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ABSTRACT: Parallel kinematics have been adopted by more than 25 manufacturers of high-end 
desktop 3D printers [Wohlers Report (2015), p.118] as well as by research projects such as the 
WASP project[WASP (2015)], a 12 meter tall linear delta robot for Additive Manufacture of large-
scale components for construction engineering applications. The parallel kinematics of a linear 
delta robot has the potential to out-complete Cartesian point-based deposition systems with respect 
of acceleration- and thus repositioning speeds since the primary movable mass in these types of 
systems can be kept to a minimum. The aim of this research is to address one of the primary 
disadvantages to parallel kinematics systems. Calibration and Geometric validation. Calibration of 
a delta robot can be a source of frustration. This research aim to provide the operator with a strong 
tool for easing this task. The kinematics and calibration of delta robots, in particular, are less 
researched than that of traditional Cartesian robots, for which tried-and-true methods for 
calibrating are well known. A forwards and reverse virtual model of a delta robot has been 
developed in order to decompose the different types of geometrical errors into 6 elementary cases. 
Deliberate introduction of errors to the virtual machine has subsequently allowed for the 
generation of deviation plots that can be used as a strong tool for the identification and correction 
of geometrical errors on a physical machine tool. 

INTRODUCTION 

The purpose of this project is to analyse the kinematics of a parallel delta robot purposed for 
Additive Manufacturing (AM) in order to obtain a method for calibration. AM is currently a field 
of great development, especially in the form of new kinematics designs [Wohlers Report 2015, 
p.42, p.66, p.118], driven by the expiration of primary patents. Many of the machine tool designs
differ from traditional 3- or 5-axis machine tools, as they are tailored to be efficient for a specific 
additive process, and often, due to the rapid market development, with minimal concern as to how 
calibration routines can advance the precision of the machine tools. This naturally needs to be 
addressed to allow for industrial quality manufacturing tolerances and general build quality. The 
kinematics and calibration of delta robots, in particular, are less researched than that of traditional 
Cartesian robots, for which tried-and-true methods for calibrating already exist. This research is 
based on a modified version of an open parallel kinematics robot for AM. It is a linear Delta robot, 
a type of parallel robot with a geometry based on parallelograms. The machine in question, 
henceforth called the ‘Delta robot’, has been constructed, by the Technical University of Denmark. 
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METHOD 

A Delta robot, as seen in figure 1, consists of three columns or towers, made of a pair of rods each, 
placed in the corners of an equilateral triangle. A carriage moves on each column and is connected 
by two rods of equal length to the end effector/print head. The rods are connected to both the 
carriage and the end effector via universal joints. The spacing between the mountings for the rods 
on the carriage and on the end effector is equal; this ensures that the rods are always parallel. 
Combined, the nature of each parallelogram made up by rods, carriage and end effector, ensures 
that the end effector remains parallel to the build plate, given the carriages are mounted parallel to 
this. A consequence of this design is that the end effector is unable to rotate about any axis – it is 
limited to translation to a given position in space. Hence, the Delta robot can be represented as a 3 
degree of freedom system, which can be fully described by three coordinates in space. A primary 
advantage of this type of kinematics is that the mass of the primary moving parts (the tool head) 
can be kept low, and it is therefore able to operate at high speeds.  

Figure 1.  A Delta Robot IP67 from Omron Industrial Automation, Omron Europe B.V. - 
Automation Center Europe 

Definition of primary coordinate system 
A Cartesian coordinate system is placed in the horizontal plane, so that the origin is at the center of 
the circumscribed circle of the columns and the xy-plane is level with the surface of the print bed. 
If nothing else is noted, this is the coordinate system of reference. 

