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We propose a scheme of stabilizing the persistent-current Rabi oscillation based on the flux qubit-resonator-atom
hybrid structure. The low-Q LC resonator weakly interacts with the flux qubit and maps the persistent-current Rabi
oscillation of the flux qubit onto the intraresonator electric field. This oscillating electric field is further coupled
to a Rydberg-Rydberg transition of the 87 Rb atoms. The Rabi-frequency fluctuation of the flux qubit is deduced
from measuring the atomic population via the fluorescence detection and stabilized by feedback controlling the
external flux bias. Our numerical simulation indicates that the feedback-control method can efficiently suppress the
background fluctuations in the flux qubit, especially in the low-frequency limit. This technique may be extensively
applicable to different types of superconducting circuits, paving a way to long-term-coherence superconducting
quantum information processing.
DOI: 10.1103/PhysRevA.97.053813
I. INTRODUCTION

Hybridizing superconducting circuits and atoms is a
promising idea for realizing quantum information processing,
transfer, and storage [1–4]. Numerous structures, including
indirect coupling via quantum bus [5], direct magnetic-dipole
interface [6], and Rydberg-state-mediated electric-dipole coupling [7,8], have been proposed. These hybrid quantum systems also provide a platform for investigating fundamental
principles of ultrastrong interaction between electromagnetic
fields and atoms [9–11]. Yet, despite all this, the rapid coherence decay of solid-state devices significantly restricts the
practical implementation of these hybrid schemes [12–14]. To
our best knowledge, the longest coherence times of state-ofthe-art superconducting qubits achieved so far in experiment
reach only tens of μs [15].
The atomic-clock technology has been proven as the most
efficient tool to preserve the coherence of a local harmonic
oscillator [16–18]. Employing the similar measurement to
superconducting circuits potentially enhances their energyrelaxation and dephasing times. The decoherence mechanisms
of various superconducting qubits have been systematically
studied [19–22]. On this basis, in [23] it has been theoretically
demonstrated that the frequency fluctuations of a charge-qubit
Rabi oscillation can be suppressed via the feedback-control
method combined with probing the gate-voltage-bias noise.
However, since it is not a direct measurement of the qubitRabi-oscillation-frequency fluctuations, the feedback-control
efficiency could degrade. Additionally, in [23] the necessary
condition, i.e., the efficient superconducting-qubit-atomicreference coupling, is fulfilled by the direct electric-dipole interaction between the Rydberg atoms and the local electric field
from the charge-qubit circuit. However, such a direct interface
is extremely challenging in the flux-qubit-atom hybrid because

*

of the weak magnetic-dipole interaction. To prevent these two
limitations, it is necessary to establish an approach to directly
measure the qubit-Rabi-oscillation-frequency fluctuations and
generalize it to other types of superconducting circuits.
In this paper, we explore the application of the feedbackcontrol approach in maintaining the Rabi oscillation of the
flux-qubit component in a hybrid structure. In this scheme,
a low-Q LC resonator is inductively linked to the flux
qubit and maps the persistent-current Rabi oscillation of
the flux qubit onto the intraresonator electric field which is
further electrically coupled to a Rydberg-Rydberg transition
of the 87 Rb atoms, resulting in a strong indirect flux-qubitatomic-reference interface. The projection measurement of
the atomic reference enables a direct probing of the Rabifrequency fluctuations of the persistent current flowing in the
flux-qubit loop. Feedback controlling the external flux bias
enhances the long-term stability of the flux-qubit Rabi oscillator. Such a superconducting-qubit-resonator-atom stabilization
scheme can be generalized to other types of superconducting
qubits.
II. FLUX-QUBIT OSCILLATOR

We consider a flux qubit [24] biased by an external magnetic
flux ex which is produced by a constant-current source
(the open loop in Fig. 1). In the basis of clockwise |L and
counterclockwise |R persistent-current states, the flux-qubit
Hamiltonian (without a drive) in the presence of energy
fluctuation is [25,26]
H = H0 −

(1)

with the dominant part
H0 = −
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we have
H =

h̄E10
2

F
z

+

h̄δε 
cos θ
2

F
z

+ sin θ

F
x


.

