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Research Article

Multiple-step fault estimation for
interval type-II T-S fuzzy system of
hypersonic vehicle with time-varying
elevator faults

Jin Wang1, Longze Hu2, Fuyang Chen2 and Changyun Wen3

Abstract
This article proposes a multiple-step fault estimation algorithm for hypersonic flight vehicles that uses an interval type-II
Takagi–Sugeno fuzzy model. An interval type-II Takagi–Sugeno fuzzy model is developed to approximate the nonlinear
dynamic system and handle the parameter uncertainties of hypersonic firstly. Then, a multiple-step time-varying additive
fault estimation algorithm is designed to estimate time-varying additive elevator fault of hypersonic flight vehicles. Finally,
the simulation is conducted in both aspects of modeling and fault estimation; the validity and availability of such method are
verified by a series of the comparison of numerical simulation results.
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Introduction

Hypersonic flight vehicle (HFV) is a kind of vehicle that

flies at a velocity of five times the speed of sound (Mach

5); safety is of greatest significance in flight vehicles, so

more and more efforts are focused to improve the security

of HFV.1,2 HFVs are very sensitive to changes of flying

conditions by reason of the particular structure and aerody-

namic performance of high speed and unusual altitude; and

the HFV is highly nonlinear with unexpected uncertainties,

hence it is a challenging task to develop an additive fault

estimator for the HFVs. Some flights such as X-43, X-51,

and Hypersonic Technology Vehicle (HTV) have been

tested but failed in the past 15 years, which means the con-

troller design of HFVs is extremely crucial, especially the

elevator fault-tolerant controller; therefore, the estimation of

elevator fault is important for hypersonic vehicle.

In recent years, numerous control schemes have been

proposed for air-breathing hypersonic vehicles, such as

adaptive control,3 neural network–based dynamic surface

control,4 and sliding mode control.5 Besides, backstepping

control is a very common technique for HFVs control;

however, it has a large amount of calculation. Xu et al.

proposed an adaptive neural control method that is based

on minimal-learning-parameter used in their study,6 and
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the advantage of this approach is that need to construct the

virtual control. Under the actual control situation, unex-

pected incipient failures are common in many important

parts. For example, time-varying additive faults often hap-

pen on sensors and elevators which may lead to flight

accidents.7 It is important to redouble our efforts on the

fault estimation and fault-tolerant control (FTC) of HFVs.

In the study by Hu et al.,8 an optimization-based reference

reconfiguration method is given, which can solve the actua-

tor saturation fault. In the study by Zhang et al.,9 the

researchers present a dynamic adaptive neural network–

based FTC scheme. Lei et al. proposed a state feedback

method for HFV with sensor fault.10 Some works for stuck

fault, partial actuator failures can be found in the study by

Yu et al.11,12 Such control schemes are passive FTC, which

are robust against possible faults. However, without fault

information, the passive FTC is more conservative, making

the active FTC helpful for HFVs with actuator fault. There-

fore, how to obtain more accurate fault value is investigated

in this article. For FTC, the tracking error and fault estima-

tion error are important indices, so how to obtain such

errors is a significant work. To address this problem,

Wu et al.13 proposed an adaptive fuzzy controller for per-

turbed strict-feedback nonlinear systems which can obtain

the ultimate tracking errors. The latest developments on

FTC of HFVs in recent years could be found in the liter-

ature.14–15 It is well known that premise information of

fault has great realistic significance for hypersonic FTC,

hence this article will focus on estimating the elevator

fault of hypersonic.

Before estimating the time-varying elevator fault, it is

necessary to construct a reliable model for HFVs. Takagi–

Sugeno (T-S) fuzzy system modeling is one of the most

prominent tools that can identify the behavior of high non-

linear systems.16 During the last few years, the T-S model-

ing technique has been applied to describe the hypersonic

attitude dynamics such as described earlier in the

literature.17–20 However, uncertainties may exist in the

modeling progress because of many factors such as the lack

of sufficient experiment data, high-order modes that are

ignored, and unknown disturbances existing during

flight. Besides, the change of elastic structure model and

the consumption of the fuel during the flight will also lead

to parameter uncertainties. Such uncertainties are harmful

to maintain the performance of the hypersonic control and

even lead to unexpected results, especially in some cases of

time-varying additive actuator faults.21 The parameters

Ai are assumed to have 10% perturbation, and such pertur-

bation are expressed as Ai þ 10%Ai in the study by Xu

et al.,17 but this form has limitations; therefore, the interval

type-II (I-T-II) T-S fuzzy modeling technique is considered

in this article. I-T-II fuzzy logic systems, where the ante-

cedent or consequent membership functions are type-II

fuzzy sets, were developed by Mendel et al. to handle

uncertainties.22,23 The membership grades of type-II fuzzy

sets are also fuzzy, hence such form could be described as

“double fuzzy set.” Such double fuzzy set is beneficial in

many systems where the exact membership function is very

hard to be determined. Therefore, such double fuzzy sets

provide additional design degrees of freedom (DOF), which

enhances the capability of dealing with the effect of para-

meter uncertainties,24 and it has been used widely in many

fields, such as face recognition, reconfigurable robots,

finance, and so on. Given such advantages, the I-T-II T-S

fuzzy modeling method is adopted to handle the nonlinearity

and uncertainties of the HFVs longitudinal dynamic system.

