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Abstract
By means of the Nagel-Schreckenberg model, we have investigated into the maximum vehicular flow rate of traffic processing bottlenecks. The evaluated analytical form of this flow rate is found to give quantitative insights into the underlying physics of collective vehicular motions constrained by these bottlenecks.
Our analysis shows that for large-scale expansion, a new class of processing bottleneck known as the serial bottleneck is more efficient than the conventional
parallel bottleneck in the absence of human driving behavior. When characteristics such as slow-to-start is considered in the model, the consequential delay due
to human reaction time not only degrade the overall efficiency, it also diminishes
the efficacy of serial processing such that a serial bottleneck is no longer tenable for traffic processing. These results point to the fundamental importance
of optimizing traffic efficiency, which we illustrate by elucidating the detailed
mechanisms with which vehicles interact collectively in the bottlenecks. In particular, we demonstrate that by constructing combinations of serial and parallel
bottlenecks, optimal efficiencies are achieved via configurations with few (many)
lanes of a large (small) number of serial units when the processing time is short
(long). A direct implication of these results is that autonomous self-driving
vehicles could serve to improve the transportation capacity for the densely pop∗ Corresponding
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ulated urban cities of the future, due to the intrinsically more efficient collective
vehicular motions through these bottlenecks.
Keywords: NaSch model, Cellular automaton, Multi-point tollbooth, Lane
Expansion, Fundamental diagram

1. Introduction
The Nagel-Schreckenberg (NaSch) model [1] is a cellular automaton that had
been used extensively for theoretical traffic modelling. While it is simplistic and
does not describe the full spectrum of real-world traffic phenomenology, it does
5

capture the essential aspect of the emergence of congestion when vehicular density increases past a critical value [2]. In particular, this transition is known as
the absorbing-state phase transition [3] when the random deceleration parameter p = 0. Active research on critical transition in traffic system invariably
employs the NaSch model due to its analytical tractability [4]. In fact, one
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example of such phase transition occurs at the presence of bottleneck, with a
plateau exhibited in the fundamental diagram. Traffic states at the plateau are
observed to display the characteristics of phase-segregation in the spatiotemporal trajectories of the vehicles, with a continuous change from the free flow to
the congestion state as the traffic density increases. Interestingly, this change
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is similar to the separation of liquid phase and vapor phase in a van der Waals
fluid, giving the study of NaSch model with bottleneck a direct relevance to
statistical physics [2].
In real-world traffic system, the presence of traffic bottlenecks is fundamental
and they are inevitable sources of congestion. Traffic bottlenecks appear in
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various forms: as accident sites, merging of lanes, or even slow moving vehicles.
In general, traffic bottleneck is defined as a localized section of the road or
highway at which vehicles experience reduced speeds, and vehicles may require
more time to transverse through these sites. This reduction in flow rate results
in an increase in vehicle density, which in turn leads to the instability of the
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free flow phase due to the collective vehicular interactions, eventually leading
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to traffic congestions at the bottlenecks [5].
While traffic bottlenecks can arise spontaneously and randomly such as in
the case of a traffic accident, a vast majority of bottlenecks are fixed in their
locations. Examples of these latter bottlenecks include tollbooths, highway’s
30

on/off-ramps, pick-up/drop-off points for public transport, and many more.
Nowadays, such fixed-site bottlenecks are common sights in the traffic landscape of modern societies. Their purpose is to process the mobility of traffic
flow, which is of interest in this paper. Since bottlenecks serve only to increase
vehicular density which in turn destablizes the free flow phase, an important
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conclusion is that the effects of a bottleneck on traffic flow is independent of the
specific bottleneck mechanism [6, 2, 17, 15]. The consequence is a maximum
outflow through the bottleneck, which is known as the bottleneck capacity. Bottleneck capacity corresponds to the maximum value of the macroscopic traffic
flow captured by the fundamental diagram in a closed, or sufficiently long stretch
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of road. Its universal feature enables a general study of bottlenecks by solving
the maximal outflow through it, or by the time-headway approach adopted in
this paper.
At present, there are numerous studies on traffic bottlenecks using NaSch
model, such as the effects of time-delay bottlenecks [6], on- and off-ramps [7],
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and lane expansion at bottlenecks [8, 9]. These studies have been further facilitated by full analytical solutions of the bottleneck capacity, and compared
against the flow-density relation of the homogeneous NaSch model in the deterministic limit, or in the vmax = 1 limit [10, 11]. Solutions based on mean-field
approximation have also been explored for general parameter range [12, 13]. The
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analytical solutions from these studies allow for greater quantitative insights into
the physical mechanisms underlying traffic bottlenecks, which are not tenable
from empirically consistent traffic models since the complex parameterisation
and stochasticity within these models render such solutions almost impossible
[2]. The analytical consequences of NaSch model as exhibited in these research
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give strength to the approach, and explains its continued relevance in current
traffic studies even when there exist traffic models that are more empirically
3

consistent [14, 15, 16].