(5)

The Heisenberg equations for the rotated Pauli matrices  F =
( xF , yF , zF ), i.e.,
F
x

= cos θ σxF − sin θ σzF ,

(6a)

F
y

= −σyF ,

(6b)

F
z

= − sin θ σxF − cos θ σzF ,

(6c)

are given by
˙ xF = −(E10 + δε cos θ )
˙ yF

= (E10 + δε cos θ )

˙ zF = δε sin θ
FIG. 1. Schematic diagram of flux-qubit-resonator-atom hybrid.
The flux qubit is biased by an external flux ex , generated by a
constant-current loop, and is inductively coupled to the low-Q series
LC resonator. An ensemble of atoms pass through the capacitor Cs .
Before entering Cs , all atoms are excited onto the Rydberg state |r ≡
30 2D5/2 (m = 25 ) via the two-photon (480 nm and 780 nm) transition.
Inside Cs , the Rydberg atoms interact with the intracapacitor electric
field. After flying out from Cs , the atoms in |r are mapped onto the
ground state by the 480 nm and 780 nm laser beams. The atomic
ground-state population is then measured via a photodetector by the
resonance fluorescence at 780 nm. The measurement result is fed back
into the constant-current loop via the servo so as to compensate the
flux bias ex . The open- and closed-loop systems are controlled by a
switch.

σ F = (σxF ,σyF ,σzF ) are the Pauli matrices for the flux qubit.
The frequency bias ε between |L and |R is written as


2Ip 0 ex
1
,
(3)
−
ε=
h̄
0
2
with the persistent current Ip = 0.3 μA [27] and the magnetic
flux quantum 0 = πeh̄ . The interstate tunnel rate  depends on
the specific physical realization of the flux qubit. To facilitate
the future implementation of flux-qubit-ultracold-atom hybrids
proposed in [6,12], here we set  = 2π ×6.8 GHz, which
matches the clock transition of the 87 Rb atom. δε denotes
the qubit-energy fluctuations caused dominantly by the environmental flux noise. The effects of other noise sources
(critical-current and charge noises) are not considered in this
work [27,28].
The eigenstates of H0 are derived as
θ
θ
|0 = cos |L + sin |R,
2
2
θ
θ
|1 = − sin |L + cos |R,
2
2

(4a)
(4b)

where θ is determined by cos θ = Eε10 and sin θ = E10 with the
√
frequency spacing E10 = ε2 + 2 . In the basis of |0 and |1,

F
x

F
y ,

− δε sin θ

(7a)
F
z ,

F
y .

(7b)
(7c)

According to the experimental measurements [27,28], the
noise spectrum density of δε,

 
Sδε (f ) =
δε(t + τ )δε(t)dt e−i2πf τ dτ,
(8)
exhibits two distinct regions: the 1/f type


2Ip 0 2 A
Sδε (f ) =
h̄
(2πf )0.9

(9)

for the noise frequency 2πf   and the ohmic dissipation
Sδε (f ) = α(2πf )

(10)

for 2πf ∼ .
The quantum behavior of the flux qubit can be simulated
by solving Eq. (7), where δε is numerically generated based
on the typical values of A = 5×10−12 [28] and α = 10−5
[29]. The energy-relaxation T1 and dephasing T2 times of the
flux qubit are extracted by the decay of |1 and performing
spin echo [Fig. 2(a)]. To verify the validity of our simulation
method, we compare the numerical results with the analytical
formulas derived from Fermi’s golden rule [28–30],
T1−1 = π αE10 sin2 θ,


2Ip 0
1 −1
−1
T2 = T1 +
A ln 2 cos θ.
2
h̄

(11a)
(11b)

