recovery of the signal is guaranteed if Y has full column rank,
a property that depends on the sample locations. Instinctively,
we would like to distribute the samples uniformly on the sur-
face of the sphere. This is a difficult problem to solve analyt-
ically for an arbitrary number of measurements. Nonetheless,
numerical approaches that produce almost uniform sampling,
e.g. the electrostatic repulsion model [28], are available. While
the full column rank condition on Y is not guaranted in theory,
in practice it is fairly easy to generate samples locations that
will produce a well conditioned matrix using those methods. A
comparison between equiangular samples and typical location
obtained using the electrostatic repulsion model is illustrated
in Fig. 1.

III. SAMPLING FRI SIGNALS ON THE SPHERE

Signals with a finite rate of innovation have parametric
representation and a finite number of degrees of freedom.
The typical example is the stream of K weighted Diracs
which is modelled using K weights and K locations. Ex-
tending this type of signal on the sphere, we obtain a signal
f (u) ∈ L2

(
S2
)

of the form

f (θ, ϕ) =

K∑
k=1

akδ (cos θ − cos θk) δ (ϕ− ϕk) (6)
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where ak ∈ R, 0 ≤ θ, θk < π, and 0 ≤ ϕ,ϕk < 2π. We refer
to signals that have the form of Eq. (6) as K orientations. Like
their Cartesian counterparts, orientations are non bandlimited
signals and therefore cannot be exactly recovered using the
current sampling theorems. We will address this problem
by proposing new sampling theorems that allows the exact
reconstruction of orientations.

We consider a sampling scheme, illustrated in Fig. 2, where
the signal of interest f (u) is convolved with a sampling kernel
h (G) ∈ L2 (SO (3)), that is

s (u) = (f ∗ h) (u) =
∫
SO(3)

f
(
G−1u

)
h (G)dG. (7)

The observed signal s (u) is then sampled at the positions
{un} with n = 1, ..., N . Our objective is to recover f (u)
given the knowledge of h (G) and K.

The convolution of the signal of interest f (u) with the
sampling kernel is difficult to implement as part of an acquisi-
tion system. The problem is that f (u) is non bandlimited and
has a very small support in the space domain. Therefore, the
convolution cannot be implemented efficiently and accurately
in the space or harmonic domains. Nonetheless, the signal
model of Eq. (7) is relevant because it occurs naturally in
applications, notably in diffusion magnetic resonance imaging.
In this context, f (u) corresponds to the distribution of fibers
in a voxel and h (G) corresponds to the response of a single
fiber. More generally, the model of Eq. (7) fits signals that can
be modeled as a the sum of K rotations of a single function.

The reconstruction algorithm we propose proceeds in two
steps. First, the spherical harmonic coefficients of f (u) are
recovered from the samples sn = (f ∗ h) (un). Second, the
parameters ak, θk, and ϕk of the orientations are computed
from the spherical harmonic coefficients. Because the first step
depends on the number of coefficients needed in the second
step, it is more intuitive to present the second step first. In
Section III-A, we show that a small set of spherical harmonic
coefficients of f (u) are sufficient to find its parameters. We
then show that these coefficients can be obtained from the
samples sn with n = 1, ..., N where N depends on the type
of sampling and on h (G). In Section III-B, we derive and
illustrate results for a bandlimited kernel with equiangular
sampling. In Section III-C, we use uniform sampling with with
a bandlimited kernel and devise an optimal sampling kernel.

A. Finding the signal parameters from the spherical harmon-
ics coefficients

In this section, we assume the spherical harmonic coeffi-
cients f̂m` of the orientations are available. We will derive an
algorithm to recover the parameters of the orientation using
the coefficients.

Consider the spherical harmonics expansion of the orienta-
tions

f̂m` =

∫
S2
f (u)Y m` (u)du

=

∫ 2π

0

∫ π

0

f (θ, ϕ)Y m` (θ, ϕ) sin θdθdϕ

Spherical 

convolution 

Sampling 

scheme 

SH coefficients 

recovery 

Parameter 

finding 

𝜃𝑘, 𝜑𝑘, 𝑎𝑘 

Recovery algorithm 

Fig. 2. The sampling scheme considered in this work. The orientations
f (u) are convolved with a sampling kernel h (G) to yield the observed
signal s (u) which is then sampled. The samples sn are used to recover the
spherical harmonic (SH) coefficients f̂m` which are in turn used to find the
signal parameters θk, ϕk, and ak .