Figure 1: Schematic illustration of 3 types of bottleneck expansions: serial (m = 2); parallel
(n = 5); and combination (m = 2, n = 5). Note that direction of travel is upwards

In this paper, we examine into a new type of bottleneck whose function is
to process the mobility and transportation needs of modern society. In order
60

to sustain the rapid growth of traffic demands, these processing bottlenecks are
required to function efficiently. Our idea is a bottleneck that comprises multiple
processing units that serve the same function, with both serial and parallel
processing occurring at the same time. In other words, our proposed processing
bottleneck combines two configurations: processing in parallel; and in serial (see
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Fig. 1).
Parallel expansion of traffic bottleneck involves splitting a lane into multiple
lanes in the vicinity of a processing site, with each lane supporting a single
processing unit. This is the typical method used to increase the processing
capacity of tollbooths and immigration counters. Several studies were performed
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to probe the effect of parallel expansions of bottlenecks on traffic flow [18, 19, 8].
Notably, the capacity of a highway is found to be fully recoverable through
parallel expansion of bottleneck [8]. On the other hand, serial expansion of
traffic bottleneck allows multiple processing units to be co-located along a lane
such that two or more vehicles are simultaneously processed. As an example,
4
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a bus bay that extends over a length of two buses allows passengers from two
buses to alight and board at the same time. This decreases the overall processing
time of the two buses. Such an expansion of traffic bottleneck was explored in
Ref. [20] to investigate the influence of manual versus electronic toll collection
on traffic flow.
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In the following sections, we first measure and compare the flow-density relation of a simplified NaSch model, modified with a parallel and a serial expansion
of traffic bottlenecks. These values will be compared against the processing capacity of the different expansions, which would be solved analytically. Note that
such characterization has yet to be achieved in the literature. Interestingly, the
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two expansions perform differently with each outperforming the other under
certain conditions. One key advantage of a serial expansion is that it requires
no expansion of lane to function. This raises the possibility of trading processing
efficiency with the cost of lane expansion. For this, we examine into the mechanism underlying the discrepancy in efficiency of the two expansions. In addition,
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we quantify the difference between them in terms of various bottleneck parameters. After which, we proceed to analyze the performance of a traffic bottleneck
that combines parallel and serial processing into a single multi-processing unit.
In particular, we investigate into the conditions under which this combination
bottleneck outperforms both the parallel and serial expansions in terms of traffic
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processing capacity.

2. Model and Results
In this paper, a bottleneck is defined as a section of road which comprises
one or more processing units. The processing unit represents various functions
and is modeled as a generic time-delay site. When a vehicle passes through the
100

processing site, it would stop and be delayed for a time of td before moving off.
Traffic flow, on the other hand, is modeled based on NaSch cellular automata
model [1] on a road of length L cells, single-lane with periodic boundary condition. Each vehicle occupies a single site, and moves with a speed which is
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less than or equal to the maximum velocity vm . Vehicles with speed less than
105

vm accelerate at a rate of 1 site/s2 as long as there is sufficient unblocked cells
ahead. To simplify mathematical analysis, we have set the random deceleration
probability to p = 0. In all of our simulations, we let L = 1000 and vm = 4. The
flow-density measurements are determined after ignoring transients that occur
within the first T0 = 5L time steps. Note that each bottleneck site is assumed
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to be equivalent.
2.1. Serial Bottleneck
In a serial bottleneck, a traffic bottleneck is expanded into m equivalent
processing bottlenecks arranged in a series along a single lane (see Fig. 1 for
the illustration of a serial bottleneck with 2 processing sites). Vehicles that pass

115

into this expanded unit have to undergo processing by one (and only one) of
the m processing bottlenecks. The processing takes a time of td . The serial
expansion is facilitated with a series of gantries to control the movement of
vehicles passing by the bottleneck. A car will travel through a site if its gantry
is open and will stop in front of a closed gantry. In addition, the gantry system
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is able to distinguish between processed and unprocessed cars and stops only
unprocessed cars.
For efficient processing, an unprocessed car will always be directed to the
furthest unoccupied and unblocked site before it is stopped by the gantry system.
Specifically, if site 1 to site k are empty while site k + 1 is occupied, the car
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will be directed to the kth site and occupy it. Here, site 1 denotes the first
processing site which is nearest to the bottleneck entrance while site m denotes
the last processing site. A second car which follows the previous car will then be
directed to the (k − 1)th site. Note that sites further down the bottleneck (from
k + 2 onwards) could be occupied or unoccupied. In this case, any unoccupied
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processing site further down the bottleneck cannot be utilized as it is blocked.
In other words, if the first site is occupied while all the other processing sites are
empty, vehicles arriving at the bottleneck will have to wait for the car at the first
site to leave before they can enter the bottleneck. Once the car leaves, vehicles
6