As shown in Fig. 2(b), they are well matched. T2 strongly
depends on the flux bias ex , while T1 is almost unchanged.
At the optimal bias condition ex = 20 we obtain T2 = 2T1 .
We focus on the flux-qubit Rabi oscillation between |L and
|R. Within the range of ex interested in this work [Fig. 2(b)],
we have ( ε )2  1. For an ideal system with δε = 0, the
persistent-current-flow direction switches alternately clockwise and counterclockwise, i.e., σzF (t)  cos E10 t. This may
be viewed as a local oscillator with the oscillation frequency
of ωos = E10 . However, the nonzero δε disturbs ωos around
E10 , leading to the fluctuation δωos = ωos − E10 , which gives
rise to the limited T1,2 . As in atomic clocks, here we employ
the Allan deviation σωAos (τ ) to measure the stability of the
oscillation (Rabi) frequency ωos within an average time τ [31].
As illustrated in Fig. 2(c), σωAos (τ ) for different ex are nearly
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FIG. 2. (a) Numerical simulation of energy relaxation and echo decay of flux qubit with ex0 − 21 = 5×10−4 and the initial state |1.
(b) Analytical (solid lines) and numerical ( and ) results of energy-relaxation T1 and dephasing T2 times as a function of the external
flux bias ex . (c) Allan deviation σωos (τ ) of Rabi oscillator with different ex , where  and  correspond to the open-loop oscillations with
ex
− 21 = 0 and 5×10−4 , while • denotes the feedback-control operation with ex0 − 21 = 5×10−4 .
0

the same for τ < 1 ns, corresponding to the fact that T1 depends
less on ex . The 1/f component in δε mainly affects the
relatively long-term (τ
1 ns) stability of ωos , resulting in the
strong decrease of T2 for ex away from the optimal point. In
the following, we set ex0 − 21 = 5×10−4 , where T1 = 1.5 μs
and T2 = 0.5 μs. Stabilizing ωos is equivalent to suppress δε,
which may potentially enhance T1,2 .
III. FREQUENCY DISCRIMINATION

We utilize the flux-qubit-resonator-atom hybrid platform
established in [3] to discriminate against the fluctuation δωos
of the oscillation (Rabi) frequency ωos . As depicted in Fig. 1,
a low-Q series LC resonator, which is biased by a constant
voltage source, is weakly coupled to the flux qubit with
a mutual inductance of M = 3 pH [32]. The resonator’s
capacitor C = 0.1 pF comprises of a large Cl and a small
Cs connected in parallel, where Cs = 4 fF is formed by a
pair of identical parallel plates with the area of x×y =
0.2×0.2 mm2 and the interplate distance of z = 0.1 mm.
1
is set nearly resonant to
The resonator frequency ωLC = √LC
ωos with a detuning
δf = ωLC − ωos
= δf,0 + δωos ,

(12)

where we have defined the constant detuning
δf,0 = ωLC − E10 ,

crossing (frequency gap 2π ×0.6 GHz) occurs between two
curves at the static electric field of 101.3 V/cm [Fig. 3(b)].
We set E0 = 98.8 V/cm, where the frequency spacing
between two corresponding adiabatic eigenstates (labeled as
|e and |g) is equal to E10 . Since other adiabatic states are far
apart from |e and |g, the Rydberg atom may be viewed as a
two-level system. The radius of the Rydberg atom is 65 nm
[34] and the zero-kelvin lifetime is 25 μs [35]. The large
atom-surface separation (50 μm) ensures that the stray fields
from the superconducting chip hardly influence the Rydberg
states [36]. For nat = 200, the average separation among
atoms is 15 μm, large enough to suppress the interatomic
interactions. Moreover, due to Cl
Cs and the large geometric
size of Cs , the Rydberg atoms hardly affect the LC-resonator
frequency ω0 .
All atoms, before entering Cs , are prepared in |r via the
two-photon 5 2S1/2 (m = 21 ) − 5 2P3/2 (m = 23 ) − |r excitation
by using 780 nm and 480 nm laser lights (Fig. 1). When
approaching Cs , the atomic state adiabatically follows the
corresponding energy curve due to the static fringe field
[11]. The oscillating E field couples to the Rydberg-Rydberg
|e − |g transition for a time duration of tint = x/v. The
atomic |e − |g transition rate strongly relies on the fluxqubit-resonator detuning δf . As the atoms fly away from
Cs , the component in |e adiabatically evolves back to |r.
Then, the atoms in |r are completely mapped into the ground