(a)
= Nm

`

K∑
k=1

ak

∫ 1

−1
δ (cos θ − cos θk)P

m
` (cos θ)d (cos θ)

×
∫ 2π

0

δ (ϕ− ϕk) e−jmϕdϕ

(b)
= Nm

`

K∑
k=1

akP
m
` (cos θk) e

−jmϕk (8)

where (a) is obtained by replacing f (θ, ϕ) and Y m` (θ, ϕ) by
their respective definitions of Eq. (6) and Eq. (1). We then
obtain (b) by using the sifting property of the Dirac.

We are specifically interested in the associated Legendre
polynomial with equal degree and order, i.e. m = `,

P `` (cos θ) = (−1)` sin` θ d`

d(cos θ)
`
P` (cos θ)

= N` sin
` θ

where N` is a constant. This simplification is obtained by
noting that P` given in Eq. (2) is a polynomial of degree `
so its `th derivative is a constant. Substituting this associated
Legendre polynomial into Eq. (8) we get

f̂ `` = N `
`N`

K∑
k=1

ak sin
` θke

−j`ϕk

= N `
`N`

K∑
k=1

aks
`
ku

`
k

= N `
`N`

K∑
k=1

akr
`
k

where uk = e−jϕk , sk = sin θk, and rk = uksk. Finally, we
define the normalized samples z` = f̂ `` /

(
N `
`N`

)
which are

given by

z` =

K∑
k=1

akr
`
k. (9)

The normalized samples are of special interest because they
are a linear combination of exponentials and thus the annihi-
lating filter method [18] can be employed to find the values
of ak and rk.
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Consider a filter h =
[
h0 ... hK

]t
whose z-transform is

H (z) =

K∏
k=1

(
1− rkz−1

)
=

K∑
i=0

hiz
−i.

In words, the roots of this filter are rk with k = 1, ...,K. The
convolution of h with z =

[
z1 ... zN

]t
gives

(h ∗ z)n =

K∑
i=0

hizn−i (10)

=

K∑
i=0

hi

(
K∑
k=1

akr
n−i
k

)

=

K∑
k=1

akr
n
k

K∑
i=0

hir
−i
k = 0

where the equality to zero is obtained because the right hand
sum is the filter being evaluated at one of its roots. The linear
system of equations in Eq. (10) with n = K, ..., 2K − 1 can
be written in matrix form as

zK zK−1 · · · z0

zK+1 zK
. . . z1

...
. . . . . .

...
z2K−1 z2K−2 · · · zK−1



h0
h1
...
hK

 = Zh = 0. (11)

This Toeplitz system requires 2K contiguous values of z` to
be built. It provides a unique solution, provided that the rk’s
are distinct. Once we find the coefficients of h using Eq. (11),
we can recover the rk’s by computing its roots. Recall that
rk = ske

−jϕk meaning its magnitude and phase corresponds
to sk = sin θk and −ϕk, respectively. Note that the knowledge
of sk does not uniquely define θk.

Now that the value of the rk’s are known, we can recover
the ak’s using the linear Vandermonde system in Eq. (9) with
` = 1, ...,K, 

1 · · · 1
r1 · · · rK
...

. . .
...

rK1 · · · rKK



a1
a2
...
aK

 =


z0
z1
...
zK

 .
It also yields a unique solution for the ak’s provided that the
rk’s are distinct.

The final step to recover all the parameters of f (θ, ϕ) is
to disambiguate the value of θk. To achieve this, consider the
Legendre polynomial whose order is 1 less than its degree

P `−1` (cos θ) = (−1)`−1 sin`−1 θ d`−1

d(cos θ)
`−1P` (cos θ)

=M` sin
`−1 θ cos θ

where M` is a constant. This simplification is obtained by
noting that P` (cos θ) is a polynomial of degree ` so its
(`− 1)

th derivative is proportional to cos θ. Substituting this

polynomial into Eq. (9) we get

f̂ `−1` = N `−1
` M`

K∑
k=1

ak cos θk sin
`−1 θke

−j(`−1)ϕk

= N `−1
` M`

K∑
k=1

akckr
`−1
k

with ck = cos θk. Again defining the normalized measure-
ments w` = f̂ `−1` /

(
N `−1
` M`

)
, and rewriting in matrix form

we get  1 · · · 1
...

. . .
...

rK−11 · · · rK−1K


 c1a1...
cKaK

 =

w1

...
wK

 .
The Vandermonde system above yields a unique solution for
the ck’s which in turn uniquely define the values of θk. These
results allow us to postulate the following conclusion.