In order to estimate the time-varying additive fault, the

multiple-step actuator fault estimation approach based on

the study by Huang et al.25 and Zhang et al.26 is applied to

HFV. Through the multiple-step time-varying elevator

fault estimation scheme, the obtained fault estimates can

practically approximate the time-varying additive faults.

Given the good approximation performance of I-T-II T-S

technique and the accurate estimation capacity, the pro-

posed I-T-II T-S-based multiple-step fault estimation

(MS-FE) scheme can be applicable to estimate the actuator

fault of any nonlinear system which is difficult to determine

the memberships.

The main contribution of this article can be summarized

as follows:

� The I-T-II T-S fuzzy model for HFV in consider-

ation of actuator time-varying fault and external dis-

turbances is presented in this article. The type-II T-S

fuzzy sets can provide additional redundancy in

modeling progress, which enhances the capability

of the system to handle parameter uncertainties.

� An MS-FE algorithm is proposed in light of the

works by Huang and Yang25 and Zhang et al.26 Sev-

eral conditions of fault value in Liu et al.27 such

as f ðtÞ 2 L2½0;1Þ is not necessary, instead the

assumption _f ðtÞ 2 L2ð0;1Þ is considered in this

algorithm. And the estimation result from each step

is used for the next estimation part, and such kind of

“iteration” is helpful to enhance the estimation accu-

racy and ensure the speed.

This article is organized as follows: Section “Hypersonic

flight vehicle model description” briefly recalls the complete

hypersonic longitudinal model and describes the I-T-II T-S

system with actuator faults. In “Multiple-step actuator fault

estimation approach,” an MS-FE algorithm is applied to the

fuzzy fault model. In “Simulations and experiments” sec-

tion, several simulations are conducted to verify the validity

of the proposed modeling method and the MS-FE scheme.

Final section draws the conclusions.

HFV model description

In this section, an HFV dynamic model is described according

to the fore passed modeling works of HFVs and the I-T-II T-S

fuzzy model is developed by fuzzy IF-THEN rules.
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Hypersonic longitudinal dynamic model

HFV is a complex system with six-DOF. The geometry of

the hypersonic flight vehicle is shown in Figure 1. The most

common model of HFV is developed by NASA Langley

Research Center. The primary consideration of control of

HFVs is the longitudinal dynamics, including the velocity,

flight-path angle, altitude, pitch angle, and pitch rate. The

longitudinal nonlinear dynamics of a general HFVs model

considered in this work are as follows20

_V ¼ Tðcos�� DÞ
m

� � sinγ
r2

_h ¼ V sinγ

_γ ¼ Lþ T sin�

mV
� ð�� V 2rÞcosγ

Vr2

_� ¼ q� _γ

_q ¼ Myy

Iyy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

(1)

with L ¼ �qSCL, D ¼ �qSCD, T ¼ �qSCT , r ¼ hþ Re,

Myy ¼ �qS�c½CM ð�Þ þ CM ðδeÞ þ CM ðqÞ�, CL ¼ 0:6203�,

CD ¼ 0:6450�2 þ 0:0043378�þ 0:003772,

CT ¼
0:02576�; � < 1

0:0224þ 0:00336�; � > 1

�
,

CM ð�Þ ¼ �0:035�2 þ 0:036617�þ 5:3261� 10�6,

CM ðδeÞ ¼ ceðδe � �Þ.
where the rigid-body states V , γ, h, �, θ, and q denote velo-

city, flight-path angle, altitude, attack angle, pitch angle, and

pitch rate, respectively; L, D, T , and Myy represent lift-force,

drag, thrust, and pitching moment, respectively; m, Iyy, S, �,

and Re stand for the vehicle mass, moment of inertia, refer-

ence area, gravity constant, and the earth radius; �q denotes

dynamic pressure; ce and �c are constants.

The velocity denoted by V is mainly associated with the

throttle setting � and the altitude denoted by h is mainly influ-

enced by the elevator deflection δe. Therefore, the longitudinal

system can be decomposed into the velocity subsystem and the

altitude subsystem, hence the velocity controller designing

can be separated from the altitude controller designing. And

the dynamic engine model can be formulated as

€� ¼ �2�on
_� � on

2� þ on
2�c (2)

where �c is the throttle setting of engine. According to the

above narration, it is obvious that the HFV longitudinal

system is nonlinear, and parameter uncertainties should

also be considered in the modeling progress; therefore, the

I-T-II T-S model is applied to the longitudinal system in the

next part of this article.