(13)

resulting in the inductance L ≈ 5 nH [33]. We assume that the
constant voltage source does not introduce any extra noises.
An ensemble of 87 Rb Rydberg atoms (number of nat ) fly
through Cs in the x direction at the same velocity v. Within Cs ,
the atoms interact with the nearly homogeneously distributed
intracapacitor electric field. This z-direction electric field
contains two components: the static E0 , which is produced
by the constant voltage bias and tunes the energy spectrum
of the atom, and the oscillating E, whose amplitude depends
on the detuning δf . Figure 3(a) displays the dc Stark map of
the Rydberg atom around |r ≡ 302 D5/2 (m = 25 ). We focus on
two adiabatic energy curves which start respectively from |r
and a manifold state composed of a set of |n = 20,l  3,j =
l ± 21 ,m = 25  states at the zero field. An energy-level avoided

FIG. 3. (a) dc Stark map of 87 Rb around |r ≡ 30 2D5/2 (m = 25 ).
The detail in the rectangle is displayed in (b), where the energy is
relative to the value of 4.05 THz. At E0 = 98.8 V/cm, the frequency
spacing between adiabatic |e and |g eigenstates is equal to E10 .
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(a)

(c)

(b)

FIG. 4. (a) Probability ρee as a function of the constant flux-qubit-resonator detuning δf,0 and the atom-resonator-interaction time tint .
S
of the average fluctuations δωos within tint . The
(b) Frequency-discrimination curve, ρee vs δf,0 , at γ tint = 35. (c) Standard deviation σδω
os
QP N
and the full width at half maximum δF W H M of the frequency-discrimination curve of (b) are also
projection-noise-induced uncertainty σδf
inserted in (c).

5 2S1/2 (m = 21 ) state at a rapid rate (∼ns [37]) via the twophoton transition again. The resulting atomic ground-state
population is measured by the fluorescence method based on
the 5 2S1/2 (m = 21 ) − 5 2P3/2 (m = 23 ) transition whose decay
rate is γ = 2π ×6.1 MHz. From the number nph of fluorescence
photons collected by a photodetector during a time length of td ,
the fluctuation δωos in the flux-qubit Rabi-oscillation frequency
ωos may be derived. Finally, the measured result is fed back
into the current source, which produces the flux bias ex , via
the servo to tune ex so as to compensate δωos (Fig. 1).
Next, we derive the frequency-discrimination curve. The
Hamiltonian describing the interface between the Rydberg
atoms and the oscillating E is expressed as
H̃ =

h̄ωeg A
σ + h̄σxA ,
2 z

(14)

where σxA = |eg| + |ge| and σzA = |ee| − |gg| are the
Pauli matrices for the atoms and the Rabi frequency is defined
as  = −d0 E/h̄ with d0 ∼ 700ea0 [8,38]. The equations of
motion of atomic density matrix elements ρμν = μ|ρ|ν with
μ,ν = e,g are derived as
∗
ρ̇ee = i∗ ρeg − iρeg
,
∗

ρ̇eg = −iE10 ρeg + i (2ρee − 1).

(15a)
(15b)

ρee denotes the probability of the atoms being in |e and ρeg
corresponds to the complex atomic polarizability.
On the other hand, Kirchoff’s laws lead to the wave equation
for the oscillating electric E field
Ë + κ Ė +

2
ωLC
E

Cs P̈
2 MIp F
=−
+ ωLC
σ̇ ,
C ε0
z z

(16)

∗
where P = nVateffd0 (ρeg + ρeg
) is the polarization density of
the atoms and Veff is the effective resonator-mode volume.
In the limits of C
Cs (due to Cl
Cs ) and Veff
xyz, the atoms hardly affect E. Thus the first term on
the right side of the equal sign in Eq. (16) can be neglected.
The second term on the right side of Eq. (16), which originates
from the flux-qubit-resonator coupling, plays a role of current
driving source. To weaken the resonator filtering effect, the loss
rate of the LC resonator is chosen to be κ = 4γ , corresponding
to a low Q factor of 300. Moreover, the frequency bias ε of the

flux qubit should be rewritten as


2Ip 0 ex
1 MI
− +
,
ε=
h̄
0
2
0

(17)