Theorem 1: Let f (θ, ϕ) be a set of K orientations defined
as

f (θ, ϕ) =

K∑
k=1

akδ (cos θ − cos θk) δ (ϕ− ϕk)

where ak ∈ R, 0 ≤ θ, θk < π, and 0 ≤ ϕ,ϕk < 2π. The
spherical harmonics f̂ `` with ` = 0, ..., 2K − 1 and f̂ `−1` with
` = 1, ...,K are sufficient to recover f (θ, ϕ) exactly.

B. Bandlimited sampling kernel and equiangular sampling

From Theorem 1, we know that weighted orientations can
be recovered from their spherical harmonic coefficients. We
now turn to the problem of finding the coefficients from
the observed samples sn with n = 1, ..., N . We consider
equiangular sampling and an ideal bandlimited kernel.

Definition 1: An ideal bandlimited sampling kernel is a
kernel h (G) whose rotational harmonics are given by

ĥmn` =

{
c`m ` < L and m = n
0 otherwise

with the constants c`m 6= 0 and L > 0.
Consider again the observed signal given by

s (u) =

∫
SO(3)

f
(
G−1u

)
h (G)dG.

Replacing the orientations by their spherical harmonic expan-
sion yields

s (u) =

∫
SO(3)

(
`=∞∑
`=0

∑̀
m=−`

f̂m` Y
m
`

(
G−1u

))
h (G)dG.
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Substituting the spherical harmonics by the relation of Eq. (4)
we get

s (u) =

∫
SO(3)

∞∑
`=0

∑̀
m=−`

f̂m`
∑̀
i=−`

Y i` (u)D
im
` (G)h (G)dG

=

∞∑
`=0

∑̀
m=−`

f̂m`
∑̀
i=−`

Y i` (u)

∫
SO(3)

Dim
` (G)h (G)dG

=

∞∑
`=0

∑̀
m=−`

f̂m`
∑̀
i=−`

Y i` (u) ĥ
im
`

=

∞∑
`=0

∑̀
m=−`

f̂m` J
m
` (u) (12)

with

Jm` (u) =
∑̀
i=−`

Y i` (u) ĥ
im
` . (13)

Noting the definition of the ideal bandlimited kernel and
assuming without loss of generality that c`m = 1 for any `
and m, we find that Jm` (u) = Y m` (u). Therefore, Eq. (12)
reduces to

s (u) =

L−1∑
`=0

∑̀
m=−`

f̂m` Y
m
` (u).

Clearly, the signal s (u) has a bandlimit L and has the same
spherical harmonics coefficients as f (u) for ` < L. From
Theorem 1, we know that the spherical harmonics f̂ `` with
` = 0, ..., 2K − 1 and f̂ `−1` with ` = 1, ...,K are sufficient
to recover f (θ, ϕ) exactly. We conclude that the bandlimit of
the sampling kernel must be L = 2K. Finally, Lemma 1 tells
us that the number of samples required to find all spherical
harmonic coefficients is (2K − 1) (4K − 1)+1. This leads us
to the following result.

Corollary 1: (Equiangular samples and ideal kernel) Let
f (θ, ϕ) ∈ L2

(
S2
)

be K orientations as defined in Eq. (6)
and let h ∈ L2 (SO (3)) be a sampling kernel with a bandlimit
L = 2K. The equiangular samples sn = (f ∗ h) (θn, ϕn) with
n = 1, ..., (2K − 1) (4K − 1) + 1 are sufficient to recover
f (θ, ϕ) exactly.

The reconstruction process for orientations with K = 5
is illustrated in Fig. 3. We would like to highlight that our
definition of the ideal bandlimited kernel emcompases simpler
kernels found in practice. For example, kernels in diffusion
magnetic resonance imaging are assumed to be axisymmetric
(in addition to antipodally symmetic as discussed in Section
IV-B). For axisymmetric kernels, the rotational harmonics
are ĥmn` = c` for m = n and 0 otherwise. Inserting an
axisymmetric ideal bandlimited kernel in Eq. (13) and then
Eq. (12) yields ŝm` = f̂m` c`. Clearly the coefficients of f̂m`
can be recovered from the samples of s (u) and we reach
results similar to those of Corollary 1.