I-T-II T-S model with actuator faults

For HFVs, actuators, including elevators and the throttle,

are the most important components. The elevator gain loss

fault and additive fault are common failure modes in

actual situations. The model of actuators can be shown

as yaðtÞ ¼ �xaðtÞ þ �, where xaðtÞ is the input signal,

yaðtÞ is the feedback signal of actuators, � denotes gain

coefficient and � is the zero point error. In several situa-

tions such as in the hostile environment of near space,

the motor adjusting mechanism may contact directly

with the medium in near space; therefore, � will deviate

from the normal value, which means elevator may

become out of step, then it is shown as additive fault.

And this type of elevator fault is investigated in the

following passage.

A type-II fuzzy linear dynamic model which was

proposed by Mendel and described by several fuzzy

rules will be adopted to deal with the nonlinear

system of HFV. The i th rule of the I-T-II fuzzy

model for HFV with elevator fault is described as the

given form

RULE i : if z1ðtÞ is ~Mi1 and ::: znðtÞ is ~Min ; THEN(
_xðtÞ ¼ AixðtÞ þ Bi½uðtÞ þ f ðtÞ� þ D1ioðtÞ
yðtÞ ¼ CixðtÞ þ D2ioðtÞ

(3)

where ~Mijði ¼ 1; 2; :::r; j ¼ 1; 2; :::nÞ indicates I-T-II

fuzzy sets, x ¼ ½V γ h � q � 2 R5 is the state,

uðtÞ ¼ ½ δe δT � 2 R2 denotes input variables, yðtÞ ¼
½V γ h � q �T 2 R5 is the output and C ¼ I5,

f ðtÞ ¼½ f1ðtÞ f2ðtÞ �T denotes the time-varying additive

elevator fault, and oðtÞ 2 R2 is the exogenous distur-

bance, in addition, Ai, Bi, Ci, D1i, and D2i are constant

matrices of appropriate dimensions. And each of those

operating points is observable and controllable. ~Mij are

fuzzy sets corresponding to variables ziðtÞ. Similar to the

study by Xu et al.17 and Shen et al.,20 z1, z2, and z3

represent θ; q; and V , respectively, in this article since

the key variables satisfy that θ ¼ �þ γ and V is directly

influenced by h. The igniting power of each fuzzy rule

is given by

~wiðzðtÞÞ ¼ ½wiðzðtÞÞ; �wiðzðtÞÞ� (4)

where �wiðzðtÞÞ ¼ Pn
j¼1�� ~Mij

ðzjðtÞÞ and wiðzðtÞÞ ¼ Pn
j¼1� ~Mij

ðzjðtÞÞ.
The mark � ~Mij

ðzjðtÞÞ indicates the membership func-

tion, then �� ~Mij
ðzjðtÞÞ denotes the upper membership

function and � ~Mij

ðzjðtÞÞ means the lower membership

function correspondingly. �wiðzðtÞÞ indicates the upper

degree of membership, while wiðzðtÞÞ indicates the lower

degree of membership. In addition, all of the secondary

grades of the I-T-II T-S system are equal to one, and

such I-T-II fuzzy sets are completely shown by its own

footprint of uncertainty. Then, the overall I-T-II T-S

fuzzy hypersonic model with elevator faults is charac-

terized as follows

Wang et al. 3



_xðtÞ ¼

Xr

i¼1

f�iðzðtÞÞwiðzðtÞÞ½AixðtÞ þ BiðuðtÞ þ f ðtÞÞ þ D1ioðtÞ�g

Xr

i¼1

ð�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ�wiðzðtÞÞ

þ

Xr

i¼1

f��iðzðtÞÞ�wiðzðtÞÞ½AixðtÞ þ BiðuðtÞ þ f ðtÞÞ þ D1ioðtÞ�g

Xr

i¼1

ð�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ�wiðzðtÞÞ

yðtÞ ¼

Xr

i¼1

f�iðzðtÞÞwiðzðtÞÞ½CixðtÞ þ D2ioðtÞ�g

Xr

i¼1

ð�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ�wiðzðtÞÞ

þ

Xr

i¼1

f��iðzðtÞÞ�wiðzðtÞÞ½CixðtÞ þ D2ioðtÞ�g

Xr

i¼1

ð�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ�wiðzðtÞÞ

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(5)

where zðtÞ ¼ ½z1ðtÞ; :::; znðtÞ�, ��iðzðtÞÞ and �iðzðtÞÞ are

adjustable variables to distribute the upper and lower

igniting degrees of each ignited rule, and they satisfy the

condition that ��iðzðtÞÞ þ �iðzðtÞÞ ¼ 1. For the convenience

of analysis, we can then denote that hi1ðzðtÞÞ ¼
�

i
ðzðtÞÞw

i
ðzðtÞÞPr

i¼1

�
�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ �wiðzðtÞÞ

�, hi2ðzðtÞÞ ¼

��iðzðtÞÞ�wiðzðtÞÞPr
i¼1

ð�iðzðtÞÞwiðzðtÞÞ þ ��iðzðtÞÞ �wiðzðtÞÞÞ
.