Definition and choice of parameters 
Errors are defined as what can be observed in build jobs; these errors are assumed to originate 
from deviations in certain structural parameters of the robot. Not every single parameter of the 
robot, nor the consequences of deviations in these parameters are relevant. To determine which 
parameters should be included in the model and simulation, the following assumptions are made: 
All structural elements of the robot are perfectly rigid, so neither stress nor strain is taken into 
account; All joints are perfect; The print bed is perfectly leveled and positioned; The motors 
function perfectly, i.e. always rotate as desired; the belts are not elastic and have sufficient tension 
to not cause any slipping or skidding. Therefore the motors’ rotations are translated perfectly into 

moving the carriages; dynamic effects (e.g. vibrations, oscillations, unbalanced rotations) in the 
structure are ignored; deviations rendering the robot non-functioning are ignored, e.g. column rod 
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pair being non-parallel. This leaves a total of 6 possible deviations in print head geometry 
(positioning of joints), in rod lengths, in the z-calibration for each carriage and in the geometry of 
the columns. The following parameters are included in the model, covering all of the above 
deviations: Angle to joint connecting print head and rod, α; rod length, L; calibration of z-position 
of each carriage, zcal; distance from origin to column, R; angle to column, β; column tilt angle 
towards robot center, θrad; column tilt angle tangential to circumscribed circle of columns, θtan.  
Note that L, R, and β are ‘real’, geometrical parameters with non-zero values, even in a perfect 
robot, while zcal, θrad and θtan are zero only in the perfect robot.  

VIRTUAL MACHINE 

The output of the virtual machine is a series of elemental deviation plots that the operator of a 
delta robot can use to identify errors. By knowing how certain deviations in the structure of the 
kinematics system result in certain positioning errors in the tooling system (that is, errors in the 
manufactured output), it is likely, based on observations of the output, that the operator can deduce 
which deviation or superposition of deviations caused that given error. For this purpose, the need 
and justification of a simulation of the kinematics is clear. While achievable experimentally, a 
virtual machine is the more accurate and faster solution to the problem of acquiring an overview of 
the impact of different structural deviations. The method hereto is shown in figure 2. The 
elementary deviations that can then be plotted in matrix form to assist in identifying the source and 
type of errors observed on a physical delta robot. 

Figure 2.  Overview of simulation process. 

Modelling the carriage pivot point 
A central element in the analysis is choosing how to model the connection from print head to 
carriage. The approach taken here is to model both the carriage and theprint head as single points. 
The goal here is to be able to model deviations as previously explained. This can be achieved by a 
two-step method. First by rotating a column placed at the origin, then translating it to the correct 
position. The base of a vertical column is placed at a distance R in the xy-plane from the origin of a 
Cartesian coordinate system at an angle β. To simulate a tilt of the column two matrices are 
defined [Murray, 2013], Mx(θrad) and My(θtan) for rotation around the x- and y-axis by angles θrad 
and θtan, and a matrix Mz(β) for rotating around the z-axis by angle β as seen in (1): 

(1) 
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Now the column can be tilted first around the x- then y-axis and finally rotated around z, in such a 
way that when the column is moved back to the (x, y) position described by s, the angles θrad and 
θtan describe a radial tilt a and tangential tilt in relation to the circle with the origin as center and 
radius R. The desired position S of the pivot point on a carriage can now be found as shown in (2): 

(2) 

Derivation of the reverse kinematics 
The reverse kinematics describes the position of the carriage on each column when the position of 
the print head is known. These are the equations implemented in the machine tool controller and 
enable the robot to correctly navigate to a given position. A carriage pivot point is given as 
described in previous subsection, here simplified to Si = (xi, yi, qi), i = {1, 2, 3}. Also the central 
point on the print head is given as P = (xp, yp, zp) and with the length of the corresponding rod 
given as Li, reverse kinematics can be obtained from the equation of a sphere with radius Li and 
center P. Given the physical constraints of the Deltabot, it is given that qi > zp, the correct solution 
in this case is as shown in (3): 

(3) 