that are waiting to enter the bottleneck are directed to the mth, (m − 1)th,
135

(m − 2)th sites consecutively. While this delay is a disadvantage of the serial
expansion over the parallel expansion, serial expansion can nonetheless be a
better choice as it requires no expansion of lane to function. An illustration
of vehicle trajectories resulting from the serial bottleneck is presented in the
Appendix.
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We first examine the relation between traffic flow rate (J) and traffic density
(c) for serial bottlenecks with one, three, and eight gantries. The fundamental
diagrams are shown in Fig. 2a, where plateaus of different heights are observed.
Essentially, the fundamental diagram is made up of three parts: (i) the free-flow
phase on the left; (ii) the fully-congested phase on the right; and (iii) the plateau
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phase which indicates the maximum allowable flows through the bottlenecks. As
shown in Fig. 2a, the slopes for the free-flow and the fully-congested phases are
given by vm and −1 respectively for all the three serial bottlenecks.
This qualitative shape of the fundamental diagram is consistent with studies
of traffic bottleneck on two-phase traffic models. Under the assumption of a
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long time limit, the fundamental diagram plateaus in a range of densities which
is determined by the flow-density relation of a homogenoues system and the
outflow of the bottleneck, such that the net flow through the system remains
the same. In other words, the serial expansion has minimal effect on the flowdensity relation in either the free-flow or the fully-congested phases. Thus,
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we shall focus our study on the maximum flow rate at which the fundamental
diagram plateaus. Indeed, we observe an increase in the maximum flow rate
through the bottleneck as the number of processing bottlenecks in the serial
expansion increases.
Next, we study analytically the maximum flow rate for serial bottlenecks
with m number of processing sites. Specifically, the maximum flow rate is
determined through the time-headway approach (see appendix for details) with
the following results:
Jmax =

m
,
m + ∆ + td
7

(1)

where

l √
m

 1+8m−1
2
∆= l
m

2m−v
m (vm +1)

+ vm
2vm

m<

vm (vm +1)
2

m≥

vm (vm +1)
2

(2)
.

Note that the above equation gives Jmax = 1/(2 + td ) for m = 1. This cor160

responds to the maximum flow rate for a single bottleneck [1]. On the other
hand, we have Jmax = vm /(vm +1) as m approaches infinity. By considering the
flow-density relation of a homogenous NaSch model, we determine that the fundamental diagram plateaus at densities that satisfies Jmax /vm < ρ < 1 − Jmax ,
where Jmax is defined as in Eq. (1). This is consistent with results of our
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numerical simulations presented in Fig. 2a.
2.2. Parallel Bottleneck
Vehicular processing can also be expanded in parallel by splitting the road
into n lanes. In our implementation, the splitting starts at the point L1→n (x =
451); and it merges into a single lane at the point Ln→1 (x = 550). Here, each
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split lane is facilitated by one processing bottleneck, with the n bottlenecks
forming a parallel bottleneck as a whole. Upon arriving at the point L1→n , a
vehicle has a probability of 1/n to move into any of the n lanes. The vehicle
would then experience a time-delay of td in the processing bottleneck before
moving off. After being processed, cars at different splitted lanes may arrive at
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the merging point simultaneously, upon which they move into the main lane with
equal probability [26]. Similar to the serial bottleneck, we examine the relation
between traffic flow rate and traffic density for parallel bottlenecks with one,
three and eight processing sites based on the fundamental diagrams as shown in
Fig. 2b. Once again, plateaus of different heights are observed. Interestingly, a
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parallel expansion does not always increase the maximum flow rate through the
bottleneck. For the example shown in Fig. 2b, while the maximum flow rate
through a three-laned bottleneck is higher than the maximum flow rate through
a single bottleneck, an expansion into an eight-laned bottleneck reduces this
enhancement, resulting in a maximum flow rate which is lower than that of the
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three-laned bottleneck.
8

For a bottleneck with n parallel processing units, the maximum flow rate is
solved analytically as follows:
Jmax

n
nvm
,
= min
3 + td − 1/n 1 + 2nvm − vm

!
.