Finally, the I-T-II T-S fuzzy model of HFVs longitudi-

nal system with elevator faults can be simplicity rewritten

as following notations

_xðtÞ ¼ Að�hÞxðtÞ þ Bð�hÞ½uðtÞ þ f ðtÞ� þ D1ð�hÞoðtÞ
yðtÞ ¼ Cð�hÞxðtÞ þ D2ð�hÞoðtÞ

�
(6)

where

x ¼ ½V γ h � q �T 2 R5

u ¼ ½ δe δT �T 2 R2

y ¼ ½V h �T 2 R2

Að�hÞ ¼
Xr

i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�Aig

Bð�hÞ ¼
Xr

i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�Big

Cð�hÞ ¼
Xr

i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�Cig

D1ð�hÞ ¼
Xr

i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�D1ig

and

D2ð�hÞ ¼
Xr

i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�D2ig

Remark 2.1. Traditional T-S fuzzy modeling technique is

widely adopted to approximate the high nonlinear hyper-

sonic longitudinal dynamic model; however, parameter

uncertainties are inevitably exist in the T-S fuzzy model.

Different with the common T-S model, I-T-II fuzzy mod-

eling technique makes the membership functions also

fuzzy, so the uncertainty range can be captured by the

secondary membership functions. Hence, the I-T-II fuzzy

system considered here is more applicable than the orig-

inal form.

Up to this point, the type-II T-S fuzzy model of HFV has

been established as described in equation (5), and it is the

basis of the time-varying elevator fault estimation in the

next parts.

Multiple-step actuator fault
estimation approach

In this subsection, an MS-FE approach is developed

according to the aforementioned work by Huang and

Yang25 and Zhang et al.26 With such fault estimation

method, the estimation result can approximate the true

value more precisely while the rapidity is guaranteed. The

whole estimate scheme is shown in Figure 2.

According to the existing fault estimation observer,26

one can obtain the information of f̂ ðtÞ, which is seen as the

first step estimate f̂ 1ðtÞ in this article, then the MS-FE

observer with k 2 f2; 3; :::g is developed as follows

_̂xkðtÞ ¼ Að�hÞx̂kðtÞ þ Bð�hÞ½uðtÞ þ fkðtÞ�
� Lð�hÞ½ŷkðtÞ � yðtÞ�

ŷkðtÞ ¼ Cð�hÞx̂kðtÞ

f̂ kðtÞ ¼ �Fð�hÞ½ŷkðtÞ � yðtÞ� þ _̂
f k�1ðtÞ

8>>>><
>>>>:

(7)

where Lð�hÞ ¼
Pr
i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�Lig and Fð�hÞ ¼Pr
i¼1

f½hi1ðzðtÞÞ þ hi2ðzðtÞÞ�Fig are the gain matrices of

appropriate dimensions, x̂kðtÞ 2 R5 is the observe state,

ŷkðtÞ 2 R5 is the observe output, and f̂ kðtÞ 2 R2 is the

k-th estimate of f ðtÞ.
Denote that exkðtÞ ¼ x̂kðtÞ � xðtÞ, eykðtÞ ¼ ŷkðtÞ � yðtÞ,

efkðtÞ ¼ f̂ kðtÞ � f ðtÞ, and �eT
k ðtÞ ¼ ½eT

xkðtÞ; eT
fkðtÞ�, oT

k ðtÞ ¼

½oT ðtÞ; _f
T ðtÞ � _̂

f
T

k�1ðtÞ� and the estimation errors can be

obtained according to the existing paper,28–30 then the k

th error dynamic is obtained by

_�ekðtÞ ¼ ½ �Að�hÞ � �Lð�hÞ �Cð�hÞ��ekðtÞ
þ ½ �Lð�hÞ �D2ð�hÞ � �D1ð�hÞ�okðtÞ

eykðtÞ ¼ �Cð�hÞ�ekðtÞ � �D2ð�hÞokðtÞ

8><
>: (8)
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where �Að�hÞ ¼ Að�hÞ Bð�hÞ
0 0

� �
, �Lð�hÞ ¼ Lð�hÞ

Fð�hÞ

� �
, �Cð�hÞ ¼

½Cð�hÞ 0 �, �D1ð�hÞ ¼
D1ð�hÞ 0

0 Im

� �
, D2ð�hÞ ¼ ½D2ð�hÞ 0 �.