C. Bandlimited sampling kernel and uniform sampling

Assuming sample locations that produce a full column rank
matrix Y in Eq. (5), the spherical harmonic coefficients of
a bandlimited signal can be recovered from ŝ = Y +s. We

also showed in Section III-B that s (u) = (f ∗ h) (u) has the
same spherical harmonic coefficients as f for ` < L if h
has a bandlimit L. Assuming that L = 2K, this leads us to
f̂ = Y +s which indicates that a minimum of N = L2 = 4K2

samples are required to recover f . The accurate recovery of the
coefficients f̂ depends on the rank of Y which in turn relies
on the number and locations of the samples, as we discussed
in Section II-C. To our knowledge there are no theoretical
guarantees that, for an arbitrary number of samples N = L2, it
is possible to find locations that yield a full column rank matrix
Y . In practice however, the sample locations obtained from
the electron repulsion model yields well conditionned matrices
Y suggesting that 4K2 samples are sufficient to accurately
recover f (u). To reinforce this claim, we perform numerical
simulations in Section V.

The linear system described above requires 4K2 measure-
ments to compute 4K2 spherical harmonic coefficients, but
only 3K are used to find the parameters of f (u). To further
reduce the number of samples used, we design an optimal
filter that sets to zero all superfluous spherical harmonics
coefficients.

Definition 2: An optimal sampling kernel is a kernel whose
rotational harmonics are given by

ĥmn` =

 1 ` < L and m = n = `
1 0 < ` ≤ L/2 and m = n = `− 1
0 otherwise

for L > 0.
Selecting the bandlimit L = 2K and inserting rotational

harmonics of the optimal sampling kernel into Eq. (13) and
Eq. (12) we find that

s (u) =

2K−1∑
`=0

f̂ ``Y
`
` (u) +

K∑
`=1

f̂ `−1` Y `−1` (u).

We can also write this system as s = Ỹ ŝ where Ỹ is a
N × 3K matrix that contains only the columns of Y where
m = ` or m = `−1. Given N samples with N ≥ 3K, we can
recover the spherical harmonics coefficients accurately from
ŝ = Ỹ

+
s, provided that Ỹ has full column rank. Once again

there are no theoretical guarantees that 3K samples will be
sufficient for the exact recovery of f (u), but the numerical
simulations in Section V show that very accurate recovery is
nonetheless achieved at the critical rate.

IV. VARIATIONS ON A THEME

A. Integrated Diracs

Similar to FRI results on streams of Diracs which can
be extended to piecewise polynomials, our results on the
sphere can also be extended to other non bandlimited signals.
Consider signals of the form

∂

∂ϕ
F (θ, ϕ) = f (θ, ϕ) (14)

where f (θ, ϕ) is given by Eq. (6). Note that F and f have
the same parameters and number of degrees of freedom. By
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(a) (b)

(c) (d)

Fig. 3. Illustration of the reconstruction process using the ideal filter for K = 5. The radius in a direction represents the magnitude of the real component of
the signal in that direction. Positive values are displayed in red and negative values are displayed in blue. (a) The 5 orientation f (u) we wish to sample and
recover; (b) the sampling kernel h (G) (convolved with a single orientations pointing up for illustration purposes); (c) the observed signal s (u) = (f ∗ h) (u);
(d) the N = 172 equiangular samples required for exact reconstruction. The recovered signal is not shown, but is identical to the signal in (a).

replacing F (θ, ϕ) by its spherical harmonics expansion and
noting that

d

dϕ
Y m` (θ, ϕ) = jmY m` (θ, ϕ)

we get

f(θ, ϕ) =
d

dϕ

∞∑
`=0

∑̀
m=−`

F̂m` Y
m
` (θ, ϕ)

=

∞∑
`=0

∑̀
m=−`

F̂m`
d

dϕ
Y m` (θ, ϕ)

=

∞∑
`=0

∑̀
m=−`

jmF̂m` Y
m
` (θ, ϕ). (15)

By comparing Eq. (15) and Eq. (3) we observe that f̂m` =

jmF̂m` for m 6= 0. More generally, if we have

∂n

∂ϕn
F (θ, ϕ) = f (θ, ϕ)

then f̂m` = (jm)
n
F̂m` for m 6= 0. Now if we consider the

filtered signal s (u) = (F ∗ h) (u) where the kernel h (G)
has a bandlimit L we find that

s (θ, ϕ) =

L−1∑
`=0

∑̀
m=−`

F̂m` Y
m
` (θ, ϕ).

The spherical harmonics coefficients F̂m` and thus f̂m` can be
computed using Lemma 1. Because the computation of f̂m`
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for m = 0 involves a division by 0, we use the spherical
harmonics coefficients f̂ `` with ` = 1, ..., 2K and f̂ `−1` with
` = 2, ...,K + 1 and Theorem 1 to recover all the signal
parameters ak, θk, and ϕk.