(3)

Note that the first term is the combined outflow from the n processing sites and
is limited by processing delays. The second term, on the other hand, quantifies
the maximum allowable flow when traffic merges back into a single lane at
Ln→1 . Thus, in a parallel bottleneck, the traffic system essentially contains two
190

different bottlenecks. When there is more than one bottleneck, the stronger one
dominates [6]. For small value of n, the delay of the processing site dominates.
At higher values of n, flows are limited mainly by the merging of traffic. In Fig.
3, we compare the maximum flow rate through a parallel bottleneck to that of
a pure merging lane (no processing site). Indeed, Jmax is the same for the two
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cases when n ≥ 3.
For n = 1, we again obtain the expected result of Jmax = 1/ (2 + td ) from
Eq. (3). Meanwhile, with the probability of entering the merged lane being 1/n,
a car in the splitted lane can hardly move into the merged lane if n is large. In
this scenario, the average velocity for cars arriving at the merging point Ln→1 is
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approximately zero. Due to finite acceleration of the NaSch model, cars moving
out of Ln→1 typically have a velocity of v = 1. Under the parallel updating
procedure of the NaSch model, with a car at v = 1 on Ln→1 at time t, the next
car can only reach Ln→1 at time t + 2. This would give an average flow rate
of 0.5 at Ln→1 . In other words, we expect Jmax → 0.5 as n → ∞. Moreover,
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we observe that the range of densities where the fundamental diagram plateaus
satisfies Jmax /vm < ρ < 1 − Jmax , which is similar to the serial expansion.
However, Jmax is defined according to Eq. (3) in this case.
Note that due to the random interactions between vehicles that occur at
the merging bottleneck, there is a difference in the numerical and analytical
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results for parallel expansion as shown in Fig. 4 (as well as figures related
to the parallel bottleneck shown later). This is a consequence of the statistical
approximation we have made in deriving the analytical expression (see Appendix
9

A.2 for details), with our approximation not taking into full account of the
intricate vehicular interactions that happen at the merging point.
215

2.3. Comparison between Serial and Parallel Bottleneck
We first examine the flow rates given by Eqs. (1) and (3). As expected,
the flow through a bottleneck is limited mainly by the processing time, and
Jmax is inversely proportional to td . Expanding the bottleneck introduces a
multiplicative effect when two or more vehicles are processed simultaneously.
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With it, Jmax becomes proportional to m (or n). These relationships illustrate
the similarities between the serial and parallel bottlenecks in their response to
traffic processing. Nonetheless, there are differences in their mechanisms which
causes a difference in outflow. These differences are discussed in this section.
Under serial expansion, cars cannot move concurrently into or out of the
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processing sites. Processing sites are lined up along a single lane, and each car
is required to enter sequentially into it. In particular, two cars that are waiting
immediately upstream of the bottleneck do not move simultaneously into the
bottleneck after the processing sites are cleared for entry. Instead, the second
car moves only after the first car has moved off. Similarly, processed cars exit the
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bottleneck in tandem with the movement of a car being dependent on whether
the car directly in front of it has vacated the site. Underlying this motion is the
mechanism that stationary vehicles moves off consecutively due to the parallel
updating rule of the NaSch model. This leads to a bottleneck mechanism that
constrains the collective motion of the neighboring vehicles, suppressing the
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flow rate as the number of bottleneck sites increases. This mechanistic feature
is captured by the m + ∆ term in the denominator of Eq. (1).
In contrast, lane separation in parallel bottleneck has allowed vehicles to
traverse the different processing sites simultaneously. However, the effect of a
parallel bottleneck depends on whether it is dominated by time delay processing
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or lane merging. In the former case, bottleneck effect takes the form 3 + 1/n;
and for the latter case, it is 2n + 1/vm − 1 (see Eq. (3)).
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A comparison on the processing efficiency of the serial and parallel bottleneck is shown in Fig. 4. At small-scale expansion, the parallel bottleneck functions well and is dominated by time delay processing. Under this circumstance,
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m+∆ > 3+1/n which implies that the outflow from parallel bottleneck is greater
than that of the serial bottleneck. Hence, parallel bottleneck performs better.
On the other hand, as the number of expansion site increases, the bottleneck due
to merging dominates over time delay for the parallel bottleneck. At this regime
of large-scale expansion, the flow rate under parallel bottleneck possesses an in-
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flection point that arises from a competition between the multiplicative effect
and the flow limiting effect of lane merging, whereupon the flow saturates at 0.5
as n becomes large. Conversely, the processing capacity of a serial bottleneck
rises steadily as the scale of expansion increases. Beyond a certain number of
processing sites, when interaction accrued during serial processing becomes less
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significant than that from lane-merging: 2n + 1/vm − 1 > m + ∆, the relative
effectiveness between serial and parallel bottleneck interchanges. Serial bottleneck now outperforms the parallel expansion in terms of processing efficiency,
with a Jmax that is larger than 0.5.
Finally, it is important to determine the optimum choice of either the serial
or parallel bottlenecks as characterized by different parameters for traffic processing purposes. Here, we present the performance between the two expansions
for general values of vm and td . Specifically, with the same number of processing units, we found that the serial expansion performs better than the parallel
expansion for
m≥

2
2vm
+ vm + 4vm td
.
4vm − 4

(4)

Note that the term on the right of Eq. (4) represents a critical point, at which
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a serial expansion outperforms a parallel expansion in terms of flow rate. Furthermore, it highlights that this critical point is a function of td .