Assumption 3.1. The time-varying additive elevator fault

satisfies that _f ðtÞ belongs to L2½0;1Þ.

Remark 3.1. The time-varying additive elevator fault is

viewed as a disturbance in this method. The additive fault
_f ðtÞ is transformed into _f ðtÞ � _̂

f iðtÞ. By this way, f̂ kðtÞ can

be practically approximate to the fault value.

Theorem 1. For the matrix ð �Að�hÞ � �Lð�hÞ �Cð�hÞÞ, its eigenva-

lues will fall within the circular region Dð�; τÞwith the two

parameters are both positive scalars, if there exists a posi-

tive symmetric matrix P > 0 of seven by seven dimensions

which satisfies the under mentioned matrix inequalities

�P P �Ai � �Y i
�Ci � �P

� �τ2P

� �
< 0; i ¼ 1; :::; r (9)

and

�P P �Ai � �Y i
�Cj � �P

� �τ2P

" #
þ

�P P �Aj � �Y j
�Ci � �P

� �τ2P

" #
< 0; 1 � i < j � r

(10)

where Yi ¼ PLi, in order to save space, symmetric blocks

are all expressed as the symbol “*”.

Proof. At first, an important lemma used in this article

should be introduced as following.

Lemma 1. For each of the system matrix Ai 2 R5�5, the

characteristic values of A fall within the expect area of

Dð�; τÞ if and only if we can find a positive symmetric

matrix P > 0 which satisfies the next inequality,

�P PðA� �IÞ
� �τ2P

� �
< 0 (11)

Substituting ð �Að�hÞ � �Lð�hÞ �CðhÞÞ for A into the above

lemma, then we can get that

Ψ ¼ �P Pð �Að�hÞ � �Lð�hÞ �Cð�hÞ � �IÞ
� �τ2P

� �
(12)

then setting Yi ¼ PLi and considering the fuzzy weight,

such matrix inequalities can be rewritten as

Ψ ¼
Xr

i¼1

ðhi1 þ hi2Þ 2Ψ ii

þ
Xr

i¼1

Xr

j>i

ðhi1 þ hi2Þðhji þ hj2ÞðΨ ij þ Ψ jiÞ < 0

(13)

where

Ψ ii ¼
�P P �Ai � �Y i

�Ci � �P

� �τ2P

� �

Ψ ij ¼
�P P �Ai � �Y i

�Cj � �P

� �τ2P

� �

since hi1ðzðtÞÞ þ hi2ðzðtÞÞ � 0, we can get that Ψ ii < 0 and

Ψ ij < 0, then the theorem 1 is proved.

Theorem 2. The k th ðk 2 f2; 3; :::gÞ error dynamics is

asymptotically stable while satisfying the H1 performance

index kefkðtÞk2 < "kokðtÞk2 if a positive matrix P > 0 can

be find with seven by seven dimension which satisfies the

next given inequalities

+

_ 
+ ( )f t

( )f t

( )f t1
ˆ ( )f t

Second estimation 

 k-th estimation 
ˆ ( )kf t

+ 
_ 

Type- II T-S model 

First estimation 

2
ˆ ( )f t

( )f t

d
dt

. . .

ω1 (t)   ω2 (t) 

Figure 2. Diagram for the estimation scheme.

ElevatorCanard

V

θ α

Figure 1. Geometry of the hypersonic vehicle model.
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P �Ai þ �Ai
T P� �Y i

�Ci � �Ci
T �Y i

T �Y i
�D2i � P �D1i

�E1

� �"I4 0

� � �"I2

2
64

3
75 < 0

(14)

P �Ai þ �Ai
T P� �Y i

�Cj � �Cj
T �Y i

T �Y i
�D2j � P �D1i

�E1

� �"I4 0

� � �"I2

2
664

3
775

þ
P �Aj þ �Aj

T P� �Y j
�Ci � �Ci

T �Y j
T �Y j

�D2i � P �D1j
�E1

� �"I4 0

� � �"I2

2
664

3
775 < 0

(15)

where Yi ¼ PLi, �E1 ¼ ½ 0 I2 �T 2 R7�2, and 1 � i < j � r.