Corollary 2: (Integrated orientations) Let f (θ, ϕ) ∈
L2
(
S2
)

be K orientations as defined in Eq. (6) and define
F (θ, ϕ) such that

∂n

∂ϕn
F (θ, ϕ) = f (θ, ϕ) .

Let h (G) ∈ L2 (SO (3)) be an ideal sampling kernel with a
bandlimit L = 2K + 1. Then the equiangular samples sn =
(F ∗ h) (θn, ϕn) with n = 1, ..., 8K2 are sufficient to recover
F (θ, ϕ) exactly.

While Corollary 2 considers equiangular samples, uniformly
distributed samples could also be used as discussed in the
previous sections. The reconstruction process for integrated
orientations with K = 2 is illustrated in Fig. 4.

B. Antipodal symmetry

In the previous sections, our definitions of the sampling
kernels implied they did not exhibit antipodal symmetry. When
a function is symmetric, its rotational harmonics are 0 for
odd degrees `. There are many situations where the kernel
is dictated by the process and is symmetric, see for example
[1]. Although the orientations cannot be retrieved, we would
still like to recover the directions2 using a minimal number of
samples.

Consider the kernel whose rotational harmonics are

ĥmn` =

{
c`m ` even, ` < L, and m = n
0 otherwise

where c`m 6= 0 and L > 0. Assuming without loss of
generality that c`m = 1 and inserting this kernel into Eq. (13),
then Eq. (12) becomes

s (u) =

L−1∑
`=0

2∑̀
m=−2`

f̂m2`Y
m
2` (u)

which is also symmetric. We observe that this signal could
also have been obtained by assuming symmetric orientations,
that is

f̂m` =

{
Nm
`

∑K
k=1 akP

m
` (cos θk) e

−jmϕk ` even
0 ` odd

.

This definition of the spherical harmonics leads us to the
normalized samples

z` =

{ ∑K
k=1 akr

`
k ` even

0 ` odd.

Now consider the annihilating filter h =
[
h0 ... h2K

]t
whose z-transform is

H (z) =

K∏
k=1

(
1− rkz−1

) (
1 + rkz

−1) = K∑
i=0

h2iz
−2i.

2To clarify, we consider that two antipodal points on the sphere have the
same direction, but different orientations.

Notice that this filter has the coefficient hi = 0 for odd i. The
convolution of h with z is

(h ∗ z)n =

K∑
i=0

h2izn−2i

=

K∑
i=0

h2i

(
K∑
k=1

akr
n−2i
k

)

=

K∑
k=1

akr
n
k

K∑
i=0

h2ir
−2i
k = 0

where the equality to zero is again obtained because the right
hand sum is the filter being evaluated at one of its roots. Using
n = 2K, ..., 4K − 2 which requires z` for ` = 0, ..., 4K − 2
we can build a linear system as in Eq. (11) to recover
the annihilating filter coefficients. Once again, the roots of
h uniquely define the rk’s and an additional set of roots
which correspond to the −rk’s. Because we assume antipodal
symmetry of f we can discard all −rk’s. To recover the ak’s
and ϕk’s, we proceed as described in Section III-A.

The procedure described above requires the spherical har-
monics f̂ `` with ` = 0, 2, ..., 4K − 2 and f̂ `−1` with ` =
2, 4..., 2K. This means that the bandwidth of the kernel must
be adjusted to satisfy L ≥ 4K−1. Finally the number of sam-
ples required is (4K − 2) (8K − 3)+1 and at least (4K − 1)

2

using equiangular and uniform sampling, respectively.

V. NUMERICAL SIMULATIONS

In this section, we validate the algorithms presented in the
previous sections through numerical simulations. We evaluate
the performance of our algorithm using the angular error
defined as

α =
1

K

K∑
k=1

cos−1
(
utku

′
k

)
where uk =

[
cosϕk sin θk sinϕk sin θk cos θk

]t
is the kth

orientation and u′k is the recovered kth orientation.
Artificial signals were created by randomly selecting the

parameters ak ∈ [−1, 1], θk ∈ [0, π], and ϕk ∈ [0, 2π]. The
spherical harmonic coefficients were computed using Eq. (8)
and the samples were generated with Eq. (12).