11

2.4. Combination Bottleneck
To provide further expansion and efficiency, we propose to combine the
strength of both the serial and parallel bottlenecks. This creates a combina265

tion bottleneck with n lanes, each of which is facilitated by m processing units.
In other words, there are a total of mn processing bottlenecks as illustrated
in Fig. 1. Figure 5 shows the fundamental diagram of a combination bottleneck with 4 two-gantry lanes and a combination bottleneck with 2 four-gantry
lanes. Interestingly, the two configurations perform differently under the same
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conditions.
The maximum flow rate for a combination bottleneck with n number of
m-gantry lanes is expressed as follows:
Jmax

nvm
n2 m
,
= min
(2m + ∆ + td )n − m 1 + 2nvm − vm

!
,

(5)

with ∆ being defined in Eq. (2). The derivation of Eq. (5) is given in the
Appendix.
In Figs. 6a and 6b, maximum traffic flow rate are shown for combination
bottlenecks with 1, 2, 3, and 4 lanes. In general, the flow rate increases with
275

an increase in the number of gantries, before it reaches the limit imposed by
lane merging which is indicated by the appearance of a horizontal section of the
curve. Note that an increase in the number of m-gantry lanes does not always
leads to an increase in Jmax .
Interestingly, at the regime of large-scale expansion, it is possible to optimize
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the outflow by combining the strengths of the serial and parallel bottleneck. In
other words, there is an optimum configuration for a fixed number of processing
units that gives the most efficient traffic flow. Such a combination bottleneck has
a collective vehicular effect on the maximal flow ascribed by 2u/n − m/n + ∆,
with u = mn being the total number of sites (see Eq. (5)). It is significant
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that this collective effect of the combination bottleneck can be made smaller
than that of the parallel or serial bottleneck with the same u, thus achieving a
more optimal traffic processing efficiency than either of them. Let us illustrate

12

this fact by considering bottlenecks with 12 processing units which are organized
among: (1) 12 one-gantry lanes; (2) 6 two-gantry lanes; (3) 4 three-gantry lanes;
290

(4) 3 four-gantry lanes; (5) 2 six-gantry lanes; and (6) 1 twelve-gantry lane (see
Fig. 7a). Depending on the processing time td , one of these configurations
outperforms the others. While configuration (5) is a better choice when td is
small, configuration (2) performs better than the other configurations when td
is large. In particular, a more serial processing gives better performance for a
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smaller td . This observation is clearly borne out in Fig. 7a. As td reduces, we
notice that the successive optimal configuration goes from configuration (2) to
configuration (3), then to configuration (4), to configuration (5), and finally to
configuration (6). Similar results are shown in Fig. 7b for bottlenecks with 30
processing units. A common mechanistic feature that can be gleaned from Figs.
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7a and 7b is that Jmax is rate-limited by lane merging for small td , where Jmax
displays a constant value above 0.5. Beyond a critical td whose value depends
on the configuration of the combination bottleneck, the delay bottlenecks due
to the processing sites start to dominate, and we observe a monotonic decrease
in Jmax as td increases.
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2.5. Relation to current real-world traffic
Thus far, our study had been based on an elementary traffic model. While
the simplicity of the employed model has enabled an analytical study and the
discernment of the underlying physics, it lacks the mechanisms that capture key
features of empirical traffic flow. Examples of missed features are: (1) meta-
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stable high-flow states; (2) reduced outflow from jams; and (3) wide-scattering
of flow-density states [2]. To put this study into a more realistic context, we
have considered an additional traffic model: the Kerner-Klenov-Wolf (KKW)
model [14], which has incorporated mechanisms that generate the above features of empirical traffic flow. Specifically, the slow-to-start (STS) [21] and
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velocity-dependent randomization (VDR) [22] rules in the model reproduces
the fluctuation of deceleration patterns according to the current vehicular velocity. Based on the empirically-based three-phase theory [23], wide-scattering
13

is a consequence of the existence of a “synchronized gap” in which cars that are
traveling with the same velocity on a single lane can take on an arbitrary space
320

gap between each other. The KKW model thus includes mechanisms related to
human driving behavior which gives rise to the synchronized gap, the VDR and
the STS rules, to produce a model that is comparable to real traffic.
Figure 8a presents the equivalent of Fig. 4 using the KKW model. Note that
bottleneck capacity in empirically-based traffic models spans a certain range
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[24], which we illustrate here in terms of the mean and standard error. While the
relationship between Jmax and m is qualitatively similar to those of the NaSch
model, the resultant bottleneck capacities shown in Fig. 8a are much lower.
This is a consequence of the incorporation of additional mechanisms which have
further limited the flow of vehicle through the bottleneck. We deduce that the