Proof. For the k th ðk 2 f2; 3; :::gÞ error dynamics, its Lya-

punov function including k-th dynamic errors can be

defined to be the following form

VkðtÞ ¼ �eT
k ðtÞP�ekðtÞ þ

ð1
tf

1

γ
eT

fkðtÞefkðtÞ � γoT
k ðtÞokðtÞ

� �
dt

(16)

where tf means the moment of the failure. Then, the fol-

lowing formulae can be deduced

_V kðtÞ ¼ �eT
k ðtÞ½Pð �Að�hÞ � �Lð�hÞ �CðhÞÞ
þ ð �Að�hÞ � �Lð�hÞ �Cð�hÞÞT P��ekðtÞ
þ oT

k ðtÞ½ �Lð�hÞ �D2ð�hÞ � �D1ð�hÞ�P�ekðtÞ
þ �eT

k ðtÞP½ �Lð�hÞ �D2ð�hÞ � �D1ð�hÞ�okðtÞ

þ 1

"
�eT

k ðtÞ �E1
�E

T

1 �ekðtÞ � "oT
k ðtÞokðtÞ (17)

For the convenience of analysis, one can denote that

�ðtÞ ¼
�ekðtÞ
okðtÞ

� �

O ¼
YþYT þ 1

"
�E1

�E
T

1 P½ �Lð�hÞ �D2ð�hÞ � �D1ð�hÞ�

� �"I4

2
64

3
75 and

Oij ¼
P �Ai þ �Ai

T P� �Y i
�Cj � �Cj

T �Y i
T þ 1

"
�E1

�E
T

1
�Y i

�D2j � P �D1i

� �"I4

2
64

3
75

where Y ¼ Pð �Að�hÞ � �Lð�hÞ �Cð�hÞÞ, then substitute above

equations into (17), the derivative form of Lyapunov func-

tion can be rewritten as

_V kðtÞ ¼
Xr

i¼1

ðhi1 þ hi2Þ2�T ðtÞOii�ðtÞ

þ
Xr

i¼1

Xr

j>i

ðhi1þ hi2Þðhj1 þ hj2Þ�T ðtÞðOij þ OjiÞ�ðtÞ

(18)

By the Schur complement, (18) implies that (14) and

(15) hold, therefore the k th error dynamics is asymptoti-

cally stable while achieving the expected index.

Remark 3.2. In this method, the estimate of each step is used

for next estimate step, just like a kind of “iteration.”

Through this method, f̂ kðtÞ can nearly fitting the time-

varying additive fault if k could selected as large as possi-

ble. However, the estimated time may rise with the growth

of k. Hence, k should not be too large.

Remark 3.3. Compared with some existing methods, the

proposed fault estimation scheme has the following advan-

tages: (1) an I-T-II T-S model is constructed in this article,

the double fuzzy membership grades possess better approx-

imation performance than T-S system31–33; (2) when the

elevator break down, the derivative of fault value is limited,

so the condition _f ðtÞ 2 L2ð0;1Þ is considered in this arti-

cle rather than the condition f ðtÞ 2 L2½0;1Þ.

Simulations and experiments

Several comparative simulations are provided in this sec-

tion to demonstrate the effectiveness of the proposed I-T-II

T-S model and the MS-FE algorithm. To begin with, the

HFV modeling via I-T-II T-S fuzzy technique and some

analysis are given in section “Interval type-II T-S modeling

of hypersonic longitudinal dynamic system”; in “Fault esti-

mation results” section, the common matrix P and the

matrix L1 of the first working point obtained by MATLAB

toolbox are given at first, and then the fault estimation

results according to the MS-FE scheme are presented.

Finally, such estimated results are offered to the dynamic

output feedback FTC scheme (DOF-FTC) which is men-

tioned in the literature,26 and the control results of � are

presented in “DOF-FTC performance using the k-th esti-

mation result.”

I-T-II T-S modeling of hypersonic longitudinal
dynamic system

As a representative case study, the initial condition

of the vehicle is V ¼ 12 Ma, h ¼ 33:5 km, and

T ¼ 450 KN. From the property of near space HFV, it

is easy to discover that V is directly affected by the

parameter h and the pitch angle θ. In addition, the para-

meter � is of great significance which influence the

nonlinear capacity; therefore, similar to the study by

Xu et al.17 and Shen et al.,20 we select z1 ¼ θ, z2 ¼ q,

and z3 ¼ V . In order to uniformly cover the input range,

the domain resources of fuzzy variables z1, z2, and z3 are

selected as z1 2 ð�0:5; 0:5Þ rad, z2 2 ð�0:5; 0:5Þ rad=s,

and z3 2 ð2000; 5000Þ m=s.

The concrete parameters of Ai and Bi can be found in the

literature. And it is assumed that the perturbation of parameters

are 10% since there may exist uncertainties in modeling

6 International Journal of Advanced Robotic Systems



process. Meanwhile, disturbance distribution is chosen as

D 1i ¼

0:01 0:01

0:01 0:01

0:01 0:01

0:01 0:01

0:01 0:01

2
6666664

3
7777775

and D 2i ¼

0:001 0:001

0:001 0:001

0:001 0:001

0:001 0:001

0:001 0:001

2
6666664

3
7777775

,

respectively. Finally, the corresponding upper fuzzy

membership functions and lower fuzzy MF of I-T-II fuzzy

system are defined in Table 1.