Derivation of the forward kinematics 
The forward kinematics computes the position of the print head when the position of each carriage 
is known. They could be determined by solving the system of equation generated by (3) for i = {1, 
2, 3}, however this is a complicated system due to the quadratic expressions, and the explicit 
solution has no simple form. Instead the approach taken is based on finding the crossing of three 
spheres, this method utilizes the fact that any three non co-linear points define a unique plane. 
Three points A, B and C are placed in a Cartesian coordinate system (x, y, z) with the z-axis 
normal to the plane defined by the three points. Each point is the center of a sphere with radius ra; 
rb and rc, with the x and y axis placed as illustrated in figure 3. The equations thus becomes (4): 

(4) 

By manipulation of (4) an expression of x, y and z can be obtained, as seen in (5): 

(5) 

As with the reverse kinematics, due to the constraints of the physical Deltabot, a mathematical 
constrain z < 0 is given since the position of the print head at all times must be below the plane 
defined by the three carriage pivot points. Therefore the correct expression for z becomes negative. 
In order to use the above to determine the position of the end effector from given carriage 
positions, it is necessary to make use of a basis transformation of the coordinates. In the primary 
coordinate system, here denoted as (X, Y, Z), the pivot points on the carriages, called SA = (XA, YA, 
ZA), SB = (XB, YB, ZB) and SC = (XC; YC;ZC), define a plane. 
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Figure 3.  Overview of sphere centres and radii in relation to the new (x, y, z) coordinate system. 

A coordinate system oriented as described on figure 3 is created by using the Gram-Schmidt 
process to find a set of orthonormalized vectors. The first basis vector is formed by finding the unit 
vector in the direction from A to B. The second basis vector is found by projecting the vector C-A 
onto the line spanned by v1 then subtracting this from v1 and finally normalizing it. The last basis 
vector is found by computing the cross product of v1 and v2 and thereby finding a unit vector 
orthogonal to both v1 and v2 and so that the resulting basis forms a right-handed coordinate system. 
A basis transformation is now given by (6): 

And the reverse: (6) 

To sum up, the forward kinematics is computed by first transforming the coordinates of the 
carriage pivot points to (x, y, z)-coordinates. Then the position of the print head is computed in (x, 
y, z)-coordinates and finally this position is transformed back to (X, Y, Z)-coordinates. 

ELEMENTARY DEVIATIONS 
Simulation and plotting of each of the error contributions from the 6 elemental deviations 
described on page 3 has been made. The simulations have been based upon prior art in machine 
verification for FDM machines, by which a hole-plate has been used for identification of process 
accuracy [Hansen, (2014)]. The plate has the dimensions 120 mm x 120 mm x 5 mm and has 25 
clearance holes with Ø5.4 placed 20 mm apart (center-to-center distance) in a square grid. For this 
purpose, the use of the test plate is reversed, as the virtual machine employs the geometry to 
generate deviation plots for the elemental error components. The plots can be seen in figure 4. 
Each of the plots represents one elemental deviation type, and can be used as a reference table to 
identify actual errors on the physical kinematics system. If e.g. the tool head position is higher than 
expected, and the manufactured object is shorter than expected in the y direction, it is most likely 
that the positioning error relates to the column tilt angle towards robot center, θrad. A superposition 
of the error contributions being the distance from origin to column, R; and the rod length, L; can 
result in an identical error. It is then up to the operator to assess which scenario is the most likely. 
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Figure 4.  Virtual Machine output. The 6 elemental deviations illustrated as matrix plots 

CONCLUSIONS 
A virtual machine has been developed in order to identify elementary deviations on delta robot 
based additive machine tools. The result of the development has been a series of elemental 
deviation plots that can be used as a lookup reference for the operator of such machine tools, in 
order to identify which combination of elementary deviations that result in actual physical 
geometry errors on the machine tool. This has been deemed of high importance as there are few 
practical methods for alignment and calibration of delta robot based systems in the industry. With 
the proposed identification method, it will be faster, easier and easier comprehendible to perform 
adjustments to such machine tool, but more so, the virtual machine can easily in the future be 
expanded to be able to handle more complex tasks such as automatic machine calibration through 
self-probing, where the machine maps its build plane through tactile or proximity probing. 
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