330

STS rule is the largest contributor to this reduction in flow rate among the
mechanisms introduced into the KKW model. Stop-and-start motion is very
common in processing bottlenecks and when it is coupled with the STS rule,
becomes the main mechanism in enhancing the stochastic deceleration as the
vehicle moves off from rest. It models and attributes the larger delay in moving
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off a vehicle to that of human reaction time [21]. In consequence, Jmax for the
parallel bottleneck has become more heavily limited, changing from 0.5 to 0.34.
From these empirically-based models, parallel expansion is found to consistently outperform the serial expansion in terms of processing efficiency. More
importantly, the increased human reaction time captured by the STS rule have
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enlarged the performance differences between the serial and parallel expansion.
This can be understood from the fact that serial bottleneck tends to cause cars
to stop and wait for the preceding vehicle to complete processing before moving
off. Since the STS rule affects cars that are stopped, there is a higher frequency
that this rule is applied in the serial bottleneck than the parallel bottleneck. As
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a result, the cumulative delay due to slow human response in starting off the
vehicle from rest accounts for the relative inefficiency of the serial processing
bottleneck, justifying the expenditure of lane-expansion cost for the implementation of parallel bottleneck. It also explains the observed abundance of parallel
14

bottleneck, and a scarcity of serial bottleneck, in current traffic systems.
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3. Discussion and Conclusion
In order to improve the efficiency of the processing bottleneck, our analysis
has revealed the need to optimize the collective motions of the vehicle. In particular, human reaction time and characteristics in mobilizing a vehicle, which
are modeled by the STS rule in the last section, have caused a restriction in

355

outflow which drastically decreases the efficiency of all processing bottlenecks
as depicted in Figs. 8. By removing the human factor in the bottleneck system, as exemplified by the simplified NaSch model, we observe the feasibility
of achieving a processing efficiency that goes beyond current technology and
capabilities. Thus, our results point to the potential benefits of autonomous
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or self-driving vehicles in enhancing traffic capacity through optimizing the collective motions of vehicle by putting human drivers out of the loop. This is
particular pertinent in the current era of urbanization, where more than half of
the world population is living in cities. It was projected that by 2050, 66% of
the world population will reside in urban areas [25]. With the increasing human

365

density comes greater demand on our road systems. In order for the cities to be
liveable, there is a need to enhance the capacity of current road networks and to
improve the efficiency of traffic systems in handling the heavier vehicular flow.
Ultimately, the purpose of the various technological solutions is to prevent the
occurrence of severe traffic congestion.
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In this respect, our proposed combination processing bottlenecks is directly
applicable in addressing these traffic woes of the future. We have seen that for a
sufficiently large number of processing units (see Eq. (4)), the new configuration
of serial bottleneck becomes tenable for traffic processing. While this is true for
small processing time, our results have demonstrated that as the processing
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time increases, a set of combination bottlenecks with progressively more lanes
and less serial processing (assuming a fixed total number of processing units)
is optimal for traffic processing. In fact, for large processing time, a multi-lane
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bottleneck with at least two serial processing site is found to be optimal. These
results show that in the processing of dense traffic flow, serial bottleneck is an
380

essential component that can serve to produce greater efficiency in the system
as long as delay due to human reaction time (as illustrated by the STS rule)
has been amply minimized.
In summary, we have studied the efficiencies of processing bottlenecks expanded in different configurations. For small-scale expansion, parallel bottleneck
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is generally more efficient in increasing roadway capacity. On the other hand,
serial expansion is a better choice when the number of processing units grows
beyond a critical point. More significantly, by incorporating serial bottleneck
into parallel bottleneck during large-scale expansion, we uncover an even more
optimal alternative solution where a combination of these bottlenecks is able to
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process and manage very efficiently the heavy traffic flow of urban cities of the
future.
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Appendix A. The time-headway approach

395

We adopt the time-headway approach to determine the maximum flow rate
through a bottleneck. The underlying assumption of this approach is that of a
two-phase traffic, where at the critical point between the free flow and the state
where the flow maximizes, vehicles flow in an organized way on the verge of
interacting. At this point, the spatial-temporal profile of the vehicles assumes
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an average pattern in the steady state, allowing us to extract a mean period
h̄tc from the pattern. The maximum flow rate Jmax is then determined as
Jmax = 1/h̄tc .
Appendix A.1. Serial bottleneck
For serial expansion, the m vehicles are observed to move in a periodic
configuration under critical density due to the deterministic nature of the flow
16