In order to describe the membership functions more clearly,

three-dimensional curves of them are shown in Figures 3–5,

where the y-axis shows primary membership function and

z-axis is the secondary membership, respectively. From such

figures, we can see that all of the secondary memberships of

the so-called I-T-II T-S system are equal to one

P ¼ 1:0 eþ 03

0:0045 �0:0019 0:00001 0:0008 0:0001 �0:00002 �0:0012

�0:0019 1:4126 0:0003 �0:7735 �0:0012 0:0008 0:0002

0:00001 0:0003 0:00002 0:0005 0:00005 �0:00001 �0:000005

0:0008 �0:7735 0:0005 235:14 0:0004 �0:0002 0:0001

0:0001 �0:0012 0:00005 0:0004 0:0009 �0:000007 0:0001

�0:00002 0:0008 �0:00001 �0:0002 �0:000007 0:000001 0:000004

�0:0012 0:0002 �0:000005 0:0001 0:0001 0:000004 0:00098

2
666666666664

3
777777777775

L1 ¼ 1:0 eþ 02

0:0773 0:3079 0:0011 �0:0809 �0:0066

�0:0007 0 :0023 �0:0005 � 0:0028 �0:0021

1 :6363 49 :5638 1 :3027 �0:5249 �0:1408

� 0 :00006 0 :00001 � 0 :00004 � 0 :0002 0 :0099

� 0 :0835 0 :0027 � 0 :0631 0:0383 �2:6667

2
6666664

3
7777775

Fault estimation results

By solving the matrix inequalities (8), (9), (13), and (14)

through the MATLAB toolbox, not only the matrix P but

also F1 and L1 of the first working point of the hypersonic

longitudinal dynamic system can be calculated

F1 ¼
62:61 �374:55 40:59 336:64 386:07

23:24 5:59 1:02 �6:07 �3:01

� �

For hypersonic vehicles, elevators and accelerator are

actuators which may be failure, and the throttle gets fault

less likely, so we consider the time-varying elevator addi-

tive fault as following:

Case 1:

f1ðtÞ ¼
0 0 < t < 4s

0:5 sinðt � 4Þ 4s � t
and f2ðtÞ ¼ 0

�

Then, the fault estimation response under the MS-

FE method for the I-T-II T-S hypersonic system is

shown in Figure 6, and the conventional adaptive fault

estimation method for I-T-II T-S fuzzy hypersonic

Table 1. Fuzzy membership functions of interval type-II fuzzy system.

Lower membership function Upper membership function

� ~Mi1
ðz1 ¼ �0:5Þ ¼ exp½�ððz1 þ 0 :5Þ=0:44Þ2� �� ~Mi1

ðz1 ¼ �0:5Þ ¼ exp½�ððz1 þ 0 :5Þ=0:36Þ2�
� ~Mi1
ðz1 ¼ 0:5Þ ¼ 1� exp½�ððz1 þ 0 :5Þ=0:36Þ2� � ~Mi1

ðz1 ¼ 0:5Þ ¼ 1� exp½�ððz1 þ 0:5Þ=0:44Þ2�
� ~Mi2
ðz2 ¼ �0:5Þ ¼ 1

1þ exp½ðz2þ0:05Þ=0:1� �� ~Mi2
ðz2 ¼ �0:5Þ ¼ 1

1þ exp½ðz2�0:05Þ=0:1�

� ~Mi2
ðz2 ¼ 0:5Þ ¼ 1� 1

1þ exp½ðz2�0:05Þ=0:1� �� ~Mi2
ðz2 ¼ �0:5Þ ¼ 1� 1

1þ exp½ðz2þ0:05Þ=0:1�

� ~Mi3
ðz3 ¼ 2000Þ ¼ exp½�ðz3 � 2000Þ=867Þ2� �� ~Mi3

ðz3 ¼ 2000Þ ¼ exp½�ðz3 � 2000Þ=1133Þ2�
� ~Mi3
ðz3 ¼ 5000Þ ¼ 1� exp½�ðz3 � 2000Þ=1133Þ2� �� ~Mi3

ðz3 ¼ 5000Þ ¼ 1� exp½�ðz3 � 2000Þ=867Þ2�

Wang et al. 7



system and conventional FE method for T-S hyperso-

nic flight system are presented in Figures 7 and 8,

respectively.

From Figures 6 to 8, it is easy to see that the hypersonic

elevator additive fault occurred at 4 s, then by the proposed

I-T-II fuzzy system of hypersonic vehicle and the MS-FE

method, the time-varying additive actuator fault can be

fitted more quickly and more precisely than the conven-

tional adaptive fault estimation approach with T-S fuzzy

model in the study by Xu; as we all know, shorter time for

estimation, more fault-tolerant time can be saved. Conse-

quently, through the comparison, we can verify that with

the I-T-II fuzzy system of hypersonic vehicle and the MS-

FE scheme, more time can be saved and more precise fault

value can be provided to control the fault, which perhaps is

very helpful for hypersonic vehicles.