Fig. 5 illustrates the angular error obtained when using
samples distributed with the electrostatic repulsion model and
an ideal bandlimited sampling kernel. The angular error is
plotted against the number of measurements N for values of K
ranging from 1 to 5. We observe that the error falls below 10−3

as soon as the number of measurements satisfies N ≥ 4K2

which is consistent with the observations in Section III-C.
The spikes in angular error observed when N ≥ 4K2 are
caused by orientations that are randomly generated very close
to each other (< 1 degree). When this occurs, the annihilating
filter has near identical roots which causes numerical problems
when recovering the signal parameters. However, in all cases
observed, the resulting angular error never exceeded 0.01
degree.

Fig. 6 illustrates the angular error obtained using the optimal
filter and samples distributed with the electrostatic repulsion
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(a) (b) (c) (d)

Fig. 4. Illustration of the reconstruction process using the ideal filter for K = 2 integrated orientations. The original orientation in (a) are integrated to
produce the signal of interest in (b). The signal of interest in then filtered to produce the observed signal presented in (c). By multiplying the spherical
harmonics in (c) by jm, we obtain in (d) a bandlimited version of the spherical harmonic of the orientations.
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Fig. 5. Relation of the angular error α as a function of the number of measurements N obtained in numerical simulations using an ideal bandlimited kernel.
For all value of K illustrated, the sharp drop in the angular error occurs at 4K2.

model. The angular error is plotted against the number of
measurements N for values of K ranging from 1 to 5. As
suggested in Section III-C, the error drops below 10−6 when
N ≥ 3K.

To evaluate the resilience of our method to noise, we per-
formed additionnal simulations using noisy samples. The arti-
ficial signals were generated as described earlier, but complex
white Gaussian noise was added to the samples. The standard
deviation of the noise was selected to achieve signal to noise
ratios (SNR) of 10, 20, and 30 dB. The mean angular error as a
function of the number of samples used is illustrated in Fig. 7.
Each point is the average computed over 100 simulations. For
all SNRs, a sharp decrease at N = 16 is observed which
corresponds to the expected minimum number of samples
described in Section III-C. As the number of samples is
increased, the angular error is reduced to approximately 5,

10 and 15 degrees for SNRs of 30, 20, and 10dB respectively.
These results should be understood as worst case scenarios,
since no special steps were taken to mitigate the effects of
the additive noise. In practical situations, the results could
probably be improved by regularizing the computation of the
spherical harmonics of s (u) and using denoising methods
used in FRI [19], [29], [30] . However, the choice of the
method will be influenced by the number of samples available,
the expected SNR, the type of kernel and the number of
orientations. Selecting the optimal approach is out of the scope
of this paper.

VI. CONCLUSION

In this work, we have developed and proved several new
sampling theorems for non-bandlimited functions on the
sphere. In the case of a kernel with a bandlimit L = 2K
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Fig. 6. Relation of the angular error α as a function of the number of measurements N obtained in numerical simulations using an ideal bandlimited kernel.
For all value of K illustrated, the sharp drop in the angular error occurs at 3K.
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Fig. 7. (a) Relation of the angular error α as a function of the number of measurements N and the SNR, obtained in numerical simulations using an ideal
bandlimited kernel and K = 2. (b) Example of orientations recovered for N = 64 and SNR = 20dB. Each dot is the result of a simulation.

and an equiangular sampling scheme, we have proved that
(2K − 1) (4K − 1) + 1 samples are sufficient to exactly
recover K orientations. While this sampling scheme is not
optimal in terms of number of samples, it allows the use of
the sampling theorem developped by McEwen et al. which can
handle very large bandlimits. When the sampling kernel has a
bandlimit L = 2K and the samples are uniformly distributed
on the sphere, we argue that the number of samples necessary

to accurately find the signal parameters can be reduced to 4K2.
In this case our argument hinges on the proper conditioning of
the spherical harmonic matrix Y . The numerical experiments
performed in Section V emphasize that this condition is easy
to satisfy, for example using samples distributed with the
electrostatic repulsion model. Because our goal is to reduce
the number of samples required for exact recovery, we also
developed an optimal sampling kernel. The optimal kernel



IEEE TRANSATIONS ON SIGNAL PROCESSING, VOL. X, NO. X, MONTH YYYY 11

allows the accurate recovery of K orientations using just 3K
samples assuming full column rank of the spherical harmonic
matrix.

Ideally, we would like sampling theorems to be applicable
to the broadest signal class as possible. To enhance our results,
we showed that our method can also be applied for the
reconstruction of orientation integrated along ϕ, the azimuth.
Due to the structure of the spherical harmonics however, our
results do not apply to orientation integrated along θ, the
colatitude. Generalizing our results to a broader class of signal
is the subject of our current research.
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