(see Fig. A.9). In this configuration, it is easy to see that the total time-headway
is given by td + m + ∆. This implies an average time-headway of
h̄stc =

m + ∆ + td
,
m

(A.1)

between each vehicle. The maximum flow rate Jmax for the serial expansion is
405

then given by Jmax = 1/h̄stc , which is Eq. (1).
From Fig. A.9, ∆ is observed to be the duration requires for the vehicle delayed at the left-most site to leave the m sites. Since a delayed vehicle
starts from rest and accelerates at 1 site/s2 , the distance covered by this vehicle would increase systematically at each time step. In fact, the successive
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distance covered follows an arithmetic progression which indicates a total distance traversed of d = (t/2)(t + 1). By letting d = m and t = ∆, we solve
l √
l m
 m
for ∆ =
1 + 8m − 1 /2 , where the ceiling function · · · is a consequence
of the discretized time in the NaSch model and that this vehicle must travel
at least m sites. Because vehicles in the NaSch Model accelerates to a finite
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velocity, this equation is applicable only for vehicle velocity v ≤ vm . In terms
of m, this condition translates to m ≤ vm (vm + 1)/2.
When m > vm (vm + 1)/2, the vehicle reaches vm and maintains at this
velocity in its subsequent motion. As a result, once past the first vm (vm + 1)/2

420

sites (which takes vm time steps to traverse), the vehicle covers the remaining
l
m
sites in [2m − vm (vm + 1)] / [2vm ] time steps. Combining these results on ∆,
Eq. (2) is obtained.
Appendix A.2. Parallel bottleneck
As mention in section 2.2, there are two regimes of maximum flow rate
under parallel expansion, of which their time-headway have to be determined
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separately. Moreover, unlike serial expansion, there exists stochastic behavior
in the parallel expansion. Nonetheless, by considering the aggregate behavior
of a large number of vehicles, we can ascertain its average behavior from which
we obtain the mean time-headway for the vehicular flow.

17

The multiplicative effects of parallel expansion have already been explored
430

in [26], where the overall flow rate was estimated to be the combined flow rate
of each of the lanes. The analytical results of [6] state that the maximum flow
rate at the processing site is 1/(2 + td ), which is equivalent to a time-headway of
(2 + td ). The total flow rate of the n parallel lanes is then given approximately
as n/(2 + td ). However, this evaluation assumes no interaction between the
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vehicles at the point of merging which is a gross over-estimation.
In the following, we improve this approximation by including the effect of
interaction at the merged flow in a statistical way. The consequence is a flow
rate that is less than the sum of the flow rate of each lane. When vehicles
at different lanes approach the merging point, only one vehicle passes through
unobstructed per unit time, while the rest of the n − 1 vehicles have to wait
one extra time step relative to the unobstructed vehicle to get through. This
gives a probability of 1/n for a time-headway of (2 + td ) for outflow without
obstruction; and a probability of 1−1/n for time-headway of (3+td ) for outflow
with vehicular interaction. Thus, the average total time-headway is given by
3 + td − 1/n, which leads to an average time-headway for parallel bottleneck due
to multiplicative effect to be
h̄pm
tc =

3 + td −
n

1
n

.

(A.2)

In the regime where the traffic flow is limited by lane merging, the effect
of the processing bottleneck is negligible. This is analogous to ignoring the
presence of processing site in each lane. According to Ref. [10], vehicles moving
with no bottleneck has a maximum flow rate of vm / (vm + 1). Thus, we expect
the outflow without obstruction to have a time-headway of (vm + 1) /vm for one
vehicle. For the rest of the n − 1 vehicles, vehicular interactions cause them to
stop at the merging point. They later move off with a velocity of v = 1 due to
unit acceleration of the NaSch model, which gives each a time-headway of 2 after
considering an extra time step as before. Putting these n time-headway together
lead to an average total time-headway of (vm + 1) /vm + 2(n − 1). The average

18

time-headway in consequence of flow limitation by lane-merging is therefore
h̄pf
tc =

1 + 2nvm − vm
.
nvm

(A.3)

Finally, the maximum flow rate through the parallel bottleneck depends on
the dominance of the processing bottleneck or the lane-merging bottleneck. The
pf
dominance of the former leads to Jmax = 1/h̄pm
tc , while the latter Jmax = 1/h̄tc .