where the current I flowing in the resonator is given by


Cs P
d
.
(18)
E+
I = zC
dt
C ε0
Combining Eqs. (7) and (15), (16), one can simulate the
dynamics of the whole hybrid system, i.e., the feedbackcontrolled Rabi oscillation of the flux qubit. Figure 4(a) depicts
the dependence of the probability ρee on the constant detuning
δf,0 and the atom-resonator-interaction time tint , where we
have set δωos = 0. It is seen that as tint is increased, ρee
exhibits the oscillating behavior, i.e., the Rabi oscillation of
the atoms. The effect of δf,0 also merges evidently, i.e., ρee
for the resonant flux-qubit-resonator coupling (δf,0 = 0) varies
much faster than the nonresonant (δf,0 = 0) case, for a long
enough tint . Indeed, this dependence is caused by the frequency
discrimination characteristics of the LC resonator.
For a certain tint , one obtains the one-to-one correspondence
between ρee and δf,0 on the negative side of δf,0 . This may be
employed to discriminate against the average fluctuation δωos
of the oscillation (Rabi) frequency ωos within tint ,
δωos =

1
tint



tint

δωos (t)dt.

(19)

0

The optimal tint relies on the requisite that the standard deviaS
S
tion σδω
of δωos must satisfy σδω
< δF W H M , where δF W H M is
os
os
the full width at half maximum of the frequency-discrimination
curve. Otherwise, δωos will not be uniquely identified in the
S
frequency-discrimination curve. σδω
should also be larger
os
QP N
δF√
than the uncertainty σδf
= 2 WnHatM induced by the quantum
projection noise [39], which occurs in measuring the atomic
population in |e. We set γ tint = 35, corresponding to the
atomic velocity of v = 180 m/s. The corresponding frequencydiscrimination curve is plotted in Fig. 4(b), where the stabilization point is commonly chosen at the highest-gradient
position, δf,0 = − δF W2H M . Figure 4(c) shows the comparison
N
.
among δωos , δF W H M , and σδQP
f
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According to [42], the stability of ωos is limited, in principle,
by
σωAos ,L (τ )

1/2

Tc 1
1
2.1×10−7
+
=
,
√
τ nat
nat nph
τ

1
=
Q

(22)

FIG. 5. (a) Power spectral density Sδωos (f ) of the fluctuations δωos
of open- and closed-loop systems. (b) Spectrum of g(t)/g0 . Inset:
sensitivity function g(t) within a feedback cycle.
IV. CLOCK OPERATION

Based on the obtained frequency-discrimination curve
[Fig. 4(b)], one can derive the average fluctuation δωos from
the atomic-population measurement, which is disturbed by the
unavoidable quantum projection noise, via the fluorescence
detection (Fig. 1). Another fundamental noise occurring in
the population measurement is the photon shot noise arising
from the particlelike nature of light [40]. The corresponding
signal-to-noise ratio is given by √1nph [41]. To suppress the
photon shot noise, we set γ td = 15, resulting in nph = 15 for
an efficient collection of fluorescence photons.
From the derived δωos , one can further calculate the average
value δε of the energy-spacing fluctuation δε within tint , i.e.,
δε =

(E10 + δωos )2 − 2 − ε.

where Q = δFEW10H M = 400 denotes the Q factor of the
frequency-discrimination curve, and the first term in the
brackets is the quantum projection noise, while the second
term corresponds to the photon shot noise occurring in the
fluorescence detection. However, as demonstrated in Fig. 2(c),
σωAos ,L (τ ) is much lower than the closed-loop σωAos (τ ). This is
because the Dick effect, induced by the interrogation frequency
noise and nonzero dead time in the feedback cycle, strongly
degrades the oscillator’s stability [43]. Following [44], the
Dick-effect-limited Allan deviation is expressed as
σωAos ,D (τ )

for both open- and closed-loop systems. It is seen that the
feedback control barely affects Sδωos (f ) for f > Tc−1 ∼ 1 MHz
while suppressing the fluctuations in the closed-loop system in
the low-f (f < Tc−1 ) regime. The corresponding σωAos (τ ) of the
clock operation is displayed in Fig. 2(c). As one can see, the
closed-loop σωAos (τ ) is lower than that of the open-loop system
after τ > Tc , indicating the improvement of frequency stability
of persistent-current oscillator. However, we should note that
the energy-relaxation time T1 of the closed-loop flux qubit is
not extended since Tc is similar to the free-running T1 .