Next, simulations are conducted to compare with

the existing fault estimation algorithms in the earlier

studies.20,25 Only the elevator is assumed to incur a fault

z
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Figure 6. Elevator fault and its estimation (three-step fault esti-
mation method for interval type-II fuzzy hypersonic system).
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Figure 7. Elevator fault and its estimation (conventional adaptive
fault estimation method for I-T-II T-S fuzzy hypersonic model).
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at one time in these two cases. The failure situations can be

described as follows:

Case 220:

f1ðtÞ ¼
0 0 < t < 15s

2ðt � 15Þ 4s � t
and f2ðtÞ ¼ 0

�

Case 326:

f1ðtÞ ¼
00 0 < t < 15s

10ð1� e�ðt�10ÞÞ 15s � t
and f2ðtÞ ¼ 0

�

The simulation results are presented in Figures 10–13,

respectively.

In Figure 10, the three-step fault estimation algorithm is

compared with the adaptive fault estimation algorithm in

the study by Shen et al.,20 and the method in this article

shows smaller estimation error than the existing algorithm.

In Figures 11 and 12, the three-step fault estimation result is

compared with the existing algorithm in earlier study,26 and

one can see that the three-step fault estimation algorithm

can approximate the true value quickly, and the estimation

error doesn’t have fluctuations like the previous algorithm.

Therefore, the abovementioned fault estimation per-

formances and comparisons demonstrate the effective-

ness of the I-T-II T-S model and the three-step fault

estimation method against the time-varying fault

conditions.

DOF-FTC performance using the k-th
estimation result

In order to further prove the effectiveness of the aforemen-

tioned I-T-II fuzzy system, the dynamic output feedback

FTC scheme which is proposed in the literature26 is applied
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Figure 8. Elevator fault and its estimation (conventional adaptive
FE method for T-S hypersonic system).
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to such system, then the I-T-II T-S dynamical output feed-

back controller is constructed as

_�ðtÞ ¼ Af ð�h; �hÞ�ðtÞ þ Bf ð�h; �hÞyðtÞ
uðtÞ ¼ Cf ð�hÞ�ðtÞ þ Df yðtÞ � f̂ kðtÞ

(

and

Af ð�h; �hÞ ¼
Xr

i¼1

Xr

j¼1

½ðhi1 þ hi2Þðhj1 þ hj2Þ�Afij

Bf ð�hÞ ¼
Xr

i¼1

ðhi1 þ hi2ÞBfi

Cf ð�hÞ ¼
Xr

i¼1

ðhi1 þ hi2ÞCfi

8>>>>>>>>><
>>>>>>>>>:

where �ðtÞ is the state, and the parameter matrices of the

DOF-FTC can be defined as

Df ¼ D̂

Cf ð�hÞ ¼ ðĈð�hÞ � Df Cð�hÞX ÞM�T

Bf ð�hÞ ¼ N�1ðB̂i � YBiDkÞ

Af ð�h; �hÞ ¼ N�1½Âð�h; �hÞ � Y ðAð�hÞ þ Bð�hÞDf Cð�hÞÞX �M�T

� Bf ð�hÞCð�hÞXM�T � N�1YBð�hÞCf ð�hÞ

Ultimately, the response curves of angle of attack under the

I-T-II fuzzy hypersonic system with constant elevator fault and

the time varying fault are presented, respectively, in Figure 10.

As shown in Figure 13, it is clearly that the response curves

of� under the I-T-II T-S fuzzy model and the DOF-FTC have

approximate to the expected value at about 5 s, hence the I-T-

II modeling scheme which we used is more useful for hyper-

sonic while the accuracy of complicated model is difficult to

be guaranteed. To sum up, the aforementioned simulation

results clearly demonstrate the availability of the presented

I-T-II fuzzy model of hypersonic vehicle.

Conclusions

The objective of this article is to provide more accurate

time-varying elevator fault estimation performance for

FTC of HFVs. To fulfill this task, an I-T-II T-S fuzzy

model for hypersonic longitudinal dynamic model was

developed, which is helpful to deal with the parameter

uncertainties. An MS-FE approach is proposed for the ele-

vator additive faults. In such algorithm, the k-step fault

estimation observer is designed based on the ðk � 1Þ th

estimated information. With the utilization of that iteration,

the estimation accuracy can be guaranteed under fault

cases. Simulation results for different cases show that sig-

nificant estimation accuracy can be achieved with the

aforementioned scheme. And the FTC for near space HFV

with the k th fault estimation information will be our future

work, and the quantum information technique will also be

studied or applied to the FTC scheme.
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