These results together then gives Eq. (3) of the parallel bottleneck. Note that
440

a space-time trajectories of vehicles moving through a parallel bottleneck is
illustrated in Fig. A.10.
Appendix A.3. Combination bottleneck
The derivation of the maximum flow rate of the combination bottleneck
employs both the arguments of the serial bottleneck and the parallel bottleneck.
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Similar to the parallel bottleneck, the combination bottleneck possesses two
regimes: one dominated by the processing bottleneck, while the other by lanemerging bottleneck.
For the former case, we again consider the outflow without obstruction. This
gives a time-headway of h̄stc resulting from the serial bottleneck, and happens
with a probability of 1/n. On the other hand, we have a time-headway of h̄stc +1
which occurs with a probability of 1 − 1/n for the rest of the outflow. Note an
extra time unit has been added to account for the effect of interactions. The
average time-headway of the combination bottleneck for multiplicative effect is
then
h̄cm
tc =

(2m + ∆ + td )n − m
.
n2 m

(A.4)

In the case of the lane-merging bottleneck, we again ignore the processing
sites. In consequence, the result here is exactly the same as that for the parallel
450

pf
bottleneck above, i.e. h̄cf
tc = h̄tc , when lane-merging dominates.

The maximum flow rate through the combination bottleneck is then given
cf
by Jmax = 1/h̄cm
tc when processing bottleneck dominates, and Jmax = 1/h̄tc

when lane-merging bottleneck dominates. This proves Eq. (5).
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Figure 2: Fundamental diagrams of the (a) serial and (b) parallel bottleneck configuration for
td = 3. The results presented are for the mean flow rate J at each traffic density c. Note that
the serial bottleneck has consistently higher bottleneck capacity as m increases. However, the
bottleneck capacity for parallel bottleneck increases when n goes from 1 to 3, but reduces
as n becomes 8. Note that for both serial and parallel bottleneck, the free flow phase and
congestion phase exhibit the expected slope of vm and −1 respectively, in the fundamental
diagram.
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Figure 3: A comparison between maximum flow rate for parallel expansion without processing
site and with processing sites for td = 3. While analytical plots are presented as a continuous
line, only the results at integer values are relevant.
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Figure 4: A plot of Jmax versus parameters m and n for serial and parallel expansion respectively for vm = 4 and td = 3. Serial bottleneck is observed to perform better than parallel
bottleneck when the number of processing sites is greater than 7. Note that the data points
are the mean numerical results of 100 realizations, while the lines are from the analytical
prediction of Eqs. (1) and (3). Error bars of numerical results are smaller than the marker
size. While analytical plots are presented as a continuous line, only the results at integer
values are valid. Note that this condition is applicable to all analytical plots in the paper.
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Figure 5: Fundamental diagrams of combination bottleneck for td = 3 and td = 13 for two
different configurations with a total of 8 processing sites. The results are displayed for mean
flow rate J against traffic density c based on an ensemble of 100 realizations.

24

0.6

Jmax

0.5
0.4
0.3
n=1
n=2
n=3
n=4

0.2
0.1
1

2

4

6

8

10

12

m
(a) td = 3

0.6

Jmax

0.5
0.4
0.3
n=1
n=2
n=3
n=4

0.2
0.1
1

2

4

6

8

10

12

m
(b) td = 13
Figure 6: A plot of Jmax versus m for combination bottleneck. Note that the data points
are from numerical results and represent the mean of 100 realizations, while lines are plots
from the analytical prediction of Eq. (5). Error bars of numerical results are smaller than the
marker size. Only the integer values of the analytical plots, which are presented as continuous
line, are relevant.
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Figure 7: A plot of Jmax versus td for a combination expansion of 12 and 30 processing sites
in various combinations of m and n values.
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Figure 8: A plot of Jmax versus m and n for serial, parallel, and combination expansion
of bottlenecks for the KKW-1 model. The parameters for the simulation are: p = 0.04,
p0 = 0.425, pa1 = 0.2, pa2 = 0.052, k = 2.55, vp = 3, td = 3 and 13. Note that computations
were made only at the data points with the lines between the points serve the sole purpose of
illustration.
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Figure A.9: A plot of the space-time trajectories of vehicles moving through a serial bottleneck
at critical density. The parameters of the simulation are: m = 7, td = 3, and vm = 4. Note
that the different colors are used to differentiate each vehicle, and the repeated colors do not
represent the same vehicle. The dotted line indicates the trajectory of one of these vehicles.
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Figure A.10: A plot of the space-time trajectories of vehicles moving through a parallel
bottleneck. Note that the first 5 and the last 5 cells of each row in each subfigures are
common between the two subfigures, as they illustrate the single-laned road. The middle 5
cells show the 2 expanded lanes with individual processing bottlenecks. The parameters of the
simulation are: n = 2, td = 3, and vm = 4. We use different colors to differentiate between
vehicles, while the dotted line indicates the trajectory of one of these vehicles. The dashed
line serves to highlight the difference between the two lanes at a single point in time.
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