 
2
m
gm
S
δω
os
2
Tc
g
m=1 0
∞

1/2

=

7.9×10−7
,
√
τ
(23)

where the relevant coefficients are defined as g0 =
 Tc
T
1
2
2
2
g(t)dt, gm
= gc,m
+gs,m
, gc,m = T1c 0 c g(t) cos 2πmt
dt,
Tc 0
Tc
 Tc
1
2πmt
and gs,m = Tc 0 g(t) sin Tc dt. The sensitivity function g(t)
to the frequency fluctuations of the flux-qubit Rabi oscillation,
which may be assumed to have the form Ip cos E10 t, is defined
as
δρee (t)
.
φ→0 φ

g(t) = 2 lim

(20)

δε may be compensated by tuning ε via feedback controlling
ex , which is produced by a constant current source, at
the end of the fluorescence-photon collection (the closed
loop in Fig. 1). Repeating the whole process leads to a
stabilized persistent-current Rabi oscillation of the flux qubit.
The feedback-control cycle Tc = 1.3 μs consists of an atomresonator-interaction duration tint and a dead-time period td
for collecting fluorescence photons. Suppressing Tc requires
a larger dipole moment d0 , i.e., higher Rydberg states, and a
faster decay rate γ . It should be noted that since td occupies
over one-third of Tc , the feedback-control efficiency is reduced.
Combining Eqs. (7) and (15), (16), we numerically perform
the clock running, where ε in Eq. (7) is corrected by δε every Tc .
In Fig. 5(a), we compare the spectral density of the fluctuation
δωos of the oscillation (Rabi) frequency ωos ,

 
δωos (t + τ )δωos (t)dt e−i2πf τ dτ, (21)
Sδωos (f ) =

=

1
τ

(24)

δρee (t) denotes the change of the probability of the atoms being
in |e, caused by an infinitesimally small phase step φ of the
oscillator signal, i.e., cos E10 t → cos(E10 t + φ), arising at
time t.
Figure 5(b) depicts the numerical result of g(t), which is
similar to that of the common Rabi interrogation in optical
2
lattice clocks [45], and (gm
/g02 ) vs m. It is seen that the lowfrequency fluctuations of ωos primarily affect σωAos ,D (τ ). The
resulting σωAos ,D (τ ) is inserted in Fig. 2(c), which proves that
the long-term stability of ωos is limited by the Dick effect.
Reducing the dead time td may suppress σωAos ,D (τ ). However,
the shorter td leads to the decrease of nph , which raises σωAos ,L (τ ).
V. CONCLUSION

We have investigated the stabilization of a flux-qubit Rabi
oscillation by the clock-stability-transfer technique. The system is based on the flux-qubit-resonator-atom hybrid structure,
where the periodic persistent-current oscillation of the flux
qubit is locked to a microwave Rydberg-Rydberg transition
of the 87 Rb atom via the resonator serving as a quantum bus.
The efficiency of the proposed scheme is restricted mainly by
the long cycle time (low-frequency feedback), compared to the
decoherence times of the free-running oscillator, and the Dickeffect-induced down-conversion of frequency fluctuations in
oscillation. Nevertheless, this low-frequency regime will become a significant challenge in the future qubit engineering.
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This superconducting-qubit-resonator-atom hybrid platform may be generalized to other types of superconducting qubits. So far, the coherent superconducting-qubitresonator coupling has been well demonstrated in experiments [15,32,46]. In contrast, the implementation of
superconducting-circuit-atom interface is very limited, despite
plenty of relevant theoretical proposals [1–8]. The main challenge is manipulating neutral atoms nearby the cryogenic
surface. However, the recent experiments [47–49] show that
coupling ultracold (Rydberg) atoms to a superconducting resonator is attainable. Given by the continuing dramatic progress
in reducing intrinsic noises in superconducting devices, the

development of low-temperature electronics further combined
with the clock technology may potentially be widely applied
in superconducting quantum information processing, allowing
it to be immune to environmental noises [50].
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